UNIT

EXPONENTS AND LOGARITHMS

Radicals and Radicands
Laws of Exponents / Indices

Scientific Natation
Logarithm

Laws of Logarithm
Application of Logarithm
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After completion of this unit, the students will be able to:

» Explain the concept of radicals and radicands.

» Differentiate between radical form and exponential form of an expression.

» Transform an expression given in radical form to an exponential form and vice versa.

» Recall base, exponent and value,

» Apply the laws of exponents to simplify expressions with real exponents.

» Express a number in standard form of scientific notation and vice versa.

» Define lnganthm of a number to the base a as the power to which a must be raised to give
the number (a” = yelog, y=xa>0,y>0anda+1)

» Define a common logarithm, characteristic and mantissa of log of a number.

» Use tables to find the log of a number.

» Give concept of antilog and use tables to find the antilog of a number.

» Prove the following laws of logarithm.

» log, (mn) =log_m +log,n.
s log, [T—i—] =log_m—log n

slog,m" =nlog m.

» Apply laws of ]uganthm to convert lengthy processes of mulnphcatmn, division and
exponentiation into easier processes of addition and subtraction, ete.
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| 6.1.1 Radicals and Rudicunds.

Letus considera real number./5. We may write itas 5. Here 5 is positive
rational number, 2 is a positive integer and./5 is irrational, therefore \[5 is
aradical (or surd) of order 2. Itis a quadratic surd as well.

Also consider a real number /4 we may write it as 4//>. Here 4is a

positive rational number, 3 is a positive integer and /4 is irrational,
therefore /4 isaradical (or surd) of order 3. Itis a cubical radical as well.

Therefore a radical (or surd) is an irrational number that contains an

irrational squareroot 243, 4+335, 10-4+6, Q % are all radicals
(or surds). ' 0,09 4

Let a be a real number and n be a positive integer, then a number which

whpn raised to the poweri ,gives 4/ is called the nth root of ¢,
written as ¢/, . n

ThusJ}' =2m‘ﬁ =2m:{{3 — 5! gtc,

The symbol ¢/ is called the radical sign of index ». In 2a, ais called
redicand.

Ja is called a radical of order 2,

ia -is called a radical of A 3,

{a is called a radical of order 4 and

¥z s called a radical ofordern. ;

(.j; +b ) and (JE b ) are conjugate radicals (dr surds) of order 2 to
each other. The product of these tworadicals is a rational number.

By 4

: : ) vy -. - r - d . . v.‘- m' I
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6.1.2 Radical Form and Exponential Form of an Expression

33 is the radical form of (2* )"*as the radical can be exprésééd: with
WAL
fractional exponents, therefore exponential form of 33 is(2’ )’_”-‘Or 2

TS

The radical formof ~ 5(3)"2 - £, -

From the above examples, we see that the laws of exponents are ;
therefore applicable to radicals also. Thus for any positive integer n’and 3
‘a positive rational number 2’ we have the following._ , E .‘
: . | s

Radical form
&) (a)=a. R |
) fE=gaiE Ll
E bR
oAl (i P e
R I £
~ale L
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Expression in Exponential Form and Vice Vmu P

Let us consider the following examples: R
EXAMPLE-1

Express in exponential form:

() Ys1a* i) 27" (iii)

soLution: (i) 481a% = (SI'a”_)%
= (3" a® )% R
= 3% x-a-?%

= 3'xd’ =3d

(D A27x (27;’3)%6 _
: = (3% j” o)
o '3.‘!3% xw% ﬁ‘ i _i ,_ :

=3’xaﬁ3 2
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=S WmHenS 0l noisao _ '
' "'-'E’fﬂtvemnswer in rad:ca! form

T g = .'-' = QxZ)Kxgﬁ)y
; , B =9%X2-}5x2f4
| = 9/2x 20
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Simplify: R g o
& V3x7 () Yax3128

)2 *2/3-2
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EXERCISE - 6.1 4141 B
I- Determine the radicals and the radicands from the following. o2
® 3 (i) 4+3Ja (i) JTT .
. V5 e S
(v) 8-26 ‘ (V) == : ﬁ") 'JE
2-  Express the following in exponential form: s iz ol ' <
1 _ b
. 3 N i A e |
@) JI (i) 3f° (iii) W . () Ut
3- Write in the radical form and evaluate the result. ﬁ
() ( ’J) (i) (64) g (i) (304 : ?".‘.'TI:..’
o) @ () 3'4 (vi) (1000)5/
4- Simplify and give answer in expanent:al form

@) a'® @ Ya® (i) 3[27°

fy) 113+£E_1 Sl
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§ 6.2 LAWS OF EXPONENTS/INDICES

‘; '6.2.1 Base, Exponent and Value

s - Sometimes we experience a multiplication of the type:
l . | : 3x3, 3x3x3, 3x3x3x3; 3x3Ix3x3Ix3
(E 1 In simplified from we can write:

A 3x3 = 3’

£ ] 3x3x3 = 3

g 1 BRSxGxdi=t3

e | LYY 3x3%x3%x3%x3 =3 andsoon.

! Forany real number ‘a’ and a positive integer ‘n’ we define:

4 a" =axaxaxa-xa (ntimes)

Here ‘a’is called the base and ’is called the exponent or index.

e ——

By definition, we take a° = 1, thus2° = 7,3° = 1,(0.5)° = 1 and so on.

V- ;‘ - MNote: “4"” s called as the n" power of «’
E __ = _.T_': = L = §
> : eg 3x3%3 =3’

Axdxdxdx4 = 4
w?ﬂx? ?4

——
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EXAMPLE-1 : _ i} 45 _.'l;!
Simplify: x* xx* x x° .

;= iy : =
SOLUTION: 3’ xx'xx® = x3*+4*¢ ' i
o x!.i ; TR Y '_ l";
: 7 o I L
EXAMPLE-2 : | ! <5 =
Simplify: x* xy* xx* xy’ xx’ xy’ | ' s :_ZL7HI';:
SOLUTION: x* x ¥ xx* x y° xx’ xy° = xxfxxxy’xyfxy’ - v
=x34-ﬂ-:l xyl-l-i-ﬁi-_af i
LTl ¥
. —
EXAMPLE-3 =F
Simplify: x*x y* xx? %y AL .

SOLUTION: x° x y*xx?xy? =x’xx?xy xj.a'-”""*b W

= PRyt

= et

2- Laws of Subtraction of Powers

Yaih 1 u. # T ERED

-

IfaeR, a#ﬂandm,neﬁ then L anee T

LL- B Ffu




14 EXPONENTS AND LOGARITHMS

: a” _axaxax-tom factors
- a" a™ axaxax..tom factors

,when ne ZandaeR a#0.

1
L

— -

weyi! 'ws S acall




m AND LOGARITHMS 145

EXAMPLE-1 Hubm? e s jo wel ,.g e

: : jxxjxx" _1:."'}(;‘ . o 7
Simplify: (i) '::2”4” (ii) T (i) = =

: SOLUTION:

{ : x xx® xx° PEHe , (ii) .J_fj?"x‘
) R = T 1y e

1l
=

= Ay 2N

I‘Xxjixd_x C AR, = AN 7
(ili) =5 = 3%6+8 R

\I‘ = — AN

LA L7

_EXAMPLE-2

oy B .
(i) ¥ xx s
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() @b) ="

] 5 TN
mpify: () Gy ) () (m)[} () [f]

0 &y x’y’
- (i) (xy}‘ =3y°
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EXERCISE- 6.2
I- Write the base and exponent in the following.
()  16x° ) i (ii)) (4y)’ ‘
W) (x-2° v 18 o) slxx?
I
Simplify and express with positive indices | *uated
IRCTTER G
- 3‘_6:_: -1/4 i : 27 -2/3 - : - a_uz-—z :
VE 8a~’ 4 1
b T 9 () e @ |
a “bx3Jab = b ¢ 'E‘E 10- T ' H _
333 o =513 15 . - |
e (i}_’)_sz_"?;*_ 17 (BE0EAdb)e 13- a’bfc’+abe |
4x "y a'p? . 4
— - 'y F .z-jx_d:]. ‘. t .-
W4- (2ab’ )’ (3abe’ )2 +(ab)* (bea) 15- ——— 3"’:-: o=
2Px9! Ly g et
W Sy 1 e e et ."
3
| Evaluate '
| 18- x27) ;
4+

-
' -l'.\'

el

20- 1= | ===l 078
o - b ‘I.

ﬂ- al? bm mﬁrm




- 148 EXPONENTS AND LOGARITHMS

(i) o

_ ﬁ") ; x'm‘ x x2

) 52502

...f'—~ & ﬁ) 5 xxm 13

ﬁ,,) &mxf 1,20
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6.3 SCIENTIFIC NOTATION

In some branches of science we use very large and very small numbers.
The speed of light is /86000 miles (or 299337.24 km) per second or
30,000,000,000 centimeters per second and the radius of a Hydrogen
atom, i.e 0.000000073 cm are the examples of very large and very small
numbers respectively. The wave length of an X-rav, is 0. aaoamf
centimeter is also an example of a very small number.

An easy method is dewsed to write these numbers is known as “"scientific
notation”.

In this method a number ‘a’ can be written as the product of two numbers
in which the first number is in between 0 and /0 and the second numberis  °
the positive or negative exponentof 10i.e.

a =bx]0"

EXAMPLE-1

Wnte the following in scientific notafron 2 s N
1 5 R

(1) 100 (it) 1000 (i) 10000 (iv) 1000 () 10000 : : Wl

]

SOLUTION: (i) 100 = Ix10? ST s
(i) 1000 = 1x10° - .

(iii) 10000 = Ix10°

v L Sl
1000

(), R
10000 LT

EXAMPLE-2 :
Write the following in sclenﬂﬁc
(i) 90.85 (ii) 112.3 (iii)

SOWTION: (i) 9065




= 1123x107"

= 1123x10°x 107
= 1.123x10°
= 1.123x10°
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In scientific notation a positive number is written as the product of two
numbers. In this, first number is obtained by placing dadmal aﬂer the :
first digit of the given number. | :

For the second number to get the exponent of 10 we count the number
of digits which is between the actual decimal place and the new piaee
If the decimal place is changed from the left side then the exponent of

— T

10 is positive, while changing from the rlght side the exponent of 10 is ; :
negative. sl ; B <.
EXAMPLE-1 =

1 oVl
Write 18.42x 107 in decimal form.

SOLUTION:  18.42x10~*

= 1983 it R PR
700 i

.
:|:__
Ia"g 3 I)M’ﬂ?
= —— . AT N .‘ |
ST i mfummm 1‘- ,
3 - i

1842 -

= 0.001842
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I..)Ja

hhuhﬂn gddl o fiaith EMLSE 6.

2 8999" e

434, e "'4-4- 2566324
iu-l‘q"’f =his #Hioh VT h

-

77 345xur’
9= 6.525%107

ur answet in scienfifc notation:
B . ‘] ;2@[:44)(103

0L S e
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6.4 LOGARITHM : thnged neraaed S8

Al-Khawarzmi contributed a lot towards logarithm. In /7t century John
Napier made further amendments in logarithm and prepar&d tabjesfpr it.
He fixed a base ‘e’'for these tables. The value of ‘e’is 2.7183. John Napier
and Henry Briggs made a plan to prepare table having base /0. Later on,
Henry Briggs completed the task and prepared tables with base /0.

Jobst Burgi from Switzerland in 1620 AD prepared a table for anti-
logarithm. These tables made the complicated problems easier regarding
the counting of numbers.

6.4.1 Logarithm of a Number

Let @ > 0 and a # 1,if 'y’ is any positive number, then:

2I9MANT
= if andonlyif a*=y Rife
x=log, v, YUSaE=y, ) BiSR  e :
or 4=y Sillog y=x e [’I) ;‘I"!{m I ;
~ i \tﬂ, g]"_a&} - ) " s
(For log, y,read"the logarithm of ytothe basea A) ; i et

EXAMPLE-1 (-0 g

Convert the following into exponential form: ;
. . } L) B e .'.' "-'?" r:
(i) logs25=2 (i) log; T 2 (;‘:ﬂ. Iog;@-l.ﬂ%ﬂ = K s J.Lr

q-lJ.d —
1

SOLUTION: Using the equaﬂqp log,y=x ¢$ a
() log,25=2 is 5= 25

(it), logw 1 900

s j :
WO G e B }_;;,,ii Yi 6

Fli:i  EXAMPLE-2 dar'.t.gn}[ o
f.@*aﬂ{@nmegygm
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6.4.2 Common Logarithm

The logarithm calculated to the base 10 are called common logarithms.
We denote log,,m by log m only.

Clearly 10' =10 log 10=1 ; 10* =100 <> log 100 =2
10° = 1000 <> log 1000= 3. etc.

107" =-f—{}=0.0!<:>!0g 0.1)=-1,

107* =—u“—=ﬂ..’@ log (0.01)=-2 andsoon.

100
EXAMPLE
Solve (i) log (x-2)=1 (i) log (x+3)=2
SOLUTION:

Using log,y=x < a" =y, we have

- () log x-2)=1 = [0'=x-2 = x-2=10

= |x=12]

i) log x+3)=2 = x+3=10 = x4+3=100
=

Characteristic and Mantissa of a Lag of a Number

The logarithm of 2 number consists of two parts, the integral part is known
as the characteristicand the decimal partis known as the mantissa.

The mantissa is always taken as positive while the characteristic may be
LP:D positive or negative. When the characteristic is negative, we put a
bar on the digit representing characteristic, that instead of — 2 we write it
as2; 2.763§ means—2+0.7638. -

< * g
Eoiy g ot T =~
I gy S et i O i ol
e
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6.4.3 Finding the Logarithm of a Number

Characteristic of a Number

Write the number in standard form. Let it be m x 107, then the
characteristic is p, or

(i) The characteristic of a number greater than or equal to I is one
less than the number of digits to the left of the decimal point in
the given number.

(ii) The characteristic of a number less than I is a negative number
whose numerical value is one more than the number of zeros
between the decimal and the first significant digit of the number.

Mantissa of a Number

SO T

.:‘;‘L‘j R

=

For example:

Number Standard Form Characteristic

5376.4 5.3764x10° 3

537.64 5.3764x10° 2

53.764 5.3764x10" I

5.3764 5.3764x10°. 0 i

0.5376 5.376x107" e :
0.0537 5.37x1077 Tl P

000537 5.37x107 St o

0.0000046 46x10°° b "
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(i) For finding the mantissa of 4385 from log table, we proceed in
the row headed by 43 and in this row, we find the number under
the column headed by 8. Now to this number we add the mean
difference headed by 5, in the same row.

Thus mantissa for 4385 is .(6415 + 5) = .6420.

- (i) For finding the mantissa of 438 from log-talbe, we find the
L " number in the row headed by 43 and under the column by 8.
Itis.6415.

e P e T M S DR

ﬁi:) For finding the mantissa of 43 from log-table, we find the number
i ~in the row headed by 43 and under the column 0. It is .6335.
B0 N) e
(“v) For ﬁndmg the mantissa of 4 from log-table, we find the number
in the row headed by 40 and under the column 0. It is .6021.

.m_,. - ..'.‘-:Véq—

i.l Thus we have,

! log 4385=3.6420 log 0.4385=1.6420
 log438.5=2.6420 log 0.04385=2.6420
 log43.85=16420 log 0.004385 =3.6420

n;{i_-,; A ._.-:'Lé:s_fi#. 3@?;3: 0.6420 g 0.0004385=17.6420




. 3 r il '_.l i
At - |
EXPONENTS AND LOGARITHMS 157 UNIT-6

: .
= — 'Zi"_;%'iﬁ
- ‘$1.i
Case | .
= osTsim -

When the characteristic is »’, the decimal point is Inserted al’ter (n+1‘)th S

digit.
(i)  Number =0.2346 : Newd SR
Characteristic =n=0 _ s il 5
' : ATH gt Bl Y o
ManhSSﬂ ] 2346 L . : G . '.:: Sy : |
From antilog table, the number against the mantissa .2346 is 1724.
As the characteristic is ‘0’i.e. n= 0, therefore decimal point is:
inserted after (0 + 1)th or first digit from the left of the numhar 1724. :
Thus antilog of 0.2346 = 1.724 , ey
1519 ‘11 ¥ ",11‘
e Rsnd)
e :..]“;;-M'
(i)  Number = 2 60!9

11 T polics MR _Hm

Characteristic =n=2 = 1l o :
Mantissa =.6019 m;b-rems -
From antilog table, the number aga B |
Decimal point is inserted after (2
the left of the number. _
Thus antilog of 2.60/19 =399.08

-

AR -

. (iti) Number
- Characteristic =
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P - There are 4 digits in 1825, therefore we put two zeros to the
34 E AR irlgllt of the number to make it a six digit number. Placing decimal
- after these zeros is meaningless.

/hen the characteristic is n , the decimal point is inserted in such a
that the first significant ﬁgure is at the nth place. :

= 14356
E—n—1
=.4356

' e number against the mantissa 0.4356 is 2727.



i A

e e b O uNT6

e iy,

EXAMPLE-1 __ e -
Find the values of: (i) antilog 0.654 Gi) antilog 1204
(iii) antilog 13612 (i) antilog 3.4568 ¥

SOLUTION: (i) antilog (0.654) = 4508 ! ~m‘.‘l |' j‘
(i) antilog (1.204) = 1600 = __‘-rh

0.2297

(ili) antilog (1.3612)

(iv) antilog (3.4568) = 0.002863

EXAMPLE-2

() Add 1.3612, 3.1946, 2.0018 and 3.4619

(i) Subtract 4.6342 from21375
, o ARt el e

(iii) Multiply 3.4103with6 .
v— LY L i

(iv) Divide 5.1820by15




=55033

= (4 A109x6
= -18 +2 461 8

T, wiveu I'-. 1

4 t&t&“ti \n m

X -
'"r-

pl{i /

! e
ﬂj'_?’."ifi s
. . —l‘u '3
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Now from the antilogarithm table, we have the number for mantissa
0.5019=3170+7=3177

As the characteristic is zero, the decimal point is inserted after = S
(0 + 1)th digit, i.e. after 3. _ -3
x = antilog (0.0519) - E
x=3.177 '

(ii) log x = 2.5321 g . %
Characteristic of log x = 2 N

Mantissa of log x =.5321

Now from the antilogarithm table, we have the number for mantissa

; 321 = 3404 + 1 = 3405 .
As the characteristic is 2 , the decimal point is inserted in such (
a way, that the first Signiﬂcant figure after decimal is at the 2nd plac{a,,

x = antilog 2.5321 _ =

= (0.03405
Thus x=0.03405

E XERCISE _6.4 _
1= Write down the characteristic of the lo'g'arithﬁs’df’th!‘-fﬁlldﬂiqg; =
numbers, 2
(i) 6350 (ii) 2035.6. .W*‘,_ <5 ol
(iv) 0.8657 (v) 0.0732

2- Write down:the values of:
(i) log52.13
(iv) log 0.0057

| 3 iflog 6374=3.8044, write dow
(i) log6.374
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2Rl (i) log,(mn) = log, m+log, n
(ii) log, (ﬂ] =log, m=log, n
n

r (iii) log, m" = nlog, m

Srom (i) and (ii)

fu- 'IFHJ gf.‘f W oL
b-in
"c,

| . I-l."I IL.lr.-lu: .I-l :
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n
log, (—] = X—y
n

m =
log, (—-—J = x-y : TR

log, (E] = log, m—log, n| from(i)and (i)
n g

iii-  Let x=/og, m.then as before

a' = m and

Sty Setis
(@) =m" D N
mﬂ = (a.l' J" ..... -\.'."
e aﬂyf 4
Therefore, log, m" = nx ' o A
log, m -nfb's'f m|
FEe ¥

W
_.,

6.6 APPLICATION OF I.OGARITHHW* A

‘The logarithm calculated
Wa.g-shail denote .’ag 0 D)



16 29 & |
. L
(jv) ?!03[15]+5103[24J+3 ag(aa] log 2

ON: (i) LHS =3log2+log 5
= log2’+log5
log 8 . log 5
~ log (8x3)
log 40
= RHS

0g2+2log 5~log 3+2log7

- log2+log 5* —(log 3+ 2log7)
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(it) log 88.44 + log 66.76 — log 48.55 L ITNATS

I

log (88.44x66.76)—log 48.55
( 88.44%66.76 )
= log| ————
48.55
(iii) log 7.44 + log 5 + log 99 — log 7
= log(7.44x5%99)—log 7
(144x5x99}' o )
= log e

EXAMPLE-4

25.36%2.4569
8475

Evaluate using logarithm table.

25.36x2.4569.

SOLUTION: Let x 8475

Then logx



~ Evaluate using logarithm table.

8492x3.72
47.82x52.24

8492x3.72
47.8x52.24

T [8492-_><3.?2
- \97.8x52.24 )

log (84323.72)— log (47.8x 52.24)

log 8492 +log 3.72 (log 47.8 + 10g52.24)
 log 8492 +log 3.72—log 47.8-log 52.24

3.9290+0.5705—1.6794 —1.7180
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EXERCISE - 6.5 oy o
¥ s
1- Solve [ ; 4
. 1l| ]
.. log 81 ... log 36 ... log243 | s
L log 9 & log 6 (1 log 9 ! =3 : i
] e
2- Evaluate | -
(i) log 5+log 4 +log 3—log 6 5
(ii) log 3 +log 20 +log 24+ log 25 —log 60 I
(iii) 2log 3+3log4+4log5—2logb

(iv) 2log5+log 8—-%,’034

(v) log 200+log 5

¥ia Simblifv without using logarithm table.
| (i) log1.3472+Ilog 22.79~log 5
(u) {!03 224 13+ Iogﬁlj‘j‘i

L oy

| (iit) log 57.86 +log 4.385

4 Solve with the help

oDl
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: —555'*- Prove that

(i) !og[b;]+!og[b3+!og(c;}] 0

(fl) 3log 2+ 2log 3 +log 5 =log 360
(iii) 5log 3—log 9=log 27

: 75 32 o]
(iv) log [.MJ +log [ 3) 2log (E) = log?

130 35
W 2i / ,
v) og(”)+ og( = J i‘og[w) log2

M

L e e e e o T N
= — e R P
=t - 7 >

s (i) Mﬁ

| 1.78

569) ”(} 0.9876x(16.42)°
o 12 @ 55?)"‘3

(iii) —x3 142x(1.5)
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e - - D - =
Review Exercise — 6 J_; ﬁHH
- ==
1= Encircle the correct answer. A | 1
(i) J3is: . '1 L
(a)  a rational number (b)  an irrational number z - g [
(¢} a complex mumber (d) au integer ] | 'J
5 | - | 3 1
(i) Y7is called: | A
(a) radical (b) radicand .l E' '
() ratiomad munber (d)  integer 1
(iiiyIn V3 , 3 is called. it ol TR
(a) radical (b) radicand 4
(€ integer {d) natural m_lméar oY ol e Wi

(iv) In a",n is called o
(a) radical (b) radicand
(c) exponent (d) -base

(v) In4",4 is called
(a) base
(¢) integer

{a} mantissa

ishianseiitn owiig

il o

(u } ln the lega
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qe e 2 ) 2
B o @ 2

| @ V2443 is not radical, because 2+ 3 is:
(&) irrational (b) rational
) ineger

(d)  exponent

“a” is rational, then "\/z is
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3- Simplify:

W &7 Vexe/w )5 s
(ii) (@b *’%. @iy ;
¢

4. Evaluate: ol il By

(1) x%y% x y/2 .;.(&y)%

=7
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SUMMARY

Al number “a” and a positive integer “n” we
g .xa (ntimes) Here “a" is called the




