Chapter o

MATHEMATICAL INDUCTION
AND BINOMIAL THEOREM

PRINCIPLE OF MATHEMATICAL INDUCTION (Lahore Board 2009)
The principle of mathematical induction is stated as follows:

S(1) istrueie., S(n) istruefor n = 1 and S (k + 1) is true whenever S (k) is true
for any positive integer Kk, then S (n) 1s true for all positive integers.
yPpP g p g

PROCEDURE
Condition 1: Substituting n = 1, show that the statement is true for n = 1[.

Condition 2: Assuming that the statement is true for positive integer k, then show that
it is true for the next higher integer.

EXERCISE 8.1

Q.1 Use mathematical induction to prove that the following formula for every
positive integer n.

1+5+9+....... +(4n-3) = n(2n-1)
Solution:

Let S (n) be the given statement, that is

S 1+54+49+ ... +4n-3) =n2n-1)
Condition 1

When n = 1, S (1) becomes

S{) 4(1)-3=12-1)

L= ]

L.H.S. = RH.S. Thus C—1 is satisfied.
Condition 2

Let us suppose that S (n) is true forany n = K € N, thatis S (k):



1+549+.....+@k-3) = kZk-1)  ...eon. (1)
Adding [4 (k+ 1) — 3] an both sides of (1),
1+5+ 0+ e F@k—=3)+[4(k+1)-3] = k@k-1)+[4&k+1)-3]
= 2k’ —k+4k+4-3
= 2k”+ 3k +
= 2k*+ 2k + k + 1
= 2k(k+1D)+1(k+1)
= (k+ 1)k +1)
= (k+1)@2k+2-1)

(k+1)[2(k+1)-1]

=% n=%k+1
Thus S (k+ 1) is trueif S (k) is true. Therefore C-2 is satisfied.
Since both conditions are satisfied. Therefore S (n) is true for any positive integer.

Q.2 Use mathematical induction to prove that the following formula for every
positive integer n.

1+3+5+....... +(2n—1) = n* ( Lahore Board 2005, 2008)
Solution:

Let S (n) be the given statement, that is
S@): 1+3+5+....+@n-1) = n°
Condition 1
When n = 1
2-1=1
| =]
L.H.S. = R.H.S.
Therefore condition | 1s satisfied.
Condition 2
Let us suppose that S (n) is true forany n = K € N, thatis

S(): 1+3+5+.+Ck-1) =K ... (1)

Adding [2 (k+ 1) — I] on both sides



I 4345+ e +@k—D+[2k+D=1] =k +[2&+1D-1]
= K+2k+2—1
= K +2k+1
= (k*1)
Thus S (k+ 1) 1strue when S (k) 1s true. Therefore condition 2 is satistied.
Since both conditions are satisfied, so S (n) is true for every positive integer.
Q.3 Use mathematical induction to prove that the following formula for every
positive integer n.

n3n-1)

1+4+7+....... +3n-2) = 5

Solution:
LLet S (n) be the given statement, that is

1(3 ]
Sn): 1+4+7+ ... +(3n 2}:'__{.%“)

Condition 1

When n = 1, S (1) becomes

[ = 1(3-1)
N 2
2
| = 5
I = 1
L:H.S: = R.H.5

Therefore condition 1 1s satisfied.
Condition 2

Let us suppose that S (n) is true for any n = K € N, thatis

, k3k 1)
Siky: 1+4+7+....... FRk =7 % s (1)
Adding [3 (k+ 1) 2] on both sides of (1)
k (3k -1
1+4+7+....... FBk-2)+[3kk+1)-2] = %+[3(k+1)—2]
k 3k — |
= ¥+3]{+l

2



3k% + 3k + 2k + 2
= 2
3k(k+ D +2 (k+ 1)
= 2
(k+1) 3k +2)
= 2
(k+ 1) (3K +3—1)
- 2

(k+1)@Bk+1)-1)

= n=k+1
Thus condition (2) is satisfied.
Hence S (n) is true for every +ve integer.

Q.4 Use mathematical induction to prove that the following formula for every
positive integer n.

1+24+4+...... + 25k = gt oq

Solution:
Let S (n) be the given statement that is

S) 1+2+4+. ... +2" =2" 1
Condition 1

When n = 1, S(1) becomes

27 = 2h 1

20 =2-1

1 = 1

L.H.S. = R.H.S. therefore condition 1 is satistied.
Condition 2

Let us assume that S (n) 1s true forany n = k € N, that is

S 14248 %0 +25F =2 2% 1 e (1)



Adding 2°* 1= on both sides
B EN. CRas, o JE, o4 nb GRS LN P it el
= pF_ {40k

=2.2%1 (@42 = 2

— f_)_k+1_l

Therefore condition 2 is satisfied. Both conditions are satisfied. Hence S (n) 1is true for every
+ve integer.

Q.5 Use mathematical induction to prove that the following formula for every
positive integer n. (Lahore Board 2010)

1 1 1 1
1+2+4+ ...... +2n—l:2|:1—2ni|

Solution:

Let S (n) be the given statement, that is

|

S): 1+3
Condition 1

When n = 1; S (n) becomes

]
S(l)y: 1= 2[] y}

L.H.S. = R.H.S. therefore condition 1 is satisfied.
Condition 2
Let us suppose that S (n) is true for any n = k € N, that is
11




o2k 241 2
) [21\'+|
= T 55k (Multiplying & dividing by 2)
== 2k+|
—2k+l |
= 2 SR — kT

= 2 1—%
2k+|

Thus S (k+ 1) istrue of S (k) is true. Therefore condition 2 is satisfied. Hence S (n) is true for
every positive integer.

Q.6  Use mathematical induction to prove that the following formula for every
positive integer n.
2+4+6.... +2n =n(n+1)
Solution:
Let S (n) be the given statement given, that is
S 2+4+6.....+2n=nn+1)
Condition 1
When n = I; S (n) becomes
S(),2=11+1)
g =2
L.H.S. = R.HS.
Thercfore condition 1 is satisfied.
Condition 2
Let us suppose that S (n) 1s true for n = k € N thatis
Blkh 2 %5850+ sova +2k = Kik+1)Y s (1)
Adding 2 (k + 1) on both sides

24446+ ... +2k+2(k+1)

k(k+ 1) +2&+1D)
K2+ k+2k+2

]



= kk+1)+2(k+1)
= (k+1)(k+2)
= (k+1) (k+1+1)
Thus S(k+ 1) istrue of S (k) is true. Therefore condition 2 is satisfied.
Since both conditions are satistied. Therefore S (n) 1s true for every +ve integer.

Q.7 Use mathematical induction to prove that the following formula for every

positive integer n. (Lahore Board 2006)
2+6+18 +..... +2x3 ' =3" 1
Solution:

Let S (n) be the given statement, that is
S(n): 2+6+18+ .. +2x3"! =3"1

Condition 1

When n = 1; S (n) becomes
Sl 2= 3-1
D= 2
— [.L.H.S. = R.H.S. therefore condition 1 is satisfied.

Condition 2

Let us suppose that S (n) is true for n = k € N, that is

S(k); 2+6+8+....... P T ol WV, T, (R . (1)
Adding 2 x 3*""' " on both sides
BEGEBF oo $2%35 42353 = g 4gugtFl]
= 3*+2x3" 1
= 3*1+2)-1
- 3}(—1 1

Thus S (k+ 1) 1s true when S (k) is true.
Therefore condition 2 is satisfied. Since both conditions are satisfied. Therefore S (n) is true for
every positive integer.
Q.8 Use mathematical induction to prove that the following formula for every
positive integer n. (Gujranwala Board 2003)
n(n+1)dn+35)
6

1x3+2%x5+3x7+...+nX2n+1) =



Solution:

Let S (n) be the given statement, that is

nn+1)@n+5)
6

Sn): I x3+2x543x7+..... +n(2n—-1) =

Conditon 1

When n = [, S (n) becomes
1(2)(9

S (1): ]x3='_(‘(:—(—“l

I=3

-

—t L:H:S. = RHS.
Therefore condition 1 is satistied.
Condition 2

Let us assume that S (n) istrue for n = k € N, i.e.

k(k+1)@4k+5)
6 e

S (k) 1x3+2x5+3%x7+... +k(2k+1) =

Adding (k+ 1)(2 (k+ 1)+ 1) on both sides of (1)

1 3% 2%8 +3%T # v +kQk+ D+ &+ D [2&+1)+1]

k(k+1)(4dk+5)
6

Kk+ 1)@k +5)+6 k+1)(2k +3)
6

+(k+1)2k+3)

(k+ 1) [k (4k +5) + 6 (2k + 3)]
g 6

(k + 1) [4k* + 5k + 12k + 18]
3 6

(k+ 1) 4K* + 17k + 18)
- 6

(k4 1) (4K + 8k + 9k + 18)
B 6

k4 D[4k k+2)+9 (k+2)]
- 6



6

k+D(k+2)(4k+4+5)

(k+1)(k+2)(4k +9)

6

6

(k+1)(k+2)(4k+1)+5)

C(k+ D) (k+ 1+ D[4+ 1) +5]

6

Thus S (k + 1) is true when S (k) is true. Condition 2 is satisfied. Since both conditions are

satisfied. Therefore S (n) is true for every +ve integer.

Q.9 Use mathematical induction to prove that the following formula for every

positive integer n.

nn+1)(n+2)
3

1%x2+2%x3+3%x4+...n(n+1) =

Solution:
Let S (n) be the given statement, that is

nn+1)Mmn+2)
3

Sy 1x24+2x34+3x4+... nn+1) =

Condition 1
When n = 1; S (n) becomes

1(2)(3)

S(l): 1x2 = 3

=2
= LLHS. = RHS
Hence condition 1 is satisfied.
Condition 2

Let us assume that S (n) is true forany n = k € N, i.e.

Ckk+ D (k+2)

Sk): 1 x242x3+4+3x4+....+k(k+1) = 3

Adding (k+ 1) x (k+ 1+ 1) on both sides
I x2+2x3+3 x4+ ... +k(k+D+&k+DHk+1+1)

B kk+1)(k+2)
B 3

+(k+1)k+2)



_kk+Dk+2)+3(k+ 1) (k+2)
= 3

k+Dk+2)[k+3]
= 3 (taking common)

(k+1)(k+2)(k+3)
- 3

C(k+ D) (k+1+1) (k+1+2)
B 3

Thus S (k+ 1) is trueif S (k) is true.

Therefore condition 2 is satisfied. Since both conditions are satisfied. Therefore, S (n) is true for

every +ve integer.

Q.10 Use mathematical induction to prove that the following formula for every

positive integer n.
nn+1)4dn-1)
3

Ix2+3x4+5%6 +....... +2n—-1)x2n =

Solution:
Let S (n) be the given statement, that is

nn+1)@dn—1)
3

S 1x2+3x4+5x6+..... +(2n—1)(2n) =

Condition 1
When n = 1, S (n) becomes

L(1+1)@4—1)
3

S1) 1x2 =

2%

x

2 =

[o%]

LL.H.S. = R.H.S. therefore condition 1 1s satisfied.
Condition 2

Let us suppose that S (n) is true for n = k € N thatis

kik+1)@4k 1)

Sk)y 1 x2+3x4+5x06+....... +(2k—1)% 2k = 3

Adding [2 (k+1)— l] x 2 (k+ 1) on both sides of (1)

I X24+3%x4+5%x6+ e +k—Dx2k+[2(k+D—-1]2k+1)



DB D ke 1] 2+ 1)

3
o RINE 12(41(—1)”2“ ) x2k+1)
K(k+1)@k—1)+6 2k +1) (k+ 1)

B 3

(k + 1) [4k* —k + 12k + 6]
= 3

(k + 1) (4k* + 11k + 6)
- 3

(k + 1) (4k” + 8k + 3k + 6)
6

(k+1)dk+3)(k+2)
6

_k+D&k+1+1)@Ek+4-1)
B 6

Ck+ D1+ @k+1 1)
= 6

Thus S (k+ 1) 1strue if S (k) 1s true.
Therefore condition 2 is satisfied. Since both conditions are satisfied.
Therefore S (n) is true for every +ve integer.

Q.11 Use mathematical induction to prove that the following formula for every
positive integer n.

11 1 1 __, 1 _n+l-1__mn
1><2+2><3+3><4+"“+n(n+l)_ “n+1~ n+1 ~“ n+1

Solution:

Let S (n) be the given statement, that is

] | | | n
1x2+2x3+3x4+"”+n(n+1) - ]_n+1 “n+1

S (n):

Condition 1
When n = 1; S (n) becomes

1 1
Sk 152 = T+1




= L.H.S. = R.H.S. therefore condition 1 1s satisfied.
Condition 2
[et us suppose that S (n) is true for n = k € N thatis
| 1 1 ] k
S{k);|x2+2x3+3x4+ ....... TR&kAD S k+1 e (1)
. l .
Adding k+Dk+1+1) oD both sides
| | | 1 1
1%2 T 2%3 T axd Y ek+ N T+ Dik+1+1)
_ k 1
“k+l T k+ 1) (k+2)
_ klk+32)+1
T(k+1)(k+2)
K42k + ]
T (k+ 1) (k+2)
K42+
C(k+ D) (k+2)
 (k+ 1)
T (k+ 1D (k+2)
(k+1)
k+1+1

Thus S (k + 1) is true when S (k) is true.

Therefore condition 2 is satisfied. Since both conditions are satisfied.
Therefore S (n) is true for every +ve integer.

Q.12 Use mathematical induction to prove that the following formula for every
positive integer n.

1 1 1 1 n
1x373x5 5x7 " @n-D@2n+1) T 2n+1
Solution:
Let S (n) be the given statement, that is
| l | | n
M A x5 T ex7 Tt Bn-DEn* D) - Zn+1



Condition 1
When n = 1. S (n) becomes

.
(H3)  2+1

S (L)

1
3

r'-J‘JI'—'

=% L.HS: = RIS
Therefore condition 1 1s satisfied.
Condition 2

Let us suppose that S (n) is true for n = k € N thatis

1 1 1 ; K
PEREPT AL B PRI ORE D = AT e
1
Adding on both sides of (1)
[2kk+D—1][2k+1)+1]
I I | [ 1

%3 35 57t T D @ D ke 1] 2kt D+ 1]
ok 1
= 2k+ DT 2k + 1) 2k + 3)

k(2k+ 3)+ |
(2k + 1) (2k + 3)

2k® + 3k + |
2k + 1) (2k + 3)

K>+ 2k +k + |
= 2k + 1) 2k +3)

2k (k+ D+ 1(k+ D
(2k + 1) 2k + 3)

(k+ 1) 2k + 1)
Ck+ 1) 2k + 3)

k+l o (k+1)
2(k+1)+1

—2k+2+41

Thus S (K+ ) is true, when S (k) is true. Therefore condition 2 1s satisfied.

Hence S (n) is true for every +ve integer.



.13 Use mathematical induction to prove that the following formula for every
positive integer n.

1 1 1
2x5T5x878x11t

1 n
T3n-1)3n+2) - 23n+2)

Solution:

Let S (n) be the given statement, that 1s

S ] 1 I I
L e P T

n
ton-1)Gn+2) = 2Gn+2)

Condition 1

When n = 1, S (n) becomes

1 |
S 5 s =33+
1 1

10 = 10

=3 L.HS. = RHS.
Therefore condition 1 1s satisfied.
Condition 2

Let us suppose that S (n) is true forn = k € N, 1.e.

I ] I

1 k
S“\)’2><5+5><8+8><]]+”""+(3k—l)(2k+2):2(3k+2) ......... (1)
|
Adding on both sides
[3k+1D-1][3 &+ 1) +2]
e . s 1 ; 1
2x%x5 5><8+8><]] ''''' (31\—])(3k+2) [3(k+l)—]][3(k+])+2]
k 1
= +
203k+2) "[3k+1)-1][3k+1)+2]
~ k I
= 203k+2) T 3k+2) 3k +5)
k(Bk+5)+2

~ 2(3k+2)(3k+3)



3k” + 5k + 2
23k +2) 3k +5)

3k% + 3k + 2k + 2
2 3k + 2) 3k + 5)

3k(k+1)2(k+1)
23k+2)(3k+5)

(k+1)3k+2)
2(3k+2)(3k+5)

k+ 1 B k+1
2(3k+5)  23k+3+2)

(k+1)

2[3(k+1)+2]
Thus S (k+ 1) 1s true, when S (k) is true.
Therefore condition 2 is satisfied. Thus S (n) is true for every +ve integer.

Q.14 Use mathematical induction to prove that the following formula for every
positive integer n.

n
3 r(l—-r)
F4 I 4T + sosenens +r" =
1-r
Solution:
Let S (n) be the given statement, that is
1
9 g] T (] I )
B T4 1 e +1 = T

Condition 1
When n = 1, S (n) becomes

. Efl=1)
Bl o=

ol =B
= LH.S, = RIS,
Therefore condition 1 is satisfied.
Condition 2

Let us suppose that S (n) is true forany n = k € N, thatis

S (k): P 4 o, g g T e (1)



Adding both sides by r**'

2 3 ko kel P -1 g
r+r +1r +....1 +r71 = r
(L)
I k+1
r(1 -1+ (1 |]|r+
B (l-r1)
l—li\+]+rk+l—l'k+]+]
= -
k+1+1
r'—t

{1 -+ 1)

- l—r
Thus S (k+ 1) 1s true when S (k) 1s true.
Therefore condition 2 is satisfied.
Hence S (n) is true for every +ve integer.

Q.15 Use mathematical induction to prove that the following formula for every
positive integer n.

a+@+d)+@+2d) + oo [a+m-1)d] = 5 [2a+@m-1)d]

Solution:
Let S (n) be the given statement that is

S(): a+(@a+d)+(@a+2d)+......... [a+(n—1)d] = g [2a+(n-1)d]

Condition 1

When n = 1, S (n) becomes

1 |
Sy a= §[2a+{l—l)d] = E(Qa)
a = 4a

= L.H.S. = R.H.S.
Therefore condition 1 is satisfied.
Condition 2

[et us suppose that S (n) is true forany n = k € N, i. ¢

5
k
Sk a+(@+d)+(@+2d) + ... [a+ (k-1 d] =5 [2a+k-1d] ......... (1)



Adding both sides by [a +(k+1-1)d]

a+@+d)+(a+2d)+..+|a+k-Dd]+[a+&k+1-1d]

k
=3 [2a+ (k=D d] +[a+(k+1-1)d]
k
=5 [2a+ (k—1)d] + [a+Kkd]
_ k[2a+kd—d]+2[a+kd]
= 2
Dak + k* d — kd + 2a + 2kd
- 2
_ 2ak+2a+k d+kd
> 2
_ 2ak+ 1)+kd(k+1)
= 2
(k+ 1) (2a + kd)
- 2
k+1 :
= ( - )[2q+(1<+1__1)d_|

Thus S (k+ 1) 1s true when S (k) 1s true.
Therefore condition 2 is satisfied.
Hence S (n) is true for every +ve integer.
Q.16 Use mathematical induction to prove that the following formula for every
positive integer n.
1.114+2.214+3.3! +....... n.n! = (n+1)!-1.
Solution:
Let S (n) be the given statement, that is
S(n): 1.11+2.2!'+3.3!+....... +nn! = (n+1)!-1
Condition 1
When n = 1, S (n) becomes
S(H: 1.1 =((+1)!-1
1 = 2!-1
Ll =2=1
| =1
=% LHS, = RHS,

Thus condition 1 is satisfied.



Condition 2

Let us assume that S (n) istrue for n = k € N, i.e.

Sky: 1.11+2.21+3 .31+ ... E k=4 1T cosew (1)
Adding (k+ 1) (k+ I)! on both sides of (1)

Poll+2 2043 . 3+ s +k.kt+k+1)&+1)!
=(k+1)!-1+k+1D(k+1)!
= (k+1)!+k+1)k+1)-1
=(k+D!'[1+k+1]-1
= (k+D!'k+2)-1
=(k+2)k+1!-1
= (k+2)! -1

= {k+1+1)—1
Thus S (k+ 1) 1strue, when S (k) is true.
Therefore condition 2 is satisfied. Since both conditions are satisfied.
Therefore, S (n) is true for every +ve integer.
Q.17 Use mathematical induction to prove that the following formula for every
positive integer n.
a, = a;+(n-1)d when a;,a;+d, a; +2d,....... forms A.P.
Solution:

Let S (n) be the given statement, that is
S(n): a, =a+(n-1)d
Condition 1
When n = 1, S (n) becomes
S(l)y: aj=za;+(1-1)d
a; = aj
=4 LHS. = RHS,

Therefore condition | is satisfied.



Condition 2
Let us suppose that S (n) is true for n = k € N that is
Sk a =a+k-Dd . (1)
Adding “d” on both sides
Ak+d = ar+(k—-1)d+d

A+ = al+d|k—l+l|

4 = ag+(k+1-1)d

Thus S (k+ 1) is true when S (k) is true.
Therefore condition 2 is satisfied.
Since both conditions are satisfied. Therefore S (n) is true for every +ve integer.

Q.18 Use mathematical induction to prove that the following formula for every
positive integer n.

a, = arr" ™' when ap, arr, a5r’, . fromaG. P

Solution:
Let S (n) be the given statement, that is

S(n): a; = ar

Condition 1
When n = [, then S (n) becomes
Stl: a = & r!
a) = &

=5 LHS. = RHS.

Therefore condition 1 is satisfied.

Condition 2
Let us suppose that S (n) is true forn = k € N, i.c.
Sk ax=at™ b (1)

Multiplying both sides by r
k—1

aRr=ar X T
k—1+1

dg+1 = A r

a :a!l-k+l—l

k+1



Thus S (k+ 1) 1strue when S (K) 1s true.
Therefore condition 2 1s satisfied.

Since both conditions are true.

Therefore S (n) is true for every +ve integer.

Q.19 Use mathematical induction to prove that the following formula for every
positive integer n.

_n@n’-1

Solution:

LLet S (n) be the given statement, that is

) 5 o) 5 11(4112~])
S 1"+3°+5 tuwet@u-1) == —

Condition 1
When n = 1, S (n) becomes

_ 141
Sl 1F=—7—

1 = 1
= LS. = RHE.S,

Therefore condition 1 is satisfied.

Condition 2
Let us suppose that S (n) is true forn = k € N, 1.e.
- I, IS 2 k@K-1
Sky: 1"+3 +5 + ... +(2k-1) =T g e (1)
2
Adding [2 (k+ 1)— 1] on both sides
g a8 5 2 k(4kT—1) 5
1% 3% 0 884 Ok~ 10 + [2 e+ 13—1] =3 +(2k+1)
k(k—1)(2k + 1 )
= ( %( )+(2k+l)“
k(2k—1) 2k + 1) +3 (2k + 1)

- 3

Qk+ 1) [k @k— 1)+ 3 2k + 1)]
- 3




_ R2k+ D) Zk—1) (k+3)
- 3

2k + 1) (2k° + 6k —k — 3)
3

QRk+ 1) 2k+3) (k+ 1)
- 3

k+ D[k + 1) 2k + 3)]
= 3

-

(k + 1) 4K + 6k + 2k + 3]
a5 3

(k+ 1) [4k* + 8k +4—1]
= 3

(k+ 1) [4 (K +2k+1D—1]
- 3

REDIfE e
N 3

Thus S (k + 1) is true, when S (k) is true.
Therefore condition 2 is satisfied.

Since both the conditions are satisfied.
Therefore S (n) 1s true for every +ve integer.

Q.20 Use mathematical induction to prove that the following formula for every
positive integer n. (LLahore Board 2010)

()G (3o ("32) = (°37)

Solution:

Let S (n) be the given statement, therefore

S(n): (:)+(f)+(2)+ ..... New Dies

Condition 1

When n = I, S(n) becomes
3)=("3%)
3 4

l =1



=3 L.H.5. = R.H.S.
Therefore condition 1 18 satislied.
Condition 2

Let us suppose that S (n) is true forn = k € N, 1.e.

s (e (De Do (3 ()

k+2+1
Adding ( ¢ 3 ) on both sides of (1) gives

(3) (4) (’i) (k+2)(k+2+]) B (k+3) (k+2+l)
9 + 3 -+ 3 o I 3 3 =4 4 + 4
(k+3+l) [ nn n+l}
= 4 = GG = 6

rr—1r

Thus S (k+ 1) 1s true when S (k) 1s true.
Therefore condition 2 is satisfied. Since both conditions are satistied.
Therefore S (n) is true for every +ve integer.
Q.21 Use mathematical induction to prove that the following formula for every
positive integer n.  (Lahore Board 2011)
(i) n’ + n is divisible by 2
(ii) 5" - 2" is divisible by 3
(ili) 5" —1 is divisible by 4
(iv) 8 x 10" -2 is divisible by 6
(V) n’ —n is divisible by 6
Solution:
(i)  n"+n is divisible by 2
Let S (n) be the given statement > that 1s
S (n); n® +n is divisible by 2
Condition 1
When n = 1, S (n) becomes

S0k Pl s T9T=2



Clearly 2 1s divisible by 2
Therefore condition 1 is satisfied.
Condition 2
Let us suppose that S (n) is true for n = k € N, 1.e.
S (k): k® +k is divisible B2 e (1)
We want to prove that S (k+ 1) 1s also divisible by 2
For n = k+ 1 S (n) becomes
Sk+1) = (k+ D>+ (k+1)
= K+ 1+2k+k+1
= K+k+2k+2
(K +k) +2 (k+ 1)

(k?' + k) 1s divisible by 2 by expression (1) and 2 (k + 1) is also divisible by 2. Thus S(k+ 1) 1s
divisible by 2.

Therefore condition 2 is satisfied. Since both conditions are satisfied.

Therefore S (n) 1s divisible by 2 for all +ve integers.
(ii) 5" _ 2" is divisible by 3 (Gujranawala Board, 2006)
Let S (n) be the given statement, i.e.
S (n): 5" 2" is divisible by 3
Condition 1
When n = 1; S (n) becomes
S(1);: 5—2 = 3, clearly 3 is divisible by 3
Therefore condition 1 is satisfied.
Condition 2
Let us suppose that S (n) is true for n = k € N, that is
S (k); 52" isdivisible by 3 (1)
We want to prove that S (k+ 1) is also divisible by 3
For n = k+ 1 S (n) becomes
8 floa I 550 -8 = 85 .5 -2".2
= (3475539
= 3.5% 0.5 29
= 3. 5% 005" 25

The first term is clearly divisible by 3. The 2™ term also divisible by 3 by (1). Thus the whole
term 1s divisible by 3. Therefore condition 2 is satisfied. Thus S (n) 1s divisible by every +ve
integer.



(iii) 5 -1 is divisible by 4

Let S(n) be the given statement, i.e.

S (n) = 5" —1 isdivisible by 4
Condition 1

When n = 1, then S (n) becomes

S(I)=5-1=4

Clearly 4 1s divisible by 4. Therefore condition 1 is satisfied.
Condition 2

Let us suppose that S (n) is true for n = k € N, i.e

S(k) = 5°—1 isdivisible by 4 (1)
We want to prove that S (k+ 1) 1s also divisible by 4
For n = k+ 1 S (n) becomes

S ey 55 -1 = §%,8-1

4+1)5°—1

= 4.5+ (5"~ 1)

The first term is clearly divisible by 4. The second term 1s also divisible by 4 by (1).
Thus S (k+ 1) is divisible by 4. Therefore condition 2 is satisfied.
Thus S (n) is divisible for all +ve integral values of n.
(1v) 8 x 10" -2 is divisible by 6 (Lahore Board 2010)

Let S (n) be the given statement, that is

S (n); 8x 10" -2 isdivisible by 6
Condition 1

When n = 1:; S (n) becomes

S(l); 8x10-2 = 80 -2 =78 clearly divisibly by 6
Condition 2

Let us suppose that S (n) is true for n = k € N that is



S (k): 8x 10° -2 isdivisibleby 6 ......... (1)
We want to prove that S (k + 1) is also divisible by 6.
For n = k+ 1 S (n) becomes
S(k+1); 8x10°"' -2 = 8x10*.10-2
= 8x10%.10-2
= 80 x 102
= (72+8) 10" -2
= 72x 105+ (8 x 105—2)
The first term is clearly divisible by 6. The second term is also divisible by 6 by (1).
Thus S (k + 1) is divisible by 6. Therefore condition 2 is satisfied.
Hence S (n) is divisible by 6 for all +ve integers.
(v) n’ —n is divisible by 6
Let S (n) be the given statement, that is
S (n): n’ —n is divisible by 6
Condition 1
When n = 1. S (n) becomes
S(l) = 1 -1 =0 whichis divisible by 6. Therefore condition | is satisfied.
Condition 2
Let us suppose that S (n) is true forn = k € N, i.e.
S(k) = k' —k isdivisibleby 6 ... (1)
We want to prove that S (k + 1) is divisible by 6
For n = k+ 1 S (n) becomes
Sk+1) = (k+1) —(k+1)
= (k+ D [k+D*=1]
= k+D[K+2k+1-1]
= (k+ 1) & +2K)
= (k+Dk(k+2)
kk+1)(k+2)

Il

Since the product of three consecutive terms is divisible by 6. Thus S (k + 1) is divisible by 6.
Therefore condition 2 is satisfied. Hence S (n) is divisible by 6 for all +ve integral values of n.



Q.22 Use mathematical induction to prove that the following formula for every

positive integer n.

Lol ek = 1
3+37+§__;+ ....... 311—2 _311
Solution:

Let S (n) be the given statement, i.c.
1 1 1 | l 1
S(n): 3+3ﬁ_j+§'{+ ....... 3” — 2|:1 _3”]

Condition 1

When n = 1, S (n) becomes
: 1 1 1

2llr 3= 2[ _3J

1 1 (Z)

3 23

1 _4
373
= LHS.=RHS

Therefore condition 1 is satisfied.

Condition 2

Let us suppose that S (n) is true forn = k € N, i.e.
S (K I, 3 | l[l l}
e ) 2| I =
(k)3 +32+ e 3K =7 ¥ e
: I : :
Adding 3FFT on both sides of (1)
1 1 I - l—l ] I
33T R F T = 2| =3k | +3ET
-
= 2— 3k +3k+i
3 -n+2(1]
= 2.fk+]
T _d42

(Lahore Board 2005)



A

Thus S (k+ 1) 1s true, when S (k) 1s true.

Therefore condition 2 is satistied.

Since both conditions are satisfied. Therefore S (n) is true for every +ve integral values of n.

Q.23 Use mathematical induction to prove that the following formula for every
positive integer n.

: n-I :
L |

Solution:
Let S (n) be the given statement, that is

e = U

Condition 1
When n = 1, S(n) becomes

o
S (1): 12:( 1) ?1(1+|)

I =1
Since L.H.S. = R.H.S.
Therefore condition | is satisfied.
Condition 2
Let us suppose that S (n) be true for n = k € N, i.e.
ko2 CDY kD

Sy 1°-2%43° A4 .+ D K = . (1)
Adding (- I}]"+ bt (k + ])2 on both sides of equation (1)
1% B Rl T e P s T
D" kk+1D)

k o 2
= ) +(—1)y (k+1)

e PR TV e (1) + 20 15K e+ 1P

- )

—




—D"(k+ D[k +2k +2]
2

D k+1) (k+2)
- 5

Faf

=TE =k + 1) (R+1 4 1)
2

Thus S (k+ 1) istrueif S (k) is true.
Therefore condition 2 is satisfied.
Hence S (n) is true for all positive integer n.

Q.24 Use mathematical induction to prove that the following formula for every
positive integer n.

P+3+5+..+@2n-1)° = n*[20° - 1]
Solution:

Let S (n) be the given statement, that is

S (n): Pagtente +(2n—l)3 = nz|2n2— 1]
Condition 1

When n = 1, S (n) becomes

S(1): 1°=1[2-1]

I = ]
= L.H.S. = R.H.S.
Therefore condition 1 is satisfied.
Condition 2

Let us suppose that S (n) is true for n = k € N that is

P+ P45 4o @k=1T = KK =1 amesesees (1)
Adding [2 (k+1)— 1]3 on both sides

125 3P 5P e Fk— 1P+ 2+ D) -1]
= K2k - 1]+ [2k+ 1]
= 2k* — K>+ 8K + 1 + 12k* + 6k
= 2k* + 8Kk> + 11K* + 6k + 1
= 2k* + 2Kk7 + 6k + 6k” + 5k + 5k + k + 1



=2k (k+ )+ 6k™ (k+ 1) +5k(k+1)+1(k+1)
= (k+ 1) [2k’ + 6k™ + 5k + 1]

= (k+ 1) [2K° +2K" +4K” + 4k + k + 1]

k+ D) [2K (k+ D +4k (k+ 1)+ (k+ D]

= (k+ 1) (k+ 1) (2K* + 4k + 1)
= (k+ 1Y QK> +4k+2 1)

= k+ D) 207 +2k+1—1]
= (k+1)2 [2(k+1)2—l]

Thus S (k+ 1) 1s true when S (k) 1s true,
Therefore condition 2 1s satisfied.

Hence S (n) is true for every positive integer.

Q.25 Use mathematical induction to prove that the following formula for every
positive integer n.
(x + 1) is a factor of x™"—1

Solution:
Let S (n) be the given statement, that is
S(n) = x+ 1 isa factor of ]

Condition 1
When n =
S() =x*~1=x+1)(x-1)

£ s 2
Clearly x + 1 isa factor of x™ — 1.

I, S(n) becomes

Therefore condition 1 1s satisfied.

Condition 2
et us suppose that S (n) is true for n = k € N, 1.e.
S (k) x+1 isafactorof x>X—1 ... (1)
We want to prove that S (k+ 1) has a factor x + 1
S(k+ 1) x2&FD o (ZK#2 o (k2

Adding & subtracting 2. 1

= X ——Tar . 1—-1.1

2 . 2k 2
x X =D+l -1
2 5 2K :

=xx-D+1x-1Dx+1)
The first term has a factor x + 1 by assumption 1 & 2" term clearly has a factor x + 1. Thus the
whole term has a factor x + 1. Thus S (k + 1) has a factor x + . Therefore condition 2 is
satisfied. Thus S (n) is true for all +ve integral values of n.

Il



Q.26 Use mathematical induction to prove that the following formula for every
positive integer n.
(x —y) is a factor of x" — y"
Solution:
Let S (n) be the given statement, that 1s
S(n) = x—y isafactor of x" —y"

Condition 1

When n = 1, S(n) becomes

S(1) = x—y isafactor of x"—y".

Therefore condition 1 is satisfied.
Condition 2
Let us suppose that S (n) is true for n = k € N 1.e.
S (k); x —y 1sa factor of x* yk ......... (D)
We want to prove that S (k+ 1) has a factor x y.
S (k+ 1): x|<+1_yk+|
X" X — }’k y
Subtracting & adding x yJ‘ = x*x—x yk + X yL - yk y = X (xk - yl‘) + yk (X-Y)
The first term has a factor x —y by substitution (1).

The 2" term clearly has a factor x —y. Thus S (k+ 1) has a factor x — y. Therefore condition 2
is satisfied. Hence S (n) is true for all +ve integers.

Q.27 Use mathematical induction to prove that the following formula for every
positive integer n.

: 2n - .
X +y is a factor of x™ ' +y* 1,

-

Solution:

Let S (n) be the given statement, i.c.

&l 3 = . " 2 _] 2 _|
S(n); x+y isafactorof x™ 4y



Condition 1

When n = I, S(n) becomes

S (1) x +y is a factor of x> ! +y2 b= X +y (True)
Thus condition 1 1s satisfied.

Let us suppose that S (n) is true for n = k € N i.e.

S (k); x+y is a factor of g1 +y2k_| ......... S
We want to prove that S (k + 1) has a factor x +y
S(_k+ l):_ x2(k+lJ—I_|_yE(I\+E}—l _ X2k+2_l+ 2k+2-1
- x2+y2k_l y2

Adding X yzk_ ' & subtracting

%-1.2,.2 2%-1 2 2%-1, 2k-1_2
X X“+X"y - X"y +y y

= X2 (sz_ " ka— N _ka—I (Xz_ yz)

The first term has a factor x + y by (1). The second term clearly has a factor x + y. Thus
S (k + 1) has a factor x + y. Therefore condition 2 is satisfied. Therefore S (n) is true for all +ve
integer n.
Q.28 Use mathematical induction to show that

14242 # s +2" = 2"*1_1 for all non—negative integers n.
Solution:

Let S (n) be the statement, 1.c.

S 142424 v £#2° = 22% 4
Condition 1

When n = 0, S (n) becomes

SO: 1=2-1=2-1=1
=5 L.H.S. = RHS;

Therefore condition 1 1s satisfied.
Condition 2

Let us suppose that S (n) is true forn = k € N, i.e.

Sy 1+2+2%4 e FPE = T s (1)
Adding 25*! on both sides
1424224 e, Lol gkl . oksl_ g, .g0%)
— 22k+l_]
- 2l:+1_1

Therefore condition 2 1s satisfied.
Thus S (k+1) 1s true when S (k) 1s true.
Hence S (n) is true for all non - negative integer n.



Q.29 It A and B are two matrices and A B = B A, then show by mathematical
induction that AB" = B"A for any positive integers.
Solution:
Let S (n) the given statement, i.e.
S(n): A.B" = B" A forany +ve integer.
Condition 1
When n = 1; S (n) becomes
S(l): AB=BA
AB = AB (Given)
L.H.S. = RH.S.
Therefore condition 1 is satisfied.
Condition 2
Let S(n) betruefor n = k€ N, thatis S(k): AB* = B*. A ... (1)
We want to prove that S (k+ 1) is also true for that post multiply by B. we have
AB*B = B*AB
AB*"' = B*BA (Given AB = BA)

ABk+i - Bk+ LA
Thus S (k+ 1) is true, when S (k) is true. Therefore condition 2 is satisfied.
Hence S (n) is true for any +ve integer.

Q.30 Prove that by principle of mathematical induction that n’— 1 is divisible by
8 when n is an odd positive integer.

Solution:
Let S (n) be the given statement i.c.
S(n) ; n°—1 isdivisible by 8.
Condition 1
When n = 1, we have
S (1) = 71 = 1—1 = 0 thatis divisible by 8.
Therefore condition 1 is satisfied.

S(k); k™ — lisdivisibleby 8. ... (1)



We want to prove that S(k + 1) 1s also true.
Sk+1) 5 (k+ 1)1
Skk+2) = (k+1+1) =1 =(k+2’-1 =K +4k+4-1
= kK+4k+4-1 =K -D+4k+1) ...l (2)

Clearly (k* — 1) is divisible by 8 by (1). As is odd +ve integer, so k + | is an even integer.
Hence k + 1 = 2m (say) where m € z". Therefore (2) become (k2 — 1)+ 4(2m).

- (k> 1) + 8m

Therefore now 8m 1s also clearly divisible by 8. Thus S(k + 2) 1s true when S(k) is true.
Therefore condition (2) is satisfied. Hence S(n) is true.

Q.31 Use mathematical induction to prove that Inx" = nlnx , for any integer n > 0,
if x is +ve number.

Solution:

Let S(n) be the given statement that is S(n) ; Inx" = ninx
Condition 1:

When, n =0 S(n) becomes

S0) : x" = 0 Inx

Inl = 0O.nx
O =0=1LHS=RHS

Therefore condition 1 is satisfied forn > 0.
Condition 2:

Let the given statement S (n) be true for n = k € N i.e.

Sk Inx* =klnx ... (1)
Adding In x on both sides

Inx“+Inx = kInx+Inx

Inx"x = (k+ D) Inx

Inxk*' = (k+1)Inx
Thus S (k + 1) is true when S (k) is true.
Therefore condition 2 1s satisfied.

Since both conditions are satisfied. Therefore S (n) is true for any integer n = 0.



Q.32 Use the principle of extended mathematical induction to prove that
n! > 2" — 1 for integral values of n > 4.

Solution:
Let S (n) be the given statement, that is
S (n): n!>2"—1 forintegral values of n > 4.
Condition 1
When n = 4, S(n) becomes
S@4): 4'>2'—1
24> 16 -1
24 > 15 which is true.
Therefore condition | is satistied for n > 4.
Condition 2
Let us suppose that S (n) is true for n = k
S(k): k!> 2" 1 for integral valvesof k=4 ... (1)
Now multiplying throughout by k + 1
k+Dk!>&k+ DR~
k+D! > k-1+2)@2 1)
* -1 -+2 %10
s k-1)E2"-+2"" -2

» 281 pk—13@—1-1]

=3  (k+1JI »2F+l_] o As [(k— 1) (25— 1) - 1] is +ve so ignore it.
Thus S (k+ 1) 1s true. when S (k) 1s true.
Therefore condition 2 is satisfied. Hence S (n) is true for all the integral values of n > 4.
Q.33 n® > n+ 3, for integral values of n > 3. (Gujranawala Board, 2003)
Solution:

Let S (n) be the given statement, that is

S (n); n>>n+3 for integral values of n > 3,
Condition 1

When n = 3, S (n) becomes

S@3); 3°>3+3

9 > 6 which is true. Therefore condition 1 is satisfied for n > 3.



Condition 2

Let us suppose that S (n) is true for n = k

S (k); kK*>k+3 for integral valuesof k>3 ... (1)
Adding 2k + 1, throughout

K +2k+1>k+3+2k+1

(k+1)?>k+1+3+(2K)

(k + l).2 >k+1+3 (. As 2k is+ve, soignore it)
Thus S (k + 1) is true, when S (k) is true.
Therefore condition 2 is satisfied. Therefore S (n) is true for n > 3.
Q.34 4">3"+2""' forintegral values of n>2.  (Lahore Board, 2003)
Solution:

Let S (n) be the given statement, that is

Sm): 4">3"+2"! for integral values of n = 2.
Condition 1

When n = 2 then S (n) becomes

& (@ 4530 4g% 1

16>9+2

16 > 11 which i1s true, therefore condition 1 1s true for n = 2.
Condition 2

Let us suppose that S (n) is true for n = k

S (k): 4> 3%+ 257! forintegral valuesof k>2 ... (1)
Multiplying throughout by 4

445> 43 + 42!

ALy B %G B

k+1 k+1-1 k=141

+3k+2 +2

+2k+l I+(3k+2k ]+1)

> 3

N 3k+]

- Bt 11 E  nk . : :
ge+l 5 gl 4 g (v As 3 +2" is+ve soignore it)

Thus S (k + 1) is true, when S (k) is true. Therefore condition 2 is satisfied.

Hence S (n) is true for the integral values of n > 2.



Q.35 3" < n! for integral values of n > 6.
Solution:

Let S (n) be the given statement, that is

S (n): 3" < n! forintegral values of n> 6
Condition 1

When n=7, S (n) becomes

S(7; 37 <7

2187 <5040 which is true. Condition is satisfied.
Condition 2

Let us suppose that S (n) 1s true for n = k

S (k): 3“<k! for integral valuesof k>6  ......... (1)
Multiplying throughout by (k + 1)

(k+1)3" < (k+ D) K!

(k—2+3)3<(k+1)

(k—2) ¥+ ¥ s 1)

g+l ¢ (m)‘ (v As (k—2) 3% is +ve, so ignore it)
Thus S (k+ 1) istrue, when S (k) is true. Therefore condition 2 is satisfied.
Since both conditions are satisfied.
Theretore. S (n) is true for integral values of n > 6.
Q.36 n!>n’ for integral values of n > 4.
Solution:

Let S (n) be the given statement, that is

S(n); n'>n" for integral values of n =4
Condition 1

When n=4, S (n) becomes

S4); 4> 4°

24 > 16 which is true. Therefore condition 1 is satisfied for n = 4.
Condition 2

Let us suppose that S (n) is true for n =k.

S (k); k!> k> for integral values of k=24 ... (1)



Multiplying throughout by k + 1
k+Dk!'>k+ DK
k+D!>K +K

K+ > +2k+14 K -2k—1)

(k+1)!> (m)2 (- As k' =2k —1 is +ve so ignore it)
Thus S (k+ 1) 1strue, when S (k) 1s true.
Therefore condition 2 is satisfied. Hence S (n) is true for integral values of n > 4.
(.37 3+3+T Fusiesen +(2n+35) = (n+2)(n+4) for integral values of n=>-1.
Solution:

Let S (n) be the given statement, that is

S(n): 3+5+7+.......t(2n+35) = (n+—2) (n+4). for integral values of n>—1
Condition 1

When n = — 1, S (n) becomes

SEL; 3=142)(-1+4)

3=3
= L.H.S. = R.H.S. Therefore condition 1 is satisfied for n > — 1.

Condition 2

Let us suppose that statement is true for n =k.

BT F wsan +2k+5) = (k+2)(k+4) ......... (1)
Adding (2 (k+ 1) +5) on both sides
F DT i Rk+5)2k+7) = (k+2)(k+4d)+(2k+7)

= K*+4k+2k+ 8+ 2k +7
= KX+ 8k+15

k® + 5k + 3k + 15
(k+5)(k+3)

= (k+1+4)(k+1+2)
Condition 2 is satisfied. Thus S (k+ 1) is true when S (k) 1s true.

Hence S (n) is true for integral values of n>—1.



Q38 1+nx<(1+x) forn=2 & x>-1
Solution:

Let S (n) be the given statement, 1.e.

Sy 1+nx<(1+x)" forn>2 & x>—1
Condition 1

When n = 2, S(n) becomes

S2); l+2x<(1+x)°

1+2x<1+x°+ 2x, which is true.
Therefore condition 1 is satisfied for n>2 and x >— 1.
Condition 2

Let us suppose that S (n) is true for n = k

S(k)y; 1+kx<(1+x" for k=2 and x>— 1
Multiplying throughout by (1 + x)

T+k) A +x)<(0+x)%(1+x)

1 +x+kx+kx2£(l +>()kJrl
L4+ (k+ D) x+kd < (1 +x)5t!

1+ (m) X & (14 kx” is +ve, S0 ignore it)
Thus S (k+ 1) is true when S (k) is true.
Therefore condition 2 is satisfied.
Therefore S (n) is true forall n>2 and x > — 1.
BINOMIAL THEOREM (Definition Lahore Board 2010)

An algebraic expression consisting of two terms such as a + x, x — 2y, ax + b etc. 18
called a binomial or binomial expression.

We know that (a +x)° = a” + 2ax + X~
The R.H.S. is called binomial expansion and 2 is called index.
FORMULA OF BINOMIAL THEOREM (Lahore Board 2009-11)

n n | n ’ o - n i o)
(a+x)":(0)an+(1)a” x+(q)a” X"+ e T(r—l)an RS
n p B n
+(r)an ok . +(n)x”

it can bricfly written as

n

(_kl-l—X)“ = Z (Il:l)an_rxt.

=0



NOTE:

(1)
(i1)
(111)
(1v)
(V)

(vi)

The rule or formula of a binomial for expansion raised to any positive integral power n.
It is [inite series.

= o . ~ n -«
Number of terms in the expansion of (a+x) 1s n+ 1.

n n n n L o
( 0) 5 ( ] ) 3 (,)) — ; ( n) are called binomial coefficients.
n n n n
([-)) 5 ( 7) y (4) ;S ( 0 ] are called even binomial coeflicients.

n n n n
( | ) . [j’ ) : ( 5 ) S ( i ) are called odd binomial coctficients.

SUM OF BIN BINOMIAL COEFFICIENTS

n

(6)+(1)+(3)+-r(3) -

9

SUM OF EVEN BINOMIAL COEFFICIENTS

(M) () (D)t (M) 2

SUM OF ODD BINOMIAL COEFFICIENTS

(M (D) (2ot () = 2

REMARK

Sum of even binomial coefficients = Sum of odd binomial coefficients.

EXERCISE 8.2

Q.1  Using binomial theorem, expand the following:
6
i (a+2b) (ii) %-%)
x\ 4 < 7
(iii) [Sa —g] (iv) Za—;)
2y I 6
X = . a X
o G o [\
Solution:
i) (a+2b)

Il

5% % 5 s IF5Y . 5 . 5 .
(Oja’mhf+(])a%zm'+[2)a3ebr+(3)a*@bf+(4)a'@bf+(5)a“ebr

5

a”+5a" (2b) + 10a” (407) + 10a” (8b") + Sa (16b") + 32b°
2 +10a'b+40a’b*+80a’ b’ +80a b’ +321°



(iii)

(iv)

TN
bo |

)‘(5)—(2)@ (fr)’ (2)@) (fz)

6 5 9 X4 3 2

A 6 B T 20 T 151 2
64_ 32?'(?4' _><16><x4—,_, XSXX(}'F X4

P

16
5

6-4 4 6— 5 6

xX* 3.5 15 20 60 96 64
64_8X +4—x3+x(~,—xu+x12
. 4
(Sa—g
1 2
$owt (&) -(H oo (£) +(3) oot (%)
(Oj(Sa) (321_ U (3a) 3a (%d) 3a
X x> X 'S x4
= 8la*—4x274a° X 3 +6 x 927 Xg_'jxg_’f 4x3axm+a¢
3 4
e 108 5 7 44X X
= R1a" — 3 @ X + 6x —gf+m\[
B B
= 81a* —36a°x + 6x° = 2 Far ot
9a~  8la
x?
(2a-3)
a
| 2 3

Il

2

3
128a" —7 (64a°) (51) +21 % 325’%—35 (16a") %j

4 5 6 7
R X X X
+3:>(8d)(_a4] 21(4&)( )+7{2¢1 (a )—“‘37

. 5 5 % . 280x" 84x° 14x°
128a" —448 xa” +672a x —-560ax +—_ ——3 +— 5 —

d a a

[l

(o) -(Der(3) «(3)ew (3) -(3) e (3)
(D (8 (D (2 +(Deo () -

et P



-GG -6 (-0 @ -O6) @)
A6 ® 06 ®-06)®)
B 06 3

by () ) 35
T 256y T 128y T x T ey )\ x )T 32y )L K
ﬁ

X
4 4 3 5 2 6 T e B
16y 3\ (32 64y 128y 256y
+70( . ][ ot ]—56[—’(3)[—*"—5 ]+28—x3x—*—’xz U .

16y'l 8y X 4y
& 6O 2 ; 4 ~. 0 8
X X 7X X~ 224y 448y" 512y 256y
= jﬁﬁyx = 8yﬁ =+ I(".ly-i - 14 yz + 70— - & = %0 + B

3 - e E

a a a _(a ay X
:—3—6“3+15——2()+1:>(—j —6(—) +(—)
X X X X X a

x

3 2

a a a
=3-07+15--20+15
X X X



Calculate the following by means of binomial theorem.
i (097 (Lahore Board 2010)

Gi)  (2.02)°* (Lahore Board 2011)
(i)  (9.98)*
(iv) (2.9

Solution:

(i)

(i)

(iii)

0.97)° = (1-0.03)°

= (3)(1)3 ( )(1) (.03) +( ) ' ( (;)(1)”(.03)3

= 1-0.09+0.0027 — 0.000027
= (9127
2.02)* = (2 +0.02)*

- (g)@'+() @ '+ (5) @+ (3) @' w2 +(§) @ oo

= 16+4(8)(.02) +6 (4) (0.0004) + 4 (2) (0.000008) + 0.00000016
= 16.64 + 0.0096 + 0.000064

= 16.64

(9.98)* = (10 - 0.02)"

_ 4 M 0 4' 4 3 4 | S 4 | -
=1 (10)" (.02) (IU 02) + (10) (02) 3 (10) (.02) + 4 (10)" (.02)

(iv)

= 10000 — 80 + 600 (0.0004) — 40 (0.000008) + 0.00000016
= 992().24
2.9 = 3-0.1)°

( ) (3)(3)5 (S)H) (.01) (ﬁ)(_%) LO1Y — [;j(})z(.(]l)?’+(i)(3)' (_.()1)""_
S 0 5
s ) 3" on

=243 -4.05+ 10 (27) (0.0001) — 10 (9) (0.000001) + 15 (0.00000001) — 0.0000000001
= 243+5x81-0.01 +10 x 8 x 0.0001
= 2052



Expand and simplity the following:

(i) (a +\E x)4+(a—\ﬁ x)*

i)  (2+/3)°+(2-3)°

(i) Q+i)7-2-i)

(iv) (x +1/x° —1)3 + (x Y 1)3

Solution:

i) (a+\2x)'+(a-2x)
= (3)a‘*+(ﬂtaf (\sz)‘+(§)(a_)3(\f2x)2+[3] 2 Xy +(4)d“(_\fz x)*

(_;-1+\ﬁ x)* 214+4213\f§x+6212 @ X)2+4El (\ﬁ x)‘ +(\{_2 3 U (i)
(a—\ﬁ x_)4 = a' —4a \/5 X + 6a” (\[5 —4a (\/’_? %) \F’ x)4 ......... (i1)

By adding (1) and (ii)

(a+ \ﬁ )"+ (a —\ﬁ_ x)" = 2a*+ 1247 (’\ﬁ X2 (\ﬁ x)*
2a% + 12a% 2x%) + 2 (4xY

4 2 B 4
2a + 24a’x” + 8x

Gi)  (2+3)%+(2-3F

5 5
(2+1/3)" = ( )(2>5+( )(2) W3)' +( ) @ (3’ +[“){?) W3’
( ) 2) (3 +( )m“uﬁ
= 32+5x16\3+10x8Q3) +10x4( 3 +512) (3 + (/3
= 32+ 803+80(\3) +40 (3 + 10 (/3)' + f3)
(2-43)" = 32-804/3+80(3) -40 (3’ + 10 \/3)" - (f3)

Adding
(2++3) +(2-4/3)> = 64+ 480+ 180 = 724
(i) @+’ -2-i)°

@+i) = [S)O) +(5)(2) (1)+(;) 2)° (i) +( )(2) (i)’
[S)(z) (i) +( )(2) (i’



= 32+5x16(D)+10x8x ()" +10x4G)° +5x2@G) +1

= 32 +80i + 80i> + 40i° + 10i* + i’
—iP = 32— 80i +80i° —40i° + 10i* 1
D
Subtracting
Q+iY —@2-1 = 160i + 80i° + 2i°
= 1601 - 801+ 21 = 82i

iv)  (x+\-1) +(x—F)
First we take (x +\x2— 1))’
= 2+(]) e WD+ (3) 00! (3 w0 Y
(x408=1) = P+3 VP 1+ =D+ E=1)
(x==1) = =31+ (E= D= (E=1)

Adding

(x+\}x'—1 )3+(x—vx2—l)3

2%+ 6x (x* = 1)

3 3
= 2Xx +6x —6x

= 8% —6x
Q.4 Expand the following in ascending power of x
@ E+x—xH i) (1-x+x)*
i) (1-x-x»)*
Solution:

@) 2+x-x)
Let 2+x =y

ty—x" = [3) * (x3)° - (jlj o (D) + (g) o)) 6P — (’;1 ) () 6 + (i) v o

= v a4y eyt st 4y xCas®
Putting value y = 2 + x again
= 2+ 42+’ X +6Q2+x0 x -42+x0)x"+x°

= [(3)(%"4?)(2)“(x)+(§)(2 )’ (x)° +(4) @' +(j)(2)”(x)‘*}

—4[8+x3+6x2+ [2x]x2+6(4+x'+4x)x — (B +4x) %" 9 5

= 16+ 32x—8x" — 40> + x* + 20x° — 2x% —ax” + X°



L

(i) (1-x+x)

Let 1-x =y

4\ 4 (4 4% 5 4 4
()5 +(1)y 2+ (5) v 0+ (3 )y + (1) o

= y4+4y3 ><2+tf)y2 ><4+4yxf’+xS

(y+x)*

Il

Putting value of y

= (1 —x)4+4(l—x)3x2+6(1 —)c:)")':s-:4+4(l—)(_])(6+1r(8

= [(3)ufrm“—(?]uf(m'+(§)uf(m2—(§)uﬂ(m3+(j)ufoﬁ]

4-4[]—}(3—3><-+-3xzj:<2+6(1+3(2—2:0x4+4(><;F'—x—")+x8
= 1-4x+6x"— 4% + X +4x? 12 + 125 4 + 65 — 12 + 10x° —4x” + %8
= 1 —4x+10x"— 16x" + 19x" —4x” + 10x° — 4x’ + x*
(i) (1-x-x%

Let 1—%x =y

(y—X34==(g)y4—(?)w%x?+(ij(wzuﬁz—[i)yu%3+(j)y”m%4

= }/4—43/3 }(2+1E'}y2 xj'—4>(6y+x8
Putting value of y

= (1-%)"—4 (1 -2 +6{ - -4 {1 —x) +x°

= [(3)(U4—(?)(n3u)+[§)(n2uf—(§)(n(m3+(j)(n”uf]

Al =% -G+ -2 A - R

4

2 3 2 - % s )
= 1 —dx+6x7—4x> +x* —4x (1 —3x + 3x —)(3)+6:'(4—]27(5+6})(6—4>(6+4)(?+)<8

= 1—4)(-&-2><2+‘8}-(3—5)c4—8:~(5-5-2)(6+4x7+X8

Q.5 Expand the following in descending power of x
3

(i) x> +x—1)° (ii) (x - 5
Solution:
(i) x*+x-1)°

Let x—1 =y = (x2+y)

- (3)e+ (e m+(3) 07+ (3) o o

(:'(2 + y)3 = x%+ 3 y +3x° y2 + y3

3



Putting value of y
=1 = 2245 tn—T+ 3% =104 =17

x6+3xs—3x4+3x2(x2+ | —2x)+x3—l—3x2+3x

I

§ 5 4 4 ) 3 3 >
0o BT I A I G T = |3 R

x6+ 3?{5 5x3 +3x 1

Il

3

I

I
et x-1 =y = (y—x)
. 2 3
- (0)or-(Ner(J+G)w) -Gle(3)
— 0 (_,\f)_ l (y) X + 2 (}') X _ 3 (Y) X
3 33 [
=Y TR T T

Putting value of y

= ) ;
| 5 Jix=—1 3(x—1 |
(x—]——) = (x—1)' — (X )+ (Xz )——3
X X X X
3 L2 3 1 |
= X -1 -3 +3%—— X +#]1-20+733x-3)——3
X X X
5 3 |
= X—3Xx"+5—-—"7 - T3
X X

GENERAL TERM OF EXPANSION (a + x)"

n n—-1r _r

Q.6  Find the term involving:
(i) x* in the expansion of (3 — 2}«:)7 (Lahore Board 2008)

7 \13
(ii) x 2 in the expansion of ( X — ;z)

9

2
(iii) a® in the expansion of (; -~ a) (Lahore Board 2004)
I
(iv) y® in the expansion of (x— \G) |
Solution:
(i) x* in the expansion of (3 — 2}@;)7

We know that general term formula is

n n—r _r
Teei = (I_ja X



7 _ .
Tes :(r]?f" DX (1)
We have to f[ind term involving x', s0 comparing the powers of x, we have r = 4
Putting r = 4 n(l)

T .7 4 4
Taur = (4) 3 2

= 35 x 27 x 16x*

Tan = 15120 x*
113
(i) X in the expansion of [x — ;zj

We know that general term formula

Y e s
Ty = ( ) 8 X
?

. (]3)X|3—3|‘ ( 2JI _________ (])

.
N . ) ) ) ) )
We have to find term involving x ~ so comparing the power of x in (1)

13—3r=-2

13+2 = 3r

15 = Jr

I = 3
Putin (1)

1370 e 5
Tsy1 = (5 )XL “(QJ(_Z)-

Te = 1287 xx >x—32 = —41184 x>



b

_ : 2
(iii) a’ in the expansion of (; — a)

We know that general term formula

n i
Tiey = (l) a"F

(9
=,
We have to find term involving a’, so comparing the powers of a, we get

9 29_4
Tay1 = (4) (;) — 1) ()

2° 32 4
(126)><;3><1><a lZ()X;"d

Il

Pl P

Ts = 4032

(iv) y3 in the expansion of (x - \/})“

a=x,x=(—\/gf').n=

We know that general term formula
Tref = (n) g xt
r
I a1- i
(r) ®" Ay

- (“) D=t ™ e (1)

T

Tr+ |

Il

: : 3 -
We have to find term involving y~, so comparing the powers of y we get

=3 = r=06 Putin(l)

Il .
T6+1=[6) ey

T; = 462 x° x 1 xy
T7 = 462 x y3

2=

I



Q.7 Find the coefficient of

' 5 3
(i) x” in the expansion of [Xz - 2—)
X
l 2n
(ii)  x" in the expansion of (x"‘ - ;}
Solution:
3\10
(i) x> in the expansion of (xz — g) (L.ahore Board 2003-04)

We know that general term formula

Y s
Ty = (IJ an £yl

_(10Y , 210+ i)
Teer = [_r)(x) (_ZX

I
N
=
.

el
10
L
|
I:.J
v A
|
(SO ROV
N~~~
|-

= (T)(xf”‘“[—%] ......... (1)

we have to find the coefficient of x~, so comparing the powers of x, we get

20—-3t = 5

15 =% = =3

Putin (1)

10 20 3
oo = (19)a-55(2)

-243 —15309
T6=252><X5x 3 = 3 XS

— 15309
Coefhicient of X 1S 3




(ii)  x" in the expansion of (xz ~

We know that general term formula is

j (?) L
2n 2.2n—r . l
it = (r)(x) (_x)

Il
A
sy D
L =
S
_—

>4

=
I
I_J
—
| =

2n Y\ ; :
— ( : )x4|1 31 = 1)1 _________ (l)
we have to find the coefficient of x", so comparing the powers of x, we get
4n—3r = n
An—n = 3r
3n = 3r
n=r
Putin (1)
2”] 4n - 3n n (2n)! n A1
Lawd _(n x 1 “nl@n-n)” =D
(2o)! n
=mn* D

i n o) I
Coefficient of x" is %ﬂ

(n!)”
3310
Q.8 Find 6" term in the expansion of [xz - ﬂ)
Solution:
. —~3 _
a=x, X=75-, n= 1), r=25

We know by general term formula

Te = (n) a X
.
5 105
T = ()0 (2—)

Tg = 252 x x'¥ x

32 X
— 15309 4
3 X

Te



Q.9 Find the term independent of x In the following expansions.
10

_ 2
(i) (x - ;j (Gujranwala Board 2003, Lahore Board 2008)

10

1
(i1) (\/;i 5 gﬁ‘)

Gii) (1+x)° [1 + %)4

X
Solution:
(Y
(i) B =
=73
a=%x Xx=— m=10, =17
X

We know that general term formula is

TH— | =

o . . ) 0 ) .
We have to find the term independent of x 1.e., X so comparing the powers of X, we have

10=2r =0

10 =2r = r=3 Put in (1)

Y s
Teu) = [ : )Xm 26) ()%

0

Te = 252 x xV 7 10% (=32) = —8064 x” = — 8064

Equating Index of x to 0 to get expression independent of x



10

1
(ii) (\/;(+§j
|
Elz\ﬁt,ng‘i, n = 10. = ?

We know that general term formula

n n-r r
T = [’.)a X
10 Ber 1Y
- (V) am [2—*)
~ (10) e
= Lo JX° FH

oy -y
] ( " ] x < (21) ......... (1)

. - - . 0 . =z 2
We have to find independent of x i.e.. x  so comparing the powers of "x". we get

10 —r

5 -2r =10
0—r—4r =0
[0—3F =
10 = S5r

2=r Putin(l)

10N L2229 9)(1
Ta+) :(2)"2 Z(M)(?)

(i) (1 +x%)° (1 i lzj

[l
S
—
—
-
-4
(5]
e’
-1
—
f—
—



Now (]+x2)7, wehave a= I, x=x, n=7. =72

We know that general term formula is

Tr+| = (:)an-.rxr _ ('17) (I)T_.['(XZ)r

T\ = .
( ] x” equation (1) becomes

Il
><3cl,_
oy
= =l
M

b

L

TY 9 _
= (?)x' B (2)

We have to find term independent of x.
: 0 2 .
i.e., X so, comparing the powers of x.

2r—-8 =0
2r = 8 = r = 4 putin (2).
(s = Ly
4 T A x (T4
7!
T 41x 3!
Txbx5xd!
T 4 x3x2x1 " 23
MIDDLE TERM
" th
(1) If n 1s even then (3+ 1) term will be only one middle term.

_ n+1 b n+3th " .
(2) It n 1s odd then 5 and ) terms will be the two middle terms.

s

Q.10 Determine the middle term in the following expansions.

. 1 2 12 ) 3 1 11
(i) (x - 2] (ii) [2 X~ 3xj
1 ~2m+1
(iii) [ZX - &)
Solution:

1 x° =
o [-3)
th

) . n )
Since n = 12 is even so (§+ l) term i.e.,



12 « th
(f+ l) term = 7" term is the middle term

2
Thus r = 6. Alsoaz%, x=[%),n=12

We know that the general formula 1s

Ti-+| _ (Irl)au T Xr
12 1 12-6 _xg 6
Te+r1 = | ¢ 2 5

| ¥

A = X(] 64

(ii)

th

. . 11+ 1 11+
Since n = 11 is odd so —5 | termand

)
be the two middle terms.

ll 3 11—-5 1 by
Teaq = 5 5 X —3—}{
6 5
Te = 462 (3) =10
6 = *2%) 6xP
3 6—-5
- dipw ’24 %— |
| —462x3x  —693x
= 64 = 32
(n] Hit i
Teig = L )a X
1 3 11 -6 l 6
Tewnr = | g 5 X 8y
3x) 1
_ 462 x 2 5

2) " (3x)

th

3 . .
) term i.e.. 6 & 7" terms will



I 1

— Y
= 462 % 37 X W
Te o 462 77
07 32x3x ~ l6x
693 77
Hence two middle terms are _ =R and 7
32 16x

1 2m+1
(iii) (ZX—E]

) . ] 2m+ 1 + 1 2m+ 1 +3
As 2m + 1 1s odd, so there are two middle terms 1.e., - 5 and — 5

are two middle terms.
(m + l)lh and (m + 2)111 terms

For (m+ D™ term

f =i, D= 2mtl, 4a="2% x = (—,,—]

2m+1 B 1
T = ( m )(QX)_IH—] “(_E)

B (2m+ 1)! b >
~ m![2m+ [ —m]! (2x) (=1
_ Cm+ D! m

= mlm+ 1 *ED

m 2m+ 1)!

Tt =2 (-1 m! (m+ ! Y

For (m+2)" term

r=m+2—-1 =m+ 1

]
n =2m+1, 21:2x,x:( )

T 2x
Tr+! - L?J an—rxl-

] |
_ 21“"") 2m+ 1 -m—]( LJYH_
- (m+1 (%) ~2x

(2m + 1)! S DY e ™

= (]Tl+ I)[ I(Zm 41— — l)ll (QX) (.2X)111+] = (n]‘i' l)g(l.n)l (2.x)m+l—m

m + |

Cm+ 1) (1)
m!(m+1)!2x

Tm+2 =

Tyne and T, .2 are two middle terms.



3n
Q.11 Find (2n + 1)lh term from the end in the expansion of (x - ﬁ)

Solution:
To find (2n + I)rh terms, we have r = 2n

And for the term from the end, we have
|
a=—5- and x = x
2X

By general term formula

n. =1 I
Leipi = (r)a X
3n—2n

Thosi = |5 ) (—f&) (%)™

11

3n! ( lj o
— 2n! 3n-2n)! \ 2x x

3! 1) o
@min!l 2"x" ¥

3n! (- 1)"
on'n! 2" X

(3n)! (— )" x"
2n! n! 2n

2in—n

1.3.5u.. (2n—1)

Q.12 Show that middle term of (1 + X)Z“ is

Solution:
th

_ 2n . ) . i
As 2n 1s even so (7 + 1] termis the middle termi.e., (n+1)" term r = n

General term formula is

n s
Ty &= (I] gh="r g

2n
Tn+l - ( j(]JZn n xn

n .
3 (2n)! ()" X" = (2n)!
- n![2n—n]!* RS n!n!*

Cn) Cn-1)2n—-2)2n—-3)(2n—4) ........ SxdxeIxdxl ,
= X

n! n!



B [2n)2n— 23 (20 —4) o 42 2] [Co— )P0 —3) 205 ... 8% Il
B n! n!

_RPm@o-1H@m-2)...(n-2)..x2x1][@n-1)@2n-3) ... 5x3x 1] x"

n!n!
_2'n![@n-D@2n-3)...5x3x1]x"
- n!n!
- 2"[Ix3%x5x....2n—3)(2n— )] x"
[he1 = n!
Q.13 Showthat:(?)+(;]+(g)+ ..... +[nil) = 2"/
Solution:

We know that

Wn n n n 2 n 3 n n— | n n
(1 +x) :(0)+(]jx+(q)x +(?)x+ ....... +(n_])x +[n)x (1)

Put x = 1 inequation (1)

o= (o2 (3)+(
2= (3)+(2)(2)-(

Next put x = — 1 1inequation (1)

a1 = (5)-(V e+ () e (3) cves() 7 J e+ () oy
J (

if n 1s even then

n n n
()=(0) (1)+(2
n n n
(0)*(2)*(4

We can write (2) as.

2 = 1(0)+(3)

Using (3) in (4)

1(3)+(3)

t2,
1]

._|_
TN Y
NN



ot (33 ()33 435 eeiis () - 557
Q.14 bhowthat(oj+2 17302 )l g )+ ¥ eqind T mal
Solution:
n l{n 1 /n | /n ] n
LFL3=[0]+5(1)+§(21+1(3)+ """ +n+l(n)

3 n! 1 n! 1 n! L n! N . | n!
Som-ot2 1m0 T3 2t -2t 4 3n 3T Thel nl(nn)!

Taking common n!

1 l l l 1
:n![n!+2!(n D! T3 -2)! T4l (n 3)!+""+(n+l)n!:|

Now multiplying and dividing by n + 1

_(n+Un![i 1 1 | ] ]
=Tm+D T2 Dt a2 T m—3) " "+ Dn!

_(n+H![L ! ! ! ! }
T on+1 n!+2!(n l)!+3!(n 2'}!+4!(n 3)!+"'+(n+l)n!
| [(n-i—l)! (n+ 1)! (n+ 1) (n+ 1! + ) (n+ ! }
= n+1 n! T2m-DT3 a2t m—3)" " T+ 1)n!

[ [(n+|) (n+|) (n-i—l) (I]+[)_| |_[I'I"l'l)]
n+l LU 1 JY0 2 )P0 3 P04 )T g

+ 1
Adding and subtracting [n 0 )

IR CUNCONCDBREHRCHI

We know that

[n+l) (n+l) (n+l) (n+l)_ (n+l)_qn+|
0 A7% 1 4Th 2 4T 3 e Ty g ] 8
and (n+l)_l

dnc 0 =

So (1) becomes

2n+|_|
n+ 1

1 n+ 1
— = B 1] =

— = RH.S.

Hence proved.



EXERCISE 8.3

BINOMIAL SERIES (Lahore Board 2009, 11)

1, 1) (n—2
(I+x)“=|+nx+n(r;, g, 00 %)1(n e

Here index n is negative integer or a fraction.

Q.1 Expand the following upto 4 terms, taking value of x such that the
expansion in each case is valid.
i  (1-x)" i) (1+2x) "
Gii) (1+x)"" (iv) (4-3x"
(v) (8 - 25{)‘1 (L.ahore Board 2008) (vi) (2- 3)()"2 (Lahore Board 2010)
L 1= L A1+ 2x
(vil) mz‘ (viii) 1—x
. @ + 2x)"? |
(ix) W (x) (1 +x-— 23{2)”2
(xi) (1-2x+3x)""°
Solution:
(i) (1-x)"
By binomial series
l [ I 1(1 )( 1 )
Al 51 2k =1 5—2
l 242 5y 2 2 i
= ]+§(—x)+ oL (—x) + 31 o il S
1. 17 1y 14 17 13%/=3). 1 3
:]—2x+5 —5 ) X5X 5| 35 5 x((—x)+ .......
= 1 15 1 4 N
= == 2 X — 8 K == 16 ¥ I
Valid if |x| < 1
G) (1+2x)7"
i ])(2x]+(— l)(;l = ”(2x_)2+(_ 1)1 —3!1)(— 1 —2)(2x)3Jr
= ] —2x+4x2—8x3 R
Valid if [2x| < 1
2 x| <1
1
= <3



Gii) (A +x)"

X X"+ 31 : G
_ Ll 2.2 145
= 1-3X+gX =7 X +.un.
Valid if [x] < 1

(iv) (4-3x)"”
12 3%
wo(1-3)

_ ( 33{) M( 3x)+%(%1)(%2)( 3x)3+ ]

I
=& gl 4 3! g
| xa(3) e 3(55)(5)
3x 2\°2) 9x* 2\ 2)\ "2 ( 27;8)
:2_1_8+ 2 X l6+ 6 64 ......
_ 5 X 2 .a 2.3
4—64K —Slf)x .......

3
‘ 1 x | <1
3
=5 1 x| <1
= [Kl<3
v) (8-2x)" (Lahore Board 2008)

1

8

1 | —Ix=2 1 o D)xE=2)x(=3) -1 ;3

:§[1+1“ 2x1 168 %  3x2xl Xa“--l

1
8
1
8

] 2 I 3
2 X+128X +512X T waiaen

+
5|~

L



The expansion valid only 1f

X
1_1 <1
I
= Z|x|<1
=5 x| < 4
(vi) (2-3x)7 (Lahore Board 2010)
S 3x\7
1=
- 2 3
| -3 =2 -1 =3 (=2 (=2 - 1y(=2-2{-13
:1_]+(—-2)(7x)+ X [ > )+ 3 (Tx) = P —. ]
Ml 9% =% B DD =27 }
=4_I+3x+ 5 xq t 6 5y 8+ ......
1 275 27%° }
:4_]+3x+ 4 - P RRERRREE

13 2% 27>6‘+
—4+4X+ 16 + g e

The above expansion is valid only if

3x
‘? <1
3
=% §|x|<l
2
= <3
Lo (1=x)"
(vii) (1+x)2
=(1-x)'Q+x)°
- [ 1 +x+%(—xyz+(_m_1_3:)(_1_2)(_x)3 | ]
] w =B —15{3 =
[1_2“( 2)(,2!- I)X_+( 2) ( 3!1)( 2 2)(+X]3+ _______ J
1y (=2 a IV L _
:[l+x+(' 1)2( I = 62)( D By ]




:|1+x+x2+x3-l- _______ ][]—2x+3x2—4x3+ _______ ]
= 1 —2x+3%x -4 +Xx—2X" + 3 + X =2 + X F vvrn,
= 1=K HDE - B e
The above expansion are valid if
x| <1
1-x
d+20"1-x"

(viii)

= (1—x)" 1 +20"?

=1y =l —1 s D(=1-1)(=1-2 3
:[I+x+%{—x)_+( XS 3!)( )(_—x)‘+.......

s-1) , 3G6-1)(3-2)

1, 2\2 5 2X2™ 2 3

l+,2gx+ o1 2x)" + 3] 5.4 i
—1x-2 5 —1x—-2x-3 :

=| 1+x+ 3 X"+ 6 R i

[
+
>
+
.
)
.+.
x',u
+
I 1
+
P
|
o |
b
+
b | —
o]
+
|| |

1 5 1 3 3 1 3 5 & 3
l+x—;x +5x + X+ X —Ex + X T+ X FX

3 5 3
1+28+5% + 2K +.oveer
The above expansion valid if

1
X[ <5 and |x[<]

L (4+2x)"
(ix) —(2 %)
(4 + 2)()”2 (2—=x)
112 =

) _
12 Z = X
=4 (]+4x) 2 [1—2)

[



X

4
i, % C0E1-0F 8% 1 1-1761-0f-aY
21+2+ 2! [2)"’ 3! [2 T et

1 L 5. 1 3 L 135 135,
=[l+4x—32x +128X'l ....... }[I+2x+4x +8x-1 ....... }

] [ 1'7, | I 5 | g | 2 I 1 | !

= 1+§x+1x‘+§x‘ +Zx+§x +Ex' —ﬁx‘—@x"+mx'

et

DR L0 e 5 TN
= [+72+55K +0g % +omens

1/2 -1
The expansion of [ I+ %) and ( I —%) are valid if

<1

(RO

e x| <2

x)  (1+x-2xH)"

11 H(1-1)(3-2
1 5 g 2_] 2.2 2 2_ 2_ 2%
=].+§(x—2x)+T(x—2x)+ 3 (=28 Fiean
11 1 1302
1 y B= 9. : .oa B\ 24N A , .
— l+§(x—2x')+ 7 (x2+4x4—4x})+ 6 (xj—ﬁxﬁ—6x4+12xn)+

! s 1.a 1 lag 1.3 3 3 £
= ]+9x—x —Sx —2x +2x +16X —Sx +4x —5 X b osinisa

L T Do, 2.8,
= +2X—8X+I6x .......

The above expansion is valid only if |x — '2x2| <1 thatis either
X —2x° < 1 or —(x —2x2) <1
= 2 ex—1<0 ... (1y 2%*—-x-1%0
IxZ—2x+x—1<0
(x—1)(2x+1)<0

—%<x<l



(xi)

(1-2x+3x°) "
[1+3x°—2x) '

(a0t

| g sty
S-Sl —gR g R

1
’%

2 2
l—x +qx+ ()x +4x

t\-JI-—'

K} :
12x7) — = (27x% — 8x> — 54x° + 36xH) +

2,2 4,80 23 56 3,5

= 1—% +3x+2x +9:><—9 7x +27x + 14x +.......
_ 142, L2 16 5

—_— +3X—9X 27 .......

The above expansion is valid only if

3%

2x| < 1

3x2—2x< I

3){2

2%

1 <1

—f3x® =) ]

3x2—3x+x—] % 1

Bx+1)(x=1)<1

_T <x <1
Q.2

decimals.
Solution:
i /99

99)* = (100— 13"* = (100)

m( L)
100

) 1rl
iNF=1% 2ZA2™
| T+is Il 100/ 2

lj(

1 )3
100

]
100 x 10()

172

Using Binomial theorem find the value of the following to three places of



(ii)

(iii)

(iv)

(v)

|

= 10} 20 me

= 10—0.05—=0.000125 + .oeva = G850

(0.98)2

= (1—.02)'""

I I
1 —-.01 +§(—§](.0004)+ .......

= 1—.01-.00005~ ... — 990
(1.03)""
= (i e

I
(1 +3003) +— 57—

1 14 1 2
I+§(—.O2)+;(E—l)(—.02)“+

0 | —
Lo | —
|
Ea
=)
Lad
o
[E=]
I
e

. |
= 1+.Ol+§><7x§><.0009+ .......
= 1+4+.01 -.0001+....... = 1.010
3
\ 65
1/3

= 64+ 1"
1/3

P L)
= (64) (l+64

= (65)

=4 1+

17

1/4

|
= A7 = a1 = 16”4( 1 +1—6-)



(vi)

(vii)

(viii)

/5

1 1/3
o - — (QC -
= (_(998)”‘& = (998)

—1/3

Il

(1000—-2)

1/3
- 3x(=1/3) 1
=10 [ ] 500}

= 10"[1+(%)(ﬁ)+ _______

:1]_0['*15'00+ ------- }:%"0*15&00*
= 1 # 0000087 + ..ovvin = (.1000
_1
252

l —1/5 oy 13

= ——5 = 252" = (243 +

= 2-0.013 =

1.987

— 1/3

2
B 143 e
= (1000) [ b 1000}



(ix)

(x)

(xi)

) 1.1 ]_l[ 1
={ 3 [l—5x27+ ....... =3 1—135+...
1 1
= g[l = POT o s | = §|O.993| = 0.331
\7
\/8

1/2 1/2

=I—|6+ ....... = 006310000 = (.938
(.998) 17
= (1-0.002) "
l) I
-3 ]l -3-1
—] 3 2 2
=1+ (T]{— 0.002) + 7% 1 (—0.002)" + .......
2
= 1 +0.001 +§((J) < ST
= 140001 +0+....... = 1.001
1
6
\/486
N A - e U6
= Gag™ = (486)° = (729-243)
o _1/6 : 116
= -1/6 = _ (206116 =
= (72056 & [1—729} = (3% [1—3}

T 3

I
= §|1.06895I = 0.356




(xii) (1280)"*
[() 1/4
o 1/4 1/4

= (1296 - 16) 1296 (1 1296j

A x(1/4) l)[ ﬁ)_ ]

= [I+(4_ 306 ) T

1 : : , =

= 6[1 o s }= 611 0.003+....... | = 6[0.997] = 5.981
Q.3 Find the coefficient of x" in the expansion

_ 1+x° L (1+x)

W a+x? m g%y

o (1+x)° , (1 +x)

(111) R _x)z (iv) —(I _x)J

(v) (1-x+ X2 X7+ crereens ) (Gujranwala Board 2005)
Solution:

g

. 1+x
(1) m

=(+x)0+x)7

o N -2-NE - D 3=
- 1) ]+(_2)(X)+( )(2! JX+( ) ( ;!( 3 _)(X)+
s CDEDX CDEDED
= (1+x)| 1+ 0+ 5 e K s }
= 1+ +CED2x+ )3+ (1) ax + .
- IR l—l{—l)n_2 (n — l)"_zx+ (— l)”_I it +=D"mn+ D x"

= l)"_z(n Dx"+ (D" ¢+ 1)x"

= [D"E)@-D+ED "+ D] x" = <) [n-1+n+1]x"

= (=D".2n)x"

Coefficient of x" is, (— 1)" x (2n)
L (+x)?

=1+ -x)"



5 i |
(]+2x+x“)[l+2x+( ) 51 L X)Jr ....... )

(1+2x+xﬁ(1+2x+

23 o )

D, e R
2 %]

)

(1+2x+x) [1+2x+3x" + e + (= D x"“+nx"" + (n + 1) x"]

. . . - 1
Now multiplying the terms to get terms involving x" .

=m+Dx"+2nx"" " em-1)x" 22
= m+Dx"+2nx"+(n-1x"
=m+1+2n+n-1)x"
= 4nx"
Hence coefficient of x" is 4n
L (L+x)’
i (1
= [Laea ] —xf2
3H3-1 s 33-1)3-2
:[1+3X+c>g! ) g g 3L &L )5]
- iy) (21§32
[]+2x+( ) X ) X)-I-( A ,_3,')( )(—x)3+ ....... }
_[1 1 3x2 5 3><2><13}
B +JH_2><IX+3><’2><IXL
[I o EBED 5 DL X J
+ 2X + 2% 1 X + 352 % 1 (=X) + ciinrnn

[1+43x+ 3x% + x'j’]

Il

[l+2x+3x2+4x3+ ....... +(n—2)x" 3+{_1’1—1)xn 4nx" +(n+l)xn]

+(n—2) AR

n

(n+ ) x" +3n x"_|+|+3(n— l)xn_l3+2

m+Dx"+3nx"+3m-Dx"+(n-2)x

tne ! +MIn+3In—3+0~2x

8n—4).x" =4@2n-1)x"

Hence coefficient of x" is 4 (2n—1).



1 2

= 1437 ¢l =

[{I+2x+x2)(l+3x+('_3')(_3_1)(' X)+ H

[l

2!
b —3x—4 »
:(1+2x+x)[l+3x+ 2 % 1 B T s j
= (1+2x+x%
(l+3x+3;4x2+4;5x3' ....... I%EX”_E+H(HT+D>¢“_[+(n+1)2m+2)x“)

m+Dm+2) , 2mn+1) ,_ 1.7 -DM) , 247
= = > X ey + X

) P

Il

i3 ) =
n+3n+2+2n"+2n+n" —-n)\ ,
5 X

= 5 X :(2112+7_’n+])xn

—

[4n2+4n+2j i

Hence coefficient of x" is 2n° + 2n + 1.
(V) (=X X=X + cuorrsoes )

We know that,

T+x)7 ' = T x+x—x"+......

Hence given expression becomes

[(1 +x)“]2 = (1+x)~

- - 2 . T S IS I :
s EREID o DED 112 D e
_ =2)(=3) 2 2)=3) =D 3
= 1+(1)2x+ 3% 1 X+ 352 x | (= i I
= 1+ 2%+ D233+ ()P 4x+ =1 -

+ =) T M Cc )"+ DX"

Hence coefficient of x" is only, (- 1)n (n+1)



If x 1s so small that its square and higher power can be neglected, then show

that
. 1-x 3 _
(i) ~ 1-5x (Lahore Board 2009)
1-x 2
. V1 +2x 3
(11) ‘\/m ~ 1+ 2 X
Lo O+ -a6+30™ 1 17
i 4 +5x ~ 47284 %
. V4 + X 25
(iv) (]_x)3m2+4x
a0 E-30" (1 5 j Gujranwala Board 2006
(v) 8+ 507 ~ | 1-¢x (Gujranwala Boar )
!-) (] _ x)l;'z (9 _ 4x)”2 N § 6_1
(ol B+39)7 T 2748%
. V4-x+@8-x" 1
(vii) 8_x7” ~ 215X
Solution:
: 1—x% 3
(I) ’\/:{ ~ 1-— ) X
LHS. = (1-x)(1+x"
|
= (1 —x) ( l 5 X ) (neglecting square and heigher power of x)
1
= |- X=X
3
= ] _§X
= RHS
. 1+ 2x 3
(ii)



(iii)

(iv)

(I+x)(l

)
+2X

1+§x+x
3 ,
1 + 7 X = R.H.S.
4 + 5x 4 284%
[0+ 7x)”2 (16 + 30" @ + 5%

L.H.S.

V4 +x

(1—x) ©
L.H.S.

f2

25

~ 2+Tx

103 )
X+ 96

)

(ham)(l —x)”

172

Mﬂ(l+3] (113
|
(l+ )(I+'§x)
2(] 3 1 )
+3x+gx

2(|+“—

e
P Rl Gl —

4

25
8

‘)

R.H.S.

* neglecting heigher power of x|



| (1 + x)]f? (4 _ 3x)3f2 ( § j
(v) 8 + Sx)”3 ~ |1-— 6 X

L:H.S.

172

(%92 430" (8 + 507 1P

32 ~1/3

T > 3
(1+x)”~4‘”—(1—x

&
et
—
“@l

>
RS
+
ool;”
N A

R.H.S.

(1-x"9-4" 3 el

(vi) S +30)7  ® 248X

L.H.S.

(1-%)" 9 —4x)1% (8 + 3x) 7

112 —-1/3

12 172 4_X) m( ﬁ)
(1-x)"29 (1—9 83 1+



3 35 6l
~ p g Xk
_ 3 6l
2 7 48
~ R.H.S
. \/4—x+(8—x)m 1
(vii) 8—x)" ~ 275X

= R.H.S.

Q.5 If x is so small that its cube and heigher power can be neglected, show that

1 9
(1) \}1—x—2x2m l—ix—gxz

1+x <1 1
(") l—X ~ +X+2X
Solution:

5 1 9
(i) 1 —x—2x" =~ 1—5x—§x2

2,172

LHS: = (1—-%—2%")

[l —(x + ZXE)J =



Q| —

' l‘<+23+l( ]j| x +2x7)°]
g B+ 2K 45 ( )

I

] o 1 1Y ] .
= 1—E(X-F,—_)X_)+5(_§)xz(xz+4x4+4xj)

| & 1 _
= l-5x+2x7) —g(x2+4x4+4x3)

1 l
= 1- 5 X— %2 3 X (neglecting cube and heigher power of x)
T
= l=5X—-¢x
= R.H.S

(i) 1-x G

__ +2X—8x +2x+8X
oyl 32l 1o 3 3 1y 13 3 4
= 1+ X+gX +5X+7X +7gX —gX —TgX —g1 X
s (i emeas L L2

1
= ]+X+2x
= R.H.S.

Q.6 If x is very nearly equal to 1, then prove that
PxP—qx ~ (p—q) X"
(Gujranwala Board 2005, 2003), (Lahore Board 2003, 2009, 2011)
Solution:
Since x = |1
Let x = 1+h where h is so small that its square and heigher powers can be neglected.
LLHS = Px'-qx"
P(1+h’-q(l+h)

o



o

P (1 +ph)—q(l+gh)

[

P+])2h—q—qzh

o

(p-q) +(p —q)h
(p-+(p-q@((p+qgh
p-q+p+qh] ... (1)
RHS. = P—q)x""

= (P—qj (1 +n)°*1

i

i

~ P-ql+p+qh] ... (2)
From (1) and (2) we have
L.H.S. = R.H.S.
Hence proved.

Q.7 If p—q is small, when compared with p or q show that
@n+D)p+Q@n-1)q [E+g]”“

Cn—-1)p+(2Cn+1)q 2q
Solution:
2n+ Dp+2n—1)q
L.HS. = 2n—1)p+(2n+ 1)q
[.et p—d = h

p — q+h, where *h” is a small that it square and higher powers can be neglected.

B 2n+ D) (@+h)+(2n—1)q
2n—-1)(g+h)+ (2n+ 1)q

2ng+2nh+q+h+2nq—g
2nq+2nh—-q-h+2nq+gq

4ng +2nh+h  4ng+@n+ D) h
dng+2nh—h = 4ng+(2n-1)h

2n + 1

4nq[]+( 21:;1 )h}
B 2n—1

411q[]+( znq )h]
_[1 (2n+l)l}[] (2]1—])1}_
- ¥ dnq ! # 4dnq !
e oL -Cag n]

*\ "4ng )" \4ng )"




Il

P (1 +ph)—-q(l+gh)
P+p2h—q—q2h

&

i

(p—q)+(p —q)h

?

pP-a)+(p-a(p+gh
(p-q[l+(p+qhl ... (1)
RHS. = (P—q)x""1

~ (P—q) (1 +hP™e

1l

~ P-qi+p+qh] ... (2)
From (1) and (2) we have
LH.S. = RHS.

Hence proved.

Q.7 If p—q is small, when compared with p or q show that
Cn+Dp+2n-1q _ [E+g:|”"

Cn—-1Dp+C2n+1)q 2q
Solution:
B Cn+ 1) p+(2n—1)q
LHS. = &n_1)p+(2n+ 1)
Let p—-q=h

p — q+h, where "h” is a small that it square and higher powers can be neglected.

(2n+1)(q+h)+(2n—1)q
Cn-1{(q+h)+Cn+ 1)

2nq+2nh+q+h+2nq—q
2nqg+2nh—-q—-h+2nq+¢q

4nq + 2nh + h 3 dng+ (2n+ 1) h
4nq+2nh—-h — 4ng+(2n—-1)h

2n+ 1
4nq[l+( 2]::1 )h]
B 2n—1
411(1[1+( ?lnq )h}

_{[ (2n+1)1}[1 (211—1]1]_
- ¥ 4nq ' % 4dnq :




| (2n+lj| (2[1—1]h
+_ 4nq d 4nq
2nh+h —-2nh +h
4nq

- N :
= +4nq— +2nq ......... (1)

I/n

RES. = f%l]

~ _c]+h+q}
= 9

_1/n I/n

" 2q + h 2q h
B = 1297 2q

= _ln

h h
= 1_1_,)— = l—l—ﬁ ......... (2)

By (1) and (2)
L.H.S. = BH.S.

$  Show th [LTQ— n_ ntN dN 1 1
Q. ow that 2(m+N) =9n_N_ 4n Where n an are nearly equal.

Solution:
Since, N @i n

—= N = n—h. where "h" is so small that its square and higher powers can be neglected.
_ 112
LHS. = L}
T 1 2(n+ N)

= 112 112 112

B n B n B n

T |12(n+n+ hJ - [.’Z (2n + h)] - [4:1 + Zh]
" 12

B n B |

= oh = h 72

== 112 <h
_4ll(l+4|1):| 4 (14_4“)
-172



an n+ N

R.HS. =

O9n —n 4n
B 8n (n+n-+h)
" 9n—(n+h) 4n
3 8n 2n+h
“ 9n—n-h  4n
3 8n 2n+h
~ 8n—-h  4n

8n 2n+h

- g (1 L)_ 4n
- ~ 8n

i (1 1_1)1 2n+h
- - 8n ~ 4n

L [2n+h)
tgn 4n

u

&n+h—4n —2h
8n

i

4n—h 4n h

|
8n 81 8n - 2 8n

| h
~ E[l_'fl-—n} ......... (2)

From (1) and (2), we have
LHS. = RHS.

o

Q.9 Identify the following series as binomial expansion and find the sum in ease.

S 1@ 1.3(1)2 1.3.5(1)“

W  1-3@)*2r.ala) ~3r.8 \g) *
P 1[1) Q(l)z 1.3.5(1}3

W L=5l3)*3.4\3) ~2.8.6\2) F
i 1,3, B8 3.5.7

(ifi) +4+4.8+4.8.12+ ......

o g L 1 1;[1)2 1-3.5(1)‘*
(iv) —2.3+2.‘4 3) " 2.4.6\3 L



Solution:

S 1[1\ (1)2 1-3-5(1)“
(1) 2la)* 4) " 3.8 \g) T
) 1#1% 13 FFY
Let (1 +x) = ]_E 1J+2!4 3 T
nn—1) >

Also, (1+x)" = l+nx+— 57— X +.ovnnn.

Now, comparing term by term of the above two equations, we have

==
X =g (1)
nn—1 » 3 _
gy R S ag s (2)

13 (1)2_ 13 1 3
214 \4) =2.1.4 16~ 128

By (1). we have

1
X =g e (3)

Putting the value of x in(2)

n{n-—1) | 3
2! edn’ T 128

p—~1 3
128n = 128
Multiplying both sides by 128
n— |
— =3 = n—1=3n
n
= | = 2
— 1
= n="5

Putting value of n in (3)
l

] I‘
%(5 )

X ==

|
=5 X =7




Now, putting the values of x and n 1n,
—1/2 —1/2

(1+m”=(1+£] =(‘

Required sum = (
3

i) _ 1% _ 2
5) T \53745

o i 1(1) 1. [l] 1-3-5(1)
W 1-513)*2.42) "2.4.6\2) to
] (AATY 1.8¢1Y
Let (1 +x) = 1—(5)(5)-#2—(5) — sares
Also, (1 +x)“ i l+nx—|—n (r}), I)xz L J—

Now comparing term by term of the above two equations, we have

1
NX = =7 e £}
nm—1) s 3
X XT= 35 e (2)
1.3 1 3
2.4 4 32
By (1), we have
_ L .
X = =720 e (3)
[ Putting the value of x in(2)]
ff—1) 1 35
2! l6n” 32
n—1 3
32n — 32
—1
= - g = 3 (.. since multiply both sides by 32)
=] n—1 = 3n
=% l = 3n—n
-1 =2n




Putting the value of n n (3)

3 —1/2 7 172 3 .
(1 + x) 5 = 5 = E , required sum
5
8

. 3 3. 3.5, %
(i) +4+‘4 + 8. 12+ ......
1 n E Q
Let (1 + x) J+4+ .8+ _______
nn—1) »

Also, (1+x)" = 1 +nx L A —

Now comparing term by term above two equations, we have
3 (1
(% 2% seswmes
4 )

nn—1) » 15
2! X = 3_2 ......... (2)
By (1), we have
3 :
250 20200 ke )
Putting the value of x in (2)

(n—-1 9 _1_5.
21 i(m2 I i

n—-1)9 13
32n "~ 32
(n—1)9 _ oy ,
Ty =) (.. multiplying both sides by 32)
On—9 = 15n



—9
-9 =6n = n="g = n =

)
Putting the value of n in (3).
3
. f—
-3
+(F)
_ =1
= X = )
Now putting the values of x and n in,
[\ 2 |32
(1+x)" = (1 ;] = (3) =) =2.42
2 3
» { 11 1.3[1] 1.3.5(1]‘
Uv} 1-33%2.4\3) ~2.4.6\3) Fo
nn—1) »

Let (1 +x)" = 1 +nx+ TR

Now comparing term by term of the above two equations, we have

~ ]

X = "¢ (1)
nm-1) » 31
21 * T 89
nn—1) » |
BT (2)
— 1
From (1) x = 7= Putin

n—1I I
72n ~ 24

24n—24 = 72n
— 24 = 48n




n =5 Putin (1)

>
I
=

1/2 112 112
| 4 3 \3
Hence (]Jrg) =(3) =(4) ="

Q.10 Use binomial theorem to show that, 1 + % ¥ i:g # 41_;;'152 I = /2
Solution:
L.H.S.
Let (1 +x)" = 1 +l+u—’ .......
4" 4.8

nn-1) -

Also, (1+x)" = T +nx+ X e T

Now comparing term by term the above two equations, we have

_1
nx—4

nn—1) »

an K=

L,
r-q[“"
)

By (1), we have

|
X =70 e (3)

Putting the value of x in (2)
min—1) 1 3
2! 16n” " 3

n—1 3
32n ~— 32

(B

=3 (- multiplying both sides by 32)



— 1
—1 = 2n — 11:2

Putting the values of n and x in(3)
-1/2 -2

(1+x)" = (1—%] = (%j = ' =42 RHS.

Hence proved.

1 1371 1.35/(1
Q.11 Ify =3+?(3) + (3

) + ssais then prove that yz +2y-2=0

Solution:
By adding 1" on both sides,

1 1.3(1Y 1.3.5(1Y
l+y:l+3+ 21 \3 + 73 3 ) Tt

~1] 4
Also, (1 +x)" = 1+ nx +%x‘+ .......

Now comparing term by term above two equations, we have

1
nxX o=z (1)

. A = ———— (3)

3n

Putting the value of x in (2)

n(n-1) (if .
2 3n) 18

nn-—1) | 3

n—-1 3
1Sn — 18
n—1

=3 (- multiplying both sides by 18)



% =y

Putting the value of n in (3)

1 1 -2

(- T =373
3\ 2 >

_ -2
= X—3

Now, putting the values of x and n in,
12

o= (1) (-

-112
]
a4 =(3) =+
Taking square on both sides,

(1 +y7 = (3)

1+yz+2y =

—1/2

L |12

)

8]

y +2y+1 =3
= Yy 4+2y+1-3=0
= v +2y-2=0

Hence proved.

1 48 1 1.3.5[1

Q.12 If 2y = P RATIED L Y §)+ ........ then prove that 4y3+4y~1 = 0.

(Lahore Board 2006)
Solution:
By adding “17 on both sides

] 1.5
Let (1+x)" = ]+f217+? Pt e
m-1) »

n
Also, (1+x)" = 1+nx+



Now, comparing term by term ol the above two equations, we have

I
X =33 = 5 e £L)
ofi—=1}) » 131 & 1 &
20 2 T 2 2T 2%167 32
By (1) we have.
L 3
X =30 e (3)

Putting the value of x in (2)

n(n-1) [L)J 3
2! 4n /) = 32

nin—1) | _i
2 “len® ~ 32

......... (2)

n1 1 _3
2 lé6n — 32
n—-1 3
32n — 32
n-— o )
T 3 (- multiplying both sides by 32)
n— |
= 3
n
=% n—1 = 3n
]
= n=-5

Putting the value of n in (3)

]
X = 71—- 177

=

Now putting the values of x and n in
—1/2

n = &
(I +x) :(]+(TU



I 1/2 142
(]+2y):(l—§) :(_

(1+2y) =2
Taking square on both sides

(1+2y° = (V2)

[ +4y* +4y = 2
= 4y +dy+1-2=0
= 4y +dy-1=0

Hence proved.

) £ psantnn then prove that y2 +2y—4 = 0.
(Gujranwala Board 2003)

Solution:
By adding “1” on both sides,

2 1.379% 1.3.5¢2
Ly = 14+ 2T 8] 7 a1 A3

2 1.3¢2
Let (1 +x)" = I+E+T(§) e ermonns

— 1
Also, (1+x)" = ]+nx+nﬁ]2, )x’}+

Now, comparing term by term ol the above two equations we have

2
nx = ; ......... (1)
quu(z)ﬁ_i 4 _ 6 ;

3 2T B Ads T2PBTEH e )

By (1) we have,

2 |
X =30 e (3)

Putting the value of x in (2)

nin—1) (gjl 6
2 *isn) T 25



n1 4 _6
2 "35 T 28
2m-1) 6
25n 23
2(n—1) o .
a0 =6 (- multiplying both sides by 25)
2(n—1) = 6n

—1
n—-1=3n = n=";

Putting the value of n 1n (3)

2 2
X = = &=
=] =y
50?) £}
_ 4
A= s

Now, putting the values of x and n in,
~1/2

(1+x)" = (1 —%]

—1/2

a+p=(5)

(1+y) =5

Taking square on both sides,

1+ = (5)
l+y‘+2y =3
= Yy 42y-4=0

Hence proved.



MATHEMATICAL INDUCTION AND
BINOMIAL THEOREM

MULTIPLE CHOICE QUESTIONS

(1)

(4)

If 'n” is any positive integer then 1 =3 -5+......... +{2n - 1) =
(a) n (b) n+ |
(¢) 2n+ | (d) n-

[Lahore Board 2005
The sum of the exponents of a and x m every term ol the expansion (a - x)" s
(a) 0 (b} |
(¢) n (d) 2n

|[Lahore Board 2005|

The sum of the odd coefficients in the expansion of (1 — x)"is:

(a) n- (b) 2
(c) Pk (d) 2"
|Lahore Board 2005|
The middle term ol (o + x)'7 1s:
(a) I TO880a K" (b} | 288a%%x"
() 1297 x" (d) 11O88a"x
|[Lahore Board 2005|
The number of terms in the expansion of (a — x)'" are:
(a) 10 (b) L1
(¢) 12 (d} 3

|Gujranwala Board 2005]



(6)

(7)

(8)

(10)

(11)

IHEHY s =3NS
_ Inn+ 1)
(a) 5 (b)

In’ + 3n

- ] -

(1+x)"=1 +1m—ﬂ(-nTl v g A
(a) Binomial theorem (b)
(c) Geometric series (d)

nmn+1)
7

(a) and (¢)

[Gujranwala Board 2005]

Binomal series
Arithmelic series

|Gujranwala Board 2005|

The general term in the expansion of (a + b)" is:

n'

(a) m a"r b’ (b)
!
(c) r:!... arr b’ (d)
: ; : 1 3
Number of terms in the expansion uf(; — 5
(a) 11 (b)
(c) 13 (d)

The coefficient of the last term in (a — b)® is:

(a) | (b)
() 0 (d)
(1 —2x)* is valid if:

(@) k<3 (b)
(c) X[ =1 (d)
The inequality n! = 2" — 1 1s valid 1l

(a) n=23 (b)
(c) n<4 (d)

n! WE i
(n—r)!
n! a™" b’
[Gujranwala Board 2006]
2512
5 ) are:
12
14
|Gujranwala Board 2006]
—1

None ot these
|Gujranwala Board 2006]

x| <2

None of these
|Gujranwala Board 2006]

n<3
n>4
[Lahore Board 2006]



(13)

(16)

(17)

(19)

[Iln ]a" "b'is ————of(at+b)"

\1/
(a) 1st term (b) Genera term
(c) [Last term (d) None of these

[Lahore Board 2006]
In the expansion of (1 + x)" . the sum of the binomial coctficients is:
(a) n (b) n+ 1
(¢) 2n (d) g

[Lahore Board 2014, Lahore Board 2006]

()2 3G e anlg) =
(@ n2~! (b) n2"
(c) 2" (d) 20
[Lahore Board 2006]
(1—-x)t =
(a) LF 2% 4 3%+ b (b) 1=-2x+3x2-4x* +......
(¢) 1 —2x—3x2—4x’ +...... (d) None of these

|[Lahore Board 2006|

If n is not a natural number. then the expansion (1 + x)"is valid for:
(a) -] x¥=.1 (b) =1=x=< ]
(c) —l<=x<1 (d) -l<x=1

|Gujranwala Board 2007]
The number of terms in the expansion of (a + b)" forne N are:
(a) n (b) n+ 1
(c) n— | (d) n+?2

|Gujranwala Board 2007

Second term in the expansion of (1 — 2x)"* is:

(a) (b)

LSS ]

S Y P
w|x
Ly B
._.J|y‘

(c) (d)

|[Lahore Board 2007]



(20)

(24)

(26)

(27)

Expansion of (8 — 2x) " is valid if:
(a) x| >4
(c) x| =0

(b)
(d)

|x| < 4
x| =4
[Lahore Board 2007]

The second term in the expansion of (1 — 2x)"“ is:

(b)
(d)

(a) X
(c) 3x

2x
4x
[Lahore Board 2008]

The number of terms in the expansion of (a + 2bc) are:

(a) 4 (b)
(c) 6 (d)
The expression (1 + x) 7 holds when:

(a) x| >0 (b)
(c) x| <1 (d)

5
7
|[Lahore Board 2008]

x| <1
X[ <0
|Gujranwala Board 2008

(r =+ 1)th term in the expansion of (a +~ b)" wherene N is:

s

I n ]'d“ r Rt
\T

(oo

(a) (b)

(c) (d)

(e

() -

r/
|Gujranwala Board 2009]

n® —n + 41 represents a prime number for n € N where:

(a) n< 10 (b)

(c) n<40 (d)

Expansion of (1 —2x)"* is valid if:

(a) x| < | (b)
_ 1

(c) X|<3 (d)

If n1s a positive integer then 3 + 6 +9 +

(a) 3nin+ 1) (b)
3 +1
© n{n} ) @

n< 20
n<s
[Gujranwala Board 2009]

........

in(n+ 1)
2
nin+ 1)
4

[Lahore Board 2009]



(28)

(29)

(30)

(31)

(33)

(34)

The number of terms in the expansion of (a + b)” equals:
(a) 10 (b) 11
(c) 12 (d) 5
|[Lahore Board 2009]
The first three terms in the expansion of (1 — x)" are:
(a) [+ 3x + 6x° (b) ] — 3% + 6%
(c) | - 3x+ 3x2 (d) 1 -3x —6x"
[Lahore Board 2009]
The inequality 3" < n! holds for positive integral values of n if:
(a) n>2 (b) n=3
(c) n=4 (d) n=6
|[Lahore Board 2010]
The expansion of (1 + 2x) * is valid only if:

1

(a) x| <2 (b)  x|=3
[ 1

(c) x| <3 (d) |>;|"~~6

[Lahore Board 2014, L.ahore Board 2006]
The sum of odd coefficients in the expansion of (1 + x) is:
(a) 16 (b) 32
(c) 25 (d) 5
[Lahore Board 2010]

1
The expansion of (3 — 5x) 21s valid only if:

5

(a) x| <5 (b) Xl <3
3 |

(c) X| <3 (d) |x|~:§

[Lahore Board 2010]

If ‘n’ is a positive integer then n! > 3" is true when:
(a) n<3 (b) nz>3
(c) n=3 (d) n=4

[Gujranwala Board 2010]
In the expansion of (3 ~ x)* . middle term will be:
(a) 81 (b) 54x°
(c)  26x° (dy x*

|Gujranwala Board 2010]



(36)

(37)

(38)

(39)

(40)

(41)

(42)

(43)

3"1s even if:

(a) neN (b) ne Z
(c) ne W (d) Does not exists
The inequality 4" > 3" + 4 is truc if:
(a) n= | (b) n<2
(c) n=>2 (d) None of these
|Lahore Board 2014, Lahore Board 2011]
Binomial expression consists of — -terms:
(@) 2 (by 3
(c) 4 (d) None of these

[Lahore Board 2011]
This expansion of series (1 — 2x)"% is valid only il

I ]
ORENES: ® K<
| ]
(c) x| >3 (d) |x|*‘~-§
|Lahore Board 2012]
"< n!istrue forne N.if:
(a) n= | (b) nz?2
(c) n=3 (d) n==a6
[Lahore Board 2012]
Middle term of (a + b)" when ‘n’ 1s even is:
n n
(@ S5-I (b)y F+1
n n
(c) B (d) 2~ 2
|Lahore Board 2012
2nd term in the expansion of (1 — 2x)'" is:
-2x 2x
3 X X
[Lahore Board 2012]
27— 1 < n! is true for:
(a) n= |l (b) nz2
(¢) n=3 (d) n=4

[Lahore Board 2012]



(44)

(46)

(47)

(48)

(49)

(50)

(31)

The middle term in the expansion of (3 — 2x)'" 1s:
(@) Ty (b)  Ts
(¢) Te (d) T
|[Lahore Board 2012]

I 2x  4x? | 8x* hen i Lof ,
e o i ] i, + — e e e f
{y 3 9 ' 57 . theninterva of convergence 1s:

- 3 _-3
(@) O=x<— (b) S <x<0
1
-2

(oo Y]

<X < (d) 0<x<

| —

(¢)

|Lahore Board 2012]
The number of terms in the expansion of (a + b)” is:
(a) 4 (b) 6
() 7 (d 8

[Lahore Board 2013|
[f'n 15 odd, then the expansion of (a + x)" has:
(a) Two maddle terms (b) 3 middle terms
(¢) 4 middle terms (d) 0 middle term

[Lahore Board 2013]
The general term in the expansion of (a + x)" is:

(a) (l:)a“_, X (b) L? %"

[Lahore Board 2013]
n!>2"—1isnot truc for;

(a) n=4 (b) n>4
(¢) n=0 (d) n=2
[Lahore Board 2013]
ny (ny (n n

(U)'(l )(j] ......... (n Jen‘e called:
(a) Binomial theorem (b) Binomial series
(¢) Binomial coefficients (d) None of these
rth term in the expansion of (a + x)"is:
(El] (“ )au—r X' (b) ( n \l Eln—rl] ,{r—l

Ir ' r—1 '

(c) (u)a“ el (d) (]E | )a" rx'

r/



(53)

(54)

(55)

(57)

(58)

(59)

(60)

If *n’ is even then the middle term in the expansion of (a + x)" 1s:

1 '
. e |
(a) [ . Jm ® (3 _]m

./n A
(c) l; F ]lh (d) (n+ 2)th
If *n” is odd then the middle terms in the expansion of (a + x)" are:
m+ 1 (n+3' (n+2} n+3
(a) I\ > ]th. 5 ]th (b) 5 th.( 5 )t]]

\ ¢

(c) (;—1 +1 Jth . [2 +2 ]th (d) None of these
The sum of the binomial coefficients in the binomial expansion (x + a)™ equals to:
(a) 2 (b) 2m
(C] 2|n-[ (d) 2”'[

@) ) () - |
@ () @ (D ()
E

;]} """"" ( " ] (d)  None of these

n-—1;

(u) 21‘! (b) 2:11

(c) 2o (d) 2l

| =X+ 0= i -

(a)  (1+x)" (b  (1=-x)"

(c) (1—x)7? (d) None of these

(1 —x)> =

(a) I (8 L ——— (b) 128 4302
(c) 1 —2x+4x>......... (d) 1+2x+4x2+.........
(1 —2x)"3 is valid only if:

(a) x|=1 (b) x| <1

@ k=3 @ k<3

Sum of coefficients in the binomial expansion (a’ + b')? is:
(a) 16 (by 32
(¢) 8 (d) 64



(62)

—_—
o
Ly

—

(66)

(67)

(69)

a4 Z)
General term of the expansion {;I ;] will be:
e e |
. ,6 ;a =2y r {) [/g =T
vl (_I)(r)(i] (b) [_”[.r a)
’6 P, H—r
(¢) (—1)! L,Mf) (d) None of these
ny (n’ ny ., (n
Lﬂ)‘[l)’“’[.2]-"‘"‘[__3,]-“'5 B N
(a) (1 +x)® (b) (1 3
() (1=-x) (d)  (1-x)
(9.9)° =
(a) 96099 (b) 95099.00499
(c) 07099.00438 (d) 98907.007
/ ~ 12
The middle term in the expansion 01'[% + x; ] will be:
924
(a) = (b) 900x°
2
(c) = (d) None of these
i n n n n'
““{0-&1)*(1}*[:]'* ‘‘‘‘‘‘ +(n,]_
(a) 2 (by 2!
(c) gutl (d) Does not exists
57— 2"1s divisible by 3 if:
(a) ne Z (b) ng Z*
(c) ne 7~ (d) ne R
="
Expansion of (1 + x) 4 1s valid only if: [Lahore Board 2015]
(@ R=1 (b x=1
(c) x| < -1 (d) x| >—1
The middle term in expansion of (1 + 2x)" is: |Lahore Board 2015]
(a) Third (b) Fourth
(c) Fifth (d) Sixth
The sum of odd cocfficient in the expansion (1 + x)™ [Lahore Board 2015]
(a) n- (b) -2

(C) En—l (d) 211



Arnawers

(l) d (2) c (3) d (4) a (5) b
(6) d (7) b (8) a (9) C (10) b
(11) a (12) d (13) b (14) ¢ (15) a
(16) a (17) b (18) b (19) d (20) b
(21) a (22) g (23) b (24) a (25) d
(26) ¢ (27} b (28) a (29) ¢ (30) s
(31) b (32) a (33) ¢ (34) b (33) b
(36) d (37) ¢ (38) a (39) b (40) d
(41) b (42) a (43) d (44) ¢ (43) d
(46) d (47) a (48) b (49) d (30) €
(51) b (52) ¢ (53) a (54) b (53) C
(56) ¢ (57) a (58) b (59) d (64) b
(61) a (62) ¢ (63) b (64) d (63) d
(66) b (67) b (68) b (69) C




.

Q.1 By mathematical induction method 1t can prove.
Q3 As,
n n n' o
= "n-1
Ll)'(_ﬁ]*r\s_]' --------- F[n—l] -
Q.4  Total number of terms = 13
: L ] _ (12 _
Middle term = 5t 1 J'Ih =3t | 1th = 7th
As general term is:
= "12) 121 i
Tr!l — L r d b4
Put. tr = 6
= /12] £ gl
Ta = tﬁ Ja'x
121 . . 2x 11x10x9%x8xT7x 6! . .
S Sl T &) x 5! e
= 110880 a®"
Q.8 As, general term of
(a+ x)" will be
T.-. | = (11-1]311—1‘ x]-
= General term of (a + b)™ will be
1
Ty = ('r Jar e
n!
= —————— g™ b
r'(n-r)! a™'b
Q.11 (1 —2x)"isvalidif |-2x|< 1.

or Rx] < 1

I

x| <;2



Q.15

Q.19

Q.20

Q21

Q.24

As,
n n n ‘n
[l]+2(2_]+3(_3,l+ """"" *nln_]
_ Tzn{n;ll) 3[1(11-1‘]‘“1—2)_ ........ i
(n—1in-2) _|
- n{l—{n—]]ﬂLTJr ......... —I!J
n-1 m—1) ’11—[} " n—I]—|
- "H 0 ]+{ Tl 4y . [n—lj
= n, 2"}
As,

(1-2x)17 = I:TG-](_EH_ .........

Second term

(8 —2x)"!

3] - ()

Expansion is valid if.

’ﬂ <] = |x|<4

(1=2x)"* = l+|;]{-2x)+ .........

l =X+
As,
(r+ 1)th term or general term of the expansion (a + x)" is.
- "n} { et § I
Tesr [,r ja"rx
=% (r+ 1)th term in the expansion of (a + b)" is
n
TT"l =5 Ll_ ]a”“ b?
Let, n =35

= n“-nt+4l = 25-5+41= 61 (Prime number)
It n =4
n“-n+41 = 16—-4+41=53 (Prime number)



n = 3
n"-n+4l = 9-3+41 = 47 (Prime number)

It n =2
nn-n+4l = 4-2+41 = 43  (Prime number)
If n = 1
n"-n+4l = 1—=1+41 = 41 (Prime number)
= n°—n +41 isa prime number if n < 5.
Q.27 By mathematical induction method.
r 3{3 - I ] -
Q.29 (1—-x)" = 1+3(-x)1 BT (XY +t e
e B |
Q.36 There is no integer for which 3" is even.
Q.37 4" = 3"+ 4
n =2 =4 > 3+4
16 = 13 (True)
n =3 = 4 > 33+4
= 64 > 3] (True)
And so on.
Q47 As,
T = (Ve
T = B =) yr-1
Le l_r— ] )a .
- n a1 w11
(1‘— I ) a X
Q.53 As.
-1)(=1-1) .,
(+x)'= l+(—1){x}+{ ",,, s
= ]| =%+ X
5 i po, o g (_2){_2 — l’ 5
Q.54 As, (1=x)y== 1+ (-2)-x) Y (=x)" +.oiinn...

= | #2500 F s
Q.56 As coeflicient in the binomial expansion (a” + b*)® are:

606660 6)

o)~ (G- (5)

#5410+10+5+ 1

|
=
R



Q.57 As general termof (a + x)" 1s.

Tr = (Mo

F 9

‘ fa 2
=5 General term of L; == i
: 2

:
|

o= (S

I
o~
- &
>
T

£

Q.58 As,
n : n} L, n
(a+x)" = 0 an+ L art, x4 (..,/a‘“x B conimenns i X"
Put a=1, x = -1
n ‘n oy 5
(E_X)n == (OJ_I\I]K-}-‘(E.]XA' .........

Q.59 (9.9 = (10-0.1)
(10)* + 5(10Y=0.1) + T0(10Y (0.1 + 10(10)*(=0.1)* + 5(10)=0.1)* + (=0.1)°
= 100000 — (.5)(10000) + (10000)(0.01) + (1000)(—0.001) + 50(.0001) —

0.00001 = 95099.00499

060 Middle termwill be (‘2—' +1 }th

12
or (T + 1 jl‘h or 7th
o~ A

Ter = [IIEJG, [f_ljr
Put r = 6
: Fo N £ N
= (7)5)6)



