Chapter S
PARTIAL FRACTIONS

We know that how to add two or more rational fractions into a single rational fraction.
For example,
= 1 2 3x
O X1tx+2 Tx-D&x+2)
2 1 3 e
+ 7+ = .
x+1 (x+])2 X—2 (x+l)2(x—2)

(ii)
Here we shall learn how to reverse the order (1) and (i1)
Partial Fractions
To express a single rational function as a sum of two or more single rational functions
which are called Partial Fractions.
Partial Fraction Resolution
Expressing a rational function as a sum of partial fractions is called partial fraction
resolution.
Rational Fraction
P (x)
Q (x

called a Rational Fraction. A rational fraction is of two types.

The quotient of two polynomials where Q (x) # 0. with no common factors is

(1) Proper Rational Fraction

A rational fraction % is called a proper rational fraction if the degree of the
polynomial P (x) 1in the numerator is less than the degree of the polynomial Q (x) in the
denominator. For example,
3 ?.f)( =3 9x”

: and —3—— are proper rational fractions.
X+ 1 +4 g1 HEPER

(2) Improper Rational Fraction

P (x)
Q (x)
polynomial P (x) in the numerator is equal to or greater than the degree of the polynomial Q (x)
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A rational fraction is called an improper rational fraction if the degree of the



X (x—2)(x+ 1) X —X +x+1

7%-3° (x—D(x+4) 2nd X +5
are improper rational fractions.
EXERCISE 5.1
Resolve into Partial Fractions.
1
Q.1 <1 (Gujranwala Board 2007, Lahore Board 2011)
Solution:
| B ]
-1~ x+Dx-1)
Let

1 A B
x-DEx+D) - x+D)Tx-1

i CAG-D+Bx+D

(1)

x+Dx-1) x+Dx-1

l = AKx-1)+Bx+1) (2)
put x = | inequation (2), we get

| = A(l-D+B((+1)

1 = A0)+2B

I
1 =2B = B:E

Put x = — 1 inequation (2), we get
l=AC1-1D)+B(1+1)
1 = -2A+B(0)

1
-28=1 = |A=-5

Put values of A and B in equation (1)

1
| ~9
x+D&x-1) - x+DT&-D

= I 1 . . [
T a4 T a1 e required partial fractions.

1 | —




X (x2+ 1)
Q2 G+iD&x-D

Solution:
% (2 41) _><4+x2
x+DE-1)~ x*-1
Dividing
%* 42
xz—l \Jx; + X~
gt
-+
2x°
2% -2
= +
2
—
x4+x 5 2
T =X +2+4+ 7T
% —1] x —1
Here
2 2
1" fx+Dix=1
2 A B
Teke e T -1 T %+1 T a1
2 _AE-D+Bx+1)
(x+1D)(x—1) (x+1)(x—1)

2 =Ax—-D+Bx+1)

Put x = 1 inequation (3), we get
2=A-D+B(l+1)

2 =A0)+2B

3 dB=22 = |B=]

Put x = — 1 1inequation (3), we get
2=AC1-D+B(1+1
2 =-2A+(0)B

(Lahore Board 2007, 2008)
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Q.3

~2A =2 = [A =1

Put values of A, B in equation (2)

2 _ =) 1
x+Dx—1 " x-17x-1)

equation (1) becomes

4 .2
X +X 2 iy ] ]
=% 42— +

x“—1 x+1 x-—1

|
+ are required partial fractions.
x4+ 1 "x=1 ] pe €

Hence X’ +2 -

2x +1
x-DExE+2)(x+3)

Solution:

Let

2x + 1 A B C
X-DE+2Dx+3) " x—1"x+2"x+3

2X + 1 _A{x+2)(x+3)+B(x—l)(x+3)+C(x—l)(x+2)
(x—1)(x+2)(x+3) (x—1)(x+2)(x+3)

(1)

2x+1 = AX+2)(x+3)+B(x—-DHx+3H+Cx-1)(x+2) (2)
Put x = | in equation (2)

2(+1 =A0+2)(1+3)+B(1-1DA+3)+C(1-1)(1+2)
3=12A+0+0

3
128 =2 3 = A:ﬁ = |A

I
B

Put x = —2 in equation (2)
2(-2)+1 =A=2+2)(-2+3)+B(-2-1)(-2+3)+C(-2-1)(-2+2)
—4+1 =A0+BE3)H((H+CWO)

-3=-3B = |B =1

Put x = —3 in equation (2)
2(-3)+1=A34+2)-3+3)+B(-3-1DN(-3+3)+C3-1)(-3+2)
—-6+1=A0)+BO)+C-4 (-1

-5 =0+0+4C



-3 =4C = E =7

Put these values in equation (1)

>
2x + | 4 | 4
x—-DExE+2)x+3) — x-—1 +

4(x—1) " x+2 7 4(x+3)
are required partial fractions.

3> —4x -5

Q4 G +7x+10)
Solution:
| I -dx-5 3 -4x-5
AS (X=2) (< +Tx+10) ~ (x=2)(x+2) (x+5)
Let
3x" —4x —5 __A B C I
(x—2)(x+2)(x+5)_(x—2)+(x+2)+(x+5j (1)
3 —4x-5 = AEX+DE+5D+Bx-2) (x+5)+C(x-2)(x+2)
(x 2)(x+2)(x+5 (X 2)(x+2)(x+5)

3T —4x -5 = A(x+2D) x+5)+Bx-2) (x+5)+C(x+2) (x=-2) (2)
Put x = 2 inequation (2)

Y -4 (5 = AR+ R+ IN+B - 24+HN+CE-2+2)
3())-8-5=AMN+0+0

12-8—5 = 28A

| 3
4—-5 =280 = A:_ES
Put x = —2 in equation (2), we get

3242 -5 = A2+ 2+H+B2-2(-2+5)
+C(-2-2)(—-2+2)

3()+8-5=A0)+B(=4)3)+C(0)

12+8—-5 =—-12B



15
15 =-12B = B:_E: B = —

Put x = —5 inequation (2), we get
3(5° 4(5 5=A(C5+2(5+5+B( 5 2)(5+5)
+C(—5-2)(-5+2)

3(25)+20-5=A0)+BO)+C+7)(=3)

75+ 15 = 21C
. 90 30
9():21C:>C:21 =% C—7
Put these values in equation (1)
15 30
3’ —4x =5 28 47
x-2)(x+2)(x+5) ~ x—2F x+2%x+5
| 5 30

= B—2 —Ax+2 T &)

arc required partial fractions.

1
Q5 ZoDex-DGx-1)
Solution:
| A B L
x D2x _DGx -1 - x 172x 113 1| (1)
| ARx—DGx=-1D+-BE-1DE3x-1D+Cx—-1)2x-1)
x—DE@x—-1)Bx—-1) ~ (x—1)2x—1)Bx—-1)
1=ARx-DBx-D+BE-DBx-1)+Cx-1D2x—1) 2)
Put x = | in equation (2), we get

1 =AC(-BM-1D)+B1-1)31)-1)

+CU-1HQM=1)
= AQ2-1)3-1)+B(0)+C (0)

| =

I'=ADR) = | A=

I, ;
Put X = 5 inequation (2), we get



Q.6
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L . :
Put x = 3 inequation (2), we get

=)
o il et

2
1 = A (0)+B(0)+C( §)

2 O

2
I=§C — L=

Put these values in equation (1), we get

1 2 4

x-D2x-1DGBx-1)  x-1
- 1 4 9
= 2x—1)  2x-NhHt26x—1

are required partial fractions.

X

(x—a) (x—b) (x—c)

Solution:

Let
X A B C

(x—a)(x—b)(x—c¢) “x—atx-bTx—c¢



X _A(x—b)(x—c)+8(x—a)[x—c)JrC(x—a)(x—b)
(x—a)(x—b)(x—e) (x—a) (x—b) (x—c)

X =AX-bx-c¢+Bkx—ax—¢)+C(x—a)(x—b)  ......... (2)
Put x = a in equation (2), we get

a=A(a-ba-c)+Ba-a+C(a a)(ab)
a=A(a—b)(a—c)+0+0

a=A(a—b)(a—c)

a

(a—b)(a—c)

& =

Put x = b inequation (2), we get
A(b-b)b-¢c)+B(b-a)(b-c)+C(b—-a)(b-b)
b=0+B((Mb-a)(b-c)+0

=
I

b
“ (b ab o

Put x = ¢ inequation (2), we get
c=A(c-b)y(c—c)+B(c—a)(c—c)+C(c—a)(c—b)
c=04+0+C(c—-a)(c—b)

[
(c—a)(c—b)

L =

put these values in equation (1), we get

X a b
(x—a)(x—b)(x—¢c) ~ (a+b)(a—c) (x—a)+(b—a) (b—c)(x—b)

C
+ (c—a)(c—b)(x—c¢)

are required partial fractions.

6x° + 5x* —7
Q.7 2x2—x—1

Solution:
First dividing
3x+4
2%k —1 36 +5x°* 7




6x" —3x” —3x

S+ -
8 +3x—7
8x* —dx—4
+ +
Tx-3
6;;’_5;"__17 . %x+4+2?:3_1 ......... (1)
Take
ZX—S B 7x—3
2x"—x—-1 x-1)(2x+1)
Lt
7x —3 A B
G-DCx+D) - x-DT2x+ e )
Tk —3 _A@x+D+Bx-1)
(x—1D2x+1) (x—1)(2x+1)
Ix—3=A2x+1H)+Bxx-1) ... (3)

Put x = 1 inequation (3), we get
T(H-3=A2MO+H+B(-1)
T7T-3=A2+1)+0

| =

4 =3A = |A=

L . :
Put x = —5 Inequation (3), we get

I NS e

-3 :A(—l+l)+B(—_)

2 | 2

b |~

13

7:0— B

b |



13

13 = 3 = Bz?

Put these values in equation (2), we get

413

Ti —3 B 3 3
DR+ k—1 " 2%k

4 13
3x—DT302x+1)

equation (1) becomes

6’ +5¢ 7 _ . q 4 13
e—x—1 -~ PXtAtrE TNt e )

are required partial fractions.

2 +x*—5x + 3
Q.8 2x° + x* - 3x

Solution:

First divide 2x” +x° — 5x + 3 by 2%+ x°— 3x

1

2% + x° — 3x \/2x"+x2—5x+3

3 2
2X7 + X" —3x

_I_
—2x+3
—
2 +x° - 5x+3 -2x+3
X+ —3% - T+
_ ~2%X+3 "
= X - Dex+3) (h
Let
~2x+3 A B C .
x(x—D@x+3) T x Tx-172x+3 (2)
—2x+3 Ax—1D2x+3)+Bx(2x+3)+Cx(x—1)

x(x—1(2x+3) X(x—=1)(2x +3)



=Z2X +3 = AK— 1) EX+ 3] +BRXLE2Xx + )+ X (X —1)
Put x = () in equation (3), we get
~20+3=A0-1)(20)+3)+B(0)(2(0)+3)
+C(0)(0-1
3=ACCDB)+0+0

de—3A = |[A ==1]

Put x = 1 inequation (3), we get
—2(H+3=A0-1QM+3)+B1)(2(1)+3)
+C(HA-=-1)
-243=A)+B2+3)+C(0)
l = 5B B—l
L = = =3
3 . ;
Put x = — 5 in equation (3), we get

NEIRENE B REImNE
&)

3 3
343 =A0)+B(0)+C —5) 5—1)
15 , 6x4 8
6=%C = C=75 =5
8
— C=5
Put these values in equation (2), we get
1 8
—2x +3 —1 5 5
= T+ +
x(x—1)(2x + 3) x—1 (2x+3)
] I 8

T TxT5x-1DT502x+3)
equation (1) becomes

l 8

I e =S4T B
5x—17T502x+3)

20 +xP-3x )

|
— =%
X

are required Partial formula.



(x—1) (x=3){Xx—5)
Q9 x-2)(x-4) (x—6)

Solution:

x=D(x=3)(x-5 x-9x"+23x—15
(x-2)(x—4) (x—-6) ~ x°—12x* + 44x — 48

By division

X —12x7 +44x —48 /x’— 9x" +23x— 15

x> — 12x* + 44x — 48

— + -+
I —21%+ 33
(x—1DX=-3)(x—5) 3x7—21x + 33

(x—2) (x—4) (X 6) T (x=2) (x—4) (x—6)

3x: =21x +33

= I+(x—2)(x—4)(x—6) ......... (1)
Now  Let
3x*-21x+33 A B C .
(x—2)(x—4)(x—6}_x—2+x—4+x—6 """"" (2)
3x°—21x + 33 _A(x—4)(x—6)+B(x—2)(x—6)+C(x—2)(x—4)
(Xx—-2)(x—4)(x—-6) x—2)(x—4)(x—06)
K -21x+33 =AE-DE-6O)+BE-DE-6)+Cx-2)(x-4) ......... (3)

Put x = 2 1inequation (3), we get
3(27-21(2)+33=AQ2-4)(2-6)+B(0)+C(0)
3(4)—42+33 = A(=2)(—4)
12-42 +33 = 8A

3 =8A = A =

oo |t




Put x = 4 1nequation (3), we get
3(4)° 21 (4)+33 = AD)+B@-2)4-6)+C(0)
3(16)—84+33 = B(2)(—2)
48 -84 +33 = —-4B

3=-4B = B

[l
+= |2

Put x = 6 inequation (3), we get
3(6)°-21(6)+33 =0+0+C (6-2)(6-4)
3(36)—126+33 = C (4)(2)

108 — 126 + 33 = 8C

15
8

15 =8: = |C=

Put these values in equation (2), we get

3 3 15
3x*-21x+33  _ 8 4 8
x-2)(x-H(x-6 - x-2Tx-4"x-6)
3 3 15
" 8(x-2)T4x-HT8(x_6)
= equation (1) becomes
x> — 9x” +23x — 15 3 3 15

=1+

X — 12x% + 44x — 48 8(x-2)T4(x-4T8(x-6)

are required Partial fractions.

1 _
Q.10 (1—ax) (1-bx) (1—cx) (Lahore Board 2007)
Solution:
L.t
| A B C |
(l—zlx)(_l—bx)(l—cx)_(l—zlx)+(_1—bx}+(l—cx) """"" (1)
I _Ad-bx)(d-cx)+B—ax) (1l —ex)+C (1 —ax) (1 —bx)
(1—-ax)(1-bx)(1—-cx) (1 —ax) (1 —bx) (1 —cx)

l =A(0-bx)(1-cx)+B(l —ax) (1 —ex}+C({ —ax)(1 =bx) .........



L . :
Put x = 5 inequation (2), we get

C

] |
| = A(l—b.;)(l—c.£)+B(())+C(O)

2

A(a—b)(a—c) A= a
a” = “(a—-b)(a—c)

1. ;
Pat x = p N equation (2), we get

l = A(O)+B(l—a.%)(l—c.%]C(O)

1 I
0+B(]—a.b)(]—c.b)+0

(b—a)(b—c) B b°
By = BT b-ab-0

Put x = = in equation (2), we get

. = 0+0+C(l—a.%j(1—b.%j
1=c(1-8)(1-2)
= c(52)(5)

I _C(c—a){c—b) ¢ - c?
- 4 = “(c—a)(c—b)
Put these values in equation (1), we get
a’ b’ ¢?
1 B (a—b)(a—c) (b—a)(b—c) (c—a)(c—Db)
T—ax)(l-bx)(1-cx) - (-ax) T (d-bx) T (1-cx
3 a’ b’
= (a=b)(a—c)(1—ax) T(b—a) (b—c) (1 —bx)
.

*c—a)(c—b) (1 —bx)

are required Partial fractions.



2 2
X +a
QU T+ K+ d)

Solution:

| x* +a’
(x2 + bz) (x2 + cz) (x1 -+ dz]

2 ; ’
Let Xx™ = y and neglecting the square ol each term
We have

x> +a’ B y+a
(x> +b) (x> +c) (x2+dH) T (y+b)(y+c)(y+d)

Let
y+a A B C |
y+hy+oG+d - G+rh Ty o Tyrd e
y+a A+ (y+d)+By+b)(y+d)+C(y+b)(y+c)
(y+b)(y+co)(y+d) — (y+Db)(y+c¢)(y+d)
y+a=Ay+0)(y+d)+B(y+b)(y+d)+C(y+b)(y+c) ... (2)
Put y = —b in equation (2), we get

—-b+a=ACb+c)(-b+d)+0+0
a—b = A(c—b)(d—-hb)

K = (a—b)
__(e-b)(d-b)
Put y = —c¢ in equation (2), we get

—c+a=0+B(-c+by(—c+d)+0

a—¢ = B(b—-¢)(d—c¢)

_ __(@-¢)
B = (b—c¢)(d—rc)
Put y = —d inequation (2), we get

—d+d = 0+0+C(-d+Db) (—d+i)
a-d=C(b-d)(c—d)



(a—d)
(b—d)(c—d)

€ =

Put these values in equation (1), we get

(a—b) (a—c) (a—d)
y+a _(c—b)(d—b) (b-¢)(d—-c¢) (b-b)(c—-d)
(y+b) (y+c)(y+d) — y+b 1T y+c T y+d
a a—b a-—c a—d

b+c+d ~ (c—b) (d—h){y+b)+(b—c)(_d—c:)(_y+c:)+(b—d)(c—d)(y+d)

Replacing the neglecting squares, we get

X +a a—b’ N a—c
i o ; : ? == 3 ) 3 il e, Fis ] g1 1] 3 ]
K +b) K+ +d) T @ —b)(d b)Y x +b) " (BT —c) (d* =) (X +¢)
T
T —d) =)+ d)
are required Partial fractions.
EXERCISE 5.2
Resolve the following into Partial fraction.
2x* - 3x + 4
Q1 &1y
Solution:
Let
2x*-3x+4 A B C 1
e e e ) W
I -3x+4 AG-1’+Bx-D+C
(x—1y = (x— 1)’
-3 +4 = AE-1DV+BE-1D+C  ..oon.. (2)
2x2-3x+4 = A(X*+1-2x) +Bx-B+C
2x>—3x+4 = AX’+ A—2Ax+Bx-B+C ... (3)

Put x = 1 1in equation (2), we gel
2 (Y =3 +4 = &{1—=1F+B{l - D+C
2-3+4=0+0+C

3=C = [C=3]

. wpes e - 2 . =
Equating coefficients of x7, x in equation (3), we get



I~

x : la=2]

X ; —2A+B =-3
= -22)+B =-3
= —-44+4B =-3

B=4-3
B=]

Put values of A, B and C 1in equation (1)

%" — S 44 2 | 3

Em—1F = =1 G—1r -1

are required partial fractions.

5x—2x + 3
Q.2 X+ 2)2
Solution:
et
§x*— D43 A B C
G+2F - ox+2 e Tk s O

5~ 2x+3  Ax+2’+B(x+2)+C
(X +2)° (x +2)

5e2 _9n 13 = A(x+2)2+B(x+2)+C

S5x2—2x+3 = A +4+4x) +Bx+ 2B+ C

Put x = —2 in equation (2), we get

(L.ahore Board 2005)

......... (2)

S22 (-D4+8 = A -T2+ +B 24240

53 +4+3 =0+40+C

H+T =€ = € =77

; . : 5
Equating coefficients of x~. x, we have




Put values of A, B and C in equation (1) we get

5x*—2x+3 5 —22 27
x+2F = x+27  txa42P k42T
5 22 27

x+2 (x+2° T (x+2)

are required partial fractions.

Q.3 i & I;sz(x 1 (Lahore Board 2009, Gujranwala Board 2003, 2005)
Solution:
Let
4x A B &
R+ —1)  k+1) T &+ 1P T(x—1) = ceseeeen (1)
4 _A(x+|j)(x-1}+£§(x—1)+C(x+1)3
(x+1)yx—1) (x+ 1) (x—1)
4 = A+ DGx-D+BE-D+Cx+17* ... )
4x = AX*— 1) +Bx—B+C >+ 1 +2x)
4x = A"~ A+Bx-B+Cx*+C+2Cx  evenn. 3)
Put x = — 1 inequation (2), we get

4-D=A0+BE-1-1)+C(0)

-4 =-2B = B =2

Put x = 1 inequation (2), we get
4(1) = AO)+BO)+C(1+1)

4=CQ2° = 4=4C = [C=1

. S5E, % = A ; ;
Equating coefficient of x~ in equation (3) we get,
2

% 2 A+C =0 X C=1
A+1 =20

A =-—]

Put values of A, B and C inequation (1), we have

4x =] 2 |
G- G+DTa+P T =D

are required partial fractions.




Q4

0
(x+2)°(x—1)

Solution:

Let
9 A B i

G+ G-D - G+ G+ T e-n

9 AX+2)(X=1+B(x=1D+C(x+2)

(42" (n—1} (x+2)2(x—l)

9
0= A(X*+x—2)+Bx—B+C (X" +4+4x)

9 = Ax"+Ax—-2A+Bx-B+Cx*+4C+4Cx ...

Put x = 2 inequation (2), we get

9=A0+B(-2-1)+C )

9=-3B = |[B=-3

Put x = 1 inequation (2), we get
0 = A)+BO)+C(1+2)
9 =0+0+C(3)

9=9C = |C=1

Equating co—etficient of x™ 1n equation (3) we get

A+C =10
A+l =10 B 0= 1
A=-1

Put values of A. B and C 1n equation (1) we gel

9 = 3 1
x+27Gx-1) - x+2)  x+2Tx-1

are required partial fractions.

Ax+2)(x-D+Bx-D+Cx+27 ...

s 20

ssw 18)



_ 1
Q.5 (:rc—3)2 (x+1)

(Lahore Board 2007)

Solution:
Let
1 A B C
(x—3f(x+l):(x—3)+(x—3f+(x+]) ......... (1)
I _AG=3)(x+D+Bx+D+Cx-3)
(x=3)(x+1) ~ x=3@E+1
| = Ax-3)(x+D+Bx+DH+Cx-3°* ... (2)
| = A(X*—2x—3) +Bx + B +C (x> + 9 — 6x)
| = AX"—2Ax-3A+Bx+B+Cx" +9C—6Cx  oooenn. (3)

Put x = 3 inequation (2), we get
I=AO)+BG+1)+CO)

1l =0+4B+0
1 = 4B B—l
= = =3
Put x = —1 inequation (2), we get
l = A(®)+B(©0)+C(-1-3)
| = 0+0+C(-4)
I = T6C C—L
= e S [% = e

. e R . .
Equating coefficients of X~ in equation (3) we get

A+C =0
A 2 == [} H €= X
+16 N 16
A= L
- 16
Put values of A, B and C in equation (1), we get
1 1 1
] 16 4 16
-+l — x5 1-3 x—3
1 ] |

16(x-3)T4x-32T16(x+1)



il

X
QL6 2 x-17

(Lahore Board 2011)

Solution:

Let
X A B @

(x—2)(x—1)2:(x—2)+(x—l)+(x-—l)2 ......... (1)
x> j_A(x—l_)2+B(x—2)(x—I)+C(x—2)

- ds—1 = (x—=2) (x— 1)

= AR=-1DP+BE-2DE-1D+CE=-2)  reerrens (2)

2= A2+ 1-2x)+B(x*=3x-2)+Cx—2C

x* = AX°+A-2Ax+Bx*-3Bx-2B+Cx—-2C  .ouo..... 3)

Put x = 2 1n equation (2), we get
2 =AR2-1+B0)+C (O

4=AQ03)
4 =9A = | A= :
g
Put x = | 1in equation (2), we get

(1) = AO)+BO)+C(1-2)
|l =0+0+C(-1)

l ==C = |LC=-—1]

. ekl L] F) ] L]
Equating cocfficients of x™ in equation (3) we get

A+B =1
: H = ]
g+ o=
4
B = 1—9
3
B = 9
Put values of A, B and C in equation (1), we get
4 B)
X 9 9 —1
x-2x—1¥ = -2 x-DTx-1y
4 3 I

Ox—2)Tox— 1) (x—1)



1

Q7T G x+1D)
Solution:
Let
1 A B C
G- h ] BT G~ el e (1)
1 A DE+HDHBx+D+C(x 1)
x-12Gx+1) " k=17 &+ 1
| = Ax-DEx+D+Bx+D+Cx-1® ... (2)
l = AKX - D+Bx+B+Cx*+1-2x)
| = AX> A+Bx+B+Cx*+C-2Cx e, (3)

Put x = 1 inequation (2), we get
Il = A0)+2B+0

|
= 2 = =
1 2B = B 5

Put x = — 1 1in equation (2), we get
[ = AO+BO)+C(=1-1)
L = 0%04+C L2

1
| =4C = C=4

Equating coelficients ol x™ in equation (3), we get
A+C =0

I I
A+4 = 0 X C = 1
L1
4
Put values of A, B and C in equation (1) we get
1 1 L
| 4 2 -+

4+

=D (x+1) - x-1FTx-—1F"x+1

= I 1
“ax-DM2x-1Tax+ )

are required partial fraction.




2

Q.8 (x-1}§(x . E (Gujranwala Board 2003)
Solution:
Let
%° A B ® D ;
K- 1P+~ [ ])+(x ]):+(x ”a+( F1) e (1)
X2 A D x+D+BE-DE+D+Cx+D+Dx-1)°
(x-1'(x+1) ~ x—1)° (x+1)
= AX-1D)PE+D+BE-DE+D+Cx+D+Dx-1> . (2)

X" = A(X' =X —x+ 1) +Bx —B + Cx + C + Dx’ — 3Dx” + 3Dx - D

X" = AX —AX"—AX+A+BxX°—-B+Cx+C+Dx —3Dx"+3Dx—-D ......... (3)
Put x = 1 inequation (2), we get

(1)’ = A)+B(0)+C(1+1)+D(0)

I =0+0+2C+0

9 | —

2 =1 = G =

Put x = —1 inequation (2), we get
1?2 = AO+BO)+CO)+DC1-1)
1= 040+0D 2

]l =—-8D = D= -

: e e I 5 :

Equating coefficients of x7, x™ in equation (3), we gel
3

x ;. A+D =20

— = = i = —
A g 0 D

ool B

]
T8

x> ; —A+B-3D =1

lB(l)—l I:IA—lle
_8+___8_ A =3 = -



/1

B ll )

=ilvg-#
8+1-—3

B = 3

a6 [ 3
_8:> =4

Put values of A, B, C and D in equation (1) we get
I 3

1 2 1 1
x> 8 4 2 8
=D+l " =D T x=1FTa=1"&+1
1 : 2 | 1
Sx-DTax-—1D2T2x-1Y " 8Gx+1)

are required partial fractions.

Q9 o ;)_(xl T (Gujranwala Board 2006)
Solution:
Let
X — | A B C D
G-2k+17 -0 sl mely Gely oo (D)
x— 1 Ax+1V+BE-—2)(x+1Y+Cx—-2)(x+1)+D(x—2)
(x - 2)(x+ 1) = (x—2) (x + 1)’
x-D=AG+D+BE-2G+ 1) +CEx-2)x+D+D(x-2) ......... (2)
x—1 = A(x3+ ] +3x2+3x)+F$(x3 3x 2)+C{x2 X+2)+D(x - 2)
x—1 = AX’+ A +3Ax" +3Ax + Bx’ —3Bx - 2B +Cx* —Cx +2C+Dx 2D ...... (3)

Put x = 2 inequation (2), we get

21 =AQR+1’+0+0+0

1 = A3
1 = 27A A = =
= SR =R =3
Put x = —1 1nequation (2), we get

-1-1=0+0+0+D(-1-2)



2
D=3
3
% A+B =10
L T P
g = A=g
1
B=-5
"
X JAHC = 1)
I
3.57+C =0
1 1
9+C:O = C:—9
Put values of A, B, C and D in equation (1) we get
1 oL 1 2
x— 1 27 27 -9 3
(x—xwly ~ (x—2)+(x+l)+(_x+l'_)3+(x+l)"
I I l 2

27(x—-2) " 27(x+1)_ 9x+1YT3x+1)

are required partial fractions.

4x° -
Q.10 (xz D&+ 1-)2 (Gujranwala Board 2005, Lahore Board 2005)
Solution:
4x° B 4x* 3 4x*
x—DGE+1) - x+DE-D&x+1) = x=-D&x+1)
Let
ax A B C D
E-DE+IF -0 @+ T er Pt me 0 e (1)
4 AE+D'+BE-DE+D+Cx-DE+D+Dx-1)
x D(x+1) ~ (x—1)(x+ 1)
A = Ax+ D)'+BGx—Dx+1)P+Cx-—DEx+DH+Dx-1 ..., (2)
4 = A F 143+ 30+ B+ —x— D+ C (- D+D(x—1)

4> = AX° + A+ 3AX° +3AX + BX +Bx*—Bx—-B+Cx>—~C+Dx-D  oooorool. (3)



Put x = 1 1nequation (2), we get

41 = A(0+1)Y+0+0+0

4= (2 A
4 = 8A A= X
= = =5
Put x = — 1 inequation (2), we get

41 = 0+0+0+D(=1-1)

=it = =F) =%

D=2

; i 3 ¢ B B ;
Equating coefficients of x™, X~ in equation (3) we get

¥ ; A+B =4
1 1
2—|—B=4 EIA:Q
|
B=4-35
B
8:2
x> ; 3A+B+C =0
L 7
3.§+§+C:0
3 7
5+§+C:0
10
5 +e =
Sl =0 = C=235

Put values of A,

B,C and D inequation (1), we get

1 7
4x° 2 2 5 2
x-DE+1) = x-DTx+D G+ Tx+1)

I s ) 2

= 3a-DT3k+1) G+IETG+I)

are required partial fractions.



1 2x + 1
Qll 3 x—1) x+2)

Solution:
Let
2x + 1 A B C D
G+ DNE-1NGE+F - G+ TG-D G+ T &x+2F 0 e (1)

2x + | |
(x+’>)(x—l)(‘(+");
_AG=D+2"+Bx+3)x+2+Cx+H =D x+2)+Dx+3) x=1)
(X+?){x—l)(x+’/‘)‘
(2x+1):A(x—l)(x+2)3+B(x+:a)(_x+2) +CxX+3)x-DHE+2)+Dx+3)(x—1)
(2)
Ix+ 1= A+ +B (X + T+ 16x + 12) + C (X" +4x° +x = 6) + D (x> + 2x — 3)
Ox + 1 = AX +3Ax% —4A + Bx® + 7Bx” + 16Bx + 12B + Cx> + 4Cx* + Cx — 6C
+ Dx” +2Dx - 3D (3)

Put x = —3 incquation (2), we get
2341 = A=-3—=1{=3+ D +G+040
—6+1 = A (¢ )(—l)'

—5 = —4A — A=

IV

Put x = 1 inequation (2), we get
2(D+1 =0+B1+3)(1+2°+0+0
2+1 = B(#)(3)

=B O)
- _3 L
—‘6B:>B—36:> B—I_2
Put x = —2 inequation (2), we get

2(-2)¥ 1 = 0+04+0+D=2+3)(—2-1)
—4+1 =D(l)(=3)

3=-3D = [D=1]

3 ) .
Equating coefficients of x™ in equation (3) we get

A+B+C =0
5 1
Z+E+C e ()
15+ 1

# 0 =90

12



4
+C =0 = Cz—g

Put values of A, B,C and D in equation (1), we get

3 1 4
2x + 1 4 12 3 1
= N + Y+ 7
(x+3)(x—1)(x+2) (x+3) (x-=1) x+2) (x+2)
B 5 1 4 |
"ax+)T - 3+ T x+2)
are required partial fraction.
2x*
Q12 3 x+27
Solution:
2x* 95t 2x"

2

(x=3)(x+2) ~ (x 3)(x"+4+4x) “ e —8x—12

2x—2

©+x —8x—12 2%
2x* 4+ 2% — 16x7 — 24x

+ +

2x% + 16x2 + 24x
~x3 . 2x% 4 16x+24

+ o+ - —

18x” + 8x — 24
_x . 180+ 8x 24
gy 1 T ANTAT R B e 1D
18x” + 8x — 24
Ye-m vy |0 e |
18x° + 8x — 24 A B C
a—=9+2y =3 &G+D &+ e _

18 4 8x-94 A+ +BE-3x+2D+Cix—3)
(x —3) (x +2) (x —3) (x +2)

= 2x—2

Let




18x +8x—24 = A(x+2)+B(x-3) (x+2)+C(x—-3)  ..oece. (3)
18%" +8x—24 = A +4x+4)+B (xX*—x—-6)+C(x—3)
18%° + 8% — 24 =Ax" 4+ 4Ax +4A + B —Bx — 6B+ Cx —3C  wuvivens (4)

Put x = 3 inequation (3). we get
183 +8(3) 24=AGB+27+0+0
18 (9) + 24— 24 = A (5)

162
162 =25A. = |A= 25
Put x = —2 in equation (3), we get

8(-2+8(2)-24 = 0+0+C(-2-3)
~36-16-24 = C(-5)

32
32 =-5C = |B = -5
Equating coefficients of x” in equation (4), we get
A+B = 18
B =I18-A
162 288
B = IS—E = = "985

Put values of A, B, C in equation (2), we get
18x” + 8x — 24 162 288 32
x-3)x+2>2 " 25(x-3)T25x+2) 5 +2)
equation (1) becomes

4x° 162 288 32
-3+ - =D+ o5t B x+2) 5 x+2)

are required partial fractions.

EXERCISE 5.3
Resolve the following into partial fractions.
9x -7
Q.1 (xz +D)(x+3) (L.ahore Board 2004, 2010)
Solution:
I
Ox—17 _ Ax+B C i
K+rD)x+3) - K+DFTx+3 e =
9x-7  (Ax+B)x+3)+C0C+1)
x>+ 1) (x +3) ~ (x> + 1) (x +3)
9x -7 = (Ax+B)(x+3)+C(x*+1) ... 2)



9x -7 = AX +3Ax+Bx+3B+Cx" +C  ......... (3)
Put x = —3 in equation (2), we get

9(=3)-7 = 0+C[(=3)*+1]

=27=T = Q+C€C 9+ 1)

— 17
-34 =10C = |C = 5
Equating coefficients of x*, x in equation (3) we get
x> ; A+C=0
17
-3 =0
1T
= M7 s
Xx : 3A+B =9
e N
5 +
21 B=9
5 TR =
51
— O_ —
Bi= 9 5
_ 45-51
B 5
-6
B =7
Put values of A, B, C in equation (1) we get
17 6 17
9x —7 5875 5
D x+DD ~ x+T x+3
17x — 6 17

S5+ 5(x+3)
are required partial fractions.

Q.2 (Xz = ])1 x+1) (Lahore Board 2003, 2006)
Solution:
Let
1 AX + B C
LN s D - F+D &+ e ()
1 AXx+B)(x+ 1)+ Cx+ 1)
(x+ D (x+1) = (x"+ ) (x + 1)
l = (Ax+B)x+DH+C&+1) ... (2)

AX°+ AX+Bx+B+Cx*+C . (3)



Put X = — 1 1 equation (2), we gel
1 = 0+C((=1Y+1)
1 =C(l+1

1 =3 = C =

I3 | —

Equating coetficients of x~ and x in equation (3) we get
x> : A+C=0
A=-C

W L
= 2

Equating coefficient of x
X : A+B =0

Put values of A, B and C inequation (1) we get
1.1 1
1 i
D (x+1) = &+ Tx+1)

B X+ 1 ]
T2+ D T2+ )

are required partial fractions.

Ix+7

Q3 i)y x+3)
Solution:
Let
Ix+ 7 B Ax + B C 1
) x+3) -+ B T x+3) e (1)
3x+7  (Ax+B)x+3)+C(x*+4)
(x>+4) (x+3) ~ (x> +4) (x + 3)
3x+7 = (AX+B) (x+D+Cx*+4) ... (2)

3Ix+7 = AX+3AX +Bx+3B+Cx"+4C ... (3)



Put x = —3 1n equation (2), we get

3(-3+7 = 0+C((3)*+4)
-9+7 =C((9+4)

2

-2 =13C = C=—I3

Equating coefficients of x~ and x in equation (3) we get
x> ; A+C=0

A=-C
2
A=T1q
X IA+B =3
BE
3
= 3-3.73
6
=3-13
39-6
=13
S
B =13

Put values of A, B and C in equation (1) we get

2 .33 2

3x + 7 132713 —13
C+H(x+3) - xX+4 Tx+3
2x + 33 2

T3 +4) 13(x+3)
are required partial fractions.

x* + 15
Q4 Fix+5x-D
Solution:
Let
X+ 15 Ax + B C
W+ +5)(K-1) ~ (B+2x+5) xa=1) o (1)
% 4 15 (AX+B)(x— 1) +C (x> +2x + 5)

K+ ED-1 ™ (xX2+2x+35) (x-1)
XX+15 = (AX+B)(x-D+CE +2X+5) e (2)
X +15 = A —Ax+Bx—-B+Cx*+2Cx+5C ... (3)



Put x = 1 1nequation (2), we get
(1> +15 = 0+C (D> +2 (1) +5)
1415 = Cll+2+3)

16 = 8C = C =2

Equating coefficients of x°, and x in equation (3), we get

x> ; A+C =1
A=1-C
A =1-2

A = I

X 3 A+B+2C =0
B = A-2C
B==]-22Y=<1—4

B = =3

Put values of A, B and C in equation (1) we get

x>+ 15 — =8 2

K+2X+59)x - - x+2x+57x 1)

are required partial fraction.

2
S 4)){ x+2)
Solution:
Let
% Ax +B C
KrDG+2) -+ dH T x+y e (1
s _(Ax+B) (x+2)+C(x* +4)
(X +dHx+2) (x +4) (x+2)
x> = (AXx+B)x+2)+C*+4) (2)
X°=AX>+2AX + Bx + 2B+ Cx> +4C ... (3)
Put x = —2 inequation (2), we get

(2’ = 0+C((-2)2+4)
4 =0+C@4+4)



12 | —

4 =8C = |[C =

. " . 2 - .
Equating coefficients of x~ and x in equation (3), we get

© s+ Asl =1

A=1-C = I—%
& o
,
x 3 2A+B =0
2(%]+B=O
1+B =0
B =-1

Put values of A. B and C in equation (1) we get

g 1
Xj zx—l 7
(C+4)(x+2) ~ x3+4+x+2
X—2 I

2(x°+4) T2 (x+2)

are required partial fraction.

Q.6 gi—i (Lahore Board 2003)
Solution:
Let
541 x” + 1 A Bx + C |
P+l B D E—2+] G+ 0 gt s (D)
X+ | ART—x+ D+ Bx+ O x+1)
= x+ D) x+1)° x+ DX —x+1)
X+l =AM -x+D+Bx+O&x+1) (2)
X+l = AC—AX+A+BX*+Bx+Cx+C (3)
Put x = — 1 inequation (2), we get

1% +1 = A(-12-(-11+1)



L4 1 = &Cl +14 1)

LI | D

2 = A3k =% A =

Equating coefficients of x2 and x inequation (3), we get

B

X~ ; A+B =1
3
§+B=l
B =1 _ g,
DR
B_l
g

2 1 1
| 3 g ¥ty
W = + 7
. A | X+1 x"—x+1

2 X+ 1

3(_x+1)+3(x2—x+1)

are required partial fraction,

x>+ 2X + 2
Q7 iy x+1) -1
Solution:
Let
X + 2% + 2 Ax+B £ D
C+HE+DE-D) -+ T x+ DT x=1) = e (1)
X +2x +2 A +B) x+ D x-D+C K+ - +DE+3) (x+1)

C+3)(x+ D (x=1) = X +3)(x+ D) (x—1)



X +2x+2 = (Ax+B)x+ D) (x—DH+Cx +3)(x—D+D(x +3)(x+1) ...... (2)
x> +2x+2 = AX’—~Ax +BxX°—B+Cx” —Cx" + 3Cx —3C + Dx" + Dx” + 3Dx + 3D
Put x = — 1 1inequation (2), we get

P4 21342 = 0% Ol 1P +9) 11— 13+0

1-242 =C( +3)(2)

= -8C = |C=-5

Put x = | inequation (2), we get
a

(1P 42 (1) +2 = §+0+ DD +3)1 +1)
1 3249 = DL

3=8D =% |D =

5
8

. —_— o o S . ’
Equating coefficients of X~ and x~ 1n equation (3), we get

© ¢ AsCaDe=0
A=—C-D
.l 53 -4
=878 8
1
A= -3
X B =i = |
B-1_-D+C=1-2_1
SaTBEb = 1788
g1
=4

Put values of A, B, C, D in equation (1), we get

i | 1 S

X+ 2 +2 B 8
K+ x+DE-D - &+3) Tx+DTx-1n
| - 2x 1 5

56C+3) B+ T8(x-1D

are required partial [raction.



1
Q-8 (x—1)* (x> +2)

(Gujranwala Board 2006)

Solution:
Let
1 A B Cx+D I
(X—.])E(J{E—I—Z)_(x—|)+(x_])3+(x3_|_2) ......... (1)

1 Ax—DE+2)+B(x*+2)+(Cx+D) (x— 1)
x— 1" (x+2) ~ x — D7 (x° +2)

[ = Ax-DE+2)+Bx*+2)+(Cx+D)(x—1)" ......... (2)

= A -x>4+2x-2)+ B x* +2) + (Cx+D) (x> + 1 —2x)

I = Ax'— Ax> + 2Ax — 2A + BX> + 2B + Cx* + Cx — 2Cx* + Dx*> + D — 2Dx
Put x = 1 inequation (2), we ge

0+B (1)’ +2)+0
| = B(l+2)

—

] =3B = B =

5
3

Equating coefficients of x°, x*, and x in equation (3), we get
| = 0+B((D*+2)+0
| = B(1+2)

1 =3B = |B=

(2 | —

3 T 5 3 2 ] 3
Equating coefficients of X", X, and x 1n equation (3), we get
3

X B AL =0 200 sissens (1)

X 3 —-A+B-2C+D=0 = B:%
—A—’2C+D:—% ......... (11)

x 3 284 C—=2D =10 e (111)

from(i) A = - C
Put in (ii) and (ii1).

1
-(=C)-2C+D = 3

...... (3)



and

1l | —

“CHD =% e (iv)
2(-C)+C-2D =0

~2C+C-2D =0

-C-2D =0 (V)

Subtracting (1v) from (v)

-C-2D =0
C+ D= ]_
Y3
+ +
3 = 1) -
- s +3
-3D =3 = = -9
L. :
Pif 10 = —3 Inequation (v)
o)
-C-2{-5 =
2 . _2
—(,+9= = L:g

Put this value in equation (1) we get

—2

R 0

Putting values of A, B, C and D in equation (1) we get

I
-+ = 21 G—1F  C+2)

are required partial fraction.



4

X
Q.9 1—x3
Solution:
4 4
X _ — X
|~ ]
By division
1
x4—l —x1
x4
+ _—
]
_x* |
= - el — S | s (1)
x —1 x =1
1 I B l
1 T -+ D T e DE-DEE D
Let
1 | A B Cx+D ’
G+DG-DEC+D) ~x+1 T x—17F¢1 e (2)
1 _A(x—l)(x2+I)+B(x+1)(x2+l)+(Cx+D)(x+l)(x—l)
x+D)x-—D&E+1) x+ D (x—1) & +1)
l = AG-DE+D+BE+ D+ D+ Cx+D)x+Dx-1)  orrrinn) (3)

I = A - +x-D+B &+ +x+ D+ (Cx+D) (x>~ 1)
l = A —AX 4+ AX—A+BxX  +Bx>+Bx+B+Cx’ - Cx—-Cx+Dx*-D ......... (4)
Put x = 1 inequation (3), we get

AET-D(ED*+1)+0+0

l=AF2)(1+1)
1 = 4A A = 1
= = = =%
Put x = —1 in equation (3), we get

I=0+BU+D (D> +1)+0



x> —2x+3
Q.10 g e
Solution:
x* 2% +73 % —Dx 43
x4 ] :(x2+x+l)(x3—x+])
Lt
x> 2x+3 Ax +B Cx+D
K+x+D)X-x+1) - K+x+ DT x-x+1)
- Dxu3 (Ax+B) (" —x+ D(Cx+D) (xX* +x+ 1)
(g + D (- +1) (x2+x+]'}(x2 X+ 1)

—_—

B@)+1)

|l =4B = Bz:1

Equating coefficients of x> and x~ in equation (4) we get
x> ; A+B+C=0
L ]

- A_,"'C:O

= € =1

Put values of A, B, C, D in equation (2) we get
1

]
1 4 4
(l—x"}(l+x)(l+x2) x+1 7 x— £ + 1
— | ] I
T A+ DTAG-D 25 +1)

P | —

(0) x

1 +

Equation (1) becomes

X —1 1 1

gt =] _]_[4(x+1)+4(x—1)_2(x3+|J
1 | 1

4(X+1)_4(X'-|)+2(_x2+1)

are required partial fractions.

= -1+

X =2x+3 = (Ax+B)(x*+x+ D (Cx+D) (x = x + 1)

2% +3 = AX —AX+AX+BX - BX+B+CxX + CX° +CX +DX°+Dx+D ... (2)



¥ 3 AxC=d

X! ~A+B+C+D = 1

x : A-B+C+D=-2

cons ; B+D =3

Put A+ C = 0 inequation (iii), we get
-B+D = -2

adding equation (iv) and (v), we get

g =1 = D =

D | —

Put B+ D = 3 in equation (ii), we gel

-A+C+3 =1
—-A+C =-2
adding equation (vi) and (1)
0 = =2
C=-1
Put C = — 1 inequation (i), we get
A-1=20
[A =1
Put values of A, B, C, and D in equation (1), we get
S 1
x> =2x +3 __**s < *1y
(x?—x + I)(x3+x+ 1)y Lrx+l T —x+]
(2x +95) 2x —1

= 2 x4l 20—z 1)

are required partial fraction.

. s s ST L . . !
Equating coefficients ol x7, X7, X, x and constant term in equation (2), we get

(i)
(i1)
(111)
(1v)

(v)

(vi)



EXERCISE 54

Resolve the following partial fractions.

3
X +2x+2
Ql W Fx+1)
Solution:
Let
x‘j‘+'2x+'2' _ _(Ax+B) (Cx + D) |
(_)(‘}—Irx+]}£_(_}1{24-){-&-I)MF()(E-I—X-Fl)l """"" (1)
X +2x+2  (Ax+B)(xX*+x+ 1) +(Cx+D)
(X +x+ 1)y = (X +x+ 1)
X +2x+2 = (Ax+B) x>+ x+ 1)+ (Cx + D)
X +2%x+2 = AC+HAXC +AX+ B +Bx+B +Cx+D ......... (2)
Equating coefficients of x', x", x and constant term in equation (2), we get
X : % =
X . A+B =0
1+B=0 = B =-1
X : A+B+C =2
| =14+€ =2 =¥ C=2
Cons : B+D =2
-1+D =2 = D= %
Put values of A, B, C, D in equation (1) we get
x3+'2x+'2_ _ X —1 2x+3
(X*+x+1F = xX>+x+ l)+(x2+x+ 1)
are required partial fraction.
72
2
Q2 & x-1)
Solution:

Let

q

X~ _ A Bx 4+ C Dx+ E
x—DE+1Y - x-DT+1 T2+ 1)

()



2

X A+ +Bx+0)x-DE +D)+(Dx+E)(x-1)

x—DE+1F =~

(x-1) (x* + 1)’

= A+ +Bx+0OG-DE+D+Dx+E)(x—1) e 2)

% = A(x4+1+2x2)+(Bx+C)[x3+x—x2—1)+(Dx+E)(x—1)

x> = Ax'+A+2Ax" +Bx +Bx*-Bx’ -Bx+Cx’ + Cx - Cx* - C
+DE—Dx+BX—B = cesmmens (3)

Put x = 1 inequation (2), we get

(1 = A(?+ 1P +0+0
| = & 4T

1=AQ)° = =|A

1
=4

. o . 4 3 2 : :
Equating coefficients of x7, x”, X~ and constant term in equation (3), we get

4
X

X

A+B =0
B=-A
L1
-4

B+C =0
C=B
o1
-4

D =1-2A-B+C
- 1-afl]l ]
= 4)%Y4" 4
| 1
= 1—5 :5
D___l
2




|
1 2+E:0

B

I
E:2

Put values of A, B, C,D and E in equation (1) we get

1 11 1 1

x> g A% 3 gITy

b =1 =~ Tg—17 %l sy
| X+ | x + |

2

Ax-1D 4+ 2+ D)

are required partial fraction.

2x—5
W3 12 x-2)
Solution:
Let
2% —3 3 A Bx +C Dx+El .
('_X—Q)(X:+2)l_(x—2)+x2+2+(_x2+2)2 ......... ()
2x—5 A+ +Bx+O (x-2) (X + 1)+ (Dx+E) (x ~2)
(x—2) (427 = (x - 2) (x° +2)
x5 = AC+22+Bx+C) x=2) (2 +2)+Dx+E) (x=2)  ovvr.. (2)

2x—-5 = A(X +4+4x)+(Bx+C) (X’ —2x" +2x—4) + (Dx + E) (x - 2)

2x —5 = AX +4A +4Ax" +Bx" - 2Bx’ + 2Bx” — 4Bx + Cx’ — 2Cx~ + 2Cx — 4C
+Dx*—2Dx+Ex—-2E ... (

Put x = 2 inequation (2), we get

2(2)-5 = A((2°+2)°+0+0

4-5=A@A+2)

1 =A@G) = =|A=—=

- : ) - .4 3 2 . i
Equating coefficients of x", x7, x~ and x in equation (3), we gel

x* : A+B =0

)



B = 3¢
X ~2B+C =0
—2(—%)%[3 =0
oL
18
x> ; 4A+2B-2C+D =0

N EE

111
P =9te=1s
2432-1 3
T 18 T8
3
~ 6
X ; —4B+2C-2D+E =0

B = 2448 -2C+2D
2+4(35) - (75)+2(5)
LT 18,174\ 6

1
T3

[l

Il
()

+

el )
O =

6+ 1
3

I
I~

o | —

+

7
E=3

Put values of A, B, C, D, E 1in equation (1) we get

4 4 .1 1. .7
2% -5 ~% 3% T8 6273

2P (x-2) = x-2F F+2 TE+2]

] X+ 2 X+ 14
36(x=2)36 (X +2) T 6 (x> +2)




8x*
Q4 (Xz + 1)2 (1 _Xz)

Solution:
As
18;-(2 B 8x°
(1-x)EE+1Y - (=) +x)(x +1)
L&t
8x” A B Cx+D Ex+F

_|_

LT-x)A+x)C+1D T 1I-xT1+xT ¥+1 T+ 17

4

8x~
(1—x) (1 +x)(x" + 1)

A+X)(X+1P+B( )+ 1P +Cx+D) (C+ D (1 x)(J+x)+Ex+F) (1 x) (1 +x)
(I =x) (1 +x)(x*+ 1)

9

8" = A(l+x) (X + 1) +B (I -x) (x*+ 1>+ (Cx + D) (x* + 1) (1 = x) (1 + )
+(Ex+BH-x)(+x)y .. (2)
8)(2:A(xs+x4+2x3+2x2+x')+B(—xS+x4—2x3+2x3—x,)+C(—x5+x]
+D(x"+ 1)+ (Ex+F) (1 -x)
8x> = AX" + Ax'+2AX” + 2Ax” + Ax — BX + Bx" - 2Bx” + 2Bx" - Bx

R i Cr DDA ER—BC 4 F—Fx® v (3)

d

Put x = 1 inequation (2), we get
8(1) = A1+ D) (1) +1)
8 = A(2)(+1)

8=AQ® = [A=]

Put x = —1 inequation (2), we get
8(-1) =0+BH1+D(=1)y+1)
8 = B(+2)(1+1)

8 = B(8)

B =1

q s 5 A F ; s
Equating coefficients ol x™. X7, x™ in equation (3) we get

2]

X y A—B-C =10



X . A+B-D =0
D=A+B =1+1

¥ ¢ 2A-2B-E =10

E = 2A-2B
= 2(0)-2(D
E=0

Put values of A, B, C, D and E in equation (1) we get

9

8x’ ] 1 2 4
000+ &+ " T—x" 14575 +1 @+ 1)

are required partial fractions.

5 4x* + 3x° + 6x% + 5x
Q5 G D@ +x+1)

Solution:
Let

4x4+3x3+6x3+5x_ A Bx + C Dx +E
=D E+x+ 17 T x-DTCrx+ DT rx+y? e

4x* + 3x° + 6x% + 5% A(x?‘+x+ I)2+(Bx+C)(x—I)(x2+x.+ 1)+ (Dx+E)(x—1)
(x—1) (X +x + 1) x- 1D +x+1)

A 43 16+ 5x = AKX+ D+ Bx+O G-DE +x+ D+ Dx+E) (x-1)

......... 2)

4x* +3x7 + 6x” + 5x = Ax" + 2Ax" + 3AX° + 2Ax + A + Bx" — Bx + Cx’ - C + Dx” — Dx + Ex -E

......... (3)

Put x = 1 inequation (2), we get
4 +3°+6(1+5() = A +1+1)+0+0
443+6+5 = A(1+1+l)2



(£

x ; 2A-B-D+E =5
E=5-2A+B+D
=5-22)+2+0

E=3

Put values of A, B, D, D and E inequation (1)

4x4+3x3+6x3+5x“ 2 2x — 1 3
G-DEC+x+ D " x-DTC+x+ DT +x+ 1)

=

are required partial fractions.

2x* —3x% —4x
Q6 T2y (x + 1)
Solution:
Let
2x - 3% 4x A B Cx+D Ex+F

(}(+l)2(x2+2)2 x+|+(x+l)2+;r<2+2+(>c2+2)2

2){4 r— 3}(3 —4x
(x+ IV (=% 429

AX+D)E+2DP P +BE 4+ +(Cx+D) (x+ 1> x+2) + (Ex + F) (x + 1)°
(x + 1)? (x* +2)°

2x' =3 —Ax = A+ DE+2P+B X+ 27+ Cx+D)x+ 1) x+2D+Ex+F) x+1)° ...... (2)



2x" 3% —4x = A + X +4x +4x" +4x +4) + B (x" + 4 + 4x7)
+C (X0 +2x* 4+ 3% + 4x% + 2x) D(x*+2x 4353 +4x42) + E(x+2x74X)
+F(x*+2x+ 1)
2x" - 3x7 —4x = AX" + Ax" +4AX" +4AX” + 4Ax + 4A + Bx" + 4B + 4Bx”
+ Cx° +20x* +30x° +4Cx2 + 2Cx + Dx* + 2Dx> + 3Dx> + 4Dx

+2D + Ex’ + 2Ex” + Ex + FX" + 2Fx + F (3)
Put x = — 1 inequation (2), we get
2D -3 A1) = 0B 12+2 +040
24344 = B(1+2)°

9 = B(3)

o-98 = [B=1]

3 sl - g D g ;
Equating coefficients of x7, x', x7, x7, x and constant in equation (3), we get
5

X’ ; A+C=0 (i)
x! 1 A+B+2C+D =2 (i)

x’ : 4A+3C+2D+E = -3 (iii)
x> : 4A+4B+4C+3D+2E+F =0 (iv)
X 2 4A+2C+4D+E+2F = -4 (V)

cons ; 4A+4B+2D+F =0 (vi)
from (1)

C=-A

from (ii)

D=2-A-B-2C=2-A-142A =1+4A (vii)
from (iii)

E= 3 4A 3C 2D = 3 4A+3A 2 2A = 3A 5 (viii)

Subtracting (vi) from (iv), we get
4C+D+2E =0
—4A+1+A+2(+3A-5 =0
-9A =9

= A=—1



Put this value ol A 1n (1), (vi1), (vii1) we gel
[y = L==-1Ic] = C =-1
(vi) = D=1+-1)=0 = | D=0
(vi) = E=-3(-1)-5=3-5=-2

> [B=-7

from equation (vi)
4(—1H)+4(H)+20)+F =0
—4+4+0+F =0

B =f

Put values of A, B,C. D, E and F inequation (1), we get

2xt 3% —4x = | X 2x

x+ 1) (x+2)7° ><+1+(x+I)H_xz+2_(x2+2)2

are required partial fractions.



Chaprer

PARTIAL FRACTIONS

MULTIPLE CHOICE QUESTIONS

(1)

(3)

(4)

The tunction of the form f(x) =

polynomials is called:
(a) Identity
(c) Fraction

Partial fractions of

p(X)

q(.x] . q(X) are

where q(x) # 0 and p(x)

Equation
Algebraic relation
[Lahore Board 2005]

(b)
(d)

1s equivalent to:

x-—1
(2) Ax + B (b) A } B
: x*— 1 x+ 1 x— 1
A B
(¢) N3 (d) _] |Lahore Board 2005-07-08]
The fraction w s
x + 1
(a) Improper (b) Proper
(¢) Equivalent (d) None of these

s R o
Partial fractions ol =3
X+

|Gujranwala Board 2005]

| will be of the form:

@ A, B w A B
x—1 x*-x+1 x+1 x2-x+1
A Bx + C A B

(¢) .\"[+x3—x+l (d) j*ﬁ

[Gujranwala Board 2005]



(3)

(6)

(7)

(8)

9)

(10)

A fraction in which the degree of numerator is greater than or equal to the degrec
of denominator is called:

(a) A proper fraction (b) An improper fraction
(c) An equation (d) An algebraic relation
[Gujranwala Board 2006]
x3 + 1 b
(x—1)}x+2) >
(a) Proper fraction (b) Improper fraction
(¢) Identity (d) None of these
[Gujranwala Board 2006]
e s e - jji} 25 = = b o l 7 .
Partial fraction of (x+3)(x + 4) will be of the form:
A B A B
@  y¥3*tx+a ® I+333* 574
A B
(c) 7 te+ratz+d (d) None of these
|Lahore Board 2014, Lahore Board 2006]
252+ 5
The fraction 7}:_ > is:
(a) Proper (b) Improper
(c) Irrational (d) None ol these

|Lahore Board 2006]

Partial fraction of - will be of the form:

]
(x+1)x*=1)

_ A Bx + C A B C
(2) x+ 1 x—1 (b) xllix—1+xll
A B C A Bx + C
(c) x—l+{x+1)2Tx+l (d) ;.;_1_()n:+[)|2
. |Gujranwala Board 2007
Partial fraction of#?x}_]) are of the form:
A B A B
S e
A Bx +C Ax+ B C
(c) ]axFl+x—] (d) x‘-l*x—l
[Gujranwala Board 2007]
Types ol rational fractions are:
(a) Three (b) Two
(c) Four (d) Infinite

[Lahore Board 2007]



(13)

(15)

(17)

(TW) equals:
A Bx +C A B
(a) X2+ 1 x+1 () X+1 x+1
_ Ax + B Ax+ B C
€ ST+ @) "2 txed
[Lahore Board 2008]
Xt
[ s
(a) Proper fraction (b) Improper fraction
(c) Decimal (d) Equation

[Lahore Board 2008|

Partial fractions of are of the form:

x* -1
. A B oy, g B
(a) x—=1" x*+x+1 b) X+l x2—x+1

A Bx+ C A Bx+C

(c) x-|+x3+x+l (d) X+1+x:—x+]
|Gujranwala Board 2008]
TN (x—a)x—-hb) . .
Partial fraction otw will be of the form:
(x=c)(x—d)

A B A B
. + + £
(a) X=¢ x-d (b) ! X—4a x-Db

A B B A
() Xx—a Xx—b () : x—¢ x-—d

[Lahore Board 2010]

Partial fraction of will be of the form:

X
X~ 1nx—2)
A B |
|
x-1 x-2 (b) x—1

| A B
X+ 2 (d) I+x—l+x+2

|Gujranwala Board 2011]

(a)

(c)

Conditional equation 3x — 1 = 0 1s true only if:
(a) x=3 (b) Xi=—3

r‘,J|.—-

1
(C] X = 3 (d) X=-
[Lahore Board 2012]



(18)

(19)

(20)

(21)

(22)

(23)

(24)

Partial fractions of will be of the form:

(x+ 1) x2=1)

' a +Bx-~C b A . B C

@ X" —1 ® X1 x—1 x+1
. A B C A Bx+ C

(c) x+|+[.\:+1j’-'x~l () x—1 (x+1)

|Lahore Board 2012

The function of the form %%% .q(x)# 0 is called:
(a) Identity (b) Equation
(c) Fraction (d) Formula
|[Lahore Board 2013
Partial fractions ot‘sz_ | are:
] | ] 1
Bl TR ® 1%+
I | 1 |
© I+ 2Ax-1) @ Sx-n 2x+1)
[Lahore Board 2013]
A conditional equation 1s also called:
(a) Identity (b) Equation
(¢) Fraction (d) None of these
An equation which holds good for all values of the variable is called:
(a) Identity (b) Equation
(c) Conditional equation (d) All of these
Expressing a rational function as a sum of partial fractions is called:
(a) Fraction (b) Partial fraction resolution
(¢) Equation (d) Identity
(x+3)x+4) = x*+7x+ 12 isa‘an:
(a) Fraction (b) Conditional equation
(¢c) Identity (d) All of these
-1
X—2
(a) Ix—6+ xf2 (b) A:sz
© 3x+6+x*B (d)  3x+6+

i
|

e
|

ta



(26)

(27)

(28)

(29)

(30)

(31)

x2=10x+13
(x—= 1)(x*=5x+6)

Partial fraction of

A B

{H) .‘(—I ! XE*SX"(* (b)
, A Bx+C _

(C) X—] x_‘___sx_,_(,’ (d)
44X 8x

x'+2x2+9

‘ 4x? + 8x b
@ 7+ 2% # 3)(>+ 2u +3) (6)

4x% + 8x
(¢) (d)

(x*—2x - 3)(x* +2x + 3)

Partial fraction of —

Xj L b-

_ A | _Bx+C b
(@) x—b x*+bx+b (b)
. B
{C) .\': + bx + h: (d)

Ix—4
Partial fraction of X 5 1s of the form:
(x—1)

a) A I
(a x— 1) (b)
o A Bx+C J

“ xo1 T x=1)? (d)
cos?0 + sin?0 = 1 is a/an;

(a) Identity (b)
(c) Fraction (d)

An equation in which two algebraic expressions are equal for particular values of

the variable is called:
(a) Identity (b)
(¢) Fraction (d)

will be of the form:

K—IIX—Z x—3
4x° + 8x
(x2+2x - 3)(x2 +2x + 3)
4% + 8x

(x2+2x + 3)x2-2x+3)

. where x # b is of the form:

A B

x—b Xx*+bx+a’

None of these

A Bx+C
x=1 (x=1y

None of these

Conditional equation

None of these

Conditional equation

None of these



The quotient of two polynomials

X) ; ' :
owhere Q(x) = O with no common factors 1s

Qix)
called afan:
(a) PPartial fraction resolution (b) Identity
(c) Rational fraction () None of these
(33)  Partal fractions ui‘m are of the torm:
: | | [ l [ 1
{d} i I X i 1 { j} X — 1 - x l
; Lyl af el
() % R (d) S Rl
[Lahore Board 2014]
AWW
(1) ¢ 2) b (3) a {(4) ¢ (3) b
(6) b (7 @ (8) b (9) C (i0) b
(11) b (12) d (13) b (14) ¢ (15) d
(16) a (17) ¢ (18) ¢ (19) ¢ (20) b
(21) b (22) 4 (23) b (24) ¢ (25) d
(26) d (27) d (28) d (29) d (30) i
(31) b (32) g (33) d




— .

{ _ SOLUTION _

Q2 As
I I A B
2 = y = +
xF— | (x+1}x-1) x+1 x-1
Q.3 As degree of numerator is greater than the degree of denominator so it is an
improper traction.

Q4  As,
| 1
X+ x+IxE-x+1)
So let.
| A P Bx - C
(X+ 1¥xE—x+1) x+1 x—x+1
%+ 1 X'+ 1
W e+ - Bra—2

As degree of the polynomial in numerator is greater than the degree of the
polynomial in the denominator so it is improper fraction.
Txt+25 Ix+25
Q7 ———=— = - =
(x+3)x+4) x*+ 7% 112

7
X*+ Tx+ 124 Tx* + 25

— 7x* + 84 + 49x

—49x — 59

Txi+25 - —-49x — 59
= (x+3)x+4) (x +3)x+4)
A B
. ?'x+3+x—4

| | |

Q9 (X+INXF=1)  x+Dx+I)x=1)  (x=DE=+1)y
We Let,

I __A B C
(x— D(x+1)P2 x—=1 (x+1) x+1



Q.10

Q.14

Q.24

Q.25

Q.26

Q.28

x>+ 1 Xt + 1

x+1D(x=1)  x*-1

|
x2—- 1+ x*+ 1
x:—1
= 4
2
x>+ 1 | 2 | 2
. — 1 - - - — *—-—
- x—1 x-— 1 (x+Di(x-=1)
Its P.F will be of the form.
- A 5 B
x+1 x-=1
As,
I B [
%= | (x—INx"+x+1)
A Bx+ C
Seo, PFof arc of the form L 3_“
X —1 g | XX ]
As,
x"— 10x+ 13 x*—10x+ 13
(x = [ )}(x* = 5x+6) (x- D(x=2)x-3)
. x> —10x+ 13 i . A B e
=5 P.F ot = Dix—D)x=13) arc of the 1urmx_ | #- L
As,
x*+ 2% +9 = [(x*+2x+ 3)(x*=2x+ 3)
_ 4x° + 8x
(X +2x+ 3)x*—2x + 3)
AS,
x-b x—b B 1
x} - b? (x — b)(x* + bx + b?) x>+ bx + b’

As it is true for all values of “07 so it is an identity.



