Chapter 4
QUADRATIC EQUATIONS

QUADRATIC EQUATION

A Quadratic Equation in  x 1s an equation that can be written in the form of
2 .
ax +bx+c = 0; where a, b, ¢ are real numbers and a # 0, for example

2o Tx+10 = 0: a=1, b= —7, ¢ =10
X2=4; g = I, b = {) c= -4

Another name for a quadratic equation in x is 2" degree polynomial.
There are three basic techniques for solving a quadratic equation.
(1) By Factorization
(i1) By Completing Squares
(i11) By Applying the Quadratic Formula
EXERCISE 4.1
Solve the following equation by factorization:
Q.1 3x*+4dx+1 =0

Solution:
% +dx 41 = 0

= 3T+3x+x+1 =0
=% IX(x+D)+1(x+1) =0

=5 Bx+Dx+1) =0

Either 3x+1) =0 or x+1 =0
3x = -1 2 = —1
1 .
X = -3 X = —



Q.2 X“+7x+12 = 0 (Lahore Board 2007)

Solution:

x>+ Tx+12 = 0
= X dx+3x+12 = 0
= X(X+4)+3(x+4) =0
— X(xX+d)+x+3) =0

Either x+4 =0 or X+3 =20
x = -4 X = =3
Hence the solution set = {—4, — 3}

Q3 9’ -12x-5=0

Solution:
9x*—12x -5 =0
= 9x*— 15x +3x -5 = 0
=5 xBx—-3)+103Bx-5) =0
=4 3Bx -5 3Bx+1) =0
=% Bither 3x—5 =40 =@r 3x+1 =0
=3 =5 3x = — 1
5 1
=5 X =3 X =-3
| 1 5]
Hence the solution set = 1—2 '3 J

Q4 x'-x=2

Solution:
©—x =2
=5 ¥ -_x-2=0
- X —2x+x-2=0
— X(x—=2)+1(x=2) =20
=N x—2Dx+1) =0
=5 Either x -2 = 0 or x+1 =(
=5 L& 2 x=-1
Hence the solution set = {-1, 2}
QS5 xx+7)=2x-1)(x+4) (Lahore Board 2011)
Solution:

X(x+7) = 2x—1)(x+4)
x3+7x = 2x2+8x x —4

2x2+8x—x—4—x2—7x = 1}
% =4 =0
xH-(2)7° =0

x+2)(x—=2) =0

Either x4+2 =0 or x-2 =0
x = =2 ¥ =2

Hence the solution set = {2, 2}

bud iy



X x+1 5
Solution:

X xk+l 3

x+]+ x 2

CHE+D' 5

x(x+1) ~ 2
2 2
X"+ X +2x+ 1 5
% 5 = =
X + X 2
X +2x+1 5
= - =
X"+ x 2
= 5 +x) = 202x° +2x+ 1)
— 5%° + 5x = 4x” +4x +2
=5 5x2+5x—4x3—4x—2=0
=5 x2+x—2=0
= xXZ+2x—x-2 =0
= X(x+2)—1(x+2) =20
= (x+2)(x—1) =0
=% Either x+2 = 0 or x—1 =0
= X = —2 or x = |
Hence the solution set = {—2, 1}
1 2 7
Q.7 x+1Fx4+42 T x+5° x #-1,-2,-5
Solution:
] A 3 7
x+l+x+2*x+5
xt+242(x+1) 7
= (x+1)(x+2) — x+5
X+2+2x+2 7
— 2 =
X" +2X+x+2 X+
3x+4 7
- =

3 = =
X+ 3x+2 X+D

= '7(x2+3x+2}:(x+5)(3x+4)



7x2+21x+ 14 = 3x2+4x+ 15x + 20

-
- Tx>+21x+ 14— 3x° —4x—15x—20 = 0
= 4> +2x -6 = 0
- 2(2x°+x-3) = 0
= 2% + X 3 =0
~ 2% +3x-2%x-3 = 0
= X2x+3)-102x+3) =0
= 2x+3Nx-1T1 =0
= Either 2x+3 = 0 or =] = 1)
= % = —3 x = 1
.2
= %=y
, 3
Hence the solution set =<l—5, I}
a b 1 1
Q.8 ax—1+bx—1 a+b; x;ta,b
Solution:
a —
ax—1+bx—l_d+b
=5 a =0
= ax—1 °PTpx—1 27
a b(ax 1) b —al(bx I)_O
— ax—1 bx — 1 B
a—abx+b b-abx+a
=% _ + s =0
ax — | bx — 1
a+b—ab [ 1 }~O
= (a+b—a x)_ax—l-{_bx—] =
[ bx—1+ax —1
=5 (a+b_abx)_(ax—l)(bx—l)}=0
ax + bx — 2
— (a+b ahx)_(ax 1) (bx U}zf)
_ ax +bx -2
—% Either a+b—abx = 0 or

(ax — 1) (bx—1) —

0

(Lahore Board 2008)



= abx = a+b or ax+bx—-2 =90

a+b
—> . 1'-1b or x(a+b)—-2 =0

x(a+b) =2

2  a+bl

Hence the solution set = .
1_a+b’ ab |

Solve the following equations by completing the square:

Q9 x*—2x-899 = 0 (Lahore Board 2007)
Solution:

x> —2x 899 = 0
= x> —2x = 899

2 % 5
add (5) = (1)~ on both sides

x> —2x + (1)° = 899 + (1)

—%
- (x=1% =900

=  (x=D* = 30y

=  (x-1) =30

=> Either x—-1 = 30 or x—1 =-30
=5 x = 3] or = —29

X
Hence the solution set = {—29, 31}

Q.10 x*+4x-1085 = 0

Solution:
x> +4x—1085 = 0
— x° +4x = 1085

4>
add (;) = ('2')2 to both sides

=5 X"+ 4x +(2)° = 1085 + (2)°
(x +2)° = 1089

U

- x+2)% = (33)°



= X+2 = =+33
= Either x+2 = 33 or x+2 =—-33
x = 31 or x = —35
Hence the solution set = {— 35, 31}
Q.11 x*+6x-567 = 0
Solution:
X +6x — 567 = 0
=% x> +6x = 567
2
6 7 .
add [5} = (3)” to both sides
= x>+ 6x + (3 = 567 + (3)2
= (x +3)> = 567
= (x+3) = (24)°
= x+3 =124
= Either x+3 = 24 or Xx+3 =-24
= X =21 or X = =27
Hence the solution set = {—27, 21}
Q.12 x*—3x—648 = 0
Solution:
x> —3x—648 = 0
— xz— 3x = 648
Y |
add (3) to both sides
> 3Y 3Y
=3 x—3x+_2 = 648 + >
[ 3)2 = 648 4
= X-5) = +
2 _
(_ j) _ 2601
= K=g ) = 4
) ; 2
(=2) =(3)
== =gl Sl




3 _ 2l
S X-z = 2
e o 3 L
= Either X_Z_ > or X —
513
=% X =5 +5 or X =
I
=3 K=y = 7 ol .
Hence the solution set = {—24, 27}
Q.13 x*—x—1806 = 0
Solution:
x> —x— 1806 = 0
= x> —x = 1806
I 2
add (3) to both sides
2 2
xef4) - oe(d)
— X'—Xx+|5 | = Y + 2
2
1 1
== X—5] = 1806+:1
2 2
1 1225 85
= B=nt = 4 T\3
1.8
= X—z = 2
- 18
=3 “1ther x—2— 7 01 X —
_8 1 _
— X =75 +53 or X =
86
=> X =5 =43 or X =
Hence the solution set = {—42,43}

Q.14 2x*+12x—110 = 0
Solution:

B 12— 110 = 0

3 Sl
2= 72
~51 3
a3 A
— 48 |
5 = —24



U

U

U I

2 (X" +6x—-55) =0

X +6x—-55 =0

add (‘] — (3)2 to both sides

2

X"+ 6x +(3)° = 55+ (3)
(x+37 = 55+9

(x+3)° = 64

(x+3)" = (8)’

(x+3) =8

Either x+3 = 8 or x+3 =-8
£ =3 or x = —]11

Hence the solution set = {— 11, 5}

Find roots of the following equations by using quadratic formula.

Q.15 5x°—13x+6 = 0
Solution:

5x>—13x+6 = 0

Comparing with ax> +bx +¢ = 0, we have a = 5,
So using
~biafb—dac  —(— 13) £ 1374 (5) (6)
X = —
2a 2(5)
1344169120 13+£+4/49 1347
= 10 - 10 T 10
e o LAY ' _B=Y
=3 L1thel X = IO Ot X = ]0
_ 20 6
= X =7 or X =710
.. _ 3
= X = Z Ol X = S
. 3 .1
Hence the solution set = lg 2 y



Q.16 4x +7x—-1 =0
Solution:
4°+7x -1 =0

0, wehave a=4, b=7 ¢=—1

. . 2
Comparing with ax™ +bx +¢

So using
3 —b+4/b”—4ac
= 2a
21N 4@ D) TN 49416 -7 24/65
- 2(4) - 8 B 8
— 7 +4/65 —7—4/65
= Eithcrx:%[ or x:%

Hence the solution set = { 7 E\/a, 7 8\/6_5 }
Q.17 15x*+2ax—a’ = 0
Solution:

15"+ 2ax —a- = 0

Comparing with ax>+bx +¢ = O. wehive o= 15 b=24a = —g"
So using

—b +4/b” —4ac

X = f}a

—2a+ \/(2&)2 —4(15) (—a)

2 (15)
_ —Z2a +4/4a” + 60a” —2at1y/64a” _ = 2a t+ 8a
- 30 - 30 - 30
TN _—2u+8a —2a—8a
=3 Either x = —30 or —3{)
B 6 _ —10a
= k=40 o 30
_ 4
=5 X =3 or —

C T el

|
|

Hence the solution set = § —



Q.18 16x*+8x+1 =0
Solution:
16x+8x+1 =0

. . 2 .
Comparing with ax™+bx+c = 0, wehave a =16, b = 8,

So using

_ —b+[b"—4ac

X =
2a

~8+4(®)° - 4(16)(1) —8++f64—64 —8+0 ¢
2(16) = 32 =T33 T3

|
= XI—E

|

1
Hence the solution set = { = E [

Q19 x-a)x-b)+Exx-b)xx-c)+x—-¢)(x—a) =10
Solution:
(x a)(x-b)+x -bx c)+x-c)(x—a) =0

93 o) 2
= X —bx ax+ab+x cx bx+bc+x ax cx+ac =0

3x2 —2ax —2bx —2¢x+ab+bc+ac = 0

U

2 :
=% 3x"—-2(a+b+c¢c)x+ab+bc+ac =0

. : 3 :
Comparing with ax"+bx+c = 0, wehave a=3, b=—2(a+b+c), c=ab+bc+ac

So using

—bi\{bz —4ac

2(a-i—l:)+(:)i\/4(a+b-+-c)2 4 (3) (ab + bc + ac)
- 23)

2{a+b+c¢) ir'\/4 ('a2 +b° + ¢+ 2ab + 2bc + 2ac) — 12 (ab + be + ac)

6

2(a+b+c)+24/4a" +4b° + 4c” + 8ab + 8bc + 8ac — 12ab — 12be — 12ac

B 6

2 (a+b+c)+\4a +4b” +4c” —4ab — 4be — dac
= 6




2 2 2
B 2(a+b+e)x2nJa +b +¢ —ab—-bc—ac
- 6

Z . 12 o a2
a+b+ci\/a +b " +c —ab—bc—ac
3

2 7] 3
, [a+b+ci\/a‘+h“+c‘—ah—hc—ac1,
Hence the solution set = 1 3

Q20 (a+b)x*+@+2b+c)x+b+c =0
Solution:

(a+b)x2+(_a+2b+c)x+b+c =

Comparing with ax> +bx+c = 0, wehave a = a+b, b=a+2b+c, c=b+c
So using

—b+/b”—4ac

2a

_(a+2b+c)t\(@+2b+c) —4(a+b)(b+c)
= 2 (a+b)

(a+2b+c)t \/uz +4b” + ¢ + 4ab + 4bc + 2ac -~ 4ab - 4ac — 4b”  4bc

2(a+b)
—(a+2b+c)tyja +c¢” —2ac

2(a+Db)

—(a+2b+c)tnJ(a—c¢)
2(a+b)

—(a+2b+c)t(a—c)
- 2 (a+Db)
—(a+2b+c)+(a—c) —(a+2b+c¢c)—(a—c)

=  Either x = 2(@+b) I 2(a+b)

3 —a—2b—-c+a-c 3 —a—-2b—-c—a+c¢
= 2(a+b) . 2 (a+Db)
D B3¢ —Ja--2h

= 2(a+b) or = 2(Casb)

2(b+c) 2(a+h)
— 2(a+b) — 2(a+b)
b+c

= Ta+b o = =il

o
+
o

Hence the solution set = |~ } .=

o
+
=



SOLUTION OF EQUATIONS REDUCIBLE TO THE QUADRATIC EQUATION

There are certain types of equations, which do not look to be of degree 2, but they can be
reduced to the quadratic form.
Typel

The equations of the form ax™ +bx"+¢c = 0; a # 0. Put x"
equation reduced to quadratic equation in .
Type II

The equations of the form (x+a)(x+b)(x+c¢c)(x+d) = K where a+b = c+d.

Type I1I: EXPONENTIAL EQUATIONS

Equations in which variable occurs in exponent are called exponential equations. For
2 3 X +2
example 27 32777 +32 = 0.

Type IV: RECIPROCAL EQUATIONS

= y and get the given

An equation, which remains unchanged when x is replaced by s is called a reciprocal
equation. For example x' -3 +4x" -3x+1 = 0.
EXERCISE 4.2
Solve the following equations:
Q.1 x*—6x*+8 = 0.

Solution:
x*—6x"+8 = 0
Put x° = ¥  msarram (1)
Yy —6y+8 = 0
= y —4y-2y+8 = 0
=  yy-49-2¢-49=0
=  (-Hy-2=0
= Either y—4 =0 or y—2 =10
= y =4 or yo=2

When y = 2 equation (1) becomes
x>=2 = x-= i\ﬁ

when y = 4 equation (1) becomes

2

X =4 = x==%32

Hence the solution set = { i\/ﬁ, =2 }



Q.2 x°—10 = 3x. (Gujranwala Board 2007, Lahore Board 2010)

Solution:
10 =3
= K ='=10=90
= xY¥-3x'-10=0
Put x ' = T mrapaan (1)
=  y-3y-10=0
—_— y2—5y+2y—10=0
= yy—-3)+2(y-5 =0
= (y-3¢+2) =0
= Either y-5 =0 or y+2 =20
= =y or y = -2
when y = 5 equation (1) becomes
x' =5
= i = 3
= X = -
B :
when y = — 2 equation (1) becomes
X' =-2 = l=—2::>:«1=—l
X 2

!

- m———

1
* 5

B | —

Hence the solution set = 1 -

Q.3 -9 +8 =0 (Gujranwala Board 2007)
Solution:
x*-0x’+8 =0

=  x)’-9x"+8=0
Put x3=y ......... (1)
=  y-9y+8 =0

U

yz y-y+8 =10
= y(y=-8-1(-8 =0



= (y=0)ly-1 =20
= Either y- 8 = 0 or
— y =8 or
when y = 8, equation (1) becomes
x =8
= x-8=0 = &-@Q) =
= x-2 K +2x+4) =0
= Either x-2 = 0 or
= % = 2 or

when y = 1 equation (1) becomes

y—1 =0
y=id

0

2
X +2x+4 =0

=23\ -4() @)
2(1)

2+4/4-16

¥ =1 = - =1
=5 (x—l)(x2+x+l'):0
=% Either x—1 = 0 or x2+x+]:0
—1 £~ —41) (1
=5 x e ] or X = \/(9)(” D)
_1++/—3
= )
, [ 143 |
Hence the solution sct:ll,E, 5 -1+ —3J'
Q4 8x°—19x°-27 =0
Solution:
8x® 19x* 27 =0
— 8 (x)Y—19x° =27 = 0
Put x3=y ......... (1)
= 8y —19y-27 =0



=
= y(By—27)+1@8y—-27) =0
=3 By-27)(y+1) =0
=5 Either 8y—-27 =0 or
2]
= ¥ =g or
27 .
when y = g equation ( 1) becomes
3 27 3
X =y = Bx = 27 =
=  2-0Q) =0
= (2X-3)(4X +6x+9) = 0
= Either 2x—3 = 0 or
= I = 3 or
3
= X =5
when y = — 1 equation (1) becomes
D=
= X' +1 =0
= x+DE—x+1)=0
= Either x+1 =0 or
= x = —1 or
=

8y — 27y +8y—27 = 0

Hence the solution set = { ==L

8x° —27 = ()

4x2+6x+‘) =0

X

(RS RS

=2

— 6+ (6)" — 4 (4) (9)
2(4)

_ _6++36 144
= 8

6++/ 108
8

| |
[F] o))
H- [+
NS [ 56 oC | o~
| |
%) (%]

—-x+1 =0

1D -4 ()

2(1)
1+4/1-4 1+4-3
2 2




Q5 x7+8 =6x"
Solution:

/5 /5
22 4 8 = g7

2/5 1/5
X7 -6x"+8 =0

05

i g™ % = D

1/5

Put 2= =% e (1)
=  y-6y+8=0
= Yy -4y-2y+8 =0
= yly-4)-2(y-4) =0
= (y—-4(y-2)=20
=5 Either y—4 = 0 or y—2 =0
=3 y =4 or y =2

when y = 4 equation (1) becomes
X7 =4 = x=@4) = x=1024
when y = 2 equation (1) becomes
=2 =5 x=22 = x=32
Hence the solution set = {32, 1024}
Q6 x+1D)x+2)x+3)(x+4) =24
Solution:
x+D)x+2)(x+3)(x+4) = 24
As l+4 =243
= we combine
X+ DX+ [(x+2)(x+3)] = 24

X +4x +x + )] [(X" +3x +2x +6)] = 24

U

— (x> + 5x +4)] [(X° + 5% + 6)] = 24

Put x> +5x =y e, (1)



= [y+4] [y +6] = 24
= Yy +6y+4y = 24 = 24
= y2+ 10y =0
=N y(y+10) = 0
= Either y =0 or y+10 =0
=% or y = —10
Put y = 0 inequation (1)
= X +5x=0
— X(X+5) =0
= Either x = 0 or X+5 =0
— or ¥ = =3
Put y = — 10 in equation (1)
= K45k =-10
= X +5%+10=0
~5+J5Y -4 U0 -5+25-40 -5++-15
= B 2 (1) - 2 - 2
Hence the solution set = 1[ ] ,0,_5%E
Q7 x-1)x+5x+8)(x+2)—880 =0
Solution:
(xX—DX+5E+8)(x+2)—880 =0
As ~1+8 =5+2
So we combine
[(x=D(x+8)][(x+5)(x+2)]-880 =0
- (X7 + 8X —x — 8] [x* + 5% + 2x + 10] — 880 = 0
= X+ 7x-8][x"+7x + 10] - 880 = 0
Put x2+7x:y ......... (1)
= [y —8] [y + 10] - 880 = 0O
—  y'+10y—8y-80-880 = 0
=y +2y-960 = 0



y~ +32y 30y - 960 = 0

—
= y(y+32)-30(y+32) =0
— (y+32)(y—-30) =0
= Eithet y+32 =0 or y—30 =0
=5 y = —32 or y = 30
Put y = —32 and y = 30 1in equation (1)
= A +x=-3 =  x+7x =30
= X +Tx+32=0 = X" +7x-30 =0
i
— 7 +(7)" =4 (1) (32 5
= X = \/() (D 32) = X"+ 10x-3x-30 =0
2(D
—7++/49 - 128
= = 5 — X(X+10)-3(x+10) =0
—7 +4/-79 _
- :%E = x+10)(x-3) =0
— Either x+ 10 = 0 or
—> x =-10 or
—7+%-79.
Hence the solution set = |- 10,3, = |

Q8 E-5E-7x+6)(x+4)-504 =0
Solution:

(X 5)(x-7)(x+6)(x+4) 504 = 0
As —54+4 =-7+6
So we combine
= [(x—5) (x+DI[(x—7) (x+6)] 504 = 0
= [x"+4x — 5x —20] [x" +6x — Tx — 42] 504 = 0
— (x> x —20] [x —x —42] - 504 = 0

Put X" —Xx = Y o e (1)
— [y —20] [y —42] - 504 = 0
y* — 42y — 20y + 840 — 504 = 0
=  y —62y+336 =0

U



y~ — 56y — 6y +336 = 0

=
=3 yly—56)-6(y—36) =0

= (y=56)(y-6) = 0

= Either y-56 = 0 or y—6 =0

=3 y = 56 or y =6

Put y = 56 and y = 6 1n equation (1)

= x’—x = 56 =5 x—x = 6

=% x’—x—56 = 0 o= x’—x—6 =0

- X 8K+ Tx—56=10 = X -3x+2x-6 =0

=5 X(x—8)+7(x—-8) =0 =5 x(x-3)+2(x-3) =10

—% x-8)(x+7) =0 =% x-3)x+2) =0

= Either x—-8 = 0 or x+7 =0 = Either x—3 =0 or x42 =0
= x =8 or x=-7 = x=3 or x =-2

Hence the solution set = {7, — 2, 3. 8}

Q9 x-1xx-2)x-8)+5)+360 =0
Solution:
X-Dx-2)(x -8 (x+5+360 =0

So we combine
[(x=D(xX=2D)][(x=8)(x+5)] +360 =0
[X* = 2X — X + 2] [x* + 5x — 8x —40] + 360 = 0

—
- [x* = 3x + 2] [x"—3x —40] + 360 = 0
Put x*—3x = ¥ s (1)
=  [y+2][y—40]+360 = 0
=  y 40y +2y-80+360 = 0
=  y'—38y+280 = 0
—  y —28y—10y+280 = 0
=  y(y-28)-10(y-28) =0
= Either y—28 = 0 or y—10 = 0
= y = 28 or y = 10

Put y = 28 and y = 10 1in equation (1)



by 4 4 4 vl

U

% —3x% = 28 =
X" —3x—28 = 0 =
X - Tx+4x-28 = 0 =
X(x=7+4x-7) =20 =5
x-7xx+4) =0 =%
Either x—7 =0 or x+4 =0 =

x=7 o x =-4 =

Hence the solution set = {—4, —2, 5, 7}

Q.10 (x+1)(2x+3)(2x+5)(x+3) = 945
Solution:

(xX+1)2x+3)2x+5)(x+3) = 945

Here we combine

U

U

N N e VA

U

[(x + 1) (x +3)] [(2x + 3) 2x +5)] = 945
(X% 4 3x + x + 3] [4x° + 10x + 6x + 15] = 945
[X”+4x + 3] [4x” + 16x + 15] = 945

[x* +4x + 3] [4 (x* +4x) + 15] = 945

Put x> +4x =y oo (1)

ly + 3] (4y + 15] = 945

4y* + 15y + 12y + 45 = 945

4y* + 27y +45 945 = 0

4y +27y —900 = 0

4y” + 75y — 48y — 900 = 0

y (dy +75)—(@dy+75) = 0

4y +75)(y—12) = 0

Either 4y+75 =0 or ¥y—12 =0
—73
Y=g or y = 12

Put y = T and y = 12 inequation (1)

=

> - 75
X +4x:—4 =

x —3x = 10

x"—3x—10 = 0

X —5x+2x—10 = 0
X(X=5+2(x-5 =20
x-39x+2)=0

Either x—5 =0 or x+2 =0

¥=9 oF & =-—-2

(L.ahore Board 2007)

X" +4x = 12



= 4"+ 16x = — 75 — x“+4x—-12 = 0

=% 4x2+]6x+75=0 = x2+6x—2x—12=0
=)
— 16 44(16)" -4 (4) (715
— X = \/( ) . () (1) =5 X(X+6)-2(x+6) =0
2(4)
— 16 ++/— 944
=5 - — - —  FEither x+6 = 0 or x—2 = 0
— 16+ 44/ 5¢
— = 68 i = X=—=0 OoF ¥ =2
B —4i3{—59
= = 3
. | — 44459 |
Hence the solution set = 1—6,2, 5 [

Q11 (2x-7)(x*-9)(2x+5)—-91 = 0
Solution:
2x—7) (x> —9)(2x +5)-91 = 0
=  2Xx-TDx+3)(x-3)2x+5-91 =0
Here we combine
[Cx - T) (x+D][(x -3 2x+5]-91 = 0
[2x” + 6% — 7x — 21] [2x” + 5x — 6% — 15] - 91 = 0

=
- [2x* —x —21][2x"—x—15] =91 = 0
Put 2%x° —x = B e (1)
= [y—211[y—15]-91 = 0
=  y' —15y—-21y+315-91 = 0
=  y -36y+224 =0
=y -28y—8y+224 = 0
=  y(y-28)-8(y-28) =0
=% (y—28)(y—-8) =0
= Either y—28 =0 or y—8 =10
= y = 28 or y =38

Put y = 28 and y = 8 inequation (1)



— 2x"—x = 28 = 2x"—x = 8
=3 2x2—x—28=0 = 2x2—x—8=0
5 DY -4 ) 8
=% 2x —8x+7x-28 =0 =5 X = ( )\/( J () 8)
2 (2)
l =1 4
=3 2Xx(x-DH+7(x—-4) =0 = = 4+6
_ 1 £4/65
= x—4)+2x+7) =0 — = 1
=% Either x—4 = 0 or 2x+7 =0
-7
— X =4 or X =5
7 | +4/65 |
Hence the solution set = {—5,4, P > J
Q.12 (*+6x+8) (x* + 14x + 48) = 105

Solution:
(x* + 6x + 8) (x> + 14x + 48) = 105

— (X7 +4X +2X +8) (X~ + 8x + 6x + 48) = 105

—% XX+ +2x+4)]|(xx+8)+6(x+8)] = 105
= [(x+4d)(x+2)] [(x+8) (x+6)] = 105

— X+ (xX+2)(x+8)(x+6) = 105

As 2+8 =4+6

So we combine
[(Xx+2) (x+8)]|[(x+4) (x+6)] = 105
[x> + 8x + 2% + 16] [X~ + 6X + 4x +24] = 105

U

x>+ 10x + 16] [X° + 10x + 24| = 105

U

Put x> +10x =y e, (1)
[y + 16] [y +24] = 105

y* + 24y + 16y + 384 = 105

y> + 40y + 384 - 105 = 0

y> +40y +279 = 0

U 4 U 4l

y +3ly+9y+279 = 0



b Ul

U

—

_—

yy+31)+9((y+3l) =0
(y+9) (y+31) =0

Either y+9 = 0 or y+3l =0
y = — or y = =31
Put y = -9 and y = —31 inequation (1)
X+ 10x = -9 =N x>+ 10x = — 31
X+ 10x+9 = 0 —  xX*+10x+31 = 0
10 £4/(10)° 4 (1) 31)
= = 2(1)
5 — 10 £4/100—- 124
X"+9x+x+9 =0 —_ = >
| — 10+ 24
X(X+D+1(x+9 =0 = = 3
—10+£24-6
(xX+Dx+9) =0 =5 = 2
Either x+1 =0 or x+9 =0 =% = —F+—H
Xx=-=1 or x =-9

Hence the solutionset = { —1,-9,—5 J_r\/——ﬁ ]

Q.13 (x*+6x—=27) (x*=2x-35) = 385
Solution:

J

U 4l

(x% +6x —27) (x> —2x — 35) = 385

(x> +9x — 3x = 27) (x> — 7x + 5x — 35) = 385
X(x+9) -3 X+ [x (x—=T)+5(x-7)] = 385
[(x+9) (x=3)] [(x=7) (x+5)] = 385

(x+9)(x 3)(x 7)(x+5) = 385

As 9-7=5-3

So we combine

U

[(x+9) (x -] [(x+5)(x—3)] = 385
[x2—7x+9x—63j [x2—3x+5x—15j = ‘&85
x>+ 2x — 63] [x + 2x — 15] = 385



Put x2+2x:y ......... (1)

=  |y—63][y—15] = 385

=y —15y—63y+945 = 385

= Y —78y+945-385 = 0

= Y —78y+560 = 0

=  y' —70y—8y+560 = 0

=  y(y-70)-8(y—70) = 0

=> (y=700(y—-8) =0

= Either y—70 = 0 or y-8 =0
=3 y = 70 or y =8

Put y = 70 and y = 8 in equation (1)

= x> +2x = 70 - 242x =8

- x> 4+2x—70 = 0 - A28 = 0
2+4/(2) —4 (1) (- 70 ,

=> X = \/( )_jm( ( ) — X +4x—2x—=8 = 1)
— 2 +/4 + 280 _

= = 5 =5 xX(x+4)-2(x+4) =0
—2 41284

= = 5 = x+4(x-2)=0
—2&x2« :

— = 5 = Either x+4 =0 or x—2 =0

= = —]1+471 = x=-—4 or x =2

Hence the solution set = { —4,2, -1 /71 }

Q.14 42%*1_-92*+1 =0 (Gujranwala Board 2005)
Solution:

4227 _92%41 =0

42 2-92+1 =0

8(2°)-9.2"+1 =0

Pt B &% 0 e (1)
— 8y —9y+1 =0



u v 4l

U

8y2—8y—y+l = {)
By(y-D-1(y-1)=0

(y-1D@®y-1 =20

Either y-1 =0 or 8y—1=20

y =1 or y =3

1
Put y =1 and y = g in equation (1)

|

- . :
X =1 =3 2—8
2)&_2() =% 2.x__]_r
% = 3
x = 0 = GF e B
=5 X =-3

Hence the solution set = {3, 0}

Q.15 2°+27¥"°_20 =0
Solution:

LU Ul

2x+_2 x+(&_20 =
(&

2*+2*.2°-20=0
2'+64x 7-20 =0
Put 2" =y s (1)
—3 —1
27 = y
y+64y ' —20 =0
64
y+—=20=0
y

-

Multiplying by ‘y
y* +64-20y = 20

y> 20y +64 = 0

Y 16y — 4y +64 = 0
y(y 16) 4(y 16) =0
(y—16)(y—-4) =0



U

Either y—-16 = 0 or y—4 =20

y = 16 or y =4
Put y = 16 and y = 4 inequation (1)
2" =16 =,
2* = 2 =
X = 4 =

Hence the solution set = {2, 4}

Q.16 4°-32""7+128 = 0
Solution:

U

U

R T

U

J

4% 395 5128 =D
(2**-32°.2°+128 = 0
2-242"+128 = 0

Put 2 =y (1)
y'—24y + 128 = 0

y*— 16y —8y + 128 = 0
y(y—16)-8(y—16) = 0
(y—-16)(y—-8) =0

Either y—6 = 0 or y—8 =0

y = 16 or y =8
Put y = 16 and y = 8 inequation (1)
2 =B =
2 = 2 =
x =4 =

Hence the solution set = {3, 4)

Q.17 3 '-12.3%+81 =0
Solution:

321 _ 153481 = O
A _12.F 81 =0

%2,\
%2)(
‘T— 123" +81 =0

2 =4
2=
X = 2
2 =8
X =2
k=3

-2



Multiplying by *3°
3% _36.3"+243 = 0

—
= (397-36.3"+243 = 0
Put 3=y ... (1)
= Yy —36y+243 = 0
=  y-27y-9y+243 = 0
= y(y—20-9(y-27) =9
=  (y-21)—(y-9) = 0
—% Either y-27 =0 or y-9=90
= y = 27 or y=19
Put y = 27 and y = 9 in equation (1)
= =27 — 3 =9
= =5 — & = §
= . =,

Hence the solution set = {2, 3}

Q.18 (x+i)2—3(x+i)—4 =0

Solution:
Ry !
X+- | —3| x+7]-4=0
X X
P LR |
ut X+T =Y (1)
y' - 3y-4=0
— }!2—4y+y—4 = D
= vy 4H+1(y 4) =0
= y—-dH+1y-4H =0 = (y-dHy+DH =0
= Either y—4 =0 or y+1 =0
— y =4 or y =—1
Put y = 4 and y = — | inequation (1)
1 1
—

Xx+7 =+4 = x+- = -1
X X



1 I
— x+7-4=20 — x+7+1 =0
X X
= X+ 1-4x =0 = x>+ 1+x =0
— > —4x+1 =0 — >+x+1 =0
A -4 (D) () 1) -4 (D)
= R = 2D — X = 2 (D
4+£+16 -4 — [ E5]—4
= X = 7 — W = 5
44412 =13
= X = 5 = % = 5
_4£243
— X = 3
— x:2i\f§
—1+4/-3 |
Hence the solution set = 1 2+4[3, 5 ?‘

2 1 1
Q.19 x +x—4+x+xz =0

Solution:

11
X>+x—4+-+=7 =0
X X

[x2+—]z)+(x+l)—4 =0
X X

I
Put x+;:y ......... (1)

I 2
Then (}H-x) = ¥

X
> 2
= X +°8 =¥y —2
X
— given equation becomes

= Y -2+y-4=0



A A

U

y2+y—6 = 1}

v +3y—2y—6 = 0

¥ (¥+3)-2(y+3) = 0

(y+3)(y—-2) =0

Either y+3 =0 or
y =-—3 or

Put y = —3 and y = 2 inequation (1)

X+, =-3

Multiplying by *x’
X+ 1 = - 3x

x2+3x+l = {)

3437 4() (1)

2(1)

Hence the solution set =

Q.20 (x—:—()2+3(x+ij =

Solution:

or

or

—

X+—- = 2
X

Multiplying by “x’
x“+1 = 2x

2 9] =0

x-1)7 =0
x—1 =0
¥ =1



then

U

L 44 U 44

U

U

21_22
X+ 3=y -

Above equation (A) becomes
Yy —243y—2 =10

y +3y—4 =0

y2+4y y-4 =10
y(y+4)—-1(y+4) =0
(y+dH@y-0D =0

Either y+4 =0 or

y = —4 or ¥ =

Put y = —4 and y =

|
X+ =—-4

X
X +1 =—4x
CHdx+1 =0

4:4@ 4 Q)
2 (1)

_ —4++[16 -4
k= 2
_4 412
A= )
—4+243
K= 2

% = —Zi\ﬁ

Hence the solution set = { — 2 \E) g

| in equation (1)

=

—

|

Xd=— = ]
X

x2+l=x

i —4] = D
1N 4
= 2(1)
C1xT-4

R = 2

| #a]—3

2



Q.21 2x'—-x*+x"-3x+2 =0
Solution:

Then

U 4 U Ul U

U

3x4 X +x -3x+2 =0

. 2
Dividing each by x~

2

a3 X 3x 2 0
O R N - [ £ S
X X X X X
i
e (=T =
X X
5> 2 :
2X"+—7-3x———-1 =10
X %
22—[]3( 1)1—0 A
x+Xz— x+2 0 )=1=0 .. (A)
Put x 2= I
ut x+- =y (1)
(] -5
xt o] =¥
> 2 >
X +3+2 =y = X +"7 =¥
X X
Above equation (A) becomes
2(y*-2)-3y—1=0
2y' 3y 5=0
2y2—5y+2y—5=0
v{2y—3)+1(2y—3) =0
2y -5 y+1) =20
Either 2y—-5 = 0 or y+1 =0
3
Y=5% or y = —1
d : :
Put y:Eund y = — 1 inequation (1)
I 3 |
X+, =5 = E+T = =1
X 2 %
2, 1 S 2, 1
X"+ 1 =5x =% X+ 1 =



= 2x°+2 = 5x =% X +x+1 =0

= 2x"—5x+2 = 0 5 %= —":\/(_;)j]—)él(l)(l)
=  2xX—4x-x+2=0 - x="t21—4

= 2&X(x-2)-1(x-2)=0 = X:—liz 3

= (2x-1(x-2) =0

= Either 2x -1 = 0 or x—2 =10
1 .
= X =5 o1 X =
Hence the soluti . _{l B =1t _3]‘
ence the solution set = 5 5 {

Q.22 2x*+3x - 4x*-3x+2 =0
Solution:
2t 43 4P —3x+2 = 0

Dividing by x°

%' 3 4x 3x 2 0
= T4 T - T - I¥FZT=3
X X X X" x X
2 3 2
= 2X +3x—-4——+—==(
X X
5y 2 3
= 2X"+2+3%x-_-4=0
X X
| |
— 2 X+ (43| x—"]-4=0 ... (A)
X X
P L |
utx—=2=y (1)
Ly > | > » 1 )
Then > S = R+ I-2=y =F X+ ZT=¥% +2
X X X
=5 Above equation (A) becomes

2(y"+2)+3y—4 = 0
—1 2y3+4+3y—4:0



= 2y 43y =0

= yRy+3) =0
=3 Either y = 0 or 2y+3 =20
3
= or ¥ =5
8 ‘
Put y = 0 and y = =5 inequation (1)
I
= X—="" = ) =i
X
:
=5 x"—1 =90 =
= x+Dx-1) =0 =X
= Either x+1 =0 or x—1 =0 =%
=5 X =—1 O & = ] =
—
—
=
=2y
- I 1]
Hence the solution set = 1 -2, —1, 3> [
Q.23 6x'—-35x" +62x* —35x +6 = 0
Solution:
6x'  35x +62x° 35x+6 = 0
Dividing by x>
6! 35x° 62x° 35x 6 0
—= 2o 7+ 7 =T 3 +TT="7
X X X X X X
- 35 6
= 6x"—35x+62——+—73 =0
X X
6 35

= 6x° +—3-35%x - —+62 = 0
X X

1 -
AT T2
> l_—_3
&= = ZX
2x* -2 = —3x

2x*+3x—2 =0

2 +4x x 2=0

2X (x+2)—-1(x+2) =0
x+2)(2x—-1) =0

Either x+2 =0 or 2x—1 =0

s
Il
|
)
C.
ot
Il
PO | —



Then

U

R O

U

Y

gy 4§ 4 4 Ul

J

Above equation (A) becomes
6(y>—2)-35y+62 = 0
6y — 1235y +62 = 0

6y" — 35y +50 = 0
6y> — 20y — 15y +50 = 0

2y 3y —10)—53y—-10) = 0
By—-10)(2y—-5) =0

Either 3y —-10 =0 or

10
y="Tg or y =
R —m"l = 5 inequation (1
ut y = 3 and y =5 1n equation (1)
1_10
X+X_3
2 ]_w
X“+1 =73X
3x°+3 = 10x

3" 10x+3 =0

3" - 0x—x+3 =0
IXx=3H-1(x-3) =0
x-3)Bx-1)=0

Either x—3 =0 or 3x—1 =10

l
= 3 0|><=3

11
Hence the solution set = { 253 . 5 "3

.........

U

U

O R

J

2%x° —dx—x+2 = 0
2X(x-2)—-1(x—-2) =0
(x—-2)2x—-1) =0

Either x—2 =0 or 2x—-1 =0



6 1

4 2 _
Q.24 x" —-6x +10_x A = 0
Solution:
5 ]
xt—6x7+ 10 %+—4:0
X X
4 » 6
— x4+—.-r,—6x”—7+10=0
X X
4 | 5> 1 _
= x-{-;{ —6 x+;j +10=0  ......... (A)
Put x2+—lﬁ— / (1)
X Y '

2. LY 3 4, 1 . 4 )
Then (x +;z] = ¥ = x+;1+2=y > X+ 3=y -2

— above equation (A) becomes

y' —2-6y+10 = 0

y -6y +8 = 0

y' 4y -2y+8 =0

viv—-4)-2(y-4) =0

¥4 ¥-2) =0

Either y—4 = 0 or y—2 =10

U R I Ve

y = 4 or y =2
Put y = 4 and y = 2 inequation (1)

] 5> ]
— X + g =4 =% X w7 = 2
X X
=% "4 1 = 4x° = '+ 1 = 2%
= V4’41 =0 =N 2Pl =0
> AENED -4 M) —
—4 X~ = 2(1) = (X —l) =(
, 44164 ;
= Gl 5 =% X ] =0
5 4+4f12
= X = 5 = x+D(x=-1) =0



6 1

4 2 _
Q.24 x" —-6x +10_x A = 0
Solution:
5 ]
xt—6x7+ 10 %+—4:0
X X
4 » 6
— x4+—.-r,—6x”—7+10=0
X X
4 | 5> 1 _
= x-{-;{ —6 x+;j +10=0  ......... (A)
Put x2+—lﬁ— / (1)
X Y '

2. LY 3 4, 1 . 4 )
Then (x +;z] = ¥ = x+;1+2=y > X+ 3=y -2

— above equation (A) becomes

y' —2-6y+10 = 0

y -6y +8 = 0

y' 4y -2y+8 =0

viv—-4)-2(y-4) =0

¥4 ¥-2) =0

Either y—4 = 0 or y—2 =10

U R I Ve

y = 4 or y =2
Put y = 4 and y = 2 inequation (1)

] 5> ]
— X + g =4 =% X w7 = 2
X X
=% "4 1 = 4x° = '+ 1 = 2%
= V4’41 =0 =N 2Pl =0
> AENED -4 M) —
—4 X~ = 2(1) = (X —l) =(
, 44164 ;
= Gl 5 =% X ] =0
5 4+4f12
= X = 5 = x+D(x=-1) =0



5 44+ 24/3 _ _ _
— X = 5 =5 Either x+1 =0 or x—-1 =0
= x2=2fc\f§ =3 x=-1 or x =1
= X =ir\f21r\/§

Hence the solution set = { —1,1,£42£4/3 }
TYPE V: RADICAL EQUATIONS

Equations involving radical expressions of the variable are called radical equations. To
solve a radical equation, we first obtain an equation free from radicals. Every solution of radical
equation is also a solution of the radical free equation but the new equation have solutions that are
not solutions of the original radical equation. Such extra solutions are called extraneous roots.

There are [our types of radical equations.

(1) The equations of the form: / (ax” +bx) + m \/m = )
(i1) The equations of the form: \/x + a+/x +b = \/ﬁ
(iti)  The equations of the form: \/ax?' +bxX+c+ \/px2 +qx+r1 = \/ng +mx +n
(iv) The equations of the form: \/axz +bx+c+ \fpxz +gX+r1r = mx+n
EXERCISE 4.3
Solve the following equation:
Q.1 37 +2x—-\3x*+2x—1 =3
Solution:
342 -A3C+2x—1=3 . (1)
Put m =¥ e (2)
=3 3T +2x -1 = '
= 3T 42x = y2 + 1
—> equation (1) becomes

U U Uy

y2+]—y = 3
y—y+1-3=0
' —y—2 =0
y2—2y+y—2 = ()

yy—2)+1(y-2) 0



= y—2)(y+1) =40

= Either y—-2 =0 or y+1 =20
= ¥ = 2 or y =-—1
Put y = 2 and y = —1 inequation (2)
= V3X“+2x—1 =2 = ‘\/3x*+2x -] = =1
=  3x+2x-1=4 = I +2x—1 = 1
=  3x+2x-1-4=0 =  3x+2x—-1-1=0
- 3x*+2x-5=0 = I +2x—-2 = 0
) _2+4/(2)°—4(3) (=2
= 3X"+5x—-3x-5=0 = = \/(,_)7(-3)()( )
24424
=3 X3x+5-13x+5) =0 =% X = 6
—2++/28
= Bx+5)x—-1)=0 = % =2 =
) D+ XRJT
=5 Either 3x4+5 =0 or x—1 =0 = X = 6
-3 — 1 £4J7
= X =3~ or x = 1 b= x:%
o 5 =147
= X5k —%» 3
Checking:
Put x = 1 inequation (1)
3 +2() -3y +2(1)—1 =3
3+2-3+2-1=3
3 =3

= L.H.S. = RH.S.

J
Pat x = -3 in equation (1)

() (AT (D -

[U'S]
(U'8]



= L.H.S. = R.H.AS.

—1+}[7

Put ¥ = 3 in equation (1)
I 34fTY _-lsfF 1447 (=147
3 3 +2 3 - 3 3 + 2 3 -~ =3
=5 1 3

= L.H.S. # R.H.S.

—1-4f7

Put x = 3 in equation (1)

3 3

(58] () A ST () -

1 # 3
= L.H.S. # RH.S.

— 14

On checking, we find that 3

~]

are extraneous roots.

Hence the solution set = 1 l, 3 }

X
Q2 x'-5-7 ==x-3v2x-3x+2
Solution:

xg—‘}zi—"/’ = = x—3'\}2x”—3x+2

2x"—x— 14 5
= 5 = x-3Yy2X"-3x+2

12

= P 1% = Te—B A — T 4D
— ox2 —x—14-2x+62x° —3x+2 =0
- x> —3x—14+62%x°=3x+2=0  irii. (1)

Put \l2x2 -3x4+2=y e (2)

Bl 2
Then 2x"—-3x+2 =y~

2x* —3x = y2—2



Equation (1) becomes
y'-2-14+6y = 0
y +6y 16 = 0

=
- Y +8y-2y-16 =0
= y(y+8)—-2(y+8) =0
= (y+3)(y-2) =90
= Either y+8 = 0 or y—2 =10
=3 y = —8 or y =2
Put y = —8 and y = 2 inequation (2)
= 2x —3x+2 = -8 =
= X' —3+2 = 64 =
=  2x*—3x+2-64 = 0 =
= 2 —3x+—62 =0 =
3+4/(=3)" -4 (2) (- 62)
= X = 2 2) =5
= X = %iW —
3 +4/505
= % = 4 =5
=
=
I 3 +4/505
X = —5,2, A
Checking:
Put x = —% in L.H.S. of equation (1)

AJ2X"-3x+2 = 2

2% — 3k +2 =0
2%x*—3x+2—-4 = 0

2%x*—3x+2—-4 = 0

x> —4dx+x-2 =0

2x(x-2)+1x-2) =0

(x=2)2x+1) =20

Either x—2 =0 or 2x+1 =0

1D | =

¥ = 2 Of % =

2(-4) -a(3) o2

J-2(-3)-

| 9 _ | 3
= 2(4)+2—14+6\/2(4)+2+2 = () = R.H.S.



Put x = 2 m L.H.S. of equation (1)

22327 1446422 3(2)+2 =0 = RHS.

3+4/505 . ; ;
Put x = 4 in L.H.S. of equation (1)
2 2
3 +4/505 3 505 3 505 3 505
2[£] —3[£]—14+6 2( * )—3( > j+2¢0
, 4 4 4 4
= L:H:S. # R.H.S,
3 —4/505 ;
Put x = A in L.H.S. of equation (1)
3-4/505) [ 3-4/505 3-4505 ) [ 3-1/50:
o J 3B gpen 220 ) (30,
4 4 _ 4 4
= LHS. 2 RHS.
: 5 3 ++/505
On checking, we find that A are extraneous roots.

|
Hence the solution set = { — 4 2 }

Q3 \2x+8+\x+5=7

Solution:
V2X+844x+5=7 ... (1)
Squaring on both sides

(V2x+8+4x+3) = (7

(\V2x+8 ) +(\x+5) +2(\/2x+8) (\fx+5) = 49

2X 4+ 8+ Xx+5+242x+8(x+5)) = 49

3+ 13+ 24/2%" + 10x + 8x + 40 = 49
24/2x" + 18x + 40 = 49 —3x — 13
2/2x" + 18x +40 = 36— 3x
—24/2x" + 18x + 40 = 3x - 36
Squaring again

(227 + 18x+40)" = (3x—36)*
4 (2x” + 18x +40) = 9x* + 1296  216x
8x” +72x + 160 = 9x” + 1296 — 216x

b U 4 4 U U

U

U



9x2+ 1296—2]6){—8){2—72)(— 160 = 0

—>

= X —288x+ 1136 = 0

= X —284x—4x+ 1136 = 0

=% X(x—284)—-4(x—284) = 0

= (x—-284)(x—-4) =0

=5 Either x—-284 =0 or x—4 =10

= x = 284 or x = 4

Checking:
Put x = 284 in L.H.S. of equation (1)
\2(284) + 8 +1/284 +5 = 41 # RH.S.
Put x = 4 in L.H.S. of equation (1)
V2(@)+8++/4+5 =7 = RHS.

= x = 284 is an extraneous root.

Hence the solution set = {4}

Q4 3x+4 =2+\2x—-4

Solution:
\3x+4 = 24+4/2x—4
\3x—4-y2x-4 =2 ... (1)

Squaring both sides
(Vxrd-Zx=4) = 27
( 3x+4)2+('\/2x 4)2-—2\j3x +42x -4 = 4

—
= 3x+4+2x - 4-2Bx+4 (2x 4) = 4
= 5x—24/6x — 12x +8x— 16 = 4
=  5x—4 = N\J6x —4x—16

Squaring again
—  25x"+ 16—40x = 4 (6x>—4x— 16)
=3 25x” + 16 —40x = 24x”— 16x — 64
= 25x°+16—40x —24x* + 16x + 64 = 0
=  x*—24x+80 = 0



x"—20x—4x + 80 = 0
Xx(x—20)—-4(x—-20) = 0
Either x—20 = 0 or x—4 =
x = 20 or x =4
Put x = 20 in L.H.S. of equation (1)
\3(20) +4 -2 (20)-4 = 2 = RHS.
Put x = 4 in L.H.S. of equation (1)
\V3@4)+4-+2(@4)-4 =2 = RHS.

None of them is extraneous root.

u v 4l

Hence the solution set = {4, 20}

Q.5 x+7+ \fx +2 =/6x+13 (Gujranwala Board 2006)
Solution:
Yx+T+4x+2 = y6x+13 ... (1)

Squaring on both sides

(Nx+7) +(Vx+2) +24x+7fx+2 = (Jox+13)

XETHx+242VE+D(x+2) = 6x+13

2x+9+2\/x2+2x+7x+14 = 6x+ 13

2NX"+ 9%+ 14 = 6x+13-2x-9

2AX"+9x+ 14 = 4x+4

2xX '+ 9%+ 14 = 2(2x+2)

X +09x+ 14 = 2x + 2

R N T Y

Squaring again

x> +9x+ 14 = (2x +2)°

ta

X2+ 9x + 14 = 4x7 +4 + 8x
42 +4+8x—x"—9x—14 = 0
Ix*—x—10 =10

3x°—6x +5x— 10 = 0
IXK(X—=2)+3(x-=2) =0

D

(Xx—-2)+3x+3) =0



= Either x—2 = 0 or Ix+5 =0

=23
= % = 2 or X = 3
-5
= X =2 and X = &7
3
Checking:

Put x = 2 inequation (1)

V@) +T74+42+2 =4/6(2) + 13
5=135

= L.H.S. = R.H.S.

Put x = T in equation (1)

3
= X = —E IS an extraneous root.

Hence the solution set = {2}
Q6 X +x+1-\x'+x-1=1

Solution:

\/x2+x+l—\/x2+x—lzl ......... (1)

Let \yx +x+1 =a and \(x +x—1 =b
i 42 2 2 2 2

Now a b = x"+x+1) (x+x 1)=x"+x+1 X" x+1
=B =2 e 2)

The given equation can be written as
a-b=1 s (3)

Dividing equation (2) by equation (3)

az—bz B 2

a—-b 1




(a+b)a—-b) 5
(a—b) -

i B T (4)
adding (3) and (4)

U
[
Il
d
U
o
Il
b |

>.CI
+

S

+

[
b | o

5 9
=% X +Xx+ 1 =5
=% 4> +4x+4 = 9
= 4x* +4x +4-9 = 0
= 47 +4x-5=0

4++(4)7 44)(5)

- 24
_ —4+:J16+80 -4++/96 -4+4+J6 —1£+/6
- 8 B 8 B 8 - 2
Checking
—1 £4J6 : :
Put x = = in L.H.S. of equation (1)
2 2
1 +4/6 ) | +4/6 -1 +4/6 ) | +4/6
- \/[fﬁ] +(%]+1—V[4) +%—1 =1 = RHS.
=1=%40 . _r :
Put % = 5 in L.H.S. of equation (1)

—

2 2

e )

= '\/(ﬂszr[ﬂ]JrI—\/(ﬂjz+#&—]_ l = R.H.S.

1 +4/6 )
Hence the solution set = {425 {
Q7 X +2x-3+\x"+7x—-8 = \/5(x’+3x-4)
Solution:
VX 42X =34+ +Tx—8 = \/5 (X" +3x—4) oo (1)

= \/x2+3x—x—3+\/x2+8x—x—8=\f5(x2+4x—x—4)



= VEGE+) -1 E@E+D+VxEx+8) -1 (x+8) =5 x+4) (x-1)
= VE+D X-D+yE+8)(x—1) =\5x+4) (x-1)
= VE+3) x= D+ +8) x—1)—\5x+4d)x-1) =0
- V=D [Vx+3+Vyx+8—5x+4] =0
=% Either y/x —1 = 0 or VX+3+4x+8-45(x+4) =0
= x—-1=0 or \fx+3+\[x+8=m
= % = ] or Squaring on both sides
—5 X+3+x+8+2x+3x+8 = 5(x+4)
= 2x+11+24x" +8x +3x+24 = 5x +20
= 2\/x2+llx+24=5x+20—2x—l]
= 2\/x2+11x+24:3x+9
Squaring again
= (2 C+11x+24) = (3x+ 97
= 4(x2+llx+24)=9x2+81+54x
= 4x7+44x +96 = 9x° + 81 + 54x
= 9X"+81+54x —4x" —44x - 96 = 0
= 5 +10x—15=0
= 5(x2+2x—3)=(}
= x*+2%x—3 = 0
= x“+3x—x-3 =0
= X(x+3)-1x+3) =0
—% (x+3)(x—1) =0
— Either x+3 =0 or x—1 =0
= X =-—3 or x =1
Checking:
Put x = 1 inequation (1)

VIO +2() -3+ +7(1)-8 = \]5 (D?+3(1)-4)
0+0 =0



= L.H.S5. = R.H.S.

Put x = —3 inequation (1)

NC37+203) -3+ +7(3)-8 =5 (37 +3(3)-4)
0++/-20 = /-20

= L.H.S. = R.H.S.

Hence the solution set = {1.— 3}

Q.8 \2xX"—5x—3+32x+1 = /2x% + 25x + 12

Solution:

25 5% 3432k + 1 =2 +25x+ 12 e

= A2X —6x+Xx—3+32x+ 1 = /2x" + 24k + x + 12
— V2Xx(x -3+ 1 (x—3)+32x+1 = \2x (x+ 12) + 1 (x + 12)
= AJ@x+ D) (x=3)+32x+1 = 2x+ ) (x+12)
= AJ@x+D)(x D+3Y2x+ 1 ACx+ D) (x+12) =
= af2n+1 [x-3+3x+12] =0
Either \2x+1 = 0 or Jx—3+3-/x+12 =0
= 2x+1 =0 \frfi+3 =m
— 2% = % Squaring on both sides
R—a+ 9+ 64x—3 = x+12
6yx—-3 =x+12-x+3-9
6x-3 =6
x-3 =
Squaring again
x—3 =1
x =4
I
= x:—§,4
Checking:
Put x = % in equation (1)

[

\J2(2) =s()-sanfa(R)e 1 = 2(-4) -

O+() = ')



=  L.H.5. = R.HS.
Put x = 4 inequation (1)
V2@ —5@)-3+3\2@)+1 =24 +25@) + 12
3+49 = 12
—  L.HS. = RHS.
Hence the solution set = {—% 4}
Q.9 3x"—5x+2+6x —1Ix+5 = \/5x - 9x + 4 (Lahore Board 2003)
Solution:
B —5x #2465 — 11X +5 = /5 —9x+4 ... (1)
= A3 —3x—2x+2+6x —6x—5x+5 = \[5x" —5x—4x + 4
= WAk (x— D)= 2 (x~ 1) +f6x (x = 1) =5 (x—1) = yIcx=1)—4 (x—1)
=5 VE—1) Bx—-2)+3(x—1) (6x—9) = y/(x— 1) (5% —4)
=  AJx DBx )+Jyx DGx 5 (x DGx 4 =0
= x—1[§3x=2++6x-5—-/5x—4 ] = 0
= Either 1/3x—2+1/6x—5—-4/5x—4 = 0 or \/ﬁ = {
= \3x —2 +1J6x —5 = 4/5x —4 or x—1 =10
01 % = ]
Squaring on both sides
3x—24+ 6% -5 +243x—2465 -3 = Ix —4
= 9x —7 +24/(3x —2) (6x—3) = 5x—4
= 24/18x 15x 12x+10 = 5x 4 9x+7
= 24/I18x"—27x+ 10 = —4x +3
= —24/18x"—27x + 10 = 4x -3

by U 4l

Squaring again

4(18x7 —27x + 10) = 16x° +9 — 24x
72x7 — 108x + 40 = 16X~ +9 — 24x
72x> - 108x + 40 — 16x> 9 +24x = 0
56x°—84x +31 = 0



4+ 84+1/(- 84— 4(56) 31)

2 (56)
84 + /7056 — 6944 84 ++[112
— —; =
112 115

841447 2147

= =" 112 T 28
I bxfF

=% x = 1. 73

Checking:
Put x = | inequation (1)
A3 =5 +2+6 (D) =11 (1)+5 =~/5(1)"=9(1) +4
0+0 =20

= LH.S. = RH.S.

Put x = 78 In equation (1)
3(2” 7]2 (21+ 7) ] (21+ 7}2 (21+ 7]
2 T =3 23 + &%+ 6 73 —11 73 +5
7
21 +7 21 ++J7
:\/5( 28 )9( 23 )*“4

\J—0.083 +4=0.010 # /- 0.035
= L.H.S. # RHS.

21 -7

73 in equation (1)
) 2 :
21 —+J7 21 —NT {21 =7 21—3{7)
\/3( 3 )—5( 73 )+2+\/6( 3 )—ll 3 +5
31— o 21—l
:\/5( 23 ]_9[ 28 j+4

Put x =

L.HS. # RH.S.
21 EA57
=" X = T 5g  areextraneous roots .

Hence the solution set = {1}



Q.10 (x+4)(x+1) = \/x"+2x—15+3x + 31

Solution:

x+4)(x+1) = yx +2x—15+3x+ 31
= X4 x+4x+4 = x> +2x 15+ 3x+31
= X +S5x+4-\x +2x—15-3x-31 = 0

- C42x—2T A +2x—15=0 e (1)
Put VX" +2x=-15=y L (2)

Then x> +2x—15 = y2

x> +2x = y2+15
Equation (1) becomes

%

y +15-27-y =0

2
=5 y —-y-12 =10
= y2—4y+3y—]2 =0
=2 yir=al+3 =4 =0

= (y=4)(y+3) =20

== Either y -4 =0 or yv+3 =0

= y =4 or y =—3
Put y = 4 and y = —3 in equation (2)

x> +2x—15 = 4 X +2x—15 = -3
=  x+2x-15=16 =  x+2x-15=9
= X +2x-15-16=0 = X +2x-15-9 =0

= x> +2x—31 = 0 = X +2x—24 = 0




— 2+ - 5 2
=% X = \/(' ')2 AL at) =% X"4+6x—4x—-24 = ()
(1)
-2 4+ 24 .
- > = X(x+6)—4(x+6) =0
2 +4f128
= 2 =% (x+6)(x 4) =0
-2+ 842 .
= 5 =% Either x+6 =0 or x—-4 =0
:—li4\/§ =5 XxX=—-6 or x =4

X = 6,4, 1+4+2
Checking:
Put x = —6 in L.H.S. of equation (1)

(6 +2(-6) 27 N6 +2(6)-15-6 %0
-  LHS. # RHS.
Put x = 4 in L.H.S. of equation (1)

@ +2#-27 -\ +2(#—-15-6 % 0
= L.H.S. # R.H.S.
Put x = -1+ 4\/5 in L.H.S. of equation (1)

(—1+4\/§)2+2(—1+4\/§)—27—\/(—1+4\/§,)2+2(—1+4\/§)—15 = (0 = RHS.

= L.HS. = RH.S.

Put x = —1 —4\& in L.H.S. of equation (1)

(-1 4\/72)3+2( I —4+2) 27 \f( | 4\/?:)3+2( | -4+/2) - 15 = 0 = RH.S,

=> L.H.S. = R.H.S.

=" X = —6, and x = 4 are extrancous roots.

Hence the solution set = {1 +4 \/,_2}

Q.11 /3x* —2x+9++/3x*-2x—4 = 13
Solution:
V3 - 2x+943x" - 2x -4 = 13 .. (1)

Let \/3:{2 2x+9 = a and 3x2 2x—-4 =Db




Now

a"—b" = B3x —2x+9)—(3x —2x —4)
— 3x2—2x+9—3xz+2x+4

i —b = 13

Equation (1) can be written as

g4 4 4 484y

—

a+b =13
Dividing (2) by (3)

a” —b’ _E
a+b 13

(a+b)(a—Db)
a+b

a—b =1
Adding (3) and (4)
dAa=14 = =7
3" -2x+9 =7
3" - 2x+9 = 49
3x°—2x+9-49 = 0
3x2—2x —40 = 0
37— 12x + 10x —40 = 0
3x (x—4) + 10 (x—4) = 0
(x—4) 3x+10) = 0

x—4 =0 or 3x+10 = 0

_4 _ =
X = Qr X—3

Either

Checking:

Put x = 4 in L.H.S. of equation (1)

V3@ 2@ +9+\3 @) -24) -4

=7+6 =13 = RHS. = LHS. = RHS.

10
Pt »x = -3 in L.H.S. of equation (1)

\(2) 2 2) w0 3(-2) o

10

3

j—rﬁ]- = 7+6 = |3 = RHS



= L.H.S. = R.H.S.

10
Hence the solution set = { 4, — T}

Q.12 \5x*+7x+2-4x" +7x+18 = x—4
Solution:
A5 +7x +2-\/4x" +Tx + 18 = x —4

Let \5x"+7x+2 = a and \J4x +7x+18 = b

Then a’—b" = (5x°+7x +2)— (4x* + Tx + 18)
= 5x>+Tx+2—4x°—Tx— 18
b =x-16 (2)
Equation (1) can be written as
a-b=x-4
Divide (2) by (3)

.':lz—b2 B xz—l()
a—b = x-—-4

(a—b)(a+b) (x+4)(x-4)
(a—b) - (x —4)

e T (4)
Adding (3) and (4)

24 = 2%

a = X

SxA4+Tx+2 = x°
5x°—x"+7x+2 = 0

42 +7x+2 =0

by L U U

ST -4 @
2(4)

—74J49-32  —744[17
- 8 -8

_=T4af17  =T=A7
= B 8

U
|

— X

(Gujranwala Board 2003)



Checking:

—'7+3[l7_ .
Piit & = 3 in equation (1)
s(_” 17)2 7(—7+ 17) ) 4(—7+ 17)2 7(—7+ 17] o
—7+3[17
- 2 —4

\5 (- 0.3596)" + 7 (— 0.3596) + 2 — /4 (— 0.3596)" + 7 (— 0.359) + 18 = —0.3596 — 4
= —4.3596

\- 1.8706 +2 —- 1.8706 + 18 = —4.3596
0.3597 -4.0161 = —4.3596
~3.6564 = —4.3596

17

Pat, &= 2 in equation (i)

a7y o sfiT 7 AfTTY 7 17 —7=+[17
\/5[ 3 ]”( 8 j”‘\/“*( 3 )”( 3 )*18: g 4

\[5(=1.39)* + 7(~1.39) + 2 —\J4(-1.39)* + 7(~1.39) + 18 = —1.39 -4

\5(1.93) —9.73 + 2 —/4(1.93) - 9.73 + 18 = —5.39

V19241599 = -5.39
1.38 —3.99 = -5.39
261 = -539
= LHS # RHS
—7 +4/17
= X = ] are extrancous roots
= S.S = ¢

THREE CUBE ROOTS OF UNITY

As we know that square roots of one (unity) are two, 1 and — 1. Similarly cube roots of
one (unity) are three and these can be calculated as:

Let “x’ be the cube root of unity, then
13

a iy
b 3

= =% = =1 = F-{F =0



Checking:

—'7+3[l7_ -
Biit 3 = 3 in equation (1)
s(_” 17)2 7(—7+ 17) ) 4[—7+ 17)2 7(—7+ 17) =
& 2 + g .2 2 + 2 +
—7+3[17
- 2 —

\J5 (- 0.3596)" + 7 (— 0.3596) + 2 — /4 (— 0.3596)" + 7 (— 0.359) + 18 = —0.3596 — 4
= —4.3596

\J- 1.8706 + 2 —/— 1.8706 + 18 = —4.3596

0.3597-4.0161 = —4.3596
—3.6564 = —4.3596

=T =17 , .
Puot, x = 2 in equation (i)

gAY g _«fiT 7 —sfTTY L5 x[17 —7=+[17
\/5[ 3 ]”( 8 j+z_\/4( 3 ]”( 3 )*18: g 4

\5(=1.39) + 7(~1.39) + 2 —\J4(-1.39)* + 7(~1.39) + 18 = —1.39 -4

\5(1.93) —9.73 + 2 —/4(1.93) - 9.73 + 18 = —5.39

V192 -4/1599 = -5.39
.38 —3.89 = =339
2.6] = -5.39
= L.H.S z R.H.S
—7 £+417
= X = g arc cxtrancous roots
=t S.S = ¢

THREE CUBE ROOTS OF UNITY

As we know that square roots of one (unity) are two, | and — 1. Similarly cube roots of
one (unity) are three and these can be calculated as:

Let "X’ be the cube root of unity, then

113

= lex = =1 == BF-0F =0



= x—DE +x+1) =0

= Either x—1 = 0 or X+x+1 =0
— 1+ =4 (1) (1)
= x =1 or X = 5
211
_ —1+41-4
2 (1)
=] daf—3
- 2

— Cube roots of unity (one) are

—144-3 —1-4/-3

LT3 v+ 3
_ 2

or I, o, ©
There are four properties of cube roots of unity.
(1) Each complex cube root of unity is square of the other.
; i — 1 +8—3 — 1 ——3 >
i.c. if 3 = o then 5 = ©

=] ~—=3 —1 443 >
and if 5 = o then 47[ =
(11) The sum of all the three cube roots of unity is zero.
1.e. l+o+0° =0

(111) The product of all the three cube roots of unity is unity.
5 2 3

le. lio.o =1 = =]
(iv) Forany n €z, o is equivalent to one of the cube roots of unity.
4 3
e.g. @ =0 .0=1l.0 =20
& l I ] l o o o
G- ="F="7 . 3F= 1= .=y 7 =0
0 ORI .o oo o 1

FOUR FOURTH ROOTS OF UNITY

[.et "x" be the fourth root of unity then

: 4
]IM:X = % = |

4
= x —1 =1

= (x2—(1) = 0



X+ (x"—1) =

—
—  Either X +1=0 or x -1=0

— x? = —1 or x* =

= X = & \[71 or X —_F\f

=3 P or % ==]

—% Four fourth roots of unity are 1,— 1,1, —1.

PROPERTIES OF FOUR FOURTH ROOTS OF UNITY

(1) Sum of all the four fourth roots of unity is zero.

1.e. l-1+i—-1 =0

(11) The real fourth roots of unity are additive inverses of each other.

+ 1 and — 1 arcreal fourth roots of unityand +1+(—1) =0 = (—=1)+1
(ii1)  Both the complex fourth roots of unity are conjugate of each other.

i and —1 are complex fourth roots of unity which are conjugate of each other.
(1v) Product of all the fourth roots of unity 1s — 1.
Le. I x (1) xix(—1) = —

EXERCISE 4.4

Q.1 Find the three cube roots of: 8, -8, 27, — 27, 64
Solution:
(i) Cube root of 8.

[.et "x* be the cube root of 8.

- g3 _
= 8 = x‘} = x3 =R
=% -8 =
=  x-@) =
=3 (x—2)(x2+2x+4) = {J
— Either x-2 = 0 or x2+2x+4 = f)
)
-2+ (2Y -4 (D)4
_ s o \/(9_)(]) (D (4)
=24 16
- 2
_ —2 +4f—12
B =24 24/=3
- 2
— 1 +A/—-3
e
= 2m, 2
=5 cube roots of 8 are 2, 20, 20)2.

/1sit for other book notes, past papers, tests papers and guess papers taleemcity.com



(1)

b ol

U

Cube root ot —8.

Let ‘x’ be the cube root of — 8.

8" = x

8=x = x =8=0
xy’+@2) =0

(x+2) (x> —2x+4) = 0
Either x+2 = 0 or

x = -2 or

x> —2x +4 = 0

— (DN -4 () &)
2 (1)

+2++4-16
B,

2+4—12
2

24 2 3
2

i
‘2( 2 J

.
—2®, =20

3 2
cube roots of — 8 are — 2, — 20, — 20",

Cube root of 27.
Let *x’ be the cube root of 27.

2N =x = x =27

x°—27 =0

) —3) =0

(X-3) X +3x+9 =0

Either x -3 = 0 or
X = 3 or

2

X

+3x+9 =0
=3 -4

2(1)
=3 +4J9-36
2

—3 +4j—27
2

=3+ I3

. >3
= cube roots of 27 are 3, 3m. 30",



U

R (R VA

U

=

Cube root of —27.

Let *x” be the cube root of — 27.
NP =x => -27=x
X +27 =0

x)'+3) =0
(x+3)(xX=3x+9) = 0

Either x+3 =0 or x2—3x+9:0
. _ L343 -4() ()
X = —2 01 X = 2(1)

o o )
|- [+ |+
3
td e [ ] e
| ] |
oY) = oo
o

[
|
(o
R
|
o L
|
2
ST

.
3o

[l
2
e

cube roots of —27 are — 3, — 3o, — 3(1)2.

Cube root of 64.

L.et *x* be the cube root of 64.

6H7 =x = 64 =%

x* —64 = 0

x)’—-@’ =0

(x —4) (_x2+4x+16) = 1

Either x —4 = 0 or X +4x+16 = 0

—4+7[(4)" —4 (1) (16)
2(1)

—4+4/16—64
2

X = 4 or X =

cube roots of 64 are 4, 4w, 40°.



Q.2 Evaluate:
Solution:
(1) (l +o— (02)8 = (— w” — 0)2)8 (Lahore Board 2008, 2011)
= (—2(1)2)8 Ju I+0)+(02=0
= (2 (©°
= 2560'° = 2560 .o M@ = 1
= 256 (UJ3)5 B = 256(1)S .0 = 2560
i) 0 +07+] = 0 .0+ .0 +] (Lahore Board 2004, 2006, 2007)
= (u)')')t) NOEs (_0)3)9 0 1
= (l)g.c,-)+(l)9.0)2+l X oo = |
= o+ +1=0
(111) (1 +o-— o) (l-0+0) = 1l -0+0°+0-0+0" —0+oo* (Lahore Board 2006)
= l-0+0 +0 -0
= l-0*+1+]l-o.@ H l+o+0° =0
= 3—0)2—(1').(.0 HEpt =~
=3 o o
= 3—(0)3+(0) =3-(-1)=3+1=4
9 i 7
(1v) (_]2 _3] +[_l_2 _3) = o)g+(_0)2}7
= ((03)‘7’ + 0)]4 = (l)3 + 0)'2 : (02
= |+ (_(03)Jr R
= 1+()'. o
= l+o° X l+o+0 =0
= -0 l+0° = —o
: 5 5
(v) (—1+\/53)5+(—1—ﬁ)5 = (2%) +[2_%E]

-

(20))5 - (20)2):1
2.0 +2 . (@)
32.6°. 0°+32.6
32.().0°+32.0 .0
32w +32. ((03)3 N0

P2 at+3201) .o

N o’ +32 0

32 (m2 + )
32(=1) =

10

s
H l+o+0" =0
7
= 0 +0 = —1
= 32
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Q.3 Show that
Solution:

i) =y = x-y)x—0y) (x—o’y) (Gujranwala Board 2004)
RHS. = (x-y)(x—oy) (x- ® y)
= (X—Y) (x2 - XN u}z ~Xyom+ ),/2 ma)
= (x—y)(xz—xymz—xyco+yj) H o =1
= (X—Y) |x2—xy (m2 + o)+ yzl
= (x—y)[xz—xy(—l)+y2] X l+0}+c02:0

5

= (X—y)(xg+xy+y3) o+ = —1
2

X -y3 = L.H.S.

Hence proved.
(1) X+ y3 Lz 3xyz = (X+y+z)(x+o0y+ oozy) (X + c-.)zy + ©z) (Lahore Board 2004)

% ¥
X+y+z2)x+0y+07y)(x+0Yy+0z)
o [ 2 2 3 2 2 4 2 3
= (X+y+2) [X"+Xy0~ + XZ0 + Xyo + y 0~ +yZ0~ + XZ0”~ + yZo +7 0" |
% 2 3. 2 3 2 2 4 4 2
= (X+Y+72) [X Y0 +72707 + Xy + Xy +yZ0~ + yZ0" + yZ0" + XZO + X720 |

= (X+y+2z) [x'2 + yz F Xy ((!)2 +®)+yz (@)2 + 0)4J + Xz (0 + (!32)]

= (X+V+ Z) [x2+ y2 +z2+xy (—=1)+yz ({JL)2 + @)+ Xz (— ]J] X o= 0. 0=
©®
= (X+y+2) [x2+y2+z2—xy+yz(~ 1) —xz]
= (X+y+2) (x2+y2+zz—xy—yz—zx)
= ><3+y3 +7 3xyz = R.H.S. = Hence proved.

(iii) (1+m)(l+ (1)3) (1 + m4) (1 + ms) ...... 2n factors = 1 (Lahore Board 2006)
LHS. = (1+o)(1+ 032) (1+ (!)4) (1+ (08) .... 2n factors.

= (l+w)(l+ (-.)2) (I + o . w) (1 + &’ . (02) .... 2n factors.

= [= (02) (— o) (— 032) (—m) .... 2n factors

I(— mj) (— [JJ)] [(— (02) (— UJ)] .... h factors

= [{u}] [m}] .... n factors
= 1.1....n factors

= [} = 1 = RS



Hence the proof.

Q4 1If o is a root of x>+ x+1 = 0 show that its other root is ®° and prove

that ©® = 1.
Solution:

If ‘@ isarootof X’ +x+1 =0
=% It will satisfy the given equation.
= O+ +l=0 e (1)

3 . !
To prove ©~ 1is also its root.
We will prove that

(mz)2+m?‘+ l = 1)

ie. o+o+l=0 ... 2)

Take L.H.S.

— @ o+l = (@) +m +o —o + 1
= () +20°+() -0
— (m2 + 1)2— o
= ((,-J2 + 1 — (02) ('032 + 1+ o) X from equation (1)
= (0 +1-0°)(0)
= { = BRHS.

=% o is also root of x*+x + 1.

Now to prove o = 1.
Subtracting equation (1) from equation (2)
) 2
o+ +l-0-o-1=10
= o' —o =0
=% ®(@—-1) =0
Aswz0 = o-1=0 = o =1
Hence proved.

1++/3i 1-+/3i

Q.5 Prove that complex cube roots of — 1 are D) and 3 and hence
9 7 9
1+4/-3 1-4-3

prove that [ D) j +[ ) j = —2
Solution:

Let “x* be the cube root of — 1 then (—l)m =x = X = -1
= X'+1=0
= x+ 1D F=x+1) =0
= Either x+1 =0 or x —x+1=20

| £/ 1)’ —4(D) (1)
2(1)

[ £41-4

= 2

— x = —1 X =



1+4-3 1++3i
2



—

—

cube roots of — 1 are — 1, 5

complex cube roots of — 1 are

Now (o prove

(1+ —3)9 (I— —3)"’_ .
2 ¥y 2 =

Take LL.H.S.

& J . 5
O ] | —1-+3 ~ 1443
> ®| =3 o [l - I :
= o) + ()
= —0" -0’ = — ()~ ("
= —{1)F =1y’
—]1=1 = =2 = R.HS.

Il

= Hence proved.
Q.6 It ‘@ is a cube root of unity, form an equation whose roots are 2o and
20 (Lahore Board 2003)
Solution:
Let the required equation is
X —$x+P =0 .. (1)
where S = Sum of roots
= 20+20° = 2(m+(92) =2(-1)=-2 X 1+o+0° =0
o+o° = — |
P = Product of roots
i 20).20)2=4(:)3=4{'I)=4 % oo = ]
= equation (1) becomes

X —(=2)x+4 = 0

x2+2x+4 = [}



Q.7  Find the four fourth roots of 16, 81; 625.
Solution:
(i) Fourth roots of 16

Let "x° be the lourth root ol 16
1/4 |

= (1) " =% = x =16

—% Xt - 16 =0

= (2P — (47 = 0

= -4 =D

=  Either X’ +4=0 or x-4=0
=p x> = —4 x> = 4

— X = L\fjl % = l_\/zr
— ¥ = £ 21 % = +73
= four fourth roots of 16 are —2, 2, - 2i, 2i,
(i) Fourth roots of 81

Let *x™ be the [ourth root ol 81

BN =x = x' =8l

=
= % —81=0

- X)) =9 =0

= X499 -9 =0

= Either x"+9 = 0 or x> 9 =0
=5 x2 = -9 x3 = 9

— X = i\/j) = i\@
= X ==x31 X =3
= four fourth roots of 81 are 3, — 3, 31, — 3i.
(iti)  Fourth roots of 625

L.et *x” be the tourth root of 625

625" = x = x* =625

xT 625 = 0

=57 = O
(X 4+25)(x>=25) = 0

Either x°+25 =0 or =25 =10

U

ud 4l



—> X = —23 X = 25
=5 X = 14—25 X = /25
= % = =51 ¥ =3
= four fourth roots of 625 are 5,35, 5i, — 5i.
Q.8 Solve the following equation:
Solution:
i 2x'-32=0
1 = 16) =
= x'-16=0
5 () — (@) =
=3 (x“+4)(x“—4) =
—  Either xX’+4=0 or x-4=0
= > = -4 x* =4
— X = +\/_4 X = +\/:1
= x = 21 X = X2
= X =2, &
Hence the solution set = {£2, £ 21}
(i) 3y =243y = 0
3y’ —243y = 0
3y (y' —81) = 0
= Either y = 0 or y4—81 = 0
= y =0 = (-9 =4
> P+ -9 =0
— Either y2+9 =0 pr
= y2 = -9
= y = i\/—_Q
— ¥y = X3
=1 vy =033

Hence the solution set = {0, + 3, 4 3i}



(iii) X +xX+x+1=0

3 2
X +x +x+1 =0

— xz(x+l)+1(x+l]:[)
= (x+])(x3+l):()
=3 Either x+1 =0 or “+1 =0
x = — 1 %= —1
X = i\/jl
= &1

Hence the solution set = { =1, 1 }

(iv) 5x —5x =0

S” —8x = 1
4
— Sx(x —1) =10
— Either x = 0 or '—1=0
e W )
— % &= or (x) —(1y =0
K+ =0
i 7 2
Either x> +1 = 0 or x—1=20
2 g
= X~ = -1 or x =1
= X = £4-1 or xzi\ﬁ
= ¥ = k] or x = &1
Hence the solutionset = { 0, 1, +i }
POLYNOMIAL FUNCTION
A polynomial in “x" is an expression of the form a, x" + a, LI S a) X + agp, a,
# (0 where "n” is a non negative integer and the coefficients a,. a,_ 1, .... a; and ay are real

numbers. The highest power ol *x* is called the degree of the polynomial. So the above
expression 1s a polynomial of degree n.

REMAINDER THEOREM

If a polynomial f(x) of degree n> 1, 'n’ is non—negative integer is divided by x —a
till no x term exists in the remainder, then f (a) is the remainder i.e. f(a) = R,

FACTOR THEOREM

The polynomial x —a 1s a factor of the polynomial {(x) if and only if f(a) = 0.



SYNTHETIC DIVISION

There is a shortcut method for long division of a polynomial [ (x) by a polynomial of the
form x — a. This process of division is called synthetic division.

EXERCISE 4.5

Use the remainder theorem to find the remainder when the first polynomial is divided by
the second polynomial:

Q.1 x*+3x+7, x+1 (Gujranwala Board 2005)
Solution:

x2+3x+7. X+ 1

Let f(x) = X H3X+T ) (1) x+1 =20
= f—1) = (143147 X =—1
= 1 -3+7 Put in equation (1)
= -2+7T=35=R
= Remainder = R = 5
Q.2 x3—x2+SX+4, x—2
Solution:
Let f(x)zx-‘;—x2+5x+4 ......... (1) x—2 =0
() = 2 —2F 452 +4 X =2
= 8-4+10+4 Put in (1)
= 18 =R

=% Remainder = R = 18
03 3x'+axP+x-5, x+1

Solution:
Let £(x) = 3x +4x° +X=5  covernn. (1) x+1 =0
FE-1) = 30-T 4 =1V +=1)-5 x = — 1
= 3—-4-1-5 Putin (1)
=—-7=R
= Remainder = R = -7
Q4 xX-2x"+3x+3, x-3 (Gujranwala Board 2007)
Solution:

Let f(x) = x> —2x" +3x +3 (1) x—3 =0



f3) = 3Y-203)+33)+3
= 27-29)+9+3
= 29-284804+3 =721 = R

=% Remainder = R = 21

x=3

Put in (1)

Use the factor theorem to determine if the first polynomial is a factor of the

second polynomial.
Q5 x-1, x*+4x-5

Solution:
Let f(x) = X" +4x—5  vven. (1)
f(1) = ()7 +4(1)-5
= |+4-5
= ( = Remainder
—> x — | is a factor of x” +4x — 5.
Q6 (x=2), (X +x*-Tx-1)
Solution:
Let f(x)=x3+x2—7x+] ......... (1)
f(2) = 2P +@2Y-7@Q)+1
= 8+4-14+1
= —1=0
= (x —2) 1s not a factor of A xT—Tx— 1.
Q7 o+2 20 +a"—4o+7
Solution:
Let f(x) = 20" +0° —40+7 ......... (1)

F=9) = 2 (-2 -2y At 2+7
2(—-8)+4+8+7
= 30

. . N 3 3
= (0 + 2) 1s not a factorof 20 + 0™ —40 + 7.

Q.8 x-—a, x"—a", where ‘n’ is a positive integer.

Solution:
let f(x) =x"—a" ... (1)
f@) = (@"— ()"

= =R

. n n
= Xx—a 1safactorof x —a .

x—=1 =10

X = |

Putin (1)

(Lahore Board 2006)
x—2 =10

X =72

Put in (1)

o+2 =10

= —2

Put in (1)

(Lahore Board 2007)

x—a = ()
X = @&
Put in (1)



Q9 x+a, x +a, where ‘n’ is an odd integer. (Lahore Board 2009)

Solution:
Lt £x) = 248" s (1) x+a =0
f(—a) = (—a)"+a" % =l
S K X ‘n’ is odd Put in (1)
= =R
=" x +a isa factor of x" +a'".
Q.10 When x*+2x’ + kx* + 3 is divided by x — 2, the remainder is 1. Find the
value of K.
Solution:
Let l‘(x)=x4+2x3+kx2+3 ......... (1) x—2 =0
f2) = @'+2@°+k(@2)°+3 X =2
= 16+16+4k+3 Put in (1)
= 35+ 4k = Remainder
= Remainder = 35 + 4k
But given that remainder = 1.
= 35+4k = 1
= 4k = 1-35
=5 dk = —34
=% k = ﬁTBA
— 17
— k =—

Q.11 When the polynomial x’ + 2x” + kx + 4 is divided by x —2 the remainder is
14? Find the value of k. (Lahore Board 2006)

Solution:
Let £ = € +28° 4 k844  covonns (1) x-2 =0
£(2) = 2P+2@°+k(©2)+4 X =2
= 8+8+2k+4 Put in (1)
= 20+ 2k = Remainder
= Remainder = 20 + 2k
but given that remainder = 14
= 14 = 20 + 2k
= 14-20 = 2k
= —6 =2k
= k=-3

Use synthetic division to show that x is the solution of the polynomial and
use the result to factorize the polynomial completely.



Q.12 X —7x+6 =0 x =2 (Lahore Board 2005)
Solution:

Lgt Tilx) = X —Tx+6, x = 2

By synthetic division

I 0 —7 6
2 0 2 + -6
I 2 — 0 —»  Remainder
As remainder = 0
= X = 2 is the solution of the polynomial X Tx+6 =0

Now
. 2
Quotient = x"+2x -3
?
= X +3x—x-3

= X(x+3)—-1(x+3)

= x+3)Hx-1)
=5 other factors are x +3 and x — 1.
Q.13 x’-28x-48 = 0, x = —4

Solution:
Let T(x) = x—28x—48, x = —4

By synthetic division

| 0 —28 —48
—4 0 —4 16 48
1 —4 —12 0 ¥ Remainder

As remainder = 0
=% x = —4 is the solution of the polynomial x* — 28x — 48.
Now
Quotient = x> —4x— 12
= X" —6x+2x— 12
= X(x—6)+2(x—-06)
= (x—6) (x+2)

=% other factors are x — 6 and x + 2.



Q.14 2x'+7x —4x"—-27x-18, x =2, x = - 3.
Solution:
Let f(x) = 2x*+7x° —4x>—27x— 18, x = 2, x = —3

By synthetic division

2 7 -4 -27 -18
2 0 + 22 36 18
2 11 18 9 0 N Remainder
=3 0 =i =15 =8
2 5 3 0 — Remainder
As remainder = 0
= X = 2, x = —3 are solutions of the polynomial 2x* + 7x% —4x* = 27x - 18.
Now
Quotient = 2x% + 5% + 3
= 2x°+3x+2x+3
= x(2x+3)+ 1 (2x+3)
= 2x+3)(x+1)
= other factors are 2x +3 and x + I.

Q.15 Use synthetic division to find the values of p and q if x+1 and x-2 are

the factors of the polynomial X + px?‘ + x + 6. (Gujranwala Board 2006)
Solution:
Let f(x)=x3+px2+qx+6, 24l =0 = x=-—1
X=2=0 =% ®x=2
By synthetic division
1 p q 6
— 1 0 —-1 —p+1 —q+p— 1
| p—1 q-p+1 p—q+35 % Remainder
2 0 2 2p+2
| p+l | p+q+3 o Remainder
As x = —1 and x = 2 are factors of the given polynomial.

= p—-q+5=0 ... (1)



and p+q+3 =0 e (2)
Adding (1) and (2)

2p+8 =0

2p=-8 = p=-4
Put p = —4 in cquation (1)

_4-q+5=0

= =g +1 =0

— &= 1

Q.16 Find the values of ‘a’ and ‘b’ if —2 and 2 are the roots of the polynomial
x> —4x* + ax + b. (Gujranwala Board 2007)

Solution:

Let I(x) = x> —4x% +ax +b

As —2 and 2 are the roots of the given polynomial.

== f~2y =0 and 1({(2) =9
= 2 -42*+a2)+b =0 =  @’-4@ +a@)+b=0
=3 -8—-4(4)-2a+b =0 = 8—4M@4)+2a+b =20
= —24—-284Db =0 e (1 s —8+2a+b =0 e (2)
Adding (1) and (2)
—-24-2a+b =10
8§ —2a+b =20
—-32+42b =0
=1 2b = 32
= b =16

Put b = 16 in equation (1)
—-24-2a+16 = 0

= 8—-2a =0

= +2a = —8§

=% a=-4

=% a=-4 and b = 16



RELATION BETWEEN THE ROOTS AND THE COEFFICIENTS OF A
QUADRATIC EQUATION

Let o, B be the roots of ax>+bx+c = 0, a # 0 such that

_—bi: b~ —4ac _—b— b* — dac
g = 73 and f = 7
—b+A/b"—4dac —b-Ab"—4dac
then a+p = ’))1 = + 74 e
B —b+\/b;—4zic—b— b~ —4ac
N 2a
_ b
~ 2a” a
—b+1/b” —4ac —b—\/b” —4ac
and ap = 7a 24
b’ + @b —dac) b b +dac
= ) = .
(2a) 4a
_ dac ¢
I
—b oefticient of
=% Sumofroots = S = = = — c.oeml_c}en - xz
a coefficient of x
c constant term

Product of roots = P = ~ = T T
a  coefficient of x

FORMATION OF AN EQUATION WHOSE ROOTS ARE GIVEN

As (x—a)(x—=p) = 0 hasroots "o’ and “p".

=5 x?“—{a+[3)x+0t[3=0 has the roots o and
— X~ — Sx + p = 0 has the roots a and
where
: b
S = Sum of the roots = =
_ ; C
P = Product of the roots = -



EXERCISE 4.6

Q.1 If o, P arethe roots of 3x’—2x +4 = 0. Find the values of

r 1 1
l) a?. + BZ
Solution:

)
As o, P arerootsof 3x"—2x+4 = 0

B 9 2
=5 a+B:—_d— R (1)
il il B .
an C{D—a—3 ......... (2)
11 B2+ o’
Now —+57 = — 71,7
a P o f

a3+ﬁ2+2cx[ﬁ 20([5_((1+[3)2 2af
(@ B)’ T (@p)

Put values from (1) and (2)

4 8 424
83 9 ~20 =35
= 716 16 ~ 16 — 4
9 9
.. o B
(ii) B+a
Q_I_E _(12"‘52
B a af



012+Bz+2a[3—2aﬁ B (_oc+ﬁ)2—’20tB

o p of

Put values from (1) and (2)

(i)

2

(3) -2(5)

4
3
4 8 4-24
9°3 9
4 — 4
3 3
20 3 -5
9 473

(al)Z + ([}2)2 + 2012[32 _ 2a2B2

(o + B’ 2 (o)’

(o +PB” + 20 — 20B)" — 2 (aB)’
[0+ B)* = 20B1% - 2 (ap)>

Putting values from (1) and (2)

(iv)

(13+[33

0L3+B'

400 32 400-288 112
9 =~ 81 T 8l

(o +B) (o —af +B)
(o +PB) (o +20B + B> 20 — of)



= (ou+P) [(o+PB) —3ap]
Putting values from (1) and (2)

Il
Wik W

— — [OSH | R]
|
oy I
[E%] o ~
ST
|
bt
I

NI E
|
-b. ’
| | ._Hllx.?
[l
(PSR S

<|

(v)

+ 3

1
B’
[ - A Sl
+Ez = PR " (@p)
3 (0(+[?1)((12—0*.[3+BZ)
- (ap)’

(. + B) (o + 20B + B* — 30p)
= 3

(af})

(o +P) [(a + [%}2 - 3(_1[3]
(ap)’

Ry~ B[w=

Put values from (1) and (2)

27
(viy o’-p°
o =B = (o+B)(e—P)
= (o+PB)\J(a—B)

= (0‘.+[3)’\]0!.2+B2—20L|3
= (a+P)\ o’ + B +20B — 20B —20P




= (o +B)\(a+P) —4dop

Putting values from (1) and (2)

2 [-44 22411 441
3y o ~™3 3 = p !

Q.2 If ‘o’ B are the roots of X — px—p-c¢ = 0.
Prove that (1 +a)(1+ ) = 1—-c¢ (Lahore Board 2008, 2010, 2011)
Solution:

As a, B arc the roots of a px—p—¢c =0

b (=
a+p = =LI‘D—)=p ......... (1)

ad

C —p-—cC
O‘B:HZ 1 = =P8 0 e (2)

Toprove (1+a)(1+P) =1-c
Take LHS. = (I1+a)(1+B) =1+p+a+af

= 1l+(a+p)+ap

Put values from (1) and (2)

= l4+P=pP—0C
= 1—& = RHS.
= Hence proved.

Q.3  Find the condition that one root of x>+ px+q = 0 is
Solution:
(i) Double the other

5 B
Let o, 2o berootsof x"+px+q = 0 then

b
Sum of the roots = a + 2a = s —]E =-p
C
Product of roots = o .2a = g = ‘T‘ =
= A+20 =—Pp = 30 =P  sereesews (1)

E. 2 =g = 2 =G cseves (2)



Putting o = %E from (1) and (2)

4

= 2

CORTISES 3

—> 2p2 = 9q is the required condition.
(ii) Square of the other

Let o, o be roots of x° + px +q = 0 then

1 _
a+a2_—j:—9:—p
a ]
=> cx+012:—p ......... (1)
and ()L.()tzzg:El
a ]
0L3=q ......... (2)

Cubing equation (1)

(e + a2)3 = (— Df

=5 o’ + (az)‘% +3 () (OLE) (o0 + az) £ — p3
= o + (o) +3e (a+ o) = — p3
Put o = q and o+ o = p from equation (1) and (2)

= a+q +3q( p) = p
= q3+q—3pq+p3:0
= p+q +q =3pqg

is required condition.

(ifi)  Additive inverse of the other: (Gujranwala Board 2005)
Let o, o be roots of x” + px+q = 0 then
b -
o + (— OL) = - — -l
d |
= a—o = —p
= -p=0 = p=20
. _¢_ 9
and OL.(—OL)—a— 1
9 X
- - =q = o =-—q

=5 p = 0 1s the required condition.



b

a
Q.5 Find the condition that v o Te b & 5 may have roots equal in magnitude

but opposite in signs.

Solution:

a b
x—a+x—b
a(x—b)+b(x—-a) 5

(x—a)(x-b) ~°

ax —ab + bx —ab

== x“—bx—ax+ab
= ax +bx—2ab = 5 (_x2 —bx —ax + ab)
—1 ax + bx —2ab = 5x — 5bx — 5ax + 5ab
= sz—be—Sax+Sab—ax—bx+2ab = )
=3 5x° — 6bx — 6ax + 7ab = 0
=% 5% 6x (a+b)+7ab = 0
Let o, — o be the roots of this equation.
—6(a+b)
= a+(-a) =-"2z
6 (a+Db)
=% B—g="" 2
5
_ 6(a+b
= 0:% = a+b =20

1s the required condition.

Q.6 It the roots of px2+ qx+q = 0 are a and B then prove that
o B q
- + + = 0
B \/; \/1;

Solution:
Since o, B be the roots of px2 +gx+q = 0, then

and of3 o (2)

I

To prove

o B q _
NCRRVCERVEEE



Take

LHS. =

—= R
+
e
+
2

3 %Hls?l
5
=

£
By,
%&

£

Put values from (1) and (2)
9
P
= +
q
P

%
g
Lo Tl o)
I
%
%

9‘ -

R et
o
P
== —‘\F+\/§1:U = R.H.S.
p P

Q.7 1If o, B are the roots the equation ax> + bx + ¢ = 0, form the equations
whose roots are.

o =

Hence proved.

Solution:
i o’ p° (Lahore Board 2006)

. s " o)
Since a, [ are the roots of the equation ax™+bx+c = 0

= a+fp = —a e (1)
and ap = i ......... (2)
Let the required equation is

yj—sy+p =8 e (3)

i nd
whose roots are o, B



o

=  s= o +p = o +p +20p—2aP

= (o+PB) —20B
2
b C _ . _
= (-5) -2 (a) from equations (1) and (2)
b>  2c  b>—2ac
= 7 - =""7T
a d a
w2 CZ
- C
and B = (12[52 = (GaLB)2 = (;) = from equation (2)
Put values of s and p in equation (3)
» (bz—QaC) f
= ¥=l"—= |y+3=0
a a
= Elzy'2 — (b2 —24C) ¥+ =0

is required equation.

o L1
il o’ B
Since «, B are the roots of the equation ax> +bx+c = 0
b
= a+fp = PO (1)
c
and af = a e (2)
Let the required equation is
y2 sy+p =0 s (3)
1 ]
whose roots are —,
a’p

| I
= YT AR T op T oop




|

11 a
: e = = == i equalic 2
and p=_. = b - from equation (2)

& | —

Put these values in equation (3)

2 b a
y' -\ -2 )y+ =0

) b d
- y+Ey+E:O
= cy2+by+a:()

1s required condition.

1 1

iii 3
(i) 7, B
. . 2
Since a, [ are the roots of the equation ax™ +bx+c¢ = 0

b
—% a.+_]3=—‘_1 ......... (l)

and oap = % ......... (2)

Let the required equation is

Vosy+p =0 e, 3)
1
whose roots are TR
o P
1 B+ o
= B = " FHLE 5T g3
o B o [}
4B +20p-20p (o +P)—20p
N (af)” B (ap)”

Put values from equation (1) and (2)

(-8) ot

i) il
b~ 2¢ b™ — 2ac
= _ =
a a
— 2 —
C
)
a




| I a .
7> = 7 from equation (2)

(OL[S)2 - [E)_ c
a

Put these values of s and p in equation (3)

9 [bz—Zac) 2>
y —| /7 y+;§ =0

]

11
and p:E'F:

=3 ¢ y2 (- 2ac) y + a> =0 is required equation.

iv) o) B’

. i 2
Since a, [ are the roots of the equation ax™ +bx+¢ = 0

— a+B:—; ......... (1)

and oaf = S (2)

Let the required equation is

(Lahore Board 2005)

yz sy+p=0 ... (3)
whose roots are 0{3,[33
= s=a +p = (@B (@ —ap+p) = (a+P) (o + B +2aB - 3ap)

Il

(o +B) [(o+PB)* —3ap]

Put values from equations (1) and (2)

a

and p = .ﬁ3 = (OLB)'; = (&) from equation (2)

= equation (3) becomes

) —b(bz—BaC) ¢
3 y+3=0
d d

y

— 3ac)
3

b[b c} b[bz—}ac} —b (b’
iy - - = = B =
a i d d 5 z



» b (bz — 3ac) ¢

— vy + 2 P 3 = 0
= a’ ),fz—i-bn(l:uz—331c)y+c3 = 0

is required equation.

1 1
V) 3 B’
Since a, [} are the roots of the equation ax> +bx +¢ = 0
b
=5 a+fp =— a e (13
and ofy = s (2)

a

Let the required equation is

yz—sy+p:0 ......... (3)
11
whose roots are o Ty
a P
o _IT T [53+0t.3
=5 g = Ot_n-I-E_I = W_
a4 B (@P) (@ —op + B
G (ap)’
(04 B) (o +B%+20B  3ap)
B (ap)’
B (0(+B)[(a+[3)2—3a[3[
- (af)’

Put values from equations (1) and (2)

2]




= 3
C
3
a
~b(b’—3ac) a° —b (b —3ac)
§ = 3 3= 3
a C C
] _11_|_1_a3f. N
an B = ?E’Z = (OLB_)} = (EJB = E*{ rom equation (2)
a
Put these values in equation (3)
2 3
- —b(b™—3ac a
)’2_[ ( ‘3 ) y+7:0
C ¢
5 b(b2—3ac) a>
=3 ¥+ g Jrg= 0

c}yz-l-b(bz—?:ac)y+a3 = 0
) 1 1
(vi) 0L+0L,[3+B

. 2 )
Since «, B are the roots of the equation ax™ +bx+c¢ = 0

= oa+p = o e (1)
e
and ap = P T (2)
Let the required equation is
y2—5y+p = aswesens (3)
| |
whose roots are oo+ —, p+5 ., then
o p
. 1 1 L pra
= s_q+a+B+B_a+B+a+B_(a+B)+ i

Put values from equations (1) and (2)

-b b b —bc—ab -—b(atc)
a a -

§ = =
ac ac



and p = (a+éj(ﬁ+é]

| 8}
| o+ 0B +2ap — 20
= o+ 5+ p b b

op aof

1 (a+B) - 2ap
= aB+aﬁ+ op

Put values from equations (1) and (2)

¢ 1
= —+"+
P T aTe c
a
2
b 20
i R 2
¢c a 4 a ¢ a b —2aca
= 4+ =gt T
a ¢ ¢ a a
a
2 - P . Y
¢ a b"—2ac ¢ +a+b"—2ac (a—-c) +b
= — 4 4+ = =
a’ ¢ ac ac ac

Put these values in equation (3)

5 [—b(a-ﬂ:)} (a—c):+b2
- Yok =

y - ac ac =0

A7 i
7 b(a+c) (a—c)y +b”
T am ¥t it =
ac ac

0

is the required equation.

- 2 2
(vii) (a—B), (a+P)
Since o, p are the roots of the equation ax’+bx+c =0

= a+f = q e (1)




and P = i ......... (2)
Let the required equation is
YV -sy+p=0 e 3)

whose roots are (o0 — B)g._ (o + B)2 , then
= 5 = (@B +(a+p)

= (o + BT =20P) + (a+ )’

= (o + B +20p — 4op) + (a+PB)

= [(a+ B)2 —4oB] + (o + [3)2

Put values from equations (1) and (2)

r 2 2
L\ a a a

" b’ 40] b> b —dac b

= s A
L a a

a a a
and  p = (a—P) (a+p)
= (&’ +PB"—2aP) (o +B)’
= (o + P +20B —daP) (o + P)
= [(a+B) 4af] (o +p)°

Put values from equations (1) and (2)

() 2] () =[5

b>—dac b>  b*(b> — 4ac)
P="2 25 &

Put these values in equation (3)

¥y -

g 2 b® — duc b (’b2 —4ac)
7 y+ T

d a

=0

gt 7202 12— Tac)y + B (62 —dag) =

18 required equation.

+Z="3 + 7=

b” — 4ac + b’

d



; ; : 2
Since «, 3 are the roots of the equation ax™ +bx +¢ = 0

b

= 20 ER R — (1)

and af = Ei ......... (2)

Let the required equation is

Vogy+p =0 e (3)
whose roots are ——]jr, . — —lz
o’ P
I 1
= §=—-F—-3 = — 37
o B o p
_ Eiiiﬁj _ (a+P) (o’ —op + B
I (op)’
_ (a+P) (012 + Bzf 203 — 3af)
T (o)’
_ —(@+p) [(@+p)—30p]
B (of)’

Put values from equations (1) and (2)

B
a a b™—3ac | a
= 3 =~ |—= |3
C d a C
3
a
2
b (b™  3ac)
§ =" 7
c
3

| 1 | | 1 a
and p= (—aﬁ) (—E?) = a'_%B_% = (OLB)3 = (9)3 =3 from equation (2)

Put these values in equation (3)



» b (bE — 3ac)
¥ &

y+3=0

e

-
o R
s

Il

= ¢’ yz ~b (b'2 —3ac) y + 2’ =0

1s the required equation.

Q.8 If o, are the roots of 5xF—x—2 = 0, form the equation whose roots are

3 3
- and B
Solution:

#
Since a,  are the roots of the equation 5x™ —x—2 = ()

=(=1]

= oa+p = 5 T 5 e

9
and aff = = e

Let the required equation s

yz —-gy+p =0 0 s
3 3
whose roots are —, &
a’ f
3 3 3pB+3a 3(a+p)
= § = —435 = =
a p of aff

15 _ -3
S = i :_3.5.2:2
5
43 _ 8 B 5
PTapTapT 27 2
5

Put these values in equation (3)

s =3 45
— ¥ =L 5 |¥—5 =1

> 3 45
= y+3y-5 =0

.o (8)

v | A

= 2y3 + 3y —45 = 0 1srequired equation.

from equation (2)

(L.ahore Board 2007)



Q.9 If o,p are the roots of x*-~3x+5 = 0, form the equation whose roots are

l-aa 1-8B e o
l+a’ 1+B° (Gujranwala Board 2003)
Solution:

Since a, f are the roots of the equation x~ 3x+5 = 0

o =)
= oa+f = I = 3 e (1)
5
and g = 7= 5 e (2)
Let the required equation be
yz—sy+p -, (3)
i = i =
whose roots are = and 18
1+ 1 +p
l-a 1-P

T lt+aT1+p

(I-a)(+B)+(U+w)(1-P)
(1+a)(l+0)

l+B-g-of+1-PD+@~0f 2-2ap
1+B+a+ap T I+ (a+p)+ap

Put values from equations (1) and (2)

2-2(5) 2-10 -8

>T14+3+5° 9 9
=g 1-
W P T Tae I+p
B (1 —o) (1 -P) 3 | -B—a+af B | — (o + )+ af
T (4w (1+B) T 1+a+B+op T l+a+p+oap

Put these values in equations (1) and (2)

_1-3+5 3
14345 8§
=3 equation (3) becomes

2 8 3 2
y 9 y+§=0 = 99 +8y+3 =0



NATURE OF THE ROOTS OF A QUADRATIC EQUATION

’ ; : 2 ;
We know that the roots of the quadratic equation ax™ + bx + ¢ = 0 are given by the
quadratic formula as
—b +4/b”—4ac
7 S —
2a

The nature of the roots of an equation depends on the value of the expression b™ — 4ac,
which is called its Discriminate.

2a -

: . b
Case 1: If b2 — d4ac = 0 then the roots will be — ’>_a and So the roots are real and
repeated equal.

2 2 . i .
Case 2: If b” —4ac < 0 then /b~ —4ac will be imaginary so, the roots are complex and
distinct/unequal.

.7 : bl
Case 3: If b™—4ac > 0 then (b~ —4ac will be real. So. the roots are real and distinct/unequal.

3 2 * G . )
NOTE: If b~ — 4ac is a perfect square then \/b™ —4ac will be rational, and the roots are
rational otherwise irrational.

EXERCISE 4.7

Q.1  Discuss the nature of the roots of the following equations:
Solution:
(i) 4x+6x+1=0
Comparing with ax”+bx+c = 0
Wehave a =4, b=6, c =1
=5 Discriminant = D = b> —4ac = (6)2—4(4) (1) =36-16 =20 >0
= D>0
and ‘D’ is not a perfect square.
= roots are real unequal and irrational.
(i) xX>—5x+6 = 0 (Lahore Board 2005, Gujranwala Board 2007)
Comparing with ax” +bx +¢ = 0, we have
a=1 b==§ ©€=9
= Discriminant = b* —4ac = (-5 —4(1)(6) = 25-24 = 1 > 0
=% D >0
and D 1is a perfect square also

= roots are real unequal and rational.



(iii) 2x"—5x+1 =0

: ; 2
Comparing with ax™+bx +¢ = 0, we have

da=2 b==—3 =]
N Discriminant = D = b —dac = (=5)*—=4(2)(1) = 25-8 = 17 > 0
= D > 0 and ‘D" is not a perlect square.
=5 roots are real, unequal and rrational.
(iv) 25x°-30x+9 = 0 (Lahore Board 2007)

Comparing with ax” +bx +c = 0, we have

=25 b==31 g=§
= Discriminant = D = b> —dac = (— 3())2 —4(25)(9) = 900-900 = 0
=5 D > 0 and D is a perfect square also
=5 roots are real, equal and rational.
Q.2  Show that the roots of the following equations will be real.
Solution:

.
(i) x2~2(m+a]+3 =0, m=#=0

, : 2
Comparing with ax™ +bx +c¢ = 0, we have

|
a=1 b :—2(m+—), Q=3

m

: S : 2
Now  Discriminant =D = b~ —4ac
2

= —2(m+#]] —4(1)(3)

5
i 2
= 4(m+_j }—12
| m
[ 5 |
— 4(111"+T+QJJ—12
i m

|
= 4 mz+_z+'-’_—3J
m

R
= 4 m"+*’_f—1:|
m

[, |
=4 m+— 2+I}
m

2
|
= & (m——j +l}>0
i m

. vt |\
As D" is always positive because (m — ] >0 ¥V meR and m = 0.

m

— roots are real.



(ii)

(b—c')x2+(c—a)x+(_a—b) =0; ab,ceQ

(b—c¢) x2+(c—u) X+(a—b) =0
Comparing with ax> + bx +¢ = 0, we have
a=b-c, b=c—-a c¢c=a-b
Discriminant = D = b’ — dac

= (c—a)2—4(b—c) (a—Db)

yr! 16}
= ¢* 42> 2ac—4 (ab — b~ —ac + be)
X %) 2
= ¢ +a —2ac —4ab +4b” + 4ac — 4bc
) 7 0]
= a +4b™ + ¢ —4ab — 4bc + 2ac

= (a=2b+¢c)> > 0

As square is always positive,

(Lahore Board 2008)

= ‘D" >0 = roots are real.
Q.3  Show that the roots of the following equations will be rational.
Solution:
i  (pP+@x —px—q=0
Comparing with ax> +bx +¢ = 0, we have
a=p+q, b=-p €=-—=¢g
- Discriminant = D = b” — 4ac
= (- p)2 ~4(p+q)(—q)
= pf —4q(p + qz
= p +4pq+4q
= (p+29)°
As "D 1s a perlect square.
= roots are rational.
(i pX-(P-@)x-q=0
Comparing with ax™ + bx +c¢ = 0, we have
a=p b= —(’p—q)aﬁ ¢ =—d
Now  Discriminant = D = b~ —4ac
= [cp-al —4@ g
= (p—q)° +4pq

= p’+q —2pq +4pq
= p2 + qz + 2pq
= (p+q)°

As D 1s a perfect square

—

roots are rational.



Q.4  For what values of m will the roots of the following equations be equal.
Solution:
(i) (m+1) X &2 m+3)x+m+8 =0 (Lahore Board 2011)

N . !
Comparing with ax™ +bx +¢ = 0, we have
a=m+1 b=2(m+3) c=m+8

.. 2
Discriminant = D = b™ —4ac

[2m+3)] —4(m+1)(m+8)
= 4(m+ 3)2 —4 (m2 +8m+m+ 8)

4 (m2 +9 + 6m)2 4 (m2 +9m + 8)

4m” + 36 +24m — 4m? - 36m — 32
—12m+ 4

But it is given that the roots of the equation are equal.

= D=0
= ~2m+4 =0 = 12m=4 = m:%
(i) X-2(1+3m)x+73+2m) = 0 (Lahore Board 2009)

Comparing with ax” +bx +¢ = 0, we have
a=1, b=-20+3m), ¢ =7@+2m)
Discriminant = D = b’ — 4ac
= [-20+ 3m)J2 ~4(1)7 3 +2m)
= 4 (1 +3m)* =28 (3 +2m)
= 4(1+9m”+ 6m) — 84 — 56m
= 4+36m” +24m — 84 — 56m
= 36m”—32 m— 80
But it is given that the roots of the equation are equal
= D=0
36m”—32m—80 = 0
4 (9m” —8m—20) = 0
9m” — 8m—20 = 0
Om” — 18m+ 10m — 20 = 0

L Ul

J



= 9m(m—-2)+ 10 (m—-2) = 0

=> (m-2)Om+10) =0

=% Either m—2 =0 or 9m+10 =0
_ 5 =10

= m = 2 or m = "5~

(iii) (1+m)x’=2(1+3m)x+(1+8m) =0
Comparing with ax> +bx +¢ = 0, we have
a=1+m b=-20+3m), ¢ =1+8m

.. 2
Discriminant = D = b~ —4dac

4+36m+24m -4 36m

= 4m2 —12m

But it is given that the roots of the equation are equal.

= D=1

=% 4m>  12m = 0
=% Am(m—-3) = 0
—] m(m-3) = 0
= Either m = 0 or m—3 = 0

or m=3

|—2 (1+ 3111)]h —4 (1 +m)(l +8m)
4 (1 + 3m)2 4 (1 +8m+m+ 8m2)

4 (1 + sz +6m)—4(1 +9m+ sz)

321*{12

Q.5 Show that the roots of X% + (mX + c)2 = a° will be equal, if ¢t = a’ (1+ mz).

Solution:
Given equation
2 <2 2
X +(mx+¢) = a
2 22 2 2
=5 X"+mx +¢ +2mex—a = 0
% 2 5 3
= (I+m)x +2mex+c¢ a =0

’ : 2
Comparing with ax™ +bx+c = 0, we have

;: 2 2
a=14m ., b=2mc, e=rc —3

(G.B 2004, 2006, 1..B. 2007)



Discriminant = D

3
b~ —4ac
2 % o B3

2me) —4(l+m)(c—a)

2 2 2 ) 3 2 2 2
4dmc -4 (¢ —a" +mc —ma)

1 X < 2 T
dmc —4¢c +4a —4m¢c"  +4ma

2 23 2
4a”+4m-a” —4c¢

Now roots of the given equation will be equal it D = 0, i.e.

2 2 7 3
da” +4m a” —4c” =
2 2.8 .9
or 4(a+ma —¢) =
2 22 2
or a+ma —-c¢c =10
2 2 2 2
or ¢ = a +ma

2

2 2
or ¢cc=a(l+m)

Hence proved.

0
0

Q.6  Show that the roots of the (mx + c)2
Solution:

Given equation

(mx + c)z = 4ax

a2 2

= mx +c¢ +2mex —4ax = 0
— m>x> + 2mex —4ax +¢- = 0
= mox> + (2mec —4a) x + ¢C =10

. ; 2
Comparing with ax™ +bx + ¢ = 0, we have

.
Ai=m, b=

Discriminant = D

Zmc—4a, ¢ = ¢

Il

Il

b’ — dac
(2mc — 4;1)2 —4 (mz) (ch
41112<:2 - I()a2 — lbamc — 4mzc2

162> — 16amc

roots of the given equation will be equal if D = 0 i.e.

[6a° — 16amc = 0

or l6a(a—mc) = 0

= 4ax will be equal if C = 2 ;
m

m = (.

(Lahore Board 2010)



or a—mc = (

or 4 = ¢
or c =

Hence proved.

b
X mx + ¢)”
Q.7 Prove that ;"'(TL = 1 will have equal roots,
if ¢ = azm2+b2; a#b=#0.
Solution:
Given that

[ )

2
X (mx +¢)
=+ 7 =1

1 b~

-

- 2
b™ x"+a” (mx + ¢)
2 2
a’b

U

29, 33 349 3 .
b'x"+a  (mx +c¢ +2mcx) = a’b

2.2 2..2.2 22 2 )
b’x " +amx +ac +2mcax—ab =0

2

3 3. 23 2 )
b'x " +amx +ac¢ +2mcax—ab =0

U U U U

(b2 + 321112) x>+ 2mea’x +a’cc —a'b® = 0
Comparing with ax” +bx +c = 0, we have

a=b+ azml, b= '2111032, ¢ = ac’—a’b
Discriminant = D = b> — 4ac

= (2mca2}2 —4 (b2 1 azmz) (azc2 - ajbz]

(L.ahore Board 2008)

2 2 4 .99 24 . & 3T &3 .2
= 4mca 4(abc¢c —ab +amc —abm)

9% 4 4.4 3 2. 4 4 8 3 4.2 3
= 4dmc’a —4abc+4a’b'—4am¢c +4a b m

= 4(;12[)4 4a* b m? 4112b2mz)

As the roots of the given equation will be equal il D = 0

or da’b* + 4a'b’m” —4a’d’c* = 0
or 4a’h” (hj +am CZ') =0

or b’ +a'm —¢® = 0

or ¢ = ¢’m® +b°

Hence proved.



Q.8  Show that the roots of the equation
(a®—be) x* + 2 (b*—ca) x + ¢ —ab = 0 will be equal, if either
a’+b’+¢’ = 3abc or b = 0.
Solution:
Given equation
(@ be) X +2(b"—ca)x+¢ —ab = 0
Comparing with ax” +bx + ¢ = 0, we have
a=a’ bc, b=’2(b2 ac), ¢ = ¢ ab
Discriminant = D = b’ — 4dac
= [2 (b2 — ac]]2 —4 {a2 —be) (c2 —ab)
= ¥ (b2 - ac)2 —4 (512(:2 _a’b-bc + abzc)
= 4 b +a’c’ — Eabzc) - 4&202 + 4uRh +4be’ — dab’c
= 4b*+4a’c”  8ab’c 4da’c’ +4a’b + 4bc’ — dab’c
= 4b* - 12ab’c + 4a’b + 4bc”
As, the roots ol the given equation will be equal i’ D = 0. 1e.
4b* — 12ab°c + 4a’b + 4bc’ = 0
or 4b (b” —3abc+a’ +¢’) = 0
or  4b(b —3abc+a’+c¢’) = 0
or b (b3 — 3abc + :13 + CE) =/}
=5 Either b =0 or b’ 3abc+a’+c¢’ =0
or a’+b’ + ¢’ = 3abe
Hence proved.
SYSTEM OF TWO EQUATIONS INVOLVING TWO VARIABLES
Here we shall solve the equations in two variables when at least one of them is quadratic.
To determine the value of two variables, we need a pair of equations. Such a pair of
equations is called a system of Simultancous Equations.
To solve One Linear Equation and One Quadratic Equation

It one of the equations is linear, we can find the value of one variable in terms of the
other variable from linear equation. Substituting this value of one variable in the quadratic
equation, we can solve it.

; : ; ; . P i ¢ 3 2
NOTE: Two quadratic equations in which xy term is missing and the coefficients of x~ and y
are equal, give a linear equation by subtraction.



EXERCISE 4.8

Solve the following system of equations:

Q1 2x-y = 4; 22(2—4753,7—)72 =6
Solution:
2}'(2—4?(}’—3/2 =l asevis (1)
2x—y =4
— y=2x-4 . (2)
Put equation (2) in equation (1)
- %% —4x 2x —4) - (2x —4)° = 6
— 2x% — 8x" + 16X — (4x° + 16 — 16x) = 6
— 66X+ 16x —4x°— 16+ 16x—6 = 0
— _10x3+32x-22 =0
— 25— 16x+11) = 0
— 5x>— 16x+ 11 = 0
=1 5x2—llx—5x+l'l = {J
= XOx—1H)—=1GBx—11) =10
=% GBx—-11D)(x-=1) =0
— Either 5x—11 =0 or £—1 =90
11
=" X = ? or ¥ =]
Put x = 5 and x = 1 inequation (2)
11
when x = 5 then when x = | then
11 _
22
— ?—4 y=2—4
22=20
— 5 y = —2
2
y =3 — (1,-2)
[35)
= 5°5

11
Hence the solution set = { (1,—-2}, (?

N

)i



Q2 x+y=35 x"+2y° =17
Solution:

X+2y = 17 e, (1)
and X4y = 3
=5 X = D=¥F  issses (2)
Put x = 5 -y inequation (1)
= G-y +2y’ =17
= 25+y —10y+2y° = 17
= 3y - 10y+25-17 =0
= 3y'—10y+8 = 0
— 3y 6y 4y+8 =10
= 3y(y—-2)-4(y-2) =0
= (y=2)3y-4) =0
= Either y—-2 =0 or 3y—4
= ¥ =2 or y = %1
Put y =2 and y = % in equation (2)

when y = 2 then

= % =3 -2
=% =3
=% (3; 2)

Hence the solution set = { (3,2 (? ,

Q.3 3x+2y = 7; 3x* -2y = 25.
Solution:

Ik = 25+2yF (1)
and 3x+2y =17

3 = I—2%
=% o -5 (2)

4
when y = 3 then
_& 3
x—5—3
_15-4 11
RETE =y



Put value of x from equation (2) 1n equation (1)

= %(%ﬁ] = 25+ 2y
= '—“—““3 (7;2”; = 25+2y2
5 49+4);“—28y _ 25+2}33
— 4944y’ 28y = 3(25+2y°)
= 49+4y3—28y = 75+6y2
= 6y” +75 —49 —4y* + 28y = 0
— 2y’ +28y+26 = 0
= 2(y+14y+13) =0
=  2(y +14y+13) = 0
— Y4 14y+13 =0
= Yy +13y+y+13 = 0
=  y+I13)+1y+13) =0
= F+1)H+FF+1) =0
= Either y+13 =0 or y+1 =0
=" y =.—13 or = =1
Put y = —13 and y = — 1 in equation (2)
when y = — 13 when y = — |
then X = f—aely 23( ks then A — 1=2C) _23(
:7+26:3.3:11 :7+2:
3 3 3
= (11,—13) = (=11
Hence the solution set = {(3,— 1) (11,—13)}
Q4 x+y =35, %4-%:2, x #0, y=0.
Solution:
%+3 . T (1)



and X4+y =23
> y:_’sx ......... (2)

Put y = 5—x from equation (2) in equation (1)

:+-3 = 2
J—X

2(5—x)+ 3x
= x(5-x)
=] 2(05—x)+3x = 2x (5—x)
- 10—2x+3x = 10x —2x°
= 10-2x+3x—10x+2x° = 0
=  2x-9x+10 =0
—  2x"—5x—4x+10 = 0
=  x(2x-5-2(2x-5) =0
= 2x—3) (x=2) = 0
= Either 2x—-5 = 0 or x—2 =0
=5 x:% or X = 2

)
Put x = 3 and x = 2 incquation (2)

5
when x = >
— YZS_E =%
10-35
=5 y=">5 ="
5
) Y= 5 —

3.3)
= 93

y =5-2
¥ =3
(2,3)



Q5 x+y=a+b,
Solution:
a b
—+- =2
X Yy
and x+y=a+h
y=a+b-y
Put y

= a+ b —x from equation (2) in equation (1)

a b

=
X a+b-—x

a(a+b—x)+bx

x(a+b—x)
a(a+b—x)+bx

3
a~ +ab—ax + bx

¥ )
2x°—2ax — 2bx +

2
a4+ab—ax+bx = 0

2x (a+ b —x)

5
2ax + 2bx — 2x~

2x2—3ax—hx+a2+ab = 1

2x2—(3a+b)x+ag+ab =

‘ : 2
Comparing with ax™ +bx + ¢ = 0, we have

=2 h=

(3a+b), ¢ = a’ +ab

—b i-\fb2 —4ac

X —
2a

e

—[=Ga+w)] i\j[— (3a + b)]2 —4(2) (" +ab)

3a+b)+\(3a+b)” 8(a” +ab)

2(2)

(3a+b) +/(9a” + b” + 6ab) — 8a” — 8ab

4

(3a +b) £1/9a” + b” + 6ab — 8a” — 8ab

+

4

(3a+b) £\a” +b” — 2ab

4

(Lahore Board 2003, 2005)



_ Ba+b)ty(a—-b) (Ba+b)t(a-b)
- 4 - 4
(3a+b)+(a—Db)
— X = or
4
3a+b+a-b
> X = or
4
_4a
= X =" or
=, X = a or
or
Now put these values in equation (2)
when x = a equation (2) =
= y =a+b-a =
= ¥y =B
=P (a, b)
=3
_ [ a+b a
Hence the solution set = 1 (a, b), 5
_ 3 4
Q6 3Ix+4y = 25, ;+; = 2
Solution:
3 4 _
 E » =R e (1)
and 3x + 4y = 25
= dy = 25-3x
25 — 3x
¥ = A e (2)

o |+

(3a+b)—(a—b)

4
_33+b—a+b
= 4
#23+2b
REy
_2(a+h)
B= 4
a+b
X =75
a+b )
when x = 5 equation (2) =
a+b
y = a+b- 5
_23+2b—a—b
N 2
B a+b
-2

M
e




Put value of "y" from equation (2) in equation (1)

3 4
¥ ey gy =4
4
3 16
= xtos_3x ° 2
3(25-3x)+ 16x
= X (25 - 3x) = =
— 325 3x)+ 16x = 2x (25 - 3x)
= 75— 9x + 16x = 50x — 6x
= 6 —50x+75-9x+16x = 0
=  6x —43x+75 =0
— (= 43) £1/(=43)° 4 (6) (75)
- B 2 (6)
43 +£+[1849 — 1800 43 ++/49 43+7
- 12 - 12 T 12
43 +7 43 -7
= X =" or X ="15
50 36
— X = 12 or X = E
25
—% X = "¢ or X=3
Put these values in equation (2)
when x = _F equation (2) = when x = 3 equation (2) =
25
35—3(?) 25-3(3)
= ¥=——a =% ¥==1
25
Dy 259
= Y = A = ¥y = A
50—-25
2 16
= 1 — = g = 4
23 1 25
=% Y=g 47 g =% (3,4)
25 25
= ( 6° 8 )

: [ 25 251\]
Hence the solution set = 1 3,4), 6] f



Q7 (-3 +y"' =5 2x=y+6
Solution:
(x=32+y" =5 .. (1)
and 2x = y+6
= 7 e R (2)
Put value of "y™ [rom equation (2) in equation (1)

2 ™
(x—=3)+2x—-6) =35

-

— X +9-6x+4X°+36-24x -5 = 0

—  5x°-30x+40 = 0

= 5k —6x+8) =0

= x2—6x+8:()

= X —4x-2x+8 =0

=> X(x—-4)-2(x-4) =20

=3 (x—4)(x—2) =10

=5 Either x—4 = 0 or x—2 =10
= % = 4 or % = 2

Put these values in equation (2)

when x = 4 equation (2) = when x = 2 equation (2) =
y=24)—6=8-6 =2 y=2@)-6=4-6=~2

== (4, 2) = (2,—-2)
Hence the solution set = {(4, 2), (2,— 2)}

Q.8 (x+3]2+(y—1)2 = .5, x2+y2+2x =9

Solution:

Let x2+y2+2x:9 ......... (1)

and  (x+3) +(y 1)’ =5

= x2+9+6x+y2+1—2y=5
=% Ty +6x—2y+10 =5
= x3+y1+6x—2y=—5 ......... (2)

Subtracting equation (1) from equation (2)

X +y +6x—-2y = —5



x2+y2+2x = 9
4x -2y = — 14
2(2x—y) =—-14
2h—y = =1
3% vl = A o S — (3)

Put value of y from equation (3) in equation (1)
x2+(2x+7)3+2x = g

X2+ 4> +49 +28x +2x—9 = O

-
= 5x"+30x+40 = 0

-  5(x°+6x+8 =0

= XC+6x+8 =0

= X*+4X +2x+8 = 0

=% X(x+4d)+2x+4) =0

=% x+4)(x+2) =0

= Either x+4 = 0 or x+2 =0
= X = —4 or >

Put these values 1n equation (3)

when x = —4 equation (3) = when x = —2 equation (3) =
¥y = 2 -+7 y=2(-2)+7
y =—8+7 y=—-T+7
y = — | y =3

= (—4,—-1) =% (—2, 3)

Hence the solution set = {(— 4, - 1), (-2, 3)}
Q9 xX+(y+1? =18, (x+27+y* =21
Solution:
Given equations
x>+ (y+1)7 = 18 and (x+2)7+y" = 21
>+y +1+2y = 18 X*+4+4x+y"—21 =0

X4y +29=1T = 0 s (1) XCHY +4x—1T =20 o (2)



Subtracting equation (1) from equation (2)

x>+ y2 +4x — 17 =0
X"+ Yy ~17+2y =0
SR + -
4x —2y =
2(2x-y) =0
2x—y =0
= =28 essesss (3)

Put value of y 1n equation (3) in equation (1)
= 2+ (2x)°+2(2x) =17 = 0
X +AxC+4x—17 = 0

5x>+4x—17 = 0

43N @B 4G 1) —42+[16+ 340
10

== 2(5) -
_ —4356  -422489 2(-2+4/89) _—2+4[89
=10 T 10 T 10 = s
Tk L
= X :%@ or X = 3 =

Put these values in equation (3)

_213{89 _ —2—+/89 ;
when x = 5 equation (3) = when x = 5 equation (3) =
-2 ++/89 —2—+/89
¥ = 2( 5 ) Y = 2( 5 )
—4 +2+/89 —4-24/89
¥ = 5 ¥ = 5
—2++/89 —4+24/89 —~2-4/89 —4-—24/89
= 5 5 = 5 5

J(—2;\/8_91 —4+52\/8_9jj (—2—5\@1 —4—52\/@]}

Hence the solution set = l



Q10 x*+y*+6x =1, xX’+y*+2(x+y) =3

Solution:
Given equations
x2+y3+6;g:l and 7‘2+y2+2(x+y):3
x2+y2+6x—1 Y (1) x2+y2+2x+2.y—3=0 ......... )

Subtracting equation (1) from equation (2)
x2+y2+2x +2y=3 =10
x2+y2+6x ~1 =0

- = = +

—4x+2y-2 =0
2(=2x+y—-1) =0
-2x+y-1=40
y=2x+1 .. (3)

Put y = 2x+ 1 inequation (1)
X HQRx+ 1D +6x=1 =0

=

= XA+ +ax+6x—1 =0

= 5x+10x = 0

=5 fxx+2)=0 = xExzZ+2) =0

= Either x =0 or x42=0 = x=-2

Put x = 0 and x = —2 in equation (3)

when x = 0 equation (3) = when X = —2 equation (3) =
=1 y=2(-2)+1

= (0, 1) y=-44+1=-3

— (—2,-3)

Hence the solution set = {(0, 1), (-2, - 3}
BOTH THE EQUATIONS ARE QUADRATIC IN TWO VARIABLES
The equations in this case are classified as:
(i) Both the equations contain only x* and y’ terms
To solve these equations we eliminate one of x> or yz._ which yields two linear
equations.
Example: 2><3—f—y,3 = 13, x"+y =9
Subtracting: =4 = x=+2

= two linear equations x = 2 and x = - 2.



(11) One of the equations is homogeneous in x and y

If every term 1n an equation 1s of the same degree then it 1s called homogeneous equation.
For example g 3xy + 2y2 = 0 is homogeneous in x and y.
We shall factorize its L.H.S. and get two linear equations as
£ 3xy + 2y2 = 0 gives
(x—y) (x—2y) = 0
=5 x—-y =0 and x -2y = 0 are the two linear equations.
(iii)  Both equations are non-homogeneous

To solve these equations we eliminate the constants and then get a homogeneous
cquation,
For example: y2 BV =S T s (1) 2x” BV 8 =8 wesesewss (2)
Multiply (1) by 3 and (2) by 7 and adding to eliminate constants, gives
= 14x% — ]3)(}'+3y2 =0 = (2x—-y)(7x—3y) = 0 linear factors.

EXERCISE 4.9

Q1 2x" = 6+3y; 3x -5y° = 7.
Solution:

Given equations

2% = 6+3y° e (1)
-5y =7 e (2)
= 2x° 3},’2 =6

Multiplying equation (1) by (3) and equation (2) by (2) and subtracting
6x” — L)yl = 18
6x°  10y° = 14




Now put y = =2 1nequation (1)

when y = 2 when y = -2

equation (1) = equation (1) =
2x*-3(2)" = 6 2P -3(-2° =6

=  2&-12=6 =  %-12=6

= 2% =18 = 2 =18

=5 x> =9 = x> =9

=% =23 = %= £3

=% (£3, 2) = (+3,-2)

or (3,2), (=3,2) or 3.-2),(-3,-2)
Hence solution set = {3, 2),(-3,2).(3.—2),(—3.—2)}

Q2 8’ =y; xX*+2y° =19 (Gujranwala Board 2007)

Solution:

Given equations

8x° = y2 ......... (1)
and 8" — yz = )
42y =19 (2)
multiplying equation (1) by 2 and adding in equation (2)
16X~ — 2y2 = 0
x> +2y° = 19
175> =19
) _ 19
= =1
19

7 17

Put these values in equation (1)

when X = ]7 when X = - 17
equation (1) = equation (1) =
19 19

= 2 _ = = _
b= ¥ =0 B.y7=Y =4



Hence solution set = '\/7 52 \/7

= y = Sﬁ
o 8 x 19
- YEEN
/38
)’: +2 T
G \F
:> - i&
Q3 2x°-8 = 5y°, x*—
Solution:
Given equations
2x*—8 = 5y°
2x*—5y" = 8
and - 13 =— 23/2
x“+2y° = 13
multiplying equation (2) by 2
2x2—5y2 = 8
2x° +4y” = 26
9y* = — 18
y' =2

Put these values in cquation (1)

when vy = \Fz

equation (1) =

LU Ll

ZXE—S(\E)E = 8

2x*=5(2) =
2x° = 18
x> =9

% =

+3
(+3.42)

Hence solution set =

= —2y2.

g L4 Ul

{ (£3.42),(23,

2 _ g A2
y =89
oy i 8x 19
y== 19
- 0 o

and subtracting from equation (1)

y = +12
y = -2

equation (1) =

2x3—5(—\f2)2: 8
8

2x"—5(2) =

2%x*—10 = 8
x2:9
X =+3

(+3.-42)

V2)}



Q4 x —-5xy+6y° = 0; x°+y" = 45
y + 6y y

Solution:
Given equations

)(2—5><y+6y2 = 0 " X +y

x2—~3xy — '2xy+6»y2 =0
X(x=3y)—2y(x=3y) =0

(x—3y)(x—2y) =0
= Either x —3y = 0
(1) First we solve

F=3E=0 e (1)
and x>+ y2 =l s (2)
from equation (1)

=S/ 0 e (3)

Put this value in equation (2)
=  GByY+y =45
= 9y2 + y2 = 45

- 10y” = 45

2 2

= y =5
Put these values in equation (3)

h 3

when y = $

equation (3) =
9

x:3.%=\/~2

- (33

(11) Now we solve
x—2y =0 e (4)
eyt = A8 e (5)

Put this value in equation (5)
- 2yY +y" = 45
= 4y +y* = 45 = 5y = 45
> 45
=% y =9 => y==%3

Put these values in equation (5)

or x—2y =0

when y = —%

equation (3) =



When y = 3 when y = -3

equation (5) = equation (5) =
x = 2(3) %= 2(-3)
% =6 X =-6

= (6. 3) = =8,~3)

Q.5

s w2, 1) (2,29, t57¢.5,-6)]
ence solution set \ﬁ\ﬁ \E\F—) ; (0:3)=3 ; )f

12x% - 25xy + 12y* = 0; 4x*+7y" = 148.

Solution:

Either

and

%

Given equations

12x° — 25xy + IZy2 =1} and 4x% + 7y2 = 148
12x” — 16xy — 9xy + 12y* = 0

4x 3x—4y) -3y (3x—4y) =0

(3x —4y) (4x —3y) = 0

Ix—y =0 or 4x -3y =0
First we solve.

I—Ey =0 0 e (13
A4*+7yF = 148 (2)
from equation (1)

3x = 4y

SRS

Yo (3)

X =

Put this value in equation (2)

—

4 5 ,
4(§y“)+7y” = 148

16 > 2
4oy |+ = 148

64 5
Eyz + 7y = 148

6dy” + 63y
bh 1hh
127y = 148 x 9

2 1332 1332
12y = 133 = §y = = y= 2N

/37
= y=IH 127



Put these values in equation (3)

when y = 6

equation (3) =

31
127

4 37
=361 )
3
=B 1277
a7 37

== (8 127 , 6 m)
(11) Now we solve

4x 3y =0

and 4x7 + 7y2

= 148

from equation (4)

4x = 3y
;.
-
Put this value in equation (5)
3y 2
- 4[—}) + 7y = 148
=5 ( ) +7y" = 148
- —4L+7y = 148
9y? + 28y’
- % _ 14k
—  37y" = 148x4 = 37y = 592
, 592
= ¥ & gg = 16 = y=+=4

put these values in equation (6)

when y = 4
equation (6) =

34

X =4
X = 3
= (3.4)

Hence solution set = ][ (3,4)(-3,.-4) ( 8 ’\F 6 ’\

—

when y = —6 m

E(]Udll()ﬂ ) =»

6 39
127

i3
12

8 s 6
127

-8

--.,]

when y = —4
equation (6) =

(6)

T) (anfZ o[

}1



Q.6 12x"—11xy+2y* = 0, 2x"+7xy = 60.
Solution:

Given equations

12x° l]><y+2y2 =0 and
= 124> — 8xy — 3xy + Zyz =
=% 4x B3x—-2y)—-y(Bx—-2y) =0
=3 B3x—2y)(4x—y) =0
Either 3x—2y = 0 or 4x -y =0
(1) First we solve

=2 =0 s (1)
and 2x2+7xy =0l ssens (2)

from equation (1)

3x = 2y

2
= % = —%"Y ......... (3)
Put this value in equation (2)
2y \? 2
- 2(;} +7C%Jy = 60
4’ 14,

— 2\ g j+ 3Y = 60

8y" 14
= 4y = 60

8y +42
— y . Yy _ 60
—  50y" = 9x60
= 50y™ = 540

) 540
- Y 750

3 24 4
= yo = 5 = y == 5

6

= ¥ o= D 5

put these values in equation (3)

@]

when y = 3 5

2x* + 7xy = 60

when y = —3



equation (3) =
2 6
X = 33 5
= 2 ‘\/E
4
()
(i1) Now we solve
dx-y =0 4)
and 2x2+7xy =0 00 s (5)
from equation (4)
y=d4% e (6)
put this value in equation (5)
— 2 +T7x (4x) = 60 —
0 =60 = xXX=2 = x =442

put these values in equation (6)

when x = \fz

equation (6) =
y = 442
. (y3.440) 5

Hence solutions set 1s

equation (3) =

()
a 5 ¢ NS

2x +78x = 60

when x = —\E

equation (6) =

((BavB) (B av8), (28 3 8] (28 2]

Q.7 x*-y? xy = 15,
Solution:
Given equations
-y =16 e (1)
B =18 s (2)
from equation (2)
15
Moo= e (3)

X



Put this value n equation (1)

225
xz——“-”_r =16
X
x* —225
—3 = 156
X
xT =225 = 16x°

£ — 16x° —095 = 0

By quadratic formula

) (- 16) £ [ 16)>— 4 (1) ( 225)
. 2 (1)

16 1/256 +900 16 +~/1156 16+ 34
2 2 =

2
5 16 + 34 5 16 - 34
e~ 5 or X = 5
50 — 18
2 2 5 2 —1s
X" = = 25 > i — 5 = 9
¥==*3 X = +3i

put these values in equation (3)

15
when x=5 = y=?=3 = (5, 3)

15
when x = 5:>y=—5= I =5 (-5-3)

15 5 1 .
when x =31 = YR gy T ey 51 = (31, 51)

) 15 5 1 . .
when x = 31 = y=_¥i= T'i=5] = (- 31, 51)
Hence solution set = {(5,-3), (-5, 3), (3i,— 51) , (- 31, 51) }

Q8 x'+xy=9, x'-y =2
Solution:

Given equations
X + XV =Y 0 e (1)
x> — Y 22 e (2)



Multiplying equ. (1) by 2 and equ. (2) by 9 and subtracting.

2x2 + 2Xy =

2 )
Ox~ -9y~ = 18
5.4 + =1

T+ 2Xy + C)y2 =0
75— 2Xy — 9}'2 =0

—
=1 73(2—9xy+'7xy—9y3 =0
=% X(Ix—9y)+y(@x—-9y) =0
=" (7x—9%) (x+y) =0
Either 7x 9y = 0
(1) First we solve

=9y =0 e

3 .3
and e il

from equation (3)
x =9y =»
Put this value in equation (4)

g9 Y
(3 -7~

8l 2 2

= @y ¥ =2
81y~ — 49y
= 49 = &

=5 I =9 > ¥=35=

7
= ¥ =y
put these values in equation (5)
7
when y = 1

equation (5) =

~ [

7
4

e
; I
e B IV

or

.. (3)
o ()

x+y =0

when y = —

IS

equation (5) =

_9[ Z)
k=gl =4



(11) Now we solve

x+y=0 (6)
and x° y2 — . . (7)
from equation (6)
= =% e (8)
Put in equation (7)
~y’-y =2
v -y =2
0=2 No solution.
Hence solution set = 1’ (Ej: : %] : (—3‘ s — %) }

Q9 v -7 =2xy ; 2x"+3 = xy.
Solution:
Given equations

v -7 = 2Xy e (1)
2x2+3y = MY s (2)
Multiplying equation (1) by 3 and equation (2) by 7 and adding
3y2—2] = 6xy
14x>  +21 = Txy

14x*+3y" =0

14x* — 13xy + 3y2 = ()

—
= 14x” TXy — 6Xy + 33/‘2 = {
= Tx2x—-y)—3y(2x-y) =0
=5 2x-y)(Tx-3y) = 0
Either 2x—-y = 0 or Te=3y =4
(1) First we solve
o o = e — (3)
and x> +3 = X' wsesessy (4)

from equation (3)
= < P (5)



Put this value 1in equation (4)

(i1)

and

I+ 3 = x (2x)
243 = 2%°
2x*—2x*+3 = 0
3= 0 No Solution

Now we solve

] ”

Tx—-3y =0 ... (6)
2% +3 = BY 0 s (7)
from equation (6)
1% = 3y

_ ¥y
X == (8)

Put this value in equation (7)

- 7
— 2. 49 +3 = 7
18y 3y
=3 29 T3=77
2 2
18y™ + 147 3y~
= 9 T 7
=  7(18y" +147) = 147y°
- 126y” + 1029 = 147y
= 147y* — 126y” = 1029
5 1029
=  Zy =129 = ¥ =5
— v’ =49 = y=+7
put these values in equation (8)
when y = 7
equation (8) =
3
x ==()
% = —3
= (3,7) =

Hence solution set = {(3,7), (-3,-7)}

when y = —7

equation (8) =

g
x =5T7)
£ = -3
(_3_7)



Q.10 x*+y* =5, xy =2 (Lahore Board 2003, Gujranwala Board 2005)
Solution:

Given equations

Y =5 e, (1)
and XY = 2 e (2)

from equation (2)

2 _
y=3 (3)

Put this value in equation (1)

|
=% X"+ =15
X
x*+4
S Aol
=% xd'+4=5x2
= X —5x°+4 =0

using quadratic formula

(S ENNES -4 @) 5+425- 16
X = —
2 (1) 2
5+4/25—-16 5+3
i 2 - 2
g F+3 _ g 3-3
=3 X" = "5 o1 X'= "5
= x* = 4 or =1
= X = 2 or x = %1
Put these values in equation (3)
2
when x=2:y=§=l = (1)
2 :
when x = 2:>y:—2: 1 = (2,-1)
2
when x =1 = y:T:’l =% {1.,2)
2 _
when x =-1 = y=—1=—2 = (-1,-2)

Hence solution set= {(2, 1), (-2,-1),(1,2), (- 1, '2)}
WORD PROBLEMS ON QUADRATIC EQUATIONS
Now we solve the problems which, when expressed symbolically, lead to quadratic
equations in one or two variables.
In order to solve such problems, we must;
(1) Suppose the unknown quantities to be x or y elc.
(2) Translate the problem into symbols and form the equations satisfying the given conditions.



Q.1

EXERCISE 4.10

The product of one less than a certain positive number and two less than
three times the number is 14. Find the number.

Solution:

R R L

U

U

Let the required positive number is = x
then according to the given condition
(x-1)(3x-2) = 14

3 2% —3K+2-14 =0

.
X =5x-12 =

=

3x" - 9x +4x 12 = 0

Ix(x—-3)+4(x-3) =0

(x-3)3x+4) =0

Eitherx -3 = 0 or 3x+4 =0

8 | -4
X = ot X =3

required positive number = 3
The sum of a positive number and its square is 380. Find the number.

(Gujranwala Board 2007)

Solution:

VR R

J

Let the required positive number = x

Then according to the given condition

x+x° = 380

X" +x—380 = 0

X" +20x — 19x — 380 = 0

X(x+20)-19(x+20) =0

(x4+20)(x—-19) = U

Either x +20 = 0 or x—19 =0
k= —20 or % =19

Hence, the required positive number = "9



Q.3 Divide 40 into two parts such that the sum of their square i1s greater than 2
times their product by 100.

Solution:
Let one partis = x

then other part = 40 — X

= X+ 40-x) = 2x (40— x) + 100

= x* + 1600 + x” — 80x = 80x — 2x" + 100

—  2x"+ 1600 —80x — 80x + 2x* — 100 = 0

—  4xT—160x + 1500 = 0

= 4@4x —40x+375) = 0

— X —40x+375 =0

= x*—25x — 15x +375 = 0

=  x(x-25-15(x-25 =0

=% (x=-25x—-15 = 0

Either x—-25 =0 or x—15 =0

x= 13 or %= 13

=3 If one part is 25 then other is 40 25 = 15 and if one part is 15 then the other is

40-15 = 25
= Required parts are 15, 25.

26
Q.4 The sum of a number and its reciprocal is 5 - Find the number.

(Gujranwala Board 2007)
Solution:
Let the required positive number = x

According to the given condition

1 26
X+X =g
x2+1 26
=% — =
X 5
= 5(x>+1) = 26x
= 5x24+5-26x = 0

= 5%2—26x+5 = 0



(Lahore Board 2010)

=% S -m-z+5 =0
=3 Sx(x=5-1(x-5 =0
=% (x—350Bx-1) =0
=5 Either x-5 =0 or x—1 =49
1
= X =3 or =g
Hence the required numbers = 5, %
Q.5 A number exceeds its square root by 56. Find the number.
Solution:
Let the required number = x
According to the given condition
x = /x + 56
=%  Alx = %56
= (\/?c)zz(x—sm2
=  x = x +3136-112x
= X +3136-112x-x = 0
= X" —113x+3136 = 0
= X" 64x—49x+3136 = 0
== X(x—64)-49(x-64) =0
= (x—64)(x—49) = 0
= Either x—64 = 0 or x—49 =0
=5 X = 64 or X =49
As x = 64 obeys the given condition.
=5 Required number is 64.
Q.6 Find two consecutive numbers, whose product is 132.
Solution:
Let two consecutive numbers are x, X + |
According to the given condition,
x{x+ 1) = 132
=  xX+x-132=0
= X +12x-11x-132 =0
=3 X(x+12)—11(x+12) =0



= X+ 12)(x—11) = U

= Either x+ 12 = 0 or x—11 =0
x =—12 or x = 11
I x=-12 = x+1=-124+1=-11
IFx=11 = %x+1 =11+1 = 12
=5 Required numbers are — 12, - 11 or 11, 12.

Q.7 The difference between the cubes of two consecutive even numbers is 296.
Find them.

Solution:
Let the required numbers are X, X + 2

According to the given condition,

(x +2) —(x)° = 296

X +6x+ 12x+8 x> = 296

6x%+ 12x + 8296 = 0 M (a+b) = a’+3a’h+3ab’ + b’
6x” + 12x — 288 = 0

6 (x> +2x—48) = 0

X +2x-48 = 0

X" +8x —6x—48 = 0

X(x+8) - 6x+8) =0

(x+8) (x—6) =0

Either x+8 = 0 or x—6 =0

R U R

kK= —B or X =06
If x =—8 then x+2 = —-8+2 =-6
Ix =96 then x+2 = 6+2 = 8

Hence required numbers are — 8, -6 or 6, 8.

Q.8 A farmer bought some sheep for Rs. 9000. If he had paid Rs. 100 less for
each, he would have got 3 sheep more for the same money. How many sheep
did he buy, when the rate in each case is uniform?

Solution:
Suppose no. of sheep = x

Price of x sheep = Rs. 9000



2000

Price of 1 sheep = Rs. e (1)

If no. of sheep = x+3

I : G sl 4 _ R 9000
then the price o sheep = b.x+3

then according to the given condition.

9000 9000
= B ~ x+3
o 9000 — 100x _ 9000

X X+3
=5 (x +3) (9000 — 100x) = 9000x
= 9000x — 100x + 27000 — 300x — 9000x = 0
= —100x"—300x + 27000 = 0
= 100> +3x—-270) =0
=  X+3x-270=0
= x4+ 18x—15x—270 = 0
= X(x+18)—-15(x+18) =0
=% (x+18)(x—15) =0
= Either x+ 18 = 0 or x—15 =0
X =—18 or ¥ =15

x = — I8 neglecting as it is negative

= Required number of sheep = 15

Q.9 A man sold his stock of eggs for Rs. 240. He has 2 dozen, more, he would
have got the same money by selling the whole for Rs. 0.50 per dozen cheaper.
How many dozen eggs did he sell?

Solution:
Suppose the number of eggs = x dozen
Price of x dozen eggs = Rs. 240

240

Price of 1 dozen eggs = Rs. e (1)

And if, Price of x + 2 dozen eggs = Rs. 240

240
X+ 2

Price of 1 dozeneggs = Rs.



According to the given condition

240 240
= = —O.SO:X_'_.2
240 50 240
= x 100 ~ x+2
240 l__ 240
= X 27 x+2
480 X 240
= 2x T ox+2

240 (2x) = (480 —x) (x +2)
480x = 480x + 960 — x° — 2x

—

= X7 +2x - 480x 960 +480x = 0

= X +2x-960 = 0

= X +32x—30x—960 = 0

= X(x+32)-30(x+32) =0

= (x-32)(x+30) =0

= Either x +32 = 0 or =32 = ]
x = — 32 (neglect) or x = 30

=3 Required dozen of eggs = 30

Q.10 A cyclist travelled 48km at a uniform speed. Had he travelled 2km/h slower,
he would have taken two hours more to perform journey, how long he did
take 48 km?

Solution:
Let the Speed of the cyclist = v km/h
and time taken for 48 km = t hours
by first condition
Vi=8g = oo (1)
If the speed of cyclist is (v — 2) km/hour, then he will take (t + 2) hours to cover 48 km.

Now by 2nd condition

=20+ 2] =288  oeenes (2)
from equation (1)
_ a8

V=



Put this value 1n equation (2)

(ﬁ~‘2) (t+2) = 48

- t
48 — 2t
= ( " )(t+2) = 48
= (48 —20) (1 +2) = 48t
=  48t+96—2t°—4t—48t = 0
=  —20—4t+96 = 0
= 2 +2t-48) = 0
= (42048 =0
=  C+8t—6t—48 = 0
=% t(t+8)—6(t+8) =0
= (t+8)(t—6) =0
= Either t+8 = 0 or 1—-6 =0
t =—%8 or t = 6
t = —8 (neglecting)
=5 Required time = 6 hours.

Q.11 The area of rectangular region 297 square meters. Had it been 3 meters
longer and one meter shorter, the area would have been 3square meter more.
Find its length and breath.

Solution:
Let length of rectangular region = x
and breath of rectangular region = y
By st condition
L g 7 S — (1)
By 2nd condition
(x+3)(y-1)=297+3
= Xy —%x+3y—3 = 300
xy —x+3y = M e (2)
Now from equation (1)
297

......... 3
y (3)

X



Put this value m equation (2)

U
I

3(y*-2y-99) =0

y*—2y—99 = 0

v = 1ly+9y-99 = 0
yx—=11)+9¢@-11) = 0
y—1D(y+9) =0

Either y—11 =0 or y+9 =0

N T N S

¥ = L or y =—9 (neglecting)
Put y = 11 in equation (3)

297

T 27
— length of rectangle = 27 m
breadth of rectangle = 11m

Q.12 The length of a rectangular piece of paper exceeds its breath by Scm. If a
strip 0.5cm wide be cut all around the piece of paper, the area of the
remaining part would be 500 square cms. Find its original dimensions.

Solution:
Let length of rectangular paper = x
then  Breath of rectangular paper = x — 3

If a strip of 0.5 cm wide be cut all around the piece of paper. Then



Length of paper = x-0.5-0.5 = x-1
and breadth of paper = x -5 05 05 =x 6

According to the given condition

= (x-1)(x-6) = 500

= x> —6x—x+6 = 500

= X -Tx+6-500 = 0

= X -7x-494 = 0

= X —26x+19x—494 = 0

— X(x—26)+19(x—-26) = 0

=% (x-26)(x+19) = 0

=% Either x-26 = 0 or x+19 =0

= X = 26 or x = 19 (neglecting)
= length of rectangular paper = 26

breadth of rectangular paper = x—35 = 26 -5 = 21

Q.13 A number consists of two digits whose product is 18. If digits are
interchanged. New number becomes 27 less than original number. Find the
number.

Solution:

Suppose tens digit = X
and unit digit = vy
The number = 10X +y
By interchanging the digits, the new number = 10y + X
Product of the digits = xy
By the condition of question
X = I8 e (1)
and 10x+y = 10y +x + 27
or 10x+y—10y—x-27 = 0
or 9%-9y-27 =20
or 9(x—-y-3)=0



Put this value 1in equation (1)

= X (x—3) = 18

= x-3x-18=0

= X -6x+3x-18 = 0

= X(x—06)+3(x—6) =0

—% (x—6)(x+3) =0

=5 Either x—6 = 0 or x+3 =0

—% =0 or x = — 3 (neglecting)

Put x = 6 1nequation (2)

y=x-3=6-3=3

= tens digit = x = 6
=3 unitdigit = y = 3
=% required number = 63

Q.14 A number consists of two digits whose product is 14. If digits are
interchanged the resulting number will exceed the original number by 45.
Find the number.

Solution:
Suppose tens digit = x
and unit digit = vy
the number = 10X +y
By interchanging the digits, the new number = 10y + X
Product of the digits = xy

By the condition of question

kg =14 0 e (1)
and 10y +x-45 = 10x +y
— [0x +y— 10y —x—45 = 0
= 9x -9y +45 =0
=3 9(x—y+35) =0
= X—y+5 =90
= M= EES e (2)



Put this value 1in equation (1)

= X (x+35) = 14

= KX +5%-14=0

= X +Tx-2x-14 =0

= X(x+7)-2(x+7) =0

= X+ (x-2) =0

= Either x+7 =0 or x—=2 =40
= x = — 7 (neglect) or % = 2

Put x = 2 1n equation (2)

y =243 =]
= tens digit = x = 2
= unitdigit = y = 7
= required number = 27

Q.15 The area of right triangle is 210 square meters. If its hypotenuse is 37 meters
long. Find length of the base and altitude.

Solution:

Suppose length of base of right triangle = x

; i 37
and 1ts altitude = vy
y
- : 1 ;
As area of right triangle = 3 x base x altitude
X

|
= A=5.X.y

According to the given condition

A =210
|
—y EX},:’z]o - xy:420 ......... (1)

Also given that hypotenuse = 37

= X +y = 37
=  X+y =1369 . (2)
From cquation (1)

_ 420

......... 3
v (3)

X



Put this value 1in equation (2)

20V, _
i (—) i = 136D

. N
176400

= T+ y2 = 1369
176400 +y"

—> T} = 1369

-

— ¥y 4176400 = 1369y
=y - 1369y2 + 176400 = 0

) 1369 44/ 1369)° — 4 () (176400)

= B = 2(1)
. 1369 £4/1874161 — 705600 1369 +~/1168561
- 2 - 2
> 1369 = 1081
= y© = ——T—
> 1369 + 1081 > 1369 1081
= y = f or y = f
» _ 2450 2 _ 288
f— Y = 7 y = )
= y = 1235 y = 144
=  y==+35 y =212
= y = 33 y = 12

neglecting —ve values

Put these values in equation (3)

420 420
whea y =35 = X:T: 15 = 12

420
when y = 12 = x:ﬁzﬁ

= If length of base = 35 meters
then length of altitude = 12 meters
and if length of base = 12 meters

then length of altitude = 35 meters



Q.16 The area of a rectangle 1s 1680 square meters. If its diagonal 1s 58 meters
long, find the length and the breadth of the rectangle.

Solution:

Suppose length of rectangle = x

and breadth of rectangle = y

Area of rectangle = xy = 1680 ......... (1)
and & i y2 = (ff_\i)2
— x> + _v3 = 3364 . (2)
From equation (1)
. - e (3)
¥

Put this value in equation (2)

1680
- ( ’y )+y"=3364
2822400 - y
224 5,
= “—yjf—+y' = 3364
2822400 + y* |
= : = 3364 X

= y'+2822400 = 3364y’
=y —3364y" + 2822400 = 0

)y —(=3364) £4/(=3364)" — 4 (1) (2822400)
S 2 (1)
3364 +~/11316496 11289600
b =
2
3364 £1/26896 3364 + 64
= = 2 = >
o 3364 + 164 > 3364164
= Y =7 o or Y =7 5
=  y = 1764 y* = 1600

=% Put these values in equation (3)



1630 1680

x:ﬂzél() or x=4—0=42
= If breadth of rectangle = y = 40 meters
= Then length of rectangle = x = 42 meters and if

breadth of rectangle = y = 42 meters
then length of rectangle = x = 40 meters

Q.17 To do a piece of work, a takes 10 days more than B. Together they finish
work in 12 days. How long would B take to finish it alone?

Solution:
Suppose B takes "x’ days and A takes x + 10 days to do the work.

Then oneday’s workof B =

one day’s work of A =

I
One day’s work of both = -

If they do work in 12 days together then

onc day’'s work of both = 172 e (2)

Equating (1) and (2)

11
= * =9

X x+ 10
X+ 10 +x ]
= x(x+10) ~ 12
2x+10 |
=% x°+10x 12
=  x+10x = 12(2x +10)
= X"+ 10x = 24x + 120
= X +10x—-24x—120 = 0
= X —14x-120 = 0
= X —20x+6x—120 = 0
= X(x—=20)+6(x—-20) =0
= (x—=20)(x+6) =0
Either x—20 = 0 or X+6 =0
— X = 20 or X = — 6 (neglecting)
= "B* will take 20 days to do the work.



Q.18 To complete a job, A and B take 4 days working together. A alone takes twice
as long as B alone to finish the same job. How long would each one alone take
to do the job?

Solution:
As A and B together finish a job in 4 days.

= one day’s work together — 4 e (1)

Suppose B takes "x daysthen A will take 2x days.

|

Now one day's work of A = x

: ~ 1
and one day’s work of B = %

I
one dav's work of both = — + Ny | wesmess (2)
? x 2x
From equations (1) and (2)
1. 1 _1
= xT2x T 4
Z2+1 1
— 2x 4
31
= x4
= 2x=12 == 2Zx-12=40
= 2(x—-B6) =0 = x-6=0 = x=26
= B will take 6 days to do the work and A will take 12 days to do the work.

Q.19 An open box is to be made from a square piece of tin by cutting a piece
2 dm square from each corner and then folding the sides of the remaining
piece. If the capacity of the box is to be 128 c.dm, find the length of the side of
the piece.

Solution: A I
Let "x" be the length of the square picce. }
Then length of box = x—4
Breadth of box = x 4
Height of box = 2 S o g

Volume of box = 2 (x—4) (x—4) v ] I




But given that volume = 128

= 2(x-4)(x—4) = 128

= (x —4)" = %

= (x —4)" = 64

= x—4 =8

= x =8+4 =12

=5 required length of side = 12dm

Q.20 A man invest Rs. 100,000 in two companies. His total profit is Rs. 3080. If he

receives Rs. 1980 from one company at the rate 1% more from the other.
Find the amount of each investment.

Solution:

Suppose the amount invested in 1™ company = x
then the amount invested in 2™ company = 100,000 — x
VX

o —

Let the profit from 1™ company = y% of x = 100

but it is given that profit from 1™ company = 1980

hE
= 100 = 1980
— xy = 198000 ... (1)

As he gets profit 1% more from the other company

n nd ) i Ll g
= Profit from 2™ company = (y + 1)% of (100,000 —x) = 100 (100,000 — x)

but it is given that profit from 2™ company = 3080

|
- %(100,000 ~x) = 3080

= (y+ 1) (100,000 — x) = 308000

= 100,000y — xy + 100000 — x — 308000 = 0

Put xy = 198000 from equation (1) in above equation
=3 100000y — 198000 + 100000 — x — 308000 = 0
= 100000y — x — 406000 = 0

= x = 100000y — 406000 ..., (2)



Put this value in equation (1)

p—

b U U

U

—

(100000y — 406000) y = 198000
100000y” — 406000y — 198000 = 0
2000 (50y” — 203y —99) = 0

50y° —203y —99 = 0

(- 203) £4/(— 203)" — 4 (50) (— 99)

B 2(50)
203 +4/41209 + 19800 203 + 247
_ S+ 2 _ 203247
Y= 100 or Y =" 100
450 ) |
Y =100 T "2 y = — 0.44 (neglecting)

Put y = 4.5 1n equation (2)

—

and

x = 100000 (4.5) — 406000 = 44000

Amount invested in 1™ company = Rs. 44000

Amount invested in 2™ company = 100000 — 44000 = Rs. 56000



QUADRATIC EQUATIONS

Chaprer

MULTIPLE CHOICE QUESTIONS

(1)

(3)

(4)

(5)

If x> + 3x? — 6x + 2 is divided by x + 2 then remainder is:
(a) —I8 (b) 9
c) -9 (d) 18

Product of roots of equation x* — kx + k* = 0 1s equals:
(a) k (b) k?
() —k (d K

Two square roots of unity are:
(a) k=1 (b) 1, ®
© L-o d) -7

Roots of a quadratic equation are imaginary if:
(a) b‘—4dac<0 (b) b*—4dac>0
(¢c) b —4dac=0 (d) b'—4dac=1

A quadratic equation has degree:
(a) 1 (b) 2
(¢ 3 (d 4

[Lahore Board 2005]

[Lahore Board 2005]

[Lahore Board 2005]

[Lahore Board 2005]

[Gujranwala Beard 2005]



—_

(6)

(7)

(8)

(9)

(10)

(11)

(12)

If S and P are the sum and product of roots of the quadratic equation. then

quadratic equation is:
(a) X*+Sx+P=0 (b)
(¢) X - Sx-P=0 (d)

xX*=Sx+P=0
x*+Sx-P=0
[Gujranwala Board 2005]

The discriminant of quadratic equation ax” + bx + ¢ = 0 is:

(a) dac—b’ (b)
(¢) a’ — dac (d)

The product of the roots of equation 5x° — x +

5
(a) =3 (b)
2
(¢) 3 (d)
3¥+4 = 0is:
(a) Exponential equation (b)
(c) Radical equation (d)

b* + 4ac
b* — 4dac

[Gujranwala Board 2006]
=0 is:

t2 s 12

(B ]

[Gujranwala Board 2006]

Reciprocal equation
None of these
[Gujranwala Board 2006]

If fix) = x* +4x* — 2x + 5 is divided by x — | then remainder is:

(a) 8 (b)
(c) -8 (d)

10
None of these
[Lahore Board 2006-07]

The roots of the equation ax” + bx + ¢ = () are rational if:

(a) b’ —4ac <0 (b)
(¢) b —4ac=0 (d)
@ =7

(a) 0] (b)
(c) ' (d)

b? - 4ac >0
b> — 4ac > 0 and a perfect square
|[Lahore Board 2006]

On
0
[Lahore Board 2006]

If a polynomial f(x) of degree n = 1 is divided by (x — a), then remainder R is:

(a) f{—a) (b)
(¢) af{a) (d)

f{a)
[(0)
[Gujranwala Board 2007]



(14)

(13)

(16)

(17)

(18)

(19)

(20)

One root of the equation x=— 3x +a = 01s 2, then *a’ 1s:
(a) -2 (b) 2
(c) 3 (d) -3
|Gujranwala Board 2007|

The solution of the equation ax~ + bx + ¢ = 0 1s:

b+ b* + 4ac —b +4/b° — 4ac
(a) X = o) {b) X= Vs
2a 2a
b+ "'b-z + dac b+ ‘»{rbz + 4ac
(©  x=7 5 Cl

|[Gujranwala Board 2007]
The roots of the equation 25x* — 30x + 9 = 0 are:
(a) Imaginary (b) Rational and unequal
(c) Rational and equal (d) Irrational and equal

|Gujranwala Board 2007|

For what value of k will equation x* — kx + 4 = 0 have sum of roots equal to
product of roots:

(a) 3 (b)y =2
(c) 4 d 4
[Lahore Board 2007)
For cqual roots of ax? + bx + ¢ = 0. (b° — 4ac) will be:
(a) Negative (b) 0
(c) I (d) 2
[Lahore Board 2007]
Sum of four fourth roots of unity is:
(a) I (b) -1
(c) 0 (d) i
| Lahore Board 2014, Lahore Board 2007, Lahore Board 2015|
[:quations having same solutions are called:
(a) Exponential equations (b) Radical equations
(¢) Simultancous equations (d) Reciprocal equations

|Lahore Board 2007]



(24)

(25)

(26)

(27)

I
I14* =7 then x equals:

| 1
(a) 5 (b) )
(c) 2 (d -2

[Lahore Board 2008]
If polynomial x* + 3x + 7 is divided by x + 1, then remainder is:
(a) -5 by 11
(c) (d) -11

(&)

[Lahore Board 2008-10]
It 4" =2 then x equals:

1
(a) -3 (by 2
1
(c) -2 (d) 3

|Lahore Board 2008-09]
Ifa, B are the roots of ax® + bx + ¢ = 0 then af is equal to:
d

(a) -5 (b)
b b
. _

o |

(c)

[Lahore Board 2008]
The quadratic equation with roots 2 — V'ri and 2 + \ri 15
(a) xX+4x+1=0 (b) X>—4x+1=0
(¢) X" —6x+6=10 (d) x*—=6x—6=10
|Gujranwala Board 2008]
The sum and product of roots of equation 4x~ + 7x — 3 = 0 are:

3 7 7 3

(a) 3° "4 (b) =4 =3
T 3 3 4
@ -4 @ -3.-3
|Gujranwala Board 2008|

Roots of x* — x — 2 = 0 are:
(a) 2;—1 (b) -2, 1
() —2,~I 4 2.1

|Gujranwala Board 2008]



(28)

(29)

(30)

(31)

(32)

(33)

(34)

Product of all three cube roots of umty 1s:
(a) | (b) 0
(c) -1 (d) ®
|Lahore Board 2014, Gujranwala Board 2008]

The product of all four fourth roots of unity equals:
(a) I (b) 0
() -~ (d) 2

|Lahore Board 2009]
Ife, P are the roots of 3x7 — 2x + 4 = 0, then the equation whose roots are 2, 23 is:
(a) 2%*+6x+8 =0 (b) 4% - 2x+3=0
(c) 3 -4x+16=0 (d)  3x*+-16x-4=0

[Lahore Board 2009]
The roots of the equation x= + px + q = 0 , are additive inverse of one another,
then:
(a) p=1 (b) q=1
(¢) q=0 (d p=0

[Lahore Board 2010]

I 1s the imaginary cube root of unity then W =

(a) 1 (b) -1
(¢) W™ (d) 1) e
|Lahore Board 2010]
l+o+o =
(a) I (b) ®
(c) o (d) 0

[Lahore Board 2014, Lahore Board 2011]

When 3x* + 4%’ + x — 5 is divided by x + 1 then remainder is:
(a) 7 (b) 6
(c) -6 (d) -7

|Lahore Board 2012]
In a quadratic equation ax’ + bx + ¢ =0 if b’ — 4ac < 0, then roots are:
(a) Real (b) Equal
(c) Rational (d) Complex / imaginary

[Lahore Board 2012]



(36)

(37)

(38)

(39)

(40)

(41)

(42)

(43)

1 +w'=

(a) W (b) —W
(c) W (d) e
[Lahore Board 2013]
Product of roots of ax> + bx + ¢ = 0:
(a) -~ (b) =
a a
-a —b
) ¢ (d) o
[Lahore Board 2013]
The polynomial 3x~ + 2x + | has degree:
(a) 0 (b) 3
(c) 2 (d) 4
|[Lahore Board 2013
If4* = % then x =
(a) é (b) '""2—1
(&) 2 (dy -2
|Lahore Board 2013
The equation x* — 3x* +4x* - 3x + 1 =01s equation:
(a) Reciprocal (b) Redical
(c) Exponential (d) All of these
The equation of the form \fx Fa+x+b = /x+cis called ———— equation:
(a) Reciprocal (b) Redical
(c) Exponential (d) All of these
It @ and ®* are complex cube root of unity then I + @ + w* =
(a) 0 (b) |
(¢) 2 (d) None of these
[’—l +1/3 ."T -
]
(a) 0 (b) 1
(©) -1 —E\f_’u () | z.h



(44)  Complex tourth roots of unity are —————of cach other:
(a) Inverse (b) Conjugate
(c) Imaginary (d) None of these
(45) If *x7 is at tens place and "y’ is at unit place then the two digit number xy =

(a) 10x = 10y (b) 10y + x
(c) y + 10x (d) 10X + vy
(46)  Solution set of system of equations x* + y= = 5 and xy = 2 is equals:
(a)  {(1,-2), (-1,2),2, 1), (-2, -1)}
(b) (1, 2), (-1,-2), (2, 1), (-2, -1)}
(c) (1, 2), (=1,-2), (2, =1). (2, 1)}
(d) None of these
(47)  Ifanumber "X is greater than "y’ by 5 then it can be written as:

(a) X+5 =y (b) y—5=xXx
(c) —X—5=¥ (d) X—-5=Yy
(48) Itx" + a"is divided by x + a, then remainder will be:
(a) 0 (b) a®
(c) 2a" (d) (a) or(c)
M5 <A
1 -3
(49) ‘\.\/—5— 5 =2
=] + = '—_3 X j—l — -3
(a) T /_

> ® N\ "2
[1-4-3 NE!
(c) 4\; T\ (d 3+ % i

o p o .
(50) """ where ne w, is equals:

(a) 0 (b) |
(c) [0 (d) "

(51)  Product of squares of four fourth roots of unity is cquals:
(a) 0 (b) 1
(c) -1 (d) i
Dividend

3, Fecinbin ol ; =

(52) Drvisar Quotient
. Remamder b Dividend
(a) dividend (b) divisor

Remaind

(c) DEMATCET (d) None ol these

divisor



(57)

(38)

(59)

(60)

(61)

(62)

(63)

Nature of roots of quadratic equation depends on

(a) Product of roots (b) Sum of roots
(c) Discriminant (d) All of these
The real fourth roots of unity are ——— of cach other:
(a) Multiplicative inverse (b) Additive inverse
(c) Conjugate (d) None of these
If o is a complex cube root of unity then @' = ?
(a) 0 (b) -1
(c) -2 (d) None of these
ax> +bx F¢=0whercaz0,isa ———— equation:
(a) Linear (b) Quadratic
(c) Cubic (d) None of these
The roots of the quadratic equation x* — 4x + 3 = 0 are:
(a) Rational (b) Irrational
(c) Unknown (d) Cannot find
If . B are roots of a quadratic equation then the equation can be written as:
(a) X-’-+{u+ﬁ}x+aﬁ>—0 (b) xj—(a+ﬂ}x—uﬂ—0
(c) X — (o B tap =0 (d) None of these
For the equation 2x* = 3x + 7 = 0 sum and product of roots is:
3 7 2 7
(a) 53 (b) 513
(¢) % —% (d) —% ; —%
The roots of the quadratic equation ax” + bx + ¢ = 0 are imaginary and unequal if’
(a) Discrimimant = 0 (b) Discrimmant =< 0
(c) Discriminant > () (d) None of these
The roots of the quadratic equation ax” + bx + ¢ = 0 are distinct if:
(a) b’ - dac =0 (b) b* — dac # 0
(c) Both (a) and (b) (d) None of these
The three cube roots of umty are:
(a) l,=1,i (b) i, =i, 0
(c) l.m. 0 (d) . %, ®
Sum of four fourth roots of unity Is:
(a) 0 (b) 1

(B8]

(c) -1 (d)



{64y A radical free cquation has some roots which do not satisty the given radical

cquation, these roots are called:

() Lxtrancous roots ib) [xact roots

(Ch Fqual roots (d) None of these
(63)  Solution set ol equation 2x' 32 =0 1y;

(i} 42 2 i) it B I

{C) DL 2 i) 2. 12k

(66  Ita polvnomial fix) s divided by 2% - 1 then remainder is equals:

(1) F(2) (h) ()

i l 1 _|" ] )
(€ 3] )y fl-75]

L4 i3]
{67 [ oy - 5 then i
| 131 i—3
{a) oy (1) e
3 . 3

{ch 0 () None of these

(68) Il fparcrootsofax™ byl e—Othena | i~ —
1

I ~2ac b'— 2ac
(i} — (h) 5
11 \t
} b — 2uc ” b — Zac
(€ b ) il
{69) A polynomial f{x) has factorx a1l
(i1} ) =0 i(h) (fa)y = 0
(<) l(—=a) = 0 (d) Nuone ol these
! I Al
{70y It nT s even positinve integer then has remainder:
(1) ah! () ()
{c) | () g |

(71 I - a) is divided by x — a. then remainder is:
() [{u) (b) [{=a)
(Ch —1ta) (d) ()
(72)  1rb- — duc - 0 and perlect square then roots are:
(i) Rational (b) lrrational

() [-qual () Complex



i)

{731 Therootsofx” = x -6 — 0Oarc:

() [Rcal () Equal
() Complex (d) Tribal
(74)  The sum ofroots of equation ax” = bx + ¢ =0 a= 0 is:
Iy C
() , (b) ,
d Ll
b
() . () ,

(75) 10w is complex cube roat of unity than conjugate ol w is:

() w (b) W
() W («l) 1
|[Lahore Board 2015|

/{;MWW
(1) d (2) b (3) i (4) i (5) Iy
(6) b (7) d (8) ¢ (%) 4 (10) a
(1l d (12 a (13 b (14) b (13) h
{16) ¢ (17) d (18) b (19 ¢ 2t d
20 b (22 ¢ (23) d (24) b (25) b
{26) b (27} a (28) Hl (29) ¢ (311 C
{31) d (32) ¢ (33) d (34) d (35) d
(36) d (37 b (38) & (39) b (L) a
1) b (42) a (43) ¢ (44) b (43) d
(46) b (47) d (48) b (19) il (30) d
(51) b (52) ¢ (53) ¢ (54) b (53) 8
(56) ) (57) i (38) ¢ (39 b (Of) I
fol) b (62) d (63) a (04) i f63) i
{66) d (67) b (68) d (69) b (70) b
o | Jem | oa e | e o] ¢ | on | oa




-

{ SOLUTION )

. ——_

rrt]

Q1 x+2=0= x=-2
Put in given polynomial.
fix) = xX*+3x*-6x+2

f-2) = (-2 +3(=2)"— 6(-2) + 2
= 8§+ 12+12+2
f{-2) = 18
—_ Remaimnder = 18

Q.2  Given X’ —kx +k*= 0

Let. «. P are its roots then

. ¢
Product of roots = aff= 5= k’

Q.5 A quadratic equation is of the form ax® + bx + ¢ = 0 in which highest power of

variable *x” is 2.
Q.8 Leto. P are the roots of 5x* = x + 2 = 0.

Then,

[ ]

< [}
Product of roots = oufp= .

Q.9  Asvariable 1s in exponent (power)
So it 1s an exponential equation.

Q.10 fix) = X" +4x°—2x+§ : x—1=10
fl1) = (1P +4(1)°-2(1)+5 x = |
R=1+4-2+5
R = 8
s_ 4+ __1r _ 1 1 o o _
QL o™ = o oo Lo n):xm T

Q.14 x*-3x+a =0
Let, o, arc its roots.

=2 atf = 3
Let, @ = 2| (given)
2+ =13

Also af = a



Q.16 25x°-30x+9 = 0

Discriminant D =b* —4ac = (=30)° — 4(25)(9)

= 900 -900 = 0

As D = 0and perfect square so roots are rational and equal.
Q.17 x*-kx+4 =0

Let, o, areits roots.

Then, o+ = _ub- =k

And ap = 4

As sumofroots = product of roots

k =4
Q19 1+(-D+it(=) = 1-1+i-i =D
Q.21 4“—%
2 = 5—'
2%=2" = 2%x=-1 = x:—é

Q.22  Given polynomial 1s:

fix) = x*+3x+7 x+1 =0
fi=1) = (=1 +3(-1) +7 x = =]
= |—3+7 =35
(R =5]
Q.23 = 7
(2 = 2
22:( = 2!
|
2x=1 = x = 5

Q.25 Let, o =2-3 ., B =2+3
S =a+B=2-3+2+\3 = 4
P = opf= (2-3)(2+/3)
= 2P -(3)
=4-3= 1
Equwillbe x* —Sx+P = 0
=5 XX—4x+1=0



Q.26 4x°+7x-3=0

As. Sum of roots

Product of roots = = =

sl =l

Q.27 x*-x-2=10
_ =) 1) - 4(1)(-2)

2(1)
_ =D ENED - 40)(-2)
2(1)
1£+1+8 129 143
s 2 2
I +3 1-3
X = or X = 7
4 2
2 2
X = 2 x = =1
Q.28 Three cube roots of unity are 1, m, o’
= oo = w'=1
Q.29 Four fourth roots of unity are 1, —1, 7, —1
(D(=D=0)
= (=1 M=F) o= ]
= (=)l = -l
Q.30 Asa, P arcroots of 3x>—2x +4 = 0
L gl <3
Now, S = 2 +2B  (Sum of roots of required equation)
= 2o +P)
= 2(‘%] from (1)
3)

1od | =



P = (2a).(2B)  (Product of roots of required equation)
4
= 4uff = 4 (ﬂ from(2)
16
3
Required equation will be:
x>—Sx+P =0
, 4 16
X —3X+ T) =0

I —4x+16 = 0

. , I
Q.36 Given equation x* — 3x* + 4x* — 3x + 1 = 0 replace x by %

ORORORUNIEY

I I | I

& 3.;4-4‘;3 — 3.;+l =0
Multiplying by x*.

| = 3x+4x" - 3x'+x* = 0
or -3 +4x2-3x+1 =0

; . :
As equation remains unchanged if we replace x by soitis reciprocal equation.

Q.37 As given equation has radical expressions of the variable so it is radical equation.

-] +1/=3 , o o=l =~=3
Q.38 As. o — 5 ., © = 42\‘/—
=] 4 \f—_.? =] —\f—_.%
. P

l+m+o = 1+ 5

21 +\-3-1-~-3 2

0 (FLE] _ C1yBiy

(2)°

12+ (\3)* + 2-1)(/37)
4

1+37-23i  1-3-2[3i
. -

2-2f3i 2=1-+3i) —1-3i
| 4 -2

I~
—_—
-

ol
(SR

4



Q.40 As complex fourth roots of unity are /, — which are conjugate of each other.
Q.42 Given:

X+y =5 . (1) xy= 2
2
£ == s (2
y )
Put (2) in(1).
5
HE
}.
4 5
S+ = 3§
y? ¥
> 4 > 3 B
-.'—’_|_ r.'--\.‘..--: 5‘\’.-
y v ¥ ) y
4 +yt = 5y
V'-5v +4 =0
3 —hi\fl)3—4ac
y = 2a
_ SEn[(=5) —4(1)(4)
- 2(1)
5+25-16 5++/9
_ 543
-2
»_ 3+3 »_ -3
) T2
yl__ 4 ).':= 1
y = 12 y = x1
2
When, y = .2 . %= o = 1 =(],2)
When. y = =2 ; x = -1 = (—=1,-2)
7
When, y = 1 — X_T_ZD(ZH
When, y = —1 = &k = ===~}

= Solution will be (1, 2), (=1,-2).(2, 1), (=2, =1)}



Q.43

Q.44

Q.46

Q.47

Q.48

Given:

=> =3 = ¥

Given polynomial.

flx) =x"+a" , x+a=0
f(—a) = (-a)"+a" X = -a
or R = (—a)"+a"

If n 1s even then.
R=a"+a"

If n is odd then
R=-=a"+a"= 0

= Ris2a" or 0,

Il
29
n:._.

BE _1—+/=3
A 2 . ow TS 2
=] \f-_B

And o = 5

w = 92 where ne {0,1,2,3,......... !

If, n =10

“,2 om _ (l):

i . 1 1 1 o o .

I =1 . 8%=p =g o=— 0= =iF
{1} () .{th )y (" {1
| | 1 o o

If n o= P . ah e gl e e e e i iy
0} (w)y.o o o o

= @Y= ¥ haE L2 s Y

As four fourth roots of unity are 1, —1. 7, —/.

Product of their squares = (1)*(= 1) (/) (—i) == Fi=]

= (I)(I=-1)= 1

As.

Dividend . T+Rcmnindcr

g b = uotien =T

Divisor q 2 Divisor

Dividend i Remainder

k. == i e ———

Divisor quertichs Divisor



Q.50
Q.51
Q.52
Q.53

Q.59
Q.61

As real tourth roots of unity are 1 and —1 which are additive inverse of each other.
w = 1
As degree of ax® + bx + ¢ = 0 is 2 so this is a quadratic equation.
x> —4x+3=0
Discriminant= D = b* —4ac = (-4)* — 4(1)(3)
= lo=12 = 4
D = 4 which is a perfect square
So roots will be rational.
2 +3x+7=0
: -b
Sum of roots = e

(e

-3
2

X c 7

Product of roots= — = 3
a 2

¢l

Four fourth roots of unity are:

.=, i.—iand thersum 1l -1 +i—7i =0
xF=32 =0

= 2x*-16) =0

- x*-16 =0

= xX)P-M4)=0 > (xX*+4)(x*-4) =0
= (x>+4) = 0 or x'—4= 0

— x2= -4 =4

— X = i\f{—_al X = J_r\/g

=3 x = +2i x = %2

= S8 = {£2;, £2}

It a polynomial f(x) is divided by x — a then remainder R = f{a) so if a polynomial
o ) A 1)
fix) is divided by 2x + | then remainder R = { I\— 5 I

Ifa, B are roots of ax® + bx + ¢ = 0.
-b

Then, o +pB = P (1)
oy = : . (2)
Then.
o +B° = o+ B+ 208 - 20

= (o +£3):—20'.[1'|
R

- (-a) ()
b 2c  b'—2ac

a- a a-



Q.65

Q.66

Q.67

A polynomial f(x) has tactor x — a if remainder = R = (.
or fltay = 0 .. R = f{a)

) xnll+an-l . o
If fix) = T xta B divided by x + a then.

Remainder R= f{—a)
= (—a)™! +a™! Sooniseven
= =g gt =n-+1isodd
=0

As if f{x) 1s divided by x — a then remainder = f{a)

Similarly,

If fix —a)is divided by x — a

Then remainder = fla—a)
= f{0)
xX*+x-6=0, a=1 , b=1 , ¢=-6
Disc = b*-dac

= 1 =4(-6) = 25> 0roots are real/unequal



