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Real Numbers

Students’ Learning Outcomes R {\.\\I’ ZAP
At the end of the unit, the students will be ﬂhle tos - L

A\

Explain, with cxam]ql-.:b 1hal cm[uallon&, throughout history have systematically studied
living thmgs = E the hlstory of numbers from Sumerians and its development to the present
Arabic system]

Describe the set of real numbers as a combination of rational and irrational numbers
Demonstrate and verify the properties of equality and inequality of real numbers

Apply laws of indices to simplify radical expressions
Apply concepts of real numbers to real-world problems (such as temperature, banking,
measures of gain and loss, sources of income and expenditure)

V ¥V

v

1.1 Introduction to Real Numbers

The  history of numbers comprises
thousands of years, from ancient 1oq u q "-'-\.pwo s
| 2 ) | B '-i"'-:.:'lﬂ (Yf w200 Y V-

civilization to the modern Arabic 5ystem T Taml (2

ety = llll'1l -'-‘Is.I "'..I-'.II m' -'I: | -,.._20 \(( SOG Tn T-
Here is a brief overview: (O s <« w VI
Sumerians (4500 — 1900 BC E) usﬂad a 5 W 40 ¢ s00 ¥ 1-
sexagesimal (basq Bﬂj system for counting. 6 T 5 6o -
The Sumerians used a small cone, bead, TR 60 ¢ 700 -
large cone, large perforated cone, sphere 8 W ;g Iéé{ 50 ﬁr;'
and perforated sphere, corresponding to 1, 13 i? go T 1332 ?T(T*
10, 60 (a large unit), 600.

Egyptians (3000 — 2000 BCE) used a decimal (base 10) system for counting.
Here are some of the symbols used by the Egyptians, as shown in the figure below:

The Egyptians usually wrote numbers left to right, starting with the highest
denominator. For example, 2525 would be written with 2000 first, then SO(L 20, and 5.

1| N

o~ I-\l \"“‘\. J\JJ
1 | U 100 1,000 10,000 100,000 1,000,000




Mathematics - 9 Unit — 1: Real Numbers

Romans (500BCE-500CE) used the Roman numerals system for counting,

Roman numerals represent a number system that was w;dely used thfoughout Europe
as the standard writing system until the {ate Mlddle Agﬁq ‘The ancient Romans
explained that when a number reaches 10 1‘[ \is’ not ' ‘easy to count on one’s fingers.
Thercfore, therc was a nccd to crcatc &propcr number system that could be used for
trade and com1numcatitms “Roman numerals use 7 letters to represent different
numbers. Theseare [, V, X, L, C, D, and M which represent the numbers 1, 5, 10, 50,
100, 500 and 1000 respectively.

Indians (500 —1200 CE) developed
the concept of zero (0) and made a

significant contribution to the

TFHe25h
¢ 5 6 1 8

o N

decimal (base 10) system. ez 3

Ancient Indian mathematicians

have contributed immensely to the 1 6 O @
field of mathematics. The invention 60 70 80 90

of zero is attributed to Indians, and
this contribution outweighs all,.,.t
others made by any other\nation | V||
since it 1s the basis of the det:mlal i
number systei]?,[ “widhu[ut Which no
advancement in mathematics would have been possible. The number system used today
was invented by Indians, and it is still called Indo-Arabic numerals because Indians
invented them and the Arab merchants took them to the Western world.

Arabs (800 — 1500 CE) introduced Arabic numerals (0 — 9)
to Europe. The Islamic world underwent significant
developments in mathematics. Muhammad ibn Musa al-
Khwarizmi played a key role in this transformation,
introducing algebra as a distinct field in the 9™ century. Al-
Khwarizm1's approach, departing from earlier arithmetical
traditions, laid the groundwork for the arithmetization —
of algebra, influencing mathematical thought for an. extEIJ.dJédj'__"'-_, &
period. Successors like Al- Kar&_uexpanded on| his\ work,
contributing to ddv.:m(.umt,nt‘s in| various- ‘mathematical
domains. The pracUcahW and' broad applicability of these mathematical methods
facilitated thgl_ld1ssem1nat10n of Arabic mathematics to the West, contributing
substantially to the evolution of Western mathematics.

1000 4000 70,000




Mathematics - 9 Unit — 1: Real Numbers

Modern era (1700 — present): Developed modern number systems e.g., binary system
(base - 2) and hexadecimal system (base - 16).

The Arabic system is the basis for modern decimal system used globally today. Its
development and refinement comprise thousands of yea}&ffnm &nt‘:mm Sumerians to
modcrn mathematicians. o A\nninty /S

In the modern era, the set, {l 2. ,3 } wa;s«adoptaed as lhe munlm&, set. This counting set

represents the set of ndu;rdl nﬁmbf:rs was extended to set of real numbers which is used
most frequently: |in1bvcryday life.

1.1.1 Combination of Rational and Irrational Numbers

We know that the set of rational numbers is defined as Q = {E s D qE ZNAG# O}
q

and set of irrational numbers (") contains those elements which cannot be expressed
as quotient of integers. The set of Real numbers is the union of the set of rational
numbers and irrational numbers i,e., R=0 U

Real Numbers

Ratmnal N@]_:'m']iéi"s" T Irrational Numbers
'J.r]“‘l II i 1
Terminating Non-terminating and Non-terminating and
Decimal Recurring Non-recurring
Numbers Decimal Numbers Decimal Numbers

1.1.2 Decimal Representation of Rational Numbers
(i) Terminating Decimal Numbers

A decimal number with a finite number of digits after the decimal point is called a
terminating decimal number.

I 8
For example, —=0.25,—=0.32
or example, 2 25 ;

( \ I\ "'. W

2637‘%5‘% % 'O Rare all fermmdlmg decimal
numbers. |




Mathematics - 9 ' Unit — 1: Real Numbers
(ii) Non-Terminating and Recurring Decimal Numbers

The decimal numbers with an infinitely repeating pattcm of dlﬂlts aftcr the decimal
point are called non-terminating and recumng demmd] Humb AR

Here are some examples. -

\.. \ ." .

-0333I N " §('; oebents fnfinitely)
\} J|

=0.1666...=0.16 (6 repeats infinitely)

=3.142857142857... = 3.142857 (the pattern 142857 repeats infinitely)

= 0.44444...= 04 (4 repeats infinitely)

O | q‘m | — 3| =

Non-terminating and recurring decimal numbers are also rational numbers.
1.1.3 Decimal Representation of Irrational Numbers

Decimal numbers that do not repeat a pattern of digits after the decunal pomt continue
indefinitely without terminating. s f ;" >\ (CON

£ N Y D \O™~—
) { i

Non-terminating and non-recumng demma] numbars are known as irrational numbers.
e

For examples, a, \ H j.

. 3.141 59@653 5@?932 ;2? I I§2. o is called
s e=2. 71828182845904 uler's Number.

. 2 =1.41421356237309...
Example 1: Identify the following decimal numbers as rational or irrational numbers:

(1) 0.33 (1)  0.444... (i) 35
(iv)  3.36788542... (V) 1.709975947...
Solution: (i) 0.35 is a terminating decimal number, therefore it is a rational
- number.

(11)  0.444... is a non-terminating and recurring decunal number,
therefore it 1s a rational number.

(1i1) 3.5=13.5555.. .isa non—tmmmatmg and 1ccurr1ng dcumal number,
therefore 11 1s a ratlonai number '

(w) 336?88542 .\is a non-terminating and non-recurring decimal
JI 'nlumber therefore it is an irrational number.

4 . 4 g A



Mathematics - 9 > Unit — 1: Real Numbers
(v) 1.709975947... is a non-terminating and non- tecurrmg decimal
number, therefore it 15 an. u‘ratlonal number e

1.1.4 Representatmn of Ratlonal and lrratmn!al N umbers on Number

r"|||.|

Llne R \ I.. ' lll \._.- A\ _'. S

VLAY

In previous grades; we have learnt to represent rational numbers on a number line.
Now, we move to the next step and learn how to represent irrational numbers on a
number line.

Example 2: Represent /5 on a number line.

Solution: 5 can be located on the number line by geometric construction. As,
«f§=2.236...which is near to 2. Draw a line of mAB=1 unit at point 4, where
mOA = 2 units, and we have a right-angled triangle OAB. By using Pythagoras theorem

(mOB)? = (mOA)* + (mAB)’
=P +(1)P=4+1=5 = mOB \/Ew

T\ [F:- ‘1".' BI
I" 1':-1".- “\ u_:.'\l "'l.l\'\ f \ l‘,
T '.I IR LA l. <
¥ 1|| "'il'a”' ; Y : »
H& A 3 -] 0 2 3 4

Draw an arc of radius mOB:\Etaking O as

. . . 1) Rational no. + Irrational no.
centre, we got point “P” representing \E on the L . };;;l:;:m;lf H rraniondt mo
number line. So, | O—P| - Jg (ii) Rational no. (#0)  Irrational no.

T = Irrational no.
= - ST . s . . ‘J
Example 3: Express the following recurring decimals as the rational number B :
] "
where p and q are integers.
(1) 0.5 (11) 0.93
Solution: (i) 0.5 -
Let x= 0. 5 B - At _ -II.' I’ __ D)ANRE
x=0.55555.. *.; ;' O NV U

Multiply both s1des by ]U
0 ](}M Vi 1ﬂ(0 5555 )
’ ' lﬂx = 5.555585.. wea(11)

- 4 . 5
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Subtracting (1) from (ii)

10x —x =(5.55555...)—(0.55555...) PR\
9.1' = 5 O . _f\i 1 A ¢ \ 'L.\ ', \H\II :I-' ':Jf;:;."‘- I_";- \An=r
\ Sl aB\RERARR =N
- ?ﬁl\,ll\'., I"'.i\ v 1}
l' | n, \\L3 p
Which shows ﬂ“lelfdéclmal number in the form of -~
f{

(i)  Letx= 093
x=0.939393... ...>i)
Multiply by 100 on both sides
100x = 100 (0.939393...)
100x =93.939393. .. w11}
Subtracting (1) from (ii)
100x —x=93.939393... — 0.939393...

R et Whl‘uh lb 111 thc f(}rm ,(}f _ gl B\RERD
99 N faE

Example 4 : Ins rt twmraticmal numbers between 2 and 3.

Solution: Tharg are mfinite rational numbers between 2 and 3.
We have to find any two of them.

2+3 5
For this, find the average of 2 and 3 as > = E

So, E 1s a rational number between 2 and 3, to find another rational number between

5
2 and 3 we will again find average of 5 and 3

.§_|. 3 240 6 E r What will be the product
1.8, 2 .. N of mfmrraﬂonal numbers?
2 2 2 4 A ara NG

2 A8

Hence, two rational numbershﬂween 2\&(1(1 3* arf;,,-é- and I
( . |,| '. I‘. \'. II.l \I -L__.

1.1.5 Propernesloi Re&}lfNumbers
All calculattonﬂ 1nvolvmg addition, subtraction, multiplication, and division of real
numbers are based on their properties. In this section, we shall discuss these properties.

4 . (6 W R




Mathematics - 9 | Unit — 1: Real Numbers
Additive properties

Name of the property V %b ﬁrﬁ—“"_\Q /v doQﬂxamples
Closure ) e a+be R 24+3=5e R
18 24+5=5+2
Commutame |, J -
NN =7

- a+(b+c)=(a+b)+c 2+ 3+ 5)y={2 + 3)+35

Associative 2+8=5+3
10=10

[dentity g+0=a=0 ¢ 540=5=0+5
Inverse a+(—a)=—a+a=0 6+(-6)=(-6)+6=0

Multiplicative properties

Name of the property Va,b, ce R Examples
Closure abe R 2 X i Jﬂ € R
Commutative A cﬂ) ?’m \ \ 'H ﬁ j 2 ® 3 3 x2=6e R

= ,.—«‘I'-‘ '-,‘U.. A '\ L U‘L I-. e e B
I:.;;{I"i -.III I\—;—I .I:I_\'.llll .".lj‘\ L \:\.III \ A~ 2 % ( 3 % S) - (2 % 3) « 5
Associative JI N J| 1Sk \'Ja(bc) =(ab)c 2% 15=6x%5
WA 30 =30
[dentity axl =1xa=a Ix]1=1%x5=35
Inverse axi:ixa:l 7><l:£><7:1
a da 7

Distributive Properties
For all real numbers a, b, ¢ 0 and 1 are the additive and

(i)  a(b+c)=ab+acis called left distributive | "aPucative identities of real

numbers respectively.
property of multiplication over addition.

(ii) a(b—c) =ab—acis called left distributive property of muluplmdtmn over
subtraction. -

(i)  (a+b)c=ac+bcis called right dlstnbume N AP S, mtiplisstive

property of multlphcatlon oycr addltmn \\_) 4 ihverse.

(iv)  (a—b)c=ac—bc 13 callcd nght dlstnbutwc property of multiplication over
subtra?uonl N N o

- 7 ——
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Properties of Equality of Real Numbers

i  [Reflexive property Vae R a=a
ii |Symmetric property 1 Va be R, g b::» b=a
iii |Transitive property _ R ‘v’a b cle R g=hab=c=>a=¢
iv |Additive pmpf:rtyJ "’ D= Vab,ce R, a=b=>a+c=b+c
v Muluphqpmve pmperly Ya,bee R, a=b=agc=>0¢
vi |Cancellation property w.r.t addition Va,bce R, atc=b+c=>a=5b
vii [Cancellation property w.r.t multiplication|V a,b,ce Randc#0, ac=bc=>a=0b
Order Properties
i Trichotomy property VYa,be R,either a=bora>bora<b
ii | Transitive Property Va,b,ce R
¢« @BbADPE = a>c
e a<bab<c = a<c
iit | Additive property Va,b,ce R, =N 1\”1
- ‘I ?F’:{) ,:> O%a+e >h+e
O\ «-_'lj';‘x I\'kf.'{-’i\\"ﬁ Hm " a<h = a+c <b+c
iv | Multiplicative p‘lf)peﬂy* o Va,b,ce R
J|J."--.J.f-'--’ ¢ a>b=ac>bhc if ¢>0
¢ a<b=gc<he if ¢>0
s gxb=ac<be if <0
* a<b=ac>bc if c<(
» a>bac>d = ac>bd
s a<bac<d =ac<bd
v | Division property Va,b,ceR
e ach= Zal i e
e e
v adb=s Tl eap
Ao SN asbs 222 if e<o
| L™ c E
N TRVAS
g .
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vi | Reciprocal property Vol Rand I SnREe
1 1
s ageh = —=3_
AW U WY ) a

Ex ple S If a7 ,~3~ é_-,",|_f}."='-l-;', C= 5 then verify the distributive properties over addition.

Solution: (1) Left distributive property
a(b+c)=ab+ac

LHS = a(b+¢) RHS = ab+ac
_E[LEJ_E[%IUJ =[E][EHE][§]=,+E
Iv2 3 3 6 32 3 N3 9
2191 19 _9+10 19
~5 [? ]: r 9_ e ;_j;? & ST
L1HS = RHS s

Hencé;, lt 15 vuriﬁcd that a(b + c) ab +ac

(ii) Right dlstrlbu]tlvo ﬂmpﬁrty
(a+b)c=ac+bc

LHS = (a+b)c RHS = ac+bc
2 3Y5 (4+9)5 25 3Y5) 10 15
e | R
13Y5) 65 _20+45 65
Z\FJ&]:TQ 18 18
LHS = RHS _ (i

Hence, it is verqu that (q’ + b}c @ bc
Example 6: Identify the property that ;uqtn‘ieq the statement

(1) lta>13|than a¥2>15

(i1) 'If3<93nd6<12thcn9<21
(i) If7>4and 5 >3 then35>12
(iv) If-5<—-4 =20>16

4 . 9
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a>13

Add 2 on both sides

a+2>]13+2 _ A\ (
g+2> 13 (Drder pm;:iem W l‘fﬁdditim‘l)
a+2>13+2 \! -

at2p1 1 5
@ WWYF<9and6<12

=3+6<9+12

9 <21 (order property w.r.t addition)

(111) 7>4and5>3

= T7x5>4x3

= 35= 12 (order property w.r.t multiplication)
(1v) As —H=<—4

Multiply on both sides by —4

[=3)* (—4)>(=4) % (=4

'|. '.'-.' e
'.'| L X

= 20> 16 (ordel propertv W.T, ;mq‘f(tphcatlon
(( EXERCISE 1) ))
\T ' 1) I".\ .;‘_ﬂ‘f

L. Identify cach f the followmg as a rational or irrational numbet:

() 2. 35%43 (i) 06 (i) 2.236067... (iv) 7

(V) e i) 7 (vii)  5+4/11 (viii) 3+13

g 1D |

(%) - ®x  (2-V2)2+2)
. Represent the following numbers on number line:

(i) 2 (i) 3 (iii) 4%

] 3 3 A
iv -2— v - vi) 2R\ cONLY
3. Express the follomng dS a r&tmndl numbcr P \where p and ¢ are integers
PR q
R
and g £ iD
i) 04 (i) 037 (i) 021
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4. Name the property used in the following: _ i
S A SR W\ 1B+ v2
(i) x-x=0 _ AU\ U &(b +¢)=ab +ac
(v)  16+0- 16 AR 5"737—“—*"- T i) 100% 1=100
(vii) (14 X (slx 8)= (4 x 5) x 8 (viii) ab=ba

5. Name the property used in the following:
(1) —J S—=1=0=<2 (i1)  If a< b then é:»%

(1) Ifa<bthenatec<b+ec (iv) Ifac<bcandc>0thena<b

(V) Ifac <bcandc<Othena>5b (vi) Eithera>bora=bora<pb

6. Insert two rational numbers between:

. | | . 3 4

i —and — 1 3and 4 i1 —and —

(1) 3 y (i1) (111) 5 5
1.2 Radical Expressions ~12)\ (€K HIUN

If n 1s a positive integer greater than 1 a.xid a }»S a real numbcf then any real number x

such that x = \I_IS Cﬂ.ﬂeld Ht'h\ fDOf U,If Q“ \ 1' _1"'_'_1',\,\.

Here, v/ is callecrrﬁpihcal and 2 is the index of radical. A real number under the radical
sign is calleﬁ ara cﬁcand \/_ «ﬁ are the examples of radical form.

Exponential form of x = \/CT 1S X= (a)‘
1.2.1 Laws of Radicals and Indices

Laws of Radical Laws of Indices

(i) dab=4a-3b (i) gzj_‘;’ M &&= G @)=

- iii) (ab)" =a"b" (v [EJ -
(Ill) " am s ({/E)m ( ) ( ) b bh‘

| n

5 3 7\ a m—n g

(IV)(Q/E) = (a!i) =qa (V) = =q (Vl) QQE\I
Example 7: Simplify the tollowmg
(- )\ l, i B \ \ ) = 4

(i) ;‘*/161:“ & () \ M .:/271:"';," 3 i) (64) 3

N N 11 g .




Mathematics - 9

1
Solutions (i) /16x'y* = (16x'y")"

Unit — 1: Real Numbers

n a e
1 1 1
— (16)4(1.4)4(},3)4 5 (ab)m-__«ﬁ,mbm
k 4 l - -,].,.. ‘-‘." { .,\ .
— 2 4 X x\ 4 ?( l, 45.:"._\" -1 '-l'_.l' (a )H — :ma
= Exv |

AN
(271'& 9 1);“

' [
(ii) .3/276’ o5

1.2.2 Surds and their Applications

it
- (ab)" =a"”

L (am )H =amn

An irrational radical with rational radicand is called a surd.

For example, if we take the »™ root of any rational number a then ¥V @ is a surd.\B isa

surd because the square root of 5 does not give a

whole number but \@ is not a surd because it

simplifies to a whole number 3 and our, Iesult ismot |

an irrational number. There“ﬁarﬁ, ,the radlcal JE is

irrational \/— \/' F

surds.

.-lllaxb“burds but \/7 \/; are not

The different types of surds are as follow:

a surd e.g., /7T is not a surd.

[Byery; surds an irrational number
bm ¢very irrational number is not
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(1) A surd that contains a single term is called a monomial

€.5. '\/— '\[— Lt{. The product of two
) conjugate surds is a
" rational number.

(11) A surd that contains the sum of two monomial | Surds s

called a binomial surd e. 1-._1 \ﬁ+ \[_ \/54- J— 7ete!
(iii) \/_ +\/B an.d \[_ \/:5- are c,alh,d c,onjugate surds of each other.

[y
1.2.3 Ratmnahzatmn of Denominator

To rationalize a denominator of the form a + bV X or a — b VX, we multiply both
the numerator and denominator by the conjugate factor.

Example 8: Rationalize the denominator of:
3 3

(1) Foda (ii) = B
3 3 J_ J_

I} 3(\{3%
n«f‘)”“ T 52

Solution (1):

33 XJ§+J§
G-V 5-B 5B

S(f5+5) 35 +5)
TG -(B) 5-3
_3(\5+43)
2

(i)

Q(EXERCISE 1.2 ))

. Rationalize th-:, denommator ‘Gf followmg

Y P iy V21
A+ B N&] BN

13
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6—42

(1v v
) 6+4+2 o
Simplify the following:

3
13
(i) (8—} (n“);

16) - \IOUL
T [[ f ‘." )
W J 14|
5 X XU ><Z
W L
vi) (16)"" +20(4™)
2.t’-3x8.t+2
311x9n+!
(viii)

3n—l % 9}1—|

WA ] Q 4] S,
4] )2

Unit — 1: Real Numbers

V3-\2 (vi) 43
B+ ﬁ+J§

-~ .I f '. [R
(VI AV L

1
(0.027) ?

5-(25)"" —25-(5)"
5_ (5)2n+3 _ (25)n+l

2 3

(vii)  (64) *=(9) 2

Sli+3 - 6.5n+1
9)( 5!: ) 2!1 X 5?‘1

(ix)

If x=3 ++/8 then find the value of:

. 1 1 a1
1) x+= #—= e @)
X AX N [\ T X
) I.- _\'_.‘ .'-I ‘.l--‘\ ,\.'_‘ ) W '_ | L et

M P-= Qe NS (vi) |x-—
X S\ \\ A '. A= X X

(T {Ir:‘.lil \ )

J| ¢I 1N

IJI

Find the Tational numbers p and ¢ such that 83,2 =p+ qxﬁ
4+32

Simplify the following:

a5 (25)% x (243)";
| (16)*x (8)°

| ]
Gi) (216)° x (25) -

(0.04)?

VAR

i) 54% 3(27)™

g,'.'+l + 21 6(32.:.‘—I)

1.3 Applications of Real N umbers in Dally Life.

Real numbers are axtl*emeiy useful in our daily life. That is probably one of the main
reasons we learn how to count, add and subtract from a very young age. We cannot
imagine life without numbers.

4 14 A
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Real numbers are used in various fields including

e Science and engineering (physics, mechanical systems, electrical circuits)
¢ Medicine and Health

e Environmental science (climate modding, pollutmn momtﬂnng ete.)

e Computer science (algorithm dcslgn data cqmpr(ibsmn ar aphlc rendering)
e Navigation and transportatlon (GPS ﬂ:ght planning)

e Surveying dl’!d @rqhtmcmre

e Statisticsjand \d3ta

Examplﬁe_ 9: The sum of two real numbers is 8, and their difference is 2. Find the
numbers.

Solution: Lect ¢ and b be two real numbers then

at+tb=8 ...(0)
a-b=2 ...(u)
Add (i) and (ii)

2a=10 = a=5 putin (ii)
= 5-b=2 = b=2-5= —b ——3 = b —7‘32:_"'-- s

\ |
i 1"._ =

So, 5 and 3 are the required rﬁ:al numbers .

.' -\ '1. '\._ .| ‘, t._

1.3.1 Tempemturq[ (;anversmns

\I} NJ Kelvin Celsius Fahrenheit
In the figure, three types of seale scale(°C) scale(°F)

thermometers are shown.

o ; M 373.15 ) 10 M 212
We can convert three Boiling point of H,0 0
temperature scales, Celsius, - - -
Fahrenheit, and Kelvin, with Ol n ]
each other. = = -
Conversion formulae are  pydy temperature —1310.15 7] 37 —1 96.6
given below: — - -
(1) K=°C+273 — = -

_ _ L1 273.15 ] O L | 32

- Freezing point of HO ———=7F0)™" -
) ) ‘F =y I I = AN =) =
s 9DC ( -'--,"'. ( 'AAanGILﬂE‘ Zero 0 27310 459.67
(i) °F=—+32 _ (\\\JUV™ i i V

5 o N \J ]!
SR
NRIRNY
Where K, °C, and °F show the Kelvin, Celsius, and Fahrenheit scales respectively.

- 4 . 15 N A
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Example 10: Normal human body temperature is 98.6 °F. Convert it into Celsius and
Kelvin scale. _ [7:‘“‘ r”(t )\x‘\ \!

i® .-.l- 1'.l:\' \ \‘ =
on: Giventhat°F=986 -~ © rl\\ *CL\:‘:EU )J

"I‘ Uon. \ |
So to convert it into Celsgm?x\ ??W%g,\ - _J
= —(F 7 RN (N] o\

==(98.6-32
9( )

5
=5(66.6)
= (0.55)(66.6)
°C =37°

Hence, normal human body temperature at Celsius scale is 37°.
Now, we convert it into Kelvin scale.

K=C+273° AR
iy N
K=37°+273 \@H M\\\Y\\@M

K=310kelvin 0

W&;g\\\v o

1.3.2 Pro gi
The traders @am profit or incur losses. Profit and loss are a part of business. Profit
and loss can be calculated by the following formula:

(1) Profit = selling Price — cost price
P =SP-CP

profit
Profit % =
rofit % (CP

x 100 ]‘%

(i1)  Loss = cost price — selling price
Loss = CP - SP o~ o Sl
SR NIALC e
~ \ \.ﬁﬂll =N “.‘.\- (L_,--‘
Loss % = (IOSS ; 0/ k\)r’@\w 8} \1 A\ .L/
f{jw Y\ e
\)u
| e ﬂf ];ﬂjrb}msed a bicycle for Rs. 6590 and sold it for Rs.6850. Find
the proﬁt peréeﬁtage

B, 16 S




Mathematics - 9 Unit — 1: Real Numbers

Cost Price = CP =Rs. 6590
Sclling Price = SP =Rs. 6850 f \ .rrfm“ﬂj

x_."}-...-'-

P f _ ~ \ ".,t .\ "‘.\\\ l.r\'., -,ll .J II '-\_" 3
rofit - =SP ECP‘W 0 \\ R\
" W §8§0‘-~ 6590
WYY~ g, 260
Now, we find the profit percentage.
i
Profit % = P X IOOJ%
. GP
260x 100
_ _] y
. 6590
=3.94% ]
~ 4% VA O
(@) Oy —
xample 12: Umair bought a bool(fqﬂ{ﬁ ; ha g\ it for Rs. 720. What was his
loss percentage" \a 0 WY‘
Solution: @x.miﬂw book =CP =Rs. 850
Sel ing price of book = SP = Rs. 720
Loss =CP —SP
=850 -720
=Rs. 130
( Loss ]
Loss percentage = x100 [ %
§s p g cp 0
(130
= | —x100(%
850
(C 1.\_1 \ UU

_l-_fzg%ﬂ‘“”. Jfff \ (G
nle 13: Saleem, Nadge(h;f, ~\a\ﬁd‘ R[@Neéraeamed a profit of Rs. 4,50,000 from a
husmes'i If their 1nveqjtmqtq1t$‘\\i]\3*ﬂle“ Buqmeqs are in the ratio 4: 7: 14, find each person’s
profit. IJ( N
Proﬁt earned = Rs. 4,50,000
Givenratio =4:7:14
Sum of ratios =4+ 7 + 14

=25

. 17 U
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%x 4.50,000 = Rs. 72,000

Saleem earned profit

Nadeem earned profit = Zisx 4,5 _(_1, U{}-(._}f-., 1}{25‘;\; 126 ’000 Ol

Tanveer earned proﬁt = %xél SU [}D[} Rs 252,000
AN oV

Example 14: If ﬂllc sfumplc profit on Rs. 6400 for 12 years is Rs. 3840. Find the rate of
profit.
Solution: Principal = Rs, 6400

Simple profit = Rs. 3840

Time = 12 years

To find the rate we use the following formula:

_amount of profit <100

Rate . - 5
time x prm(:ipal P, - O\

3840xl@0
1254640{}

Thus, rate Dfprot” H%JS%I'

v/

{( EXERCISE 1.3 )

1 The sum of three consecutive integers is forty-two, find the three integers.
2. The diagram shows right angled A4BC in which the B

length of AC is (\/g ++/3)cm. The area of A4BC is

(1+\/E) cm’. Find the length 4B in the form —
(ﬂﬁ +b \/_ 5) cm, where @ and b are 111tege1s A :f-.,f-'.f'-;_'.-.,(w{i +JS)em  C

3 A rectangle has slde'a m" length 2+ J_. 8-m dnd (5 _ 4 }m. Express the area

NG

of the rﬂ?tﬁngle *m the fon'n a+ b\f_ where a and b are integers.

4. Find two numbers whose sum is 68 and difference is 22.

The weather in Lahore was unusually warm during the summer of 2024. The

| 4 . 18 . A
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TV news reported temperature as high as 48°C. By using the formula,

(°F = % °C +32) find the temperature as Fahrenheit scale.

6. The sum of the ages of the father andison i 72 year'a Sl}{ year% ago the father’s
age was 2 times the -age of the 3011 Wha]: was son’s age six years ago?

7. Mirha sells a toy fpr Rs 1520 What will the selling price be to get a 15% profit?

8. The annﬂfﬂ 1hcome of Tayyab is Rs. 9.60,000, while the exempted amount is
Rs. 1,30,000. How much tax would he have to pay at the rate of 0.75%?

9. Find the compound markup on Rs. 3,75,000 for one year at the rate of 14%
compounded annually.

@ REVIEWEXERCISE 1 )P

1. Four options are given against each statement. Encircle the correct option.
(1) J7 is:
(a) integer (b)  rational numbar~ \)
(c)  irrational numbcri__..,. & - _'jf"'{\c_ilﬂ)_ { natui'al number

(i1) tandeare: Of\~24A x oS INEA
(a) n_a ;

all numbérs (b)  integers

(c) VN ”ffitfonal numbers (d) irrational numbers

(iii)  If » is not a perfect square, then </ is:

(a) rational number (b) natural number

(c) integer (d) irrational number
(iv) B+S5is:

(a) whole number (b) integer

(c) rational number (d) irrational number

(v) For all x € R, x = x 1s called: =
(a) reflexive property o gb) _ transmvc number '
(¢) symmctnc propcrty ; ,(’ d) trlc:hotomy property

(vi) Leta,b,c€R, then a\ > b and b >c=a>cis called property.
(a) VW |'tr1ch0t0my (b)  transitive
(c) additive (d) multiplicative

- 4 . 19 N
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(vii) 2% x 8 = 64 then x = e\ eeW
3  03N\a NN @20 2
a - D\ AaFA N O WD ) = d %
(a) ¥ e () QY W)= (d) 3
(viii) Leta, b € erthen " ﬁb and b =g is called property.
(a) U) 'rcﬂcch (b)  symmetric
(c) transitive (d) additive
(ix) J75+427=
(a 102 (b) 93 () 53 (d)  8J3
(x) The product of (3 + '\/g)(?) —-Jg) 1s:
(a) prime number (b) odd number
(c) irrational number (d) rational number
2. Ifa= s , b= : and ¢ = i , then verify that )
2’ 3 5 2\ @ONN
(1) a(b +c¢)=ab+ac f;‘;; -, (rﬂ (a—*b)c =ac + bc
5 A0\ 2\ VI \ 0\
3, Ifa= E b=t = ,r“uw" ? thmi xﬁari?y the associative property of real numbers
W.T. tgd&hﬁ&] eind multlpllcatlon
4. IsOa ralmnal number? Explain.
3 State trichotomy property of real numbers.
6. Find two rational numbers between 4 and 5.
7 Simplity the following:
15 35 6(3)”‘2
. x7) "  p——
(l) g Zél} (11) Y (27)1 (l_ll) 3n+l _3.':
The sum of three consecutive odd integers is 51. Find the three integers.
Abdullah picked up 96 balls and placed them into two buckets. One bucket has
twenty-eight more balls than the other bucket. How ‘many. ba}}s Wwere in each
bucket? ® T\ -:'~'-7-w \ ;' CALSa
10.  Salma invested Rs 3,30, DGO in/ a b‘a‘nﬁk ‘w}aich palﬂ simple profit at the rate of
A YL 'L mv
1 —% per dlmlum Aftt:r E*YCdl'b the rate was increased to 8% per annum. Find
QN
the amount she had at the end of 7 years.
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Logarithms
Students’ Learning Outcome | jJ UL |

At the end of the unit, rhe .:,\'-.ﬂ"_dents LT S,

-

» Exprcs&a’ hurm]!;cr an scientific notation and vice versa.

» Describe loganilun of a number
» Differentiate between common and natural logarithm

INTRODUCTION

Logarithms are powerful mathematical tools used to simplify complex calculations,
particularly those involving exponential growth or decay. They are widely applicable
across various fields, including banking, science, engineering, and information
technology. In chemistry, the pH scale, which measures the acidity or alkalinity of a
solution, is based on logarithms. They help in transforming non-linear data into linear
form for analysis, solving exponential equations and managmg ca]culaﬁons involving
very large or small numbers ethmenﬂy A N [ \ o=

2.1 Scientific Notation | WU Y

\.-,-
o

A method used to expr inig Very lal gc' or very small numbers in a more managcable form
is known as- qfentll‘f'e ‘notation. It is commonly used in science, engineering and
mathematics to simplify complex calculations.

A number mn SClEI’ltlﬁC notatlon lS WflﬁEl’l N
ax 10" where 1 <a<10and ne 7 If the number is greater than 1

then n 1s positive and if the
number is less than | then » 1s
negative.

Here “a” is called the coefficient or base number.

2.1.1 Conversion of Numbers from
Ordinary Notation to Scientific Notation

Example 1: Convert 78,000,000 to scientific notation.
Solution: Step 1: Move the decimal to get a number between | and 10;
7.8
Step 2:Count the number of places you mqved tl'le decuha]
* plaues |
Step 3 erta m ;scﬁ:mmc n()tatmn
I| 7’8 000,000 = 7.8 x 107

Since we movécl the decmlal to the left, the exponent is positive.

- 4 . 21
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Example2: Convert 0.0000000315 to scientific notation. " Try Yoursel?! J
Solution: CQ“W{T'., the fo]lqwing
Step 1:Move the decimal to get a number between 1 and 10 ?Sm ;;ggg;ogmmm
3,15 A= 5 (i) 0.000006
Step 2:Count the mlmbeﬁqu placbs you moved the decimal:
NN INY8 Dlaces

Step 3: Write in scientific notation:
0.0000000315 =3.15 x 1078

Since we moved the decimal to the right, the exponent is negative.

2.1.2 Conversion of Numbers from Scientific Notation to Ordinary
Notation

Example 3: Convert 3.47 x 10° to ordinary notation.
Step 1: Identify the parts:

Remember!

If exponent is posﬂwe then the
. _ {ydecimaty Wﬂl \move to the right.
Cocfficient: 3.47 “ 0| [ exponent is negative then the

EX])DI]GI]'E 105 [ ~ \u 1 | decimal will move to the left.

Step 2:Since the exponent 1s,~ pﬂsltwe 6 move the decimal point 6 places to the right.
3.47 % 10° 3470, 000~

Solution:

Example 4:
Solution:

Convert 6.23 x 10~* to ordinary notation.

Step 1: Identify the parts:

_Try Yourself! JNEEEEN

Convert the following

Coefticient: 6.23
Exponent: 107

6.23 X 107* = 0.000623

{(EXERCISE 2.1))

Express the following numbers in Scmnnﬁc notatmn

into ordinary notation:
(i) 5.63 x 103
(i) 6.6 1073

Step 2:Since the exponent is negative 4, move the decimal point 4 places to the left.

i

(1) 2000000 (11) 48900 0.0042

(iv)  0.0000009 S T3 x 10° (vi)  0.65 x 10?

Express the ﬁ(ﬂlmlvmg numbers in ordinary notation:

(1) 3 04 x 10? (i) 3 x10° (iii) 1.5x 107

(iv) 1.77 x 107 (v) 55x10°% (vi) 4x107°
4 22 A |



Mathematics - 9 i Unit — 2: Logarithms

3. The speed of light is approximately 3 x 10* metres per second. Express it in
standard form,

4, The circumference of the Earth at the cquator 15 about 4{)075000 metres.
Express this number in suenttht, n@tatlon '

5. The diameter of Mars 15 6 7?79 X 107‘ km Express this number in standard form.

6. The dlaplpterl of Earth is about 1.2756 x 10* km. Express this number in
standard form.

2.2 Logarithm

A logarithm is based on two Greek words: logos and arithmos which means ratio or
proportion. John Napier, a Scottish mathematician, introduced the word logarithm. It
is a way to simplify complex calculations, especially those involving multiplication
and division of large numbers. Today, logarithm remain fundamental in mathematics,
with applications in science, finance and technology.

2.2.1 Logarithm of a Real Number_
In simple words, the ]oganthm of a neal number iells us! how many times one number

must be multiplied by 1tselﬁ0 gei a.nuther number.

The general fomn‘!j::iffa' I'Ogafﬁhm 18! log,(x) =y

Where: » b s the base,

» xis the result or the number whose logarithm is being taken,
* yis the exponent or the logarithm of x to the base b.

This means that: b = x (Exponential form)
bY =x

In words, "the logarithm of x to the base b is y, /log/x = ¥ (Logrithmic form)

means that when b is raised to the power y, it equals x.

The relationship between logarithmic form and cxponcntlal form ) \given below:

log,(x)=y < b =x whereb>ﬁ JL‘J*Gand b:tl
Example 5: Convert _I_Ug'z&f..?-"a_t_o G?cponcntlal form.
Solution: -'_l‘gg';-“_silé"-iﬁjl o

Its expoﬁential formis: 2° =8

4 .. 23
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Example 6:

Example 7:

Solution:

Example 8:

Solution:

Unit — 2: Logarithms

Convert log,,100 = 2 to exponential form.

log,,100 =2

Its exponential form is- lfij‘i2 ~ 1-'0'0- Y

Find the va]ua m" x in each case:
u%kggﬁ—r (ii) log,x = 6
(1) log25=x

Its exponential form is:

(ii) log,x = 6

Its exponential form is:

=25 i
= 5*=57 = x=64
= x=2
Convert the following in logarithmic form:
() 3*=81 (i) 7% =1
(i) 3*=8I o Aag (i) cff‘ AP ES
Its logarlthmm f(;)_rm }s,r , [ts 10gar1thmlc form is:
log |8E Vi 4 'k \NAC log,1=0

IJ|

¢(_EXERCISE2.2 ))

1. Express each of the following in logarithmic form:

& )

i)  10°=1000 (i) 2°=256 (iii) 37= o
1

(iv) 20°=400 (V) 16 4 =% (vi) 11°=121
=

(vi) p=¢q" (viil)) (32)° = =

2. Express each of the following in exp{mentlal ﬂ)rm AE
(i) log, 125 —3—{,\ —{11) 1052 ]6 14 (1|1) log,, 1=0
(iv) lﬂg -;—ﬂil*l ]i") log, é_ -3 (vi) %=10g9 3
I
(vii) S=log,, 100000 (viii) log, — = =—2
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3. Find the value of x in each of the following:

(i)  log,64=3 (i) logsl=x (iii) log 8 =1
(iv) log, x=-3 (V) i 108"4, x= % (yl) log} 1024 =

2.3 Common Logaﬂthm

The common lqghritjhm is the logarithm with a base of 10. It is written as log,, or

simply as log (when no base 1s mentioned, it is usually assumed to be base 10).

For example:

10 =10 < logl0=1 English mathematician IHenry
10 =100 < logl00=2 Briggs extended Napier's work
and developed the common

10" =1000 < logl000 =3andsoon. logarithm. Ile also introduced
107 — 11[ ~0.1 ¢ log0.1=—1 logarithmic table.
1072 = 2 0.01 & log0.01=-2 —~  sAnany

107 = —— — 0,001 < log0. 0:}1 - —3 andeb on | \ -
1000
2.3.1 Charaeterlsqq and Mantlssa of Logarithms
The logarithm of <L-.\ number consists of two parts: the characteristic and the
mantissa. Here 1s a simple way to understand them:
(a) Characteristic
The characteristic is the integral part of the logarithm. It tells us how big or small the

number 1s.

Remember!

Rules for Finding the Characteristic When the characteristic s

. negative, we write it with bar.
(1) For a number greater than 1: it

Characteristic = number of digits to the left of the decimal point — 1

For example, in log 567 the characteristic =3 = I=2, (| _ T
(i) ~ Foranumber less than 1: T\ ,' (T AT e
Characteristic = — (number of 76108 between the decimal point and the first
non-zerq digit +I115 |

For example, in log 0.0123 the characteristic = — (1 + 1) =—2 or 2

4 . 25 A
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Example 9: Find characteristic of the followings:

() log 725 Gi)  log9.87
(iii)  log 0.00045 (iv) log 0,54,
Solaion: () log725 070 --_(.H) L log9.87
CharactLrlstLC = 3 l 2 Characteristic=1-1=0
(iii) 108 0. 60045 (iv) log 0.54
Characteristic=—(3+ 1) =4 Characteristic=—(0+ 1) =1

Characteristic of the logarithm of numbers can also be find by expressing them in

scientific notation. For example,

Number | Scientific Notation | Characteristic of the logarithm
725 7.25 x 102 5
9.87 087 x 10° .
DAUGHS 45510 . o e VBLG
L osura NP0
(b) Mantissa _ O\ \] AN AN\B\C e

The mantissa is the decimal part of the logarithm. It represents the "fractional"
component and is always positive.

For example, in log 5000 = 3.698 the mantissa is 0.698
2.3.2 Finding Common Logarithm of a Number

Suppose we want to find the common logarithm of 13.45. The step-by-step procedure
to find the logarithm is given below:

Step 1: Separate the integral and decimal parts.

Integral part =13 L5¥ o
Decimal part = 45 o | Hleg (Number) < Characteristic + Mantissa

Step 2: Find the Lhﬂl’&CtEI‘IS’HC of the numbar T
C haractenstlc rnumber of di glts to the left of the decimal point — 1
W —2ﬁ =1
Step 3: In common logarithm table (Complete table 1s given at the end of the book),
check the intersection of row number 13 and column number 4 which is 1271.

- 4 - A
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Step 4: Find mean difference: Check the mterSf:ctl@n of row number 13 and column
number 5 in the mean dlffclencq whieh is 16.

Logarlthm Table

Mean Difference

2 3|45 6|7 8 9
8 12|17 gglll 25|29 33 37
8 11(15'19 23|26 30 34
7 10(14 17 21|24 28 31

o(1(2 (3| 4|5 |6 | 78|29

10 [ 0000|0043(0086|0128(0170|0212|0253|0294| 0334|0374

11 | 0414(0453(0492|0531|0569| 0607 | 0645|0682 | 0719|0755

12 (0792|0828 0864|0899 0934|0969 | 1004| 1038 1072| 1106

13 |1139]1173|1206|1239|1271|1303|1335( 1367 1399( 1430 6 10(13 16 19(23 26 29

14 [1461|1492| 1523|1553 | 15841614 (1644 |1673| 1703|1732 6 912 15 18|21 24 27

Step 5: Add the numbers found in step 3 and step 4. 1.e., 1271 + 16 = 1287 which is
the mantissa of given number.

Step 6: Finally, combine the characterlstlc and mantlssa parts fﬁund in step 2 and
step 5 respectively. We get 1. 1287 \ [ A=

So, the value of log 13. 45»151 1287 R

W W W b B

Example ID* Fmd ngahthm 01" thL followmg numbers:
(1) (1i) log 5.678 (111))  log 0.0036 (iv)  log 0.0478
Solution: (i) log 345

Characteristic =3 —-1=2

Mantissa =0.5378 (Look for 34 in the row and 5 in the column of the log table)

So,  log (345) =2+0.5378 =2.5378

(i)  log5.678
Characteristic=1—-1=0 log (0) = undefined
Mantissa ~ =0.7542 (7536 + 6 = 7542) log (1)=0

So, log(5.678) =0+0.7542=10.7542 log @) =1

(iii)  log 0.0036
Characteristic =— (2 + l) =083 LD A
Mantissa =0 556’% ﬂ,‘ BT e T A O i e oo A G log table)

So,  log (0. 0036“".'__—‘*" 30,5563 = 2.4437
(iv) log 0.0478

Characteristic =— (1 +1)=-2
Mantissa =0.6794  (Look for 47 in the row and 8 in the column of the log table)
So, =—-2+0.6794 = 1.3206

[ 4 27 ¥ A
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2.3.3 Concept of Antilogarithm

) Logarithm(exponent) Antilogarithm(result)
An antilogarithm is the inverse operation of = —
a logarithm. An antilogarithm helps to find a ’=1024
number whose logarithmic value is given. /
i Base >\ (C(OUM
In simple terms: e A

I log,x =y <> b ¥ = x then the process of finding X is called antilogarithm of .
Finding Antilogarithm of a Number using Tables

Let us find the aﬁﬁ?l'agﬁrithm of 2.1245.

The step-by-step procedure to find the antilogarithm is given below:

Step 1:Separate the characteristic and mantissa parts:

Characteristic = 2

=g The word antilogarithm 1s another word
Step 2:Find corresponding value of mantissa | for the number or result. For example, in

from antilogarithm table (given at the 4% = 64, the result 64 is the antilogarithm.

end of the book): 2

Check the intersection of row number 12 and ealumn number 4 which provides

the number 1330. A AR VLAY )

Step 3:Find the mean dlffﬁ:t ence
Check the; mte‘rsectlon Df row number .12 and the column number 5 of the
mean difference in the antilogarithm table which gives 2.

Antilogarithm Table
Mean Difference
0 1 2 3 4 5 6 7 8 9
1 2 3(/4'5 6|7 8 9
.11 |1288|12911294| 1297|1300 1303| 1306(1309|1312(1315| 0 1 1|1 2 2|2 2 3
.12 |1318(1321)1324( 1327|1330/ 1334|1337 1340{ 1343|1346/ 0 1 1|1 2 2|2 2 3
.13 | 1349|1352 1355|1358 1361| 1365| 1368(1371| 1374(1377| 0 1 1|1 2 2|2 3 3
.14 |1380| 1384|1387 1390| 1393|1396 1400( 1403(1406|1409| 0 1 1|1 2 2|2 3 3
.15 | 1413|1416 1419 1422 1426| 1429|1432 1435 1439 1442-. 0, 1= 1 1 2 2|12 3 3
Step 4: Add the numbers found in the step 2 and qtep 3 we get 1330 +2=1332
Step S: Insert the decimal point: -\ " m
Since characteristic is 2, therefore the The place between the first non-
decimal pp_l_nt-wdl be after 2 digits right zero digit from left and its next digit
from the reference position. So, we get is called reference position. For
1332 example, in 1332, the reference
Thus, the antilog (2.1245) = 1,33.2 woRlHon is between. | and 5

4 28 e
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Example 11: Find the value of x in the followings:
(1) log x =0.2568 (1)  logx=-1.4567
(i) logx=-2.1234
Solution: (i)  log x=0.2568 P\
Characteristic = 0 o Maufi&sa ;02568
Table value of 0.2568 = 1303+3=18£}6
So, x= antilq gﬁOZSGS) = 1866(155&11 the decimal point at reference position
W i'i.;_-:i:,-'-':-J NN o=" because characteristic is 0.)
(i)  logx=-—1.4567
Since mantissa is negative, so we make it positive by adding and subtracting 2
logx=-2+2-1.4567

=2 +0.5433 = 2.5433

Here characteristic = i, mantissa = 0.5433
Table value of 0.5433 = 3491 + 2 = 3,493

So,  x=antilog (2.5433)
=0.03493 N A

Since characteristic is 2, therefore demmalpmtyvl[lbe Ibefore 2 digits left from the

reference position. ' 1* \ U ‘

iy togx 2234 LU

Since mantissa 1§ hegative, so we make it positive by adding and subtracting 3
logx =—3+3-2.1234

=_3+0.8766= 3.8766

Swiss mathematician and physicist
Leonhard Euler introduced ‘e’ for the
base of natural logarithm,

Here characteristic = i, mantissa = 0.8766
Table value of 0.8766 = 7516+ 10 =7.526

So, x = antilog (3.8766)
=0.007526

Since characteristic = §, therefore decimal pomt will be before3d1g1tﬁ left from the
reference position., o Nantain ICAL

2.3.4 Natural Logarithm )\ "\

The natural Iogarithm jgi.i;lhé lagarllhm with base e, where e 1s a mathematical constant
approximately eﬁtﬁal' to 2.71828. It is denoted as [n. The natural logarithm is commonly

4 . 290 U
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used in mathematics, particularly in calcu]us to descnbie exponentlal growth decay
and many other natural phenomena ArA M AR )

For example, Ine* =2 i.e! ﬂle lugal [thrn at & to the base e is 2.

Difference betweeil CcJ.nmmun and Natural Logarithms

| Common Logarithm | Natural Logar
i. The base of a common logarithm |i. The base of a natural logarithm is e.
is 10.

ii. It is written as log,,(x) or simply | ii. It is written as In(x)

log (x) when no base is specified.
iii. Common logarithms are widely ii. Natural logarithms are commonly

used in everyday -calculations, used in higher level mathematics
especially in scientific and particularly calculus and applications
engineering applications. involving gmwthfdecay prncesses

Q(EXERCISE 23] ))

1. Find characteristic of' the fﬁl‘fmﬂi’mgnumbers "

(1) 328',]’ ) | ‘ i) 59.28 (i)  0.0567
(iv) ’5‘321 7" (v)  0.000049 (vi) 145000
2. Find logarlthm of the following numbers:
(1) 43 (i) 579 (i)  1.982
(iv)  0.0876 (v)  0.047 (vi)  0.000354
3. Iflog3.177=0.5019, then find:
(i) log 3177 (i) log31.77 (i11)  log 0.03177

4. Find the value of x.
(1) log x = 0.0065 (11) log x=1.192 (i11)) logx=-3.434
(iv) logx=—-1.5726 (v) log x =4.3561 (vi) logx=-2.0184

2.4 Laws of Logarithm

Laws of logarithm are also known as rules or, propertles of' loganth;m These laws help
to simplify logarithmic expressmns and snlve logarlthmlc ‘equations.

1. Product Law

WN o logh xy=log, x+log, y

The logarithm of the product is the sum of the logarithms of the factors.
- 4 30 A




Mathematics - 9 Unit - 2: Logarithms

Proof: Let m=log,x ..(1)
and »n =log,y sl L)
Express (i) and (ii) in exponential form:
x=b" and y=b . _ .~ >\ (¢
Multiply x and y, we get \\ W)
= pm b b”‘ H N

Its logarlthmlc fqrm RN o

...\

log,xy =m+n
log, xy = log, x + log, y [From (1) and (i1)]
2. Quotient Law

log, [i }: log, x—log, v
¥

The logarithm of a quotient is the difference between the logarithms of
the numerator and the denominator.

Let m=log,x i g\ |
n=lo - - .
and 8V . J| {llj e Divide the students into small groups.
Express (1) and ﬂd m expﬂﬂelltlﬁ] form: e Distribute the logarithmic expression
= h" and = h cards randomly among the groups.
Divide x by ¥, we get e Each group will work together to identify
= which logarithmic law applies to each
L. b_ =ph"" expression.
y b e After completing the task, each group will
Its logarithmic form is: present its findings.
X
log,| — |[=m—n
JJ’
]'Og-'.r = logh - logh .]’ . T '-I -Ill: \on~=
3 Power Law

U\ logbx =n.log, x
The logmtlnn%gﬁjxnumber raised to a power is the product of the power and the
logarithm of the base number.

- 4 y 3] N A
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Proof:
Let m=log, x ...(1)

Its exponential form is: X |

Raise both ‘;ldeslto the. p@Wer W
(bm)ﬂ—-bmn

Its loganthmlc form is:

log, x" = nm
log, x" =n.log, x [From (1)]
4. Change of Base Law

This law allows to change the base of a Ioganmm from /b’\ to aﬁWr base “a”.

P

Proof Let A 2 AN ‘ ) |
=log, x .. .(;) L0 QLS
b" =x

Taking log with base "a

n n

on both sides, we get
log b" =log_ x
mlog b=log, x

mzh&x
log, b
log. : ;
log, x = lozﬂ 5 | From (1)]

2.4.1 Applications of LO“arithm JICAY

Logarithms have a wide r&ﬂge of appllcatlons in many ﬁeldq Here some examples are
given about the srppl;catiom of loganthmq

Example 12: Expand the following using laws of logarithms:
() logy(20) (i)  log, (9) (iii)  logs, 27
4 . 32 W
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n (i) log, (20) (i) log, (9)° (i) log, 27
— log, (2% 2x 5) - log, 3 | s
- < ( ﬂ—_fﬁﬁl 1]
= log,(2°x5) ~log, (3)' TN S
f’f‘i 2
— log,(2)* 40 jp% \ V{ \ _,1610& _ log 3*i
oSt =
szf % _ 3log3
S5log?2
3
= log, 3

ple 13:  Expand the following using laws of logarithms:

logz(“’;y j (i) log, ("‘j’]

=2 X—)
log, [T j =3log, [ ] G =0 0

@geﬂbh\ml\/ -

=8[log; x + log, y—log, z]

aple 14: Write the following as a single logarithm:

2 log,10—log, 4

(11) 6 log, x+2 log, 11
(i) 2log,10-log,4 (i) 6 log,x+2log,11
- 10g3 (1 O) logl = 10g3 x® + 10g3 (1 1)1
= log, 100—log, 4 = log, x° +log,(121)
100 =log,(121x")

=1 _ 3

og;( 1 J 15\ w_\&’\xi\
_ Tanraly e

= log, 25 V Q \i ) A\ ) f

mple 15: The dec bé[*gﬁgh\lg \neasures sound intensity using the formula

L=40 log

B, 33 U E——

I
(f“‘q Tga sound has an intensity (I) of 10° times the reference intensity

(]
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Put

(/o). What is the sound level in decibels? Do you know? JEE
7 In (0) = undefined
Solution: L=40 log,, [I_] G\ (FR0N Se
\ | oo~
y A ArAN \ -I: II.' In(e)=1
=10, w&'get-\\\ ; NS
10er Y
L N 40 If)gm ( ; ]
L =40 log,, (10)°
L =40x 6 log,10
L =40x 6 (. log,,10=1)
L =240 decibels
€ EXERCISE 2.4 )
Without using calculator, evaluate the following ) .
=l _| 'I 1'. \ \
(i) log, 18 -log, 9 (ii) IQE,, 64+1%2 (nﬂ —log3 8—log,18

4.

4 . 34

Al
......

(iv) 2log 2+ log :zSH \m 16g4 64+ 2 log 25 (vi) log,12+log, 0.25
Write tl:.la “ﬁyﬂow nig as a smgle loganthm.

(1) —log 25+ 21log 3 (i1) log 9 — log é
(iii)  log,b*.log, 5 (iv)  2log, x+log, ¥
(V) 4log, x—log, y+log, z (vij 2Ina+3Inb-4Inc
Expand the following using laws of logarithms:
11 *b
(i) log [; J (i) log, \/8d* (i) In (HT ]
! 5
: o - : l—a Y
(iv) l{}g[ LY J) (V)  Inal6x’ - (W) l?gz [Ta)
Find the value of x m the followmg equanonc; CALE
(i) 10g2+10g xr 1 SRR (n) logzx-!-logz 8=5
|| l IHI. ) x—0
(iii) (8 I)J‘ = (243)‘“:1 (iv) (%) =27




I
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(V) log(5x—-10)= (vi) log, (x+1) log,, (1 —-4)=2

Find the values of the following WIth the help of loganthm table:

g oiEERR. U als7 x 2.1 x 2.397
@ 5.234 ;;Ef;;{tgnw At
Jx "-,I "'.I "-._ 1L 3
i) + (2()_ 46) (2. 4122) Aol x/9.364 x 21.64
754.3 3.2]
The formula to measure the magnitude of earthquakes is given by
M=log,, [Ai ] If amplitude (4) 1s 10,000 and reference amplitude (4)) is 10.

What is the magnitude of the earthquake?

Abdullah invested Rs. 100,000 in a saving scheme and gains interest at the rate
of 5% per annum so that the total value of this investment after 7 years is Rs y.
This is modelled by an equation y = 100,000 (1.05)", 7> 0. Find after how many
years the investment will be double.

Huria is hiking up a mountain where the temperature (T) deﬁl‘eases by 3% (ora
factor of 0.97) for every 100 metre’% gameﬂ in blt«“lmd’m The mma,] temperature

(7;) at sea level s\ 20°C. Usmg Lh& fmﬁnﬁla T = Tx097‘”“, calculate the
tunperature at al? &ltltu(ie f.h) of 500 metres.

) (( REVIEW EXERCISE 2 )P

Four options are given against cach statement. Encircle the correct option.

(1)

The standard form of 5.2 x 10° is:
(@) 52000  (b) 520000 (c) 5200000 (d) 52,000,000

(i1) Scientific notation of 0.00034 is:

(@) 34x10° (b) 34x10* (¢) 34x10* (d) 34x10°

(111) The base of common logarithm is:

(V)

(a) 2 b) 10 ) 5 d) e

(iv) log,2'= . e\ oy
(@ 1 ® 2 o A\N@OVS/~T @ 3
@ 2« Wby 23 () 10 d) 1

I
(vi) Iflogl2'= U 3010 then log 200 is:

(a) 13010 (b)  0.6010 c)  2.3010 (d) 2.6010
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(vii) log (0)= - {15\

[‘-,
',..\

(a) positive (b) ncgagwm \ {L) 'rb (d) undefined
(viii) log 10,000 = < \ 7V Q \BR=RY
B2 , (b)a AN 5 @ 5
1X) log> + = AL T,
(a)g ‘oqi % 2 '
1)~ Hlog (b) log2 (c)  log [3] (d) logl5
(x) 3*=81lin logarithmic form is:
(@) log,4=8I (b)  log,3=8I
() log,81=4 (d)  log,81=3
Express the following numbers in scientific notation:
(1) 0.000567 (i) 734 (i)  0.33 x 10°
Express the following numbers in ordinary notation:
(1) 2.6 x 10° () 8794 x10% (i) 6x10°
Express each of the following in logarithmic form:
(1) 3 =72187 (i1) a’=c (iii) (1—2% "/144 m ﬂ

J.L"

Express each of the followmg in exponenha{ﬁnn*' [ (€0™
(1) log.8 =% _,

i

fJ ll', \

it valice Ofﬁ in fquds)uﬁg

W,

< NN c".-*fr 3x 2%
RN €
(i)ﬁ[_ﬁ” \i{jgg x=05 (i) {éj =27  (iii) [,31_2] — 64

Write the following as a single logarithm:
(i)  7logx-3log)” (i) 3 log4—log32

(111) %(logﬁﬂogs 2T —lg,3

Expand the following using laws of logarithms:

(i) 'x \ l'd‘gg'w 2@3\:3 \\dity L log41024 5

(1) log (x y z°) (11) log, ¥/’ n’ (iii)  log8x’

Find the values of the following with the help of logarithm table:
(1) 368.24 (1)  319.8 x 3.543 (111)

36.12x750.9

113.2x9.98

10.

In the year 2016, the population of a city was 22 millions and wa§(growing at a

rate of 2.5% per year. The function(t) = 22(1. 02$)‘ /gwe&the population in
millions, ¢ years after 2016, Usﬁ: ﬂ’m mmlcl tt) stcrmmc in which year the
population will reach 35 1‘}1ﬁllol:15 *Raunﬂ the answer to the nearest year.

o T WL O g LW
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Sets and Functlggmf..

'C-l‘\‘tlll(

A

: r',-._ n‘n '»j,ﬂ %) 'L";'

At the end of the “*‘ﬁ;rﬂ? . : "Fydénbéwlll be able to:
> RNV

e Describe mathematics as the study of patterns, structure, and relationships.
s [dentify sets and apply operations on three scts (Subsets, overlapping sets and disjoint

sets), using Venn diagrams.
» Solve problems on classification and cataloguing by using Venn diagrams for scenarios
involving two sets and three sets. Further application of sets.
Verify and apply properties/laws of union and intersection of three sets throngh analytical and
Venn diagram methods.

»  Apply concepts from set theory to real-world problems (such as in demographic classification,
categorizing products in shopping malls)
» Explain product, binary relations and its domain and range.
» Recognize (hal a relation can be represented by a table, ordered pair and graphs.
#  Recognize notation and determine the value of a function and its domain and range.
> ldentify types of functions (into, onto, one-to-one, m_;ecuvc sur‘[ecuv&.:n{d b{]eéjwe\ by using
Venn diagrams. ~ Nanta | [ (Bl
'|-1" - ,"r!. - II‘ \ ll"-l I':, I'l\l'\ II'I I': _‘_ IrI ,'I
— l, .". I."l. I'l, A l\\ I'\_I;" II'\\\_jf" W= .
IN TRODUCTION R
.\ \ .|\ I\kl' o

In this unit, we w1ll1]c,1ﬂs¥:"‘smnc basic concepts of sct theory and functions, beginning
with mathemah{:s |af¢ an essential study of patterns, structure, and relationships.
Students will learn to identify different types of sets, the laws of union and intersection
for two and three sets, and their representation using Venn diagrams. Additionally, they
will apply set theory to real-world problems to enhance their understanding of
demographic classification and product categorization. Classification develops an
understanding of the relationship between various sets. Students will also explore
binary relations and functions and their representation in various forms including

tables, ordered pairs, and graphs.

3.1 Mathematics as the Study of Patterns, Structures and
Relationships AVNEO) QN

<\ r I\
Mathematics is the science of patteras, ét}ggf@reéi a‘nd feta\f' onships, comprising
various branches that prip{e w&anﬁlx:ﬂa {)‘ut Wc)riﬁr loglcal and quantitative aspects.

The strength of mathcmqfﬁcs\m‘ ba.s}cd upen relations that enhance the understanding

— 37 -
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IZZARAEE
between the patterns and structure ?E?ﬁE%F‘\ é@i f?};‘f,‘?ﬁe%; hﬁrﬁit{'thematical pattern is
a predictable arrangemqg\fqiﬁ?\uiﬁbﬁr%fﬁ@apﬁs; or symbols that follows a specific rule
or reiationship.. Yip{ﬂa}\lx;h\p{qtté]&m"’are the key to learning structural knowledge
involving-muneric 'phnﬁkéeometrical relationships. For example, look at the following
numerica]\‘;ﬁttem of the numbers

I"term  2"term  3"term  4"term  5"term
ACAAS
+3 +3 3 +3
In the above pattern, every term is obtained by adding 3 in the preceding term. This
predictable rule or pattern extends continuously. making it a sequence where each term

increases at a constant rate.

Consider another example of a famous
gotosiee 0, 1.1, 2, X.5..8, 13,2y .00
known as the Fibonacci sequence. This

| a\

Each term of the sequenceis obtai

adding the previous ﬁ \t
formula for (the[Fibionaeci~ sequence is
Fn=Fn-I+P\|1J\Jz, where Fo=0 and Fi=1 are the first and second terms respectively. This
recursive pattern occurs more frequently in nature.

sequence starts with two terms, 0 Z.\:? b

S
c

The study of mathematical structure is essential for mathematical competence. A
mathematical structure is typically a rule of a numerical, geometric and logical
relationship that holds consistency within a specific domain. A structure is a collection
of items or objects, along with particular relationships defined among them. Consider
a triangle made up of smaller triangles, as illustrated in Figure (iii).

Figure

L0y \ ) N
]\ L Figure (iii)
AN

f“'\"_-‘\
AN .
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The pattern of arranging smaller triangles to form a larger triangle l&;GfE{a‘.l We can

easily recognize the implicit structure: the la;ger tnaﬂ Cﬁﬁ’b}‘{ che‘riaag consisting of
LA

several rows, where each row CDllta'],ﬂﬁ dé‘er&b?sdng ﬂmnbd:r of smaller triangles (e.g.,

7 triangles in the first row, 5\ n‘iﬁhc ﬁcg d, 3'in the third, and 1 at the top).

The repetmon of tf*;[m!{ma‘n 181‘§p3t13] relationships
between f"lﬁ\ Tsihall E:‘J “triangles are critical structural
features. The alignment of the smaller triangles creates a
sense of congruence as each row is made up of triangles
of the same size. At the same time. the arrangement
illustrates parallel and perpendicular relationships when
viewed in relation to the base of the larger triangle, as

shown in Figure (iv). We can develop logical reasoning
by understanding these patterns and structures and
preparing them for more complex geometric concepts in
various ficlds of mathematics. Similarly, we can establish a relationship between two
sets when there is a correspondence between the numbers of these sets.

= 1\-[

3.1.1 Basic Definitions Georg, Cantqfr ‘{1384‘-'1-'_""_':1% \vas a German

smsshrmassa

e o
-

i ¥
" [}
L] L}
L] ¥
-
1 ]
ki L
. L3 ) a [
. "
Ll L}

Tigure (iv

We arc familiar with the notion of aset é_ii;;ncc; { 'i'a,ihf;lﬁ?ﬁ,ltw‘ian
the word is fr{,qumlly ug%& in, m?"gryd”a){_ii \who- Significantly

tributed to tl
speech, for matanu: date!, bct\-h’:f:l' g6t and | o
development of set

sofa set. I jl[‘s.ﬁ{vﬂ)[ndér that mathematicians tisery, & key ared
have developed this ordinary word into a | in mathematics. He
mathematical concept as much as it has | showed how to
compare two  sets
by matching their members one-to-one.
Cantor defined different types of mfinite sets
of sets helps in understanding the concept of | ;g proved that there are more real numbers
relations, functions and especially 1n | than natural numbers. His proof revealed that
statistics we use sets to understand | there are many sizes of infinity. Additionally,

probability and other important ideas he introduced the concepts of cardinal and
ordinal numbers, along with their arithmetic

OpEldIIUﬂS

clements, so that we may be ElblL to dLle(..l.L \ey 1 < \\ N '(E*g S
L e
whether the object belongs to the CBM?{.’HQ{I qﬁnbt ! \ 1

rﬂ\' = e WV KH

Capital letters 4, B, C, A7, \g ¢1d\ mt‘E‘géh%rally used as names of sets and small letters
a, b, c x, vz etc‘t?‘ﬁ mﬁbdgak thembers or elements of sets.
RSN

39 .

become a language that is employed in most
branches of modern mathematics. The study

A set 1s described as a well-defined
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There are three chfterent ways of describir A\ RS

(i) The Descriptive forml.k)ﬁ( setnay {;;e[ %’b@l\m'ﬁmds Fcr instance, the set
of all vowels of the Eng\]mﬁ\‘aiﬂ‘a L‘* e

(ii)  The TaQ lﬁr\J f&mlﬁ set may be described by listing its elements within

brackets \}}‘14 18 the set mentioned above, then we may write:
={a, e, 1,0, u}

The tabular form is also known as the Roster form.

(iii)  Set-builder method: It is sometimes more convenient or useful to employ the
method of set-builder notation in specifying sets. This is done by using a symbol
or letter for an arbitrary set member and stating the property common to all the
members. Thus, the above set may be written as:

A = {x | x 1s a vowel of the English alphabets}
This is read as A is the set of all x such that x is a vowel of the English alphabets.
The symbol used for membership of'a setis . Thus, ae 4 means a is an element Di

A or a belongs to A. ¢ A means ¢ does not belong 7o 4 or ¢ is not- amemhﬁmm‘f‘ "\
Elements of a set can be anything: people, counirlea Tl\ﬂm’sf ﬁe\sté bf Qur l‘hdught In
algebra, we usually deal with sets of numhem quh ﬁamf alm]g\-‘wﬁh their names are

given below: - : --)H‘ \ 11“ L;'-\E HH*\ ?.:f_.,“'-.--' -

N = The set of natural ng])erq“ \‘ W2l 2.3, ...}

W = The set uf\ﬂugwhum\bm =401 2,03

Z =Thesetofi mteger'i; ={0,+1, £2, ...}

O = The set of odd integers =] 43 £S, .k

£ =The set of even integers =10, x£2.+4, ...}

P =The set of prime numbers =235 7. H. 13,15, ..}

() = The set of all rational numbers = {x |x=L wherep, g Z and g= 0
q

()" = The set of all irrational numbers = {.1'|x L wherep,ge Zand g # Ulr
i

R = The set of all real numbers =@\ G

A set with only one element is called a singleton set.

For example, {3}, {aj, and {Saturday; are singleton The set {0} IS"ax'HI‘I \}n
sets. The set with no elements (zero number of axmgqssm M@,o B&mem
elements) is called an empty set, null set or % t\\ U ﬁ\]ﬁtih? émm?set

The empty set is denoted by th® 5 squ g@ »@ R 1 , ¥ s

\ )
\r\f\nw;u W -—
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Equal sets: Two sets 4 and B arc cqual if they have exactly the same Llcmmj;s,ﬁ\r if
every element of set 4 is an element of set B. If two sets A and 15‘/%% \eq@f\}%

A=B. Thus, the sets {1,2,3} and {2, 1, 3} are’eq}ml\ Al \ \\

Equivalent sets: Two scts A(jmd B-are, E%&Q\aknﬂ }f}f‘m‘y havc tha. same number of
elements. For example, if A =f{ \1?\ i{)}d,»ei and B = {1, 2, 3,4, 5}, then 4 and B are
cquivalent sets. TT Wﬁﬁ} <is tsed to represent equivalent sets. Thus, we can write
A~B. \*\

Subset: If every element of a set 4 is an element of set B, then A4 is a subset of 5.
Symbolically this is written as 4 < B (4 is a subset of B).

In such a case, we say B is a superset of 4. Symbolically | The subset of a set can
this is written as: also be stated as follows:
AcCBiff vxeAd=xcB

B DA (B is a superset of A).

Proper subset: If 4 is a subset of B and B contains at lcast one clement that is not an
element of 4, then A4 is said to be a proper subset of B. In such a case, we write:

A = B (4 is a proper subsct of B).
Improper subset: If A is a subset of Band 4 = B, | When we do not want to distinguish
then we say that A4 is an improper subset of B, From | Petween  proper— and_ gmproper

Y Py © subsets, we u-ga%;aﬁmth@fmnbiﬁ =
this definition, it also follows that every set 4-is a

\fnr\the dldtmnkl‘np’"ﬂ is easy to see
subset of itself and is called an m‘lpmper ‘bubs‘&m () \ae NV L

For example, let4—{ahc}rB %‘A Jan”d('"u NCW::ZC()CR
=fabcd},thcnglcaﬂyjl| “*H""’

-.,_r;-' AcC, BEC but A=38.
Notice that each of sets 4 and B is an improper subset of the other because 4 = B.

Universal set: The set that contains all objects or clements under consideration is
called the universal set or the universe of discourse. It is denoted by U.

Power set: The power set of a set S denoted by P(S) is the set containing all the
possible subsets of S. For Example:
(1) IfC={a b, c d},then
P(C) = {d, {a}, {b}, {c}, {d}, {a, b}, {a.c}, {a, d}, {b, ¢}, {b, d}, {c, d},
{a.b,c}, {a b,d}, {a,c d}, {b,c,d}, {a,b,c,d}}. )
(i) If D= {a},then P(D)= {9, {a}} cOTN
IS is a finite set with n(S) = m repreaengng the n fn;bger \ 1 Ie {5/30 fhe set S, then
PP(S)} = 2is the number of the g/&me\ptwc{\l{@: \go\ué% éf‘
4 \ \ L “—_——
JT\I |]\j
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QEXERCISE 3.1 3)]

il. Write the follo@{ngx § in \?q\bgk\lcp tdtlon

) il AD. S 484y (i) {2,4.8,16,32,64, ..., 150}
ugmﬁl}{f}q& J+2 +1000} (iv) 6,12, 18, ..., 120}
1100, 102, 104, ., 400} vi)  {1,3,9,27,81,...}

(vu} {1,2,4,5, 10, 20, 25,50, 100}  (vii) {5, 10,15, ..., 100}
(ix)  The set of all integers between — 100 and 1000

2. Write ea.ch of the following sets in tabular forms:
(1) x|x isamultipleof 3 A x <35} (ii) {x|xe RA2x+1=0}
(111) .t]xe Pa x<12} (iv) { x|x isadivisorof 128}
(v) {x|x=2",ne NA n<8) (vi) {x|xe Nax+4=0}
(vit) {x|xe NA x=x} (vii) {x|x€ZA3x+1=0}
3. Write two proper subscts of cach of the following sets:
(1) {a, b, c} (i) {0, 1} (i) N (iv) Z
(V) 0 (vi) R (vii) r|1 E-QAQ‘E—J cﬁgh

4 Is there any set which has no prpper quseif? {fsu ﬁhrna’ih*a:t
5 What is the dlffcrgncc het\%(aep {d hl\ qqd{ \Hg ?? J

What is the numiqsk *0{' ﬂltﬁlf‘lﬂlr\ts\ﬁ’l\ the | power set of each of the following sets?
WY 7 g0, 13 Gy {1,2,3,4,5,6, 73
'gé, ,234567' v)  la, ib,c}}
fVl) {{a, b}, {b, c}, {d, e}}
7. Write down the power set of each of the following sets:

i {9, 11} (i) {H-=x=h (i) ¢ (V) {a, {b.c}}
3.2 Operations on Sets

Just as operations of addition, subtraction etc., are performed on numbers, the
operations of union, intersection etc., are performed on sets, We are already familiar
with them. A review of the main rules is given below:

=

Union of Two Sets

The union of two sets 4 and B, denoted by AUB, is the set of all elements which

belong 10 4 or B. Symbolically; )\ L,;J(ﬂ;‘ag \u
AU B= {_x I xE) \(’t@b\\ ( r) '| \‘Lq\»w

s it = {1, 2,43, 5{2 3,4“\@}:; lwﬁém\ris 4,5
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Intersection of Two Sets ~ o 7\’ \

PR W " | '.
The intersection of two sets 4 and B, denetch bx\)i AY H JS thﬂ- @e{‘x}f :ﬁl elements
that belong to both 4 and B. S,;m’\buhca,ll L\ 1x Q t \ 32 L

AN B={x @AWHEB}

The symbol ¥ means or,

Thus, for the abovpﬁ‘iz{ﬁ\%ﬁﬁ(fﬂ A ™ B=42, 3}. The symbol » means and.

Disjoint Sets

If the intersection of two sets is the empty set, the sets are said to be disjoint. For
example, if

S, = The set of odd natural numbers and §, = The set of even natural numbers, then
S, and S, are disjoint sets. Similarly, the set of arts students and the set of science

students of a college are disjoint sets.

Overlapping Sets
If the intersection of two sets is non-empty but neither is a subset of the other, the sets

are called overlapping sets, e.g., if AR
L=12,3,4,56} and M= {5,6,7,8,9, 10} tfle:nLaﬂdMafémérfapplngqetﬂ

SV =T\ -.“,

Difference of Two Sets ¢\ ”a A
The difference between the setsA and B‘denﬂtcd by A-B, consists of all the elements
that belong to A but| do ﬂb’f bclong to B.
Symbolically, 4— B= {x|xe Anx¢ B} and B-—A={x|xe Brxg A)
For example, if 4 = {1,2,3.4,5)} and
B =14,5,6,7,8,9, 10},
then A-B=1{1,2,3} and B—4=1{6,7,8,9, 10}.
Notice that: A —B #B—A.

Complement of a Set
The complement of a sct A, denoted by 4" or A¢

In view of the definition of
complement and difference sets it is
elements of U, which do not belong to A. | evident that for-any seta-ﬁ’i{ WU -4

relative to the universal set U is the set of all

-v

Symbolically: o g x V00 \x '{'f AL
ot —{;lxx\emue}mw =

QN \§ RER RS
For example, if U=Z, then\|£ﬁl:~ tf? ané}\t? E

For example, If DfLFJSEt of alphabets of English language, C'= Set of consonants,
W = Set of vowels, then C"=Wand W'=C.

4 43 .
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3.2.1 Identification of Sets l,l§mg \Xé@{!

Venn diagrams are very ugeﬁ.ll \quﬁg lTy’t%e basic concepts of sets and
relationships between se TJ%%% dta‘gra 1s were first used by an English logician and
p sz J( g

1ndtht:mat1udr{\1]ql]’ri‘ﬂf\“:nh 1834 to 1883 A.D).

In the adjoining figures, the rectangle represents the é ,
universal set U and the shaded circular region represents a 4
set 4 and the remaining portion of the rectangle represents g

the 4" or U - 4.

Below are given some more diagrams illustrating basic operations on two sets in
different cases (the lined region represents the result of the relevant operation in each
case shown below).

U

Disjoint sets Overlapping sets Ac B
U U (&)
" 5= =/
ACB = ANB=d O qu{?x— B\ ‘u\ “ ‘ﬂ“ y | “AB =4
i (AR =n{d)+ n(B) ”[‘JMB} = n 4‘" ‘*ﬁ”rﬂ? "’n{ f'u'f_?fe-—nfﬂ] L (A = n(d)
\ A \-« mﬂ}};")h \-L
ey 'ﬂ.\x '\‘".‘ H AL
U NN J R U X 7 —
AnB J 'la
rAMB=¢ s AMB = b A8 =4 *ANB =8
" {(ANB)Y =0 sifArmBi= n(4) s ANB) = n(B)
N=oul
o8 E’B
« (A-BY=a(A)-n(ANB) "AB=¢ A= ¢
sn(A-B)= niAd) n(d-B)=10 (A=Y= n(A-nB)
U - U U Ml
= I~., 1494 °
1 I N "
Ca @ o INAETEN [ (¢
0 A AN TR )
1\;’;\. (ks““’u*‘ .

“B-A=8

s i(B-1) = nB)

\ ﬁ‘f‘\} f’x“f]‘}(m

44

s B=A)=n(B)—n(A)

. Ty,
i B-A
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3.2.2 Operations on Three Sets

If 4, B and C are three given sets, operations of unmn and {nﬁcrsect!cmca;'l\bé performed
) \ -

\ I"\ "?ﬁ'( 5 \\ \-3

i) Au@BuUO) ¢ Jn(m\?’f()} @g\m@ (111} A A (B U C)

) AnBaLW]. \ ) MO B 6 i) UnCuUBn C)
(vii) MM;,JJ%\L (vili) (A B)uC (iX) (AUC)N(BUC)

on them in the following ways:

3.2.2.1 Properties of union and intersection
We now state the fundamental properties of union and intersection of two or three sets.

Properties
() A4uB=Bud (Commutative property of Union)
(1) AnB=Bn A (Commutative property of Intersection)
(i) Av(BulO)=(AuB)uC (Associative property of Union)
(iv) An(BNnO)=UAnB)NC (Associative property of Intersection)

(v) AuvBNO)=(AuB)n (4w () (Distributivity of Union over intersection)
(vi) An(BuO)=(AnB)u(An C) (Distributivity nfintersectiﬂn over Union)
(vii) (AU B)=A'NnB’ =0 u_

(vii) (4 BY =A'U B’ (e Mo 1N

{ \ X i m! i ;
Verification of the Prnpcrtlcs Us;ng Sqm BB

{ -1\1_,“#
'._

Let 4 ={1,2,3),B= @ﬁ*&ﬁhaﬂdt‘ 13,4,5,6,7,8)
(i) 4UB= i}w RNRI3 4,5 5 BuA=1(2.3.4,50U(1,2,3)
N 1,2,3,4, 5} ;. =11,2,3,4,5}
 AUB=BUA
(i) AnB={1,2,3}n1(2,3,45 : Bnd={234,5 n {1,2,3}
=12, 3} =42, 3}
ANB=BNA
(1i1) and (iv) Verity yourself.
V) Au@BnC={,2, N v [{2,3.4,5{3,4,56,7,8}]
={1,2,3} v {3,4, 5}
= {1,2; 3,4, 5} (1)
AUB) N AU O)=[{12,3} U {2,3,4,5]0 [{1,2,3} U3, 4,5 6.2:8)]
=4{1,2,3,4,5} " {1 2,3, 4, 5. 6- %8 3‘%5_%;;\3;‘.31"--'“
={1,2,3.4,5) Q H\J\x 3(\1\}\} V[T
From (1) and (ii), 4 v (B;?\ G,? :—{}4\&# ]@\h\;@z} T C)
(vi) Verify yomscl\f m\\ \\

-del‘“ = 45 A |
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(vit) Let the universal setbe U= { 1,2,3.4,5,6,7.8,9,10}

4UB—'123}U'2345':‘12345} ﬂ\,ﬁ\ﬂ “?‘

{AUB) =U—(4UB) ={6, 7, §T9@U}wﬂw\ N Y "*‘(L.f‘"

=U-4=H 5{;“?\% \9\‘&}}.)
B —U—B\r— x\“ﬁ 17089 10}
A*m\q\ﬁag@ é,‘f 8.9,101 A {1,6,7,8,9, 10}
= {6,7,8.9, 10! (D)
From (i) and (ii), (A W B) = AN B’

(vit) Verify yourself.

Verification of the properties with the help of Venn diagrams

(1) and (ii): Verification is very simple, therefore, do it by
yoursclf.

(iii): In Fig. (1), sct 4 is represented by a vertically lined
region and BUC is represented by a horizontally lined

region. The set 4 w (B w () is represented by the region

lined cither in onc way or both. ~a\[Te2 ) (O 'Fi

. ) NN [ e\
a"_;_“'-,\lx,‘\\*\.'\..'u'
'| | |1| ".'nJ'.  h = '|

In Fig. (2) A v B is repa‘es-,?qted }by *&*hnﬁzbntally lined

'|'\'..

region and C b# g e;;tﬁ’pélly lihed T region. (4 U B)yu C'is
represented by thé“reglon lined in either one or both ways.

From Fig (1) and (2) we can see that

AUBUO=UAUBUC

(iv) In Fig. (3), the doubly lined region represents
AN(BNC)

In Fig. (4), the doubly lined region represt:ntb (1\4 a Blrv.f (15 E}"‘- ©s s
Since in Fig. (3) and Fig, (4) Ihc tﬁﬁ%q@ ihé‘: \s\mp,t: '
therefore, AN (BN C) = ﬁ‘;l\ ”{i’j\ 6 \Li*

AN

R (NN

- 46



(v) In Fig. (5), A W (B n C) is represented by the region
which is lined horizontally or vertically or both ways,

R AR \‘g\f\wxj
UM

In Fig. ( 6},1)&1 U\El\ﬁ (4 w C) is represented by the doubly
lined region.
Since the two regions in Fig (5) and (6) are the same,
therefore.

AV (BN O)=(AuB)N AV D)
(vi)  Verify yourselves.

Unit — 3: Sets and Functions

?

.._./‘"

(vi1) In Fig. (7), (4 W B)' 1s represented by a vertically lined
region.

@) /7?“& \\

,ﬁf

In Fig. (8), the doubl ‘l’m@l}\\ }Dﬁ \:epllesents A"\ B,

The two ey pnﬁﬁ (7) and (8) are the same, therefore, |

HEE

Bl
(AUB)= AnB' EHEERE R AT
1 HEH OE T e
viii) Verify vourselves. SR SR L it
(vili) Verify y o
Note:
Only overlapping sets have been considered in the Venn diagrams above. Verification for other cases
can be conducted similarly.
_:E;g”_'_'__j_'_'_'j_lj'e 1: Consider the adjacent Venn diagram illustrating two non-empty sets, A4

and B.

(a) Determine the number of elements common
to sets 4 and B.

(b) [dentify all the elements exclusively in set B
and not in set 4.

)
(c)  Calculate the uni of;_sﬁlt;\d& \\) |
NS
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Solution: From the information provided in the Venn diagram, we have:

Let  U={12,3,4,56.7,8,9, 10,1112, 13, 14, [54 e (cs,._c;f“;fﬂ."u

\\| |(/()\ L

;4—{1,_,34568, 0 (_) - \\\
{567895\)]5ﬂf‘2yf“' \_

(a) The elements in both Seh A\hﬁ 1\‘3)11:@ the mtersection of the sets:

ATVES \{ﬁg‘ﬁl}%}

(b)The elemcntgjt]rlat are only in set B, not in set A, is the sets' differences.
B-4 =1{7,9,10, 12}
(c) AuB ={1,2,3,4,5,6,8w{5.6,7,8,9, 10,12}
=21,2:3,4; 5,6, % 9, 10,12}

Example 2: Consider the adjacent Venn diagram representing the students enrolled in

different courses in an IT institution. U
U = {Students enrolled in I'T institutions |

A = {Students enrolled in an Applied Robotics}
G = {Students enrolled in a Game Development}
W = {Students enrolled in a Web Designing |

(a) How many students cnrolled in the ¢ =~

applied Robotics course? T\, J (O J"{‘ \ __x'li‘_\'. L L
(b) Determine the total mﬁﬁ\b&r of SEuHeﬁi‘s enToﬂed in a Game Development.

"Ltfiléze fhroﬂed in the Game development and Web designing

(c) How many

i

course? [\

.,:~ ] J:“ { |

(d) Identify the students enrolled in Web development but not Applied Robotics.
(e) How many students are enrolled in IT institutions?
() How many students enrolled in all three courses?

Solution:

(a) Set A represents the total number of students enrolled in the Applied Robotics
program.
Total =370 + 205 + 125 + 240 = 940
So, the total number of students in the Applied Robotics course is 940.
(b) The total number of students enrolled in a Game Development is rcpl: ted
by the set G. ,,\\\JFI :;\‘ l'f O) AU

Total =205 + 125+ 37,0 ;p_.zj: 025 Ny A
Thl]S the Smdents enpejl{ed plﬂ‘d?mépﬁ‘&elgpinellt is 16‘25

4 Al LA 4 -
Q R{NR
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(¢)  Total students are enrolled in both*rl’qe (}d &iy:l‘ob@em and Web designing
The course is the miers’@n{:iﬁ/
" = 2?0 395
Theref @?ﬁrﬁ!}ﬂd@ﬂts are enrolled in both the Game development and Web
d-;,su:mngf(ioursc
(d) The students who are enrolled in Web development but not in Applied Robotics
18 the sum of values 336 and 270 in set W.
Total = 336+270 = 606
So, there are 606 students who enrolled in Web development courses but not in
Applied Robotics.
(e) The total number of students enrolled in all three courses is represented by all
the values nside the circles.
Total = 370 +205+ 125+ 240 +425+270 + 336 = 1971
There are a total of 1971 students enrolled in IT Institutions.

() The students who enrolled in all three courses are the intersection of all the N
circles are represented by the value 125, \ = u R \
- TN ' / ',f \ A
ER W r'x' AN '
3.2.2 Real-World Appllcatmn& O AN *‘; W\ )) .

In this section, we will learn to ap}alyctmc?ms ﬁ'o\m}ef thcory to real-world problems,
such as solving problems o classmcaﬁm'i and cataloging using Venn diagrams. We
will also explq;;ﬂ- le@ﬂhf& situations, such as demographic classification and
categorizing products in shopping malls.

For this purpose, we use the concept of cardinality of a set. The cardinality of a set is
defined as the total number of elements of a set. The cardinality of a set is basically the
size of the set. For a non-empty set 4, the cardinality of a set is denoted by n(4).
If4=1{1,3.5 7,9, 11}, then n(4)=6. To find the cardinality of a set, we use the
following rule called the inclusion-exclusion principle for two or three sets.
Principle of Inclusion and Exclusion for Two Sets
Let 4 and B be finite sets, then

n(A v B)=n(4) + n(B)—n(4 " B)
and 4w Band A B are also finite.

Principle of Inclusion and Exclusion for Three Sets — .-;/; \ €O \P \\\
If A, B and C are finite sets, then ,q ‘i 1. — | ‘“. f. AN \! ‘\f»}* pes?
n(A v BU C)=n(Ad) +n(B)+ n@ (A« BJ 2 : A C)5 hfﬁ'm )+ (A BN C)

and AUBUC, AN B, AﬁC‘ @‘ﬂ‘\ﬁ“a dn BAC are also finite.
R .
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Example 3: There are 98 secon \t{u:é_m Yes clu‘{b 58 students join

the swimming club, and 50 _J'THTTE\IS\]E& *{!fkl r-¢lub. How many students participated
\\J N

in both games? 'T\"b
Solution: L&\ %J tutdl student in a sports club of school}
A = {students who participated in swimming club}

B = {students who participated in tug-of-war club|

From the statement of problems, we have U
mU) =n(d v B)=98, n(4) =58, n(B) =50,
We want to find the total number of students
who participated in both clubs.

nA~ B) =7
Using the principles of inclusion and exclusion
for two sets:
A B) =nlA)+ n(B)—nlA"nB) P 1\:,\_\.5\_1:\
= (4 B) =n(A)+ n(B)-n4 v B) B f'll'i“\'\" X \\ A ﬁ\\\ Il.ﬂ-- ,;1 (N
=58+50-98 - \ \JT'&I‘H O\ MNAE U
~10 _ \\H\“l\ fi‘, AL

\ '\u, \J

Thus, 10 studcntsrﬂaﬁqllshﬁdt&ﬂ nr both clubs.

The adjacent 'v’erm “diagram shows the number of students in each sports club.
Example 4: Mr. Saleem, a school teacher, has a small library in his house containing
150 books. He has two main categorics for these books: islamic and science. He
categorized 70 books as islamic books and 90 books as science books. There are 15

books that neither belong to the islamic nor science books category. How many books
are classified under both the islamic and science categories?

Solution: Let U= {total number of books in library}
A ={70 books in Islamic category |
B ={90 books in Science category}
C ={15 book that does not belong to any category | b o~ e = ﬁ?ﬂj
x = number of books that beiong 5 bOt the;@‘é{égdr(f\h[‘ o

The adjacent Venn diagram shows the nq:’aberf ér”(‘:]gufmﬁed under both
the 1slamic and science categch’é\s n B\\x \x\ ™ Ji\,

QNV\WN‘J . =
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As, n(U) =150
So,  T0—x+x+90-x+15=150 |
= 175- {Alsoi\,mm\\ DAY |

.f"]\l, r\ I"._,
= x =g [T
Thus, 25 gk{}?QFﬁd| aw\’cfdbmﬁed under both
islamic and \s*c:ence categories.

Example 5: In a college, 45 teachers teach mathematics or physics or chemistry. Here
is information about teachers who teach different subjects:

» 18 teach mathematics = 12 teach physics

= 8 teach chemistry = 6 teach both mathematics and physics
» 4 teach both physics and chemistry

= 2 teach both mathematics and chemistry.

= How many teachers teach all three subjects"’

Selution: Let U = {total number of teachers in the collegeL . MU

= {teachers who teach msi_ﬂlen;mrcg} " _"‘ N2
P = {tE"ch"iels whﬁiéﬂgh ph}dbms‘}x Wy

= {taaqheirtwhb teach chemistry}

From the stag?hﬁhi of problems, we have

nMUPUC) =45, n(M)=18,n(P)=12, n(C)=8, (M P)=
PN C)=4,n(Mn C)=2
We want to find the total number of teachers who teach all the subjects.
n(MAPNC) =7
Using the principle of inclusion and exclusion for three sets:

(M PUC)=n(M)+n(P)+n(C)—n(MnP)—n(Prn C)—n(Mn C)

+a(Mn P C)
=  n(MNPNC)= n(M P UuC Y n(M)—n(P)- n(C‘)-I;g(MﬁP)i-{r(PﬁC)

%

III /(_,}A_‘I\J O

o

+n(Mn C = Dlantaik
( ) r-\, rT, 1\,x“x,1 \ ;\E_E\'a-. y
.E.|

—457“8\ }1 P
9, \H” W

\
Therefore [9] THB\J:EﬂS tcach aII three subjects.
4 51 A |
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Example 6: A survey of 130 customers in 41 qhgpplﬁé a\E\M f}sznﬁuﬁe\d in which
they were asked about buying B erm};:eb \f? ( \

The survey result showed 1he jﬂ\ \}s(ndg\ lﬁtﬁq
« 57 cuqtoulaeﬁs\\q&mg],lﬁ‘t—garmentq
e 50 custo cu- bought cosmetics
e 46 customers bought electronics
e 31 customers purchased both garments and cosmetics
e 25 customers purchased both garments and electronics
e 2] customers purchased both cosmetics and electronics
« 12 customers purchased all three products i.e. garments, cosmetics, and
electronics.
(a) How many of the customers bought at least one of the products: garments.

cosmetics or electronics.

(b) How many of the customers bought only one of the ploducts gamlents,, I n ~7 {.

Cosmetics or electronics? N \ l
(¢) How many customers did not buy any élct’ the th‘i‘éé thﬁucfs. =

--».'|'| /

Solution: Let U = {total numhﬁn dt cusfqmyerg‘suh’eycd in the shopping mall}
{rﬁflﬁfomh‘i Who bought garments)
II \E' “{Customer who bought cosmetics}
E = {Customer who bought electronics}
From the statement of problems, we have
n(U) = 130, n(G) = 57, n(C) = 50, n(E) =46, n(G C) =31,
nGNE)=25,n(Cn E)=2land n(GN Cn E)=12.
(a) We want to find the total number of customers who have bought at least one
of the products: garments, cosmetics, or electronics.
We are to find m(G o C U E).
Using the principle of inclusion and exclusion for three sets:
n(Gu CUE)=nGH(C)+r(E)— (G C)—m(GN E)—n(CnN F,)-j—?(?’:’r\{im(@
=57+50+46-31-25-21+12=88 (| \ Z S\\\J [(@lo==
Thus, 88 customers boungl at leabﬁ\é\nﬁf b{@q p

or electronics. \ 7 "N AU
4 U \S\ |
\I[\j\l PM

/
garments, CDbIl]E.‘,T.lC&.
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(b) Customers who bought only garmentg
= n(G) —n(G N C)— n(Gm @ \(q’g T4 ‘ ‘L \
-57 31—25+ @\\
\Jl ".
Custc éi‘S\th anughl only cosmetics

“n(C] (GNO)—nm(CNE)+n(GNn CN E)
=50-31-21+12

=10
Customers who bought only clectronics The Venn diagram above

= e —WC % C llustrates  the  scenario
n(E) —n(G M E) —n(CM E) +n(GN CNE) presented in Example 7. Can

=46—-25-21+12=12 you provide a justification for
Therefore, the customers bought only one of the each value within the circles?

products: garments, cosmetics,

or electronics = 13 + 10+ 12=35

(c) Since the total number of Customers surveyed was 130, and 88 customers
bought at least one of the products: garments, cosmetics, or eiec_tmjgtcs The
customers who did not buy any of the three produc&s c”;m b% c’a{lcul,aled as:

nGUCUEY =n(U)- H(GUCU E} (1 z ﬁ;'x \) \\'&E ) f' =
—130483*42 WL
So, 42 customers dfd t?t b hﬂémf the three p10ducts

YR {(Exercise 3.2))

1. Consider the universal set /= |x: x 1s multiple of 2 and 0 <x <30},

A= {x:x1samultiple of 6} and B = {x : x is a multiple of 8}

(1) List all elements of sets 4 and B in tabular form
(11) Find4n B (ii1)  Draw a Venn diagram
2. Let, U = {x: xis an integer and 0 <x < 150},

G=lx:x=2" forintegermand 0<m<12} and
H = {x:xis asquare}
(1) List all elements of sets G and H in tabular form =
(i) FindGuUH (i) Find G H _ JT \ € @)Y
3. Consider the sets P= {x:xisa pnmef{qmiﬁg:)ia@\ :

S\ €O
i‘é?ﬁ}an
0= f{x: .xﬁadn@ﬁ méﬂg ié@zﬂ} 5

(i) \%\ B8 “(ii) Find P U 0
-WJ\J\Tj Gl 53 g -
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10.

11

Verify the commutative properties of union and intersection for the following

pairs of sets: A5\ (@ \m«,‘“\
() 4={1,2,3,4,5), B=1, ,6H8§ (ﬁ w\('11ji’f*”}ﬂf,'z

[
(i) A= {x|xa Rﬁm#ﬁ,\ﬂﬁﬂz

LetU= {a ﬁ?\r‘ld c%fg }'3 :,;;

AH& be.d.g.h}, B=lc.d efJj}
Verify De Morgan's Laws for these sets. Draw Venn diagram
fU=1{1,2,3,...,20} and 4=1{1,3,5, ..., 19}, verify the following:
i) Aud=U (i) AnU=4 (i) An 4'=¢
In a class of 55 students, 34 like to play cricket and 30 like to play hockey.
Also each student likes to play at least one of the two games. How many
students like to play both games?

[n a group of 500 employees, 250 can speak Urdu, 150 can speak English, 50
can speak Punjabi, 40 can speak Urdu and English, 30 can spea.k both English
and Punjabi, and 10 can speak Urdu and Pun_];ibi Haw many cant “§peak all three
languages? .:.i—- y __', \ ’\ ”1 -,‘._‘ ,." :

In sports events, 19 ;ﬁeﬁpfﬂ wear bfue shnts 15 wear green shirts, 3 wear blue
and gleen 5,.111!&{115,]{4 WREAI -acap and blue shirts, and 2 wear a cap and green shirts.
The 1@1;;‘511 htimber of people with either a blue or green shirt or cap is 25. How

many people are wearing caps?

In a training session,17 participants have laptops, 11 have tablets, 9 have
laptops and tablets. 6 have laptops and books, and 4 have both tablets and books.
Eight participants have all three items. The total number of participants with
laptops, tablets, or books is 35. How many participants have books?

A shopping mall has150 employees labelled 1 to 150, representing the
Universal set U. The employees fall into the following categories:

+ Set A: 40 employees with a salary range of 30k-45k, labelled from 50 to 89.
+ Set B: 50 employees with a salary range of 50k—8(}kr£a{milléﬁ\ from 101 to

150. AaraN /@l D=
+ Set C: 60 employees wthas\»saga;wgagwﬂoék 150. Tabellod Bom 1 todd
yees
and Bt 100r L i
-2 \ "I .
@R MRA(FUB)~C (1)  Find n{ An(B°nCC)
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12.

13,

In a secondary school with 125 students participate in at least one of the
following sports: cricket, football, or lwckey. B R w\ﬂ‘

+ 60 students play cricket. o Pl tito A o4

* 70 students play, football.| /~ A ( ﬁ \ \":E_i\u W T

* 40 students pfﬁ Hﬁp\k\éy‘ AN

+ 25 at&dpmisl hlay' Bmh cricket and football.

. T‘i‘utirdents play both football and hockey.

10 students play both cricket and hockey.

-

(a) How many students play all three sports?
(b) Draw a Venn diagram showing the distribution of sports
participation in all the games.
A survey was conducted in which 130 people were asked about their favourite
foods. The survey results showed the following information:
* 40 people said they liked nihari
* 65 people said they liked biryani
* 50 people said they liked korma
» 20 people said they liked nihari and biryani S\ @0 WA
» 35 people said they liked biryanj-and k?f,'ma \ AN
* 27 people said they hked mharva,qd *lmﬂﬁ& A L
» 12 people sa;d they lq‘kéd alb threé foods nihari, biryani, and korma
(a) . ﬁqlLEaQt how many people like nihari, biryani or korma?
"‘33_(le "“How many people did not like nihari, biryani, or korma?
(¢) How many people like only one of the following foods: nihari.
biryani. or korma?
(d) Draw a Venn diagram.

3.3 Binary Relations

In everyday use, relation means an abstract type of connection between twao persons or
objects, for instance, (teacher, pupil), (mother, son), (husband, wife), (brother, sister),
(friend, friend), (house, owner). In mathematics also some operations determine the

relationship between two numbers, for example:

>:(5,4) ; square:(25,5) ; Square root: (2.4 —Equﬁl T’ﬂ\‘x 2, 4).

\
In the above examples >, square, squarﬁ: _}'L'}'Dt anq]\equad \zh.e: Exem\‘lplcq of relations.

Mathematically, a relatlﬁn 1§waﬂ§f sehef %;}Lh%xﬂed “pairs. The relationship between the
components of an ordgﬁed pai,r uhay or may not be mentioned.

— N U 55 -
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(1)

(i1)

(iii)

Let A and B be two non-empty sets, then the Carte%mn Produﬂtﬂ’ﬁﬂte set of all

ordered pairs (x, v) such that re\,ﬂ d{;q gﬂx'amﬂ ig éehﬁted by Ax B .
31

Symbolically we caq write it 4§ 1 B:i‘ :w x&'4 and ye BY.

y y wegss _,_}\ht\f () )

Any subset Qf Tim,@x;@aﬁtﬂ a binary relation, or simply a relation, from 4 to

B. er:iinﬁi-hy N — by the letter 7.
The set of the first elements of the ordered pairs forming a relation is called its
domain. The domain of any relation r is denoted as Dom r.

(iv) The set of the second elements of the ordered pairs forming a relation is called

its range. The range of any relation » is denoted as Ran r.

(v) If 4 1s a non-empty set, any subset of 4x A4 is called a relation in A.

Example 7: Lct ¢, ,c,,c, be three children and m, , m, be two men such that the father

of both ¢,¢, is m, and father of ¢; is m,. Find the relation {(child, father)}

Selution: C = Set of children = {¢,.c,,c;}) and F = set of fathers = {m ,m_}

The Cartesian product of C and F : - 1)

T
= S VAL
Faud B0 W LR B

~ \ !.. \ _..L\,—’_' =
' \ | I f /" oy 4

Cx F={(c,m),(c;,my), (czm ) (cﬂm Mémﬂﬁ(ﬁwﬂ o

Dom »

The relation is shown diagrammatically in
adjacent figure.

r = set of Grdered ‘pan"bJ\( chllhl father)

#\c]\whf oY (655 7))

- {c, ¢y, Cyt, Range r={m,, m,}

Example 8: Let 4= {1, 2, 3}. Determine the relation  such that x » y iff x <y,
Solution: A4 xA4={(1.1).(1,2).(L,3), (2. 1).(2,2),(2,3),(3.1). (3. 2), (3, 3)}

Clearly. required relation is:

r=1{(1,2), (1, 3), (2, 3)}, Domr= {1,2}, Range r= {2, 3}

3.3.1 Relation as Table, Ordered Pair and Graphs

We have learned that a relation in mathematics is any stubupi@f the” Cahe\mén product,
which contains all ordered pairs. Eﬂch G,td(clfed’pgam qml,st\s#s R two cooldmates x and
. The x coordinate is- JuqlLed al}st, 1@@1\ hnd the y coordinate is ordinate, often

replesentmg an input ﬁm;i aﬁ autpht‘*Now we describe the relation in three different
ways.

= | i\\]r
\UJ\H

L4 56 .
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Ordered Pairs: A rclat:on can be represented by a set of ordered pairs. Em: example,
consider a water tank that starts with 1 l[trL of water alreﬂf&” lmufe fEll%h\‘mmute 1
additional htre of water is added t&thcrjank \Thq s”;tuatlem éambe. represented by the

DAL

relation r={ (x y | v fxﬂ},\ whe}{:lk i&ﬂ‘lé\ﬁumblﬁtl of minutes (time) that have
passed since the, {ﬂq@ staﬁt&i and ¥ ib the total amount of water (in litres) in the tank.
Whet\NPO}2 1 and x=1, p=2
In order pair this relation is represented as:
(0, 1), (1, 2), (2, 3), (3,4), (4, 5). (5, 6)}

The above relation in table form can be represented as given below:

Table

x (time in minutes) | y=x+1 (water in litres)
0 y=0+1=1
1 y=1+1=2
2 y=2+1=3
3 yv=3+1=4 SR
4 y=4+1g%>\ (ClOV UL
5 a 2 \q 1»4‘? +1 1’: |

— 7 ; 1. A '. -,d, =
Graph: We can also 1eprea¢nt the reiat»i’tms vmtal[y by A

drawing a ErapF IT\@ J:lraw the' dlabram we use ordered
pairs. Each lordered pair (x, y) is plotted as a point in the
coordinate plane, where x is the first element and y is the

second element of the ordered pair.
The relation is represented graphically by the line

T 1 L] LI L]
21N 12345678

passing through the points,
{ (0,1),(1,2), (2.3), (3,4)*(4,5),{5,6)} as shown in the adjacent Figure.

3.3.2 Function and its Domain and Range

Functions
A very important particular type of relation i1s a function defined as below:
Let A and B be two non-empty sets such that: S\ @ C ,mf\
(1) fis a relation from A to E\ tth ts;x}ira ﬁL’gb}%L‘T't ’Sﬂf»ﬁ‘B
(ii) DO[’IIBIIIJ:T\A e T\\‘:’ L\I \,) f N
i \\\3\3\3\* ' ~——

“\l I|\_
\_
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(ii1)  First element of no two pairs of / are equal L];enj(lﬁaal\-dftaha a function
from 4 to B. N\ 11 f--'-_- “‘ W TCAL =

The fum,uﬁm fl,‘,-.‘ alsﬁ \Nthl‘\as‘f‘ oA\
MURSIES S Y.
Which is réa?llésﬁlg HF ﬁmctmn from A4 to B. The set of all first elements of each ordered
pair represents the domain of £, and all second elements represent the range of /. Here,
the domain of fis A, and the range of f/is B.

If (x, v) is an element of f when regarded as a set of ordered pairs.

We write y = f(x). y is called the value of ffor x or the image of x under /.

Example 9: If 4=10,1,2,3,4} and B={3,5,7,9, 11}, define a functionf: 4 — B,
f=1x,v)|y=2x+3,x € 4 and y € B}, Find the value of function £. its domain, co-
domain and range.
Selution: Given: y =2x+3 ; x € Aand y € B, then value of function,

=0, 3);(1, 312,73, 9,4, 11))

Domf ={0.1,2,3,4} =4 _ ¢ W@\ E €O
= Co-domain /' = Band ". \/7 0 -"":'_‘n \H“ v
= Range f = fs 5, J 9,11 [N
Types of fq.l](:fﬁ(mS[ {o B
In this section we discuss different types of 3
functions: '
(i) Into Function b
[f a function f': 4 — B is such that > 6
Range f — B i.e., Range f# B, then Fig. (i) 8

/s said to be a function from A into

e e i : £=1(1,2), (3,4, (5, 6)}

B. In Fig. (1), fis clearly a function.
But Range f # B. Therefore, f is a
function from 4 into B.

(ii) (One - One) Function (or
Injective Function) ~ T
[f a function f from.A4 into )3~1,5’s§u§h“
that second elemqﬂ\tsmt“pt} two' ofits |
orderecf P-qi‘b[o%lré«ﬂmne then it is

Fig. (ii)

f=A(1, a), (2, b}
L 58 A |
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(iii)

(iv)

333

called an injective function; the

function shown in Fig. (iii) is such

a function. a S\
( r‘1
Onto Function \qur Sm é{gﬁ\vﬁ p =
AR AR A "
function) o \\| \x‘ \ LW

If a\\t;'[ﬁﬁt\.\‘lg[\&;lﬂf“)! — B is such that
Rané“c}"f B i.c., every element of B

is the image of some element of 4,
then fis called an onto function or
a surjective function.

(One — One) and onto Funcetion (or
Bijective Function)

A function f from A4 to B is said to be
a Bijective function if it 1s both one-
one and onto. Such a function is also
called (1 — 1) correspondence between
the sets A and B. N\ s
(a, z), (b, x) and (_c y) algzthc; Edl:$ pf "\-
corresponding L!ﬁﬁ‘ldf]l’b [k: A\ this” Ldbb_f {(a, 2), (b, x), (¢, v)} which is a
bi_[ecﬂ?@e ﬂ}ﬂdﬁbn or( I - 1) correspondence between the scts 4 and B.

;i‘ r(u "} {b x), (e, )}

\Intatlon of Function

We know that set-builder notation is more suitable for infinite sets. So is the case with
respect to a function comprising an infinite number of ordered pairs. Consider for
instance, the function

F=14=1,1)(0,0),(1,1),(2,4),(3,9), (4, 16), ...}
Domf =1{-1,0,1,2,3,4, ...} and P
Range /= {0, 1,4, 9, 16, ...}
This function may be written as: )

f=1{x y)|y=x* xe N} 0 0
The mapping diagram for the function )
is shown in the Fig.(v). & O (‘f -H'“{'?' E':y

Domainyf  Fig. (V) Range f
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3.3.4 Linear and Quadratic Functions
The function {(x, y) |y = m x + ¢} is called aJmeﬁk‘ mndmﬁgﬁécﬂuse its graph
(gcometric representation) is a § ralgl'{tr q \W‘S{ %}b\‘.?r/thﬁfvdn cquatlon of the form
Y =mx + ¢ represents @ St{a-lgﬁf i‘1¥§c \If}‘q_ﬁi ction {(x, y) | y=ax?+ bx + ¢} is called a
quadratic tuncuo WE{ \ ﬁﬂ ‘their geometric representation in the next chapter.
RPN 2 2x - | and g(x) = x?— 3, then find:
(1) f (1) (i1) /(-3) (A7)
(iv) &l)  Mel3d) i) g@)
Solution: () =21 =] W F-=S =2 )~ 1=
iy (7)=2x7-1=13 (ivg(l)=(1)*-3=-3
(V) g(-3)=(3)-3=6  (vig4)=4)\-3=13
Example 11: Consider f(x) = ax + b + 3, where a and b are constant numbers. If
J(1)=4and f(5) =9, then find the value of « and b.
Solution: Given function f(x) =ax+ b+ 3

If f(1) =4
il —~  (F um.
Simllar]y, il 5} ¥ H -1'- x. \ E\-\} | oA
'\ '\ \ '\.'af?a_fr"-ﬁ = 6 (i)

Subtract, fiqﬁdﬂﬁﬂﬁ ﬁom equation (ii), we get.
Satb)y—(at+b)=6-1

Sa+b—a-b=5
4a=>5 :‘.»c;':i
4

Substitute a = % in the equation (i)

E+b=1
4

AT

| = fkT‘ |{ '\(’\l l'ull'-_\al"’

h=—— ~SN 72 \o

A NCE
5 AZARIN *ﬂ ) ‘ LS

Thid) i and b=
B\

N ) |
RIS - 60 —-—
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2

3

() ﬂ
C EXERCISE337D COW

Tl
Ford={1,2; y—@é}ﬁ\p@ ’Telatlonq mA State the domain and
in

= x-:,

rauge afeaic
@) {G. ) | y+x=5}
(111) (x,y)lxﬂr‘iS} (V) {(x, ») | x+y=>5}

Which of the following diagrams represent functions and of which type?

¥ " ; P R <
N
a \ - / >
b J > { >3
€ - > » 5
Y S LY /
e Fig (2) S _d

1

;

\ ITN
Ifg(x) 3x + 2 and s(x) = x* + 1, then find:

(i) ¢(0) (i) ¢-3) i ¢ 2]
(1v) A(l) (v) h(-4) (vi) h{—-é]

Given that f/(x) = ax + b +1, where @ and b are constant numbers. If /(3) = 8
and f(6) = 14, then find the values of a and b.

Given that g(x) = ax + b + 5, where g and b are constant numbers. If g(—1)=0
and g(2) = 10, find the values of @ and b.

Consider the function defined by _ f( xX)=3x+ % H; @ a@ﬁ e x value.

Consider the functlonf ’(A \@h’gﬂ{ Wg \11(1 éz‘"a’fe constant numbers. [f
(1) =6 and = ~values of ¢ and d.
ﬁﬁm c._j &
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= “w&ﬁiw

(Q REVIEW\EXE\R@ISES )j

1'\\'\

1. Four options are a&ams% laéh statement. Encircle the correct option.
RS
M heﬁett\bmldcl form of the set{l%%%} is:
(a) {x|x=l,ne W} (b) {.r|x= : ,HEW}
i 2n+ )
| } - ;
(©) sx|x=——-,necW (d) {x|x=2n+1, ne W}
1 n+1
(1) If4=1}, then P(4)is:
(a){ } (b) {1} © 1)} (d) ¢
(i) IFU={1,2,3,4,5},4={1,2,3} and B={3,4, 5},then U— (4 n B) is:
(a) {1,2,4,5} (b) {2, 3} ©) {1.3, 45 (d) {1,2,3}
(iv)  If 4 and B are overlapping sets, then n(4 — B) 1s (qu}al to, ~ -‘-k' ';"\H
(a) n(d) ®) n(B) 0\ A e ) 7A) — (A B)
(vy IfACSB and,q A #b, lhaﬁ MQB rﬁms,aquai td
@0 T\ B (@ na (d) n(B)—n(4)
(vi) _ N \f?{%ﬂlkﬁl 50 n(A) 30 and n(B) = 35, then n(A "~ B) =
“(a) 23 (b) 15 (c) 9 (d) 40
(vi) If4=1{1,2,3,4} and B = {x, y, z}, then cartesian product of 4 and B
contains exactly ~ elements.
(a) 13 (b) 12 (c) 10 (d) 6
(viii) If f{x) =x" — 3x+ 2, then the value of /(a + 1) is equal to:
(a) a+1 (b) &*+ 1 (¢) @*+2a+1 (d)d®—a
(ix) Given that fix) = 3x+1, if fx)=28, then the value of x is:
(a) 9 (b) 27 (c) 3 (d) 18

(x) Letd={l, 2,3} and B ={u, b} two non-empty sets and f: 4 — Bbea
a function defined as f= {(l, a}, (2, b), (3, b))}, thenhwhlchl gf ﬂ\@xfollowmg
statement 1s true? ~NN | f ’ o)
_. I_Ill. I\r’
(a) fis 1nject1v (b)jg}q spi]ef:m \L;\gﬁ:g }blj,dctne (d) fis into only
2 Write each of th{: R&) \@vﬁg\séts in [dbl.lldl forms:
(1} h\ﬁ\iﬂ\éﬁﬂhr?e N} (i) {x|x=2m+1, me N}
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9,

10.

il

12.
13.

(vii)  {x|xe Onx=- r}l_

(ii) {x|x=1lmne Wan<ll} (iv) {x|xe End< \:-::ﬁj
0
(V) {x|xe OA55x< T} (v;) r,fJ{[X"EQ éﬁ

LY F\\ xl k(\nxﬂmﬁ{vh!‘f}?ﬂlﬁ 0’}
Let U= {1,2,3, %) 5,\6»?,\@\9%‘; A=12,4,6,8 10}, B={1,2,3,4,5)
and L ]J \ ;j_ﬁLL
List ﬁ)émumbcrs of ca{,h of the following sets:
(1) A (ii) B (i) AuUB (ivy A-B
(v) An C (vi) Auc  (vi) AvucCc (i) U
Using the Venn diagrams, if necessary, find the single sets equal to the
following:
(1) A (i) AnU (i) AouU
(iv) Ao V) b
Use Venn diagrams to verify the following:

(1) A-B=AUB (ii) (A-B) nB=8B
Verify the properties for the sets 4, B and C given below: -
{r AN W
(1) Associativity of Union - J{ i) A@Qt;aﬁv;ty ﬁFlh{emectlon

(iii) Dlslrlbuimty of Umop gvcr mt@rsec"tmm
(iv) Dlsmbut:wty\pf? mtefsact;wn over union,

(a). >JM*{L234},B—345678} C=1{5,6,7,9, 10}

N a2, B= 101, C=10.1,2}

(c) A=NB=Z C=0
Verity De Morgan's Laws for the following sets:
U=41,2,3,...,20}, 4A={2,4,6,....,20}and B={1,3,5, ....,19}.
Consider theset P={x| x=5m,meN} and O={x| x=2m,m eN}. Find P Q
From suitable properties of union and intersection, deduce the following results:
(1) An(AuB)=Au(4dn B) (i) AuA@nB)=An(4uB)
If g(x) = 7x — 2 and s(x) = 8x*> - 3 find:

(@) g0) (i) g(=1) (iii) g(—-%] (V) s(1)  (V)s(9) (vi) SGJ
N A ﬁﬂ

Given that f{x) = ax + b, where a ar.lglﬂb.are L‘?n?ixkyt Tmmbérq Tff(-2)=3and

J(4) = 10, then find the Vahlﬁbﬂ}qudﬁd\ﬁi_}ﬁ VW )

A

Consider the ﬁmct;ti@ dETﬁL‘d by lt(x} Tx — 5. If k(x) = 100, find the value of x.
Consgldgr {ﬁb\%ﬁncilon g(x) = mx’+n, where m and » are constant numbers. If
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14.

15.

16.

g(4) =20 and g(0) = 5, find the values of m d.l]d 1. A >0) MG";‘
. [~
A shopping mall has 100 producljs frgm \w goglg&iﬂbcicd 1 to 100,

representing the umvcrsal s‘ag bj; Th¢ p o aﬁ: batcgonzcd as follows:
* SetA: Elcctrﬁm mqﬂsa‘swﬁuﬂf”ﬁ pmdum labeled from 1 to 30.
. Sct B Iggﬂmw prises 25 products labeled from 31 to 55.
cauty Products, comprising 25 products labeled from 76 to 100.
Wrtte each set in tabular form, and find the umon of all three sets.
Out of the 180 students who appeared in the annual examination, 120 passed
the math test, 90 passed the science test, and 60 passed both the math and
science tests.
(a) How many passed either the math or science test?
(b) How many did not pass either of the two tests?
(c) How many passed the science test but not the math test?
(d) How many failed the science test?

[n a software house of a city with 300 software developers, a survey was

conducted to determine which programming langua.ges are !ikedd'flb‘ie The
ERY *J | ( o "|,..-—-

survey revealed the fG]lDWIP hta“tlanck A ( "-{' 'x\ f
% A t," |'\ \\1 A '-, A |I
« 150 dcvciopcrs hl@c thdp‘\\ SE=
130 stwelq?cr&‘like Ilava
. J153 ‘developers like PHP.

+ 70 developers like both Python and Java.

* 60 developers like both Python and PHP.

* 50 developers like both Java and PHP.

* 40 developers like all three languages: Python, Java and PHP.
(a) How many developers use at least one of these languages?
(b) How many developers use only one of these languages?
(c) How many developers do not use any of these languages‘?

(d) How many developers use Un]y PHP? {f y ('— @ ,ﬂ\ 3!

'\.‘\ﬁ. -

.L‘-'i

2, 2\ ‘J\“'“"’
. _fj\” \\@w\\

T RS

\ 4 l".J e

\
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Factorization and
Man ipulation

Students' Lea rning Qutcomes
At the end of the unit, the students will be able to:

» ldentify common factors, trinomial factoring, concretely, pictorially and symbolically.
# Factorize gquadratic and cubic algebraic expressions:

s gt+ath?+ bt or gt + b . X+px+gq

s act bhxte " (a2 + bx+e)(ax*+bx+dy+k

s (x+rayx+hx+e)(x+d)+k i (x+a) (x+ b) (x + &) (x + d) + kx*
» G +3ah+3ab’ + B : a —3a’h+3ab* - b’

s g

» Find highest common factor and least common multiple of algebraic expressions and know
relationship of LCM and HCF.,

#  Find square root of algebraic expression by factorization and division.

» Apply the concepts of factorization of quadratic and cubic algebraic expression to real-world
problems (such as engineering. physics, and finance.) A
e 2L
" % N, |I I .J': I\' \ l— . i
- q' = I.--u_ \'""I_] Vo B Y "“__\J.* =
INTRODUCTION e O ANV

Algebraic factorization- ls*uc-t _]USE 4 ‘rhqﬂwmatrc«al t'ccﬁnlque limited to the classroom,
it plays an lmp-:)rtant fa]e in Htsofl'.:cimc: pracncal pr(}blemb across various real-world
scenarios. By b( ing. down-complex algebraic expressions into simpler factors, we
can makge| Qthu ations more mdﬂdgﬁ'dhlﬂ and conceal tmpﬂrtdnt insights. Algebraic
factorization has practical applications in finance, engineering science, business and
daily life. This chapter will explore the techniques of algebraic factorization and
demonstrate how these methods can be applied to real-world situations, making math
a valuable asset in various aspects of life.

4.1 Identifying Common Factors and Trinomials Concretely,

Pictorially and Symbolically
4.1.1 Common Factors
In algebra, a common factor is an expression that

divides two or more expressions exactly. For
example,

2x —6=2(x-3)
Here 2 is the common factor whmhwaﬂly,dﬁrd% \k
both terms 2vand 6. (| | \{‘ fj ¢ A\
LTINS

F\l- l\' HL"

-NI‘NM\J\"W 65 -
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To represent tnncmuals concretely, we arrange unit tiles, J'ELtal‘#gRl&ﬁ nies and the

squared tiles into a rectangle. The ’racturs)nf the tr tﬁonal a%wyregented by the lengths
_-\ ._:___1 __-—"_-| ,| || lll "J I
of the sides of the wactanglf.:i ‘,‘ \7N\( \SR\BAEY)

'.1||‘_\__H

C ‘. \'.“I \HL jxu\.:l") A
Unit Tiles . W\ ‘,'\ *-'__‘- e &—1—%
o
Here one gmﬁ‘r‘ qu\TE [Je‘ represent | and one white unit tile T g
represents —1 Both grey and white unit tiles form a zero pair. ¥

Rectangular Tiles
The grey rectangular tile represents x and the white  <—Y——>

rectangular tile represents —x. Both grey and white T -

rectangular tiles also form a zero pair. {

Squared Tiles =

The grey squared tile measure x units on each side and T

it has an area of x * x = x° units. This tile is labelled as x i

x* tile. The white squared tile represents — x%. Both grey 1 AR

N, @ﬁ‘.}. \\)

N

and white squared tiles form a zero pdll ~~N [ oS
\ \ ,l-"ull 1- ‘. , | [ _.-

{ i
oA

Example I: Find Lommup fcu,tor @f ff + .7_1 LUﬂLilely plcturially and symbolically
Solution: Wc dnangc oncjp n.le ‘avnﬂ two X t1lcs into a rectangle.

Pictorially Symbolically
x 1 l (—tx + ZT—)
% 5 & - 2+ 2x=x(x+2)

4.1.2 Trinomial Factoring
Trinomial factoring is converting trinomial expression as a product of two binomial
expressions. A trinomial is an expression with three terms and binomial IS an

expression with two terms. AGE G\
i ... ) \, ,' e I._! \ '. v
For example, x° + 4x + 4 and 3x° — - X i% arf: uqmnqal\q w)heﬁas Y+ 2 and 3x — | are
o |"-J | |
binomials. _ e \.,;' 7\ \t \ }s ‘v Qs *
l’_n ‘., W r\\‘\"l. i

1‘-i'L'.J' Ll'kiL"”'
_lllll‘ll\lL '

NNE
Aloe I‘ﬂIC t rcn SI?CS can casiy made wit ifferent coloured chart papers.
lgcb ri‘c}b"ﬁ}iﬁ%c it ily be made with diffs loured chart pap
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Unit — 4: Factorization and Algebraic Manipulation

Example 2: Factorize x> — 5¢ + 4 concrutclyﬂ plctorlally\gjnﬁi;wmﬁdlma{h? )

—~ _1 I". '.

SOIHtjun' il'. “". ."_-f'rf{'l' ( "\ '\\ \I\ ) lll:i \I'Ill\l" "’l' .\J / o
S O O U L R =
Concretely ﬂ\ (\m\j\ﬁe?ﬁﬁﬁ’ﬂy Symbolically
We arrar quﬁéq ;och‘J dle |
five —x tlib.i, dnd four unit < -4 1 >
X -
tiles into a rectangle. 1
X Sf < o] .= L o |
ol ¥ o =4
|:|H|:|D N ' = (- 1)(x —4)
% :
\r_] = 4

- |AEEE

Example 3: Factorize x? — 3x — 10 concretely, pictorially and symbolically.

Solution:

Concretely we arrange one x” tile, three —x tiles and ten =]
tiles into rectangle. I L AJd
- () ~—\Uh AR
.III I'.. .'—-:-I |,;- 3 £ - \ I'\.'.I |} 3 '.|I \ _',| '-,__,'. || |

oM~ YL\ WA

We see that there arenot enwgh réc{angular tiles to make
a larger rec:panglel' To fix this issue, we add zero pair.
Adding two x tiles and two —x tiles does not change the

" T
T ™,

given expression because 2x — 2x = 0.

N

oW

g
\ 1
1\

lfl—IDTIWI—H—I
+1

LI

Pictorially Symbolically
< x-5 >
X -5
I.-" x —Sx ¥ =3x—10=(x+2)x-5)
X
l+z 2¢ -10 P
: = ,_-..nmu”

4.1.3 Factorizing Quadratlc a@gi Culuc. Algei)i‘hm Expressmns

Type — I: Factorization [{ﬂexpr’esﬂhn ﬂfﬂﬁf
The procedure is
expression§\| NN
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Mathematics - 9

Example 4: Factorize: x>+ 9x + 14 o Nadg w?’ﬂ N I/’ AL ¢
Selution: Two numbers thoqc l’mdﬂf@\ﬁ) \ Pl ﬁfﬁcfors
+14 and their sum 199:1'\1'{:%2%‘{\ \ o1 4% 1 =14

So, 7x2=14

TN A
W,
=x’+2x+Tx+ 14

=x(x+2)+7(x+2)

=(x+2)x+T)

Example 5: Factorize: x* — 11x + 24

Unit — 4: Factorization and el}ra'

Solution: Two numbers whose product is +24 and their sum is —11 are -8, —3.

—11x+24
=x'—8x—3x+24
=x(x—8)—-3(x—28)
=(x—-8)(x—3)

So,

-n'!'II E[J

Product of factors Sum of factors
24 % 1=24 24 + 1 =125
8 x3=24 g+3=1]
(8) x (:3)=24 8 3=—11)
6% 4 =124, \ ( ﬂ.’_lﬁ__«fﬁ‘@%"d =10
1 ‘..“ lgxz U2\ 12+2=14

—
|.I

I',. ) III

Example 6: Factonz(:ﬂp? Y ﬂp—i—xlg N A

Solution:  p’ 4 J VA E_l\ 1A
" F{pi-% 9p+2p+I18
=p(p +9)+2p +9)

=(p+9Pp+2)

94+2=11,9%2=18

In all quadratic trinomials factorized so far, the coefficient of x* was 1. We will now
consider cases where the coefficient of x* is not I.

Example 7: Factorize: 2x* + 1 7x + 26
Solution:
Step—1:
2x26=352
List all the factors of 52:

L2 ]

=220/ \:\
T

Step —I1:

Multiply the coefficient of x* with constant term. i.e.,

Sl IR./' \ +C L \\?\

0

f

}m_erprcqsmn“hawng degree 2 is called a

quadratic expression.

7
Lo~




X+ Tx— 18
(i)  £-5r—24
(i) 6 —y—12

Step — IV: Change the middle term in the given expression
SR 20
=2x* +4x+ 13x + 26
Step — V: Take common from first two terms and last two terms
=2x(x+2)+ 13(x +2)
Step — VI: Again, take common from both terms
= (x+2)(2x + 13)

Example 8: Factorize: 33" —4x—4

Solution: 3x? —4x—4 o~ =Ehaid
' ~a\[J&e)\ TN
=32+ 2 —6x— 4 o N\q U IR(HEY=21Z, 42 - 6=-4
WY )

—x(1x+2)—2f3,\+2}x /\ \l i_"*” s
ﬁ{31+73(ﬁ_‘\hﬁ\71"\xﬁt_\f

J"?' L

W {( EXERCISE 4.1 )
1. Factorize by identifying common factors.

(1) 6x+12 (i) 15y + 20y (iii) —12x*—3x

(iv)  4a*b+ 8ab’ (v) xy—3x2+2x (vi)  3a’b—9ab’ + 15ab
2, Factorize and represent pictorially:

(1) Sc+15 (i) x+4x+3 (iii) x*+6x+8

(iv)y xX+4x+4
3 Factorize:
(1) 2+rx—12 (ii) v+ Tx+ 10 ( }ﬁ_}\ féf’@@
(iv) x*—x-356 {v G- a\{;‘\\b )L/yz + 4y—12
Fopid [/ o\ L\j
(vi) 1F+Iﬁ§v§fx nV \y
-J,ﬁ,&(mw aﬂ 69 " -



W Unit — 4: Factorization and Algebraic Manipulation

4. Factorize:
’_'HI" '11"15"-

(i) 22+ 7x+3 {11} : kl,lvr;fﬁ’r?\H \'(pn“f uz{ Hx+3
(iv) 3 +5xER h{y) \/ j@#ﬂ W6 L) 22— sp42
(vii) 422 _— Llz tﬁjﬂ‘&iﬁr 6+ Tx —3x°
Type —1I: \ff i%?ﬁiaﬁnn of the expression of the types a* + a*b* + b* or a* + b*
Let’s factorize the first expression
a'+ a*h? + b’
i (a:-‘_)ﬁ + (bl)! +a2b2
=(a*) + (b*) +24°h* = 2a°h* + @*°b*  (Adding and subtracting 2a°h?)
=(a"+ b*)* -
=(a* + b - (ab)’

a—b=(a—b)a +h)

=(a* + b>—ab) (a” + b* + ab) (o b =g+ 2ab+ b?

=(a*—ab+ b*) (@ + ab + b%) (a— by = a* —2ah + b?
Example 9: Factorize: x* + x> + 25 -\ @6 ]‘:‘f\“'.:
Solufion:  x*+ x> +25 o N\at \' ICAC

=x'+ 25+ ’G"‘ e VAN w‘)‘i“ﬁ“' .

,».| ty "\ o e

— (x° )_ ?PF H; 2{'3[*2}{5) 2(1:-)(5) + x* (Adding and subtracting 2(x*)(5))
(‘i’“+§) 10x* + X2

= (x> + 5)% — 9x? e Prepare cards by writing several expressions.
i (xz | 5)1 _ (3_1.)2 ¢ Divide students in small groups.

. . e Each group will draw a card and factorize the
=x*+5-3x) (¥ + 5+ 3x) expression.

=(x>—=3x+5) (> +3x+5) | * Thegroup which completes the most correct
factorizations in a set time will win.

Example 10: Factorize: x* + y*
Solution:  x*+*
! (12}2 s U.Z)Z
=(x*)* + () + 20567 = 20D)07) (Addmg dud 511blrz}stlﬁrg\\?%r}
=P - W20 o f'n;
= (2 +)? ﬂ{i o) Q%yxgﬂ\f i)
nr\x&’\r’r\ﬁxﬁﬁ(ﬁ V2 + )
- 70 A |

o
'|‘ \

'.ill'ﬂ "‘F—E&ﬂdri;&; (i) 64x*yt+

v ; ]
iy 8lx" +—=11
W S 81x*




W Unit — 4: Factorization and Algebraic Manipulation
Example 11: Factorize: a* + 64
Selution: o' 64
- e ”r“Lr\\\_‘ﬂﬂ
= (aL}z 4 (8) S -\ \ T \ N [ \|_s =
= (02)2 2 (3,1 <5 2((12](3)\42?5£ é ) (SAﬂ\dmZ' and subtracting 2(a*}(8)

= (a” +8)’ “”i \ 3\ \§ ‘3‘ S
Ry (g

= (a* +8 —4a) (> + 8+ 4a)
=(a*—4a+8)(a> +4a+8)

ype = I1I: Factorization of the expression of the types
o (ax*+bx+e)a +bhx+dy+k
s (xta)x+bh)(x+e)x+d)+k
© (vra)x bt o td) ke
For explanation consider the following examples:
Example 12: Factorize: (x* 1 5x + 4)(x* I 5x + 6)—3
Solution: (" +5x+4)(x" +5x+6)-3 = .,..--,:,;5;\;\,_; WU
—pr e H-3 o O (T
e\ VI
=12+ 6y + 4y ﬁifk ’%“ AN S
-, ._\'__h\--' |_J L
~ e s
-_v‘+ Ty+3y+21
=y +7)+3F+7)
=+ +3)
=(x*+5x+7) (x*+5x+3) (o2 y=x*>15x)

__.——

Example 13: Factorize: (x +2)(x + 3)(x + 4)(x + 5) = 15
Solution: (x +2)(x+3)(x +4)(x +5)— 15
Re-arrange the given expression because 2 +5=3+4
[(x+2) (@ + 5)][(x+3)(x +4)] - . ,_,,.ﬁ\
= +5r+29.+10}(r+4¥+3x+17}—L5 _JUL ia
= (22 + Tx + 10)(x? + 7r+qz;ﬂ1,5:\ ! \ \\ vf“ A
R %}ﬁﬁ\\ \ .3"~}\\§K""" (Lety=x"+7x)
AmNR s 71 g -




| Mathematics -9 28 Unit — 4: Factorization and Algebralc Wﬂlahﬂn

=32+ 12+ 10y + 120 'tf

=3+ 22y + 105
- : \\/7 g\
=12+ 15y + \ryis \\a {\\gl
— ﬁf@‘ﬁ
ﬂ+mm+ﬂ
=(x*+Tx+ 15)x*+Tx+7) (vy=x"+Tx)

Example 14: Factorize: (x — 2)(x + 2)(x + 1 }{x —4) + 2x?

Solution: (x—2)(x+ 2)(x + 1)(x —4) + 2x°
(=2 +2)[(x+ D —4)]+ 22 [+ (=2)x2=1x% (4)]
= -2 -dx +x—4) + 22
=G =) (x* —3x~4) + 2"

=p(y —3x) + 2x (Lety=x"-4)

=jrz — 3_1'-1! + Px=

=12 — 2xy —xy + 242 _ RO
A~ ~ENnH

il e L AearalW/ @) CON

= (v —2x)(y —x) Q0 ;F‘J c CUANY

= (7 =4 - 2008 N x‘\ll::* QN y=22-4)

=’ Q ,}\! _L\,} _L}:].T

N I\

Ty .__"‘-I%”Fﬁctonzanon of the expression of the types
| . @' +3ah+3ab? + B
o & -3a*h+3ab’ - b’
Factorization of such types of expressions is explained in the following examples:
Example 15: Factorize: 8x* + 60x* + 150x + 125
Solution: 8x° + 60x? + 150x + 125

=(2x)° + 3(2%)*(5) + 3(2x)(5)* + (5)°
=(2x +5)’
=(2x + 5)(2x + 5)(2x + 5)

(a+ b)Y =a +3a°b + 3ab* + b’
(a— by =a —3a’h+3ab® — b’

Example 16: Factorize: ¥’ — 18 + 108x — 216
Solutmn. X — 182+ 108x - 216 &?\\ q( \'\,‘5\»\’

= ()’ = 3(x)%(6) + 3(x)(6)" - (6} ArN [ (2o
={x— 6) ﬁ\\ f g\(\\\j@j ‘L/ i

=(x— 6)(‘{—\§r6,]'q \:\\
| -—
Y



W Unit — 4: Factorization and Algebralc f{a;u\pulatn‘.m

Type — V: Factorization of the express:mﬁaf thejarp %653 u'-J‘U LY
The expression ¢ + b* is a sum oﬁ'cu/bi%\ fp.gl \it\cam Ef; ap 0r1zcd using the following
identity; ( J\\ ~

\\gi\}cW’(a + b)d® — ab + bY)
The cxprsﬁr@m ﬂ\-ur is a difference of cubes and it can be factorized using the
following identity:
a — b= (a-b)a +ab+ )
Example 17: Factorize: 8 + 27
Solution: 8x° +27
= (2x)* +(3)?
= (2x+ 3)[(20)* — (20)(3) + (3)]
= (2x+ 3)(4x? - 6x +9)
Example 18: Factorize: ¥’ —27)° Do ym; knozw? ;
Solution: x' —27)° @0} vl

(b &a—b°
= ()= Gyy | (at bY@ + b
=(x— 31)[ ) + (1)(3},) s (11") ] Jﬁ\_:;I-‘\-\‘\Ju’;l-\;.._';l \(g( Hiﬁu} e
sRUARAR RN R
(-x 31 }'(X“ + 31’:1} + 9}"") ‘\\ \\llll't' .III\ Illj I"\:"-L j "|_3 : lI
= t" s -. ’
*(Ei \E\XERCISE 12 )
1. Famphmgeéach of the following expressions:
(i) 4x* + 81y* (i) o'+ 64bh? (i) x*+4x*+16
(iv) x*—14x2+1 (v) =305 +94 (vi) H+1LH2+Y
2, Factorize each of the following expressions:

D @+ DE+DE+DaE+H+1 () G+2x-Tx—-4)x-1)+17

(iil) (22 +Tx+ 322+ Tx+5)+1 (iv) G2 +5x+ 3B +5x+5) -3

(v) (x+DE+2DE+3)E+6)-3x (vi) (x+ Dx-1x+2)(x—2)+13x
3 Factorize:

(i) 8¢+ 1222+ 6x t 1 (ii) 27a* + 108a?b + 144ab> + 645’

(i) +48% +1080° 2167 (iv) 8¢ 41<25;\3 « Lﬁ)\&k 60

4, Factorize: 0 ﬂ-’ = \\\ \\“\‘1:
\.’
(i) 125.::3-12\ X f\ﬂ) ‘r$6’§€ﬁ 125 (i) «%=27

(iv) W@%I—I-\L‘-* WU ) 3435+216 (vi) 27-512)

n"\'\_
e IR 73 . —



Mathematics -9 Unit — 4: Factorization and Algebraic Manipulation

4.3 Highest Common Factor (HCF) and Lea(stﬂﬂfﬁmmon

Multiple (LCM) of Atgebrmc Expréssmns
4.3.1 Highest Cn@ptt“FagtﬂrmCF )

The HCF of Lwe Lp} T}mr algebraic expressions refers to the greatest algebraic
exprc‘-‘.qmﬁ, ﬁ'hl dmdm them without leaving a remainder.

We can find HCF of given expressions by the following two methods:
(a) By factorization (b) By division
(a) HCF by Factorization Method
Example 19: Find thec HCF of 6x7y, 9x)”
Solution: 6Xy=2x3IXxXx Xy
971:1.5’1::3x3 XXXpxy

HCF =3 % x%y {Product of common factors)
= 3xy
Example 20: Find the HCF by factorization method x° — E’IT“-YZ tf"’f"‘?f" x2-9
Solution: =3 e o HJ I." f',w =
S&= 37 (am 4 (aﬂ
E (m hﬂ.)(ll 3549)

‘“ jﬁi —Jj'!? 32+ Ox — 3x— 27
=x(x+9)=3x+9Y)
=(x+9)(x-3)
r-9=x"-3
=(x—3)x+3)
Hence, HCF=x-3
(b) HCF by Division Method
Example 21: Find HCF of 6x’ — 17x* — 5x + 6 and 6x” — 5x* — 3x + 2 by using
division method.

Solution: L e

o ! e II'|J.'L{ \ \'-"\-. L) o 2
A0 \ PO TT2e + 20 -4

Here, 1 +[;iﬁ“*¢ﬂsﬁ(ﬁx- +x-2)

— 74 —=



W Unit — 4: Factorization and Algebraic y[_ampulatmn

2 is not common in both the given polynnmlﬂls 50 W&tgqb!}e@ﬂam@éaﬁs@er only

6x*+x—2. '« \ \ ) i
. ( \ ) ‘J '
'45‘\ “% ™ f”\ \\“ j I\ \ \} g
\JJ\\\GE\ ‘\25)6x—17x—5x+6
- ”\_r\,\_ * 3 L 1 3
( Q[&'__i\\’lf\lﬂ" 6=
—18x =3x+6
:18x3:3xi6
0

Hence, HCF = 6x* + x -2
4.3.2 Least Common Multiple (LCM)

The LCM of two or more algebraic expressions is the smallest expression that is
divisible by each of the given expressions.

To find the LCM by factorization, we use the formula.

.../r__-.
~

LCM = Common factors x Non-common factors _ 'j" A0\
Example 22: Find the LCM of 4x?y, 81 1* A AW ., C f_\:,l‘._._} ;.-,-I- -4

\ \ \ | Fa
e \ A ,\1 N [

Solution: 4y =22 % x % ﬂq;rj(r\-'\' En‘b WY )
8y -j&“ﬁ *E‘sz%fx.\x1 X y

AAL =
x\é\L x’}xxxxxl_zhw

i

Cemmon] tactc

Non- cmnmbh fciutora =2 XX Xy=2xy
LCM = Common factors x Non-common factors
=452y x xy = 8xy?
Example 23: Find the LCM of the polynomials x° — 3x + 2, x° — | and x> — 5x + 4.
Solution: As x*—3x+2=x"-2xr—x+2
=x(x=2)-1(x-2)

={x—-2)(x-1)
And -1=@x-1)(E+1)
X% — Sxtdh = ity — +4 {’:'\ ,a@;ﬁf\'ﬂ\l

-T”\
-t
®) *u”"{;f\‘? \(3\\1
Common f'actqgis\| ,\\3\1 L \"‘5 L

Non- couun@pﬁ&ors = (x+ 1)(x —2)(x —4)
L 75 g A |



W Unit — 4: Factorization a%d lﬁ{ﬁﬁ@jpﬂlanon

LCM = Common factoﬁi &N?{?ﬁ(ﬁlﬂm&:} ﬁ[dctﬁlb
o\ X\“J =4
VR \;\U(w e -2) (r-4)
4.3.3 Re{hﬁ}}ﬁshlp Between LCM and HCF

The relationship between LCM and HCF can be expressed as follows:
LCM x HCF = p(x) ¥ ¢g(x)
Where, p(x) = 1" polynomial
g(x) = 2" polynomial

Example 24: L.CM and HCF of two polynomials are x* — 106 + 1 1x + 70 and x — 7.
If one of the polynomials is x* — 12x + 35, find the other polynomial.
Solution: Given that: LCM=xX"—=10x*>+ 11x+ 70

HCF=x-7

p(x)=x* = 12x+ 35 . ~GE0

-

LCM x HCF, _ ol N[\ ce
3 }{P{\T( \\\);_ I_,\\j‘ I.‘.'I
O\ el naddies
Ralt\ ]tx“ S 4113+ 70)(x—7)
= | A\ AL
RN x*—12x+35
.":_.'\“-- = x+2
f—13+3ﬂx%40f+1u+70
- i 12x° + 35x
26 —24x + 70
2 T24x +70

0

As we know that: g(x)=

So, g(x) =(x+2)(x=7)
=x?-Tx+2x-14
= —5¢r—14
Example 25: The LCM of x%y + x3” and x* +xy is gj,pm- Tﬁmd@;e HEEF
Solution: Given that: LCM = xy(.f ;,? H \\) x\j \\

HOFEY \\ \\\ S/
AL
AR @.‘1 N e )
\N2% polynomial = x* + xy

4 76 .
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As we know that:  LCM x HCF = Plg,duc:’b{wq g@&\gmﬁk‘ %

6.

4.4

: J\\ \,.,“’P‘lé\ {cépj%wo po]ynmmalq
o R\ H__*_ U~ LLCM
N\ ]QNFE',N"L-' -7 (y+ N + )
¥ xy(x+ y)
_ p(x+p)x(x+y)
- xv(x+y)

=x(x+y)

§( EXERCISE 4.3 )

Find HCF by factorization method.

(i) 21x%, 3597 (i) 4x*—97, 2x°—3xy

(i) £©-1,2+x+1 (iv) & +2a*=3a,2a + 54 =3a

(V) £+3—-4F+5t+4.4-1 (vi) x*+15x+56,x" + 5x =24, x* + 8x
Find HCF of the following expresnon% by using: dvﬂs;@p‘rﬁéj:h&ad\‘a m

(i) 27t %2 -3r—9, 3v L 41;‘ “-3 \ ﬂ‘»;f;mi F31x—15, A2 —dx+3
(i) 2x° +2xt )\ Rruﬂff ﬁf ’\ng DEFT 12

(iv) 2x° ~4rrP6xi -Jf\,-’— Zx 32 —6x

Fm{t ,L@M'o#\he followmg expressions by usmg pﬂ ne factorization method.
@)~ 24°b. 4ab?. 6ab (1) X +x x*+x°

(ili) a*—4a+4,a*-2a (iv) x*—16, x’ —4x

(v) 16—4x°, x> +x—6, 4—x2

The HCF of two polynomials is y — 7 and their LCM is y* = 10y + 11y + 70. If
one of the polynomials is y* — 5y — 14, find the other.

The LCM and HCF of two polynomial p(x) and g(x) are 36:°(x + a)(x* — &’) and

*(x — a) respectively. If p(x) = 4x°(x* — &%), find g(x).

The HCF and LCM of two polynomials is (x + @) and 12x%(x + a)(x*> — &)
respectively. Find the product of the two polynomials.

Square Root of an Algehralc Expres(s&n mmm\

The square root of an algebraic e:gmessi‘nmtefém t@ E\}ﬁa\l,uﬁ that, when multiplied by
itself, gives the original eqm{@_ssmm J\uﬁz\ }5 r\}mgthe square root of a number, taking
the square root of an alg b\tL dg{)}tk’.\sswn involves determining what expression, when

squared, results| slﬁﬂgi n expression.
esules
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Mathematics -9 Unit — 4: Factorization and Algebraic Manipulation

For example, square root of 4a” is + 2a because 2a x 2a = 4a” and (—21,1) X (—’?a) da*

There are following two methods for fi ndmg ,Ltle sg\ua.:»arﬁ({bl; af’ﬁa‘p
(a) By factorization mefh@d; T\( (O \‘}. Y “ﬂﬂ}‘ By division method

(a) Square Root by Fﬁétﬂmzqﬁmﬁl\letﬁod
Example Z&QN*CFPJH@H% -Sq\ume root of the expression 36x* — 36x* + 9
Solution: - 363" —36x* +9

=9(4x* —4x* + 1)

= 9[(2r%)* - 2(2¢*)(1) + (1)°]

=322 -1)?

Taking square root on both sides

V36x' —36x° +9 = |37 (2x° —1)°

=+3(2x7 — 1)
(b)  Square Root by Division Method G\ “% \
When the degree of the polynmmal 1s h.1ghﬁer1 dM}%Imn méthdd i f'mdmg the square

root is very useful. ,_,.ﬁ e -x .{ ;f &

\---1

Example 27: Fmd th? squa‘re‘mvt of the pelynomlal xt— 1220 +42x* - 36x + 9.

Solution: Mu[tip1y s by x? to get x* F =t

_ _ " x'—12x’ +42x° - 36x +9
Multiply the quotient (x*) by 2, so we get 2x%. By .
diw_widing —12x° by 2x%, we get —6x. By continuing in . T e
this way, we get the remainder. 2 —6x| L1204+ 367
Hence, square root of x* — 12x* + 42x% — 36x + 9 is 6x" —36x + 9

27— 12x +3 —6x" 736519
+(x%* — 6x + 3)
0

4.4.1 Real World Problems of Factorization
In this section, we will apply the concept of factorization of quadratic and cubic
algebraic expressions to real world problems such as engmeegng, pb}m\:m @nd finance.

— I H. "'-

Example 28: Cost function for prodl@amg a\pfxﬁ\}%n\odile%y
o0 LRV e
Where x is the width GF t@é Cm;mjﬂneﬁémd C(x) 1s the cost. Find the value of x where
C(x) is mlnlmtﬁm“\j\]‘ | MV
8 A
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Solution: C(x) = 52> — 25x + 30 _ U - \“”“‘ M} =
—5(_1 —51436)‘?"'/'“1 BIE
msﬁtk* @f 54‘*‘
N RIAFaDee =7y~ 3(&~2))
“FJ =S5(x-2)(x-3)

Thus, the minimum cost occurs when x =2 or x = 3.

Example 29: The potential energy U(x) of a particle moving in a cubic potential is
expressed as:
Ux)=x-6x2+12x -8

Factorize the expression to find the points where the energy in minimized.

Solution: Ux)=x"—6x*+12x—8
=(x)’ = 3(x)*(2) + 3(x)(2)* - (2
=(x-2)

=i —2Hz —2)(x—2)
The factorized form of the potential energy function shows that the ene:rg”y Ismmlmlzed
atx=2, ~~N T .r':?i \ o2

L
L |

Example 30: A Lollipdl}y 'S pmﬁt P(I‘J is IBQdBM y' li’}e quddrdlu. equation:
W\ N\ {’(,0 S350 — 120
Where x rcprc';.c ,thc j:m\mbt‘r of umtb produced and P(x) represents the profit in
dollars. Fmdi how nany units should be produced to maximize profit.
Solution: P(x) = —5x*+ 50x— 120
=50 — 10x +24)
=—5[x> —4x — 6x + 24]
=Sxx—4)—6(x—4)]
==5(x—-4)(x—-6)
We can see that profit will be 0 when x = 4 or x = 6. As coefficients of x* is negative,
the maximum profit occurs at the midpoint between 4 and 6.
4+6 10
2 2

Thus, the company should produce 5 units to maximize ,prpﬁf N {‘(’ (© 1|\~ 1‘\
AR AN [CA

(( E)EERCJSE‘M D )

=5

Which is: =

DAL
l. Find the 5qucuc r@(‘l (Xf\tﬂs\”xﬂ)ﬁ{}WmE ]}{}lyﬂ{)mldlb by factorization method:
M oy #\@\ébr o (i) 9*+12x+4
i 36a + 84a + 49 (iv) 642 —32y+4

4 79 .
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(v) 200F —1207+ 18 (vi) 40x°+120x+90 _ =0
f‘-/“\'n, ( {Ull\l\l'llil\_lll

Find the squaru., root of the f{}llu(ugmg‘ IZ\(}L} W[&‘ﬁy divisiort method:
() - 287 5372+ 4ok 9 ()| \UA
Qi) 121x' = § fal 1&3&&%\9%»: 144
(ii1) a-{“ f-\lﬂrjﬂl '?rf"‘— 10xy° + y*
RN MR T12 + 37,2 425+ 49
An investor’s return R(x) in rupees after investing x thousand rupees is given
by quadratic expression:
Rx)=—x*+6x-8
Factorize the expression and find the investment levels that result in zero return.

A company’s profit P(x) in rupees from selling x units of a product is modeled
by the cubic expression:

Px)=x*-15x*+75x—125
Find the break-even point(s), where the profit is zero.

The potential energy F{(x) in an electric field varies as a CleiC function of
distance x, given by: 1\ :,;:‘- ;_\:_' 0 \)
V(IJ_Z:W} ‘ﬁi‘z\h’-‘mw‘- (( o

Determine where, th\e petenn&l é:ner«g;zk 18 ze‘m
[n structural cli'r;gmﬁe\’mg the dx,ﬂectu;}n ¥(x) of a beam is given by:

J\JH NN Y(x)=2x>-8x+6
Thrs equation gives the vertical deflection at any point x along the beam. Find
the points of zero deflection.

@(REVIEW EXERCISE 4)P

. Four options are given against each statement. Encircle the correct option.

i.  The factorization of 12x + 36 is:
(a) 12(x+3) (b) 12(3x) (¢) 12B8x+1) (d) x(12 + 36x)

ii. The factors of 4x* — 12y + 9 are:

(@) (2x+3) (b) (2x-3y
() (2x-3)2x+3) h (d) Qdﬁ %5@ Y Iﬂgg‘uk\\,ﬁ,
\ \ Y | { Cﬁf., A
ii. The HCF of a'®’ and ab” i} [\ \ \ \ \
(@) a'b’ @x \(Et\ \é:&* B ) a*hf* (d o

\N\rm Nol Y 80 -
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iv. The LCM of 16x%, 4x and 30xy is: AR

(@)  480x%  (b) 24013 e M g Qlfﬂfjﬁ CC ’(%j 120x%
v. Product of LC ‘Vumd HCE = “\ 7 “ ( \\ \kxq})f Molpolynomials
\][\I \L\\ X’bﬁ‘ t \1:1{ erence  (c) product (d)  quotient
vi. Thé\ﬁﬂh\a{% root of x* — 6x + 9 is:

(a) *&x—3) (b) +(xt+3) (c) x—3 (d) x+3
vii. The LCM of (a — b)* and (a — b)* is:

(@) (a—b) (b) (a—b) (c) (a - by (d (a-b)y

(a) sum

viii. Factorization of x* + 3x* + 3x + 1 is:
(@ @+1) (b) (x-1)
() (+DE>+x+1) (d (-DE*—x+1)

ix. Cubic polynomial has degree:
(a) 1 (b) 2 (c) .3

o (T
I.- - B e’ e

X. One of the factor'a of X ~27\I154 2 [, ﬂ L\ ‘* 0 .'

(a) x-3 ﬁ\! \(1‘13\’{‘ 0\ X H fc) .r“ 3x+ 9 (d Bothagandc
2. Factonzglﬂlp\fdllwﬁmé éxpressmns
i) WA+ 182 - 12¢ Gi) o +64°
(iii) x%y' -8 (iv) —x*-23x-60
vy 2%+7x+3 (vi) x*+64
(vii) x*+2x*+9 (viii) (x +3)(x + 4)x + 5)(x + 6) —360

(ix) (2 +6x+3)x*+6x—9)+36
3 Find LCM and HCF by prime factorization method:

(i) 4,13 +12x%, 8x*+ 16x G) FP+3%—-4x, x*—x—6
(111) =+ 8x+ 16, —16 (iv) x—9x, x—dx+ 3 _

4. Find squale root by factorization and division methna cf t['r&expﬁeésmn
L6x* + 82 + 1. =« O -—\\T“&\\\

5. Huria is analyzmg the‘@@l‘ pf){;mﬁher Aoan, modeled by the expression
| T

Cx) = 1 - ﬁx lﬂrﬂ Li,xw ere x represents the number of years. What is the
optuhjiﬁirepﬁyment period for Huria's loan?

4 31 .



Linear Equations_
and. Inequalmes” -

i '. ‘--'f,.l"-\I\'.',l. "‘_

Students’ Learni ; ' )mcumtb
At the end of tl;&qpiﬂ the students will be able to:

\
r Sulvt ‘llrrddl equatmnb and inequalities with rational coefficients and represent the solution set

on a real line.

> Solve two lincar incqualitics with two unknowns simultancously.
# Interpret and identify regions in plane bounded by two linear inequalities in two unknowns.
»  Find maximum and minimum values of a function using points in the feasible solution.

Linear equations and inequalities are widely used in various fields to model and solve
real-world problems. They help in understanding relationships between variables and
making dccisions. In this unit, our main goal will be to optimize (maximum or
minimum) a quantity under consideration subject to ccrtdl.n Lﬁnbumﬂt w&,tru.lmm

% -
| e\l .
WO\ A \oN=

5.1 Linear Equatmn A Q.

I| \ I|| ]
.|\._." "-"‘1.""3'

An equation of the form ax' T h =0, '«vh;azae'r1 and ‘b’

\ ax+b=0and a £ 0 is also
arc constants, a # ]?\%mf:‘l ‘gc s 'a varlablc 1s called a called fihe: weneral form of

linear equdtwn“m one variable. In linear equation, the | linear equation in one variable.

highest power of the variable is always 1.

5.1.1 Solving a Linear Equation in One Variable

Solving a linear equation in one variable means finding the value of the variable that
makes the equation true. To solve the equation, the goal 1s to isolate the variable on one
side of the equation and determine its value.

Steps to Solve a Linear Equation in One Variable

Simplify Both Sides (if necessary)

¢« (Combine like terms on each side of the equation e “ﬁ‘fnw \
PIL'_' |1 'f N
e Simplify expressions, 1nclud4ﬂg { dlslnbutm\g aﬁ}! r“*rr‘:ultlp ication over
parentheses. AT ) 'u 7 ﬂ( R\BALe
il\.,’-ll ".\I \‘_J A

Isolate the Variable Tenﬁ W
. ‘vlmet, 4}1%{]:11&:{‘1 Cc}mdmmg the variable to one side of the equation and all

4 82 .
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constant terms numbers to the other side, | @‘ap ‘dc[g\:shgﬂ ‘By adding or
subtracting terms from thh» i:de? oft }hﬁ ?Qﬁ?ﬂpy |

Solve for the Variable ¢ )\ \c% n f_j

e Once the varlal? é fe\rm jkfl oIﬁted solve for the variable by dividing or

mulqpﬁ&lhé bg‘(h sndes of the equation by the co-efficient of the variable.

Check Your Solution
« Substitute the solution mto the original equation to ensure that solution is
correct.
Example 1: Solve the following equations and represent their solutions on real line:
¥—2 x—4

(1) b= (1) B =

Solution (i) Ax—=5=T

3x—~54 3= T+35
3x=12 A linear cquatmn in  one
2‘: _ _1-:?: e I,?Jirnal?lf; I:ii_r_'{t;mfy one solution.
x 3 » O A \( -,\i'-tu:u ';,.\\ \';-'J s £
& ﬂ‘xq .T W\ { NR\I “ I

Check: Substitute x = fi Infp\l\hé@hgmal equation
N 1'3[45— 5=T
" 12-5=7
T=1
So, x =4 is a solution because it makes the original equation true.
Representation of the solution on a number line:

<t f t t t t t t ® >
-4 -3 2 -l 0 1 2 3 4 5
Fig. 5.1
x—2 x—4
o5 e e W
® 5 2
9y A We check the solution after solvmg linear
2% 2}1 DS{X 4) =3 equation to ensure 1he accuraqx Qf qiﬁw\grk
e\ Y ‘." j /'(\ ' H__J
~ NAanrfaWy/(ede
2x-4-5x+20 _, O\ AN\ %\\ ) /

4 33 .
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LS

r -T“T\”@'” :

-3x=4
4
X=—=
3
Check: Substitute x =——into the original equation
———2 _4—4
y .3 A
5 2
-4-6 —-4-12
: . S —
> T Tz ~ S\ €O
10 -16 Q H‘H\'“ Lo QJ | ﬁ'*-\-‘-“”\"
= — e ) Y\Jﬁ\“/}t\l \\E\U“ II
15 61 S~ /) _:M"! -
"'. \ (‘1'. I'|,| \\ 1'\\\_)\[\ EN
2 \'.‘ \.\ \ L

J -2+8
= =2
3
=% E=2
3
= 2=2

4. i : .
So, x=-— z is the solution of given equation.

Representation of the solution on a number line:
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5.2 Linear Inequalities NB

E
Inequalities are expressed by thf: f(ﬂg\i}f{ng @m\r 1 i E
> (greater than), < {less ﬁ)ﬁ (Vgtéatéhh‘m or equa} to), < (less than or equal to)

|,'||'|lL

For exampl?, JT\\QJ\\\\I.\ No

(1) ax ‘ib (i1) ax+bz2¢ (1)) a+by>c (iV)ax+by=c
are inequalities. Inequalities (1) and (i1) are in one variable while inequalities (ii1) and
(iv) are in two variables. The following operations will not affect the order (or sense)
of inequality while changing it to simpler equivalent form:

(1) Adding or subtracting a constant to each

side of 1t. The order (or sense) of an inequality

.. o o pore . is changed by multiplying or
i1) Multiplying or dividing each side by a dividing cach side by & negative

positive constant. constant.

Example 2: Find solution of —x—1<0 and also represent itona real line,

. ) - _.r‘_"' ".I I: _J \ I\','|\_"l ll'__". ILJI
Solution: \TEAR \ | TCALS
2 W _‘_:'-"-,I \ WA .‘ ) p
—X = | <r9_|\|'r\ g"!') \ \/ {'\. \ I.I'\. l'\.,-jj:;\-" e -
3 = \ . . '-"L'. i | S
]I '- ‘. \_.-
\ I \l
= 2x<3
3
= S
2

> , ; :
It means that all real numbers less than 5 arein the solution of (i)

Thus, the interval (—oo,%) or —o < x< % 18 the solution of the given inequality which

is shown in figure 5.3

'|_,-'-"

A f—“'?,,
N | -’1\,({:_,-'
|\~|f| Jlr

.

W

I
T
3

T
Ny

We com:luc;lje\}ﬁ\ﬂt‘{N %lﬂﬁ{m ofan inequality consists of all solutions of the inequality.
. 85 .
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Following are the mequallhes and their solutions on a real line:

Inequality Solution :
: | __' - I‘h II‘II '.L -'. i'll;“llﬂl-\ll I\'.-. .II'. ".\.Ll",ll\ | _f_';-\ o I o_l , a
x>1 (L-'I:'J or hgm<ie) \\ pee—t=—1 | 1 1 >
T 0L B = 0 2
T ANTARAS Blnhe € o
AT 1 | - s I | 1 ! -
x< 1-'~‘j|?}J "-.)J_l\.‘ (o, l) or —o< x<l € i : - | >
L -2 -1 0 I 2
-—>
x21 [l,0) or 1€ x <o < } } : ! >
-2 -1 0 | 2
sl (—oo,1]or —o<x <1l | < | : I } | >
-2 —1 0 | 2

5.2.1 Solution of a Linear Inequality in Two Variables
Generally, a linear inequality in two variables x and y can be one of the following
forms: :
ax+by<c;  ax+by>e;  ax+ bv S&(TS ’cm +f e
Where a, b, ¢ are constants ancl a, b aae: mt 13-01'}1 zem

We know that the graph of' lmcm' équatmn of the f'onn ax + by = ¢ is a line which
divides the plant]: u}tn twlb dtsImnt regions as stated below:

(1) The set of ordered pairs (x. v) such that ax + by < ¢

(ii) The set of ordered pairs (x. v) such that ax + by > ¢
The regions (1) and (i1) arc called half planes and the linc ax + by = ¢ is called the
boundary of each half plane.

Note that a vertical line divides the planc into left and right half planes while a
non-vertical line divides the plane into upper and lower half planes.

A solution of a linear inequality in x and y is an ordered pair of numbers which satisfies the
inequality.

For example, the ordered pair (1, 1) is a solution of the inequality x -I;\-{ 6 t@m +2(1)=3<6

which iz true. ﬁ ‘(\ 5 ‘."‘

tt}at 'iatt}dj-' ﬂ'ze mequalny x+ 2y <6, so its

There are infinitely many Qrdere/d pau.

-'.' '.\'. '|. I'. 1 '. ". .'.__.

graph will be a half pldne."._

Note that the: Jlﬁhaﬂ\équalmn ax + by = ¢ is called "associated or corresponding
equation" of each of the above-mentioned inequalities.

4 86 .
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Procedure for Graphm;, a linear Inequality in two Variables
— 1,]1“\ 5‘ 'l.

(i) The corresponding equation of the mequallty w e

L) 'I'-,
is first graphed by using, da_shcé u?ﬂ H‘l&‘\ b F\ (est point is a point selected 1o

A

mequality 1nvolvgﬁfthefsyml?@]a ‘}'\{H**’f ‘and @ | determine which side of the

solid line is dldWil“ﬂ‘thb*tlﬂitE rale involves | boundary line represents the
solution region for an inequality.

the S}’l‘l\‘]?(ﬂﬂ 2 "l&' 3 Usually, we take origin (0.0) as a

(i) A test point (not on the graph of the | testpoint.
e [fthe inequality holds true with

- : : - ) the test point, the region
determines on which side of the boundary line containing this point is part of

corresponding equation) is chosen which

the half plane line. the solution.
o I the inequality is false, the
Example 3: Solve the inequality x + 2y < 6. opposite  rtegion is  the
Selution: The associated equation of the inequality salution seion.
x+2y<6 (1) b
1S x+2y=6 (11) i

The line (ii) intersects the x-axis and y-axis at
(6, 0) and (0, 3) respectively. As no point of the
line (11) 1s a solution x of the inequality (1), so the 2
graph of the line (i1) 1s c;hovl,n by n‘.-;mg<:In:r1‘;h¢5.,H \ & ,
We take O (0, 0) as a test p@rﬁt bECﬁL}S’E«It iSmot
on the line (ii). _ ]\ W -

Substltutlnga =J=| 11.;' -0 in thu expression x + 2y
gives 0 —2(0)=0< 6. So, the point (0, 0) satisfies
the inequality (1). Any other point below the line
(11) satisfies the inequality (1), that is all points in
the half plane containing the point (0,0) satisfy
the inequality (i),

Thus, the graph of the solution set of inequality

(i) is a region on lies the origin-side of the line
(ii), that is, the region below the line (ii). A
portion of the open half plane below the line (ii)
is shown as shaded region in figure 5.4(a)
Note: A -2 ,j‘i Hﬂh H‘."a Ty,
All points above the dasheﬁl lig’lb éﬂllé “the ¥ Fig. 5.4 (b)
inequality x + 2y >éﬁ 11)\ AR

A portion oft}iﬂ dbtje'n half plane above the line (ii) is shown by shading in figure 5.4(b).

4 87 .




Mathematics -9 Unit — 5: Linear Equations and Inequalities

Note: 1. The graph of the inequality x + 2y <6 .. (w)
"The open half-plane below the line { u) mglfud\:rg\t @ x\
graph of the line (ii) iscthe, .gfaﬁh ‘Df’ﬂl\’é yh%q atity
(iv). A portion m‘"ﬂ ré‘ﬁb\(ﬁh»b*mgquaht} (iv) is
shown by”\sffﬁd*ﬂjg, h’?g 5.4 (c).

Note: 2 All points on the line (i1) and above the line
(ii) satisfy the inequality x + 2y > 6 .... (v). This
means that the solution set of the inequality (v)
consists of all points above the line (ii) and all points  Fig, 5.4 (¢)
on the lines (ii). The graph of the inequality (v) is

partially shown as shaded region in fig. 5.4 (d).

Note: 3 The graphs of x +2y < 6 and x + 2y > 6 are
closed half planes.

in xy-plane: _ f-;. \ m,. (VY

®  2x2-DU\ea 0\ p 'fm
=<l L L) =k
11] _ PR N | LTS
@ s
Solution: H) The inequality 2x =— 3 in xy-plane
is considered as 2x+ 0 y= -3 and its solution set

¥Y' Fig. 5.4 (d)

consists of all point (x, v)

such thatx, vE R and x> —%

The corresponding equation of the given inequality "
is 2x=-3 (1) A

Il
which is a vertical line (parallel to the y-axis) and its . &5

A w
'\I'-ﬂ:l'

A

graph 1s drawn in figure 5.5(a).

Thus, the graph of 2x = — 3 consists of boundary line o _1

and the open half-plane to the right ofth.ﬁr line {1(].\ A\ A i\ \| , ,j_ :
\ ‘ 'H b

(i)  The associated f:quatmn«df ’{bé xméqﬂal)t\ ~ “Fig. 5.5 (a)

AV A

yL218 y= -) [\l ".,\\H U \,‘t“)

;\J\J\J\J” B 88 -—
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which is a horizontal line (parallel to the x-axis) and « -~ :’:‘ﬂﬁgﬁ

its graph is shown in figure 5.5 (b). Here | 1'1{-3 solution i i ) \on2 '“ g

set of the inequality y <r“ [ ﬂle}qpeﬁ"hal‘f \bl‘axw\ \ ﬁ ) -
below the boundary lmﬁi\\ L{:Z fﬁ\\ls the graph of € : i

e
y<2 wnsmls {t{}q‘.\hdﬂmtla}yhnc and the closed half X 01 X
plane belo\if\n o

5.2.2 Solution of Two Linear
Inequalities in Two Variables

The graph of a system of linear inequalities consists of the set of all ordered pairs (x, y)

Fig.55(b) : if

4

in the xy-plane which simultaneously satisfies all the inequalities in the system. To find
the graph of such a system, we draw the graph of each inequality in the system on the
same coordinate axes and then take intersection of all the graphs. The common region

so obtained is called the solution region for the system of incqualitics.

Example 5: Find the solution region by drawing the graph of the syslem of mequahties

X—2y<6 g
2422 o\ @A
Solution: x -2y <6 ) G \ 1 1 A
2x+y22 O\t (u“}\ 7 "\* \‘ o
The assocaatcd cq"i’at"ﬂn oh(i) e
X= "’) .(1i1)
For x-intercept, put y =0 n (m), we get
x=2(0)=6
x—0=6
= x = 6, so the point 1s (6, 0)
For y-intercept, put x = 0 in (iii), we get
0-2y=6
= -2y=6
= y= % =3, so the point is (0, -3)

point (0, 0) satisties the inequality x — 2y < &becaus&e*(i *ﬁ(ﬂg}& U ﬁiﬁ“‘ﬁms the graph
ofx — 2y < 6 isthe upper halﬂpjan¢ mdu{xmg the giqpia of the line x —2y = 6. The
closed half-planc is pal{;%illféhmx hyﬁ}lad]ﬁg in figure 5.6 (a).

_— mr\'fdo“““ 8 ~—
\i
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The associated equation of(ii) 18 i « ,f\( Q \x ! rJ

2xty=2 .(iv) ol \e Ku\;\u .

For x- mterr.,ept puJ yjﬂ’dﬁﬁ\ﬂt’v’) we get

2 BN N

= 2JC =32 i
= * Xr L

= x =1, so the point is (1, 0)

For y-intercept, put x =0 1in (iv), we get

200)+y =
() +y=2 o Fig. 5.6 (b)
=3 y =2, so the point is (0, 2)

We draw the graph of the line 2x +y =2
joining the points (1, 0) and (0, 2). The
point (0, 0) does not satisfy the inequality
2x +y>2 because 2(0) +0=0 * 2, Thus,
the graph of the inequality 2x + v = 2 is
the closed half-plane not on the origin- -
side of the line 2x + y = 2 and pamally ‘ﬁ? ' \\
shown by shading in ﬁgure\ ifi (h) - 5 '\"

". '-,'. ". .||,
The solution 1eg1m;\bf the: hr’bt‘n system

of mequﬂ]{tié%“ iy the intersection of the
graphs indicated in figures 5.6 (a) and

5.6 (b) is shown as shaded region in
figure 5.6 (¢).

{(EXERCISE5.1)
1. Solve and represent the solution on a real line.
()  12x+30=—6 () Z+6=-12 @y Z2F- -
3 2 4 12
(v) 2=7T@x+d+1x (v 2L 3x 0 ﬁ#ﬁ&—gr
3 4 BN f(—:,fr&‘j, 0 weo o5
2 Solve each inequality and 1§presm]t,ﬂlég S'O’h’,\hm{bh d IC&a.’Hme
\1.' AT ORI\
(1) ¥ 6<——21\\\\ ﬁ\ﬁ{:\?éﬂi\}j %9_—?,;, ‘6_}1—1' (111) 34+2x 23
AR RIE) S S I 1
iv s AR Rt T TR S P E I Y
(iv) 61’@4{} (v) T ) T -

*\‘J\]|\“J|\‘

_— %0 -—
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3 Shade the solution region for the following linear inequalities lnnhplane
(1) 2x+ y<6 (11) ’3x+71 3""1 \f [ '{JU)‘ ‘3\:-
(iv) 5x—4y<20 (\J ( r?nﬁ \ ,J(w} 3p—4<0
4, Indicate the solumm rcgwn ﬁbe fdttﬂ\wmg [mcar mequal:tms by shading;
(1) 2x— 31;46\ \“ “(ﬂ St y25 (1)  3x+7y=21
24 a;\f};ﬁ 1h- \B —y+ 1< x— ys<2
lv)\“ P‘” \>-1| =3 y<12 (V) 3x+Ty=21 (vi) 5x+7y=<35
3 <4 x—2y<2
Xz —E

5.3 Feasible Solution

While tackling a certain problem from everyday life each linear inequality concerning
the problem is named as problem constraint. The system of linear inequalities
involved in the problem concerned is called problem constraints. The variables used
in the system of linear inequalities relating to the problems of everyday life are non-
negative and are called non-negative constraints. These non-negative constraints play
an important role for taking decision. So, these variables arc called decision variables.
A region which is restricted to the first quadrant is 1eFerrecl to as a_fmiblt& region for
the set of given constraints. Each pomt ofthe feas:hle I’agmn is ca]fed a feasible

solution of the system ot linear mequ,amws tm‘ f‘m‘ rhc setof a given constraints).
e\t
Example 6: Shade the! Tﬁ:aﬁlhie regmrr 111d f'nd the corner points for the following

system of mcz:malﬁ}es«lf@r élfb]ect to the following constraints).
1—V<3
r+2p<6;, x=0, y=0

Solution: The associated equations for the
inequalities

x—y=<3.. () and x+2y<6... (ii)
arex—y=3...(1) and x+2y=6...(2)

As the point (3, 0) and (0,-3) are on

the line (1), so the graph of x —y =3 .f-!f‘iﬁ;ﬂs,‘f::f@ G 53.\‘\&5
~ (glo="
is drawn by joining the points {3 Q) f-.' q\\ \B \R \ )
and (0,-3) by solid line.~, T\ .~ \ \“ \\ W
“"'." '.\‘l \H\I\ 5 \. L -

_— rmtmau o1 -

\\[\
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Similarly, line (2) is graphed by j Jommg 0

the points (6, 0) and (GT’% p}i/sgl K
Forx=0and y =0, we\lfvﬁ%\ eg

AN
0—0= Q«\axﬁu ok L{J) 0<6

So, both the closed half-planes are on
the origin sides of the lines (1) and (2).
The intersection of these closed half-

planes is partially displayed as shaded

region in fig. 5.7(a). Fig.5.7(b) 11

The graph of y > 0, will be the closed
upper halt plance. The intersection of
graph shown in figure 5.7(a) and closed
upper half plane is partially displayed

as shaded region in figure 5.7 (b).

The graph of x > 0 will be closed rtght
half plane. The mterqecﬁﬂmoﬁtﬁe grapﬁ\k ‘—-::" P
shown in fig, p ?{ujmﬂd \LMde right
half plarie/ ﬁé'gr-aphed in fig. 5.7 (c).

Fina_tly, thf: graph_ (_Jf th_c gi_ven syste%n Fie.57( Lr
of linear inequalities i1s displayed in
figure 5.7 (d) which is the feasible
region for the given system of linear
inequalities. The points (0, 0), (3, 0),
(4, 1) and (0, 3) are corner points of the
feasible region.

A point of a solution region where two of
its boundary lines intersect, is called a
corner point or vertex of the sohlt;i@n O 7

7\
region, AN~ ,;: \/ x\ ' ﬂu
A \ \ N
1 \{\w \\S\ ) \S
NABEX
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5.3.2 Mammum and Mlgl(l‘lﬁmw\a"fy tof ‘a H’dﬁctmn in the Feasible
Solution "*\\ \\\' 0\ \«5 A5 NN\E

A function wlu \P tﬁ\bgmammlzcd or minimized is called an objective function.

Note tha\\mﬂzﬂ'é are mﬁmtely many feasible solutions in the feasible region. The feasible

solution which maximizes or minimizes the objective function is called the optimal

solution.

Procedure for determining optimal solution

(1) Graph the solution set of linear inequality constraints to determine feasible
region.

(11) Find the corner points of the feasible region.
(iii)  Evaluate the objective function at each corner point to find the optimal solution.

Example 7: Find the maximum and minimum
values of the function defined as:
Sey)=2x+3y
subject to the constraints;

ll'.l l'.|l ,.'-_,'l II_' '1l| [-]L '|| \ | !
x+y<4 AT\ ""‘.5-. VWV
5 _-’] \L e s\
x>0,y>0 | \ \\ \ LU=
Solution: | \l:qﬁ)]ud A8 (i)
\1 Ny 3 <4 .,.(ii)

The associated equation of (i) is

x—y=2
x-intercept and y-intercept of x — y = 2 are
(2, 0) and (0, —2) respectively. The graph of
the line x — v = 2 is drawn by joining the
points (2, 0) and (0, —=2). The point (0.0)
satisfies the inequality x — y < 2 because
0—0=0<2.Thus, the graphof x —y <2 is

X
the upper half-plane including the graph of

0
the line x — y = 2. The closed half-plane i is G} _ @
partially shown by blmdnl;, m f’gurii&@}” \ﬂ\ \\\ il \ 5

The associated equalldﬂ}bf\(ui 16{:‘1 }«iﬂ*i j’ =

\\ I] \\1‘1 'ﬁ'

-@J\J\J - 93 -

Fig. 5.8 (b)



Mathematics -9 Unit — 5: Linear Equatlons and (,Ip{{;quallt]es
x-intercept and y-intercept of x + y = 4 are (4, 0) a,ud:{q f%’} \Tlﬁ \}ga?ﬁb‘{r of the line
x + v =4 is drawn by joining the ;pql;\)mm (A Ux\ffnd&{lﬂ) The pmm (0, 0) satisfies the
inequality x +y <4, Th&;lds‘i.drha]ﬂp(@i\@q is. paﬁlaﬂy shown by shading in figure 5.8 (b).

S0 O\
1 -; }]‘-.\'l AU Ty
=

W
-

y=0 ¥

b-"
=
e
s
=

Fig. 5.8 (¢) Y Fig. 5.8 (d) gV

The graph of x = 0 and y = 0 1s shown by shading
in figures 5.8 (¢) and 5.8 (d) respectively.
The feasible region of the given system of _
inequalities is the intersection C:-f the maphs \ ';--'"1 | (
indicated in figures 5.8 (a), 5.8 (b);,, 8 (cJ\a.ﬁdt YRR
5.8 (d) and is shown a& sha\;:lcd fq:gmn HBCD in
figure 5.8 (e)... ] Q IJ| ABAS L
Corner pofmﬂs of the feasible region are (0, 0),
(2, 0), (3, 1) and (0, 4). Now, we find values of
f(x. v)=2x+3y at the corner points.
S(0,0)=2(0) +3(0)=0
f(2,0)=2(2)+3(0)=
G )=2(3)+3(1)=9
f0.4)=2(0)+3(4)=12
Thus, the minimum value of fis 0 at the corner point (0, 0) and maximum value of fis

Fig. 5.8 ()

12 at corner point (0.4).

QCEXERCSES2 ) o

1. Maximize f'(x, y) = 2x + "iy bubject to the x:m;strauﬂ:tsk “:f-ff-" Jov
1_“‘:81 3 =) /‘*J’f‘*n\) A1) f:c>0 _],:>-C'

2 Maximize f(x, 153 \ %‘; ; S\Ibﬁm tothe constraints
"i‘f‘r "“ﬁ‘\* Sx+4y<20 ; x=0;y>0

— 04" e
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1.

1.

1Vv.

vi.

Vii.

~Lr’~, \ (C
Maximize z = 2x + 3y; subject to thaé ns q\\ i (Cc O
2x+y <40, \'\j@_‘b ? fi\m\ ) x20: y=>0
Minimize 7| : 211 ‘\x \"\ ?}O\'IE‘. ccmqh aints:
N}}l}%ﬂ}\ﬂ\f‘ = - Tx+5y<35 x=0; y=0
Maximize the function defined as; f(x, y) = 2x + 3y subject to the constraints:
2x+y<8 : x+2y<14 x=0; y=0

Find minimum and maximum values of z = 3x + y; subject to the constraints:
x+op=13 x+6y=29 : x=20;, y=0

@(REVIEW EXERCISE 5 )P

Four options are given against each statement. Encircle the correct one.

In the following, lincar equation is:

(a) Sx>7 (b) dx-2<1
Solution of 5x — 10 = 10 is: A e (= ‘Hl_,_'-:\':: AP
- ® -"|- L'- "'.d_'l \ \".Ii". { ‘\\. :I 4 :,J"'
(a 0 . ‘ ;jj[ ;J [f 0\ '\I\\_\\‘u ,'iiﬁ:u \,‘(h\] | 50
© 4 QNCRR\ U T @ —4
"'. \ \
If7x + 4"63( b} t\he ‘bclmws to the interval
@@y (b) [2:%)
() (=0,2) (d) (-0, 2]
A vertical line divides the plane into
(a) left half plane (b) right half plane
(¢) full plane (d) two half planes
The linear equation formed out of the linear inequality is called
(a) linear equation (b) associated equation
(c) quadratic equal (d) none of these
Ix+4<0is:
(a) equation (b) incquality N
(c) not inequality j d{}_ Ader ily@f }‘{Lﬁg‘ﬁ.
Corner point is also called:  _ ﬂ \ N \J I{ (_ﬁ;f;_\-':; =
(a) code ﬁ\ \(‘}""‘ ( “" “% \ A\U(b) Lvertex
Q) \ 5&) St g
(c) curve \\\f"\‘ (d) region

Ll_l‘l“‘l.:—"’

—, N NpJo 95 -



Trigonometry

Y i
MBS @}@ N

A

“*L\}_S\,EU e

W R T A e AT

dard positions expressed in degrees and radian.

» Apply agoras theorem and the sine, the cosine and tangent ratios for acute angles of a
right angle.

» Solve real life trigonometric problems in 2-D involving angles of elevation and depression

» Prove the trigonometric identities and apply them to draw different trigonometric relations.

> Solve real life problems involving trigonometric identities.

INTRODUCTION

Trigonometry is a branch of mathematics that deals with the relationships between the
angles and sides of a triangle, especially right-angled triangle. It plays a vital rol¢ in
various fields such as physics, engineering, architccturc and astronomy. The
trigonometric concepts can solve problems involving an ¢dd'that appear

in real-life situations such as calcula_ting;tpf \lﬁ?ﬁ{n dlht ance between
objects and angle measurements i '

—t

6.1 .Identif ] - Standard The plane geometry is the study
Posi egrees and RﬂdiﬂllS) of two dimensional figures.

What is Euclidean geometry?

A plane figure which is formed by two rays sharing a
common end point is called an angle. The two rays are y
known as the sides of the angle. The common end point

1s known as vertex. The amount of rotation or measure
5 Vertex

Terminal side

of o;Eliing between these rays is called an angle. O4 Titial side
and OB are rays and angle is AOB. Written as Z4OB 5 / 5

& B
or AOB.

Types of angles are:

s . Ac e:an < 90°

(a)  Its vertex is located at the ongm f the ,\\Qé) 0° < < 180°
coordinate plane. \f\j x, anglc 0 =90°

e
(b) One of its rays (the %i\\%‘hﬁ\y é ong the * Straight angle 6 = 180°

[ ] o P =]
positiv nﬁw\‘i\i Reflex angle 180° <8 < 360
NN ¢ Full rotation 8=360°

The angle is said to be in standard position if:

[ et U S EE e S A et
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(¢)  The other ray (the terminal side) determines the direction of the angle,
An angle is measured from the initial side to the term (,mal s(gg&wfi& usually

by Greek letters 6, q, By etc ,., “L“

Positive angles ’G R Bﬁ &tive angles

The angle will be pﬂ\\ékﬁ The angle will be negative if the t :
side is rota lockwise from the side is rotated clockwise from the init

initial sidé. The given angle is in 1% | gide The given angle is in 4" quadrant
quadrant

s ’t
Positive
angle
€ —> « -
0 x k O X
Negative
angle

Co-Terminal Angles e ék@gﬂ i &
) \ N 4 &
Co-terminal angles \ i\e&, are the same &
i

L4
initial side € In standard position, N\ 405°
ave different measures. These angles /- 450
—>

differ by a multiple of 360° or 21 rad. For example, < 315°J Initial
45°, 405° and ~315° are co-terminal angles because %_/ side

405° = 45° + 360° and —315° = 45° - 360°.

6.1.1 Degree Measurement

A degree (°) is a unit of Measurement of angles. It represents s of a full rotation

360
around a point, In simpler terms, a degree is the measure of an ar\g%q y With a complete
: : DINLL
circle being 360°, n,ﬂscﬂ“/— \ CC
\

Why 360° Historically? Fys chou.r \q&dh}ﬂ\él&:fe dates back to the Babylonians,
who used a base-60 num é]xz{} ystem) They were among the first to formalize
the concept of angle meas d 360 was chosen likely because it is a highly composite
number (it can d . 3,4,5, 6, 9,10, 12, 15, and more), making calculations easier.
This systeﬁ;f };bmﬁ ed thmughout ancient times and degrees became entrenched in various
cultures and mathematical traditions.

R T




Full Circle

A full rotation around a central point
forms an angle of 360°. o

Half Circle

A straight angle, or half of a full rotation, measures 180°. The
degree measure is further divided into minutes (") and seconds (").

1° = 60’ (60 minutes)
= 60" (60 seconds)
1° = 3600" (6{) x 60 fﬁ:‘%

6.1.2 Converting

Unit - 6: Trigonometry

Right Angle
One-quarter of &mf@@ﬁpn or a 90°

\ ‘u" a(n@%e‘ 1% ﬁau‘% B:n\glﬁ angle.

e

rees to Minutes and Seconds

* 0 T
v
yd\
o 2 3
\r’ O\l C’S\L
o A\ \\\R\i €
v

To convert decimal degrees to degrees, minutes and seconds (DMS), follow the steps:
e Separate the whole number part (degrees) of the decimal.
e Multiply the decimal part by 60 to get the minutes.
e The whole number part of the result is the minutes. Multiply the decimal part
of the minutes by 60 to get the seconds.

Convert 73.12° to degrees,

minutes, and seconds.

Degrees: The whole number part is 73°.

Minutes: Take the decimal part (0. lz)m

multiply by 60: 0.12 x 60 =7.

number part is 7, so ﬁ J\\;mnh

Seconds: Now take the decimal part (0.2)
and multiply by 60: 0.2 x 60 = 12. So, it’s
12 seconds.

Final result: 73° 7" 12".

el BT 99

Convert 109.42° to degrees,
minutes, and seconds.

Solution:
Degrecsklhﬂ\feﬁ @umbé& part is 109°.

(Iﬁ uses’ Take the decimal part (0.42) and

fiply by 60: 0.42 x 60 = 25.2. The
whole number part is 25, so it's 25
minutes.

Seconds: Now take the decimal part (0.2)
and multiply by 60: 0.2 x 60 =12. So, it’s
12 seconds.

Final result: 109° 25" 12",




6.1.3 Converting from Degrees, Minutes and Se.t:ﬂ nds ;& ??E:mal Dfquf;w 4
To convert from degrees, minutes and cgﬁm? d@ma degrees, fo e
steps: ?:;\ U

A Q
AV (O]
e Keep the de qfq = '
e Conv 4¢3 to-decimal degrees: Divide the number of minutes by 60. :
. CM& to decimal degrees: Divide the number of seconds by 3600.

e Add all the values together.

ESEHpIERE Convert 45° 45'45” to decimal degrees.

Degrees: Keep 45.

2 45
Minutes to decimal: -gg =(0.75; Seconds to decimal: 5 =0.0125

Add them together: 45 + 0.75 + 0.0125 = 45.7625
Final result: 45.7625° ;
EXSWpIeER Convert 94° 27 54" to decimal de Z

(:c.’-‘- XO “CQ
BOIIONRE Degrees: Keep 94: (\&i}@@ E\B
Minutes to d%@ 45 3 =0.015
AN 3600

5, Seconds to decimal:

@M&ﬁ}ﬂgmﬂ 94 +0.45 +0.015 = 94.465

Final result: 94.465°
6.1.4 Circular Measure (Radian)

There is another system ofangular measurement Historical Background of the Ra _
called circular system. e concept of radian measure, was§

: 4 formalized by mathematicians in =
The radian, denoted by the symbol “rad”, is the | |gg century, but the principles behs
unit of angle in the International System of | it had been understood much earlier

Units (SI) and is the standard unit of angular Euclid and Archimedes,

: i The word "radian" comes from
measure used in many areas of mathematics. radius of a circle, as the radian &

A radian is a unit of angular measure in fundamef%ﬂ@ﬁ@ad to the ratie
&

mathematics, particularly in trigonometry. It % %‘h agth fEi:h.d the rade
‘ own use of the term radias
det?med as, “the angle subtended-at @é} a8 context of angular measuremens.
a circle by an arc w O the | was by Scottish mathematician James
radius of the circlﬁ’:ﬂq’ i ees, which are gﬂmﬂﬂﬂ in 1873. His brother, William
L2 o ; omson, also known as Lord Kelvin,
bas:ed OFW circle into 360 part.S, the Was made a prominent physicist and
radian is erently related to the circle's

both were influential in cstablishing I
geometry and arc length. radians as a standard unit, .

I S, 10




Nathemaiics ) igonometry
If a circle of radius r, has an arc length equal o the radius, of i the angle
6 subtended by that arc 1s 1 radian: i : ‘1\
9=_ =1 radi =
¥l Q\XKE\E\B Radius r p
A complete as an arc length equal to the circumference / -\

(27r), so the angle subtended by the entire circle (the full
rotation) is 27 radians. This means:

o One full revolution of a circle is 2x radians, or 360°. '

360° _ 79958 and 1°= -2% = 0.01745 rad
360

o Therefore, 1 radian =
2n

Conversion between degrees and radians

180
Radians to degrees: 1 rad =—— degrees
T

Degrees to radians: 1° = — rad &@W@

—%
3 s TEEE 7
@) 2 rad= 18« 3 100
6 6 T
i) raa= U010 330
6 6 T
180°

(v) 12rad=12x—=68.75° (. m=3.14159)

n
ERBEpIEE Convert degrees to radians
(i) 15° (i) 75° (iii)315° (iv)15° 15’ (!
no) ? \\V]{?—\ @O\S\S
SOl () 15°=18% o
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(1i1) 315"*315><—-——~7—rad or 5.498
180 4

LT
_ a c© ,
(iii)‘_ 15° Cl)%\ ‘;}m x ——rad = 0.266 rad |

180
55\ }\_?U 3 1 1 1
: —tum | —tum | =~ turn | - turn
12 8 6 4 2 b
Zrad | Zpag | T By
6 -+ 3 2
30° 45° 60°
Arc Length and Area of Sector

If 7 is radius and 6 (rad) is the angle subtended by the arc
of length *¢#’, then

Arc length of sector =/ =r@

and area of sector = 4 = _r k“ @ @wa @

Proof: We know that: %“
0

8 3
e A= :
360° 3600
= -—B—x 2nr  (2m radians = 360°) = _9_,( m® (27 radians = 360°)
ZJ'I.’. 2
'*?'9 . I
=—r'9
2

Hence arc length, /7= r 0 and area of sector, 4= s 0

ERSWBIEEE  Find the arc length of a sector with

radius » = 10 cm and central angle
B = 60°, m
: _ Convert 6 = 60° to radlans 9 6 %@@‘O
10 47 cm

y 10.47 cm

102 T e




I€ 88 Find the area of a sector with radius » =8 cm n@@@gﬁ=45 .
_ Convert 6 = 45° to mdzmﬁ\@@é .
%\% m 8mem® = 25.12 cm?,
N

The area o ctor is approximately 25 12 cm?.

EXS8mpIED! 1f arc length of a sector of radius 5 cm is 11 cm, find the angle subtended
by the arc in radians and degrees.

Solution: r=5cm ; £=1lcm, ; ="

f=r9

11
I11=590 :>ﬁ=?=2.2rad
0=22x s =~ 126.1°

Thus, the angle subtended by the arc in radians is 2.2 rad and

(CEXERCEE mmﬂ

L Find in which qu g angles lie. Write a co-terminal angle for

each: j :ﬁﬁ
(1) (i1) 135° (i) —40° (iv) 210° (v) -150°

SRRy

2. Convert the following into degrees, minutes, and seconds:
(1) 123.456° (i)  58.7891° (iii)  90.5678°
3. Convert the following into decimal degrees:
(1) 65° 32" 15" (1)  42°18'45" (iii)  78°45' 36"
4, Convert the following into radians:
(1) 36° ) 225° fim) 67.5°
3, Convert the following into degrees:
; T 4 lin Tn
(1) T rad (11) T rad (ii1) 5 rad
6. Find the arc length and area of a sector if:
, \ O
(i) = r=6cm and central angle 0 =T radi ﬁ \ @
®) ,—s [ ?]j\
A 4.8
(i1) o+ ] e radlans
103 —




7. Ifthe central angle of a \q;ngc?(@‘\ radius of the circle is 12 cm, find
the area of tl \ O{R{‘L d" e percentage of the total area of the circle it
repr:}%u\ 5 R‘JJ = i

L
N

QNN

8. \%I the percentage of the area of sector subtending an angle % radians.

9. A circular sector of radius » = 12 em has an angle of 150°. This sector is cut out
and then bent to form a cone. What is the slant height and the radius of the base

of this cone?
Hint: Arc length of sector = circumference of cone.

/
6.2 Trigonometric Ratios “
The functions that relate angles to side in a right-angled triangle are known as
trigonometric functions (sine, cosine, tangent etc.) Their development is rooted in
ancient geometry, blossomed through Indian and ]slanuc mathemati
formalized in Europe during the Renaissance. To ] e indispensable
tools in both theoretlcal and applied - ‘Qﬁy as since been extensively

as phys:cs (especially wave theory)

12cm

History of Sine, Cosine and T angent
Hipparchu of Nicaea (c. 190 - 120 BC) is considered the "father of trigonometry." He was the first
to compile a trigonometric table for solving problems related to astronomy, using chord functions.

Hipparchus divided a circle into 360 degrees and used this system for measuring angles.

In Islamic golden age, Al-Battani (c. 858 — 929 CE) was among the first to replace chord functions
with the modern sine function and calculated tables of sines and tangents.

Al-Khwarizmi (c. 780-850 CE), known for his work in algebra, and Omar Khayyam (c. 1048-1131
CE) worked on spherical trigonometry, which has applications in astronomy.

Isaac Newton and Gottfried Wilhelm Leibniz (17th century) developed calculus, which further

expanded the use of trigonometric functions beyond geometry into more abstract fields of
mathematics.

Application of Trigonometric Ratios

When we make use of a ruler or measuring tape to meas lﬁ@ﬁ\@ﬁa book, the
length of a pencil, the height of a chag /_ﬁ (k ﬂﬁﬁ)ﬁ:? ngf\af assroom, we are
making direct measurements. K

In some cases, it is n%ﬁ{ \é& to" in direct measurements, because these are
X

difficult and d w ample, it is difficult to climb upon a flag pole to measure
its helghwﬁgb asure the height of a cliff is also difficult and dangerous.

I ST 104
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These problems can be solved by indirect measurement with the help of trigonometry.

For indirect measurements of distance or height it
important role in the field of surveying, na\{tﬁiﬁon,

s vt

branches of physical sciences. We makgus: f

many of the problems in thesé?%ﬁd‘@i\}_
6.2.1 Trigonqq;ﬁ@imm

- _/%_J

an Acute Angle

The trigonometﬁé atios are applied to acute angle in a right-
concepts extend to angles greater than 90° and are widely
used in many areas of mathematics and science.

Let us consider a right-angled triangle ACB with respect to
an angle 0 (theta) = m£CAB with mzACB = 90°.

In the triangle ACB, the side BC is called perpendicular,
which is opposite to an angle ‘0"

The side AC is called the base and the side AB is called the
hypotenuse. Let mBC =a,mAC = b and mAB =c. .

For this right angled triangle ACB, th et
or this right angled Bl:lglﬂ C ﬂi@\ %

A
1<\ €O

is very much useful. It also plays an
hlfﬁﬂngj\@ﬁ\%any other
gffﬁ?onometry to solve

angled triangle, but the

Perpendicular

a

0

ﬁ%ﬁ?ase

“@ are defined as:

of LY,
\ _

sinf = Perpcndlcu’l_a%J ) :A cosec B = Hypotefmse 218
i Perpendicular @
cosine Base L b s Hypotenuse _ ¢
Hypotenuse ¢ Base b
6= Perpendicular _ a e Bas? i) b
Base b Perpendicular  a

The six trigonometric ratios described with reference to a rig

are: sine (sin), cosine(cos), tangent(tan), cosecant (cosec Of
cotangent (cot).

a
We note that: tanf= 3

alc

A

QD)

Lex(]
_R,i—rl,\l\ _\;\\J JI

(Dividing by ¢)
L

" blc ehesn\R !
A0 (0 WU A

W a\gﬁ\ﬁiiﬁ\i‘””’

Similarly,

A

ht-angled triangle ACB
csc), secant (sec) and

(ii) sect =
cos@

1
(iii) cot®=——
tan

- 105 “SEmemTEN e TN
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6.2.2 Trigonometric Ratios of Compl

We consider a nght-angled tn
m£B = 90°- 6. Using

Unit — 6: 'I‘ri,ﬁonnmetry
—~ AN
e 3@@3 i

A =0, mZC = 90° then,
tios of Z B, we get

B
sinm/B -@l@*ﬁ@; —=—...(>i)
MAB C 90° — @l
Using ratios of Z4, we get
C a
cos mZLA = cos B-m—A_€=é ...(i1)
mAB ¢
Form (i) and (ii), we get, 90°
e 0
sin(90° —0) = cos _9, ’ 3 a
Similarly, we have
cos(90°—B)=sin® ;  n(90°—0)=cot 6 : cot(90° —

sec(90° —8) = cosech

; cosec(90° 9)-sec9

@tan 0

Z\CO

® A\ﬂ\\\f“\

N (¢ M@T&M

2=

A

1. For each of
(i) Wm@m 0 (i

t-

\\}\_,_a

tan 0

-angled triangles, find the trigonometric ratios:
(iv)sec® (v) cosec 6

(vi) ~ cotd (vii) tan¢ (viii) cosec ¢ (ix)sec ¢ (x)cos ¢
G
). &
b
8 - 13
] @ 0
B 3 A B 15 A B 12 A
2 For the following right-angled triangle ABC find the trigonometric ratios for
which mZ4=¢pand msZC=0
(i) sin® (ii) cos 6
(iii)tan 6 (lv)sm ¢
(v) cos ¢ -
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&l
3 Considering the adjomm (&@@Mﬂ
(1) sin 8
QroeRles® ANl

(iii) tan®© cotB=1

g@@ gono g

4. Fill in the blanks. u i
(1) sin 30° =sin (90° — 60°) =
(11) cos 30° = cos (90° — 60°) =
(i)  tan30° =tan (90° — 60°) =
(iv) tan 60° =tan(90° — 30°) =
(v) sin 60° =sin (90° — 30°) =
(vi) cos60° =cos (90° - 30°) =
(vii) sin45° =sin (90° — 45°) =
(viii) tan45° =tan (90° — 45°) =

(ix) cos45° =cos (90° — 45°).¢ ﬂq\ﬂ@O@@m

3. In a right angled triangle Ms an acute angle of 60°. Also
sin mZA = E(,:) ollowing trigonometric ratios:
W‘\@Nﬁo
: mBC ]

(1) m (1)  cos 60°

i)  tan 60° (v)  cosec 3

(v)  cot60° (vi) sin30°

(vii)  cos 30° (vii) tan % G

(ix) sec30° (x) cot30°

6.3 Trigonometric Identities

Fundamental Trigonometric Identities
We shall consider some of the fundamenta] identiti
these basic identities is the Pythagor

i
e of a right triangle is equal to the sum of

“The square of the | é
the squares g.ff ﬁlfii e other two sides”.
107




E=d+ P
52 =32+ 42 m(\\)@l@
25=9+16_ Y\%

In the g@aﬁj{ Mi‘h bk %

The perpendicular equa]s to the length
‘a’ base equals to the length “4’, and

hypotenuse equals to the length ‘c’.

C
By Pythagoras Theorem, we have

2 0 b
a*+b2:czl :

...(1)

az b! 2

—~+=5== (Dividing by c?)
C

33

s
sin” 0+ cos*0 =1/ (ii)

|._-'F g E’I =Cr2

2 Dividing equation (i) by a2, we have
NG W

[ﬁ cot” 0 = cosec’ 0| . ..(iv)
The identities (ii),

(11i) and (iv) are known as Pythagoras identities,
B8 Show that (sec® 6 — 1) cos? 0 = sin? @
HOME L.H.S = (sec?0- 1) cos? 0

=tan* 0 - cos? @ (s 1+tan29=sec29)

. 2
= sze-coszﬂ [ tané = smﬁ)
cos” 0 cosé

T O
s o,y \e ﬂ@\@\v]@ €Y
i ‘; =sec cosec 0

108 _
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Solationd L.H.S = tan 6 + cot 0
Yf@

=sin9+cosﬁ ﬁfféﬂ% 0+cos’0=1)
cosf sin® Qﬂ

_sinBosinB+cosQ-Ol m‘g\jf\} N
= e

N cosB smﬁ
. sin’ 0+ cos’ 0 = secO- cosec = R.H.S.
sinf cos Hence. tan 0 + cot 8 = sec 0 cosec 0
1 bigy st bt 1

@28 Show that

cosec O—cot® sin® sin® cosecO+cotb

LHS = - RHS =

1 1 Iy’ 1

cosec B—cot O sin O sin 8 cosec 6 +cot 8

1 1 1 1
] _cosﬁ_sine @ N *__m
sin @ sin 0 O(S@ sin O

o WE
MRS Y ““m el sin 0
chﬁ]o sinG 1+cos 6

_ sin"8(1+cos 0) 1 JELs e 6(1—cos 0)

(1—cos 0)(1+cos 0) sin 0 sin® (1+cos B)(1—cos 0)
N sin 0(1+cos 0) 1 - N sin O(1—cos 0)
1—cos’ 0 sin 0 sin 0 1—cos’ 0
i3 sin B(1+cos ) 1 _ 1 sin 6(1—cos )
sin’ 0 sin 0 sin 0 sin” 0
=[+cosﬁ_ | 3l _l—cosB
sin®  sin 0 sin® sin®
_l+cos 6-1 1-1+cos 6

e SO A
sin 0 G (\w}@g@@
Eet i

Hence. LH.S=R.H.S

) o LH.
T —
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ESRRIEESE Show that sin 0 + cos® 0=1-3sin’ 0 cos? 0

Solution: L.H.S =sin® 9+cos‘59 _\’S](?:”\rf\:}u
= (sin® 9)* + (cos B)K @\Y\g\\\ "

= (sin? 9

os 0 — sin” 6 cos? 0)

Wghj&}ﬂc})s 0)* - 2 sin® 8 cos? 0 — sin? O cos2 0
=1]-

3sin’ 0 cos?® =R.H.S

Hence, sin® 0 + cos® 0 = 1 — 3sin2 0 cos? 0

EXSMpIETaE 1ftan o =% , find the remaining trigonometric ratios, when 0 lies in first

quadrant.

L8]

- a
Given: tan@ = ===
4 ¢

Where, a=3,c=4

By Pythagoras theorem, we have

b =a®+ ¢ @\j\\
D s

a.l 3 A,
PRt : cosesh =—==
b .5 a3
cos = E:i . secH :é:._s.
b 48 c 4
¢ 4
coth=—=—
a 3

{(EXERCISE6.3 )

L. If 8 lies in first quadrant, find the remaining trigonometric ratios of 0,

ARES @V i

(1) sinf= £ (1) cos B = 2 (11i) tan B =
3 4 J"‘

(iv) -sec9=3 ,A)@(%@W{ \\VL X
%uo_
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Prove the following trigonometric identities:

2 (51n8+cosB}2-—1+25m90K3 R T
4, il . cos? § —sin? 0 =2 cos* 0 — 1

COSW
6. ~sin? 0 =1-2 sin? 7 1_5“19: e

cosB 1+sinB

I-sin O
1+sin 0

8. (sec O —tan 0)* = 9. (tan 0 + cot 8)> = sec” O cosec? 0

10. lx'me‘-ksm{:]_l=tan’&l+sec~9
tan O —sec 6--1

11.  sin® 0 —wos® 8 =(sin 8 —cos B)(1 + sin B cos 6)
12.  sin® 0 — cos® 8 = (sin® @ — cos? B)(1 — sin’ O cos® )

6.4 Values of Trigonometric Ratios of Special Angles

Trigonometric ratios of 45° w@ @ m
m‘%ﬁ )

Consider a square ACBD@
We know that the dia gles.
So, in the Wﬁ@@w 2 1
msZA=msB=45°and mZC = 90°. 45°
Using Pythagoras theorem in A4BC, v
A=1+1
gr= c= ﬁ
: L : 45°
The trigonometric ratios are: 4 W o
sin45°= e = ¢ cosec45® = — \5
e N2 a
e c
cos45°=—=— 2 sec45° = J_
c V2 @@m
tan45° =2 =1 : cot45° = f’@ @@W@
b
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Consider an equilateral 16

Draw a pww& or BC on AD . The
point C is the midpoint of AD . So, mAC =mCD in

which m£BAC = 60°, m£ABC =30°, m<ACB = 90°.

Let mBC = x units,

Using Pythagoras theorem in the A4BC.

-

P =ty

=4 1 esiliptand) e x=J§(mR7:J§Lmits)

i S

In the triangle ABC with KAB%
SIW % cosec 30° =2

Trigonometric ratios of 30° (E radzan)

cos 30° = sec 30° =

2 : )
|
tan 30° = — : cot30° =43
NE)
Trigonometric Ratios of 60° (% radian]:

In right angled triangle ABC, with m<4 = 60°

sin 60° = % . cos 60° = O-;- @ @ W@Z@©m

: cot60°=




{( EXERCISE 64 )

I Find the value of the following trigonometric ratios without using the
calculator.

(1) - sin 30° (11) cos 30° (111) tan 60°
‘5 c@

(v) sec 60° (vi) %“m ot 60° (viil) sin 60°
® ool S e e s
2.  Evaluate:

(i) 2 sin 60° cos60° (1)  2cos % sin %
(iii) 2 sin 45° + 2cos 45° (iv)  sin 60° cos 30° + cos 60° sin 30°

(v) cos 60° cos 30° —sin 60° sin 30° (vi)  sin 60° cos 30° — cos 60° sin 30°
(vii) cos 60° cos 30° + sin 60° sin 30° (viii) tan % cot %+ 1

3. Ifsin % and cos % equal to 71.{ each, then find the value of the followings:

(1) 2sin45°-2 cos 45° (i) 3 cos 45"" + 4 sin 45°
(iii) 5 cos 45° - 3 sin 45° m

6.5 Solution of a M@@@

We know that there are angles in a triangle. Out of these six
elements, if em including at least one side, then we can find the °

T TEETee 13 s e .
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R

We are required to find b, ¢ and m/ C.
Now msLC =msB-msA !
— QN° _ 10° -

90° - 30 S E

= 60° .(l) A s B

thus c=23em .. (iii)
(1), (i1) and (iii) are the required results,
Case II: When measure of the hypotenuse and an angle are given.

2162 Solve triangle ABC, when mZA4 =60°, b=5 c¢m, g
mAB 90°
gion: We are required to find a, ¢ and m2C
mZA =60°
mZB = 90° 2

@K@

ms£C me m 4, @@W@ £
&@mﬂ@ 60° |
&, 114 _
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dista s 0
g

= a=433cm (i1)
and §=c°560°
£=l [ bh =35, cos 60° ]
- :
5
- c = -
2
= c=25cm ...(iii)

(1), (i1) and (iii) are the required results.

Case III: When measure of two sides @gﬂ@ @Om

_ Solve tri % c
e= 1 cm and
red to find b, m£A, mZC.
By Pythagoras theorem, we have =
b =c*+a° i
or B =(y+(27 ) -
or BP=1+2
or b =3
or b =+3em ()
Now smméA_— _ﬂ :?‘FW—'A=sin"J§:54.7° A c=1lcm B
e 3
= mZA =54.7°
and msLC =mLB-miA
= 90° - 54.7°
=35.3°
QO

(1), (i1) and (111) are the &at
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Case IV: When measure of one side and hypotenuse are given.

npled8: Solve tringle ABC, when a = 2em, b=2+/2 cm and méB =90°

i We are required to find m£A4, m/C and c.

. y Pythagoras theorem, we h:ge @W &
b =a*+¢? @

or -
3]
(|
Il
or ¢c=2cm (1) E
¢
Now 3 =cos mZA 4
C 1
or — =COSMLA= —
b V2
= mZLA =45° seslil)
Thus, mLC=msB—-mZ A
=90°—-45°
= 45° ...(1ii) @@@

Hence (i), (ii) and (iii) are the requlredd

cises 5 ) _
1) Find the \' d z from the following right angled tnangles.

(i ) (i1)

Jcm

o
<
__I

y
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i Find the unknown side and angles of the following.t @@m
yﬂ c

0 @A@@
“;- s
AC =wfl§cm I_
A c=4cm B
3 Each side of a square field is 60 m long. Find the lengths of the diagonals of the
field.
4, Solve the following triangles when mZ B = 90°;
(1) mzC=60° c= 3\5 cm (1) msC=45° a=8cm

(i) a=12cm,c=6cm (iv) m<zA=60°, @$m

(V) mzA=30° c=4cm | ﬁ@g@ 26 cm
W 1

5. Let Q and R b?D ' psanie : '

bank of a can placed onthe — e~ i <
t to point R. Find the wndth '

6. Calculate the length x in the
adjoining figure.

8 cm

—l ﬁﬂ

dé{@uuu D

T If the ladder is ’i’hat thc foot of the ladder is 2 m away
from the wall the ladder is 8 m, find the height of the wall.

la]
_-'. 3 r_-':.':i I] m=u R Rt = = —
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&

<

Do @Y
8.  The diagonal of a rectangular ge@g

(x + 9)m and the\ sides are (v ’?@Wﬁ\j @AG ; N
Find the value @m} B g.xq

Y

xm

9. Calculate the value of ‘x’ in each case.

D

J xXcm C
/ /
A

A iz B I-: (c@n@mC

®
6.6 The Angle m::gle of Depression

b=

12 em

The angle between %% Iine AD (eye level) and a line from the eye A4 to the
top of buiwwa ed an angle of elevation.

B Top of building
Building

Eyes level

Angle of elevation

(,4

Angle of depression

C  Foot of building

the foot of the building (C) is called th

The angle between the horizontal line AD (eye level) and 'n@m eye ‘4’ to
% 3 < \O =
0

EREEPIE The angle

m high is 60° when seen

from a point on the gro% level) Find-the distance of the point from the foot of the
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SOINGONE Tn the triange ABC, WK @@ @wi‘“@w

mBC =40 m O%@ :
Let mAB=x (the point B is the foot of the pole BC) E
! -r
In right angled triangle ABC, Able of
elevation 3
tan 607 ="BC Y. —
mAB
e
X
40
=5 X =
V3
— x=23.09m

Hence, distance of the point from the @W
EXample20: From tio e angle of depression of a building

has on the groun e% W far is 2 man on the ground from the tower, if the
height 5 30 m?

Selifion: In the triangle ABC, AB is the tower and point C is the position of man. We
have

D
+>

mAB =30 m A
m/ CAD = m/ C = 45° )

mBC = xm="?

Angle of depression

Let x be the base of right angled triangle ABC,
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{(EXERCISE6.6 )
L. The angle of elevation of the top of a ﬂag post Ergm a w@ the ground levﬁl

40 m away from the flag post is 6@\ € post.
2. An isosceles tn of 0° and a base 10 cm long. Find |
the length of i ite E@ﬁ s |
3. A high. Find the angle of elevation of its top from a point 100 m

away on the ground level.

4, A ladder makes an angle of 60° with the ground and reaches a height of 10m
along the wall. Find the length of the ladder.

5. A light house tower is 150 m high from the sea level. The angle of depression
from the top of the tower to a ship is 60°. Find the distance between the sl'up'
and the tower. :

6. Measure of an angle of elevation of the top of a poIe is 15° from a point on the
ground, in walking 100 m towards the pole the le is found to be

30°. Find the helght of the poI ﬂl
5 Find the measure %(-(& f'the Sun, if a tower 300 m high

casts a shadow 4

8. M ¢ of elevation of the top of a cliff is 25°, on walking 100 metres
towards the cliff, measure of angle of elevation of the top is 45°. Find the height
of the cliff.

9. From the top of a hill 300 m high, the measure of the angle of depression of a
point on the nearer shore of the river is 70° and measure of the angle of
depression of a point, directly across the river is 50°. Find the width of the river
How far is the river from the foot of the hill?

10. A kite has 120 m of string attached to it when at an angle of elevation of 50°.
How far is it above the hand holding it? (Assume that the string is stretched.

((mavmw 73

A \) WO T
1. Four options are giv . Encircle the correct one.
(i) The value o maﬂs is:
(.ajaw\ﬁ{k © Llix @ L1
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(i1) In a right triangle, the hypotenuse is 13 units and-one es is 0 =30°.
ﬁ%‘\ feolls

The length of the opposite side i @@
(a 6.5 UHEBW (c) 6 units (d) 5 units

(iii) W 50 m away from a building sees the top of the building
n angle of elevation of 45°. Height of the building is:

(a) 50m (b) 25m ¢ 35m (d 70m

(iv) sec’® —tan’d = .
(a) sin®@ b) 1 (c)  cos*@ (d) cot’®

(v) Ifsinf= % and 0 is an acute angle, cos® 0 =

7 24 16 4

@ 55 (b) 2 (c) == @@@ 2%

IR T

(b) 37.5° (c) 45° ) - 52.5°
(vii) 292.5° = rad. e
17n 17n
(a) “—6- (b) T (c) lén (d) 1.625
(viii) Which of the following is a valid identity?
(n _ (n
(a) cos|——6 ]=sin 0 (b) cos —-9]=c058
\ 2 \ 2
(= (n
(¢) cos|—-—0 ]= sec 0 ; (d) cos| ——6 msec ]
\ 2 {@
o

(ix) sin60°= :
0
L @@@ = A A e

121
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(x) cos? 1001:+sm L, e SR T

: seee.
2, Convert the given m%mj&wx

(a) degree answer in terms of «.
(i)  75°45 (iii)  142.5°
(b) radians to degrees giving answer in degrees and minutes,
(1) v (ii) 12 (iii) 16
3 Prove the following trigonometric identities:

Q) sin®  I+cos6
l-cos®  sin@

(ii) sin 6 (cosec O - sin 0) =

sec” 0 @@
... cosecO-sech 1-tanf O @@@wa L
(iif) cosec 0 + seg mﬁg
(ivW§§L
sin cos6

cos 6+sin 8+cos G—Sinﬁ_ 2

) cos O—sin 6 cosB+sin9_1—2sin28
Wil 0PV st ooy 0)?
l-cos 6

4. Iftan 6 = —j% then find the remaining trigonometric ratios when 9 lies in first

quadrant.
5. From a point on the ground, the angle of el e h@@m 30 m high
building is 28°, How far is the el e bulldmg”

6. A ladder leaning againsta W sz
ladder is 10 W 10w High does it reach on the wall?

B T s 0




Students’ Learning Qutcomes

At the end of the unit, the students will be ahle to:

» Derive distance formula by locating the position of two points in coordinate plane,

» Calculate the midpoint of a line segment.

» Find the gradient of a straight line when coordinates of two points are given.

» Find the equation of a straight line in the form y =mx +c.

» Find the gradient of parallel and perpendicular lines.

» Apply distance and midpoint formulas to solve real-life situations such as physical
measurements or distances between locations.

»  Apply concepts from coordinate geometry to real world problems (such as, aviation and

navigation, landscaping, map reading, longitude and latitude).

» Derive equation of a straight line in:
* slope- intercept form *  point-slope form
* two-point form * intercepts form

« symmetric form *  nomn @ {\J{%
Show that a linear equation in two tujna the and reduce the general
form of the equanon of a sn'a? @T d/forms.

INTRODUQ

Geomé{ﬁ[ﬂy\ of the most ancient branches of mathematics. The Greeks
aybtematlcally studled it about four centuries B.C. Most of the geometry taught in
schools is due to Euclid who expounded thirteen books on the subject (300 B.C.). A
French philosopher and mathematician Rene Descartes (1596-1650 A.D.)
introduced algebraic methods in geometry which gave birth to analytic geometry
(or coordinate geometry). Our aim is to present fundamentals of the subject in this
book.

"1’

y
7.1 Coordinate Plane 1
Draw in a plane two mutually perpendicular number
lines x'x and )y, one horizontal and the other
vertical. Let O be their point of intersection, called fr/ 1\ l@,}\ﬁfg >
origin and the real number 0 of beth_ mﬁ 4 >
represented by O. The two Im;s.
axes. The h{mzontal i e x-axis and
the vcrtlc ed the y-axis. v

123
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The Cartesian coordinate system or the rectangular coordinate m by French
mathematician René Descartes, when he med tod :1 %‘ﬁ g along criss-cross
beams on the ceiling while he la)r on his(bed. ] @\ inate system created a link between
algebra and geometry. (Geometric -.‘L: now be described algebraically using
the coordinates of the pﬂH‘l hat\ make'up-the shapes.
N2
The points*lying on Ox are +ve and on
Ox " are —ve. Y
A
The points lying on Oy are +ve and Oy’ Plxy)
are —ve. S

Suppose P is any point in the plane.

ot

Then P can be located by using an

o'
WU —

ordered pair of real numbers. Through P x' = > >x

draw lines parallel to the coordinates

axes meeting x-axis at R and y-axis at S.

Let the directed distance OR = x and thedire @ﬁ;@

The ordered pair (x, y,b ive mn o locate the point P. Thus,
P has coordinates (x component of the ordered pair (x, y) is called
X- coordm and the second component is called y-coordinate or ordinate

of P. The everse of this technique also provides a method for associating exactly
one point in the plane with any ordered pair (x, y) of real numbers. This method of
pairing off in a one-to-one fashion the points in a plane with ordered pairs of real
numbers is called the two dimensional rectangular (or Cartesian) coordinate system.

The coordinate axes divide the plane into four equal parts called quadrants.
They are defined as follows: y

by
Quadrant I: All points (x, y) withx >0,y >0 " ]
Quadrant II: All points (x, y) withx <0,y >0 X
Quadrant [1I: All points (x, y) withx <0,y <0 m
Quadrant I'V: All points (x, y) with x >0, @@ | ,W

The point P in the plaqg\ T\' ordcﬁjpau ' v

(x, y) is called th
m 124 EEEEGEOC a0

ek e B -



Thus, given a set of ordered pairs of real numbers, the
graph of the set is the aggregate of all pomts in_th

. i?@

Unit — 7: Coordinate Geometry

o

\ 9 o 3,7y
plane that correspondto ordered-pai ?x&\f g shasy J EEEEET S
}; };; oo™ _l.m SRESTa
The points on x-axis are & the points i s
on y-axis are of the| @ L -___Il_;___ E(3,0)
i R EX3
(i) Write down the coordinates of the points LR SIS P2 P =8
if not mentioned in the adjacent figure. HEGERIER AL RS EEE
(i) Locate (0,-1),(2,2), (-4, 7) and (-3, -3) : |

7.1.1 The Distance Formula
Let 4 (x, y,) and B (x,, y,) be two points in the plane. To find the distance

|'4—B] stands for mAB

= ‘E| we draw a horizontal line from 4 to a point C lies

directly below B, forming a right triangle ABC.

Sothat |AC|=|x,-x| and |BC|=|y,~y| ‘ @@ﬁ@ Brs 1)
By using Pythagoras Theorem, we ha@ @@
d* = AC| @@
- — )= Alx, v) it
: nfﬁ\f\lw - J > '§
or —w \f(r, %)+ (v, — L)

The distance is always taken to be non~nega1:ive. It is not a directed distance from 4 to
B.

If 4 and B lie on aline parallel to one of the coordinate axes, then by the formula(i),

the distance AB is absolute value of the directed distance 4B .

The formula (i) shows that any of the two points can be taken as first point.
_ Find the distance between the points:
(i)

A(Sl 6)& B(ss _2) (il) C(_4! “2)1 D(01 9)
ition: By the distance formula, we have

AB|=/(5-5)" + (-2~ 6)° (ii) ED=g@\BH) + O~ (-2)
daAB!- (0) +(- %\SQL cnnJ(0+4)=+(9+z)=
d=[4B \%&N\X CD|=# +11
%\W\N\ d =|CD|=V16+121 =137

125 aaTEmen .
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EXamplé®! Show that the points A(-1,2), B(7, 5) and C (2, ~6) are vertices of
a right triangle.

Solifion: Let o, b and ¢ denote the lengths o ngo@@ﬁ\@*

sides BC, CA and 4B respecn j)g\ ﬂ\\\h L B(1,5)
By using the dJ we have ” AL 2) 4 .
c=m“\§‘f (—1)) +(5-2) =473 i v i
a=|BC|=\(2-7) +(-6-5)* =+[146 | AR

b=|CA| =(2-(-1))’ +(~6-2)* =73
Clearly: a* = b* + &2
Therefore, ABC is a right triangle with right angle at A4.

Example 3! The point C (-5, 3) is the centre of a circle and P (7, —2) lies on the circle.
What is the radius of the circle? &

§00: The radius of the circle is the dlstance fro

pomts C to P. By the using dlstance
. r‘jﬂf ;’\

(e

Radius = ‘CP‘ 2%

W= 13 units
7.1.2 Mid Point Formula GEEEREER AR
The midpoint formula is used in geometry to find

centeral point between two given points in a
coordinate plane. This formula is particularly useful = ___—="

when you need to divide a line segment into two "%V | ¥
equal halves or parts. ! 0 X
Derivation of the Midpoint Formula

Consider two points 4(x,, y,) and B(x,, y,) on a two- C’\ @\_)Y‘g\

X L

%*and)y are the coordinates of the midpoint.

dimensional plane. The line se
two points has a mldpm g‘i\

To derive the fi ; v) we need to find the average of the x-coordinates and
y-coordmat§ &‘ points 4 and B separately.
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1. x-Coordinate of the Midpoint /\S\H
The x-coordinate of the mj @%& e x-coordinates of points
A and B. O

8

WX |
oordinate of the Midpoint

Similarly, the y-coordinate of the midpoint is the average of the y-coordinates
of points 4 and B.
Nty
2
Thus, the coordinates of the midpoint M(x, y) are:

X +Xx »+y
M X, = 1 2_’ 1 2
(x, ») [ 5 5 J
EERIEE Find the midpoint of the line segment joining the points 4 (2,3) and B(8,7).
SRS Using the midpoint formula:

M(xi y)= Ao . d W@C}©®@jﬁ
Substitute x, = fg = %ﬁ Qgt}t the midpoint formula
M(x, >

M, y)=[‘—;~, ?}(s, 5)

2.

Le, ¥=

{(EXERCISE 7.1 ))

1. Describe the location in the plane of the point P(x, y), for which

i x>0 (i) x> 0andy>0 (i) x=0 (iv) y=0

(v) x>0andy<0 (vi) y=0,x=0 (vii) x=y

(viii)) x> 3 (ix) y>0 (x) xand y have opposite signs.
2 Find the distance between the points:

(1) A(6, 7), B(0, -2) (i) C(-5,-2),D(3,2)

(i) L(0,3), M(-2,—4) (iv) P(-8,-7), (0 a ©@m
3.  Find in each of the following: O%ﬁ \& EWWD

nts
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Case (i). When 0 <a < "—"

; 21000
In the right triangle P RQ i havew W

= tana =
Case (ii). \WJ&L -~ <{:<n
In the right tnanglc PRQ,
tan (?T“{I)=—y2 !
X, — X,
or ~tang = 2221
X, — X,
o tana:)“’z".l’l o m=)’z_y|

Xy — X X, — X

Thus if P ( x, ,yl)andQ(xz,yz)aretwopomtscnal w (_Q’lsgwenby:

- \ai';im—
Note: JF8 Yy =Yz . =0 i
(I)M m# e (i) /ishorizontal iff m=0 (ra=0°)

(iii) 7 is vertical iff m is not defined (. a=90°)

(iv) If slope of 4B = slope of BC, then the points 4, B and C are collinear.
Theorem 2: The two lines ¢, and £, with slopes m, and m, respectively are:

(1) parallel iff m, = m,
-1 The symbol:
(11) perpendicular iff m, = = (i) || stands for “parallel”.
2 (ii)  J stands for “not parallel”.
or m, m, = =] (iii) L stands for “perpendicular”

je’5: Show that the points A(-3, 6), B(3 2) and C(6 0) ar

Soliition: We know that the pomts A, B )fo@ B and BC have
the same slopes.

20 0—
Here Slﬂpe of AB= — = — and si{)pe of BC = _g ..3_2

ope of AB = Slope of BC
Thus A, B and C are collinear.
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ML
ESSmpIes: Show that the triangle wuh vert \5!@1&} }JIZ,-I) is a
right triangle. \ 7l u&\\
Q

BOIGRE Slope of AT{T@ EL slope of BC= mz*:!"_s___ﬁzﬁ
.

: i 2-4 8 4
Since m, - m, %f—% ]= ~1,therefore, AB L BC

So A4BC is a right triangle.

7.2.2 Equation of a Straight Line Parallel to the x-axis (or
perpendicular to the y-axis)

AV Ay
4
€ : > Ay
a >
e ¢ | a=0 X
0 f || x-axis % u a<0 : O || x-axis
or /¢ 1L y-axis € : > or (18

¢ || x-axis
{Jrof Az @
t

All the points on the line / ant distance (say a) from

x-axis. Therefore, each %
is its y-coardWﬁt& :

If @ > 0. then the line ¢ is above the x-axis.
If @ < 0, then the line ¢ is below the x-axis.

as its dlstance from x-axis equal to a, which
o, all the points on this line satisfy the equation: | y=a

If @ = 0, then the line ¢ becomes the x-axis.
Thus the equation of x-axis is y=0

7.2.3 Equation of a straight Line Parallel to the jy-axis (or
perpendicular to the x-axis)

T £ 2 x
L b b
b=>0 =aE h<0 .
0 ¢ || y-axis O \E\\N\ £ y-axis
(l) vor r_Lx-axls (11) V @)\ or 1 y-axis

All the points on the line f%}? [ig\-\\\grumm at a constant dl‘uhlm,L (sav h) from
1

-axis. Each_ e has its distance from y-axis equal to b, which 15 its
1

x-coordinate bscmsa) So, all the powts on this line satisfy the equation: [x=h

., 131 ™ ]
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4. Two-point Form of Equation of a Straight Line
Theorem.5: Equation of a non-vertical straight = éﬁi\jﬁ@ ¢

i

line passing through two points Q(xL : x ”\f f{a VoS P(x, y)

\ Illl I?F.:‘-\Z} AR : -;
— ' J.llr Q \'l\‘:-'j 1‘..--— - $'\_’ = Q( I yl)

OF _ &
QN 2
g ﬁ:\\l];“ y'(x—xl)
X,

=
=

Proof: Let P (x, y) be an arbitrary point of the line passing
through Q (x, , »,) and R (x, , y,).
So J', v] y yz

; Y2~ )i (P, O and R are collinear points)
X=X X=X X=X

We take

¥oh _ =¥

X=X X-X
or y=»= Lo b i (x x,) , the required equation of the 1 e P VNEL
or (6 )x (-tz X))y +(x,y, \\_,l Y}
We may write this equau Mm formas: |x, y, 1=

X, y; 1

VY= xz) can be derived similarly.

—_—

_ Find an equation of line through the points (-2,1) and (6,~4).
- Using two-points form of the equation of straight line, the required
equation is:

A

T 6- (-2)
5. Intercept Form of Equation of a Straight Line
Theorem 6: Equation of a line whose non-zero x and y
y-intercepts are g and b respectively is: \rﬂ:

[ —(—2)] or y~1=%5(x+ 2) or 5x+8y+2=0

- i
L,l_l e /é\ B(é.b)
a
r\f‘ ‘5’\5 0 P(x, y)
Proof: Let P(x, y) be an @ ine whose b i
non-zero x and y-ints and b respectively. @ 90)

_bx
Obviously, tﬂm}i@ (a 0) and B(0, b) lie on the Ol a \

R AR 134
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required line. So, by the two- point form of the equation of line, we have
b-0

-0=——-/(x- P, A and B are collinear
y O_a(x a) ( = |i ﬂ\.‘ [Fi%ix Ill\\
or —ay=b(x—a) 01; rﬂ B
Uli '\ L
or Z4Z=g u‘pﬂ = 4\“ ‘{8\4 g by ab)
a \H\\I".\\\“-'b
Hence the result. N N

AN

— \ﬂown an equation of the line which cuts the x-axis at (2, 0) and
y-axis at (0,—4).
B A 2 and—4 are respectively x and y-intercepts of the required line, so by
two-intercepts form of equation of a straight line, we have
% + % = or 2x-y-4=0
Which is the required equation.
EXSMBIEEE rind an equation of the line through the 4
point P(2, 3) which forms an isosceles triangle with

the coordinate axes in the first quadrant.

SOlIGoNE Lct OAB bean:soscelgs_\g G g\t\‘t\jﬁ;ﬂ\7 ey

line AB passes through 4(a, §) and\B( ﬁﬁwh‘ére ais o

some positive reWﬁpﬂ o\ U !

Slope of AB= =~1, But AB passes through P (2, 3).

Equation of thc lme through P(2, 3) with slope -1 is
y—-3=-1(x-2) or x+y-5=0
6. Normal Form of Equation of a Straight Line
Theorem 7: An equation of a non-vertical straight-line ¢, such that length of the

> X

perpendicular from the origin to £ is p and a is the

inclination of this perpendicular, is

xcosa + ysin@ =p

Proof: Let the line / meet the x-axis gﬁ‘ ( \\

the points A and B respectij \ },etfP

arbitrary point of lll;l.i.'] [\Iﬂﬁ u MJ lét OR be
perpendicular to“thé\‘iﬁ’fé\f Then |OR | = <

>X
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fli. = Symmetric Form

[» a
m=tana =—, smar--—,cosa

T O

tya +b \ \i; (,,ﬂib?(_
f?*“ ( “s\\ i\

S \ - \,

\\ \
Equation of the ling k&l&»f bccomes

’\f Jﬂ\F
“) ___y-0

2 ()
bltJa* +b® al+a’ + b

is the required transformed equation. Sign of the radical to be chosen properly.

Apomtonm+by+c=01g[—c
a

iv. Two -Point Form
We choose two arbitrary points on ax + by + ¢ = 0. Two such points are

(i,ﬁ]and[o,%:} . Equation of the line through these points is:

a
c
y—O x+— C"O\“ﬁ:@
c ,y B ’-”ﬂ%‘r E
0+— —-——0 ARAALS
o
V. Intercept Form \\ B\
W\Lwhjﬁb—y— £. 2t o
-c =C A8 —c/a -c/b

which is an equation in two intercepts form.
vi. Normal Form

The equation: ax +by+c=0 ...(1)

can be written in the normal form as:

o A L i)
tJa* +b  ta’ + b

The sign of the radical to be such that the right hand side of (ii) is positive.
Proof. We know that an equation of a line in normal form is

xcosatysina=p S ) . g\
Comy ) r"r I‘J \lll‘\\"
If (i) and (iii) are identical, we must have \ \.ﬂ\g—f’ \“ 7 AL
a__ b =G _ . \f; f}\}t\_ \B B
cosa sin@ p v \HU’\SN JLIN

W
P _cos ag@lsiﬂ&g cos’a +sin’ o 1
"o b +a® +b* :I:-Jaz + b

I SRR, 138 R T
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0%\%

Hence, cosa = : .'
a’ ¥ b" YT& Lf T ta+ b’
Substituting for cosa \ we ave

igaﬁb% +ya +b2

Thus (i) can be reduced to the form (ii) by dividing it by +va* +b*. The sign of the
radical to be chosen so that the right hand side of (ii) is positive.
EEREPIE Transform the equation 5x - 12y + 39 =0 into

(1) Slope intercept form (i)  Two-intercept form

(iii) Normal form (iv)  Point-slope form

(v)  Two-point form (vi) Symmetric form
Solution:
(1) We have 12y =5x+39 or 1 Wm&ﬂg

O
ii Sx-12y=- =11 1 ion.

(i) x-12y= oﬂ&%@i _39! : 39} o Lis the required equation

(i) Sx —12y = —39. Divide both sides by +v/5*+12* =413, Since R.H.S is to be
positive, we have to take negative sign.

oX
Hence b % = 3 is the normal form of the equation.

(iv) A point on the line is [%,DJ and its slope 15%

Equation of the line can be written as: y—-0= —:5-[: - 22]

(v) Another point on the line 13(0 — |. Line throu%jg a@{&\@]

e (\( @E&
. \m\r@ St

NININEE o
YW T8 s
I 55575 S A, 139




EEREEE An Engineer is building a bridge between two pomts on a riverbank.
Suppose the coordinates of the two points wherc the brid wﬂ{ S are (2, 5) and
(8, 9). Find the coordinates of the mldpgmt,x @ " k'Ptl‘ft: centre of the bridge.

We appl ;-r ifa
Solution: ppyth:\\x mﬂﬁk
W ¥ 2 ; 2
10 14
7o [peing SRR,
(2 2] 57

Thus, the centre of the bridge is at the point (5, 7)

EERBBEEEE A landscaper is designing a triangular garden with corners at points
A(2, 3), B(5, 7), and C(6, 2). Calculate the lengths of the sides of the triangular gardern.

- Use the distance formula to find the length of each side:
d=y(x,=x) +(, -y

o = ﬂﬂ\j
AB|=[(5-2)* +(7-3} : \3@@’ 5
LB:- %@W@\@\@\S R
|f<i£ T#&W]— units

ch_J(s 5) +(2-7)

|BC = J(1)? + (-5F
[BC|=Vi+25 = /26 = 5.10units
|4C|=J(6-2) +(2-3F

|[AC|= 4y + -1y
[4C|=16+1= V17 = 4.12units

Thus, the lengths of the sides of the triangular garden arc T K_ﬂj‘u
\ @®)
mAB=5 units, mBC = 5.10 units , mAC = 498 ’3 e

\
EREDIE A pilot nee K\Iﬂ&ﬁ&w\\ }3 60) t'o city B(120, 150). Determine

the heading angle thj\da é\\s aﬁé relative to the east direction.

%142—
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SOIISNE The heading angle can be calculated using the slope:

/ ﬁ? 1 g@@g\

_150-60 _ 90 9
T 120-50 700 7 \ W
“\ | “Aviation is the operation and flight of
Let 6 be the required an 'i\ K \ aircraft, including airplanes, helicopters and
: -j \W = drones. .
tan m Navigation is the process of determining and
controlling the route of a vehicle, such as an
—1 (9 ) aircraft, from one place to another.
f=tan"" | =
7|
@ =tan™ (1 .2857)
6 ~52.1%

Thus, the plane should take a heading angle of 52.13" north of east.

Latitude measurcs how far a location is from the L
equator. It ranges from 0° at the equator to 90° north (at  rim mess
the North Pole) or 90° south (at the South Pole). (] 22

Longitude measures how far a location \ 2y

Prime Meridian (w % ch, "
London). It ranges % me Meridian t0 iaagmie

180° east Mﬁﬂ ot ol
ESEMpIeS Abdul Hadi is traveling from point 4 (Latitude 10° N, Longitude 50° E)
to point B (Latitude 20° N, Longitude 60° E). Find the midpoint of his journey in terms
of latitude and longitude.

Given that
Point A (Latitude 10° N, Longitude 50° E)
Point B (Latitude 20° N, Longitude 60° E)

10° + 20°

=15°N

Midpoint longitude = 2 \\éﬁ m@ f\j& R

Thus, the midpoint op ey would be at Latitude 15° N

Longitude 55° \N?\ _] k\
% 143 “agmwEEey .

Midpoint latitude =

\ ((:q@ A\
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Exanmiple 20; A landscaper is designing a straight pathway from P(2, 3) to Q(8, 9).
What is the length of the pathway?

The length of the straight pathway can be foun afice fotmula:

Distance = ‘j(xz -X "+ X{\— % (j \ﬂ\ﬁ EJ L

So, the length of the pathway is approximately 6+/2 units.

{( Exercise 7.3 »

If the houses of two friends are represented by coordinates (2, 6) and (9, 12) on
a grid. Find the straight line distance between their houses if the grid units

represent kilometres?
Consider a straight trail (represented by c Mm at point

tes of the midpoint?

mldmge located at (10, 8) and (4, 3)

id. E}z ght-line distance between the buildings. Assume

€ in metres.

A delivery driver needs to calculate the distance between two delivery
locations. One location is at (7, 2) and the other is at (12, 10) on the city grid
map, where each unit represents kilometres. What is the distance between the
two locations?
The start and end points of a race track are given by coordinates (3, 9) and
(9, 13). What is the midpoint of the track?
The coordinates of two points on a road are A(3, 4) and B(7, 10). Find the
midpoint of the road.

A ship is navigating from port 4 located at (12° N, 65° W) to port B at
(20°N, 45° W). If the ship travels along the shortest path on the surface of the

Earth, calculate the straight line distance betwee }\j\
Farah is fencing around a rectaggulé‘{@ﬂ\;% S at (0 0), (0,5), (8, 5)

and (8, 0). How @% é@@ e need to cover the entire

perimeter of the

“1‘“—




[ Mathematics -9l Unit— 7: Coordinate Geometry

9. An airplane is flying from city X at (40° N, 100 °© W) to city Y at
(50 ° N, 80° W). Use coordinate geometry, calc:ulatc the:j ; distance
“between these two cities. r’ 4\ \\ r’ c:j ("‘ =

10. A land surveyor 13(;;13; r\r&‘ and with corners at (3, 1),
e penmetcr

6) (8, 6) an _
1K s to mstall a fence around a rectangular garden. The garden

has 1ts comers at the coordinates: 4(0, 0), B(5, 0), C(5, 3), and D(0, 3). How
much fencing is required?

@(REVIEW EXERCISE )P

I Four options are given against each statement. Encircle the correct option.
(i)  The equation of a straight line in the slope-intercept form is written as:
@ y=mx+c) (b) y-yn=mx-x)
() y=ctm (d axtby+c=0
(ii)  The gradients of two parallel lines are:

(a) equal @
(c) negative reciprocals of ca& %ﬁx@t@ ed
(iii) If the product uf gradaﬁgﬁ en the lines are:
(a) Parallel K perpendicular
(d) coincident

()
(iv) DWM two points P(1, 2) and O(4, 6) is:

(@ 5 () 6 (c) Vi3 d 4
(v) The midpoint of a line segment with endpoints (-2, 4) and (6, -2) is:

(@ 42) ® @D (© (1, 1) (d (0,0)
(vi) A line passing through points (1, 2) and (4, 5) is:

(8 y=x+1 b) y=2x+3
() y=3x-2 d y=x+2
(vii) The equation of a line in point-slope form is:
(@ y=mx+c) b)) y-n=mx-xi)
() y=ctmx (d atbytec=0

(viii) 2x + 3y — 6 = 0 in the slope-intercept form is:

(a) y=I§2-x+2 & j\ \}\\ “\}%ﬁ
2

(c) y=_x_|gi'\\g\’\'\\ “ y—:-x 2

& :
145 —
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(ix) The equatien of a line in symmetric form is:

a

_1
L':

(@ —=2Zh-, dﬂ,@)\“ J S

COosS¢cx S1
(x) The equatmn of §‘ Wg\}pﬁ& form is:
(@) ()i X Yy
\{J\ , a i b
(c) el T £ (d) xcose + ysina =p
cosa sina

2. Find the distance between two points A(2, 3) and B(7, 8) on a coordinate plane.

Find the midpoint of the line segment joining the points (4, —2) and (-6, 3).

4. Calculate the gradient (slope) of the line passing through the points (1, 2) and
(4, 6).

3. Find the equation of the line in the form Y = mx + c that passes through the
points (3, 7) and (5, 11).

6. If two lines are parallel and one lm (5 %@v@ 15 the gradient

(9%

of the other line?

s An airplane nee V@ c:ty A to coordinates (12, 5) to city B at
CODl'dl alculate the straight-line distance between these two
cmes

8. Ina landscapmg project, the path starts at (2, 3) and ends at (10, 7). Find the
midpoint,

9. A drone is flying from point (2, 3) to point (10, 15) on the grid. Calculate the
gradient of the line along which the drone is flying and the total distance

travelled.
10.  For a line with a gradient of -3 and a y-intercept of 2, write the equation of the
line in:
(a) Slope-intercept form —

(b)  Point-slope form using the point (1, 2 «:f; \ ’f@‘xmh

(¢)  Two-point form usj g the (ﬁ)\@\ | 2) ﬁqﬂ@f :f))
(d Intercep 3 ?&u
©) Swnmgﬁr'%%kﬁﬂ :

rm

(f) v\j’\]

_m‘—




» Understand a mathematical statement and its proof
» Differentiate between an axiom, conjecture and theorem.

» Formulate simple deductive proofs [algebraic proofs that require showing the
LHS to be equal to the RHS. e.g., showing (x — 3)* + 5 =x"— 6x + 14]

INTRODUCTION

Logic is a systematic method of reasoning
that enables one to interpret the meanings of
statements, examine their truth, and deduce
new information from existing facts. Logic

plays a key role in pmblem-solvmg)and\ _

decision-making.

s

We generally use 19 ¢
theniatics.

while W

example, often draw  general
conclusions from a limited number of
observations or experiences. A person gets
a penicillin injection once or twice and
experiences a reaction soon afterward. He
generalises that he is allergic to penicillin.
This way of drawing conclusions is called
induction. Inductive reasoning is helpful in
natural sciences, where we must depend
upon repeated experiments or observations.
In fact greater part of our knowledge is

based on induction. On many occaempj

to conclude from acc

have to adopt the opposﬁg;o @{Vj\

facts. We ers or doctors

Uh-
147

¥/ of logicbgan with Aristotle,

“who is cunsndered the father of formal logic.

He developed a system of deductive
reasoning known as syllogistic logic, which
became the foundation of logical thought.
The Stoies followed, contributing to
propositional logic and exploring paradoxes
such as the Liar Paradox. During the
medieval period, scholars like Peter
Abelard and William of Ockham expanded
Aristotle's work, introducing theories of
semantics and consequences. In the 19"
century, logic advanced through the works
of George Boole, who developed Boolean
algebra, and Gottlob Frege, who formalized
modern predicate logic. Bertrand Russell
and Alfred North Whitehead attempted to
reduce mathematics to logic in their seminal
work, Principia Mathematica. The 20®
century saw s ,gmi'lcan with Kurt

completeness

] i
gg nﬁ % our understanding of
\?; 1 logic(history-of-logic:

ttp://individual utoronto.ca/pking/miscellan
eous/history-of-logic.pdf).
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based on their good reputation. This way of reasoning i.e. nclusions from
premises believed to be true, is called dedl,u:tlon \h,é‘uél\eym@p e of deduction is:
All men are mortal. We are men. Th”e\rpf%rf &*(:\are élsb fd]ortal To study logic, we start
with a statement. o) \\ \f i I \\ U

8.1 Statement!'
A sentence or mathematical expression which may be true or false but not both is called
a statement. This is correct so far as mathematics and other sciences are concerned. For
instance, the statement a = b can be either true or false. Similarly, any physical or
chemical theory can be either true or false. However, in statistical or social sciences, it
is sometimes impossible to divide all statements into two mutually exclusive classes.
Some statements may be, for instance, undecided.

We can think of a mathematical statement as a unit of information that is either accurate
or inaccurate,

= (:705 O
Here, we discuss some examples of mathe }ha are all true.

(i) For a non-zero rea{; gampg;*\b@{ \jaﬁd n, we have: x". x" = x™

(i)  The sum of th c interior angles of a triangle is 180°
J'\
(iii) The c1 s ﬂcc of a circle with radius r is 27r

(iv) Q< R(The set of rational numbers is a subset of the set of real numbers)
22
(v) Elia o

(vi)  The sum of two odd integers is an even integer

(vi) x*-5x+6=0,forx=2orx=3

Further, we discuss some examples of mathematical statements that are all false.
(i) 3+4=38

G zew oy e
(i)  All isosceles triangle are equllatcpa,l tﬁ;hpgt x} \ 7 (8o~
(iv)  Between any two re \fth;i&: &\30’ teal number

® 2300 ?ﬁfﬁj\ ¥=11,2,3,4)
(vi) Ifa andiﬁpé}c ength and width of a rectangle, then the area of a rectangle is

E(HXEJ).

_148—_
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(vii) The sum of interior angle of an n- side ‘J@} @@\S@u
(viii) The sum of the mmmi@ teral is always180'.

(ix)  The set T{TW?{F

The followin ctmn will discuss various standard methods for combining statements
to create new statements.
8.1.1 Logical Operators

The letters p, g etc., will use to donate the statements. A brief list of the symbols which
will be used is given below:

Not p,

~ Not ~ :
5 P negation of p

=7

A | And - P04 ﬂﬁ\”g@w}
v AR o

A;\ SU\'W If p then g,
% 1'5"' p=—*q ik
N p implies g
Is equivalent to, p if and only if g,
= : : P4 ; .
| if and only 1f p is equivalent to ¢

8.1.2 Explanation of the Use of the Symbols
Table 1

1. Negation
If p is any statement, its negation is denoted by ~P. read ‘not p’. It !
Tk

follows from this definition that if p is true, ~p is false, and if p is
false, ~p is true. The possible truth values of p and ~p are given in FIT
table: 1, which is called a truth table, where the true value is denoted r\
by T and the false value is denoted by F. fon
C‘\J ”\ @ON

2. Conjunction OK\' : QS (Y\@.\ \

The conjunctmn f (% and g is symbolically written as p A g (p and g).
A con;@ﬁMﬂemd to be true only if both statements arc true. So, the truth
table of p A g is given in Table: 2.

T et ~wme e T T
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BRSSPI Whether the following statements are true or false,
(1) Lahore is the capital of the Punjab and Quetta is the capital of Balochistan.

(i) 4<5A8<10 () 2+2=3A6+6=10
Clearly conjunctions (i) and (i1) are true whereas (iii) is false.

= A
3.  Disjunction (\[7@ L.,@@Dméablne 3

The disjunction of p and g is symb E(IE% i pvg
(p or g). The &SJMCM@ to be true when

at least one of 18 true. It is false when both of
them ar € truth table p v gis given in Table: 3.

EREBIE 10 is 2 positive integer or 0 is a rational number.
Find truth value of this disjunction.

Solution: Since both statements are true, the disjunction is true,

EREBIES Triangle can have two right angles or Lahore is the capital of Sindh. Find
the truth value of this disjunction.

BN Both statements are false, the disjunction is false.
4. Implication or conditional Table 4

A compound statement of the form if p then g (p — g) also
written as p implies ¢ is called a conditional or an 0
. A @\J e T
implication. p is called the antecedent or @Jl](g_ =\
is called the consequent or the coﬁlgﬁg WU ) T £ F
g . 0 =
" .EJ

0 e R I
el L N e B
= 5 -

¥

L ¢ antecedent F T

se. In all other cases
conditional to be true. So, the truth table of F F ¥ i
p—qis g%@féﬂ in Table: 4.
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If person A4 lives in Lak

If the antecedent is false) ig.,- T@‘B :
Pakistan. We have no r {%o& e does not live in Pakistan.

We ¢ %ay that the conditional is false. So we must regard it as true.
Similarly,“when both the antecedent and consequent of the conditional under
consideration are false, then is no justification for quarrelling with the statement.

S. Biconditional p < ¢ Table 5

The statement p — g A ¢ — p is
shortly written as p «» g and is
T T T

called the biconditional or x ¥
equivalence: It is read p iff ¢ T F F T
(iff stands for “if and only if”) F T T F F
We draw up its truth table. o
From the Table 5 it appears that ﬂ C’\N?ﬂ @@m T

p <> qis true only when both S \g)‘é,hﬁg,é or both statements p and ¢
are false.

W ted with a given conditional.

Let p and the statements and p — g be a given conditional, then
(1) g — p is called the converse of p — g;
(i)  ~ p—> ~gqis called the inverse of p — g;

(ili) ~g — ~ pis called the contrapositive of p — ¢.
The truth values of these new conditionals are given below in Table 6.

Table 6
Bl sPwulg P4 gq—=>p |~p—o~q| ~9>~Pp
ot Tl pair T T oo b
2 T 2112 A
I PR Y L S T
F|F| T T 1 jg‘\j\i\»mu T T T
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From the table 6, it appears that )
\g\fu

(i) Any conditional and its conn-apm?tp jﬁ@gn@ refore, any theorem

may be proved b provm \lts
( 11) The converse apﬁﬂ \’@ \a&%ﬁuwalent to each other.

any universal set, the empty set ¢ is a subset of any set 4.
et U be the universal set. Consider the conditional:
VxeU,xep >xe 4 ekl
The antecedent of this conditional is false because no xe U, is a member of ¢ .
Hence, the conditional is true,

_ Construct the truth table of [(p = ¢) A pland [(p = ¢) A pl—> ¢

The desired truth Table 7 is given below:
Table 7 o

A\
T aaf VB
VAR T

F F T F

T
i
T

8.1.3 Mathematical Proof

Suppose Fayyaz is a student in Grade 9. One day, he arrived home late due to heavy
traffic in a city. His father, however, suspected that Fayyaz had not gone to school and
instead spent the day elsewhere. To address his concerns, his father asked, “Tell me the
truth, did you go to school today? Fayyaz responded, saying, “Yes, I did.” Still
doubtful, his father asked, “What proof do you have that you attended school? To
satisfy his father's concern, Fayaz says that my classmate Ahmad vg to school with
me and could confirm with him. But his f; ther“ﬁv’a&@ ‘pgt‘ by his words.
Now, how will he prove his fath school or not? To prove his
father's claim, Fayyaz m\fﬂt some evidence, like his attendance for that
day, which Was{??ﬂ@ honl attendance register, or CCTV footage from the
school to Wémat he was indeed present that day.

15 TR
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Consider another situation, you have b(mght a mobll anty of about
one year. After using the moblle @m%’le phone breaks down,

1ce prov;der The customer support

so you take it to th

representative %ﬁ ﬁ(}(
aini\{hE W

To cl arranty on the mobile phone, you must present the warranty card as

of if you want to claim your mobile phone's warranty.

documented proof to the customer service representative. Generally, we have to prove
and disprove many claims and statements in our daily routine. In mathematics, proofs
provides the evidence that a statement is correct, demonstrating a logical sequence of
steps that lead to the final conclusion.

_ Prove the following mathematical statements.
(a)  Ifxisan odd integer, then x* is also an odd integer

(b)  The sum of two odd numbers is an even number

O@me can express x

(a)  Letx be an odd integer. Then by ﬁniti
If x is odd, then x can be expressed

X —2k+i§@
Now =42 +4k+ 1 in the form: x=2k+1 for some

-2(2k2+2k)+1 ke Z
=2m+ 1, wherem=2k* +2keZ
Thus, x2=2m+] forsomeme Z

Therefore, x*is an odd integer, by definition of an odd integer.

(b)  Let x and y be odd integers. Then by
definition of an odd integer, we can | If x is an even integer, then x can

express x and y as: be expressed in the form:

x=2k+1and y=2n+ 1 for some kand ne Z. | x=2k for some ke Z
Thus, x+y =@k+1)+Q@2n+1) @Q\
=2k+2n+1+ ii\ Vﬂ?ﬂ%l
_2(@:&Wg\& tn+l=meZ
I

So, W e me Z.
Therefore, x + y is an even integer, by definition of an even integer.
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—Proveﬁﬁm@\;&@ dB(AuB) AnNnB.

- Let xe
Au 3) A set B is a subset of a set 4 if

every element of set B is also an
element of a set 4.

= x¢& Aand x¢ B
= x€ A and xe B’

Mathematically, we write it as:
= xe ANnB

BcAif VxeB =>xe 4

But xe (4 uB)’ is an arbitrary element

Therefore, (AUB) c A N B’ oo ()
Now, suppose that ye 4' N B’

= ye A and ye B'

= yg& Aand yg B

o
= yg(4UB) g @XZ@©
\3 i Al

uations (i) and (ii) we conclude that
(4 uB) = A N B', hence proved.
8.1.4 Theorem, Conjecture and Axiom

...(ii)

In previous sections, we have explored mathematical statements and their
corresponding proofs. We will now move on to a more advanced concept known as
theorems. A theorem is a mathematical statement that has been proved true based on
previously known facts. For example, the following statements are theorem:

(i) Theorem: The sum of the interior angles of a quadrilateral is 360 degrees.
(i) The Fundamental Theorem of Arithmetic: Every mte%rmthan 1 can
0

be uniquely expressed as a product of p i rder of the
factors. rﬁ Sl ;

(iii) Fermat's L @ threc positive integers a, b, ¢, which
satisfy th % =c",wherene Nand n>2
o
—M— »




One of the famous theorems was pameda @@n@%@'@e‘ﬁch mathematician
Pierre Fermat. Let's exami S for specific values of » and see
how they apply. For ’%%‘ _} ent simplifies to &° + b° = ¢? which does have
soluﬁow -known Pythagorean theorem. For instance, 3°+ 4%= 52 holds
true be + 16 =25.

Now, let's examine the statement for n = 3. The statement becomes @’ + b3‘= .

After centuries of searching, no such integer solution has been found, and Wiles' proof
confirmed that no such numbers exist. For example, 3*+ 4> # 5° because 91 # 125.

Fermat claimed he could prove this theorem but noted that the margin of his book was
too small for such a meaningful explanation. Despite his assertion, many
mathematicians found it challenging to prove the theorem for centuries. The theorem
remained unproven for over 350 years and became one of the most famous problems
in mathematics. In 1993, Andrew Wiles from Princeton University announced a proof
after working on it for over seven years, spanning hundreds of pages. This illustrates

that some factual statements are not immediately evident, @@
Conjecture: A conjecture is a mathengati t Sthicsis that is believed
to be true based on o ' eerr proved. In mathematics,

conjectures often serv ;and if a conjecture is proven to be true, it
y, if evidence is found that disproves it, thc conjecture

becomes a 3
is sho Ise. Here, is another well-known statement that has gained enough

recognition to be named. First proposed in the 18™ century by the German
mathematician Christian Goldbach, it is known as the Goldbach Conjecture. The
Goldbach Conjecture states that:

Statement: Every even integer greater than 2 is a sum of two prime numbers.

We must agree that the conjecture is either true or false. It appears to be true based on
empirical evidence, as many even numbers greater than 2 can indeed be written as the
sum of two prime numbers: for example, 4=2+2,6=3+3, 12=15 + 7, among others.
However, this does not preclude the possibility that some large even number may
exist that cannot be expressed as the sum of two primes. The conjecture would be
proven false if such a number is found. Despite extensive efforts since Goldbach first

posed the problem over 260 years ago, no proof has been fi @ﬁn’hcﬂlm
the conjecture is true or false. Neve@e@ i id mathematical

statement, as it must beO % 0
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In mathematics, we frequently encounter mtuatmns m fs%rmr to determine

the truth of a given statement w1th9utf e will study the same

statement, which i IS Eﬁ\ sﬁf\)\@\

An axiom 15 a ma ment that we believe to be true without any evidence
or requm@ In other words, these statements are basic facts that form the
starting point for furthcr ideas and are based on everyday experiences. Moreover, there
i1s no evidence contradicting these statements. For example, the following are the
statements of axioms.

Axiom: Through a given point, infinitely many lines can pass.

Euclid Axioms: A straight line can be drawn between any two points.

Peano Axioms: Every natural number has a successor, which is also a natural number.
Axiom of Extensionality: Two sets are equal if they have the same elements.

Axiom of Power Set: Any set has a set of all its subsets.
Considering the above example, we wil

=0
statements. For example, our m

m ed to prove these
' ﬁmtely many lines can pass
through a point, so the%

Axioms ar erred to as postulates. Both Axioms and Postulates describe
statemen L are accepted as true without requiring proof. However, postulates are

associated explicitly with geometry, while axioms can pertain to broader mathematical
contexts,

Next, we are going to prove the statement of a theorem.

EXamples! rove that : - i’;- = adb;bc where g, b, ¢ and d are non-zero real numbers.

_ LHS=2 poal, 1+5x I (= Multiplicative identity)
b d. b d

x[dx ] J-i» cx(bx IJ (  Multiplicative inverse)
s —_— — — ica mv )
) a (" 1| O

:gxg+ X@M@F q\gg;ﬁj% ==

heTE | X

o=
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b
= i‘{ + = (+ Commutative law of multiplication ab = ba)
bd bd
1
a5 Q+bcx31§ ( m‘lﬁ )
b A= ol
5\ (©ONS

~(ad +b0) " w@«@w@
acf+ @il\ \Q\S\
Wk

= LHS=RHS

a.c _ad+bc

b d  bd

Hence proved.

8.1.5 Deductive Proof

As discussed earlier, deductive reasoning is a way of drawing conclusions from
premises believed to be true. If the premises are true, then the conclusion must also be
true. For example: All human beings need to breathe to live. ﬁa& is a human.
Therefore, Ahmad is also breathing to live \ (J‘\ @@f

Similarly, in mathematics, eductive @%\S}l raic expression is a technique
to show the validity of statement through logical reasoning based on

known rules, thel Na%ioms, or previously proven statements. Deductive reasoning
is broadly used in algebra to validate identities and solve equations.

—Provethat (x + 1)* + 7= x*+2x+8
fion: Proof: LHS =(x+ 1)y +7

Thus, —

=x+DE+1)+7 (¥, x"= ")
=x.x+ 1)+l (x+1)+7 (= Right distributive law)
=x-x+x-1+1-x+1-1+7 (+ Rightdistributive law)
=x2+1:x+1 -x+1+7 (+ Commutative law & x"x"=x""")
=x>+(1+1)x+8 (v Leftdistributive law)
K\ (-’l/fﬁj, \

—~xz+2x+8 —RW:‘{\\/(LJU
= LHS= R_ S g \(G
Thus, (x + 1)" m ence proved
w th x+ 15 = 3x + 1 by justifying each step.
157 ERITEseEE
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45x+15
_ Proof: L.HS = =

WS 5 I5x3x+15x1) (v Multiplicative Identity)
1

= 15 x 15(3x+1) (+ Distributive Law)
= (%X 15 } (3x+1) (** Associative Law)
=1 2x+1) (* Multiplicative Inverse)
=3x+1=R.HS (+  Multiplicative Identity)
= L.HS=R.H.S
Thus, 45’:; 1Y - 3x + 1 hence proved.

{(_EXERCISE 8 O@@m

1. Four options are given against eachsta @@h rrect option.
(1) Which of Ws 1 related to inductive reasoning?

periments (b) if and only if statements

(a) based.o
W@m is proven by a theorem (d) based on general principles
(11) ich of the following sentences describe deductive reasoning?

(a) general conclusions from a limited number of observations
(b) based on repeated experiments
(c) based on units of information that are accurate
(d) draw conclusion from well-known facts
(i)  Which one of the following statements is true?
(a)  The set of integers is finite
(b)  The sum of the interior angles of any quadrilateral is always 180
© =2
c - &
(d)  Allisosceles triangles are equilateral triangles

(iv)  Which of the following statements is the bems @E&ﬁm of

the statement "The stove is b@nin 'm\
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(b) the stove is dim
(c) the stove is turned to low heat
(d) itis both burning and not bummg @(@
(v)  The conjunction of two staten&g

(a) bothp e% and q are true.
(c) only g i @S ( d) oniy p is true

(vi) A conditi ﬂe, ded as faise only when:
(a) ecedent is true and consequent is false.
(b)  consequent is true and antecedent is false.
(c) antecedent is true only.
(d)  consequent is false only.

(vi1) Contrapositive of ¢ — p is
@ g—-~p (b)~g—p () ~p—=~¢ (d)~qg—~p
(viii) The statement “Every integer greater than 2 is a sum of two prime numbers” is

(a) theorem (b) conjecture  (c¢) axiom (d)  postulates

(ix) The statement "A straight line can be drawn between mnts "is:
(a) theorem (b) conjec ﬂ{@ loglc
- angle 1s 180°” is:

(x) The statement "The su
(a) converse % (c) axiom conditional
2. Write , inverse and contrapositive of the followmg conditionals:
(1) ~p—>q @) g->p (i) ~ps>~g (V) ~g-o~p
3 Write the truth table of the following
@ ~(pva)v(~q) (@) ~(~qv~p) (i) (pvg)eo(prg)
4, Differentiate between a mathematical statement and its proof. Given two
examples.
5 What is the difference between an axiom and a theorem? Give examples of
each.
6. What is the importance of logical reasoning in mathematical proofs? Give an
example to illustrate your point. &\ @0) Y_\r\m
i 5 Indicate whether it is an axiom, C(}(Bje plain your
reasoning.

(1) There is exa@ e thmugh any two points.
(i) Ev eater than 2 can be written as the sum of two

bere




10.
“ 1k
12.

13.

14.

15.
16.

(iii)  The sum of the angles ina triangle is 180°.
Formulate simple deductive proofs for each of the followmg algebraic
expressions, prove that the L. H.S is equal to the R.H

()  provethat (x— 4y +9=x'=8x+25 nC \j” i
(i)  prove that (x + 1) @g\aﬂd @

(iii) proveth =20x
Prove the, Justlfymg cach step:
W .
@ 4+16x i (ii) 6x +18x 2x
3x*-27 x-3
X +Tx+10 x+5
(111) =

xX-3x-10 x-5

Suppose x is an integer. Then x is odd, then 9x + 4 is odd.
Suppose x is an integer. If x is odd, then 7x + 5 is even.
Prove the following statements

(a) Ifxisan odd integer, then show that it x* —4x+6is odd.

(b) Ifxisan even integer then show ﬂ]w + é}ﬁﬁyen

Prove that for any two n AN B) A'UB'.

Ifxandyare %’ bersandx < y’then x< y.

§’um of the interior angles of a triangle is 180°.
If @, b and ¢ are non-zero real numbers, prove that:

(a) %=%@ad=_bc (b) %..:%:_% ©) %+%____a;c
—~ (1) f’"r’_‘;ﬂ\ﬁ,ﬁ
. f%(g\@@ﬂ B
AR
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Students’ Learning Uutvnmu B e G TR R S PT T =B
L ‘ g == N - - " m— T r o =y
At the end ¢ i ‘Wl € students will be able to:

» Identify similarity of polygons. Area and volume of similar figures.

P}

» Solve problems using the relationship between areas of similar figures and volume of similar
solids.

» Solve real life problems that involve the properties of regular polygons, triangles and
parallelograms (such as building architectural structures, fencing, tiling, painting and

carpeting a room).
INTRODUCTION
The concept of similarity dates back to ancient Greece, where Greek mathﬂmaticians,
particularly Euclid, developed the fundamental princ:iples of geome reative

work, "The Elements", Euclid established the founda u . Including

the theory of similar triangles and polm é " work laid the groundwork

for modern geometry and afity remains central in many branches

of mamematwm and algebra.
9.1 Similarity of Polygons

Similar figures have same shape but not necessarily of
same size. Two polygons are similar if their

Three or more than three-sided
closed figure is called polygon.

corresponding angles are equal and the corresponding
sides are proportional (i.e., the ratios of the lengths of corresponding sides are equal).
This means that if two polygons are similar, one is a scaled version of the other. For
example, all equilateral triangles are similar to each other because they have the same
angles and the measure of the sides are proportional.

9.1.1 lIdentification of Similar Triangles

(1) If two angles in one triangle are congruent to gles in
another triangle, the third anglc in gac gmcnt Since the
angles are the same, the i‘&u ymbol is ‘~.

i.e., In the correspondencs S ABC and DEF.

161




msA=mzD

mzC= Q
o
HmchEF
' D

(ii)  If the ratio of two corresponding sides and their included angle are equal, then
the triangles are similar. In the correspondence of the triangles ABC and EFG,
m~ABC = m < EFG and the ratio of the corresponding sides are

3 o

9 9 PoSam O 2 5.4 cm X
Hence the APQOR and AXZY are similar.

plé 1: If one pair of corresponding sides

Proportionality of
sides means one side is k times of its
corresponding side.

are parallel to each other, then the triangles so
formed as shown in the figure are similar. i.e., C 4.2 ¢cm D

In the figure, AB is parallel to CD and

m2AOB = m<sDOC  (Vertically opposite angles)
msA = m~sD (Altenate angles of parallel lines)

mzB=mx«C (Altemateangleaofp allel(tin Wa @
Since all three CG%W%\%%%

so AOAB ~ AODC

162 ™
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The ratio of corresponding sides are equal 1.¢e.,
mOA I mAB . mOB

T e e s

2.8 4.

5 i

£ 7 7
So, the triangles OAB and ODC are similar.
Example 2:

In the triangles XBC and XDE, find the value of x and y.
Solufion: Since BC is parallel to ED, so the triangles XBC and XDE are similar, so,

the ratio of the corresponding sides are:
mXB 1) mBC B mXC
mXD mDE mXE

e ey @

2t 67cm b

4 2.7 Q :

< W S y=2lx2-3cm

y . 1.8
9.1.2 Similarity of Quadrilaterals o
EXample"® The Quadrilateral ABCD has side 2
lengths mAB = 5cm, mBC =8, mCD= 10 cm, R o, N

—_— &
mAD = 12cm, and its angles are m<4 = 90°, ¢ C . o
msB = 120° and m<C = 90°. Quadrilateral < £ g
A e e % §

E!i(iH has side Egths mEF 5 10 cm, B o
mFG = 16 cm, mGH = 20cm, mEH = 24 cm

and its angles are m<E = 90°, mF = 120° and E 10em_ F
m<H = 60°. Prove that the quadrilateral 4B
(Diagrams are not drawn to scale).
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In the quadrilateral EFGH, mZG =360°— (90°+ 120° +60° @%
Now, check if the correspondmg angles : mﬁ gruent:

90° and m£D = m£H=60°.

Next, check the rati \ € gspondimg sides:
1B 1 mBC 8 1
Rati W% M -~ —_ Ratioof BCto FG: —=—=—
3 R T o e e )
i CD ol AD
Ratio of CD to GH e e I—q-=-!-* Ratio of AD to EH : m_—_ZE“;l
mGH 202 mEH 24 2

Since the corresponding angles are congruent and the corresponding sides are

proportional (with a ratio of li), so the quadrilateral ABCD is similar to the

quadrilateral EFGH. ——

Example 4: Find whether the parallelograms ;
are similar given that one of the angle between r—‘——
sides is 45° in both the pmllelograms

Solution: . . K} “Y 1
Since opposite ang \ e

cme , n0-the correspondmg angles in both parallelograms (45° 135°,45°, and
ATt equal So, the parallelograms are similar.

logram are equal and adjacent angles are

Measure of the base of smaller parallelogram, b, = 2units
Measure of the base of larger parallelogram. b, = 6 units.
Measure of the height of smaller parallelogram, A, = 1 unit

Measure of the height of larger parallelogram, s, = 3 units.

Ratio of corresponding lengths are equal. i.e., %

o )
=

2100
t@ M@ﬂ Another octagon has sides that

octagon. What is the length of side of the second

an

2.1 3
63 o 3

Therefore —'— = -
, h

ERARIES The

are 1 2 times the si
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Solution: Perimeter of first regular octagon =48 cm
Side length of first regular octagon = — =6 cm\\g a @@ﬂ\ﬁ\)

Side length 0 3[351&% 7.2 cm.
Q\@U‘EXERCISE 9.1 )

W\J&i\m&r the sohds are similar. All

lengths are in cm.

H

15.75 cm E

.0 In triangle ABC, the sides are given as F
mAB = 6 cm, mBC = 9 cm and
- mCA= 12 cm. In triangle DEF, the )

sides are given as mDE= 10.5 ¢m,

anEF“IS'?Scman m@® _
A

Prove that

F
=
3. iven ﬂgure AABC ~ ADEF, o
mAB = 12 cm, mAC = 20 cm and § o E
mBC=16 cm. In ADEF, mDE=6cm. z o
Find mDF and mEF
D
c 16 cm B

4. Find the value of x in each of the following:




| Mathematics -9 ol Unit - 9: Similar Figures
o A plank is placed straight upstairs that 20 cm wide AF
and 16 cm deep. A rectangular box of height 8 cm

and width x cm is placed on a stair under the Wj @Cm —
Find the value of x. L
m\m‘ :

E& 20 cm "
6. A WWI tall casts a shadow of a 0.76 m in length. If at the same

time a telephone pole costs a 3 m shadow, find the height of the pole.

16 ¢m

T. Find the values of x, y and z in the given figure.

10 cm

8. Draw an isosceles trapezoid ABCD where AB Il CD and@@:» mCD . Draw
diagonals AC and BD, mterS@nng \ E is similar to ACDE.

If mAB =8 cm = 3 cm, find the length of CE.

as its side lengths decreased by a factor of nt . If the

J2

perimeter of the original dodecagon is 72 cm. What is the side length of scaled

dodecagon?

9.2 Area of Similar Figures
There are two parallelograms with
corresponding bases 6 cm and 8 cm and = =

2 . o o
corresponding altitudes 3 ¢cm and 4 cm po b
respectively. The ratio between their o 1 <
lengths is 3 : 4 written as:

.f_l-= 3 \ CF o) .S\f\u e

The area of smaller paral ogrgm%f@%}&m
N

6><3—18cm

The arca ofw&gm is: A4, = base x altitude
= 8 x4=32cm’

AT AR 166
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A 9 ’3)

AE
\é @\‘M“J
P
Where 4, W and £, and /, are any two corresponding lengths of similar

figures.
Hence the ratio of the areas of any two similar figures is equal to the square of the ratio

The ratio of their areas is:

of any two corresponding lengths of the figures.
2
4_(4
4, \4,
. e £ A :
Since each length is k times of the other, we take g B k,then —=k".ie. Aread, is

2 2
k* times the area A, k is called scale factor.

— Find the unknown value in the folo a @@m

'-'3 2‘5‘ C'Q} 2

(i1)

(iii) The quadrilaterals PORS and XYZW are similar where mPQ =35 cm and
mXY = 25 cm.




: .
=153 cm’

=833 em’

BOISEGRE (i) Since two pairs of corresponding angIes are equal i.e., triangles are
similar. We use the formula for ratio of areas of s:mﬂar

He @@m@@@

Here /) = Scm, A;=25cm? A, =
ﬁ_(ﬁj
25 \ 1.5
_A_n._[ﬁj"
25.. %3
64
zil,=§§>-<25=ifi4|::m2

(1)  Apply formula:
£

f‘fﬂﬂ 7
Heref:—lﬂcm, fr=25cm, 4
1@1@@




40 4
B @Q&W@@m
s Wﬂ
(1ii) ilateral PORS is similar to quadrilateral XYZW.
Az E fz
Here f;=35cm, /a=25cm, A, =7, A;=98 cm?
R,
98 \25
A_ [z}
98 \5
4 =2 98=192.08cm?

25
(iv)  Since two pairs of correspnndm gles @m
triangles are smnla: ‘




| Mathematics -9 Unit - 9; Similar Figures
(v)  For similar spheres

2
4 (1 _r
4, |2, ~J2\! @)W

: AN \ll (2.0
Here r; = 2, rz—?cm @y \ é\%ﬂ _\\3337/:;112
153 f«\@g}ﬁ\\ o
\JNJ*U@E [ ]
1‘ % J— (Taking square root)

== = r,=3cm
7

3 |_"¢

_ Two polygons are similar with a ratio of corresponding sides bemg 2 5 g

the area of the smaller polygon is 54 cm?, find the area of the ?@mygon
_ The ratio of the areas ﬁw Olve @ e square of the ratio of

corresponding sides. Soe ‘ ﬂ\eﬁdsmaller e - [g J = _25

Mﬂ of larger polygon = ?x 54=150 cm®

8 Given that BC|| DE, prove that the triangles 4BC and ADE are similar.

(1) If mAB=3 cmand mBD =12 cm, find the ratio of area of AABC to

the area of AADE.
(i)  Ifarea of AADE is 125 cm?, find the area of AABC and area of trapezium
BCED.
- Since m<A4 = m<A (common), m<B = mzD A

and m<C = m<E (Corresponding angles of (ﬁ

parallel lines BC and DE ). Hence AA&? ﬂ{ﬁ @,ﬁl 25
to AADE. \&\B &\@

42 7

@) Ratio of @"ﬁ : & i
R J ﬁﬂﬁq “mAD 3.8 };:/ ; 4
e s 10 s s

k 4




anemaics ) Unit-9:Simiar Figures

Areaof AABC (£, ) G0
AreaofMDE=[E) [ ﬂﬁ@ W&O@J
\f"
(ii) Area of AADE = 125 cn@ E\S\
Area of

=  Area of AABC= B 1960 245 em?

25

Area of trapezium BCED.= Area of AABC — Area of AADE
=245 — 125= 120 cm?

§ EXERCISEY.2 )

B Find the ratio of the areas of similar figures if the ratio of their corresponding
lengths are: (i) 1:3 (i) 3:4 (i) 2:7 (1iv) 8:9 (v) 6:5
2 Find the unknowns in the following figures:

@?9@ o

3. Given that area of AABC = 36 cm’ and
mAB =6 cm .
mBD=4 cm . Find
(a) the area of A4
| (3
mﬂ 5

4. Given@wmm ADEF are stmﬂar with a scale factor of k= 3. If the area




7. The areas of two similar triangles are 144 cm? and 81 cm?. If the base of the
large triangle is 30 cm, find the corresponding base of the smaller triangle.

8. A regular heptagon is inscribed in a larger regular heptagon and each side of
the larger heptagon is 1.7 times the side of the smaller heptagon. If the area of
the smaller heptagon is known to be 100 cm? find the area of the larger
heptagon.

9.3 Volume of Similar Solids

Two solids are said to be similar if they have same shape but possibly different sizes.

The two cylinders are Silﬁiﬁﬁ%
c

Ifr, =4 cm,r; ; m and &
we note that:
n_4 . h 3 8 = 4 : Volume of smaller cylinder, | Volume of larger cylinder,
5, S h 10 5 | p_mip V.=smrh,
;‘*i:ﬁ sa oo =7 x 5% 10
O = 1287% cm? e

P
Ratio of volumes: -I:"—= LA TN T 4
v, 250m 125

3 o
So, ﬂ{i] g_z @@f«@\g @

-—

Hence the ratio of the v I@ ‘0 smnla;r solids is equal to the cube of the ratio
of any rwo engths of the solids




@m@ o
Since each length is k ﬁw wetake -+ —k then §-=k3 i.e., Volume V,
2

is k* times the volume P’z and k is called scale factor.

Since mass of a substance is proportional to its volume, the ratio of the mass of two
similar solids is equal of to the ratio of their volumes. If the masses of two similar solids
are w1 and w2 and volumes are 1 and V2, then

A
v, w
3
Therefore, S [fLJ
w, \/

95 Find the mgi%%c ) W@é@@m
‘> it

¥, =686 ci

=% |

cm

V,= ZOﬁx-S-E

125

173 ™%
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%@m@
WW 686 [7 ) E :j C;l, 368; -,; :1}

Mathematics -9 .

Ko 125
686 343
=122 66
343
=250 cm’
EXEMPIET0E A solid cone C is cut into two pieces A and B with sloping edges 6 cm
and 4 cm. Find the ratio of: C

(1) the diameters of the bases of the cones 4 and C.
(if) the area of the bases of the cones 4 and C.
(111) the volumes of the cones 4 and C.

(iv) If volume of cone 4 is 72 cm?, find
of solid B. @ =

a_4H_6
AT
3 ¥ 1, £3
== ie, —==
5 T

(i)

Area of cone 4 _l
Area of cone C £

II
u.lu
||

Volume of cone 4 @\E\ﬁ

w Y L—' ou ERjee
@@ 5




= —_ 3 o . m— 3 S, —t TP~
S et = Tl | 3 - = =
- . L ] < F = 9 &
) o =1
L i D, # The - e e e

(iv) V1= Volume of cone 4 = 72 cm?

V2= Volume of cone C=? o
] o sdmmye
. AT
Q@M 12
2=72x 5=333i cm’
27 3
Volume of solid B = Volume of cone C — Volume of cone 4

=3331-72 =261—l- cm’
3 3

EX@BIENE The mass of sack of rice is 50 kg and height 60 cm. Find the mass of the
similar sack of rice with height of 90 cm.
- Mass of the smaller sack of rice w; = 50 kg

Height of smaller sack of rice 4, = 60 cm

Mass of larger sack of rice W, = ? W@ @(@

" 27x 50

A =168.75 kg
_ The ratio of the corresponding lengths of two similar cylindrical cans
1832,
(i) The larger cylindrical can has surface area of 67. 5 metres. Find

the surface area of the smaller cyli
The smaller cylm

n
@?@ 2 cublc metres. Find the

6'.F5m2

-- can = 4=




/¢
Ratio of corresponding lengths is —-= 3 ngr

32 ARy

Using formula for areas

U

(i)  Volume of smaller can = V2= 132 m’

Volume of larger can =Vi=?

3
!
Using formula for volume of similar figures: E [-@-‘-]
B3 @@RY@
=|= =132x —
132 (2 j <2 @m @
' a ﬂ
EXERCISE 93 P |
& The raclu of two spheres are in the ratio 3 : 4. What is the ratio of their
volumes?
2. Two regular tetrahedrons have volumes in the ratio 8 : 27. What is the ratio of
their sides?
2 Two right cones have volumes in the ratio 64 : 125. What is the ratio of:
(1) their heights (i1) their base areas?
4. Find the missing value in the following similar solids.
C \O@> Sﬁ 5
@w :
K\‘ iz s :
I =
ot N o

Fi=1 _—1536cm

o ¥.=171.5 cm’
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(iii)

A,=392 cm’
pp

5. The ratio of the corresponding lengths of two similar canonical cans 1s 3 : 2.

)
s

V,=216 cm’
r,=12 cm

(1) The larger canonical can have surface area of 96 m’. Find the surface
area of the smaller canonical can.

(i)  The smaller canonical can have a volume of 240 m’. Find the volume
of larger canonical can.

6. The ratio of the heights of two similar cylindrical water tanks is 5 : 3.

(1) If the surface area of the larger tank is 250 square metres, find the
surface area of the smaller tank.

(ii)  If the volume of the smaller tank is 270 cubic metrcs@me volume

of th'e larger tank. o m@o@) hick
‘ d their Applications

egular Polygon

Sum of Interior Angles: The formula for sum of interior angles of n-sided polygon is

(n—2) X180

Interior Angle: For a regular n-sided polygon:

(n—2)x180°

n

For instance, a regular hexagon has n = 6, so each interior angle is

(6-2)x180° 720°
: =
Exterior Angle: The sum of all exterior angles of any polygon is always

360° regardless of the number of sides. The exten o@ n—suled
polygon is:

Exterior Angle @W
The interior es are supplementary at a vertex i.e.,

Inte exterlor angle = 180°

Size of each Interior Angle =

=120°




— —

_3)

Diagonals: The total number of dnagonals ina regulatﬂq@ ms is

Symmetry: A regular n-side on al symmetry and reﬂexwe
symmetry both of order\n: “’ﬁ,l xagon has six lines of symmetry and has

rotational [5) er 6. A regular n-sided polygon can be rotated by i and

n
will ook the sasie.

9.4.2 Geometrical Properties of Triangle

A triangle is a polygon with three sides and three angles. Triangles come in various

types based on side length and angle measure.

Angle sum: The sum of the interior angles in any triangle is always 180. In equilateral

triangle, all sides are equal, and each angle is 60°. It has three lines of symmetry and

rotational symmetry of order 3. In isosceles triangle, two sides are equal, and the angles

opposite to the equal sides are also equal. It has one line of symmetry.

Exterior angle of a triangle: The measure of an exterior

angle in a triangle is equal to sum of the measures of %
o

opposite interior angles i.e.,
In AABC,mZA+m/ZB = mﬁB

l.e-, I W
9.4.3 w operties of Parallelogram
A parall is a quadrilateral whose opposite sides are parallel and equal in length
and opposite angles are equal. Its adjacent angles are supplementary. The diagonals of

a parallelogram bisect each other (they cross each other at the midpoint). They are not
equal in length.

Rectangle: All angles are 90° and diagonals are equal.

Rhombus:  All sides are equal, and diagonals bisect each other at right angles.

Square: All sides are equal, all angles are 90° and diagonals are equal and bisect
each other at right angles.

ESSRIPISS Find the measure of each interior angle of a regular pentagon.

—2)x180°
BEEE  Intcrior angle = " lx

e mpie O
SRR

. O
Each exterior angle i :W

]
% 178




9.4.4 Applications of Polygons

S\ cOTH
Architects use polygons in building desi%s, ' m to make strong
structures like bridges. In art and desi ( beautiful patterns and 3-D
models. On maps, polyg es or land boundaries. Polygons are also

used in video ions to build characters and scenes. In science, they

appear in shapes, natural patterns like honeycombs and even in the design of
telescope mirrors. Their simple, versatile shapes make polygons essential in many fields.
Tessellation

A tessellation is a pattern of shapes that fit | Equilateral triangles can tessellate perfectly

. because the internal angle of each equilateral
together perfectly, without any gaps or triangle is 60°, and six of these triangles meet

overlaps, covering a plane. These shapes | at a point to form a 360° angle, allowing them
can be repeated infinitely to create a | to fill space seamlessly. Squares can tessellate

repeating pattern. Tessellations can be Dbl Docsie Soh squar ks an jmsdl
created using a single shape or a | toforma 360° angle.
combination of shapes. They can be
p@@ﬁ@

Only three regular polygons can tessellate a\‘i}ﬂ\:. 1 ‘equilateral triangles,
squares, and regular h%‘m 3 Remember:

cannot form gap-free patterns. ie,
hexagons at each vertex to form a 360° | Tessellation is not possible.

angle of 90° and four squares meet at a point
regular or irregular and they can exhibit various symmetrie
symmetries. Hexago 0°) | Regular thsegtagm and other POIYSOES with
es that don’t add up to 360° at each vertex
can tesswﬁ because three angl e

angle with no space creating a natural look inspired by honeycombs.

Regular Tessellation Irregular Tessellation

5 vA ) AP\
IV

Q
L\ ()
‘1‘ -




T U3 S Fiares
EXSMpPIETE A tessellation is created using a combination (f@mentagons and

decagons. Find the sum of the angles at a vertex W@a decagon meet.

Interior angle of re ﬁ%{{@
F
W _(10-2)x180° _ 1440° _

10 10
Interior angle of regular pentagon = 108°

Sum of angles = 144° + 108° = 252°. Since, angle sum # 360°. Tessellation cannot be
done.

ESERpIeNSE A parallelogram-shaped room has a base of 10 metres and a height of
8m. Babar wants to carpet the room using rolls that cover 20 m? each. How many rolls
of carpet do he need? '

SGIIfORE The area of the parallelogram = A4 = base x height = 10 x 8 = 80 m’

Number of rolls needed:O% =4 roﬂs@W@ 0@@@

_ Find d@%m;%gh@mngle ABC of side length s.
ﬂ 0

m A to side BC at point D. In the right angled triangle

ABD:
2 7 ST ] Perpendicular
Using trigonometric ratios: sin 60° =
Hypotenuse
il i
2 s 2

Area of triangle ABC = % x base x height=% X § X %s

V3

Area of triangle ABC = 5% s

B s B 3
2 2
@E@@ﬁm (each with

with a side length of | metre)

L
to cover a rectangu dted mes 't.n‘-

triangles ﬁ @ :ﬁ p'complete the tessellation.
180
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S@JEAE To find the area of an equilateral triangle with side lengt@% can use the

formula: = @W@q@
A g %@Y@ '
4
Multiply bww e 6 triangles)
| Area of = 63 = ﬂ A
of a hexagon = - st = > s
Area of a hexagon = %ﬁux § 3—;{—3x (1 m)® = 2.598 m’
J3

Area of an equilateral triangle = s st = lflx (1 m)? = 0.433 m’

Area of the rectangular floor =10 m x 5 m
=50 m®

6 triangles. The area covered by one hexag ‘.r_‘ (15

Total area covered by 1 hexa

=2.598 m?>+6 x 0, ‘% \ +2.598 m? = 5.196 m?
Calculate ger of hexagons and triangles needed:
50 m*

Number of sets = ——— = 9.62 sets
5.196 m”

Rounding up, you can fit 10 sets of the pattern. Therefore, we need:

«  Hexagons: 10 ~+ Triangles: 10 x 6 =60
ESEPISS Falak plans to tile a square patio with an area of 100 square metres. He
decides to use both square tiles and triangular tiles, each with an area of 0.25 square

metres. If 60% of the tiles will be square and 40% will be triangular, how many tiles of
each shape are needed?

Total number of tiles = MJ_]% @ @@
Ti "
o A \ e
@Q@@%ﬁ@gi )
i >

O
Number of squm:@l%(\ =240
NumbeWR@M? es =400 x 0.4 =160

e, 181




LEXERCISE 9 9.4 —
k: (i) What is es of a decagon (10-sided polygon)?
(i1) Calc e of each interior angle of a regular hexagon.
( 1{)}\\ IS each exterior angle of a regular pentagon?
(iv)  If the sum of the interior angles of a polygon is 1260°, how many sides

does the polygon have?
2. In a parallelogram ABCD, mAB =10 em, mAD= 6 cm and mBAD = 45°,
Calculate the area of ABCD.
3. In a parallelogram ABCD if m.~<DAB =70°, find the measures of all other angles
in the parallelogram.

4. A shape is created by cutting a square in half diagonally and then attaching a
right-angled triangle to the hypotenuse of each half. Exp'am W is shape can
tessellate and calculate the interior angle of %@

5. A tessellation is created b asic shape. The basic shape

is a right-angl 1 of length 3, 4, and 5 units. Find: The

minim ﬁ ections needed to create a tessellation that covers a
an area of 3600 square units.

6. A tessellation is created using regular hexagons. Each hexagon has a side length
of 5 cm. Find the total area of the tessellation if it consists of 25 hexagons and

total perimeter of the outer edge of the tessellation, assuming it's a perfect
hexagon.

7. A rectangular floor is 12 m by 15 m. How many square tiles, each 1 m by 1 m,
are needed to cover the floor?

8. A rectangular wall is 10 m tall and 120 m wide. How many gallons of paint are
needed to cover the wall, if one gallon covers 35 m2?

9. A rectangular wall has a length of 10 m and aw ﬁg@g @a\'\sﬂ;f 1 litre of
0

paint covers 7 m?, how liteys ¢ cover the wall?

10. A window has a th parallcl sidesof 3mand 1.5 mand a

height of 2 u% of the window.
J\ (o)
& 182




Unit — 9: Similar Figures
(( REVIEW EXERCISE 9 )P

1. Four options are given against each statement. Encircle the corre Lone

)

(111)

(iv)

v)

(vi)

(vii)

(viii)

If two polygons are similar, then: (/G x (C) O\ 0
(@)  their correspond %W% @% ﬁ

(b) their arﬂm’ﬁ‘g

(c) € equal.

(d)%ﬁlmfﬂ(r r corresponding sides are equal.

The ratio of the areas of two similar polygons is:

(a)  equal to the ratio of their perimeters.

(b)  equal to the square of the ratio of their corresponding sides.
()  equal to the cube of the ratio of their corresponding sides.
(d)  equal to the sum of their corresponding sides.

If the volume of two similar solids is 125 ¢cm?® and 27 cm’, the ratio of their
corresponding heights is ——--=-veemx,

@ 33 (b) 53 * Y L 55 @Qﬂda 9:25
The exterior angle of regular pentagon “ O
@ 7

(a) 40°

of 64 cm? and a sumlar parallelogram has an
. If a side of the smaller parallelogram is 8 cm, the
corresponding side of the larger parallelogram is:

(a) 10cm (b) 12cm (c) 18 cm (d) 16 cm
The total number of diagonals in a polygon with 9 sides is:

(a) 18 (b) 21 (c) 25 27
Two spheres are similar, and their radii are in the ratio 4:5. If the surface
area of the larger sphere is 500m cm?, what is the surface area of the smaller
sphere?

(@) 256mcm® (b) 320mem® (¢ 400z cm®  (d) 4057 cm?
A regular polygon has an exterior angle of 30°. How Wgonals does
the Polygon have? \\ ]J N

(a) 54 ﬂ(ﬂ @J@ U 72 (d) 108
In a regular hexa ?@\:M\d“of the length of a diagonal to the side length
is:
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(x)

A regular polygon has an interior angle of 165°. How many sides does it

have? —TAT
: _Ka) ( ’\\E?\k
@ 15 at \)}J? @lw@@\ﬁ (d) 24

(b) A6
If the sum of thp\iinterio iss\é\fa \ ' 15 11980", how many sides does the
1 l’? = o E@ ‘\\‘\ s
polygon has?_ V& il
} otttes are such that one is twice as high as the other. What is the

ik
raig of their surface areas and their capacities?

Each dimension of a model car is % of the corresponding car dimension. Find

the ratio of:
(a) the areas of their windscreens = (b) the capacities of their boots
(¢)  the widths of the cars (d) the number of wheels they have.

Three similar jugs have heights 8 cm, 12 cm and 16 cm. If the smallest jug holds

% litre, find the capacities of the other two.

Three similar drinking glasses have heights 7.5 cm, 9 cm .5 cm. If the
tallest glass holds 343 millilitres, find the it ’: Om:;.

A toy manufacturer produce ré similar in every way to the
actual cars. If a of the model to the door area of the car
islcmt :

( e'tatio of their lengths

(b) the ratio of the capacities of their petrol tanks

(c) the width of the model, if the actual car is 150 cm wide

(d)  the area of the rear window of the actual car if the area of the rear
window of the model is 3 cm®.

The ratio of the areas of two similar labels on two similar jars of coffee is

144 : 169. Find the ratio of

(a) the heights of the two jars (b) their capacities.

A tessellation of tiles on a floor has been made [l
using a repeating pattern of a regular hexagon, &,
six squares and six equilateral triangles. Find

the total area of a single patte “_"iﬁ‘i“f
langth% mefr of ea %l\{%ég\i‘\ﬁ\}\
5 Ky\@ )
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» Recall sketch graphs of linear functions (e.g. y = ax + b)
> Plot and interpret the graphs of quadratic, cubic, reciprocal and exponential functions.

e Graph y = ax” where n is +ve integer, —ve integer, rational number for x > 0 and a is any
real number.

®  Graphy = ka*, where x is real @ > 1.

» Discover exponential growth/decay of a practical phenomenon through its graph.

v

Determine the gradients of curves by drawing tangents.
» Apply concepts of sketching and interpreting graphs to real-life problems (such as in tax
payment, income and salary problems and cost and profit analysis) A

s @@YS\N

NS
INTRODUCTION Q L

Graphs are powerfu E@ ing and analyzing relationships between
variables 1al in understanding various mathematical functions and
their ap . In this unit, we explore the graphs of linear, quadratic, cubic,
reciprocal and exponential functions. We will also examine how to determine the

gradient of curves by drawing tangents. Finally, we will connect these concepts to real-
life scenarios, learning how to sketch and interpret graphs to solve practical problems.

10.1 Functions and their Graphs

Functions are essential tools for representing real-world phenomena using
mathematical concepts. A function can be expressed in various forms, including an
equation, a graph, a numerical table or a verbal description. For example, the area of a
circle depends on its radius.

In such cases, one variable y depends on another vanable X ;Ebwlatmnshlp is

expressed as: : o \c ,
DA, NS

Here, fdenotes the pendent variable (input) and y is the dependent

vanable% (0 eg by the value of x.
”J
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10.1.1  Graph of Linear Functions
A linear function is a mathemattcal expressm t E@@@m straight-line

relationship between two vanabl f x9-= mx + ¢, where “m” is the

slope or gradient of the stéep 1t is and “c” is the y-intercept (the
pomt where the line 'if is). It can also be written as y = mx + c.

Examplel§ S the graph of y = 2x —1. | 7 54.1-' |

@i To sketch the graph of linear function, we can

1AL RELIESS | 4 | .~
ﬁnd its x and y intercepts. | | » ,¢}e
sdedle ol oLl )
Putx =0, we gety = 5. So (0, —1) is the y-intercept. e e ' 2l Q F s
1 1 = il HANE
Put y =0, we getI=E. So [E,OJ is the x-intercept. '{ | : E’_O] 5
-3-2-10/1 2 3
The graph is a straight line that rises to the right because | By 'i“l 0=
slope is positive. EER LT I [ e s e &
—f=3——

10.1.2  Graph of Quadratic Functlons

involves x° term. Its general form §8;
Q

y=ax’ +hx+c
Where a, b

Keep in mind!

and a=0. The graph of a quadratic function is always a parabola.
® Ifa>0, then the parabola opens upward like ““~"".
Plot the graphs of y = x* |e Ifa<0,then the parabola opens downward like“ <",

and y = —x* on the same diagram.
Solatiol The following table shows several values of x and the given functmns are

evaluated at those values: ] l}’ 1T 3
-3 (=3)2=9 -9
=2 (=2)2=4 —4
—1 (=1x2=u1 -1
0 (0):’=0 0

RECSTEY,

= =
2 | (@)ig RTRR
3 (NNBY=9] o




Graph of y = ¥°
upwardo)

(ii)
NSO
Mﬁm

Exampled: Sketch the graph of y = 25 — 7x— 9 for—3 <x <6,
m The values of x and y are given in the table and sketched in figure below:

(1)

represents parabola, passing through origin and opens

2 13

=i 0
0 9
1 =7
2 1% ﬁ
2 o Q
¢ ARl EuY

Q Ngw?c} Vih=ae .

6 21

Graph of y =2x>— 7x—9 represents parabola and opens upward. It intersects the V-axis

at (0, -9) and x-axis at (—1, 0) and (4.5, 0).

10.1.3  Graph of Cubic Functions

A cubic function is a type of polynomial function of degree 3. Its standard form is:
y=ax+b+cx+d

Where a, b, ¢, d are constants and a # 0.

The graph of a cubic function is a curve that can have at @m
* It has a general "S-shaped" appeganc -- A% al et Sefficients, the shape may

vary.
*  Such function
quadratic grﬁs
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Q@
_ Plot the graph of the fol@wi ' Oy<Xs 3t

s several values of x and the given function is

Ay
-2 8
-1 1
0 0
1 -1
2 —8
3 —27

The curve passes through the origin.

opaahle:

BXAMpIESE Plot the graph of y : @@ x<3.
RO P
“ 25 |
o i
q{ﬁw\‘] : = |
The following table shows several values of | | ,

15
x and the given function is evaluated at those
values:

10

POy S s e, s e i xt X
D e B D g R
-1 11
0 -5
1 %
2 1
3 25

function's value is —5.

-
The graph tells us Lﬁﬁm




10.1.4  Graph of Reciprocal Functions

A reciprocal function is a fugﬁon of%tz {B a&ﬁw@ @@@
ie 0

ketch the graph of the following reciprocal function:
1
x=0.5’

iion: The following table shows several values of x and the given function is
evaluatcd at those values:

y= ,x#0.5

255 0.5 :
An asymptote is a line that a graph
3 0.4 approaches but never touches.

10.1.5 Graph of Exponential Functions (y = ka* where x is real

number, a > 1)
An exponential function is a mathcmatl @W@
y=ka'

Where a, k are consta d a1,




— Plot the graph of the exponentlal ﬁ.mctmn y= 2" for —-6<x< 6
SOIIEGRE The function y = 2* has base 2 and variable exp 5 @ﬁ%ﬂf (x, ¥) are
4

given in the table below: A ﬂngg Y@’\\W
Dol %\(CS\_,QE I 6

002 \\09e V025 | 1 4 16 | 64

nm‘h

Graph of w&g&&s is given in the figure below:

*x

BT 0_2 ¢r,a<\g’]a@@m

Biu!
The graph of y = 2*repr @3 w
_ Plot xponential function, y = &%,

ction y = ¢" has base e and variable power x. We know e =2.7182818,
correct to two decimal places e = 2.72. Table of x and y values is given below:
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- 10.1.6 Graphs of y = ax" (where n is +ve integer, -
| rational number for x > 0 an Vpﬁ

The graph of the function y %

iateger, negative integer or
rational number for x > 0 eal number, exhibits distinct behaviours

depending on th wing are the examples of these cases:
(i) When n is positive mteger (n=3)

Exampled: Plot the graph of y=x"for-3<x<3.

shows several values of 73 27 | e R |
r and the given function SRE Suas i ps o
gl _2 _8 | | ‘*-.y = x‘
s evaluated at those 1 1 — 0 = -
values: - - % >
' 0 0 =y g
The curve passes 1 1 .
through the origin. 2 8
3 Q—\ \ i
3‘ |
The following table shows several
-alues of x and the given function
s evaluated at those values:
X
g

I
The above graph consists of two branches, one in the first quadrant and the other in the
‘hird quadrant. Both branches approach but never touch the x-axis or the y-axis.

191 D e
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The following table shows several values of x and the given function is evaluated
those values. '

BRI
0 0
0.01 0.80 -
0.5 1.74
1 2
16 3.48 ;
OB~ \

www AR &( EXERCISE 10.1 ))
1. Sketch the graph of the following linear functions:
(1) y=3x-15 (mM) y=-2x+8
(ii)) y=05x—1
ot Plot the graph of the following quadratic and cubic functions:
() y=x+22-5r-6,-35<x<25 (i) y=r+x-2
(i) y=x+32+2x 25<x<05 (iv) y=5x-2x-3
3. Plot the graph of the following functions:

i'i y=4 i 'HO°©=-*-I—-x
M y=4 ()@T&@Waﬁ &5@1_3 #3

M @%@@m 5

192
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10.2 Exponential Growth/Decay of a Practical Phenomenon
through its Graph Coﬁ@

Exponential growth and decay are mﬂ/ world phenomenon and their
graphical representaﬁonsé%@@ﬁé sights into these processes. In exponential

growth, suc ion expansion, compound interest in finance or the spread of

infectious diseases, the graph starts slowly but accelerates rapidly as time progresses.
The curve increases steeply, showcasing how growth becomes more pronounced with
time due to constant proportional changes. Conversely, in exponential decay, observed
in cooling of objects or depreciation of assets, the graph starts high and decreases
sharply before levelling off, indicating a gradual reduction over time. These graphs are
essential for interpreting trends, making predictions and informing decision-making in
diverse fields.

EXample 128 The population of a village was 753 in 2010. If the pepulation grows
accordmg to the equation p = 753@“ i her ﬁg‘;}emous in the
population at time 7, é@
(a)  Graph the popul 0 (in 2010) to =30 (in 2040).
(b)  From \W} the population (i) in 2020 and (ii) in 2030.
Solufion (2)-' The general shape of the exponential is known; however, since the graph

is being used for estimations, an accurate graph over the required interval,/=0to7=30,
1s required.

Calculate a table of values for different time periods and sketched in below figure:

n

%

=

o

ber

-a)

[~
f,-r‘

’g,x

uE i

e T R "' : >
Q% 1352 : Pnpui;:mn growth )
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(b)  From graph, ﬂ@ o
(i) In 2020 (¢ = 10) the popuka @s S.
urves by Drawing Tangents

IO.ZW .
The or slope of a graph at any point is equal to the gradient of the tangent to

the curve at that point. Remember that a tangent is a line that just touches a curve only

at one point (and doesn’t cross it). |

The gradient between two points is defined as:
Gradient = Ch80gein y Ay 3, =y,
Changeinx Ax x,—x
— Sketch the graph of y = x> — 3x — 2 for values of x from -8 to 8, draw a
tangent line at x = —6 and determine the gradient.

Selafion: Calculate the y-values for given values of x. The results are given in the table
ansetched in below figure: &) €©

@2 Q S a6 8
\5@? \E\ Y

2 16 38

L 2]

10

Consider two points (-3, 10) and (-7, 70) on the tangent h . @@W
I _ _‘ o

pative, this indicates that the

2 of x increases.
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1022 Applications of Graph in Real-Life @ O

Applying concepts of sketching and i @ﬂr “life problems enables
individuals to visualize and% ationships, make informed decisions

and optimize SOW@- yment scenarios, graphing concepts help identify
optimal income'“levels, tax brackets, and liability. In income and salary problems,
graphing facilitates analysis of compensation packages and income growth. By
sketching salary against experience, patterns or anomalies in compensation structures
become apparent. In cost and profit analysis, graphing enables businesses to visualize
cost-profit relationships, determine break-even points, and optimize production levels.

“ Majid’s salary S(x) in rupees is based on the following formula:
S(x) = 25000+1500x ,
where x is the number of years he worked. Sketch and interpret the graph of salary

function for 0 <x < 10.

P oI
" Table values and graph i &7\ : WW@D@Q

T e s A N@ 0 i 2 S(x)
. : {3

1

Majid’s salary increases linearly with years of 4_*', I _i
] ! ) T R AT S TE A
service and rises by Rs. 1500 for every year. \S\S el

- @é@@&;ﬁng x footballs

the break-even point and deteriming the pro it or loss when 200 footballs are sold. Draw
the graphs of etions and identify the break-even point.

Solution: Given that
Cost function: C(x) = 90,000 + 600x
Revenue function: R(x) = 1,800x
T S e ., 195

(\\




1s of Functions

The break-even point occurs when R(x) = C(x)

11 800x = 90000 + na c@)@m
TR
W\WM i x= 715200 |

So, at the break-even point, 75 footballs are produced or sold.
Next, we find the profit for 150 footballs
When x = 150, revenue:
R (150) =1,800(150)
= Rs. 270,000
and C(150) =90,000 + 600(150)
= Rs. 180,000

Now profit: P(x) = R(x) - C(x)
Substitute x =150

= Rs{ ¥} A0 Y R &
00,000
- :
Thus, a arns a profit of Rs. 90,000 when selling 150 footballs.

Table values and graph are given below:

0 | 90000 0

30 | 108000 | 54000
60 | 126000 | 108000
90 | 144000 | 162000
120 | 162000 | 216000
150 | 180000 | 27000

180 | 198000 | 324000 Ci 31t i o

210 | 216000 %‘qﬁﬁ%ﬁ)& o[ 30 & % 120 500 zio i

N Do ~ % Quality of Footballs Reduced/Sold
& 196
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¢ EXERCISE 10.2 )m@g@@ﬁ@

_ @
1. Plot the graph of y =51 — %%@M gent at (2, 3) and find
the gradient. Q \

Q

2. . Plot 23,2 + x +1 and draw tangent at (1, 5). Also find gradient
of the tangent line at this point.

3. The strength of students in a school was 1000 in 2016. If the strength decay
according to the equation S = 1000 ™', where S is the number of students at
time 7.

(a) Graph the given equation for =0 (in 2016) to r=9 (in 2025).
(b)  From the graph, estimate the student’s strength in 2019 and in 2023.

4. The demand and supply functions for a product are given by the equations
Ps=400-50, Ps=30 + 24:

Plot the graph of each function over the interval Q0 =0 to ¢/

= 30@@
5. Shahid’s salary S(x) in rupees i@)b o thie ﬁg(;h a:

Fi 0 #)
S(x

where x is i ars he has been with the company. Sketch and
int ph of salary function for 0 <x =< D

6. A company manufactures school bags. The cost function of producing x bags is
C(x) = 1200 + 20x and the revenue from selling x bags is R(x) = 50x.

(a) Find the break-even point.
(b)  Determine the profit or loss when 250 bags are sold.
(c)  Plot the graphs of both the functions and identify the break-even point.

A newspaper agency fixed cost of Rs. 70 per edition and marginal printing and
distribution costs of Rs. 40 per copy. Profit function is p(x)= 10x — 70, where
« is the number of newspapers. Plot the graph and find profit for 500
newspapers.

8. Ali manufactures expensive shirts for sale ae%@(@@mcs) for x
shirts is C(x) = 1500 + 10x +\02xT (g&x@%ﬂo ¢ graph and find the cost

of 200 shirts. O“m >
A

&m_
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Unit — 10: Graphs of Functions
@(REVIEW EXERCISE 10)p

Four options are given against each statement. E @ @E@tmn |
(1) x =5 represents: @ ) ;
(a) x-axis Om)m“ (b) y-axis ' J
Wg& (d) line || to y-axis ':
(ii) pe of the line y = 5x + 3 is: _ 5

(@ 3 ®) 3 © 3 (d -5
(iii) The y- intercepts of y = —2x —1 is: .
(@ -2 (b) 2
(c) -1 (d 1
(iv) The graph of y = x°, cuts the x-axis at: |
(a) x=0 (b) x=1 () x=-1 (d x=2 JI
(v) The graph of 3* represents: '
(a) growth (b) decay (c) r i )@@m) a line J
(vi) Thegraphofy=—x3+ hehs ]
upwa% {ownwa d (c) leﬁ side right sidq"
(vii) — 9 opens: |
upward (b) downward (c) Ileftside (d)  right sidé
(viil) y=5%1s function.
(a) linear (b) quadratic  (c) cubic (d) exponentig

(ix) Reciprocal function is:

@ y=7 & y=2 © y=27 @ y=5c
(x) y=-3x+7 is function.
(a) exponential (b) cubic (c) linear d) rec:proca]

) e (i) y——,x?ﬁo

Plot the graph of the follom i @ @O
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3 Sales for a new magazine are expected to grow @@Muaﬁon:

§=200000 (1 - *“*5') en@rw
(a) P]ot weeks.

ﬁw ber of magazines sold, when #= 35 and 7 = 35.
4. graph of following for x from -5 to 5:

@ y= x2-3 i) y=15-x7

9. Plot the graph of y = % (x +4)(x — 1)(x —3) from -5 to 4.

6. The supply and demand functions for a particular market are given by the
equations:

P:= Q* + 5 and Ps= Q* — 10Q, where P represents price and Q represents
quantity,

Sketch the graph of each function over the interval O =-20to 0 = 20.
P A television manufacturer company 1 e g\“ e cost of
and the revenue from selling

€ reak even point and find the profit or loss

manufacturing x LEDs i
x LEDs is R(x

are sold. Identify the break-even point graphically.

Qoo




Loci and Construction
)\ rf’“fﬁ\ﬁ@

r«mﬁ\\\l CAG=
- \AA \.ﬁ s RN G SRR R
At the end of the unit,

t\ ﬂ‘ y y e-fible to:
Construct a {1 1aving given two sides and the included angle.

Conssg A\ ¢ having given one side and two of the angles.

Constritet a triangle having given two of its sides and the angle opposite to one of them.
Draw angle bisectors, perpendicular bisectors, medians, altitudes of a given triangle and
verify their concurrency.

Draw loci and intersection of loci for set of points in two dimensions which are

=  ata given distance from a given point.

= ata given distance from a given line

= equidistant from two given points

= equidistant from two given intersecting lines

Solve real life problems using the loci and interesting loci.

INTRODUCTION

A locus plural loci is a set of points that follow a given rule. Loci are-also useful for
understanding and predicting patterns. For instance, i r@@) le walking
around a room, each maintaining a fixeddistance fi “The possible locations
are where each person form a s %-‘ By s ing these loci, we can predict
where each person might clative\to-the other at any time. In contexts like tracking
satellites orWh e-use the concept of loci to predict where they will be at
given times.\J] h Ips in areas like telecommunications and GPS technology.

-

Loci in two dimensions are triangle, circle, parallel
lines, perpendicular bisector and angle bisector. :

YVVYVY

Y

There are three types of triangles
w.r.t. sides:

11.1 Construction of Triangles Scalene triangle: All sides are of

. . . . different length.
A triangle 1s a closed figure having three sides and Vaokorica trbamibens Tiwo sides are

three angles. We construct triangle in the following | ¢ equal length.

cases:. Equilateral triangle: All sides of
(a) When measure of all three sides are given. equal length.

(b) When measure of two sides and their | 1here are three types of triangles
w.r.t. angles:

included angle are given. Acute angled triangle: All angles
(c) When measure of one side and measure of | %ﬁ §than 90°.
- T riangle: One angle
two angles are given. QO \) \g )} measure greater than 90°.
jf@% e ght angled triangle: One angle
- is of measure equal to 90°.

en.

(d) When measure of{fw
opposite to o ém i
NS
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@
Triangle Inequality Theorem
Th fth f O G-\\J i i
e sum of the measure of any two Q E' An equilateral triangle

Constr

7 is acute angled triangle.
» A right angled triangle
3 cannot be equilateral.

be greater an the third side i.e.,
5+7>8,5+8>7and7+8>5

(a)  Construction of a triangle when measure of three sides is given

Exampleds Construct a triangle of sides 5.3 cm,
59cm and 6.2 cm.
SSIGHGIS Steps of construction:

(1) Draw a line segment AB of length 5.3cm long.
(i)  Using a pair of compasses, draw two arcs with f

centres at points 4 and B of radii 5.9 cmand
6.2 cm respectively.

(i)  These two arcs intersect h @@
(iv) Join 4 and B wq Q

Hence, WL ed triangle. 53 cm B
anples 30°, 45°, 60°, 75°, 90°, 105°, 120°,
135° and 150° are constructed with the help a pair of When three sides are given, we
| compasses. Other angles are drawn using profractor. can draw any length first.

(b) Construction of a triangle when the measure of two sides and their
included angle are given

EXEmpIe2 Construct a triangle BCD in which
measures of two sides are 5.5 cm and 4.2 cm and
measure of their included angle is 60°.

SOIIEENY Steps of construction
(1) Draw a line segment BC of length 5.5cm.

(il)  Draw an angle 60° at point B using a pair
of compasses and draw a ray BY
this angle.

(iii) Draw an arc 0 ent:re at point B intersecting BX at point D.

Hence, is the required triangle.
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(c) Construction of a triangle when measure of one side and two angles are given

IRRMBIES! Drow o triangle CDE when mDE ’\f%s @jﬁ@o = 30° and

m<E = 120°.

T m Y\) A

- Steps ol’cunsw?\\ \

(i)

(11) Draw ngles 30° and 120° at
points D and E respectively
using a pair of compasses and
draw two rays through these
angles from D and E.

(ili) These two rays intersect each 2 4.3cm E
other at point C.

Hence, ACDE is the required triangle.

(d) Construction of a triangle when measure of two si sides E-{l\ﬂlgle opposite
v- &SN\ (C

to one of them is given % AO
&
Consider the given two casgs \ [7“ Q Y\} @

(1) If the measurc S greater than or equal to 90°,

(n) .. It € of angle is less than 90°.

- Construct a triangle DEF when mDE = 6 cm, m~ D = 110° and
mEF =9 cm.

Steps of construction:

(1) Draw m DE = 6 cm.

(i) Construct msD = 110°
using protractor and draw
DX through this angle.

(iii) Draw an arc of radius 9
cm with centre at point £
intersecting DX at

(iv) JoinE and F. R‘?

Hence, ADEQ@&MJE&(I tnangle
If the given angle opposite to the given side is obtuse, only one triangle is possible.

IS . 202 T T S




Construct tnanglcs DEF and DEF’ mﬁm @9@9

mEF = 3.6 cm ““

Steps of cons

(1) Draw mDE =6 cm.

(i)  Construct an angle 30° at point
D using a pa:r of compasses
and draw DX through this

3.6cm

angle.

(iii) Draw an arc of radius 3.6 cm

with centre at pomt E.

(iv)  This arc intersects DX at two points F | The Ambiguous Case (SSA)

and F". when we are given two s

(v)  Join F and F'with E. n@ :

occurs

Tl

We get two tria
This is known as AW

SGliiGi; Steps of construction:
Follow the same steps (i) and (i) as in Example 5.

Case (a)

(1) Draw an arc of radius 3 cm with
centre at point E which touches B:{'
at point F.

Gy Join E with F. Here, ER @@
perpendicular (%m
6 cm
Hence, Wequued triangle, which is a right angled triangle.
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Case (b)

(1) If we take mEF = 2.5cm less than a @fjj\ﬂ\
3cm and draw an arc rEﬂh U@W /\

2.5cm with centrg

(i) Thisarcd vNPO :
So, in this Mﬁngle can be formed .

D 6 cm E

Remember:
We considered three cases when acute angle is given.

* If mEF > 3cm, two triangles are possible.
o HmEF= 3cm, only one triangle is possible.

* If mEF < 3cm, no triangle is possible.

11.2 Perpendicular Bisectors and Medians of a Triangle

Perpendicular Bisector: A perpendicular bisector is a line that intersects a line
segment at right angle and dividing it into two equal 8, it intersects
the line segment at its midpoint and forms

Median: A median of a@m % ._ enif that joins a vertex to the midpoint of
ex

the side that is opposi t% ;
o
Point of co&MﬁA point of concurrency is the single point where three or more

lines, rays or line segments intersect or meet in a geometric figure. This concept is
commonly used in triangles, where several important types of points of concurrency
exist,

! ', Draw perpendicular bisector of the triangle EFG with mEF =5cm,
mFG=2.5cmand mEG = 4.3 ¢cm . Find the medians.

SolIion: First we draw perpendicular bisectors and then medians.
Steps of construction:

i Draw AGEF as explained in the previou pleﬁ@m

11 Draw two arcs above and, half of mEF with
centre at m

1i. ve and below EF with radius more than half of
@Mh centre at F.

204 TR
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iv. Draw a line through the
points of intersecti

the arcs %W %

cndncular bisector

LL of the side EF at A.

V. Draw two more
perpendicular bisectors
MM and NN’ of the
sides FG and EG at B
and C respectively.

vi.  Join the point G with opposite midpoint 4 so GA is the median.

vii.  Join the point F with opposite midpoint C, we get mediga-FC and join

point E with opposite r%dp T m‘_‘
Hence, we see t}&s’ % ‘ M’ and NN are concurrent

at point O or GA, EB and FC are concurrent at point 0.

Q
Circume oint of concurrency of perpendicular bisector of the sides of a
triangle is called circumcentre.

Centroid: The point of concurrency of the medians of a triangle is called centroid
of the triangle.

11.3 Angle Bisector of a Triangle

An angle bisector is a line or ray that divides an angle into two equal parts, creating

two smaller angles that are congruent (each having half the measure of the original
angle).

EXAMpIG8E Draw angle bisector of a triangle FGH if:

mFG=5.2 cm, mGH = 4.1cm and mZF @
SOIEHBR We first construct triangle BG@W ector.

Steps of constmctmn;o
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(iii)  Draw two arcs with centres at points 4 and B with sgztm )
(iv) Draw a ray from F @
passing through O mﬂ
point of mtersezgo m

the Tii1).
Which™is the required
angle bisector FP of the
angle F.

" (v)  Draw two_more ang]e
bisectors GQ and HR of 2
the angles G and H.

respectively.

][4 52em/R ' G

_, We see that all the angle bisectors FI-:’: 6’{3 and Eﬁ intersect at one point O. i.e, the
~ angle bisectors of the triangle are concurrent.

Incentre: The point of concurrency of the angle bis - 2 @l@ called
incentre of the triangle. R\ “ @@

114 Alfitudes of Tnaw
Altitude isara cular from a vertex to the opposite side of the triangle.

There are titudes of the triangle which meet at a single point i.e. the altitudes of
a triangle are concurrent.
Orthocentre

The point of concurrency of the altitudes of the triangle is called orthocentre of the
triangle.

Construct a triangle GHI in which mGH = 5.7 cm, mZ G = 68° and m£ H= 50°. Prove
that altitudes of the AGHI are concurrent.

First, we construct AGHI using the given measurcments and then draw @W of the
triangle. @

Steps of construction.
()  Construct AGHI usi
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(ii)

(iii)

—_— > —

So, GA, HB and IC are the altitudes of AGHI
and they intersect at one point O. i.e., the
altitudes of AGHT are concurrent.

b

Draw perpendiculara from G to the
opposite side HI .

Draw two more perpendiculars Hﬁ‘ @RJ]
and IC The ﬁrst: fm @

the opposite s.lde er ts

B
from pai opposﬂe side GH .

{(EXERCISE11.1))

Construct AABC with the given measurements and verify that the

perpendicular bisectors of the triangle are cuncu @Om

(1) mAB=5cm, mBC=6 aom
(i) mAB=17.1\g i BC = 6Scm

Construct AL ing measurements and verify that the medians of
the tri ncurrent.

(1) mLM =49 cm, mZL=51° and mZM =38°
(i) mMN=48cm, ms/N=30° and mLM =8.1 cm

Verify that the angle bisectors of AABC are concurrent with the following
measurement:

(i) mAB=45cm, mZA=45 and mAC =53 cm

(i) mAB=6cm, mZA=150° and m/B=60°

Given the measurements of ADEF : mDE = 4.8 cm, mEF =4 cm and
ms E = 45°, draw altitudes of ADEF and find orthocenn'e

Construct the following triangles and@(i}& W y ambiguws
case. \\ gg @ L

(1) ABCD ; m 62° and mCD = 4.7 cm
(i) KL =6 cm, m<M=42° and mLN =5 cm
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11.5 Loci and Construction £ T
A locus (plural loci) is a set of points that fnllo efined by the
rule. In geometry, loci are often @se ﬁ% erm Iocainn:

positions of points i

Rl. member!

geometric figures, types of ]om along | Equidistant: Let A be a fixed

. . . . point and B be a set of points.

with d ations will be discussed. T diierat chvialedistaiefrom

11.5.1 Loci in Two Dimensions all pointts:of B, then A & said
to be equidistant from B.

We study the loci, circle, parallel lines, perpendicular
bisector and angle bisector in two dimensions and apply
them to real life situations.

Locus

Circle

The locus of a point whose distance is constant from a fixed
point is called a circle.

For example, the locus of a point P whose distance is 3 cm
from a fixed-point O is a circle of radius 3 cm and centre at

point O. Aavae N

S = v
Parallel Lines m‘@@\] Ko
e 2.5cm

The locus of a pm

e
-

fixed hne allel lines,£and m < y O L g
e g S of a pomt P whose distance is oy
2.5 cm from a fixed line AB are parallel lines : o
at a distance of 2.5 cm from A4B. M ] ‘s
i P

For example, a locus of points equidistant from a line segment
creates a sausage shape. We can think of this type of locus as <p . )
a track surrounding a line segment.
Perpendicular Bisector f

F
The locus of a point whose distance from two fixed i e
points is constant is called a perpendicular bisector. l e

For example, the locus of a point P whose distance %?@ @O \?ﬁu }

fixed points A4 and B is constant s ttm
i k"‘“l’erpf:ndiculw

bisector of the line ﬁgﬁe

%ms >




Angle Bisector
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The locus of a point who t om two intersecting lines is called an

angle bisecW 0 ¢ B
For example, the locus of a point P whose Angle

distance is constant from two lines 4B and €&
CD intersecting at O is the angle bisector

(/) of £LAOC and £BOD.. 2

Remember!

|« Locusof points equidistant from a fixed point is a circle and equidistant from two fixed points
is a perpendicular bisector.

*  Locus of points equidistant from a fixed line are two parallel lines and equidistant from two
fixed intersecting lines is angle bisector.

11.5.2 Intersection of Loci

If two or more loci intersect at a point P, then P satisfies all gi n@mm‘ loci.
This will be explained in the followi c@@ o\o
Example 10: Constructm % h mAB= 5 ¢m and mBC = 3.2 cm.
0 2

Draw the locus of are

G)  at 5£3.1 cm from point A. (i)  equidistant from 4 and B.

Label the point P inside the rectangle which is 3.1 cm from point 4 and equidistant

from A4 and B.
Perpendicular

given lengths. D

Circle

(1) Draw a circle of radius 3.1 ¢cm with
e
centre at A.

32cm

(11) Draw perpendicular bisector of AB. p

The two loci intersect at P inside the

rectangle which is 3.1 ecm from point

: . A Sc B
A and equidistant from 4 and B. m@@@
O

N
¢ w ical angle 80° at £ and

mEF= mDE =4.8 co'#ry A lacnsof att points which are:

Example 11: Construct an isosce

(1) ata di rom point E,

e v vEEe T 309 W T s
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(i)  equidistant from DE and Eg @Wd@
Label the point X in the %X\s“/\z«
from point E and e D and EF .
qmt triangle DEF with given E
(o]

measurements.

(i) Draw a circle of radius 2.8 cm with centre at E.

(i) Draw angle bisector of angle DEF. The two loci
intersect at X inside the triangle whichis 2.8 cm E 2.8 cm / Circle ©

from point £ and equidistant from ED and EF

BRSPS} A ficld is in the form of a triangle LMN with mLM = 69 m,
mZL=60° and ms£ M= 45°.

(1) Construct ALMN with given measurements. IOm = lcm]

(i)  Draw the locus of all pointsﬁgvhi and M, equidistant
from LM an%% % m from LM inside the triangular
field.

(iii) ¢'to be planted at points P and Q inside the field.
(@)  Mark the position of point P which is equidistant from L and M and
equidistant from LM and LN .

(b) Mark the position of point Q which is equidistant from LM and LN
and 13 m from LM .

(c) Find the distance mFQ

(1) Construct triangle LMN with given measurements using a scale of 10 m to
represent 1 cm.

(i)  Draw perpendicular bisector f m er of angle MLN.

Draw a paral]el% 3 c¢m from LM .
R _\W e
%—L 210
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(iii) (a) Label the point P which is
equidistant from L and M and

Perpendicular

‘P/ bisector
: 0

equidistant from LM and g
LN . Mark the point P insi \ N
the triangle ﬁdm\" " Parallel
eqmdlstﬁ.?lw / ﬁlm
(b) Label f&m point O which is L) “
equidistant from LM and %0° o cn%\
LN _and 1.3cm from LM . L 6.9 cm 2 M
(c) mPQ=12x10=12m v
11. 6 Real Life Application of Loci
The concept of loci has many applications across h
fields where spatial relationships, distances, or
specific constraints are important. Here, are @\@3
detailed examples illustrating the @'ﬁy \\,ﬂ s |
different contexts.
(i) A park h “ es at two different

points. \ hydrant needs to be placed
so it is equally accessible to both sources.

*

Let X and Y represent the two water
sources in the park. Draw the
perpendicular bisector of XY which
represents the locus of all points
equidistant from X and Y.

(ii) A robotic arm in a factory is programmed
to work within a speciﬁc area without
crossing into areas where it could =
interfere with other equipm ’ﬁyﬁm@g
of the robot's pussii&@?&ﬁ dbe BHES

a de ch as a circle or g3

rectangﬁjlar region, ensuring it operates ':f‘_.‘,_ .

safely within its designated zone. |

—zn‘_
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1. Two points 4 and B are 8.2¢

Q@@m@j t

Unit — 11: Loci and Construction

tocus of points 5 cm from

point 4. 5

2; Construct a .2 cm from line segment CD of measure 5.7cm.

s angle ABC = 105°. Construct a locus of a point P which moves |
such that it is equidistant from B4 and BC .

4 Two points E and F are 5.4 cm apart. Construct a locus of a point P which
moves such that it is equidistant from E and F,

- The island has two main cities 4 and B 8 km apart. Kashif lives on the island

exactly 6.8 km from city 4 and exactly 7.3 km from city B. Mark with a cross
the points on the island where Kashif could live.

6.  Construct a triangle CDE with mCD = 7.6 cm, m<D = 45° and mDE = 5.9 cm.
Draw the locus of all points which are:

(a) equidistant from CandD  (b) - equj m@ and CE
T

L l‘(‘ mEM =7 cm, m<L = 70° and m2M = 45°.
thetriangle LMN which is equidistant from L and M and

8. Construct a right angled triangle RST with mRS = 6.8 cm, m< S =90° and
mST = 7.5 cm. Find a point within the triangle RST which is equidistant from
RS and RT and 4.5 cm from R.

9. Construct a rectangle UVWX with mUV = 7.2 cm and mVW = 5.6 cm. Draw
the locus of points at a distance of 2 cm from UV and 3.5 ¢cm from W,

10.  Imagine two cell towers located at points 4 and B on a coordinate plane. The
GPS-enabled device, positioned somewhere on the plane, receives signals from
both towers. To ensure accurate navigation, the device is aced equidistant

from both towers to estimate its position. Dr gkf‘; gatlen
o
' ones, especially for contagious

11 Epldemmleglsts use loci
diseases, to
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12.

13.

of the infection source. Draw the locus of all points 10 km from the source
defining the quarantine area to monitor and control the d:sease s .

There is a treasure buried somﬁvhm@ asure is 24
kilometres from A@@ .- u‘ Using a scale of lem to

represent 10 easure could be buried.

There tree at a distance of 90 metres from banana tree in the garden
of Sara’s house. Sara wants to plant a mango tree M which is 64 metres from
apple tree and between 54 and 82 metres from the banana tree. Using a scale of
lem to represent 10m, Find the points where the muango tree should be planted.

@ REVIEW EXERCISE 11 i) |

1. Four options are given against each statement. Encircle the correct option.

(1) A triangle can be constructed if the sum of the measure of any two sides is
o the measure of the third side.
(a) less than (b) greater than
(c) equal to (d) greater wﬁi}
(i)  Anequilateral tnanglc r\ 15‘
(a) canbe can be right angled
(}J\J se angled (d) has each angle equal to 50°.
(iii)y  If the sum of the measures of two angles is less than 90°, then the triangle
1s :
(a) equilateral (b) acute angled
(c)  obtuse angled (d)  right angled
(iv)  The line segment joining the midpoint of a side to its opposite vertex in a
triangle is called !
(a)  median (b)  perpendicular bisector
(c) angle bisector (d) circle
(v)  The angle bisectors of a triangle intersect at
(a) one point two
(c)  three points _ @t@@m
(v1)

Lccus of all EW omt is
% perpendlcular bisector
e bisector (d) parallel lines

“ 213 S AR
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(vi)) Locus of' points equidistant from two ﬁxf:-d -l nts i C@;‘EL
(a) circle o @ erpefdicular bisector
(c) angle biswto%%@ parallel lines
(viii) Locus of : t m it from a fixed line is/are - -
@0 ' (b)  perpendicular bisector
%) angle bisector ; (d)  parallel lines
(ix)  Locus of points equidistant from two intersecting lines is
(@) circle (b)  perpendicular bisector
(c) angle bisector (d)  parallel lines
(x)  The set of all points which is farther than 2 km from a fixed point B is a
region outside a circle of radius and centre at B,
(a) 1 km (b) 1.9km
(¢) 2km (d  2.1km
2 Construct a right angled triangle with measures of sides and 10 cm.
AB g‘iﬁ%@md m<B = 120°,

4, Construct a tria =73 cm, msD=42° and mEF =5.4 cm.
C gle XYZ with myYx =8cm, m¥YZ =7 cm and mXZ = 6.5 cm.
Draw the locus of all points which are equidistant from XY and XZ .

6. Construct a triangle FGH such that mFG = mGH = 6.4 cm, m<G = 122°,
Draw the locus of all points which are:
(a) equidistant from F and G,
(b)  equidistant from FG and G .
(c)  Mark the point where the two loci intersect.

7. Two houses O and R are 73 metres apart. Using a scale of 1 ¢m to represent

10 m, construct the locus of a point P which moves such that it is;
(i) at a distance of 32 metres from Q

(i)  ata distance of 48 metres from the line in; ”@C@@@

3. Construct a triangle 4BC withdn = @ﬁ
Draw the locus %f 1l po;:\]@wl@@m istarit from 4 and B.

8. The field is in the form -of ﬁ% with mAB = 70m and
mBC =60 m. C glédeCD using a scale of lcm to represent
10 m. Sho r ' ide the field which is less than 30 m from C and

fa m from AB .

. 214 90




Information Handling

’_“ 20 \M\ \
\W TN EIe="
AT
w #e end of the unit, th E S W il be able to:
» astruct'y ﬁf&@iﬂ”ﬁcquency table, histogram (with unequal class interval) and frequency

e h gon.
Cslculate the mean modal class and median of a grouped frequency distribution.

» Solve real life situations involving mean, wel ighted mean, median and mode for given data (such
+ allocation of funds in different projects, forecasting future demographics, marketing,
forecasting government budgets).

INTRODUCTION m
In statistics, information handling

%5-re knowing about information let us think how | . :
is also known as data handling.
= we answer the question like how many students | wpata Handling” plays vital role to

were there in each class of a particular school. represem the 1maﬁ0n NESS
“ow many patients visited in a hospltal /ﬁ: {~mah JuL

sarticular week. a‘ﬂi R\ .~. wor “Data Handling was first
. answer these questl Om e used by Sir Ronald Fisher.
suantitative 1%9@@%\ can be obtained by

counting.

- should be kept in mind that simple numbers 85,
% 70. 80, 73, 70, 65, 83, 89,75 are not data but if
we say that the above data indicates the marks of
<udents of different classes, the above figures are
-onsidered as data and have precise meaning.
Hen t

ence, to know abou something is known as (17 February 1890 — 29 July 1962)
“Information” and to represent that information in a : A

For further information scan the

manageable way so that useful conclusions can be following OR Code:
drawn is called information handling. So, the

Sir Ronald Aylmer Fisher

collection of meaningful information n the form of fag;ts an& @_&mcal figures 18
known as data. 2 0 ‘l\ﬂ H""'a\l‘n\ ( ”\"

The numerical figures aregﬁ}% \a\&}@ﬁéf’stud\r e. g., the mass of the students

of your class, the HW shoes sold by a shopkeeper in a month etc. Data
can be obtai \cxistmg sources i.e., office records, published papers or the same
can be obtained directly from the field according to needs.
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Information Handling

Information handling is the process of collecting, or; @mlng, analyzmg

and interpreting numerical data. @%j / %X

Data is further classi %‘%@

(i) Discrete d only some specific values. whole numbers are used
W@g&te data. e.g., number of books sold by a shopkeeper, number of
patients visited a hospital in a week etc. This data is only obtained by counting.

(i)  Continuous data: It can take every possible value in a given interval, Decimal
numbers are used to write continuous data. The data is only obtained by
measuring e.g., the mass of students in class i.c. »28.5 kg, 26.5 kg, 27.5 kg ete.

12.1 Ungrouped and Grouped Data

Data which is not arranged in any systematic order (groups or classes) is called
ungrouped data. For example, the number of toys sold by a shopkeeper in a month is 1
given below: '

| |
10, 5,8, 12, 15, 20, 25, 30, 23, 15, 23, 21, 18, 15 17.2: @(@g@m 18, 16, 21,
e R |

If we arrange the aboyg (@i oups or classes, then | Ungrouped data is also

it is called group known as raw data. 1

1O

1014 [ 2 By using more examples, clear !
55 | N o ol 5 S e
20-24 I 1 14 e
25-29 | 1
30-34 [ 1

In above grouped data, 5, 10, 135, 20, 25 and 30 are lower class lim , 14, 19, 24,

29 and 34 are upper class limits.

12.1.1  Frequency Distri
A distribution or table
frequencies i 1 =N

@@@W@

ses or groups along with their respective class
Cy distribution. In other words, the various items of data
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are classified into certain groups or classes and the | Think! ]

number of items lying in each group or class is put | If the size of class limits is 6. The

against that group or class. The data organised and s o
g . gi‘ P ' : (% ey fwl '§3.26"Can you find the number

summarized in this Wf’% s known as @ COC] of tlass limits for the data?

distribution.

Formation ofF istribution

In this me the raw data or the ungrouped data is presented into a grouped data.

Choice is yours to select the number of classes.

Generally, the size of class limits is determined on the basis of the greatest value,

smallest value and the desired number of groups or classes.

Following are the major steps to construct frequency distribution:

(1) Find the range of the data. Range is the difference between the greatest value
and the smallest value i.e., Range = Xmax — Xmin w_

i)  Find the size of the class by dividing the range by the | The number of times a
number of classes or groups you wish to make. value occurs in a data

For example, the greatest value is 136, the smallest value,j.\SO is ealled the frequency

alue. It 1
and if we have to make 10 classes OF-Zrofip “ (&) dﬂmte; b; ;e i
class limits is found by the giv '

Y\ Greatest Value — Smallest Value

| WA

SiZG \ﬂ r— =
Number of classes Number of classes
i 136 — 30 2 106 - 106 % 11
10 10

So, size of class limits = 11

(iti)  Prepare four columns.
(a) Class limits (b) Tally marks
(c) Frequencies (d)  Class Boundaries

(iv)  Make classes having size of 11. Start from the smallest value.
For example, 30 — 40, 41 — 51, 52 — 62 and so on.
(v) Look for the class in which each element of e@z Is. Draw a small

tally mark (]) against that class @% t concerned with a sign
) you have counted for the element.

(v'). In this wa
next element that upto the last element of the data

Continue thi
s ore tallies appear in any class, mark every 5™ tally diagonally
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I)H‘ 3

(vi)  Class boundaries usually are found by the

following method: gg\ 1dsS
» Chose the upper ¢ @{ b 'ed from the midpoints (x)
lower class 11m1 s [I o B ] e
. Flnd the een these two limits. 2

. ce 15 dmded by 2 and subtract it | difference between any two
ﬁ'om the lower class limit and add it to the L Somsecutive valuesofx.
upper class limit.
gample 12 Following are the number of telephone calls made in a week to 30 teachers
of a l:ugh school.
S 8., .25 3. 16 :20 017 A8 16, 30 <21 14 18 /19
b 22 40 18 38 35539533 33985 20 18 T T 2g
Construct a frequency distribution with number of classes 7.
dom: (i) Find range
Greatest value (maximum value) = 35, Smallest value (minimum value) = §
Range = Xmax — Xmin =35 -5=30

(i)  Size of class limits = Ra“ge @Sﬁ@é@om
Numb 0 :
(11)  Make class lum% ving si 10— 14, 15— 19 and so on.

(see 1* column

(iv) Tawqy 0 count the values, fall in the given class limits. (See 2™
co ble: 1).

(v)  Now, count the number of tally marks and write the number as frequency in the
third column (see 3™ column of table: 1).

(vi)  Class boundaries
The difference between lower class limit of the | Collect data of height of 50
second class and upper class limit of the first | students in your class, and

lass is 1. i.e., 10 — 9 = 1. Now, divide the | convert the data into
class 1s 1 ow, divi e o o

aries may also be

-

difference of the limits by 2 i.e. —% =0.5.

Lower class boundaries are obtained by “subtracting 0.5” from the lower class

limits.
Upper class boundaries are obtained by “adding 0.5” mm@ﬁi\s limits.
Lower class boundane
5-— 0 5 d&
4, 9 5 and SO on.
(see 4“‘ col
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il Wi

oMl -~ e : :
10-14 |_ WO \WE--4 9.5-14.5
15 RN oM 8 14.5-19.5
20N 24~ Ml 5 19.5-24.5
25-29 M 5 24.5-29.5
30 - 34 [ 2 29.5-34.5
35-39 | 1 34.5-39.5

12.1.2  Graph of Frequency Distribution
The following are the types of graphs which can be used to represent a frequency
distribution on a graph.

(a) Histogram (b)  Frequency polygon
(a) Histogram (with equal class limits)
This is a graph of adjacent rectangles constructed on xy plane. A histogram is similar
to bar graph but it is constructed for a frequency distribution. In a histogram, the values

of the data (classes) are represented along the horizontal axis : = —7
g Do you krow”

RN =D
II‘

and the frequencies are shown by bars perpendicu m AR
horizontal axis. Bars of equal wi %@ slly remisentid:
individual classes o ure for

making histogram i )
(1) W @ axis and as y — axis on a graph paper
icular to each other.

using histogram and
frequency polygon.

(ii)  Class boundaries are marked on x — axis and a rectangle is made against each
group with its width proportional to the size of the class limits and height
proportional to the class frequencies.

(iii)  Setting a scale, draw frequencies on y - axis. The resulting figure is called histogram.
Histogram of table: 1 is given below:

mammma a week

Iely Seale 1
On x-axis: | box = | unit
On y-axis: | box = 1 teacher

Frequency

bl W B LA Gh =) G0 D
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12.1.3 Histogram (with unequal class limits
The procedure for making histogram i is,explained b

1. Draw lines as x — . and i’ Histo
paper perpendlcul%% : o
1i. CI%WL?& marked on x — axis and a 555;'_'
rectangle is made against each group with its |£ ]
width proportional to the size of class limits g:
and height proportional to the class |- x
frequencies. 0l BAEEs

iii. This can be achieved by adjusting the heights of rectangle. The height of each
rectangle 1s obtained by dividing each class frequency on its class limit size,

Example 2: The frequency distribution of ages (in year: ) of 76 members of a Iocahty
is avaﬂable me a h1st0gram for this data.

4-9 QL1201 217 17—20'1_.’21(3:@7 27—-30
o B BN @7 4

LJ
\w%th of the class limits is not equal as

ﬁrstclass has width 2, s
sixth class h

rectangles .8/ “for the first |
class we have 2 as width of | €
class and 7 as a frequency, g 7 4_7=7 B 35
so the height of the first 2
: 10
g §=3.5. similally| 4-9 | 10 | 9-4=5 2
g ', : 8
forthentherE—Z = =6, 912 | 18 12=9=3 il
Ml LR, SFES PR s e |
- 20
% = 4, 13—”= 3.3 5 A
£l @: 3
'3—"': 1.3, 3 s
These proportional hetghty iy
are also called adjusied SR | =
frequencies. j:i =13
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= . T S T TR =T Ty
Taking class boundaries along " Histogram of ages (in years) of 76 memfiers

x — axis and corresponding [

adjusted frequencies ::1{1:J
y — axis, rectangles are mﬁ\/j@
and the hi g
below.

Onx-axis: | box =2 units
On y-axis: 1 box= | unit

Adjusted

2 46 81012 1416 18 20 22 24 26 28 30
(liass boundaries

12.1.4  Frequency Polygon

A frequency polygon is a closed geometrical figure used to display a frequency
distribution graphically. A line graph of a frequency distribution is known as frequency
polygon in which frequencies are plotted against their midpoints.

Midpoint is the average value of the lower and upper class limits. Midpoint is also
known as class mark. Midpoint is calculated by the given formula: m

Midpoint = Lower c}gss kot ﬁ?ﬁ&'ﬁi\ﬂm
2 A
The following steps aﬂ%@ aw a frequency polygon for a frequency
o

distributiop:

(1) Draw -lines as x — axis and y — axis
perpendicular to each other.

(i)  Take midpoints on x — axis and class
frequencies on y — axis.

(iiiy Put a dot mark against each midpoint Y ——————
corresponding to its class frequency. Join (Midpoint)
all the dotted marks by straight lines to get the required frequency polygon.

>

(Frequency)

s 8 B 4 K &}

(iv)  The lines at both ends are joined together with the next midpoints to touch the
bases of x — axis.

Bié3: The following are the marks obtained by 30 students out of 100 in the

subject of Mathematics at their final examination, C on‘{@mygon for the
2 O
llow frucncy table. 5y O | m\ _

M\ —
Marks | | 45~ 4959&\@55 TS5 6064 | 65-69 | 70-74
Lo SUUVES N S A 5

\\VA:Ag



2T

C —~
Sl
WWéﬂ 2 ;’ 2 g-ﬁ—
P
PR ; 64 _ &
65-69 | 3 65;69=67 &
70-74 | 5 7”’2’74=72

Frequency polygon on histogram: In histogram, we mark the midpoints on the top of rectangles and
join all the points. To touch the base of x — axis, we extend the line at both ends to tl%‘..\wt midpoints,
O

The resulting graph is a frequency polygon. ) ({-‘JO
oy TR Ry oy G0~
=
' )

. i 1
On x-axis: | box =2 units
On y-axis: | box = | unit

2 46 8101214 16 I8 20 22 24 26 28 30
Class boundaries

{( EXERCISE 121 »

1. The following distribution represents the scores achieved by a group of
chemistry students in the chemistry laboratory,

44 — 48

B 3%5&" :




(iii)
(iv)
(v)
(vi)
(vii)
(viii)

5.

What is the midpoint of the class (34 — 38)? o s E’f@\
What are the class frequencies of the 51&5 s 29 3 @{\ SO
What is the size of th(e:) 319111 } at distribution?
In which class or gro e‘g\@]ﬁ number of students fall?
What iw o\ the class having 15 as its class frequency?
What is the number of students having scores between 24 and 437
For a school staff, the following expenditures (rupees in hundred) are req. 'od
for the repair of chaits.
145, 152, 153, 156, 158, 160, 146; 152, 155, . 159,
161, 163, 165, 147, 148, 151, 154, 156, 158, 160,
144, 167, 151, 150, 152, 149, 145, 153, 152, 155

Prepare a frequency distribution by tally bar method using 3 as the size of class
limits and also write down what are the frequencies of the last three classes?

Given below are the weights in kg of 30 students of a high school.
ﬁf\\ 3,
Ui - |
8

O~

30, " 33, M 5 SRl

37, A4 @
33,28 29, 3 3b @ﬂ@&o@
38, 36, 4, m il 1ot o4
Taking 5 as the si , prepare a frequency table and construct
a .

A group of Grade - 10 students obtained the following marks out of 100 marks
in English test.
58, 59, 58, 33, 40, 58, 45, 46, 43, 45, 45,
50, ~ V82, a9 S0 TS - A2, 5589, 0,6, TR,
48, 44, © 42, 41" 46, 41, 46, 53, 40, 44
Classify the data into a frequency distribution by (direct method) taking 6 as
the size of class limit. Also find the class limit with least class frequency and
construct histogram for the data.

From the table given below. Draw a frequency polygon on histogram for the
given frequency distribution. SR
e ‘ : It e ﬂ\n . i
B 1014 ] 15019 2\3—3:\1? ?ﬁq@;}?g\gg@j 3539

% e ey » | b ]

et
ata shows t & humber of heads in an experiment of 50 sets of

- 223 IR T
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tossing a coin 5 times. Make a discrete di @u ion from the
%??%Xo
information.
3,3,4,0,5 g\)&@ 4-4,0,16,0,8,5,3, 2, 1
4325%@@ e s A M A o e
the students of Grade - 10 in mathematics test were
pupet mto the following frequency distribution.
MR 35 37| 38-44 [ 45-54 | 55-61 | 62-67 | 68172
- Fre ¥ 2 12 16 13 9 3
Draw a histogram for the above distribution.

8

8. Make a frequency polygon on histogram for the following grouped data:

8-12 [12-20{20-25|25-27|27-32

12 23 32 14 5

12.2 Measures of Location (Central Tendency)

The measure that gives the centre of the data is called measure of central tendency.

Therefore, measure of central tendency is used to find out Wn&al value
of a data set. o \o
At G ¢ OO T]

We have seen that when the ra into a frequency distribution,
the information was ‘a5 m ¢ information given in the data can be further
‘\- esentative value for the entire distribution. It is more or less

condensed to a-si e
the ¢ around which the data appear to be crowded. For example, usually,
we make statements such as:

(1) Hassan studies 6 hours daily.

(11) The monthly expenditure of Ayesha’s house is Rs.50,000.

(iii)  The speed of Maham’s car is 72 km per hour.
(iv)  Ina country, yearly income is 70,000 rupees per head.
(v) The price of onion in the market is Rs.150 per kg etc.

If we look at the first statement, we come to know that Hassan does not study exactly
6 hours daily. Sometimes, he studies more than 6 hours and sometimes less. But still
why do we say that he studies 6 hours daily? As he studies near about 6 hours daily so
in his study time, 6 hours becomes an important figure because of its approximated
statement, which we call Average. Such an average value iski @ﬁt of central

e. Sumlarly, other

tendency because it is a representat]gff valug
statements can also be treated as \repres As each statement locates the
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The following measure of central tendency will be discussed i % @
(1) Arithmetic Mean (A M.) W I? L@aa

(iii) Mode Qﬂ\%

12.2.1 Arithm
It is defined of vanable whlch is obtained by dividing the sum of all the

values (observations) by their number of observations. Thus, the arithmetic mean of a

ed mean

set of values x1, x2, X3... Xn is denoted by X (read as X-bar) and is calculated ~<

— Xt Fx tacxX » SO
X=212= - (Direct method)
n n

wherc the sign  stands for the sum and » is the number of observations.

The marks of a student in five examinations were 64, 75, 81, 87, 90. Find
the arithmettc mean of the marks.

The mean of 10, 30 40, x
67 and 81 is 50.

NBIARS
i m+75+81+8;+9§@@

o ST
or =
AM;UWM@S funds of Rs.200,000 to five sectors of a school i.c.,

(i)  School Library: Rs. 35,000 W
(ii)  Sports facilities: Rs. 25,000 The mean of 15 values was

: . 50. It was found on
(fu) Parking area: Rs 40,000 rechecking that the value
(iv)  Room renovation: Rs. 45,000 25 was wrongly copied as

52. Find the correct mean.

(v)  Fumiture: Rs. 55,000
Fmd the average of fund allocation in each sector of a school.

jifion: To find out the average of each sector, we will find the mean of the given

><:!

_ 35 000 + 25,000 + 40,000 + 45,000 + 55,000
200,000

2100
' T&mm R
On avemMr takes Rs.40,000 in funding.

—225_
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Method of finding Arithmetic Mean for Grouped Data, Q{ﬁﬁl
Let x,, X3, X3, ..., X, be the midpmn\ts af sponchng frequencies
say fi, f2, f3,-.-, /. Th c@é ined by dividing sum of the products

of fand x by thm encies.
W XG= Jix Hhx, e +1.x, 2 Lfx
' Gt +T If

" Given below are the marks out of 100 obtained by 100 students in a
examination. Find the average marks of the students.

or X = 44.9 marks
Hence, the average marks is 44.9 of the surdents.

Short Formula for Computing Arithmetic Mean

The computation of arithmetic mean using direct method for ungrouped data as well as
for grouped data is no doubt easy for small values. If x and f be ery large, it
becomes difficult to deal with the proble sqj d calculations
we take deviations from an as ean. Let A be considered as

assumed or prowmonmg value from the values of x or any number)
SN oot

of x from A i.e., D =x — A. For x = D + A, the formula of

16 “EEmEmsTETETT N




arithmetic mean becomes;

FaA ) b
— for grouped data Wil
5f (for grouped data) (11)
EXAmpledi Find the arithmetic mean using short formula
for the runs made by a batsman. If ¥=120: 4 =85 and
Runs: 40, 45, 50, 52, 50, 60, 56, 70. it 25, then can you find
e value of TD?

Soliifion: Taking deviations from 4 = 52 (assumed mean)
40 45 50 52 50 60 56 70
-12 -7 -2 0 -2 8 4 18

Now: ED=-23+30=7

:‘(_=A+_z£ @@@

r53mns

leSoftendtffcrentvaluesareﬁ -2,3.5,9, 8.7,-5.5,
14, 11.3, ,—4.2, ﬁndtheanthmet;c mean.

— Deviations from 12.5 are:
6, -2, 3.5, 9, 8.7, =55, 14, 11.3, -6.8, 4.2
Now, D = 34, Also, 4 = 12.5, using the formula we have.

X = A+E_Q
n

= ]2.5+ o
10
or X=125+34=159

EXSMpIe: The heights (in inches) of 200 students are recorded in the following

frequency distribution. Find the mean height of the student by s?/o_\rt fo
= )
=

ML

2 1 5\VE\ {24 \\35° 45 738 [16 | 6 | I

Wz&}—
WJ O

N

=

L




A~ 55 55 0 0
56 45 1 45

57 38 2 76

58 . 16 3 48

59 6 4 24

: 5 5

60 englh

Now, using ;hi form1;:la d““‘ o
T =g
200 -

or X=55+0675

—_—

X = 55.68 inches approx.
Hence, the mean height of the students is 55.68 inches.

- Ten students each from Grade-V section A and B of a well reputed school
were taken randomly. Their weights were measured in kg. and recorded as given below:

30 | 28 | 32 2:5(“31 “:f 7@@@(@0 375
35 53\5‘4 %%Kﬁ@g%)ﬁs\ﬁfzg.s 36 [36.5 | 34

(1) Comwmw gr section 4 and B.
(i) Con \Qr ich section is better on Average?

5 P S T, 128 SRS s




Danenio s oSN

SolEonE () We find arithmetic mean for

both the sections by direct method. (Any
method can be applied). @uu
As number of observations n=100 @Qgﬁ?ﬁ% \o p il;f;
and Xco= %ﬁ/ﬂ 29.5 35
(Nl
: 5ot gy
‘e R IS
(A) 0 g
— X
and Xo» = &)
— 3428

X = —— =34.28k
T "

(ii) We have seen from the results that
X (8 is greater than X (1) . Therefore, we conclude that section B is better on

the average.
:.-.-iuw ' MU“’EI) data

12.2.2 Median
Median is the middle most value i in an arranget Wy _ :
set. Median is the value whic k“@ to \tv ‘7 . pEr!s i.e., 50% data 1s
before the median and Sﬂ%ﬁ %% édian is denoted by X .

Median for

The median of ¥ observations x,, X, ..., X, is obtained as:

p ) . when »n is
Median (X ) = (" ; 1] observation ( i }

odd number
th th : 1

S : + . when » 18

Median (X )= - [E) observation + (" < ] observation
2 (\2 ! even number
The following are the scores made by a batsman. Find the median
of the data. 8, 12, 18, 13, 16, 5, 20.
_ Writing the scores in an ascending order, we have
5,8,12,13, 16, 18, 20

Since, number of observatlons is odd e, n=

Medi (5{') é& r\ \( C'ﬁ
ediat i %
M‘Lﬁs&waﬂm 4™ observation = 13

Hence, 13 is the median of the given data.
[ 929 e R N
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_ Following are the marks out of 100 l Ments in English.

23, 15354841”9”5\2& h;édm
Solution: Amgmgﬁ ‘nﬂng order

Since, n of observation 1s even, i.e., n=10

th
n

th
Median ( ) % [(E] observation + [%@) observatiunJ

n 10 d"+2=E=6
o SR 2 2

Median = l[5‘" observation + 6" obsewation]

or Median = [IS+23]———=19

Hence, 19 is the median of the data. O m

Median for Grouped Dat: X_h
The median for gro e followmg formula:

NNNN edlan(X) f’-!-— ———c

Where, ¢/ = Lowcr class boundary of median ciass,

h = The size of class limits of median class,

/= Frequency of the median class,

n = Total frequency i.e., If;

and ¢ = Cumulative frequency preceding the median class.

Remember the following points:

(1) The groups of classes must be in a continuous form i.e., we need class
boundaries.

(i)  Make the column of cumulatwe ﬁ'equenmcs <)

frequencies. 0 @\1\3 \J[CAE
dka; @

(iii)  Locate median alue in c.f. column wherever it lies.
Un

(t{rtﬁg; Uﬁe column of

(iv)

ccﬁan class, then take the values of fand 4 of the median class
thus obtained

_m_
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EXSMpIOS The heights of 100 athletes, s@@i@ﬁm given
AT VS

in the following table. Fmd the med{aﬂ.? A

Q\ﬁﬁﬁ 66.5-67.5 |67.5-68.5 |68.5-69.5 | 69.5-70.5 70.5-71.5

20 30 13 12 3 2

Solution: In the above data, class boundaries have already been given:

62.5-63.5 4 4

63.5 - 64.5 6 6+ 4=10

64.5 -65.5 10 10+10=20

65.5 -66.5 20 20+20=40— ¢

66.5 - 67.5 30 0+40=70 — Median class
67.5 - 68.5 13 13+70=283 f@
68.5 -69.5 12+83= 0 0\
69.5-70.5 o c:@O
70.5-71.5 n

50, W 0
20 2

50" item lies in the class boundaries 66.5 — 67.5.
(=665 h=1, f= 30, ¢c=40

Median = £ + -”-[Lc]
fl2

66.5 + L(Sl[} - 40) (Putting the values)

66.5 + l—ﬂ-

(S\Q) R q Z Af‘ Oﬁ




Example 14; Following are thﬁwegh}.sv (‘W\l@?\@nd e medlan weight.

$5 019 T120- 124 [ 125-129 | 130 134

\\,\,BU’“' 12 23 6 4

ass boundaries are not given so, first of all we make class boundaries

by the usual procedure.

110-114 5 109.5-114.5 5

115-119 12 114.5-119.5 17— ¢ y
120- 124 23 119.5-124.5 40 — | Median class
125 - 129 6 124.5 -129.5 46
130 - 134 4 - 129.5-134.5 50 = n
9
Here n =50 so, - = L 25. 23+ 1tcm W@ ©O
tigiten
£=119.5, h=
— ——c
(Putting the values)

=119.5 + ? 25 17

=119.5 + ig= 119.5+1.74
23

Median = 121.24 kg
12.2.3 Mode

In a data the values (observation) which appears or occurs most often is called mode

of the data. It is the most common value. Mode is denoted by X,
Mode for Ungrouped Data

ERERES The marks in mathematics of Jamal i % @@\é\mg\were 75, 76,

80, 80, 82, 82, 82, 85. Find the mode

-A5821sre

Tens

number so, clearly mode is 82,

ed about the number of questions they have solved
eck Records were 13, 14, 15, 11, 16, 10, 19, 20, 18, 17. Find

out of 20
the modehf e data.

_232—




Unit —

m It is obvious that the gi en@la
Sometimes data contains s
32, then data contains

as

conducted from the 15 students of a school and aske

students about their favourite colour.
The responses are: purple, yellow,

120

O
@('12 ill-defined.
5 15, 20, 20, 20, 25,

d the

purple, yellow, yellow, red, blue, green, yellow,

yellow, red, blue, yellow, purple, green. Find mode of the data.

_ Mode is the most frequent colour.

Mode = yellow
So, the colour “yellow” is the mode of the given data.
Mode for Grouped Data
Mode can be calculated by the following formula:
Mode = [+ (f — 1) x
)= 1o)
Where, £ = Lower class boun of
f= Frequenc
ﬁ g modal class.

cy folluwmg the modal class and
h = Size of the modal class.

presen
? (15 u DI 33 no
n . }i values, so we do
ot know which value |

A data can has more than one
mode. A data may or may not
have a mode.

Mode cannot be easily
calculated from the data
uency

appears most frequently. We
only assume the class with
the highest frequency as a
modal class. :

_ Followmg are the heights in (inches) of 40 students in Grade - 8.

5254

54-561|5

56— 58|58 — 60

10 9

6 3

Collect data of wei

tsr:uf 50




In the above data,

N@@%ﬁ\% imy

oN—

been given. Using the

formula forgmuped
¢=352, \f‘j ﬁlﬂ" =7, =9 Find the mean, median
‘-\J—\JNN \J\.—O and mode of the first
N Mode= + (f... '*f;) x h twenty whole numbers.
(o -£) + (fu-13)
or . Mode= 524, 10—} x 2
(10-7) + (10 -9)
or 2 2=52 + 5

Mode = 52+
e

or Mode = 52 + 1.5 = 53.5 (inches)

12.2.4 Weighted My
Arithmetic Mean is used wk, sl the observations are gwen equal
but there are certain situations in which the Iﬂ'erenm

In this situation, weighted mean-denot \ @\Jme
X,X, X, ... anm%m' ‘ ohts W1, Wa, Wi, ...
B "

ce / weight
erent weights.

rred. The weighted mean of
Whnis calculated as:

e EMﬁWX . w;x,,:?”?""; PULS
X W, + W, + W, + - W, S oo

ESRMPIEES The following data describes the marks of a student in different subjects
and weights assigned to these subjects are also given:

74 | 18] 74 | 90
4173 5 6
Find its weighted mean.
Weighted mean(Xw)— .5
<N e r?‘_j‘\‘ﬂq*—“
X, = 409+ 308) +5a4wm;u e
(A 3hots)

dﬁ\ﬂ‘;\ 570+ 40 _ 1440

18 18

O \ i
\
R{?{f\\g\\” C’M X =80

W
234
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Jﬁﬁ'&cineinseven
Fmedicine in each area

different areas of a city. The companyéhs i
of the city and the weight of eac
mean and weighted me; ?&‘ thé gy ;

N : 15 5
B 25 4
C 8 3
D 23 4
E 15 2
F 10 1
G g 2
SOMEOE  Mean = =

15+25+18+23+15+10+8 :
@g@@\@@

114 \&%@mﬁ)\

So, the av ckets of the medicine distributed by the company per area
is 16.
: IWX
Weighted mean = -E_WF
15(5)+ 25(4) + 18(3) + 23(4) + 15(2) + 10(1) + 8(2)
L 54443+4+42+1+42
= 210 L =17.95=18
21
12.3.5 Real Life Situations Involving Mean, Weighted Mean, Median
and Mode
Sales and Marketing

m A toy factory sold toys in a montllfc\qn\srp&he@ data:
S las Sl 10-20 | 2 f%pi \33pyuq 14050 50 — 60

9‘%‘&6 ARRES RS b 29 20
(i)  Calculate nean, median and mode of the number of toys sold by the factory.

G) W e modal class of the distribution.




C}\n | _
QMRRBYTTT 28 | 25 [ 700 | 28+15 =43

30-40 e 35 | 1575| 45+43 =88 | Modal class
40 - 50 129 45 | 1305| 29+ 88 =117 | Median class
50 - 60 20 55 (1100 20+117=137

—\ _ T _ 4905

=358 = 36

Mean | X) - £ 137

Average sale of the toys is 36.

For median: Here, n= 137, so, l-:-il = 68.5 ; 68.5 lies 1n 40 — 50.

\’5@
¢ =40, h.= 10, fgiéﬂéﬁ‘@@W@@
Mesdl;nNNNNN

= 40+ —.[E—%]
29 2

= 40 + ﬂ (68.5—48)

= 40+ E(zo 5)
29

= 40+ 7.07
Med.lan = 47, 07 47
Thus median of the sold toys by the factory is 47 07.

For mode: (=30, h=10, fm=45, fi =28, fﬁd @@G@

Mode (£) = ¢ + (o )12

GO
Mo(hs-zs) + (45 -29) g

P e 236




Mode (X)=35.15 = 35

Thus, mode of the sold toys by the factory is 35.
(ii)  The modal class of sold toys by the factory is (30 — 40).

{( EXERCISE12.2 )

1. Find the arithmetic mean in each of the following:
(1) 4, 6,10, 12, 15, 20, 25, 28, 30.
i) 12,1819,0,-19,-18,-12
(iii) 6.5,11,123,9,8.1, 16, 18, 205,25
(v) 8,10, 12,14, 16,20,22

2 Following are the heights in (inches) of 12 students. dt}@@mmgm

55,53, 54, 58, 60,61,
3. Following are the earnin
g .90, 95, 90. Calculate

AR I : (11) Median (iii) Mode
arks obtained by the students in the subject of English are given below.

15-19 20-24 25-29 30 - 34 35-39
9 18 35 17 5
Find: (1) Arithmetic mean of their marks by direct and short formula.

(i)  Median of their marks.
3 Given below is a frequency distribution.

5-9 |10-14] 15-19] 2024 25-29
1 8 18 11 2

Find the mode of the frequency distribution.
6. Ten boys work on a petrol pump station. They get weekly wages s follows:
51 0 ! 4390.

o |
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10.

11.

12.

13.

14.

(1) Find the median and mode of the above data.

game conducted by a group of teachers in the school.

The arithmetic mean of 45 numbers is 80. Find their sum. an
i '” ) \.O'\ X

Five numbers are 1, 4,0, 7, 9. Fm,d thgh;mﬂi? én,}n[@m)

A set of data containg the va Qs ﬁl& 457, 156, 160.

'@Yh& ode > Median > Mean.

e
The m “ﬁttendance of 10 students for their lunch in the hostel is recorded

as: 21, 15, 16, 18, 14, 17, 15, 12, 13, 11.
Find the median and mode of the attendance. Also find the mean if D = 4 - 20.
On a pnze distribution day, 50 students brought pocket money as under:

5-10 10-15 | 15-20 | 20-25 | 25-30

(i)  Find the arithmetic mean of the data gwen al;n.re us&@ﬁmg method.
The arithmetic mean of the ages cg \4\Tﬁonths and 5 days.
Find the sum of thei

s ns of age exactly 15 years. What
is the averagm mlﬁg boys?
O " w ¥ "
C alcuwmnt etic mean from the following information:
(i) If D=X- 140, Zp=500 and n =10

@ ru=220

,ZU=-150and n=15

(i) IfD= x—25, D =300 and If

wi)y  fU=212 2t =60and T =100

The three children Haris, Maham and Minal made the following scores in a

_ VO
e )55 ﬂ oL ?‘u}q\\j ’IE\ @@\S\ 2
Ve, LAY
R 7 AL
‘M\ S
\\& T7 66 42 48

e that the candidate who gets the highest average score will be
awarded rupees 1000. Who will get the awarded amount?

R 238 = IF.—'.-" g ey
Lc b
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15.

16.

1'%

18.

Given below is a frequency distribution derived by making a substitution as
D = X —20. Calculate the arithmetic mean.

—6 —4 —2 2 A 6
TS
1| 3 6 24512 2
aﬁﬂ( ( \\@ ( B
Being partncrs a tonk part in a quiz programme. They made the
follo T of pomts 45, 51, 58, 61, 74. 48, 46 and 50. Compute the

average number of points using deviation D = x — 58.

A person purchased the following food items:

Rice 10 96
Flour 12 48
Ghee 4 190
Suger N R O

Mutton
What is the wei

For

=1 P Rn bl
'\J \.,__,ﬁ"
T
é&w\aﬂ%\f\mst of food items per kg‘?
ing data, find the weighted mean.

Washing Machine 5 35
Heater 3 5
Stove 2 13
Dispenser 6 18

A company is planning its next year marketing budget across five years: yearly
budgets (in million) are: 5, 7, 8, 6, 7. Find thc aye g&t@j@fm the next year.

Ahmad obtained the fo ﬁgs\@\a fn examination. Find the
i ;4 tespectively are allotted to the subjects.




1.

il

Define the following:
' frequency i ogram (unequal class limits)
meaﬁ E[I ; i (iv)  median |

Mathema

Four options are given against each statem W
(i) Which data takesion S

(i1)

(iii)

(iv)

(v)

(vi)

(vii)

(viii)

(ix)

(x)

(1)
(111)

tics - 9 i Unit — 12: Information Handling '

@ REVIEW EXERCISE 12 )

ct optlon.

(a) ﬁ%@ )éﬁ discrete data

w (d) ungrouped data
e number of times a value occurs in a data is called:

(a)  frequency (b) relative frequency
(b) class limit (d) class boundaries.
Midpoint is also known as:

(a) mean (b) median

(c) . class limit (d)  class mark
Frequency polygon is also drawn /constructed by using:

(a)  histogram (b)  bar graph

(c) class boundaries (d) class limit

The difference between the greatest value and the s élless called:
| s O

(a) class limits
(c) relative frequenc KL
Measure of ¢ o1t & ender: édtofindoutthe  ofadata set.

(a) - ¢lasy boundari cumulative frequency

-~ middle or centre value (d} frequency

If the mean of 5, 7, 8, 9 and x is 7.5, what will be the value of x?

(a) 10 (b) 8 (¢) 85 (d) 5.8

Find the mode of the given data: 2, 5, 8,9,0, 1,3, 7 and 10

(a) 5 (b) 7 (c) 0 (d) no mode

In a data the values (observations) which appears or occurs most often is
called: _

(a) mean (b) mode

(c) median (d)  weighted mean

Find the median of the given data: 110, 125, 122, 130, 124, 127 and 120

(a 124 (b) 120 (c) 125, ﬂa(@@

240




Chininemaics ) Uit - 12 Iformaton Handing

3. Following are the weights of 40 students recorded to the nearest (1bs).

138, 164, 150, 132, 144, 125, 149, 157, 146, 158, 140 , 144,
168, 126, 138, 176, 153 119, 154 155, % ,153 140, 135
161, 145, 135, 142, a frequency table taking size

of class limits a
the giv
4. From the table given below. Draw a frequency polygon on histogram for the

gwen frequency distribution.

60 — 64

6572

73 =175

76 — 80

40

30

15

25=29

30-34

33=39

40 44

45— 49

08

12

 With reference to the above table find the fu]loum@ @@\N\l

(i)  upper class boundary o %
1 t.0f o 5

(i1) sSes.
(iit)
(iv) interval with the least frequency

6. Given below is frequency distribution.

Draw frequency polygon and histogram for the distribution.
ass limits 10-14 | 15-19 | 20-24 | 25-29
11 2 5

30-34

20
20

Chair
Table
Black board

. 241
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10.

A principal of a school allocates funds of Rs.50, 000 to five dlffetent sectors:

(i) chairs: Rs. 15000 m
(iii)  black boar OQ Rg\d novation: Rs. 10,000

(v) gardenin ﬁ
Fin ds allocation in each sector of the school.

The matks of a student Saad in six tests were 84, 91, 72, 68, 87, 78. Find the
arithmetic mean of his marks.

Adjoining distribution showed maximum load (in kg) supported by
ropes. Find the mean load using short method.

93-97 | 98-102 | 103-107 | 108112 | 113117 | 118 - 122
2 5 8 12 6 2

Usman rolled a fair dice eight times. Each time their sum was recorded as 8, 5,
6, 6,9, 4, 3, 11. Find the median and mode ofthc

Two partners Mr. Aslam an any In the following
data the weekly és who work in the company are
gven: U |

00— 700 | 700—800 | 800-900 | 900— 1000 | 10001100 |
3 5 7 21 11 |

Naveek
e
SN
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i t)ﬁmf\\\u y | e
U2

S e
o -?-1_‘}.,_-

At the end of the ﬂi@: ude Ts w1ll be able to:

™\ \ N
Calculate—h\it probability of a single event and the probability of an event not occurring.
Solve real life problems involving probability.

Calculate relative frequency as an estimate of probability.
Calculate expected frequencies.
Solve real life problems involving relative and expected frequencies.

e Sy e, s S T T T e e
e i T B g T - = 4 iR &

Y

VVVYYVY

INTRODUCTION

In our daily life, we normally say that | History!

manufacturing companies give warranty | The word “probability” is

on their products, there is chance that | derived from the Latin
: word “Probablhtas“ It

some product might not meet warranty

: means pmblty’
time period, A person judges the chances C\eﬂ.;.;ian.?1
He

of winning cricket match of a team b @L
on prev:ous performance i X lian doctor and
¢tion

mathematician.

above statements
with certainty ‘WW ations, what makes it easier for us to represent the chance of

an event occurring numerically i.e., probability.
Hence, Probability is the chance of occurrence of a particular event.
Probability is calculated by using the given formula:

Number of favourable outcomes

Probability = :
Total number of possible outcomes
ltiswrittenas:  P(d)= "D
n(S)

P(A4)= Probability of an event 4
n(A) = Number of favourable outcomes

n(S) = Total number of pos<tble omeeqm?@
Basic Concepts of Probability \mﬁ( \xja \x \‘\ Ju U =

\
Experiment: The process \,{h‘}\%‘fgﬁ&“ “%\Qesults e.g., tossing a coin, rolling a dice,

etc. is called an ewﬁ?ﬂh I
_ 243 Lo i T
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Outcomes: The results of an expenment ar ?@@ﬂ% the possible
outcomes of tossmg a coin ar otitcomes of rolling a dice 2
1,2,3,4,5 or6.

Favourable Out me wh:ch represents how many times we expect tk
thmgWﬂM e.g., wl‘ulc tossing a coin, there is 1 favourable outcome of gett g
head ail. While rolling a dice, there are 3 favourable '
outcomes of getting multiples of 2 i.e. {2, 4, 6] Remember!
Sample Space: The set of all possible outcomes of an | Fach clement of the

g ; - A sample space is called
experiment is called sample space. It is denoted by ‘S’ e.g., SanlE B
while tossing a coin, the sample space will be §= {H, T}.
While rolling a dice, the sample space will be S = {1, 2, 3, 4, 5, 6}.
Event: The set of results of an experiment is called an event e.g., while rolling a dice
getting even number is an event i.e., 4 = {2, 4, 6}; n(4) = 3.

Recall! Types of Events:

¢ Certain event: An event which is sure to occur. The probablhty of sure eve I;
* Impossible event: An event cannot occur in any trial. Th t 1s 0,
* Likely event: An event which will p@ab y \ecqr \K\ ane to occur.

¢ Unlikely event: An event whi ] as less chance to occur.
* Equally likely eve%
events is (.
@ EEE IS:eJ N l o’
]
vent

ave equal chance of occurrence. The probability of these

Unlikely Equally likely Likely Certain

event event event event

< t } ¢ >
0 or 0% 25% 50% 75% 100%

13.1 Probability of Single Event
Example 1: Abdul Raheem rolls a fair dice, what is the probability of getting the

number divisible b}’ 3?7 Keep in mind
Solution: When a dice is rolled, the sample space will be: | The range of probability
S=1 3.4,5,6): = for an event is:
(1,2,3.4,5,6} : n(S) =6 et

Let “4” be the event of getting the number divisible by 3.
= {3,6}; n(4)=2

A
P(4)=—== -’I(A) E 1 O @\ d cachers’ note: |
n(s 6 3 “ Clear the concept of all the
z%% '

types of events by using

e
The probabili '\lumber divisible by 3 is — . different colours of balls or
R 3 pencils etc.




(i) Even numbers on both dsce w@ @

(ii))  Multiples of 8 @ &@@

(iii) Even num ¢ and the number 3 on the second dice.

(iv) wﬁmf Sumber 3 on the first dice and number 4 on the second dice.

p: When a pair of fair dice is rolled, the sample space will be:

12 | 1,3 1,4 | 1,5 (1,6
201 P22 s e, a0 255 26 Cat el <ot s
T 1|32 |88 8, 4+ 3,57175,6 sample space when 3 dice
4.1 | 4,2 | 43 | 44 | 4,5] 4,6 il e

S5 2 | 6a s, AN s s | 5,6
61162163 64| 651606

col

(i)  Even numbers on both di 2.0

Let “A” be $ n@crs on both dice.

Wg ﬁa@ 6). (4,2) (4,4), (4, 6), (6, 2),(6,4), (6, 6)}
= 9; n(S)=36

n( A) 1

— —_—
—_——

P(A)-H(S) 35 4

Thus, the probability of getting even numbers on both dice 1S :1’1 ;

(i)  Multiple of 3 on both dice.
Let “B” be the event of getting multiples of 3 on both dice.

= {(3, 3). (3, 6), (6, 3), (6, 6)}
n(B) = 4; n(S) =36

P(B}—"(B) @ @w@@ ol

tlplcs of 3 on both dice is 6

s e

Thus, the probabili



)

@nﬁ@ ability
(iii)  Even number on the first dice gnd Second dice.

Let “C” be tI'@ ers on the first dice and the number
3 on the second dice.&\?& j\
NN N = {(2,3), (4,3), (6,3)}

n(C)=3;n(S) =136

—— e —

Thus, the probability of getting an even number on the first dice and the number 3 on

the second dice is—l~ .
12

(iv) At least the number 3 on the first dice and number 4 on the second dice.
Let “D” be the event of getting at least the number 3 on the first dice and number
4 on the second dice.

D ={(3,4),(4,4), (5, 9), (6,4) m
D) =4; =36
n(D)=4;n(S)=3 @m@o@(@

P(D)= n(D) 4
ber 3 on the first dice and number 4 on

1
n(S) "Em
0§

13.2 Probability of an Event Not Occurring

Sometimes, we are interested in the probability that the head will not occur while
tossing a coin.

Let “4” be the event of getting head while tossing a coin, then the event “ 4' ” be the
event of not getting head while tossing a coin.

The probability of not getting head while tossing a coin is known as the complement
of that event. It is written as P (4 ') or P(4°).

Thus, the probability
the 2™ dice j

The complement of an event “4” is calculated by the
given formula;

P(4') =1-P(4)
For example, while tossing a coin, the probability of
getting a head is:

Give more examples to

explain complement of events
e.g., if the desired outcome is
head on a flippin in, the

co ent i il\) The
%@@ that the
€ probability of an

event and its complement

must be equal to 1.
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and the probability of not getting a head is: L]*f@ @O W\m
? E E . Q

_.___-_—

1
Thus, the cokaJmnWﬁ the event of getting a head is 5

ample 3: Zubair rolls a dice, what is the probability of not getting the number 67?
Jution: Let “4” be the event of getting the number 6.
The sample space while rolling a dice is: §={1,2,3,4, 5, 6}

n(S)==6
A={6};n(A)=1 m
g The sum of the probability
P(A)= s of an event “A” and the

n(S) 6 probability of an event not
To find out probability of not getting the number 6, we | occurring “4” is always

have X (@Wﬁ Y

P(A’)-:-l g,q) & %@@@ CAD

Thus, the probability of not getting the number 6 is E

illl‘

U4 If two fair dice are rolled. What is the probability of getting:
(1) not a double six (i)  not the sum of both dice is 8
Solution: Sample space of two fair dice is given by:

S={(1,1), (1.2), (13), (1,4), (1,5), (1,6), (2,1),(2.2), (2.3), (2,4), (2.5), (2.6),
3,1), 3.2), (3.3), 34), 3.5, B,6), (4.1), (4,2), (4.3), (4.4), (4.5),
4,6), (5.1), (5:2) (5.3), (5:4), (5,9), (5.6). (6,1), (6:2), (63), (6.
(6,5), (6,6)}
n(S) =36

(1) not a double six.

. ol
Let “4” bc the event that a double . M@ O@@K\?\
i\@@uﬁ 3

ff&&w

n(S) 36
—247—
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Let “ A" be the event that nota W@ @
As we know that i
P(A )@m Q
RIS

36 36 36
Thus, the probablllty of not getting the double six is -i—g— ;

(i)  not the sum of both dice is 8.

Let “B” be the event that the sum of both dice is 8.
={(2,6), (3, 5). (4, 4), (5, 3), (6, 2)}

n(B)=35
n(B) 5
8= n(Ss) 36
Let “ B’ ” be the event not sum of both dice is 8.
P(B) =1—P(B)
B 36 3L 3] wa @ m
Thus, the pr th dice be 8 is _6
13. roblems Involving Probability
Example 5: Let 4, B and C are three missiles and they are fired at a target. If the
probabilities of hitting the target are P (4) = %’ P(B) = %’ P(C) = -g, respectively.
Find the probabilities of
(1) missile 4 does not hit the target. (i)  missile B does not hit the target.

(ii1)  missile C does not hit the target.

Solution: (1) missile A does not hit the target.
Since, P(A)= Ly
4

Let A" be the event that missile 4 does not hit the target
P(A")=1-P(A)

AR
ssile ‘4’ does not hit the target is % :

PR SRR
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(i)  missile ‘B’ does not hit the target.
Since, P(B) = -3—

Let ‘ B'’ be the event missile B does not hit the target
P(B")=1-P(B)

s e ; . 4
Thus, the probability of missile ‘B> does not hit the target 1s =

(iii)  missile ‘C" does not hit the target.

Since, P(C)= g
Let “C"’ be the event missile C of not hitting the target
P(C")=1-P(C)
2§ 2BP=% %
ik -

Thus, the probability of missile ‘C” does not hit the target is % :
Example 6: A bag contains 5 blue balls and 8 green balls. Find the probability of
selecting at random:

(1) a blue ball (i) a green ball. (i1i) not a green ball.
Solution: (i)  ablueball :
Let ‘A’ be the event that the ball is blue
Blue balls = n(A4) =5

Total balls=n(S)=5+8=13 Can you find out the
complement of selecting
P(A)= () a blue ball?
n(S)
Lo
13

Thus, the probability of selecting a blue ball is 15—3 ;
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(i)  a green ball
Let ‘B’ be the event that ball is green ¥
Green balls = n(B) =8 umﬂ@ﬁ
Total bg,!kg\ %f,'\%@f ;
(L)

\\\rﬁw’\\fﬁw .)_ n(S) 13

T

ility that a person A4
il be alive 0.75. Can you find

out the complement of that event?

Thus, the probability of selecting green ball is % ;

(iii)  not a green ball
Let * B” be the event that the ball is not green.
P(B')=1- P(B)

aIl s —.

(1) a card of heart (i)  neither spade nor heart
olution: (i)  a card of heart
Total number of cards = 52 ; n(S)=52

Let “4’ be the event of selecting a card
of heart.

Number of heart cards = 13 ; n(4) =13

_n(4)
P(A)= n(S)

Thus, the probabi\ﬁ\ﬁf R ‘cardof (2 10) cards | [(2 - 10) cards | |(2 - 10) cards | |(2 - 10) cards
heart i lS 1 NM\J\

_250—
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(i)

neither spade nor heart
Let ‘B’ be the event of selecting a card of spade or heart

Number of spade and heart cards = 26 ; n(B)=26

n(B)
n(S)
26
52
1

—

2

P(B)=

Let ‘B’ be the event of selecting neither spade nor heart card.

Thus, the probability of getting neither spade nor heart cards is o ;

4.

P(B") = 1—P(B)

e

&
2

2

{(EXERCISE 13.1))

Arshad rolls a dice, with sides labelled L, M, N, O, P, U. What is the probability
that the dice lands on consonant?

Shazia throws a pair of fair dice. What will be the probability of getting:

(1) sum of dots is at least 4.

(i)  product of both dots is between 5 to 10.

(iii)  the difference between both the dots is equal to 4.

(iv)  number at least 5 on the first dice and the number at least 4 on the second dice.
One alphabet is selected at random from the word “MATHEMATICS". Find
the probability of getting:

(1) vowel (ii)  consonant (iii) anE

(iv) anA (v) notM ‘(vi) notT
Aslam rolled a dice. What is the probability of getting the numbers 3 or 4?7 Also
find the probability of not getting the numbers Jord.

—m"
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5. Abdul Hadi labelled cards from 1 to 30 and put them in a box He selects a card
at random. What is the probability that selectcd card con m

(1) the number 25 @1&)3 een 17 to 22
(iii) number at number not 27 and 29
n 12 to15

6. The prm tlity that Ayesha will pass the examination is 0.85. What will be the
probability that Ayesha will not pass the examination?

7. Taabish tossed a fair coin and rolled a fair dice once. Find the probability of the
following events:

(1) tail on coin and at least 4 on dice.
(1) head on coin and the number 2.3 on dice.
(i1i)  head and tail on coin and the number 6 on dice.

(iv)  not tail on coin and the number 5 on dice.

(V) not head on coin and the @W
8. A card 1s selected apf? x& uffled pack of 52 plying cards. What
will bWi , .
Nio -
(1) en (11)  neither a queen nor a jack

9. A card is chosen at random from a pack of 52 playing cards. Find the probability
of getting: '

(1) a jack | (i)  no diamond
13.4 Relative Frequency as an Estimate of Probability -

Relative frequency tells us how often a specific event occurs relative to the total number
of frequency event or trials. It is calculated by using the following method:

Relative frequency = Freque.:c:«’alof pasife evmtwm
0
%@ given date.

Example 8: Find the rela iy

2] 3 [ 4[5 |6
- o I S B BT




The sum of all the relative frequencies is

students of Grade — IX and asked about their :
always equal to or approximately equal to 1.

favourite colour. The responses are:
(1) Red colour = 23 students (i)  Green colour =15 students
(iii)  Pink colour = 25 students (iv)  Blue colour = 10 students

(v)  White colour = 7 students. | Remember! ]

Find the relatwe frequency for each colour. Relative frequency is @
_ estimated probability of an

Total number of students = 80 PRI G S

: . 23 experiment is repeated a fixed
(i) Relative frequency for red colour = 5 =0.29 eresbsue oF Hies:

It means that 29% students prefer red colour.

(ii)  Relative frequency for green coBur @ﬁw @ O@©m
It means that 19
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(1)  Relative frequency for pink colour= === 0 3 ((i E!Bmﬁ%

It means that 31% studentg ﬁf{é@y&'\k\ “ \L Out of 200 students in a

school, 80 play cricket, 50

(iv)  Relative @L _é}‘ée colour —=0.12 play football, 25 play
volleyball and 45 do not play

N\Jm ) e
0 y game. Can you find out
It rﬁé\ans that 12% students prefer blue colour. the probability of the shdeuts

. - 7 who do not play any game and
(v) Relative frequency for white colour = % =009 | rehiive frequency of the

students who play cricket?

It means that 9% students prefer white colour.

Example 10: Abdul Rehman obtained different marks in different subjects out of
100 marks The detail is as under:

Urdu | English |Islamiyat| Mathematics | Science Computer Science

75| 80 | 7 SN 85

=

A

(EA°

95
Find the relative freque %

Urdu (5 47858 0.15
English 80 48—; =0.16
2
Islamiyat 72 5‘8_8 =0.15
95
Mathemati 95 el =) 10
athematics e
- 81 0
Science 81 —=0,17 ﬂ@)@\
a—Ra ) "?\4&8\” (© o
Computer \/2 C \\L‘_a\ﬂ_@é 0.1
Science  O\\cRO\\ 7O 7| 788
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13.6 Expected Frequency N 20

Expected frequency is ame te)

how often an event s 0@\) & e\d/— Clear the concept to the students that

depended o te:d frequency relative: lfrequency. as an estimate .of

is found byu e followmg method: probability by using different real life
problems.

Expected frequency = Total number
of trials x Probability of the event.

=NxP(4)
et Six fair dice are rolled 50 times. The probability of occurrence of

dlfferent number of sixes are given below. Find the expected frequency of the
following data:

[ 50 x 0.09 =4.5
‘fJ 1 0.10 50%0.10=5
2 0.12 50x0.12=6

3 0.24 50 x 0.24=12
4 0.10 50 x 0.10=5

5 0.20 50 x 0.20 =10

6 0.15 50 x0.15=7.5

13. 7 Real Life Application on Expected Frequency

Sxampled2: Find the average number of times getting 1 or 6, when a fair dice is
llcd 300 ti
r i imes. ) e @\(\ﬁ .

OIfiONE Let “S™ be the sample space whem\a fai
dlce is rolled: 4%( of all expected frequencies is
\A N always equal to or approximately
§=1{1,2,3,4 equal to a fixed number of trials.

Let “B” be %ﬂg\n& ul or 6 comes up.
B={1,6} ; n(B)=2
[ 255—
ST
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1 P(B) = n( B) = 2 _]_
s HARE @@m

Therefore, £ (B)=Nx P(B) | O @@@S\g
0% “ _ -
W
Thus, the-average number of times 1 of 6 comes up is 100.

Example 13: If the probability of a defective bolt is 0.3, Find the number of non-
defective bolts in a total to 800.

Solution: The probability of defective bolt is = 0.3

Probability of non-defective bolt =1 -03 =07
Number of non-defective bolts = 0.7 x 800 = 560

Thus, the non-defective bolts will be 560).
EDcom

{(EXERCISE 13.
1. A researcher collected mgﬁs from Horse-Ricks in Russian

le 1s as follows:

2 3 4 5 6
87 40

50

32 15 10

E 5 6 d 8
105

40 | 66 | 50

3 A quiz competition on general knowledge is conduc € number of
correcte ers out of 5 queftiogaf :5051 m@@m given below.
2@&@\@“»3\%1) J 4 5

15 25 18 9

256 RS s ™ ———
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4. A sunrey was cnn 0 a class and asked about their
as under:
Fresh Juice | Chicken | Bar. B.Q | Sweets
07 21 15 25 J

(i) how many percentages of students like biryani?
(ii)  how many percentages of students like chicken?
(iii)  which food is the least like by the students?
(iv)  which food 1s the most prefer by the students?

s. In 500 trials of a thrown of two dice, what is expected frequency that the sum
will be greater than 8?

6. What is the expectation of a person who is to get Rs. 120 if he ohtams at least
2 heads in single toss of three coins?

[ Find the expected frequencies & W ent is repeated
gsirid Y\rﬁ’f’\\ \
A - \-J

Al Mi"‘” 4 | 5 6

021 | 0.17 | 0.18 0.09 0.17 0.07

8. The probability of getting 5 sixes while tossing six dice is % , the dice is rolled

200 times. How many times would you expect it to show 5 sixes?

@(REVIEW EXERCISE 13)P

|. Four options are given against each statement. Encircle the correct option.
(1) Each element of the sample space is called:
(a) event (b} experiment

(c)  sample point outcomes

(i)  An outcome which represents huw many times we expe
happened is called: i a
(a) outco 1 outcome

%m sample point




PR '*,.
l| K- -

(ifi) ~ Which one tells us how o Wg@hrs

numbcr of freque

sum of relative frequency
O it (d frequency

(iv}{f\J lmatcd probab:hty of an event occurring is also known as:

(a)  relative frequency (b)  expected frequency

lative to the total

(c)  class boundaries (d)  sum of expected frequency
(v) . The sum of all expected frequencies is equal to the fixed number of:
(a) ° trials (b)  relative frequencies
(c)  outcomes (d) events
(vi)  The chance of occurrence of 4 particular event is called:
(a) sample space - (b)  estimated probability
(c)  probability (d)  expected frequency
(vii)  An event which will probably occur. It has occur is
called @o
ally like l ely event
(d) certain event
(v:m) 1 number of possible sample space when 4 dice are rolled.:
(e). . -6t (d 6°
( 1x) Whlle rollmg a pan' of dlce, what will be the probability of double 2?
® g ® g @ 5
(x) A card is chosen from a pack of 52 playing cards, find the probability of
- getting no jack and king:
2 11 2 11
(a) 13 (b) = (c) 5 (d) 7
o4 Define the following:
(i) relative frequency (i) exp /Led fr
3. Anum contains 10 redbal]s 3 mﬁ@ md the probability
: of selectmg at random.
i a red ball (iii)  a blue ball
not a green ball

zss_
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Three coins are tossed together. what is the probablhty (&5
i exactly three heads \ c ‘G

(i)  atleast two M\&V K\CO, \\

(iii)) notat

(iv) wmy two heads

A card is drawn from a well shuffled pack of 52 playing cards What will be the
probability of getting:

(1) king or jack of red colour .

(i)  not*2” of club and spade

Six coins are tossed 600 times. The number of occurrence of tails are recorded
and shown in the table given below:

0 1 2 3 4 5 6
1101 90 | 105 | 80 | 76 | 123 | 16 |
_ il

Find the relative frequency of gwen ’F@ O@@“

From a lot con i @ Are tfe tive. Find the relative
uency of : also find the expected frequency of non-

defe
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(1) Rational ( } b (iii) Irrational (iv) Irrational (v) Irrational

1.
(vi) lrrat J\“-\l lr(t}' (viii) Irrational (ix) Rational (x) Irrational

2,

(i) b (ii)
e i i -4;"_‘_‘_—'+
o2 : H TG H 3

(111) _ | (iv) ;
4+ ————
5 .4 3 L LN ) At I ‘_—ﬂ _'[ 0 : ; ;_’
) ' i) 0
— il T g
) P \ A L L] b L]
2 <)@ Y 2 9 \(\i\@\fj = A T S e 3
\
g 37 V\f&%@)‘-’j
¥ ) "9- {Il)— (Q“ﬁ@jm
4. (1) Associ m';ldﬁm (1) Commutative property over addition
(iii) A e inverse (iv) Lef distnibutive property
(v) Additive identity (vi) Multiplicative identity

(vii)Associative property under multiplication  (viii) Commutative property under multiplication
S. (i) Additive property (i) Reciprocal property (iif) Additive property
(iv) Multiplicative property  (v) Multiplicative property  (vi) Trichotomy property

Lo -3 G Jg; 2 e —‘@_—‘E ) 17-12y2  w)s5-2J6

8 10 I
o) 2VBT-V5) 2 D= iy 12 i) = @) Ppzth @ -
27 -G\ ff’m WY 6

9 27 k _/ _1.'.,) po=
o) 3 s i) 24%.\ t@u IW \C\Y (\ b ff' Gi) 248 (iii) 34
: 3375

(i) 1248 (v) 1154 (\\_’W\,\ H\:l\ P=2s54=18 s g 2 i) 2
Al \X 512 3
nn)— \JI Nﬁ*«[z\ :
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3. %2@ ' 23
5. 1184 6.20years 7. lamﬂn/}:\(\m 9. Rs.52500

@“@R@l IEW EXERCISE 1))

d (v)a (vi)b (vii)b  (viii) a (ix) d (x) d

1. 13,14.15 2, ZE=4\E— 2\/-

| DR 4L e

7. (1) ‘_—' (ii) 3% Gii) 27 8. 15,17,19 9. 34,62 10. 540750

' - @(Cexercise21 )

L. () 2x10° (i) 4.89 x 10* (iii) 4.2 x 107 (iv) 9 = 107 (v) 7.3 10°

(vi) 6.5=10' 2. (1) 804 (i) 300000 (i1i) 0.015 (iv) 17700000
(v) 0.0000055 (vi) 0.00004 3. 300,000,000 m/sec 4. 4.0075%10"m
5. 6779 km 6. 12756 km

§(Exerase22 )

1
1. () log,,1000=3 (i) log,256 =8 (iii}log,—-:—ii (iv) log,, 400=2

1 | 1
(v) log, —=——  (vi)log,I121=2 (vii) log, p e
2 ’\]7 5 Q@@ 2 5
2. @ 5‘*]25 [Il) ¢4 & \ (iv) S§'=
rv; 2 (vii) 10° = 100000 (viiiy 4 = —
16
, !
| ti tn) x=0 (m)x= 8 (V) ¥s—— " W) 'x=8 (v)x=10
1000
(CExeraise2s )
1. (1) 3 (1) | (111) -2 (iv) 2 (v) —5 (vi) 5

2. (i) 1.6335 (i) 2.7627 (iii) 0.2971 (iv) -1.0575 (v) -1.3279 (vi)-3.4510
3. (i) 3.5019 (i) 1.5019 (iii)—-1.4981 . 4. (i) x=1015 (i) x= 1556

(iii) x = 0.0003681 (iv) x = 002675 (v) x=2270 (vi) x=0.009585
{(Exercise24 )
LG Gy 7 (i) -2 (iv) 2 W S (vi) 1

R o
2. (i)logd5 (i) log27 (m}ﬁlog,,b (V) log;xy  (v) log, ——_ (vi) mi—-

3. (i)logll—logs {1;)-—Iogs : NW@@W log v+ log y—log:z ]
: K&

log, b] 4. () x=5 Mm)x= (i) x=-10




wIE % = I - .
S N 10 T o e ’ " S

—
L]

(iv)x=5 Mx=22 (vi) x:-si;‘- 5. () 2960 (i) 23.62 (iii) 1.339

(iv) 14.21 6 M=3 7. 14 years > s@@lg‘é

ey exiras

(i) ¢ ()b le ¢ &B :{\-1; (vi)d (vii)e (ix)d (x)c

(i) 5.67 =10 ()~ (i) 3.3 x 10% 3. (i)2600 (i) 0.0008794
(iii) ?Wﬁ (:) log, 2187=7 (i) log_ c=b (iii) log,, 144 =2
(i) 4*=3 (i) 9° =729 (iii) 4° = 1024

7

() x=3 (i) x=—::— {iii)x=-§ 7. (i) long (i1) log 2 (iii) log, 2
y

1 3
(i) logx+logy+6logz (ii) E[S log, m+3log, n] (iii) E[ log 2+ log x]

(1) 4.086 (i) 1133 (i) 24.01  10. 2035 :
{(ExErosean »

() {x|x=n’, ne NAl <x<500} (ii) x| x=2"ne NAl <x<256}

(iii) {x|xe Z A- 1000 < x < 1000} (v) {x|x=6n, neNA1<n<20}

(v) {x|x=100+2nne WA 0<n<150} (vi) {.xl.:: 3. neW

(vii) {x|x is a divisor of 100} (vili)_ @@\I\i n <20}

(ix) {x | x& Z A 100 <x 1000} \j\s&x 33}/‘ (ii) 2}
(iii) {2, 3, 5,7, 11} W 6, 32 64,128} (v) {2,4,8,16,32,64,128}

(vi) { } ,\N\U 1,2.3.4.5... (viii) { }
yes, { NN 5. {a,b}isaset contammg two elements @ and b while {{a, b}} is a

4.
set containing one element {a, b}
6. (i) 1 (ii) 4 (iii) 128 (iv) 256 (v) 4 (vi) 9
7. () fo, {9}, {11}, {5, 11}}
@) {00+, 5 0L L L b b0 =), 04, thmxh hs ) hoxsh =08, [hex s )
() {o,{e}} (i) {@,{a}, {{b,c}}, {a, {b, c}})
((CexEresesz )
28
L () A4={6,12,18,24,30}, B= {8, 16, 24} (i) 4N B= {24} (iii)':"r A X B\ %
2. (1)6{248163264128} . elzs 2
H{1491253649648110012Il44} SIS 16
(i) GUH={1,2,4,8,9, 16,25, 32, 36, 49, 64, 81, 100, 121. 128, 144} | 10 14 20
(iii) G H= {1, 4, 16, 64)
3. (i) PnQ= {2357} (i) PUQ=1{1,2,3,5,6,7, 10, 11, 13 415@@
7. 9 8. 130 9. 9 10.-18 11. (alf{ t;% ,100} (b) 40
\WPis é\i\g \_\\37 A
L«\,U\g\ = (NN
12. () 5 (b) N 8 ) 45 (© 27 (@
A CHe 7).
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(ii)

(111)

(iv)

)

{(exeraise33 ) ,\H%\Q@@ﬁ@

ﬂr’"‘L

i AshERY
() {(1,1),2,2),3,3), (43 K\ub AU 4
Domain of (i) = {1, 2, 3! 3 ol
Range of(: 34 *(33)
21 *(2.2)
i+ '(l 1)
P i o WO Y Y
5+
: Hﬂ’:)[m {(1,4),(2,3).3,2), 4, 1)}
24 x(3.2) Domain of (ii) = {1, 2, 3, 4}
" x @ Range of (ii) = {1, 2, 3, 4}
a1 2 3 4 5 2|
L
54
44

(1, 1, (1,2), (1, 3), 2, 1),2,2), G, 1)} b
Domain of (iii) = {1, 2, 3} . @@ﬁ@
Range of (iii) = {1, 2, 3} QYa

W‘Q@m@@ T

—
i 2 34 8 F

{(2,4),(3,3),(3,4),(4,2),(4,3), (4, 4)}
Domain of (iv) = {2, 3. 4}
Range of (iv) = {2, 3, 4}

=-:-~.-H-.*+u~

Fig (1) does not represent a function. Fig (2) represents a function, which is a bijective function.
Fig (3) represents a function, which is a bijective function.
Fig (4) represents a function, which is an into function.

5 10 5

@ 2 G -7 ()4 (@(v)2 () 17 (vi); 4. a=2,b=1 5. a=?,b=—;
4 14
x=6 7. c=—,d=—
3 3

(( REVIEW EXERCISE 3 )

(G b (i) c {1ii]a (ivid (v) d (w) b (vii ﬁw é@@\ﬁm
(i) {2,4, 6,8, 10, .. (i) {3, 5,7, @ 55, 66, 77, 88,99, 110}
ivye (V) e (VI)IE! ] % (i 11,3, 5 7,9}

(i) {6,7,8,9,10} % \3.6.8, 10} (iv) {6,8,10} (v) @

(vi) {1,2,3,4 (vii) {1,3,5,7,9} (vii) @
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.
4. .

I‘

3.

(v) +V2(100-3) (vi) + VI0(2x + 3)
(i) +(2F°- Tx-3) (u)+f1|r I—12) (i) + (x° Sxy+y7° &M
x=2o0rx=4 x=5 S8 .x= Grﬂr_gllﬁ\“’—\ or x=3

110.20.30,40.50,...} 10 (i) -2 (i
Q

Iy DTy 2oy 3N, “:76. 77.78, ..., 100},
0, 3E 32 . 55, 76,717, ....100}

!?I"—"'_

{a (h) 3.” (c) 30 (d) ‘?ﬂ 16. (a) 160 (h)y 160 (c) 140 (d) 50
((exercise ) |
(1) 6(x+2) (1) 513y + 4) (i) —3x(4x + 1) (1v) dah(a + 2h) (V) x(y — 3x + 2)

(Vi) 3abia — 3b + 5) 2. (1) 5(x+3) (i) (r+1)x+3) (i) (r+2)(c+4) (1v) (x+2)°
(1) (x +4)x— 3) (i) (x + 5)x +2) () (x=4)x—2) (iv) (x—=8)x+7)

(v) (x— 12)(x + 2) (Vi) (v + 6)(y— 2) (Vi) (v + Iy +4)  (viii) (x — 2)x+ 1)

(i) (2x + 1) x+3) (i) (2x + 5)x + 3) (15) (dx + 1)(x + 3) (iv) (3x + 2)(x + 1)

(v) Bv-2)y—3) (i) Cy =10y 2) (vii) (42 - 3z—2)  (viii) Bx = 2)(3 - x)

§(exercises 2))

(1) (2~ 6xy + 972 + 6xy + %7) (ii) (a’— dab + 8b°Na + dab + 84°) .

(1) (= 2x + 4)(x + 2y + 4) (iv) (" = 4t+l)(r+4 @m
(V) ("~ 6xy + 3 + 6y + 3) (\-'l} i~ & O@

(1) (" + 5x + 5§ ) —13)

(H1) (227 = Tx+4)° ‘ 3 IX+ 6)3x + 5x + 2)

(V) (7 + 4y + 6)(2 + 1) (x* — 5x + 2) 22+ 5y + 2)

(1) 2x+ 1) (m)t.\ F6Y)Y  (iv) (2 — 5p)°

(1) 3ol ‘+ 5;: + H (1) (4x + S)(16x- 20x+25) (i) (x"— I+ 35+ 9)

V) (Ma + 1)100a° — 10g + I (V) (Tx + 6)(49x° - 42¢ + 36)  (vi)(3 — Ry)9 4 24y + 64v7)
{ Exerase 4.3)

(D HCF =7xy (i) HCF = 2x - 3y (i) HCF =¥ +y+ | (V) HCF = ata + 3)

(VIHCF =+ | (Vi)HCF=x + 8§ 2. (i))HCF=3x-2 () HCF = 2" - 41+ 3

(1ii) HCF = 2(x" + 1) (iv) HCF = Wxr=2) 3. (HLCM =124 (M LCM = (x+ 1)
(1) LCM = a(a - 2§ (iv) LCM =x( 4* - 16) (VMLCM=44-)x+3) 4, v =12v+3§

qtx) =9 (x* — g 6. 12Z¥(x - a)(x +af
(exeraiseia))
) +(x-9 (1) +(3x+2) (1) + (6a + 7) (1v) + (8y - 2)

(1) a (i) b (i)

Wmé?s
ﬁ% (V!}ﬁ (vii)c fvmlla (ix)c (x)a




2. () 2@2496) (i) GH)C—do+167) (i) (xy - 220+
(iv) —(x+3)(x+20) (v) (2x+1)(x+3) (vi) (" +4x+8)(x"— 4+ P4 3N~ 20+3)
(viii) x(x+9)(x’+9x+38)

ix) (x5 @o
3. (i) LCM = 8x°(x+2)(x+3). HCF =4x Q d Q& x( X —3Nx+4) HCF =x -1
(111) LCM = (x — 4)( £ \) -’\.\ _,L = x{(x* 2)¥»*-9), HCF=x-3

4. +(4x*+1)8. 3 years

0 (EXERCISES.1)
- 1 - nl
L () x=3¢—t—t=—t—t—t—t+—+p () =S4t *
1 |
(iii) r=-;*; —t—pt—t—— 0 W) ¥ TS0 2 4 6 8
(V) = _14 €+ =1 = " = -> ("‘l v =6 P A - R | {l‘. L
N <« i iy - N 3 o % ;1 4 =2 1l| i 4 8
: < . € o
2. (i) x<4 . (i) - 7 e—————+—+++>
o IO g B e et [ M T 6 4 -2 g 2 6 8
- —> y Y :
(iii) x> 0e—+——+—+—+—++++> (iv) x<-10€e4—4+—4—+—1—1+—+1+>
8642 0" 2 4 6 B 20-15=10-5 ¢ 5§ IO 15
M ? <L

<= H————t———> (vi
L i I e o i < R R nhaee




v e (vi)
¥ |
= AN (@@L J.\SUU
__L ' Y “J g \bs -4 = ()
: Aol
x . i
> ¢ m&%&“ — aad
L A bl
WHTX' %
NRA L [ & s & {50 N 5
2. (i) (i)
0,4 o
4: E T ‘a g
- 0) = s G EES %
= ) 7 o= i
ﬂ\l fr:.:.,m f‘::*\‘j' \L‘l i
| 5 %@@Eﬂl :
]

y’
e fa = 2
(m} s vf\ O (IV) T
"\J&U Bd _.E
- ‘{
] d
:ﬁ x
0,
X Qo ’
o] _/1c]0) g T
) +
v v
) & . A
(vi)
)
=l NEY !
-5 F Iy > r
7 @) @@Y [N 5
, T) - ~
: (ARG 4
ol =
\ X = '
3 9 _j\ 0 oL
i * F




((EXERCISE 5 z))

Maximum at the corner point (16, 12) a @
Maximum at the comner point (0, 5) @@(ﬁ
Maximum at the corne é&

Minimum at the corn %

Mulmum . 6)

Maxim corner point (9, 0) and minimum at the corner point (0, 3)

@(REVIEW EXERCISE 5 P |

1.()c (ii)c (i)c (iv)d - (v)b  (vi)b  (vi)b (viijec (ix)b (X)b

T o

1 1
ey e L A S LSRN
san £ r 3 = Y o, S " L% i = 3 —ly 2
GNx<3 8% = 3n 8. 2N 6 B (iv)x=<-1 .. o e = R T T 5
y B y
o[ [ ) TT1] [ A Y

oW
b of X
Bl - D i.l dﬂl @ } [!
il I S ] 1 "."f \3& @ —

N 2
LAY 'L\ 3 o
L \ED
SRR
| i | | ]
b ¥
4. Maximum at the corner point (0, 4). 5. Minimum at the corner point G , %)

{(exercsest )

1. () 1%425° (i) 2¢,-225° (i) 4",320° (W) 3d _150°  (v) 39,210°
(i 123°27" 216" (ii) 58°47'20.76" (iii) 90° 34" 4.08"'
() 65.5375° (i) 42.3125°  (iii) 78.76°

e

T n in ) & S o v o
(1) ; rad (it) E (ii1) ?rad 5. () 1125 (i) 396 (i11) 210
() (@ 628cm  (b) 1884cm? (i) (a)4cm (b) 3.06 cm’®

754 sz, 16.67% 8. 625% 9, 12c¢m,S5cm
@0 O
" 7

\\6, o s
(Vu)— (ﬂﬂ) = (ix}; (x)
7 a .tS 7 4117

2 O




Diainemaics- 5 —

5 12 5

13 13
() m = tu) —— {m}-- (M—- {'-f} o (vrl — (wu @.@Y‘ru) il (xJ—-
@

2. (i) — (i) — (l
4. (i) cos60° {u} si 3 (w) cot 30° (v) cos 30° {w) sin 30° (vii) cos 45°

(viii) cot ( }sm45° 8 @) -E (u)— (m)— {w} (v)—
C
W= s (i) 2 ) 2 x) —
b b c c a

(( EXERCISE 6.33)

3 5

. ) cosf = — cosec9=-— sec9=-—,cot9 £
Js 2

- 3

(i1) sin@=— tan@= cosec 0= —=,sec 0= — ,cotf= —

g s T
J'? ﬂ 4 4
3
galattn.
J_
|

(( EXE3RCISE 64 ))

L @) % {ii}iz;- (iing ) V3 () 2 (vi]-;- (vii)—‘i—; (viﬁ)—z‘/ﬁ_
(ix) -~===: (x) -2 (i) == (xii}'\/z—E

2. () _\2_5 (ii)-—ii_ (i) 292 (iv) 1 V) 0 {vn)% (vu)—\/_—:'— (viii) 2

% @0 (i) -j—- (iii) V2
2

4 8 T &
L. (i)x=‘£mlz=ﬁm% <isy 6 (lll)x lem, y= J_cm(w}x—ilcm, z—4«/_cm
(o]
(i) b=4c 64°, m2C=6436° (i) b= dv2em, mA=moC= 45 3. 603 m

4. (i) a=3cm,b=6cm, mod=30° (i) b=8+/2 cm,c~8 cm, mud =45°




CMathematics-9 il Asiwees

(iit) b= 6\/_cm mzA=634°. msC=266" (iv) h=8cm,a= 43 em, m2C = 30°
(v) a= ‘J—tm h= \?—-Lﬂ'l ms C = 60° (vi) ¢=8cm, ms4=369° m C=

5. 12m, 1.18 rad 6. SJ_cm y 7?5m ﬁs w@
mmm Lﬁﬂ

1. 6928 m 2. 2. 89 cm % )!3 11 55 m 5.86.6m 6.4998°  7.33.69°
8. 874m 10. 91.92 m _

REVIEW EXERCISE 6)))
1. (i) 4 (i) a (ui)a {w) b (W) ¢ (vi)b (vipd (vi)a (x)d (x)a

1T ... 10In Lo TR : "
2. (@ () —rad (ii)) —rad  (iii) —rad (b) (i) 127°30° (i) 1057 (iin) 123°45°
12 240 24

3 2 Jin T NG

4, sin@=—— , cosO=,— , csch=— sech=— ,  cotb=—

Jn 1 34 (v 2 3

5 5642m 6. 9.06m
€ Exercise ﬂmW@G@C@m

1. (i) Right half plane (ii) ;-i Uiz iv) x-axis (v) 4" quadrant
and negative y-axis (Vi) i‘. t:sahnc bisecting 1* and 3" quadrant.

(vii) The set of poWﬁ right side of the line x = 3.
(ix) The set of poinis-lying above x-axis. (x) The set of points in 2™ and 4™ quadrants.

@ Wi ) 45 VB @B 3 O @ 2 ® 29
2
(c) \/3_ (i) (a) [-— ?3) (b) (-3.1) (c) (—2\/5%) 4, (i)( 176.7)isatdistmce

of 15 units from the origin. (i) (10, —10) is not a distance of 15 units from the origin.
(iii) (1, 15) is not a distance from the origin. 6. h=0

7. he=] 8. C(o,-s);mdius=J26 9. h=-10orh=6

(( Exercise 7.2 ))

. ()m=1,a=45° (i)m=-9,a=96"20" (ii)m=o0,0=90° 3. (i)

I

23 : 0)
(i) k= —2- 5. (a) lines are neither para (Ijl ' O©C
(b) hnesarenmtherpamlle!n ; \ (a) v+9=0 (b)x+5=0
(c) Tx—y+47=0 (d) : +8=0 (f) x—Ty-16=0
(g) Sx+y+7={ hy [4x (i) 4x+y+36=0
7. 4x+2y-37=0 2x—3y-10=u 9. 24x+y-259=0

L : 11

11
0. @ @ y=_ 5+ @ i-+—l=1 (iii) xcos (116.57°) + ysin (116.57°) = —=
2[5




h 4 2 4 x
®) () y=—x+= )=
7 7

|~|~e.-

=1 (iii) x cos (60.26°) + y %JRW .
s Je)E™ ’

® @ y=—x-= ii) @ 307°+ (298.07°) = e

c l)y_lsx 5 OY\@%@% ) + ysin 17

11. (a) Parall end:cular (c) neither parallel nor perpendicular.

12. 2x+«-7y+ 13 x+y+3=0 1
(( Exercise 7.3 ))

1. /85 ~ 922km 2. (10,5 3. J6l~ 781 m 4. /39~ 9.43km

- 61D 6 (57 7. 429~215uwnits 8. 26units o, 1085 ~ 22.4 units
10. Perimeter =20 units 11. 16 units

€(review EXERCISE 7 )))

L (@) ¢ (i) a ()b (ivia (v) b (vi)a (vi)b (viii)a (ix)e (x)d
5\/.;_ 5 [—]-—J 4. i S. y=2x+1 . E J_ 9.85 units

2 3
m@@@—-ﬂx—n
. Z
~7= (D) xcos(-71.56°) + y sin(-71.56°)= =
Jio

3
8. (6,5 o S W3~ 1d4mits 10, @
0 1o

((EXERCISE 8 ))

L. ()a (i)d ({)c (va @b (vi) a  (vii) ¢ (viii) b (ix) e @b
((exzraisesn)) |

1. Similar 3, mDF= 10cm, mEF =8cm 4. (Dx=3cm (i) x=225cm (iii) x=2.19cm

5. 10em 6. 7.1lm 7. x”lﬂzcm,y 8 cm, z*l.‘!lcm 8. mCE—lScm 9, 18-\/_;

(LXERCISESI 2)) ;-

L) 19 (i) 916 (iii) 4:49 (¥)64:81 (v) 3625 2. (i) 864 .cm?
(i) 106. 67cm? {111)?03125 cem®  (iv) 150 cm? (v)12.6cm 3. (a) 100 cm?

() 64cm® 4, 53cw’ 5. 1024 cm? 7. 225cm’ . 8. 289 cm?

27 : (LXERCISE 9&%&{ @ @’Om

1. a ¢ 2 ; 3. (1) — (ii) lt-s- 4. (i 44 cm’ (iv) 8cm S, (1)42.67m?

(1) 810 cm? 6 (1)

NJ\N\ ﬁ) (LXERCISE 9.4))

L () 1440° (i) 120° (i) 72° (iv) 9 sides  2.42.42cm’ 3, mZABC = 110°

et TR R TR —

| T

|




5 - I i & g Toaar
L i ke N
- = - ¥ 1 -
T et s

m<ZBCD=70°, m{CDA=110° 4. The shape can tessellate, with interior angles summing to 360°.
5. 600 reflections needed to cover the square. 6. 1623.8 cm’ ,190 cm 7. 180 tiles
8. 35 gallons 9. 6 litres X

10. 45
(ReviEW EXERGISEY o\ @Cm
(viii)a (ix) b (x)d

(1) a (i) b (iii) b,\) d/‘ (\Vf L%ﬂ\éf“L(VH) c

4:1, 8:1 (a) 1: b:gh (c} 1:10 (d) 1:1 5. 1.69 litres, 4 litres
125 millili 7. (a) 1:50(b) 1:125000 (c) 3cm  (d) 7500 cm®
(a) 12:13 1728:2197 10. 6.69 m’

(i)

s i =




5x—-2x-3

y=

(iv)

(ii)

=g

Graph of y

(iv)




(vi)

'_ﬂ'

2016 2017 zdls 20




(b) From the graph, students’ strength in 2019 is
approximately 50, and in 2023 approximately 1.
5, S(x) = 45000 + 4500x

' g | .;Ol /f“:\
P i

W\'

20000
o S S 1 N " ﬂf)_;;ff"'*“‘””"
Shahid’s salary increases linearly with ycan. of £ i
service and rises by Rs. 4500 forav,rm-y yea.r
! 1]
100 |
sof
w.
40—
20
l 2 3
‘;Q)SLRS 4930 Cost of 200 shirts = Rs. 11500
(@Emw EXERCISE 10)])

L (1) d (i)c (i) c (iv) a (v) a (vl)b (vi)a (viii))d (ix)b (x)b

2 i) = 3"_. (ii)







|
m . .r.,:-.-.

( REVIEW EXERCISlg.\l %?ﬂ L
L (i) b (i) a (iii)c (iv) a (ix) c (x) &

1.
i 4 I 2
147—149 Il 3 20-24 [ 3
150152~ | Ml I 247 25-29 M 5
153155 - || 5 30-34 | WM 10
156 - 158 | ||| 4 35-39 | | . 6
159—161 || 4 40-44 [ 4
162164 || 1 Total | Ef=30
165-167 ||| 2 I
Total Lf=30| 5,

4. — S S
33-38 1 k.,
39 -44 1.

45-50

5156

57-62
Total

6.

T e e
1 | 7 gL Lol fi ]}
2 Ll 9

3 ML I 14

4 Ll 9

5

3

] o A o
(;)::,f~34 TfX=2223, X=2646

(tl) Median = 26.64; c.f.=9,27, 62, 79, 84
5. Mode=17.44

276 “SEEEE AT s




& X2 Rs437X Rs43?X Rs425Rs435Rs45{} 7. Ix=13600 m
8. Mean =420, Median =4, Nomode 9. Mnde ar@g

10. Median = 15, Mode = 15, Mean =15.2 160

11. Median = 16.11, Mode = 17.23) Meanr' =19 l’
12. 266 years,11 months and 10 days.\ave,

age :-; 19b0y9—-11years 3mnnthsand4daysapprox
(i) X=40 (iv) X=123 '

13. () X=190 i (3
14, Xumer=T0 » X s = 58.6, X i = 40, Haris will get awarded amount.
15. (i) X=21.17 16. X=54.13 17. X.=Rs12074 18. X.=Rs20.25 (in thousands
19. Average budget = 6.6 (million) 20, X,=76.9 marks

@(rReviEw EXERCISE 12))
L. @b @a @d @a @4 e (vii)c (vii) d ()b (x)a
3. (2) (b)

-
129-138 | I

139148 | LI
149158 | WL Il

159168 | ML q
169178

(c)
S T8
4
- L=k
M S
238
4
o 1_11;.,5 TTHS 198 1588 1038 A8 ||
e I Midpoint = |

5. (i) 44 (i) 19.5,24.5,29.5,34.5,39.5, 445 (i) 22,27,32,37,42,47 (iv) 3

7. Rs.473.81

zﬁ@@“ =]

10. 108 kg




1. -33 2. (i)ﬂ ﬁi)%

. . LSSy T ) 13

4 Plgett 1530"4)-* W BT 30 il )3
@) 11 5 e k] ol ey
6. 0.15 7. W{é (w)E (v); 8. m—— (“}1‘5 % ) — (i :

( EXERCISE 13@)

1. 2.

147 25

25
1 50 = 1 140 14
147 75

47
2 94 -

%~ Do >

Nl

_§!«n g]ua-nlﬂglm

3
! 150
8 )
I5
_Total [Sr=7s0|
& 0 37% i) 20%(iii) fresh juice (v) biryani 5. 13889139 6 Rs 60
T BT ! 2 3 4 5 6
& o1 [ 021 | o7 0.18 | 009 | 017 [ 007 .
2 [ 4 M4 | 36 18 34 4 | 80 times
€Review exercise 13)
L ()ec (ii)b @We Ma Ma We vid (viii) ¢ @t{g\g\us (.)—-
10 18 S ] ks
) = (i) 5 (w) =™ Bk g /@\?\ \f\iﬂﬁ%} u}~ (ii) 52
6. _-' No.oftails | o A AT 6 Total
?f‘:ﬁ_—?é?lt:‘? 10 TOURMTH TUSF 5 123 16 | Xf=600
e NSO T 19_ £ g
__ Frequen 20 | 40 15 150 200 75
7 Relauveﬁ‘equcncy=g—=-ﬂﬁs

Expected frequency of non-defective i items

“”m‘-
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Antilogarithm: An antilogarithm is the inverse operation of a logarithm.

Axiom: An axiom is a mathematical statement that we believe to be true without any evidence or
requiring any proof.

Biconditional p «— g¢: The statementp — g A g — pis shortly written as p «> ¢ and is called the
biconditional or equivalence.

Binary Relation: Any subset of 4 x Bis calleda binary relation, or simply a relation, from 4 to B..

Centroid: The point of concurrency of the medians of a triangle is called centroid of the triangle.

Characteristic: The characteristic is the integral part of the logarithm. It tells us how big or small the
number is.

Circular Measure (Radian): It is defined as, “the angle subtended at the ce f a circle by an arc
whose length is equal to the radius of the circle”. S?J W

Circumeenter: The point of conc cn@ o @ sides of a triangle is called
circumcenter.

Common Logarith

the loganthm with a base of 10. It is written as log;o
or simply as | o mentioned, it is usually assumed to be base 10).
Con ted with a given conditional: Let p and ¢ be the statements and p —> ¢ be a given

conditional, then

(1) g — p is called the converse of p — g;

(i1) ~p — ~gq is called the inverse of p — ¢:

(1i1) ~g — ~ p is called the contrapesitive of p — g.
Conjecture: A conjecture is a mathematical statement or hypothesis that is believed to be true based on
observations but has not yet been proved.
Conjunction: The conjunction of two statements p and ¢ is symbolically written as pA g (p and g).
A conjunction is considered to be true only if both statements are true.

Deductive Proof: Deductive reasoning is a way of drawing conclusions from premises believed to be
true. If the premises are true, then the conclusion must also be true.

th
Degree: A degree (°) is a unit of measurement of anglgfltgegﬁ%:t%L jm full rotation around

ARG

a point
Disjunction: The d1® s‘sfrmbohcal]y written as pVv g (p or g). The disjunction

P‘T@Mﬁ@d

hen at least one of the statements is true. It is false when both of them




m ! Glossary

Domain: The set of the first elements of the ordered pairs formi “nﬁl@@ ed its domain,
9, \0

Event: The set of results of an experim%is ¢ @ (_f— ;
Expected Frequency: Expected fimes@ at'estimate how often an event should be

occurred depended on b

Experiment: The ) @, enerates results e.g., tossing a coin, rolling a dice, etc. is called an
expeﬁl{nfe{!m[\]w 0

Favou%ﬁﬂe Outcome: An outcome which tepresents how many times we expect the things to be
happened.

Feasible region: A region which is restricted to the first quadrant is referred to as a feasible region for
the set of given constraints,

Feasible solution: Each point of the feasible region is called a feasible solution of the system of linear
inequalities (or for the set of a given constraints).

Frequency Polygon: A frequency polygon is a closed geometrical figure used to display a frequency
distribution graphically.

consequent or the conclusion, m

Incentre: The point of concurrency of the angle bisecto ] @ﬁ@uceﬂm of the triangle.
i i ' “a’jand *b’ are constants, @ # 0 and ‘x’ is a

variable, is called a linea‘:l_-) atic -‘

: Irls a polynomial function of degree 1.

Dl I\ €1fTs a set of points that follow a given rule. In geometry, loci are often used to
N 0 o€ s a set .

define J‘ sitions of points relative to one another or to other geometric figures.

Logarithm of a Real Number: The logarithm of x to the base b is ¥, means that when b is raised to
the power y, it equals x. The relationship between logarithmic form and exponential form is given as
log,(x) =y & b¥ = x where b > O.x>0and b #1..

Logic: Logic is a systematic method of reasoning that enables one to interpret the meanings of
statements, examine their truth, and deduce new information from existing.

Mantissa: The mantissa is the decimal part of the logarithm, It represents the "fractional” component
and is always positive.

Measures of Location (Central Tendency): The measure that gives the centre of the data is called

measure of central tendency.

Natural Logarithm: The natural logarithm is the logarithm with base e, wh(e% \a mathematical
O

constant approximately equal to 2.71828. f‘%\"y k@okg
o

Negation: If p is any Statement, its negation isdenot @ﬂ?ﬁ -1t follows from this definition

that if p is true, ~p is false, and if p is f é fry
Non-negative constraints) 0 the system of linear inequalities relating to the
) \ y 2 :
problems of everyda \I]{ 3{3 ve and are called non-negative constraints.
\]’F{j\' o

%m-



Mathematics - 9

@(@ Glossary
Non-Terminating and Recurring Deci Ui 5t The : rs with repeating a pattern
of digits after the decimal poi eMniohting and tecurting decimal numbers.

Objective function: A 1
Optimal solution;
the optimal ;
Orthocentre!
triangle.
Outcomes: The results of an experiment are called outcomes e.g., the possible outcomes of tossing a

tion which maximizes or minimizes the objective function is called

e point of concurrency of the altitudes of the triangle is called orthocentre of the

coin are head or tail.

Point of concurrency: A point of concurrency is the single point where three or more lines, rays or line
segments intersect or meet in a geometric figure.

Problem constraints: The system of linear inequalities involved in the problem concemned is called
problem constraints.

Range: The set of the second elements of the ordered pairs forming a relation is called its range

Relative Frequency: Relative frequency is an estimated probability of an event occurring when an
experiment is repeated a fixed number of times.

Sample Space: The set of all possible outcomes of an cxpenmem
Scientific Notation: A number in scientific qgatl i

Here “a” is called the coefficient or b

Similar Solids: Two sohds ey have same shape but possibly different sizes.
Two sohds are si correspondmg sides are proportional.
Simiiarity imilar figures have same shape but not necessarily of same size.

Slope or Gradient of a Llne The measure of steepness (ratio of rise to the run) is termed as slope or
gradient of the inclined path.

Square Root of an Algebraic Expression: The square root of an algebraic expression refers to a value
that, when multiplied by itself, gives the original expression.

Statement: A sentence or mathematical expression which may be true or false but not both is called a
statement.

Terminating Decimal Numbers: A decimal number with a finite number of digits after the decimal
point is called a terminating decimal number.

Tessellation: A tessellation is a pattern of shapes that fit together perfectly, without any gaps or overlaps,
covering a plane.

Theorem: A theorem is a mathematical statement that has been proved true based on prevmusly known
facts.

Triangle Inequality Theorem: The sum of ﬁ@angle is always greater

than the measure of the thn'd %@
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