Chapter 3
MATRICES AND DETERMINANTS

Matrix
A rectangular array of numbers enclosed by a pair of brackets such as:
2 3 0
2 -2 3 1 2 35
-5 4 7] " 279
4 1 2
(1) (ii)

18 called a matrix. The horizontal lines of numbers are called rows and the vertical lines
of numbers are called columns.

Order of a Matrix
If a matrix has m rows and n columns then its order is m X n.
In above, matrix (i) has order 2 x 3 and matrix (ii) has order 4 x 3.
Addition of Matrices
Two matrices A and B can be added if A and B have same order.
The sumof A and B, A+ B can be obtained by adding their corresponding elements.

For example if

HAMT I
'%
2

B [2 l] [7
then A+B = 3 9 +

- [2+7 1+3}__‘9 4}
= L3+t 9+2.%La 11

Subtraction of Matrices

A matrix B can be subtracted from a matrix A if A and B have same order.
Subtraction of B from A, A — B can be obtained by subtracting each element of matrix B
from the corresponding element of matrix A.



) 8

3 1 [2 ¢4
A= 9 7 alndB:’hg g |
then
3 17 2 47
!\'I'B - () 7_'_ 9 8_
) [3_2 |_4}_—1 =y
- 9-9 7-81 LO -1

Scalar Multiplication

If A is a matrix of order m X n and k is a scalar, then the product k and A. denoted

by KA, is the matrix formed by multiplying cach entry of

scalar multiplication.

4 2
Il A= [3 !] and 2 e R
then
jA_,{Jr '2] ~ [2)(4 _xzil
=T ELE O - 2¥%3 2¥%1

Multiplication of Two Matrices

A by K. and this process is called

Two matrices A and B are said to be conformable for the product AB if

The number of columns ot A = The number of rows of B.

If
AB = C (say) and order of matrix € will be m X p.

For example

It

[2 i:| [2 I 3}

A=l 4 B=]124

then
ai = [2 120 4]
%= 3 411374

@@+ @M+ (2)¢
=S LA@+@ () Grh+#) Q)
T4+l 243 6+4}_[5 410
= Lo+4 348 9+1617L10 11 25

3+ (14
(3)(3)+(4) (4

A 1s a matrix of order m xn and B is a matrix ol order n X p then we can [ind

]
J



Transpose of A Matrix

It A is a matrix of order m X n then an n x m matrix obtained by interchanging the
2 5 i e t
rows and columns of A, is called the transpose of A and it 1s denoted by A'.

— " _[l 2} he Al—[] 3}
For example1if A = 3 4 then =19 4

Determinant of 2 X 2 Matrix

We can associate a unique number with every square matrix A over R or C, this
number 1s known as the determinant of A.

; a b
For example if A = [c d J

then

1

b
5 d| = ad — be

det A = |A] =

Singular and Non—singular Matrices

A matrix A is singularif |A| = 0

A matrix A is non—singular if |A] # 0
Adjoint of 2 X 2 Matrix

a b

" d] is denoted by adj A and is defined as

The adjoint of the matrix A = [

I b
ade:[ = }
= d

Inverse of 2 X 2 Matrix

Let A be a non—singular square matrix of order 2. If there exists a matrix B such that

10
AB = BA b where L = [O l]’ then B 1s called the multiplicative inverse of A and 1s

usually denoted by A'.ie. B=A"

s AAT=A"A =1

I Eldi A
— A



EXERCISE 3.1

Q1 1If A:I:i ;] and B:l:; Z:I then show that
(i) 4A —3A = A (ii) 3B—-3A = 3(B-A)
Solution:
[2 3] [1 7}
A=l 3 B=l6 4
(i) To show
4A -3A = A
L.H.S.
2 3 2 3
s 4[| 5]‘3[1 5]
[ @@ M)tﬂ} [(m(m @)«n}
S L@ @G L3 35
8 12} [6 9}
= L4 20]1°L3 15
(86 12-9}
= |4—3% 20-15
2 3
= | 5}=1§=11H5.
(i) Toshow 3B-3A = 3(B-A)
L.H.S.
& alel &
3B-3A= 3| o 4|-3]] 5
3D G)W)J [@)@) (m(m}
T LB)®G) &S LM 3O
| 6 9
- L8 12}_[3 15]
[ %6 21—9}
= | 1B-3 12--15
| —% 12}
=~ L1 =3
R.H.S.
|7 2 3
FB—-A) = 3([6 4}‘[1 5J)
[1—2 7—3}
=3 6-1 4-5
_%[—1 A __[GM—H G)M)}
LS =117 L @G (3)E1)
-3 12
:[IS _3 | =RHS.
= 3B -3A=3(B-A)



A | ;
Q.2 HA:\_; _I.J,showthatA‘l:
Solution:
To show that A* = I where I, =
Take
; T 0[i 0
=l = | g 4“1 —i]
T DO+ O )
T LMD+ (]
[P+0 0—0}_[
S Lli-i 0+ 17
Now
4 .3 .3 [ =1 0}[—|
Auf\./\—_()_] 0

[ 1) (=D +(0) (0)
L(0) D)+ D ()

DR
0 1}213

Hence proved.

Equal Matrices

Two matrices
equal.
Q.3 Find x and y if
. [ x+3 1 ] | 2 1}
W -3 sy-al=l-3 2
N (x+3 1 1 [y 1 }
| 3 3y-4]=[ 3 2
Solution:
, [x +3 I } B [ 2 1 }
) 4 By-41%|-3 2

As the two matrices are equal so their corresponding elements are equal

|: I

L.

}

0 1

) (0)+(0) (=)
YO+ DD

—1 ()}

0 —1

]

0
— 1

]

(=D (0)+(0) 1)
(0) (0) + (=) (=1)

]

of the same order said to be equal if their corresponding elements are



= X =2-3 and 3y =4+2
=5 Xx = -1 and 3y =6
Y =2
. 543 1 y 1
at) [ 3 3y—4}:[—3 2x}
As the two matrices are equal so their corresponding elements are equal
SO
om: X+3 =% (1) and Jy—4 = 2x (11)
Put y = x+ 3 [rom equation (1) in equation (ii)
3(x+3) 4 =2x
=% 3X4+9-4 = 2%
=5 3x+5 = 2x
=% 3x+5-2x=0
= x+5=0
= X = -5
Put this value in equation (i)
y=-5+43=-2
= = — 2
-1 2 3 0 3 2
Q.4 IfA:[l 02}"’3:[1 1 2}
find the following matrices.
(i) 4A-3B (i) A+3(B-A)
Solution:

(1)

tofind 4A-3B

[—l 2 3] 2[0 3 2}
1 0 241 L1 -1 2
9 ()}

-3 6

-4-0 8-9 12—6}_[—
4-3 0-(3) 8-61"

4A-3B =

1l
/1 1 I
|
I
I
= oo
GC o
L1
—
Wy O

4—16}
1 & 2



(11) Ak 3B —-A)

-1 2 3 8 3 2] [~123
A+3B-A) = | | | 2]*“3([1 ] -2} [1 0 2D
%
2

,%‘0—(—1) 82 2—3}
2 =l =i=0 3-3

37, 51 -1}
= 1 o0 2177Lo -1 0

_ -1 2 37 [3 3 3}

= i o 2170 -3 ©
el  Bad 3+(3)}

- 1+0 0+(3) 2+0

_‘250]
= L1 5§ 2

Q.5 Find x and y if

[207{} 2[lx y}_[4 —2 3:|
1y 317%L0 2 -117L1 6 1

Solution:

Given

(2 0 x| 2|:l X yi|_[4 2 3:|
i 3]0 2 1171 & 1
(2 0 x] [2 2x 2yi|_[4 2 3}
1y 317Llo 4 -215L1 6 1

C243 04-2x x+2y}_[4 ~3 3}
140 y+4 3-2 17 6 1

4 2x x+2y}_[4 —2 3}
1 y+4 1 1=L1 6 1

As the two matrices are equal so their corresponding elements are equal.

= 2x = —2 , yv+4 =6

= x=—1 and |y= 2




Q6 It A= [aij]jx3 show that
(i) A(uA) = AW A (i) A+pA =ALA+pA
(i) ALA-A =A-DA
Solution:
(1) To show A (uA) = (Ap) A
djr A a3

Where, A = [ajj] a)] a»n an

I3 =
dip  d32  d33
Take L.H.S.

) dij2  d13
A(pA) = A| p| 4z azxp a3
d3 d32  day
pap papn pas
= A| Wlaz Maxp pnang

L ptdz;  Haz  pHasg

~3

Lpap Apap Apas
- L Laz) A paxn A pans

>

pMaz; A pazp A pas
Now take R.H.S.
i) a2 d13
(AW A = (Aw)| az axn as
d3 d3z  di3

~2

Lap A pap Apag
= L HLay l},l.ilg'_) ;’\.}Lﬂj} = L.H.S.

»}

AMazr A pax A pass
= A(UA) = () A
(ii) A+wWA =AA+pA
Toshow (A+ 1WA = LA+UA
%5
ar) a2 43
(A+wWA = (A+u)| a; azx ax;
d3] 432 433
(A+wan (A+wap (A+p)ags
= (A+way (A+wan A+ p)an

7
(A+waz (A+wazp (A+paz;



(iii)

=

A app+ |agg
A a1 + pag)
A azy + L az

Now take R.H.S.

Aap+pan
A ax + W axn
haz + lapn

ajp|
a2
d3|
Laj

+| M an
L asg

a2
d22

a32

a3
a23
433
Haj
I a2
K azn

ajp ap a3
AA+PA = A azp axp axa |+
43| d32 433
—7'\. daj| 7L£1;2 ?\.’d|3
= A a2 A a2 A Az
| A a3 h azz2 A aszy
*}\.:’1|| + LLapg
= A Q2 + pag
| A az) + paz)
= L.HS:
(A+WA=12A+pA

AMA-A=GR-1A
Toshow AZA—A = (A—1)A

LHS. = A&

A

A
A

A
Now take

B=DA =

A —-A = (A

R.H.

Aap+pap
A a2 + L axp
A azp + Ll dzp

aj d12  dp3 d) ajp  adja
d2) dx2 A2z | —| d2] dzy 423
a3 432 d33 d3p 432 433
ajp Aap Aapg a)p ap 43
A Aaxn Aaxn |—| ay a» as
a3y A d32 A daz d3y]  d3z2 433
ajp—ay Aap—apn Aajz—aps
) —ay Aaxpn an Aapn o axn
d3] — az A d3> —d32 A d3z — di3z
5.
arp A a3
(A—1)| a2 ax» a3
a3] 432 433

[(A—=Da;; (A—1Dap (-1a

(A-Day (A Dax (A-1)an
L(A—1)az (A—1)ay (A—1)axn
[ haj—an lap-—ap Aajz—ap;

A d2] A2 A dy  d» A d23 — d23
| & d3] — 4d3] A d32 — d32 A d33 — 433
L.H.S.

1) A.

Aapy+ pnas
A a3+ U a3
A azz + [Lass

Has
Ll a23
L az3

A ajz+ Lagp
A a3 + LL a3
Aayy+ W asa



Q7 If A= [aijlm and B = [bij]bd show that A (A +B) = AA + AB.

Solution:

Given
app a2 a3
A= a5, =1, , ,
123 Lap axn axn
B = [by] by b2 bl.’i}
© s T [ by by bog

To show that

Take L.H.S.

A A+ B) = ] [[an a2 alsl [bn b2 b13D
A = E Lay me as LBy bw bes
_ [all +bi ap+bp 2113+b13]

a1+ by an+b» a3+ bxy

B [ A(a; +by) Aap+Dbpo) }u(ﬂ|3+b|3f)]
L A (az1 +b21) A(an+bxn) A(ax+bn)

_kau+hb|| Lap+Abpn ?La|3+7\.b|3}
LAay +Aby Aan+Aibn Aax+ibxy

Now R.H.S.

AA + 0B

?[‘dn a12 2113} l[b” bi2 b13}
_|_
“Lag axpn  an ba1 b ba;
ﬁkil;[ }-.2112 ?»tl[},} [?hbu ?Lh]j 7‘u.b|3:|
+

i ?\. d7] }-. d22 )h dng ?‘.. bjj }L bzg ?'\.. sz?.

_7L£I|1+?‘ub|3 Aapp+ Abp ?\;E;l[}'f';\;b[{}
B _)uag1+?\,b31 )-.Eljz‘f“;kbjz ?\.-Elj-_g+?-b23

= L.H.S.

—% A(A+B) = AA+AB



1 2 0 0
Q8 If A= [a b} and A2=[0 0} find the values of b.
Solution:
Given

o %)
A = a b
. 1 2 |
AT=ALA [u b][a h}

- [(_1)(1)+('2.) @ (1) (2)+<2)(b)}
T L@+ d @ (2)(@2)+(b)(b)
l+2a 2+2b

2 5 0 0
A :[a+ab 4+b2] it A :[0 U}

[1+23 2+2b}_[0 O}
= a+ab 2a+b>] L0 0

As the two matrices are equal so their corresponding elements are equal.

= l1+2a =0 24+2b =0
I
= a=— b= —1
; |
= required values are |a = —5 , |b=-1

1 -1 5 1 0
QY If A=|:a b:| and A‘:I:U 1:|,findvaluesofaand b.

Solution:
. I —1
Given A = [a b ]

5 L =1 . =1
: =A'A=[a b][a b]

~ [(_1)(1)+{—1)(a) (i)(—1)+(—1)(b)}
L@+ b (@ (@) 1)+ (D) (b)
5 [I—a —]—bi|
= a+ab —a+b

But it is given that

[l a 1 b}_[] 0]
= a+ab —a+b* 1T L0 1

As the two matrices are equal so their corresponding elements are equal.
l-a=1 and -1-b=290
a=10 b = —1

J U

U

required values are a=0] and |b=-1




Q.10 IfAz[l

|:23 0]
1 2 -1

-1 2
0 3 1 and B =
thenshowthat(Aaka = Als+ B

Solution:

and

To show (A +B) = A'+ B
Take

AxBy = _(]) _3] ﬂ*“
B l+2 —1+3 2+
N 0+ 1 3+2 ]
3 2 27
=115 o]
. T3 2 af |& !
o . == = e g 7 5

”‘”B"[l 5 ()J‘L‘) 8

1 0 2 1
Al + Bl = - | 3 3 2
| 2 ] 0 I

L 240 1-1
From (1) and (2), 1t 1s clear that

(A+B)1 = A'+B

[ L2 D% z
= —1+3 3+2J_ )

[ B

3
2

2



3
Q.11 FindAz’ifA:{S 2 6}

Solution:

11 3 I 1 3
A=A A=|3 2 & 5 2 6
=3 =] =8.L=2 =] =3

(MMH+MDG)+B) =) HM+M@)+B) 1) (1)BG)+d)(6)+(3) (3)
= @M+ E)O®) G)(L)+)2)+6) (1) () (3)+(2)(6)+(6)(-3)
(=2) (1) +-1) O) + (3) (2) 2) (D+D2)+3)D) (2) (3) + (1) (6)+(3).(-3)

= 54+10—-12 5+4-6 15+12—-18
. —2-546 —-2-243 —6-6+9

0 0 O
=| 3 3 9

=] =] =3

[ 1456 |+2-3 3+46-9 J

Now

g @ 0 1 13
AVepA? A=l 3 3 9 5 2 6
-1 -1 -31L-3 -7 -3

O M+OG)+O)2) () (1) +(©0)(2)+(0) D) (0) 3) +(0) (6) +(0) (-3)
= G)Ay+310Q)y+@)2) (31 +38) @)+ (8) 1) (3)B)+(3)(6)+(9) (-3)
(DL )+ (Bi-2) LY+ L2+ 31 = DI+ EDie) + 1333

3+15-18 3+6-9 9+18-27
~1-5%6 —-1-243 -3-6+9

0 0 0
A= 0 0 0
0O 0 0

{ 0+0-0 0+0-0 0+0-0 }



Q.12 Find matrix x if

()

X[—Sz 21} B [_121 g}

| 5 2 2 1
(i) [—2 1}X=[5 10]

Solution:

(i)

AS

5 2 1 4
X[—z J:[ 12 3}
XA =8B (say)
XAA!'=BA

Xl = BA™
K=BAT 0 s (1)
To find A
Here
5 2
A:[—z J
5 2
|A\:‘_j I‘:(5)(1)—(—2)(2):5+4:9¢0
()
adJ=A[2 5]
A_| _ ad) A
A

_ 1M1 -2
— 9.2 5
Put this value in equation (1)
e [ 310 2
- 12 31L2 5
R E
12 31L2 3

L[(—l)(1)+(_5)(2) (—l)(—2)+(5)(5)j
oL (A2)(H+B)2) 12D +3)O)

l|: I + 10 2 % 23 }
9L 1240 —-24+15

I
o=



(i)

AS

X:B —ﬂ

which is required matrix.

[—52 ﬂx = [g 110]

[5 ZJX_[Q l}
—2 1 LS 10
X=B

A (say)
AlaAx=A'8B

IX=A'B

K= A B e (1)

Tolind A .

=301 --2)(2) =5+44=9=0

A1 adiA 1[1 —2}

= Al To9l2 5

Put this value in equation (1)

ol —2}[2 1}
= glo 5 |ls 19

T (1)) + (=2)(5) (1)(1')+(—2'J{10)]
L (2)(2)+(5) (5) (2) (D) +(5) (10)

[ 2-10 ]—20}
[ 4425 2+50

8 —19
29 52

8

9

X = 29 52 is required matrix.
9

WD = D e ND [ N [



Q.13 Find the matrix A 1if

! 3 =7
(i) 0 0[A=|0 0
301 T 2

- r 2 =1 0 -3 8
i | _y 2:]A“=[3 3 —7}
Solution:

& =] A = ¢
(1) 0O 0 ]A=]0 0

3 1 T 2
Let

a b, ; ;
A = [ } is the required matrix.
¢ d

3 ~1Tr. g o
— 0 0 [“ }: 0 0
1 ¢ d

b | E 2

(S @+ D) S+ 1) 3 1
— (0) (a) + (0) (¢) (0) (b) + (0) (d) =10 0

L (3)a)+(1)(e) (3) (b) + (1) (d) T 2

" Sa=g Sbh—=d 3 ]
— 0 0 =10 0
Ja+c¢ 3b+d & 2

As the matrices are equal so their corresponding elements are equal.

Le.

Sa—-e=3 00 s (1)
sb-d=-7 .. (2)
Ja+ec =7 L. (3)
Mrd =L 00000 e (4)
Adding equation (1) and (3)

Sa—e = 3

3a+c =7

10

3a = 10 . a

I
|

U
[




Put g = >
l.ltd—4

in equation (1)

25

7 -3

25-12 13
4 T4

13

4

Now add equation (2) and (4)

In equation (2)

S5b—-d = -7
3b+d =2
&b = 35 ="
Put b = 2
ut.——8
5(2) d = -7
..__8_ t—
25 _
—8—d=—7
25
—25+56_
m =
ﬂ—cl
g = —&
8]
[a h}ﬁ 4
c dJ | 13
4

is the required matrix.



(ii)

As

[ﬁ21 _21};\:[3 E wﬂ

BA=C (say)
B'BA=B'C

IA=B'C

A=B'C .. (1)
To find B

T'kB—[z _l]
dKe = 1 2
o

— 1

| 2
adJB:[l 2]

Bl = |

B_|_Eld'|B
|8
B__]_l[Q l}
-kl 2

Put this value in (1)

1 T2 1176 =3 &8
4 = 5[1 2][3 3 —7]
_ 1[(2)(0)“1)(3) ) (=3)+(1)(3)
T 3LMHO+2B) (H(E3H+2)G3)

[0+3 —6+3 16—7}
= Lp46 348 8-14

3 -3 9}
= Lle 3 -6
3 39
3 73 3
I I
3 3 3

2I ’ =2)2Q)--1)(1)=4-1=3=%0

(2) @) +(DH (7
(1) (8)+(2)(=7)

]



Q.14 Show that

[rcos¢ 0 —sind cos¢ 0 sing
0 r 0 0 1 0 =rl;
L rsing 0 cos¢ —rsin¢g 0 rcos¢
Solution:

0 r 0 0 1 0
L rsing O cos¢ —rsing 0 rcoso
rcos¢.cos o+ 0.0+ (sing)—rsing) rcosd.0+ 0.1+ (—sin )
= O.cosd+r.0+0. (—rsind) 0.04+r.1+00
rsing.cosd+00+cosd(—rsing) rsing.0+0.1+cos¢.0
rcos ¢ .sin¢ + 0.0+ (—sin¢) (rcos 4))}

[ rcosd O —sing } { cosdp 0  sing }

0.sin$p+r.0+0.rcos ¢
rsing.sind¢+0.04cos ¢.rcos ¢

[ rcos G +0+rsin’ ¢ 0+0+0 rcos¢dsing+0-—rcossingd
= 0+0-0 O+r+0 0+0+0 }
L rsingpcosdp+0—rsinpcosdp 0+0+0 rsin® ¢ + 0+ rcos” ¢
[ r(cos g +sin" ) 0 =i}
= 0 r 0
i 0 0 r(sin® ¢ +cos’ §)
[ @ 0
=0 r 0}
L0 0
I 0 0
—{0 | 0} = 1l = RHS.
0 0 1

Hence proved.

EXERCISE 3.2
Q.1 If A = [ajj]ax4 then show that
) Iz A=A (i) Al; = A
Solution:
Given

d)p A A3 dyg
A = [a‘lj]}}{4 = | d33 dp dx3 Ay

dip  dzz  diyz  dy

I 0 O
(1) Toshow 3;A = A where ;=0 1 0

0 0 1
Take L..H.S.
I 0 0 a; a;y  apy  ay
LA = {U ] U}[‘dn a» a4 ‘du}
0 0 1 a3 dayp A3 ay
—~==10 0 0 | da) ;’:133 do3y  doy ’




l.'cl|| + ().{Iy + 0.83|
0.ﬂ|| + l.ag| + 0.33|
0.&1” + U.a:] + l.a_‘\_|

|

1.313 =5 0.1133 + O.El_;j
0.3;3 + 1.'(112 + O.a_’;g
().aij + 0.':113 + 1.2132

l.aj, + 0.2]34 + (].El_m
O.HH_ + 1.334 F 0.&13_}
O.aH + 0.3.24 + 1.334

l.E;l|_J, P (].ag_q E (_).'d_:,_v_.
0.21” + l.a; + 0.8_}3
U.Elm + 0.213_1, + l.ay

El[[+()+0 'cl]-3+0+0 El|3+0+0 ?.1|_-1'+'0+0
= 0+Elg;+0 0+Elgg+0 0+'dj_7,+() 0+2124+0
O0+0+a;; 0+0+4+az 0+0+ax 0+0+ay
dip dyz dyy o dyy
= day  da2  doy dyy = A = R.HS.
az;  dz  dzz dyg
(ii) Al = A
To show that
I 0 0 0
AL — A here B 0O 1 0 0
= where i =10 g 1 B
0 0 0 1
L.H:S.
o I 0 0 0
dy djz Ay dig 0 1 0O 0O
Al, = ds; A Ay Any 00 1 0
L d3p dz d3z day 0 0 0 1
fan+0+0+0 O0+ap+0+0 0+0+a3+0 0+0+0+ay
=|a+0+0+4+0 0+a»n+0+0 0+4+0+ax+0 0+0+0+ay
_El_}|+0+0+(_) {)+‘d},2+0+0 {_)+U+El_g'_;+0 U+0+U+E134
[a;; an a3 ay
= dyy a»n ap ay | = A R.H.S.
L d3;  dip Az dyg
Q.2 Find inverse of the following matrices
, 3 -1} .  [=2 3}
een | 21 ] ) 2 1 }
i) | 5 ™ 16 3
Solution:
o [3 ]
(1) 2 1
A [ }
(]) el = 2 l
3 I
|A\:‘2 l ‘:(3)(])—(—1)(2)=3+2:5¢0



(ii)

(i)

A # 0 — its inverse exists.

| |
A‘“A:[ > 3]

A_| AdiA
- A
L1
1[1 1] Z 5
= 51-2 5|7 2 3
"5 5

5 2

—2 3
—2 3
|A\=‘ A S| =(-2)B5) - (DB =-10+12=2 20

|A] # 0 — its inverse exists.

. 5 -3
A A =[] 5

L AdiA | 3

s MN|E M
RS S I B LS
[l
1 -
P LA

i
A,_AL]'!A_l[-i i}
- \A] T3 L=t 24
L. L.
| -31 —3i
—gi Ei



i | 3l
an-[2 1]

2 1 o
IAI=[6 3}=(2)(3)—(6)(1)=6—6=()
As |A| = 0 = inverse does not exists.

Q.3  Solve the following system of linear equations.

2% -3x; = 5} Ax 4+ 3x; = 5} . 3x-5x
U 5x+ x> =4 (if) Ixj— X2 = 7 (iii) -2x+y
Solution:
(1) Given

SX1+ X2 = 4

In matrix form

5 7 lLel-LE]

A (say)
XR=A B s (1)
where
a=[5 7le-3] == 0]
“ g ] =Lal *7 Loxs
2 :
A| = ‘5 | ‘ = 2)()-G)(B3)=2+15=17 %0
|A] # 0 = its inverse exists
s 1 3
Adj A = 5 9
As

(O8]

W1 AdiA L[l J
= Al T17l-5 2

Put values in (1)

= 11_7[—15 ;}[H



[ [ {1)(5)+(3_}(4)]
17 L5 5)+(2) @)

AT 5+12}

- 17 L-25+8
NN
- 17 L=17%
17
B 17 _[ l}
= H =1 1
ST
= — X| = ]1 ng—l
X2 -1
(i1) Given
4X]+3X3:S
3){] x_?=7

In matrix form

5 llel-1]

AX =B (say)
X=aA'B

where

Now
4 3 | )
1A] = ‘ . ‘ = B = (3(3) = =4—9 = 15 £ 0
|A| # 0 = its inverse exists.
Adj A = [_l _3}
GgAa=]_3 4

ks, Ao 2O



I B ¢ 1)(5)+(-3J(7J]
- 13LE3)6) +@ ()
- L_—5—21]
- 13 —-15+28
_ l_w%}
-~ 13 L 13

—26 ]

— 13 [ 2}

= 13 = g
= 1%

(1ii) Given

In matrix form

I MR

AX =18 (say)
X=A"B .. (1)
where
v=ls VL=l
-2 1 J4- -3 ] y
|A\:)_32 _15‘:('3)(1) 2)(-5)=3-10=-7=0
|A| # 0 = its inverse exists.
Now
SESIER
As
L AdiA
— A
1t
B 70L2 3



Putting values in equation (1)

By
.2 3.1L-=3
(L)1) +(5) (—3')]
L2)(DH+3) )

i
275 ]
14
e
ﬂ

JEIEG

7

X =

|
= ~J|—= ~J|= ~J|=

1 -1 2 2 1 -1
Q4 If A:{ 3 2 S}, B:{ 1 3 4}
-1 0 4 -1 2 1
1 3 -2
and C:{—l 2 0:| then find
3 4 -1
i) A—B (i) B-A (i) A-B)-C (iv) A-(B-0)
Solution:
(i) Given

1= =] B
Then A-B = 3-1 2—=3 B il
1

(i) B-A

i | =1 2
B-A = |1 3 4|3 2 5
-1 B8 i 1 0 4

[ 2-1 l1—(-1) -1-2 1 2 -3
= 1-3 3-2 4-5 | =(-2 1 -1

| —J—f=—1} 2—0 1 -4 0 2 -3




(111)

(iv)

(A-B)-C

(A-B)-C =

A-(B-0C)

A-B-0) =

=
+ Q|
0 2
o
2—(—1)
| 0-3
T2 3
S
~3 -6
1 -1
3002
-1 0
T -1
30002
-1 0
C 1 -1
30 2
-1 0
P ]
3=3
|~ 1)
0 1 |
L1
3 2 2

> )
5 = |

4 .

(=1 2—f1)
3 _
02

; |

| |

3 3

b ad —

L 1
|
2
—
o’

(%]
|
)

W
B
|



Q5 If A=

(1)
Solution:
(i)

LL.H.S.

(AB) C

(AB) C

R.JELS.

A (BO)

21

{i —JJ’ & =L

(AB)C = A (BC)

=i

2i
1 21

—1

(L 5H

W5 o2
— 1"+ 4"
. 9

L —i—2i

) +4 (1)

I ]3 Qi —2}[
Il

o =] 2

1—2
2

—

| —3
| —1+2

. o |
14+ 21
2
| —1

2i

To show (AB) C = A (BC)
= (AB)C

(1) (i) + (21) (20)
L (1) () + (1) (21)

]

2 =1

1

21

—1

[ A+ G ~-20¢ D
(2—1) (2i) + 2 ()

Il

I+ 2 (1)

21

1 2
; J and C = {—i ; then show that

(ii) (A+B)C = AC + BC.

2i -1
=i 1

LS ]

(1) (1) + (21) (1)
(1) (1) + (1) (i)

%]
“: 21i _il }

2i —1
—i i

[y

1)

-1
']
—{FB) L) +10 =250
Z-1E=D+@2)®

}

o6 it+2i 347 m}
T L4420 21 —2+i+2i
[—4i-(-1) 3+p¢)—m}
- L2i-2¢-1) 2 + 3
_[1-4i 2_m}
“Ll2+2i 3i-2
T ﬁ_([—i 1] [Zi _IJ)
S oL —id\L2i idTL-i i
_ [ 2] @+ D) (—i)(—1J+(1)(i)}
Ll L @D+ ) CHED+O M
i 2 -2i-1 i+i }
-l -l 4 —2i+ i
o2 —2¢D-i 2i ]
T L1 —idl4ED - =2+ (1)



|1 21} 2~ 2i

|1 =% -3 =2i-]
(1) (2—1) + (2i) (-3) (0(20-+(2n(—2i—1}}
L (D2-)+3) ) (D@D + ) E21-1)
[ 2i—i° —6i 29—4F_m}

| D-i43  Zi+2F41

[ i~ ZEN4DE-1) Qi}
2+ 21 2142 (1) +1i

4i+1 2 2i}
L 2#21 J1-2

—  (AB)C = A (BQ)
(ii)  Toshow (A +B)C = AC +BC

L.H.S.

(A+B)C

Now R.H.S

(AC) + BC

B ({: -ﬁ}_[z; ?J)[fi :}

i 2i+l}[2i —I}
L 1+21 —i1+41 -1 i

0 2i+l}[2i —1}
— L2i+1 0 —1 1

C(0) 2D+ (1 +2D) () O D+ +20)i }
L(T+2D) 2D+ (0) () (1 +2D) (1) +(0) (1)

T 0 25 0+29+i}
47 42i+0 —2i—1+0

2¢—-1)—1 2{ I)+i}

= L4cp+21 2i-1

2 =1 —2+i}

- L=d4+2 —Z2i—=1

[i m}[m —1} [—i 1}{% —1}
1 —idl—i iJTla2i idl=i i

[ (1) (21) +(21) (—1) (1) 1)+ (1) (1) ]
(2D AEDED D 1) #1000

[C4JQU+U)GD
(21) Q1)+ () (1)

(—1) D)+ (1))
(2) () D+ ) ()

]



_ [+2i -2 i+2i3} [ 201 i+ ]
= L oaisf  —1+P070 #F-F —Bisd

B 0 —i+2(—l')} [—2(—1)—1 2i }
B L#ee1n =1==1J7 40— 246D

T o —i—ZJ [24 2i }
= |l2i-1 ¢ |¥. -3 _3_1
- T e~ —i—2+2i}
= 12i-1-8 0-2i—1

[ 2-i  i-2 }
T oLl=4+21 —-2i-1
= (A+B)C = AC+BC

Hence proved.
Q.6 If A and B are square matrices of same order, then explain why in general.
i) (A+B)> # A’+2AB+B’
(i) (A-B)> # A’-2AB + B’
(iii) (A+B)(A-B) # A’-B’
Solution:

Let A and B are square matrices of the same order.
i) As (A+B)° = (A+B).(A+B)
AA+AB+BA+BB

= A"+AB+BA+BR

but in general AB # BA
=% A.B+B.A = 2AB
=1 (A-|—B)3;z:Az-chAB+B2
i) (A-B)’ = (A-B)(A-B)

= AA-AB-BA+B.B
= A’—~AB—-BA+PB’

but in general ~ AB # BA
=5 —BA —-BA = 2AB
= (A—B)* # A’—2AB + B’
(iii) (A+B)(A-B) = AA AB+B.A B’

= A°~AB+BA-B’

but in general AB # BA = —AB+BA # 0

= (A+B)(A-B) # A" B?



2 -1 3 0
Q7 If A ={ 1 0 4 _2} , then find AA' and A'A.
-3 5 2 -1
Solution:
2 —1 3 0
A :{ 1 0 4 2}
-3 5 2 -1
2 1 -3
Then A' = 3] 2 ;
& -2 -1
2 =1 8 @ _2] (]) _:’
AA" = 1 0 4 -2 &
-3 3 g -1l ¢ % °F
0 =7 =]

(MHQ+OED+@ R +E2)O) (DM +O) O+ @) (D) +(-2)(-2)
(=3) Q)+ DH+2)A+CDO) (3H(DH+G)O)+2) @A)+ (1) (2)
2(3)+CEH G+ Q)+ O) =D
(1) 3+ @) (3)+() @)+ (2] 1)
33 #15) 5) 4+ (2 (2 + (-1 1)

[ 44+1+9+0 2+0+12-0 65+6+0}

{ 2)2)+EDEDH+GG)+O) (O @) (D) +ED0)+3) (D) +(0) (2)

= 2-0+12-0 1+0+16+4 —-3+0+8+2
L 6-54+6-0 —-3+0+8+2 9+25+4+1

14 14 -5
= 14 21 7

| -5 7 39
. B
ey (') 53 2 -1 3 0
Ak = I 0 4 -2
3 4 e -3 5 2 —]
L 0 —=2 —1

T 4+14+9 —-24+0-15 6+4-6 0-2+3
-24+40-15 1+40+25 —-3+0+10 0-0-5
- 6+4-6 -3+0+10 9+16+4 —-0-8-2
L 0-2+3 0+0-5 0-—8-2 O+4+1

14 —-17 4 l
=17 26 2 =3
B 4 7 29 -10
L. ] -3 =1 3




Solve the following matrix equations for X:

; - 2 3—2} [
(i) 3X—2A=Blf{\—|:_1 1 5 , B =
) 1 -1 2
(ii) 2X—3A=BlfA—|:_2 4 5},]3_[
Solution:
(1) Given
_[2 3—2} [2—31}
A=l_11 5]+B=ls 4 _
IX—28 =B
3X = B+2A
|
ng(B+2A)
Put values of A and B
lqz =S 1} [’2 3—2D
a=gls 4 1% -1 1 5]
_l([E 3 l} |:4 6 4})
=345 4 =117 -2 2 1o
_ l[2+4 -3+6 1-4 ]
T 3L5-2 442 —1+10
_l[ }
=3
"6 3 3
3 3 3
“13 6 9
| 3 3 3
2 1 =1
X=11 2 3}
.. .. 1 -1 2 % ~1 B
(11) leuiA—[_z 4 5},8—[4 ) 1]
and
ZX—3A =B
2X = B+ 3A

1
= §(B+3A)

2 -3
5 4
3 -1
4 2

1

-1

0
1

}

}



Put valuesof A and B

X

I

= N|= N—= N

([3 ] 0}
4 2 1J17F
s s 1
i g 1l*
[3+3 —~1-—3
4-6 2+12
[6 _4 6}
2 14 16
6 4 6
3 "2 9
2 14 16
~9 B 2
3 9 3}
-1 T B

G

0+6
1413

—3

3 6
12 15

]

)

Solve the following matrix equation for A.

Q.9
.. 4 3 2 3
I P P
. 3 1 -1
(i) A“[ﬁl 2}‘[3
Solution:
(i) Given
KR [2 3]
2 28| 1 -2
T4 37 1 —si
|3 Q_A‘[_% 6
"4 37 [1 —1]
2 2|A=]2 4
BA = C (say)
BF'BA=Rc
A = B~ IC
A =FE'0 .
Where
4 3
B = 2 2 4 C:

|1
2]=

1

-1
3

[

2

4

6

-1

]
q

5

4+3
6-2

]



(ii)

; 4)(2)-(3)(2) = 8-6 = 2

Bl={3 5=

As |B| # 0 = its inverse exists.

5 -3
ais = % )]

g L AdiB 1[2 _%}

- Bl T2L-2 4

Putting this values in (1)

(2 —371 =1
ARG 3 412 4}
I QOM+E)Q) O ED+ ()@ }
2L 2)(D+@)2) D) +E) @)
1 2-6 —2—12}
2L -2+4+8 2416
1[4 _lﬂ
—2L6 18

& =

9 T ~2 —7}
A=l e 18 -[73 7

3 2
is the required matrix.
Given
3 1] ) 2 0
Al 4 2_‘[3 1}:[—1 5}
3 1] 2 0 -1 2
Al 4 2_:[—1 5}{3 IJ
3 1] [2—1 0+2]
e ¥ 143 541
3 1] 1 2
Al g 2_=[2 t’)}

AB = C (say)



where

o3 ] e[ 2]

B=|, 2] =@ @n =64

I~

|B| # 0 = inverse of B exists.

5 ]
A@E’:[—4 %}
As

ol _ AdiB 1[ 2 -1}

- B] T2L-4 3

Putting values in equation (1)

. ~1
=y ezl 5
-3z 6l
= 5l3 &ll.-4 3
C(H Q)+ () (D (1) +(2)((3)

1
2L+ G H) O EEDH+(6) (3)]

1T 2-8 —|+6]
= 2l4-94 —2+18

1T =6 5]
- 2L-20 16

5
- 10 8

1s the required matrix
DETERMINANT OF ORDER n > 3
Consider a square matrix of order 3.

such that

ajp ajp  aps
A=|ay a» axn then

a3 an A



arp  ap a3
det A = |A| = | ax 4 an
a3| d32 433

we can expand this determinant by R

ax  a a2 an a  ax»

|A] = ay

—ap + &3

d32  d33 a3 d33

d3] 432
= aj) (apa33 —ax3azy) —ajn (azja33 —azjaxs) + a3 (az1as — axasg)
we can expand |A| by C; such that

an @

I..p‘-l

a2 413

aj2 13
Al

dy| — a7 + a3

d32  d33 d3z2 433 a2 423

= ay; (ax2a33 — a3a3zy) — dg; (a12833 — a13a32) + a3y (412423 — a13az2)
Minor and Cofactor of an Element of A Matrix or Its Determinant
Consider a square matrix A of order 3. then the minor of an element aj;, denoted by

M;j is the determinant of the (3 — 1) x (3 — ) matrix formed by deleting the ith row and jth

column of A or |Al.
For example 1f
arp ap a3
A=|a a» ax then

az| 432 asj
: = az ars
Minor of a;; = My =
a3 433
a2 a3

' } and so on.
az] a3z

Minor of aj» = Mz = [
Cofactor of an element a;; denoted by Aj; is defined by
Aij = (= l)”j . M;; where Mj; is the minor of aj;.
So in above matrix
Cofactorof a;; = A = (- l)I i My
Cofactor of aj3 = A3 = (- l)I bt M and so on.
Note: In above matrix A
|A| = anAn+anpAn+asAp
Properties of Determinants

(1) For a square matrix A , |A| = |A'.

(2) If in a square matrix A, two rows or two columns are interchanged, the determinant of
the resulting matrix is — |Al.

(3) If a square matrix A has two identical rows or two identical columns, then |A| = 0.

(4) If all the entries of a row (or a column) of a square matrix A are zero, then |A| = 0.

(5) It the entries of a row (or a column) in a square matrix A are multiplied by a number

k € R. then the determinant of the resulting matrix is k |A|.



(6) If each entry of a row (or a column) of a square matrix consists of two terms then its
determinant can be written as the sum of two determinants i.e. il

ajr+b a
A:[ T X |2} then
ag1+ by ax

aj+by ap an - ap by ap
Al = = +
a+by  an ay;  axn bay  ax
(7) It to each entry of a row (or a column) of a square matrix A 1s added a non—zero

multiple of the corresponding entry of another row (or column) then the determinant of
the resulting matrix is |A|.

(8) If a matrix 1s in triangular form, then the value of its determinant is the product of the
entries on its main diagonal.

Adjoint and Inverse of a Square Matrix of Order n > 3

i dp2 a3
If A =|a ax ax3
d3] aszz  daj3

then the matrix of cofactors of A 1is

[ Ain Ap A
= | Aa1 Az A
L Az Az Aszz

and adjA =| A An  Axp

Inverse of Square Matrix of Order n > 3
Let A be a non singular matrix of order n. If there exists a matrix B such that

AB = BA = I, then B is called the multiplicative inverse of A and is denoted by
A I, and order of A 'is nxn. Thus AA ' = I, and A i = I,. If A 1is a non singular
matrix, then

1
A‘:Eade




EXERCISE 3.3

Q.1 Evaluate the following determinants.

5 =2 -4 5 2 -3
(i) 3 -1 =3 (ii) 3 -1 1
=2 ¥ 2 =2 1 =32
1 2 —3 a+l a-1 a
i (-1 3 4 (iv) a a+l a-I
-2 5 6 a-—1 a a+/
1 2 =2 2a a a
v (-1 1 -3 (vi) b 2b b
2 4d =1 c C 2¢
Solution:
5§ =2 —4
(i) 3 -1 -3
-2 1 2

Expanding the determinant by R,.

-

3 —3‘ _{3 —l}
» 2 |tED| o g

_3‘
1 g |~

Il

5

5 =D-120)+23%2-C3)%E2)) -40Bx1-2 % 1))
5(-2+3)+2(6-6)—-4(3-2)
S5(D+20)—4(1)

=540 4 =1
5 2 -3
(ii) 3 ~1 1
-2 1 =2

Expanding the determinant by R .

—1 l‘
1 2

ETNERINERT
= 2| 9 o |tEI] 4y

S2xE-D-1x)-2((H%x D= XM -3 ((HxW)--2) x(-D)
52-1)-2+6+2)-3(3-2)

S5()—-2(-4)—-3(1)

548-3 =10



)X (3)—(—2)x(3))

a+/ ‘
a

C| +Cj ot (1;

1 2 =3
(iii) -1 3 4
—2 5 6
Expanding the given determinant by R,
—I‘B 4 2‘—1 4‘ ﬁ‘—l 3‘
=Lls & %2 g|*TH|[_3 5
= 1{ADxG)- )X &) -2(@%x(-1D—--2)x4)) -3 ({
= 1 ({I8-200-2(-6+8)—-3(-5+6)
=—2-2(2)—-3(1)
= 2l F = 4
a+l a-1I a
(iv) a a+l a-I
a-—1 a a+l
expanding the given determinant by R
e B a+/l a e’} s a a /’ . a
= (g a a+/ —l(a+i) a—1 a+l| T a-i
=(a+H[a+Da+h—ata—0O|—-(a—Dlata+)—(a—10)(a—1])]
+af(a)(@)—(a—0 (a+ D)
= (a+1) [a-13+a1]+/'a+!3 -a12+al] —(a —]}[a1:+ai—(uj- al - a1]+13')]
+Ll|ilz—(élj+£l[—£l/—[2)]
= G+DBal+-(a-D[a"+al— (@ -2+ +afa’ —@ -]
= (a+1) |3u/+!2|—(a—[') |uz+a/—uz +2al - lj)l-twllaz—a2 +/2)]
= (a+ D) [Bal+ = (a—D[3al =] +a[D)]
= 3&12/ + a!j + 3&112 + !“‘ —{?&etj/ - u/2 — 3&!2 T i3) - al.’2
= 3al+4all + P - 30l + al” + 3o - +al
= 9al’
2nd Method
a+! a |/ a
a a+! a !/
a—I a a+!
'u+!+u—f+u a—/ a
= |at+a+li+a-1 a+! a-! by
a—[l+a+a+/ a a4/



3a a+! a-1!
3a a a+/

’3;1 a—|[ a

Take common 3a from C

1. a=1 a
= 3all a+/! a-/
| a a+/
| g —1 a
R> —R
=320 a+l -a+!l a [ a R2 RI
0 a—a+1 a+l—a &

| a-/ a
= 3a|0 2l -1
0 [ {
expanding by C,
3 4 -1 4 —]1 3
:3"“[' 5 6‘_()‘—2 6 *0‘—2 ‘3”

3al2H WD) - (DH]-0+0
3a [2!2 + /'EJ
3a (31°)
9al”
1 2 -2
-1 1 -3
2 4 -1
Expanding the given determinant by R,

| -3 1 -3 1
4 172 2 _i ”‘2)‘2 4‘

=((MED-WEN-2(EDED-@E)-2(CDEH-@ ()
= 14122046 -2(-4-2

= 11-2(7)=-2(-6)

= 11-14412 =9

22 a a

b 2b b

c ¢ 2c

I

Il

(v)

= ] 2

(vi)

Expanding the given determinant by R,

2b b b b b 2b
¢ 2 c 2 € %
= 2a((2b) (2¢) — (b) (¢)) —a ((b) (2¢) — (b) (¢)) +a ((b) (c) — (2b) (¢))
= 2a(4bc —bc) —a(2bc —be) + a (bc— 2bc)

= bGabc —abc —abc = 4abc

= 2a —a +a




Q.2

Without expansion show that.

6 7 8 2 3 -1
(i) 3 4 5| =0 (ii) 1 1 0
2 3 4 2 -3 5
Solution:
L.H.S.
6 7 8
3 4 5
2 3 4
7-6 8 6 1 8
= |3 4-3 5| =3 1 3 C,-C
2 3—-2 % 2 1 4
6 | 8-6 6 1 2
3 1 53-3| = |3 1| 2 O —
2 1 4-2 2 1 2
Take common (2) from ¢3
6 1 1
=213 1T 1
2 1 1
As C> and C3 are same so determunant will be zero.
= 21 =1 = RHS.
2 3 -1
(i1) 1 1 0 =0
2 -3 5
2 3 -1
LLHS. = | ] | 0
2 -3 5
2 3-1 -1
= | I [ +0 () CadC;
2 —345 5
2 2 -1
=1 1 0O =0 = RILS.
2 2 5

As C; and C> are same so determinant will be zero.



(iii)

L.H.S.

Q.3

(i)

(ii)

(1ii)

(iv)

(v)

(vi)

(vii)

1 2 3
4 5 6‘ =0
7 8 9
1 2 3
4 5 6
7 8 9
] 2=1 3=
= |4 S5-4 B-4 -G
7 87 9.1 s
I 1 2
=14 1 2
7 1 2
Take (2) common {tom Cs
|
=4 1 1| =0=RHS
7 1 1

As C> and Cs are same so determinant will be zero.

Show that

;. ap a3+ o3 a;; a2
21 A2 A3 +0k3| = | 41 4
a3 4z 433+ 033 a3; Az
2 3 0 2 1 0
3 9 6| =91 1 2
2 15 1 2 5 1
a+l a a

a a+l a = IFBa+l)

a a a+l
1 1 1 1 1 1
X y Z | =|Xx Yy 1z
YZ ZX XYy x° y2 z
b+c¢ a a

b c+a b = 4abc

c C a+b
b -1 a
a b 0 ‘ = 33 + l)‘
1 a b
rcos¢ 1 -—sing

0 1 0 =r

rsing 0 cos¢

a13
473
a33

ap
4+ | 421
a3

a2

4z
az2

O3
O3

33



Solution:

a1 a2 A3+ 03 ap;p A2 413 411 412 g3
(1) Ay a» a3+0o| =|an ax a3| +|ay apn o3
a3 4a32 a3z + 033 d31 d32 asz 31 a3z 033

a)p dpp dp3+ 03
LS, = dy)  drp  daz + Ol
d3y cio diyz + O3z

Expanding by R

d2 23+ 023 a1 a3 + 023 d21 a2

= 4aj] s

+ (a3 + o
a3y a3z + 033 (a3 13)

a3] a3z + o33 431 a2
= ayy [ax (a33 + 033) — a3z (23 + A23)] — a12 [a2) (a33 + 033) — a3y (a3 + o23)]
+ (a3 + oy3) [a2) az — azjax]
= ay) [azass + 42033 — azays — a32003]
—a [a21a33 + a2 033 — 431423 — a3 0423]
+ a3 [ag1az —azjaz] + o3 [azjaz —azja2] Ll (1)

Now take R.H.S.

dpp di2 o g app a2 o3
d2p dap 3 | 4+ | A2 A O3
d3)  dz2  d33 d3; a3 O

ap  as3 axy  an ay;  an ‘
= aj| —aj2 + a3
d32 d33 3| d3i3 di] d32
a»n 03 a0 a  axn ‘
+ a1 —a12 + Oz
d32 O3z a3 (33 a3 d32

= ay [axa33 —azaxz] — a2 [az1aszs — azzaz ] + a3 [ag)azp — axasz)]

+ay1 [aoss —azons] —a [a21oa3 — ozasz | + o3 [az1as2 —anaszi|
= ayp [aa33 + 42033 — a3a3 — a3003| —ap [azja33 + az 033 — a3a3) — 0p3as |
+a)3 [agjazy —agpaz | + o3 [asjasy —apaz | ..l (2)

from equation (1) and (2) L.H.S. = R.H.S.



2 3 0 2 1 0
(i) 3 9 6 =911 1 2
2 15 1 2 5 1
2 3 0
LHS =13 9 6
2 15 1
Take common (3) from C,
2 1 0
=313 3 6
2 5 1
Take common (3) from R,
2 1 0
= 3x3 1 1 2
2 5 1
2 1 0
-9/ 1 1 2
2 5 1
= R.H.S.
a+/ a a
(iii) a a+l a | =[F@a+))
a a a+l
a+! a a
LHS. = a a—+/ a
a a a+/

a+l/+a+a ata+l+a ata+a+l

= a a+l a Ri+Rs+R;
a a a+/
3a+/! 3a+! 3a+!
- a4 a+/ a
a a a+/

(3a+ {) common from R

1 | |
= Ba+0)|a a+/ a
a a a+/
| | 0 1 —1 CrC
= |a a+l-a a—a
a a—a a+l!-a GG




1 0 0
= (3a+1)| a [0
a 0

Expanding by R,

[ 0 a 0
:(3“””["0 1““ i z’*”
- Ga+D[l T -0)—=0+0]
= Ga+D) D
= Pla+l) = RHS.
1 1 1 1 1 1
(iv) X Yy z|=|X 'y 1z
yZ X Xy X2 y2 Z2
Solution:
R B
LHS. = |x y =z
_'y'Z ZX Xy

Multiply C, by x, C, by v and C; by z

X z

/ > Vﬁ ;2

= 2 y /
Tl xyz  xyz xyz

Take (xyz) common from Rs.

e % y i
_ Xyz 2 yj /2
EI1 01 1

Interchange R, and R;.

| I |
2 2 2
= |x* y oz
X y Z
| 1 |
- ChED|x oy oz
X2 y_- 72
| | I
— X Y Z = R.H.S.
2 2 2
- ¥ 1z

ol



b+c¢ a a

(v) b c+a b = 4abe
C ¢ a+b
b+c¢ a a
LH.S. = b c+a b
C C a+b
b+c a—a a
= b c+a-—>b b Cy—C3
C c—a—b a+b
b+c 0 a
= b c+a->b b
C c—a—b a+b

expanding by R

b c+a—b
¢ e—a—>b

c+a—b b !
c—a-b a+b

O+a

I

(b+c)

= (b+¢)|(a+b)(c+a-Db)—b(c—a—-b)]+alb(c—a-b)—c(c+a—Db)]

= (b+c)[ca+a’—ab+bc+ba—b”—bc+ba+b’]+a|bc—ba—b
—cj—ac+bc]

= (b+c)Iac+a2+ab]+u|2bc—ba—b2—cj—ac|

= bac + ba” + ab” + ac” + a’c + abc + 2abe — ba® — ab” ac”  a’c

= abc + abc + 2abc

= 4abc = R.H.S.
b -1 a
(vi) a b 0] =a+p’
1 a b
expanding this determinant by R,
b 0 a 0 a b
=b|, b‘_(_]) I b{-Hl I a

= bbb —0)+1(ab-0)+a(a’—b)
= b(b”) +ab+a(a’—b)

= b'+ab+a —ab

=a+b’

= RELS.



rcos¢p 1 —singd
(vii) 0 1 0 =
rsing 0 cosé

expanding this determinant by R,

mms¢[$ ui¢J_l[rs&¢ ui¢}_sm¢[r5&¢ B}

=rcosd(cosd—0)—1(0—-0)—sind (0—r1sin )

= ruﬁz¢+rsm2¢

= r(coszd)+sdn2¢)

= i)
= ¢ = RH:S.
a b+c¢c a+b
(viii) b c¢+a b+c| = a+p*+c’=3abe
¢ a+b c+a

a b+c a+b
b c¢c+a b+c
¢ a+b c+a
a+b+c¢c b+c¢c a+b
— |b+c+a c+a b+c
c+a+b a+b c+a

L.H.S.

Ci+OC

Take (a+b +c) common from ¢

I b+c¢c a+b
= (a+b+¢c)| |l c+a Db+c
1 a+b c¢c+a
] b+c¢ a+b Ry R
= fa+b+¢)| 0 e+a—-b—e¢ ht+e—a-b Rx_R
0 a+b—-b—-c c+a—-a-—b 3

|l b+c¢c a+b
= (a+b+¢)| 0 a-b c—a
O a-c¢c c¢c—b

Expanding by C

a—b c—a
a—et ©-Db
= (a+b+¢)[(a—b)(c—b)—(c—a)(a—c)]

A

= (a+b+c). 1. 0+0

2 2
= (a+b+c¢c)fac ab bc+b” ac+c¢ +a  ac]
) ) “¥ .
= (a+b+c¢)(a +b +¢ —ab—bc—ac)
3 33 . 3%
= 4" + b +i¢" —3dbe

= R.HS.



a+ A b C

(ix) a b + A ¢ =2 @+b+c+)
a b c+A
a+ A b s
L H S = a b+ A C
a b c+ A
a+b+Ai+c b c
= |a+b+A+c b+i C Ci+(C+Cy)
a+b+c+A b c+ A
Taking (a+b+c+2A) common from C,
] b C
= (a+b+c+2) |1 b+A C
| b C+ A
1 b C
= (a+b+c+x) |0 b+Ai-b e— EE_EI
0 b erd—e| o
1 b
= (a+b+c+n) |0 A O
0O 0 &

Expanding by C,

A A ‘ —0+(’J}
0 2
(@a+b+c+A) (> —0)

= A (@a+b+c+))

= (a+b+c+?u)[l

I

= R.H.S.
1 1 1
(x) a b c¢| =(-b(b-c)(c—a)
a2 bt
| | |
LHS. = |a b ¢
3 5 2
a b ¢
[ 0 0 C G
=& lz—a R Cae C
i b -a e —a Sl
Expanding by R
b-—a c—a _
= 1’ 2 .3 2 21 -0+0
b —a c —a

= (b—a) (c2 — 312) —{c—4a) (bl — ul)
= (b—a)(c—a)(c+a)—(c—a)(b—a)(b+a)



= (b—-a)(c—a)[c+a—-(b+a)]
= (b-a)(c—a)(c+a-b—a)
= (b—a)(c—a)(c—b)

= —={a=b)c—a){(—1) (b—c)
= (a—b)(b—-c)(c—a)

= R.H.S.
b+c a a’
(xi) c+a b b’| =(@+b+c)(a-b)(b-c)(c—a)
a+b ¢ ¢
b+c a a’
LHS. = |[c+a b b
a+b ¢ ¢

(]

b+c+a a a

&=

== c+a+b b b C]+C2
a+b+c ¢ ¢
Take (a+b+¢) common from ¢
2
| a a
= (a+b+¢c)|1 b Db°
I ¢ ¢
1 a az
2 2 R>—R;
= (: =1 = SR -
(a+b+c¢) b—a b2 dj Ri—R,
-1 ¢—a ¢ —a
| a a°
= (a+b+¢)| 0 b—-a (b-a)b+a)
0 c—a (e—a)(c+a)
Take common (b —a) from R>, and (¢ —a) [rom Rj
1 a a2
= (a+b+c)(b—a)(c—a) |0 1 b+a
0 1 c+a
Expanding by C;
_ 1 b+a a a’ a a’ ]
=(a+b+c,)(b—d)(c,—a}[l{1 Gl ||~ "y + 0 | B

= (a+b+c)(b—-a)(c—a)|lc+a—(b+a)

= (a+b+c)(b a)(c a)(c+a b a)



1l

[l

Q4 (D)

(ii)

Solution:

(1) A =

AEE

Now

(a+b+c)(a

a) (¢

(a+b+c¢c)(b—a){c—a)(c—Db)
b) (c
D ND(a+b+c)(a—-b)(b—c¢)(c—a)
(a+b+c¢c)(a—Db)(b—c)(c—a)

R.H.S.

1
IfA=]0

-2

b)

-3
0
1

Find Alg, A;)_g, A_:;g., and |A|

]
B=|3

-2

} then

Find Bgl, Bzz, ng, and |B|

1 2 -3
0 -2 0
T,
)" My»
1y (0)
0
(_1)2 +2 1\422
17 -5
(1) (—5)
o

(— 15 (0)

0

1 2. =3
B =

g, =1

where

where

where

M3

[0 0}

-2 1

(0) (- (-2)(0)
0

| %
51
(L3 Ly==2) (=23}
[ =& = =5

-

-5
o o]
0 0
(1) (0) —(=3)(0)
0



(i)

Now

Expanding by R,

-2 0 0 0
IEXEEY

= | 2

1 ((-2) (D) —(2)(0) -2 ((0) (1

=(-2-0)-20-0)-3(0-4)
= -2-0-3(4)
= —2412 = 10
5 =2 35
B=|3 -1 4
-2 1 =2
By = (1) My where
= 1P 1)
=== =
B» = (1" Mn where
= —l) (0)
= )
B: = (—1)°"° Mos where
= £ 191
= [~ 1){1)
=
5 -2 35
Bl=|3 -1 4
2 1 -2

Expanding by R

4 5|
=3 1 | v |3

= 5(DED-(HE@)+2(3
=52-4)+2(-6+8)+5(3-2
= 52D)+22Q)+5(D

= —10+4+5

0 -2
‘+( 3)‘_2 _9

) = (=23} —3 [0y

_9

) — (-2 -2))

-5 3
Ma =11 -2

—2) —=2)—(1)13)

= 4—=5 = —=|
5 5
Mﬂ:[z —EJ
= B — D)
= -10+10 =0
LU
'V"—’-*:[ 2 1]
= 5 (1) —-(=2)(
= 5-4
= ]
H o= ]
+5}—2—[
~2)-2@H)+5(F () - (- 1)(-2)

)



a-b b-c¢ c¢—a

S  Without expansion verify that
a B+y 1 1 2
(i) B y+a 1] =0 (i) 2 3
y a+f 1 3 5
: a4
1 a =
b
3 2 O i
(iii) 1 b = =0 (iv) b-c¢
i c—a
2 &
1 ¢ ol
be c¢a ab
1 1 1 mn
(v) a b c | =0 (vi) n/
/m
a b ¢
2a 2b 2¢
(vii) at+b 2b b+c| =0
a+c b+c 2c
7 2 6 i 2 7 T 2
(vii) 6 3 2| = 6 3 5|+ 6 3
-3 5 1 -3 5 -3 -3 5
—a 0 C
(ix) 0 a —-b| =0
b —-c¢ 0
Solution:
a pB+y 1
LHS. = |p y+a 1
v o+
a+pB+y P+y |
= |[B+y+o y+o 1 i+ s
v+o+p a+p
Take (a0 + P + y) common from C,
1 B+v 1
= (a+pB+y) |1 y+a 1
I a+p 1
= (Oi I P) + }') .0

0

c—a a->b
a—-b b-c
I F 1
m m| = |1
n n’ 1
- |
-3
4

C, and C; are same




1 2 3x

(ii) 2 3 6x| =0
3 5 9

1 2 3x

LHS. = |2 3 6

305 9

Take 3x common from C,

hn el 1D

I
2
3

2l P —

= 3x(0) =0

As C; and C3 1s same so determinant will be zero.

2 a4
1 a be
b
2 b _
(iii) 1 b ac =1
2 €
1 ¢ ab
[ o2 &
d bC
b
L.HS. = I b —
dAdC
& =
e ab

, a.abc
1 a be
1 , b.abc
= abc 1B ac
, ¢.abc
L8 ab
C e ‘
= == | b_ b_
abc 2 2
Il ¢ e
=0

As Cy and C; are same so determinant will be zero.



a—b b-c¢ c¢-a
(iv) b-¢ c¢c—a a-b| =0
c—a a-b b-c¢
a—b b-c¢c c—a
LHS. = |b-¢c ¢—a a-b
¢c—a a—b b-c
a—b+b—-c+c—a b-c¢c c¢c—a
= |b-¢c+c—-a+a-b c¢c—a a-b
c—a+a—-b+b-¢c a-b b-c
0 b-c c¢-a
= |0 c¢c—a a-b| = 0
0 a-b b-c
= 0
be ca ab
N
(¥) a b c = i)
a b
bc ca ab
4 1 1
LH.S, = 4 b &
a b ¢
multiplying R> by abc
be ca ab
| abc abc  abc
~ abc a b C
a b C
| bc ca ab
= Zhe bc ca ab
a b ¢
= ()
As Ry and R» are same so det will be zero.
mn [ P 1 r
(vi) nf m m|=|1 m m
Im n n’ 1 n?
mn /[ I
LHE = nf m m
/m n n°

multiplying Ry by / Ry by m, r; by n.

7 3
/mn [ [

2 d

= — | /fmn m m
/mn 2 3
/Imn n n

‘ C|+C3+C3

» Oy 18:Zera.



Taking /mn common from C

2 3
| / [
[mn 5 3
= — m m
/mn 5 3
| n n
2 3
I [ I
bl
= I m m
k)
l n n
= R.H.S.

2a 2b 2¢
(vii) a+b 2b b+c| =0
a+c b+c 2¢

2a 2b 2c
LHS. = |a+b 2b b+c
a+c b+c 2e
2% 2b— 24 26—
2a b 1 C 1 C,_C,
= a+b 2b—(a+Db) b+c—(a+b)
_ C; -G
a+c b+c—(a+o) 2c—(a+c¢)

2a 2(b—a) 2(c —a)
= a+b 2b—a—>b b+¢c—a—b
a+c b+c—a-c 2c—a-—c¢

2a 2(b—a) 2c-—a)
= a+b b—a g—2a
a+c b—a c—a

Taking (b a) common from C,, and (¢ a) from Cs.

2a 2 2
(b—a)(c—a)| a+b 1 1

a+c 1 1
= (b—a)(c—a)(0) C> and Cj is same.
= () = R.H5.
7 2 6 7 2 7 7 2 -1
(viii) 6 3 2| =6 3 S|+|6 3 -3
-3 5 1 -3 5 -3 -3 5 4
T 2 6 7 2 T=I
L.H.S. = 6 3 2| =8 3 3-3
—3 3 1 -3 5 —-3+4
by using property of determinant
* A 7 T 2 =1
= 6 3 5|+ 6 3 -3
-3 5 -3 -3 5 4

= R.H.S.



(ix)

Q.6

(i)

(i1)

(1ii)

0 a -b =1
b —-c¢
— 0 c
LHS = 0 a —b
b —-c¢ 0
| —ab 0
= 0 ac
O | iy —ap

Taking ab common from C,.
Taking ac common from C,.
Taking be common [rom Cs;.

be
—be

bR,
CR}
aR;

0 1

1
= abc(ab)(ac)(bc:) 0 I =1

-1 0 |
= abc 0 1 -1
I -1 0
-1 1 0
= abc 0 | -1
1 -1 0
0O 0 0
= abc 0O 1 -1
I =1 @
= abc (0)
= {
= RHB
Find value of x if
3 1 x
-1 3 4| = —-30
X 1 0
1 x—1 3
-1 x+1 2 =0
2 -2 X
1 2 1
2 X 2 =0
3 6 x

-1 0

R, + R,

R| + R‘

". all elements of R, are zero.



Solution:

3 1 x
-1 3 4
X 1 0
Expanding this determinant by R,
3 4 1 4
I 0 | =i { x 0

(i) = —30

= —30

U

+ X

"
X ]
3O - M) -1 (=D O-EE)+x (=D ) -x)3) =-30
3(=4) — 1(=4x) + x(=1 = 3x) = =30
—12+4x—x—3x> = —30

3x*+3x— 12 = —30

b 4 4 Ul

x>~ x+4-10=0

x>’ —x—6 =10

X2 -3x+2x—6 = 0
X(x—3)+2x-3) =0
(x+2)(x—=3) =0

b 44 iy

X =—-2.3

k)

1 x-1 3
-1 x+1 2
2 -2 X
Expanding this determinant by R

-1 2
2 X

=0

—
—
-

o’

x+1 2 -1 x+1
=2 X 2 = 5

1 (x(x+D-2)Q))-xx=-D(EDH -2y +3(-1)(2)-2x+1) =0
X+x+4)-x-D(Ex—-4)+32-2x-2) =0
X+ X+4—(—x"—4x+x+4)+3(2x) = 0

I

(x 1) +3| = 0

U

X+ x+4+x>+4x—x—4-6x = 0
2% 2x = 0

R R VI I

2X(x—1) =0
2% = 1) x—]1 =0
%. = %=1




1 2 1

(1ii) 2 x 2| =0
3 6 x
Expanding this determinant by R;
x 2 ’ 2 } 2 % ‘
llg 2723 /%' |s g|=Y
— (x>~ 12) - 2(2x - 6)+(12-3x) = 0
= X*—12-4x+12+12-3x = 0
= x*—-Tx+12 = 0
= XX —4x—3x+12 = 0
— X(x—4)-3(x—-4) =0
=% (x—=3)(x—4) =0
=4 x—3 =20 x—4 =0
— X =3 x =4
Q.7  Evaluate the following determinants:
3 4 2 7
. 2 5 0 3 -
W 1 2 -3 s ()
4 1 -2 6
-3 9 1 1
O 3 -1 2
(i) 9 7 -1 1
-2 0 1 -1
Solution:
3 4 2 7
) 2 5 0 3
M 1 2 -3 5
4 1 -2 6
Interchange R; and Rj
I 2 =3 5
2 & @& 3
|13 4 2 7
4 1 -2 6

i A



-3

4

2 2
== 2_2(]) 5—2(2) 0—2(_3J 3_2(5) ﬁg_iﬁl
=T 3=3) 4-3( 2-3(% 7-3()| !

4-4(1) 1-4(2) -2-4(=3) 6-4(5) Ry — 4R,
= 0 5-4 046 3-10
TTl0 4-6 249 T7-15
0 1-8 —2+12 6-20
1l 2 -3 5
_ 60 1 8% -7
=~ la -2 11 -8
0 -7 10 —14
Expanding by C;
| 6 7
=—[1|-2 11 -8 1-0+0-0
-7 10 —14
I & -7
= 2 11 8
-7 10 -14
Expanding by R;
e AR RH)
= L0 14l -7 _14[*CD |7 19

= [(0D)EE1H-10)(=8))-6((=2)(1H-(-T)(=8))-T[(2) 1) -11) (=7)]

= —[-154+80—-6(28—-56)—7(—20+77)]

= [-74-6(28)-7(57)]

= 305
2 3 1 -1
. 4 0 2 1
(i) 5 2 -1 6
3 -7 2 =2
Interchange C; and Cs
1 3 2 -1
_ 2 0 4 1
- l-1 2 5 6
2 -7 3 -2



(iii)

I 3 2 =

2ty -2 A-2( 1-261) I;"" 215'
== o] 244 542 61 3t R
2-2(1) -7-23) 3-2@2) -2-2-1 | Ra-IR
13 2 —1
0 -6 0 3
“le 5 T 5
0 —13 —1 0
Expanding by C;
6 0 3
_{1 5 7 5 _0+00}
13 -1 0
6 0 3
= 5 7 5
~13 -1 0

Expanding by R

7 5 5 7
:‘[‘6{—1 0"0”"—13 —1H

= [-6(0-1E)+3(BG)DH—(13)(D)]
=-[-6(3)+3(-5+91)]
= —[-30+3(86)] = —228

-3 9 1 1
0 3 -1 2
9 9 4 1
-2 0 1 -1
Interchange C; and C3
1 9 -3 |
-1 38 § 2
= 17 9 1
1 6 -2 -]
| 9 —3 |
|1+ 349 03 241 ﬁi:ii"
= ~1+1 T4+9 9-3 141 s
-1 0-9 -2+3 —1-11 Re—4R
9 3]
0O 12 -3 3
=710 16 6 ;)
0o -9 1 -2




Expanding by C;

|2 =3 3
=—-1|16 6 2
-9 1 =2

Expanding by R

I

_[=210+210] = 0

Q.8 Show that

Solution:
LiH.S.

L.H.S. =

[+x+1+1

x+3 1
X+3 X
x+3 1
x+3 1

D

X+1+1+1

l+1+x+1
l+1+1+x

1
]
X
1

Ll Sl-en]

=[124=12=2)+ 3 (— 32+ 18) + 3 (16 +54)]
—[12(=14)+3 (- 14)+ 3 (70)]

R G Sy

Take (x +3) common from C,

|
_ |
= (x+3) I
|
|
0

0
0

= (x+3)

Visit for other book notes, past papers, tests papers and guess papers

l
X
1
I

x—1

0
0

APEI)
| T g 1

= x+3)(x-1°

S et —

I
0
x—1
0

]

0

0
X — |

Ci+C+CG+Cy

R» — R,
R; - R

R4

taleemcity.com



Expanding by C,

X — | 0 0
= (x+3)] O % —1 0

0 0 x— |
Expanding by C,

= (x+3')[(>1—1)[x6| X?lJ]

= x+)[x-1)({(x=D x=1)=@©) @)]
= x+3 [x-Dix-1D&=1]
= (X+3)(x— l)3

= R H.S.
Q.9 Find [A A and [A'A] if
3 4
. 3 2 -1 2 1
(i) IfA:[z 1 3} i A=}, 4
2 3
Solution:
) P4 4 =1
) A=, 4 3}
3 2
& =] 2 I}
=1 3
i} 3 D
A AL = 4 2 ]J 2
2 1 3 . 8
[+ Q)+ D) (3)(2)+(2)(1)+(—1)(3)]
TL@QB+M@+B) D) @)@+ ) () +(3)(3)
__9+4+I 6+2—3}_[l4 5}
= L6+43-3 4+129.° L5 14
L 14 5 ﬂ _
Now |AA|=[S M}:(M)(M)—D(S):196-25:171
M3 7
= a _
Now AlAz Z 1}[3 T ;J
| 1 3 [+*= :

2)3+MA) @AQ+Md) @)1 +(1)(3)
LEDE)+B3)@) CH@)+3)() EDHED+B)G)

F ABG+@Q2) B+ B+ (3)}



(i)

I 9+4 6+2 —-3+6
= 6+2 4+ 1 2+3}
L-34+6 —2+3 1 +9
(13 8 3
= 8 5 IJ
L3 1 10
13 8 3
A'Al = | 8 5 1
3 1 10
Expanding by R
5 | | 8 5
= ”‘1 10| 8‘3 m‘+3‘3 I‘
= [3(50-1)-8(80-3)+3(8-15)
= 139 -8(TNH+3(-7)
= 637 -616-21
= 637—-637 = 0
3 4
2 1
A=l 1 9
2 3
. [3 2 1 2
A=la 1 1 3]
3 4
AR = g [4 I 3}
2 3
9+16 6+4 3+4 6+12
6+4 4+1 2+1 4+3
] 3+4 2+1 1+1 2+3
L 6+12 443 243 449
25 10 7 18
t 10 5 3 7
AAT=1 49 3 2 5
18 7T & I3
25-3(7) 10-3@3) 7-3(2) 18-3(5)
10 5 3 7
= T 3 2 5
18—=2(7) -2(3) 5-22) 13-2(5
4 1 1 3
10 5 3 7
=17 3 2 3
4 1 1 3

R
Ry

3R3
2R3



As R; and Ry are same so det will be zero.
4

A'A

A" A

3
~ [3 2 1 2} 2
L4 1 1 3 1
2
[ BB+ @)+ (1) (D) +2)(
T L@@+ M)+ 1) (1) +3)(
[ 9+4+1+4
T L1242+ 1+46
18 2|J
-~ L21 27
18 21
= |21 27

]

1
3

1242+ 146
16+1+1+9

2)

—

2)

J

B @D+ D+ +(2)(3)
4@+ )+ )+ 3)3)

(18) (27) —(21) (21) = 486 —441 = 45

Q.10 If ‘A’ is a square matrix of order 3, then show that |KA| = K’ |A]

Solution:

dip a2 an
Let A=|a an an
d3p d3; ds3
ka;; kap kap |
kA = | kar;, ka» Kkas
ka; | kEl_gg kﬂ_‘,_‘, ]
kEl[| k'{l|3 l{'{l];
|kA‘ = kﬂj 1 k'd_?j kag_*,
k&l;; | ka 32 ka 33
Take *k” common from R, R>» and Rz
djp  dpp dg3
= k.kk | @ axn 43
dz)  dzp Az
|1<. Al = k' |[A] = RH.S.

Hence proved.

]



Q.11 Find value of ‘A’ if A and B are singular

4 ) 3
(i) A=|7 3 6
|2 3 1
5 1 2 0
. B = § 2 5§ 1
(i) =[3 2 o 1
2 A -1 3
Solution:
4 A 3
(i) A=7 3 6
2 3 1
As A issingularso |A] = 0
4 x 3
2 3 1
Expanding by R
136 |76 . | 7 3’
= =g gl=%g 1[FF|x zl =Y
=3 4(3-18)-Ax(7-12)+321-6) =0
= 4 (=13 -A(S)+3(5) =0
=3 —060+5A+45 =0
=3 15+52=0=5(34x) =0
=3 —3+h=0= |A =3
5 1 2 0
e B - 8 2 5 1
W B={3 2 0o 1
2 A -1 3
As “B' isasingularso [B = 0
3 I 2 9
8 2 5 1
= 3 2 0 1f =Y
2 & =1 3



Interchange C; and C4

0O 1 2 5
1 2 5 8|
== =11 2 0 5| =9
8 5 -1 @
0 | 3 5
| 5 8 R3 —R»
= -] 29 0_5 3.8 =0 rioaRs
3-3(1) A-3R2) —-1-3(5) 2-3(8)
0 I ;) 5
] 2 5 8
=2 0 0 g —-§ |=P
0 r-6 —16 —22
Expanding by C;
] ) 5
= (10| 0 5 it =0
e —16 —13

Expanding by C;

5 5 12 5|
= ‘—]6 —22““”}“‘6)}—5 —5‘20
= (110-80)+ (h—6) (15) = 0
= A0+L—BI15) =0
—~  304+15.-90 = 0
—~  15A—60 = 0

I5(—4) =20

—
=% A—d =0 = |k=4

Q.12 Which of the following matrices are singular and which of them are non-

singular.
1 0 3 2 3 -1
(i) 3 1 =1 (ii) 1 1 0
0 2 4 2 -3 5§
1 1 2 -1
_____ 1 2 =1 -3
(n) 2 3 1 2
3 -1 3 4




Solution:

1 0 3
(1) A=|3 1 -1
0 2 4

Expanding by R,
= 1(4-(-2))-0+3(6-0)
= 44+2+4+3(6) =6+18=24 20

= A is non-singular.
2 3 -1
(ii) A=]|1 1 0
2 -3 5

2 3 -1
Al=|1 1 0
2 -3 B

Expanding by R
= 203-0)-3G-0)+1Di-3-2)
= 205)-3(05)-1(=5)
= 10-153+5 =0 = A i1ssingular,
1 1 2 -1

1 2 -1 -3
(i) A = s 3 " 5
3 -1 3 4
[et
[ I 3 -
I 2 =1 =3
A=ls 3 1 2
3 -1 3 4
1 1 p) ]
_ v 2~ =3 =F=£3 ::z—zl;l
To12-2(1) 3-2(1) 1-2@2) 2-2(1) 3— 2R
3-3(1) ~1-3(1) 3-3@2) 4-3¢Dl Ra—3R
1 1 2 =1
18 1 =& =2
10 1 -3 4
0 -4 -3 7



Expanding by C,

1 -3 -2
=1.1l1 -3 4
% —3 7

Expanding by R;
-3 4 ‘

" ‘47|

= (20 =12 +3(7-116)-2{-8-1D
= —21 % 12+ 3(7 + 16} -2 (-~ 15)
= 21 +12+69+30

=90 = 0
=3 A is non-singular.-
2 1 0
Q.13 Findinverseof A =| 1 —1 3 |[and show that A" A = L.
2 —4 1
Solution:
2 1 0
A =11 I 0
2 =3 3
adj
As ATt 1
] 0 1
Al =2 _5 s|-1]|, 5|+0
= 2038-0-1(35-0)
= 10-5=5 %10
Now
Al A Al}.[
AdjA =| A A2 Az | (2)
Az1 Az Az
where
Ay =DM r‘l 0‘
=1 n =& g s

3-0 =235



Expanding by

| -3 -2
=1.|1 -8 4
4 -3 7

Expanding by R

-3 4 1 4 | -3
R I U
-5 7 4 7 L =3
= (=21==12))+ 3 (7= 18))-2 (3=15
=-21+12+3(7+16)—-2 (- 15)
= 21 +12+4+69+ 30
=90 = 0
= A 1s non-singular.-
2 1 0
Q.13 Findinverseof A =| 1 —1 3 [and show that A" A = L.
2 -4 1
Solution:
2 1 0
A=11 | 0
d =3 3
e 01 B (1)
L _lAl ......... !
_ o 0‘ ‘1 ‘
Al=21 5 <|-1], <|=+0
= 2(53-0)-=1(5-0)
= -3 =% %4
Now
t
Al Ap Ap
AdjA =| Any A A | (2)
Az An A
where
A ' My = 13‘1 0‘
i =(1) 11 = =1 8 5



oo o
Wni— o <

Toshow A~ A = I4

1 —71 0 I
] -1 2 O
ATA = . | | 0
-1 5 3 ==

(D2)+ D) HOXN2) (D) + D)+ O)=3) (1DO0) + D) + (0)S)
D)+ @) +H0)2)  DH(D) + @)D +(0)=3)  DHO) + (2)(0) + (0)(S)

eve+Fo+do coo+Fo+F o ro+Fo+d)o

I @& @
0 1 0
0 0 1

Q.14 Verify that (AB)™" = B'. A" if

() A=[-11 ﬁ] B=[_43 _11]

w =[5 weld 3]

Solution:

b = [—11 (2)}[_43 —11}

= Iy

[ MY+ @) (l)(l)+(2)(—l)}
T LEDE3) O @) D) +O0) -1
[ —3+8 1—2]
“L3+0 -1-0
3 5 —l}
— L3 —1
As

= adj (AB)

(AB) = del(AB) e (1)

det (AB) = |AB| = }:; _15‘ = -8 . 3)=-843=-2

, -1 1
adj (AB) = [_3 5 :|



Put values 1n equation (1)

= ] 15
AB) ' = l[_l 1} 5 B2
Bl =-5l .3 5] |3 =5
.2 3.
- | -
5 T2
=13 %
.8 9 |
Now
| adjB
T — s - 2
3 I _
|B\=‘ 4 ‘ = === {1) = 3-8 ==
| % Ta
AdJ B = 4 3
Put values in equation (2)
B'—L[_l —IJ_[I 1}
=1L -4 -3 L4 3
Now
1 adjA N
= |A| ......... (J)

|2
’ = O (-1 =2

—1 4

' _[0 —'2]
adl = | |

put values in equation (3)

Al = |

RS e

1
— o
= S|
[
Il

B | — ""m

1 | —

>|

Il
1
12—



_ — 1
BiAT = 1 I}? I
== 2llg 3
= ]
(1)(0)+(l)(§
- |
B (4)(0)4—(3)(2
1 1
y —1+3
=13 3
| 5 —%*+5
11
2 ~ 13
“ 12 B
.2 T

From (1) & (II)
(AB)' =B A" proved.

] (1) (- l)+(l)[

) (4) (— l)+(3)[_

e e S

l

Q.15 Verify that (AB)' = B' A" and if

1
1 -1 2
Az[o 3 1} B{"’
0
Solution:
Given that
1 |
RS
) 0 -1
am < [1 -1 Q]F ;}
Lo 3 1o

(D (D + D 3)+(2)(0)
L (O (D +@3)3)+ (1) (0)

[ 1-3 1—2—2} :[

L9+0 61

==

=

9

-1

1
2

|

(HM+E) @)+ 2) 1)
O M+B)2)+ (D)1

]

}

-3
5



Now

g | 0

Bl Al = 1 3 0}_1 .
I 3 =]

2 l

(DM +G)ED+0)(2) (D (O)+(3) (3)+(0) (1) J
LM+ ED+EDE MOY+2)G)+ D (D)

5y : }
T L1-2-2 81

-2 9 N
- [—3 5] ......... (b)
From (a) & (b)
(AB)' = B'A'

Q.16 Verify that (A™)" = (A)7 if A = [:i _”

Solution:
Given that

Az[% 1]}

3 ad] A
=8 020 s

3 1
Al=]3 []=2(3=5

o
AdJ A =[_3 2]

Put values in (1)

1ol
A“—l[] 1}_ 5 5
“sl-3 27| 3 2
“5 5
L3
(AI)[— R 5 “
“{t =] 0 e a
3 A5



Now

¥ adJ (A" _
(A) = Al e (2)
] -3
adj Al = [ | 5 J
| 2 3
. I -3
AdjA = | o
Put values in (2)
o 1t =37
@y = 5[ { 2
1 3
5 5
== 1 Al i (B)
5 5
From (a) & (b)
(A-ljl - [Al)-l

Hence proved.
Q.17 If A and B are non-singular matrices, then show that

(i) (AB)!' = B'A™ (ii) ANH = A
Solution:
(i) (AB)' = B'A!
We know that.
AAY = 1
BB~ = 1
(ABYAB) ' =T ......... (1)
We take
(ABYB'A ) =1 ... (2)
LHS = (AB)(B'A™)
ABB ) A
= AIA™
=  AA™
= 1
= RHS
From equations (1) and (2). we have (AB) ' = B'A!
=%
B'A' isinverse of AB.
—
(AB)' = B'A"'
(ii) AT = A
As AA' =1 and A'A =1
=%

1 B4 :
A 1sinverse of A
I
S0 (A7) = A. Hence proved.



Symmetric Matrix

A square matrix A = |ajjly .o is called symmetric if Al = A,
Skew Symmetric Matrix

A square matrix A = [ajj], x o 18 called skew symmetric matrix if A= A
Hermitian Matrix

A square matrix A = |[ajjl; xn with complex entries is called Hermitian matrix if (E\)I:A
Skew Hermitian Matrix

A square matrix A = [ajjly « o with complex enteries is called skew Hermitian if
(A) = A

Echelon Form of a Matrix
A matrix A is called in (row) echelon form if

(1) in cach successive non—zero row, the number of zeros before the leading entry is greater
than the number of such zeros in the preceding row,
(1) the first non—zero entry (or leading entry) in each row is |.

For example

0 1 =2 <4
0O 0 1 2 | isin echelon form.

0O 0 0 0O
Reduced Echelon Form of a Matrix
A matrix A 1s in reduced echelon form if it is in echelon form and if the first non zero
entry in R; lies in C; then all other entries of Cj are zero.

0O 1 0 4

— 0O 0 1 2 is in reduced echelon form.
0O 0 0 0

Rank of a Matrix

If a matrix A 1s in reduced echelon form then the number of non—zero rows of matrix A
1s called the rank of the matrix A.

EXERCISE 3.4
1 -2 3§ -3 1 -2
Q.1 HfA=(-2 3 -1|,B=| 1 0 -1
5 -1 0 -2 -1 2
then show that (A + B) is symmetric.
Solution:
I -2 5 -3 1 2
A+B = |-2 3 I}{I 0 1}
. S5 -1 0 2 -1 2




3 -2 2

= A + B is a symmetric matrix.
1 2 0
Q2 IfA=|3 2 —1]showthat
-1 3 2
(i) A+A'is symmetric (i1)
Solution:
1 2 0
A= 3 2 -1
-1 3 2.
1 3 ]
Al=|2 2 3
0 -1 2]
2 0 1 3
A+A =] 3 2 —1|+|2 2
L-1 3 2 0 —1
1+ 2+3 0-1
= 3+2 2+2 —1+3 =
L—1+0 3-1 2+2
[ 2 5 —1]7
haaY =| 5 4 2
L-1 2 4 |
I 5 =1
— 5 4 2 :A+A|
L-1 2 4 |
= (A+AY = (A+AY
=3 A+A s symmeltric,
1 2 0
Gy A=|3 2 -1
-1 3 2
1 3 -1
Al=12 2 3
0 1 2

t - -
A — A is skew symmetric

| A N ) |

o
L
|



| 2 0 1 3 -1
A-AY =| 3 2 -1|-|2 2 3
-1 3 2 0O -1 2
[ 1-1 2-3 0+ 1 0 I I
= 3-2 2-2 -1-3 | = | 0 -4
| —-1-0 3-(1) 2-2 — ] 4 0
g -1 17
A-AY'=| 1 0 -4
-1 4 0
0] I -1
=|-1 0 4
1 -4 0
0 -1 1
AR | 0 -4 | =—-(A-AH
-1 4 0
= (A—A") is a skew symmetric.
Q.3 If A is any square matrix of order 3, show that
(i) A+A'issymmetric
(ii) (A-AY is skew—symmetric.
Solution:
(i) Let
ajp ap  apg
A =| ax axp az | isasquare matrix of order 3, then
d3] 432 433
ay;p  ar  as
A= ap an ap
dj3  di3 433
i djp a2 413 ajp  dp1  43)
A+A' = | ay axp ax |+ ap an ap
[ d3] d32 433 d)j3  d23y  dzj3
[ aj +a; ap+ay  ap+as
= dy) +a2 dypxy+ay anm+as
L a3 + a3 4z +dp3 433 +4as;
Caj +a; ap+ay a;3+ay ;
(A+AY = | ay+ap ap+an ap+ap
L a3y +aj3 azx +4a; azz+4s;3
Caj +a; ay+ap az +ap
= djz+adx ax+ax 4az + an = A+AI

L ai3+as ax3+4z azz+adsz
; Lol
(A+AY = A+A
t . 5
A+ A" is symmetric.

Ul



(11) Let
arp a2 a3
A = | ax ax» a3 | isasquare matrix of order 3. then
d3] 432 433
app a2 as)
AL = dip drx d32
d|3  dpz 433
Can ap ans djpoaxp djzg
A-A' = | a3 a» axn |-| ap an ap
L d31 a3 433 a3 a3 a3
_‘d]]—i.ln A2 —do) d|13 —d3z)
= 2] — a2 dpx2—dz2  any —4az?
L d3] —d13  d32 —d23 d33 —4d33
i dip—dpp  di2—daz; a3 —aag l
(A—A) = | ay—ap an-—an cm—ﬂw}
d3] —d|3 d3r —day d33 — d33
aj Ay @y -ap ay a3
= | @2 day dx2 4 ax cl“3j|
L dg3 —4a3] 423 432 433 433
dj] —dy]  d1z2—4d2]  d13 —4d3)
= — dr) —dj2 dr2—dzx  do3y —dj32
dy] —dj3y di3z —d23y d3y3 — daj
= (A-AY = —(A-A)
= A—A"is a skew symmetric matrix.

Q.4

If the matrices A and B are symmetric and AB = BA, show that AB is

symmetric.

Solution:
It the matrices A and B are symmetric then
A=A (1)

and B'=B ... (2)

also AB=BA ... (3)

To show that AB is symmetric

We will prove that (AB)' = AB

Now take (AB) = B' Al
= BA
= AB

=% (AB)' = AB

—- AB is symmetric.

by deflinition
from (1) and (2)
from (3)



Q.5 Show that AA" and A'A are symmetric for any matrix of order 2 X 3.

Solution:

Consider a matrix A of order 2 X 3 such that

a1 dapp  4dp3
a=|

d2p dz dn3

ajp dp

A =] az axn
dijz  axn

. . . ap; Ay
( dyp dp 43
o doo

diz dxn

[ a8, + 4241 + Q13,813 ayp.82; + A28 + 'd]_q.'clj_!,]
| dop.dy 4 Q.82 + do3.dy3 dap.dag + do2.dos + dr3.d0

2 2 2
dip+ap +dng djjdy + apdn + agzdos
= 2 % 9

| aya)) + anap + axna; Ay + dxn + axn

B 2 bl
r.t dyp +ap +ag; dyjay + axdpn + axa;3
(A A) = £y i o]

41195 + 4585 + 413dn Ay + A + a3
[t t
(AA) = AA

= A A" is symmetric.

d);  dg
1 dj dip dis
Now AA = dj? doo |: ? J

o a1 dxn  dx3
| d3 dos

[ ajap gy apaptaan  apd;ztds
= | dpd)taxndy apdptdrpdy  dpdjztdnd

| Az +dazdy  dpzdyatdazdry  dyjzdiztdazdss

2 2
dpp + dy dpjaptanar  apaptazian

{ 2 2
A A = | apa) +axnay a;p + an dppdy3tdandny

2
djzap+axzdz;  apzd;otandx a3 + ar;s

aj + a apdy + axdyy  ap3d;) + axnd;
Lot 2 2
(A A) = | ajap+ayan a5 + dp a138)2 + Ax38
" 7]

ajdjztasjdas apds + aznan aj; + a
B oy ot t
(A"A) = (A A)

= A' A) is symmetric.



i 1 +i
3 = |: }, show that

1 =1
(i) A+ (_zi)t is Hermitian (ii)
Solution:
o a=[i 1]
=3 i
A:[[ —1]
| i ]
(A-):[li IJ
— 1 1 | +1 —1 |
R :[1 =] ]*[14 —l}
1 —1 [ +1+ 1
:[I+I—i —1-1}
— 1 0 2 +1
A“A’:[zi —;1]
. 0 2—1
A+(A) :[2+i 2}
1
— !t 0 241
@) [0 ]
l
(71) .
A+(A) /) =A+(A)
= A+ ( A )I is Hermitian.
i a=[y 7]

- :[_1i l_li]

A — (K)‘ is skew Hermitian.



—t |1 1+ ]
A-A) =1 _q J‘[l—i —1]
[ i=4=D {47 l}
= [ 1fl—1 —T1-fD)

L[ i+ i ][Zi i]
SLi-14i —1+1JLi -2

- '(’E‘)Lz_oi (I)]

—3 o i
ALR) =| o}

(aear) < [2 ]

8]

(A-(A))

— 1
— A —(A) 1s skew Hermitian.

A
>

=

—

> |
~
S~
[l

Q.7 If A is symmetric or skew symmetric show that A*® is symmetric.

Solution:
Let A is symmetric
t

= A=A s (1)

To show that A” is symmetric, we will show that(A®)' = A°
=5 Take

(AD' = (A.A) = A" A" = A.A = A" from (1)

(A% = A®
=5 A’ is symmetric.

Now let A is skew symmetric
= A'=—-A .. 2)
To show that (Ag){ = A’

Take

(AY)' = (AA) = A" A' = (“A)(-A) = A from (2)
s (A = A?
= A® is symmetric.



1 At
Q8 IfA=|1+i fin(lA(A).
i
Solution:

o

AlRY = li}ﬂ 1 —q]

i
M (HA-D (D))

= [ {1+ (I+0)1l—=1) (1+1)(-1)
L OdA-h DD

1 11 —]
= | I+i 1-i —i-i

; b .3
L 1 1—1 —1

[ [ —i -
= | l+i 1-=(=1) —i—=¢1D)
L i i—(1) = f=1)

[ l—-1 =1
= | 1+i 2 1 —1i
L. 1 i+ 1 |

Q.9 Find the inverse of the following matrices. Also find their inverses by using
row and column operations.

1 2 =3 1 2 -1 1 -3 2
(i) 0 -2 0 Gip |0 -1 3 Gi) |2 1 0
~2 <2 2 1 0 2 0 -1 1

Solution:
(i) By Adjoint Method

| 2 -3
Let A = 0O -2 0

3 -5 2

Al =

-2 (
720

b =2
o315 73
1(2)(2)-0)-2((0)(2)—(=2)(0) -3((0) (-2)—(-2)(-2))
—4-2(0)-3(0-4)

o



= —4—-3(-4)=-4+12=8#10
Al =20 = A~ exists.
Al

Now
g |[—=2 © )
Au=(—U“" 5 j2‘:(—l)“((—2)(2}——(0)(_—’_’))={1.)(—4+0)=—4
0 0 ,
Ap= D" 7{ ==D'0-0 =0
g | @ =B . |
As=CED'" L S S =0T 0-)2) =-4
4 2 _3 3
An=CIDP | 5 5| =ED@-6) = -1(-2) =2
- 242 1 -3 4 .
Arp = (—1) _ 73 2 = (—1) (2_6):_4
1 2 ' |
A =D 5 Sl =0D0C2+4 = (2)= 2
341 2 . -+
Az = (1 5 0| =CEDO-6 =16 -6
2 l _3 5 .
Ap = D' 0 ’ = (=1 (0-0) =0
1 2 .
Ag = = 1) |0 5| =« -2-0) = 1{-2) = -2
A._| _ adl A
- Al
| Al A Ajs
= A A2l A A3
Az Az AR
-4 0 -4
=é 2 -4 -2
-6 0 -2
([-4 2 -6
— 'g U —4’ 0
4 -2 g
4 2 67
8 8 8
o 4 0
- 8 8
4 2 2
"8 8 8




-]

0
0
l

— 113
2 4 4
|
= 0 -5 0
11 1
. 2 4 4.
To find A by row operations:
1 2 -3 1 0
0 -2 0 0 |
-2 -2 2 0 0
1 2
13{ 0 B
242(1) —2+2(2) —
! 2 -3 I
Rio -2 o0 0 |
L 0 2 -4 2
-1 2 -3
Rio 1 o0 [
L0 2 -4 2 0
(<2) @) 2+E2)(1) B+E2)(O)
0 1 0
O+2) () 2+(=2)(1) —4+(=2)(0)
1 0 -3 I 1
R L
=1 g 1 W 0 5
0 0 -4 2 1
— 1 0 -3 I I
1
R0 1 0 0 -5
1 1
|9 8 | 2 %
1 0 =3+43(D
R o 1 0
| 0 0 1

-3 2 ] 0 0
() 0 1 0
2+2 O+2(1) 0+2(0) 1+2
0

0

|

By—

| +(=2) (D) 0+(—2)—% 0+ (=2) (0)

0 % 0

2 4 (=2) (0) 0+(’>)( ) [+ (-2)(0) |
0
0
|

0 7

0

] By_ZRR
4.

(4) 18] oen(-4)7
[ + 2 -5 1+._4 0+ 2 -7

|

0 -3 0

1 1 J

-2 4 4 .

} R+2R,
(0)

Ri+(-2)R>
R3+(—2) Rg

By R+ 3R



Thus

1 37
4 4
L
2
[
4 ~ 4

[ 1
I 0 0 -3
Rl o 1 0 : o
1
_O 0 1 —~i
~ 1 1 37
T2 4 "4
1
Al = 0 -5 0
1 1
|."3 "4 4.

- —] . .
['ofind A~ by using column operations.

Taking I3 as

— | 2 =37
0 -2 0
2 -2 2
| 0 0
0 1 0
— () 0 1 —
— | 2+ (— 1)
0 -2+2)(0)
-2 T4 T
C —
I 0+(2)(1)
0 1 +(—2)(0)
— 0 0+ (2)(0)
— | 0 0
0 -2 0
-2 2 -4
BF | = e e
Il -2 3
0 1 0
— 0 0 1 -
— 1 0 0
0 1 0
-2 -1 —4
cl ———-— —-
% 1 1 3
]
0 -5 0
— 0 0 1=

—34+3(1) 7
0+ 3(0)
2+ 3(0)
0O+3(1)
0+ 3(0)

| +3(0) -

By
C] +(—2) C]
C_;+:“)Cl



Thus

(i1)

Ul

— | 0 0 7
0 | 0
= =] |
cl . 3 Bv[_l]cq
= 1 ][ 1 2 4 ;
0 iy 0
- 1
L 0 0 ~7.
s 1 0 0
0 ] 0
-2+2(1) — 1+ 1 |
3 3
C & = &
- l+2( 4) 1 I 1
|
0+2(0) —§+U 0
1 | 1
—0+2[_£_L) 0—4 4
= ] 0 0
0 I 0
0 0 |
cl 1 1 3
~ 2 4 4
]
0 E 0
L 1 1
L. T2 Td T
— 1 1 37
2 4 4
]
L _ e
A = 0 3 0
1 1
2 4 4

1 2 =1
A=|0 =1 3
10 2

By € 4 26,
'C_) + Cj,

Al = 1(-2-0)+1(6-1)=-2+5=3 =20

|A| = # 0 = inverse of A exists.



Now

-1 3 .
Ap =D Ty 5| = EDPE240) = -2
2 [T 3 |
Ap = (1) | 2‘ = (1’ (0-3)=-(3) =3
0 —1
As= D" 5| =EDP0+D =1
.o |8 =1 ;
A= 1" g 5 | =G0 = -4
T |
Ap = D), = =Dl =3
2 7
By = = 1 : 0‘ = (-1 0-2) =2
+ 1 2 =] W4
Al:(_l) | 3‘:(_” (6_1)21(5):5
I I B
AB:(_I))‘ B 0 3 } :(_1)5(3_())=_%
+ I 2 L
adl A
At =
A
0 A Ap Ap !
- Al Ar A Axn
Az Apn Az

2 4 5
3 3 3
1 2 ]

1
’{

RIEN
s | tn

=
1
T3

LIl —

) L
- l
{43 }=3
2
~3
1
1
’)’
|

Tofind A by using row operations. Take Iz as
1 2 -1 | 1 0 0
0o -1 3 | 0 1 0
I 0 2 | 9 0 1
1 5 =1 | 0 0
RT1 0 —1 3] 0 1 0 By R3—R;

I—1 D=2 241 | 0-1 0-0 1-0



1 2 1| 1 0 0
Rl =1 & | ¢ 1 ©
L6 -2 3 | =1 0 1
12 -1 | 1 0 0
Rio 1 -3 | 0 -1 0| By (DR
L0 =2 3 | -1 B 1
=20 =120 | 1=8{ O-201) 0-—200) -
l = | 0 = 0 By Rl i
—242(1) 342(3) | —1+42@0) 0+2(1) 1+2(0) 3+ a2
I @ § | 1 2 ©
Rio 1 -3 ] 0 -1 0
0 0 -3 | -1 -2 1
1 0 5 12 0
0 1 -3 0 -1 0 I
R _ 1
T 0 L =2 1 By( 3)&
9 4 3 3 3
[ 1 0 s5-5() 1—5(%) 2—5(%) 0—3(--%)_
R _ _ ; In 2 1 ~Ri-3R;
R 0o 1 —3+300 0+3(3) |+3(3) 0+3( 3) BY R« 3R,
o0 L2 L
10 0 2 2 2
- 3 3 3
R_10 1 0 [ B
12 1
|9 81 3 3§ ~3.
2 4 57
"3 T3 3
Al=| | [
2 1
[ 3 3 T3
To find A~ by using column operations.
Taking 13 as
=1 8 =159 I 2= =]¢1H
0 -1 3 0 —1-2(0) 3+0
1 0 2 1 0-2¢1) 2#1 By
IPEEI | ¢ | S G- €
1 0 0 [ 0-2(1) O0+1 a0
0O 1 0 0 1-20) 0+0
~ B8 ¢ 124 1T p-210 140



!

| 3

t O

T
0 -1 3
I =B 3
i % 1
0 1 0
-0 0 1-
=1 W
0o 1 3
1 2 3
T T By (—1)Cs
I 2 1
0 —1 0
— 0 0 1-
— 10 0
0 1 3-3()
1 2 3-3(®
e T By Cs
I 2 1-3@)
6 -1 6-3¢1
& 8 1-3im -
=1 @ @7
0o 1 0
I 2 -3
1 2 -5
6 -1 3
Ly g 1<
I 0 0
0 1 0
1 2 1
S By (j-)c
1 2 3 oy
0 -1 -1
!
¢ 0 -3 |

3C;



MR () 1
0 1 0
f-1 33 1
C & CI—C3
. l—% 2-2 % % Y s
Bkl =1=2{=1 =1
b4 © v( 1] L
| Bvg ¥TEYy TR T -
e TR
0 1 0
0 0

N
[~
I

|

3 3 3
l | —1
12 1
— 3 3 3
Thus
2 4 5]
3 3 3
A= 1 1 -1
12 1
L 3 3 3
1 -3 2
i) A=(2 1 0
0 -1 1
To find inverse by adjoint method
1 -3 2
Let A=[2 1 0
0 -1 1
1 3 2
Al=12 1 0
0 —1 |1
=1(1-0)+32-0)+2(-2-0)=14+6-4=3=0
= |A| # 0 = inverse of A exists.
Now

1 0 5
AH:(—])IH}_I I} = E-IV {1 =08 =1



e | 2 W
AI7: (_]]I ) 0 1‘ = (_1)1(2_0) = -2
g .
A =)' _1‘ = 120y =2
) -3 2
Ay = (1Y ] 1}:( 1’ (-3+2) = 1
2 _ _
Ap =17 [ =6EDMa-0) =1
) 1 —'3 3
Ap = 1P g ‘ = D (-1-0) = I
guy | =3 B _
Az = (1) ! 1 O} = (—1)4(0—2) = == 2
1 2
AEZ( ])H-h ) 0‘ :( l)q(o 4):4
1 -3 :
Ay = (1)7 | ‘ =(-D'(+6) =7
As
AdJ A
Al =
Al
| Al A A (1 -2 -2 1
— m /\31 /\22 /\'1, :E ] 1 ]
Azl Apn Aszzl L=2d 4 7
1127
] 1 2 2 o4 8
I % 1 2 2 1 4
"3 .5 1 7] | 3 38 3
) 2 1 7
=" 3 F 44
2 4 5]
3 3 3
A=l 1 1 -1
2 1
L 3 3 3.
To find A”' by using row operations.
Take 15 as
1 -3 2 ¢+ 1 0 0
2 1 9 ¢ 6 1 0
0 -1 1 0 0 1

I =3 2 : 1 0 0
IS 2—2 (1) 1-23) 0-2@) : 0-2(1) 1-2(0) 0O-2(0) | By R-—2R,
0 —1 1 ; 0 0 |



0
0

0
0

0
0

R3

1
n'd

P A e

aa) o~ =~

_ _ Mg |

= _ +
0 — =y (o]
= 3 ' &4
ag" ) +
N >
2k o
I N o
I~ st s ~|cn ~len
S S o e
enn IS e~ I~ t~len
-+ s s | -}~
= o - =
A
P e~ \1|:./\\_':/
o~ — /:Fx\/:|.\_
o oo > b~ <t~ —len
e | m | +
e = _ _ _ | O~ —|r~
+ o © o~ s o M~ J _
— — U Hien t~|on
o e en _
el =t~ =~ sl =~ —len Al _
/[_\M_._|HM2_3 —|en =l —|en
T ol ol ol o o~
-+~ — _Tf ___f — =~ _Tf __3 | + iy
< <t~ — |~ L= el Ko | en
e =
* =t |0~ =+~
ol o ; -
o)~ _ 1| = 1|~ _ — a = o -
— —
o~ <t~
e+ eljo T
+ — — o = — - S _ — - >
3 _ _ _ | l |
< — =
o4 A [
- S © . — =

i A0



Thus

A =

-

U | =

I | 2
W= L= L —

ISR )

W WIE G0

|

e -1 : ;
I'ofind A ° by using column operations:

Take Iz as

— 1 -3 2z
2 1 0
0 -1 |
I 0 0
0 1 0
0 0 14
— 1 —343(1)
9 143
0 —1+3(0)
¢|
I 0+3(1)
0 1+3(0)
L0 0+3(0)
-1 0 0=
2 7 —4
0 -1 1
cl|l __ __ _~
1 3 -2
0 1 0
.0 0§ 1=
-1 0 0~
2 1 -4
1
0 -3 |
) .
"1 1 2 _2
= -
|
0 5 0
.0 @ i~

2= ST
Ol 2
1 —2(0)
0-2(1)
0-2(0)
1 —2@)—

Bi C3+3C|
Y ca-3 6,



!

!

1O

iy

| <dl— —<ajw |

d =l

~1|r2
o © —

~ [t |
~J|o |
b -

~1|—

~1 P2

d | = o

L
M

OSH LN |

¢~

Y C3 + 4C-



— | A .
0 | 0
0 0 [
=l L 0L 2
~ 3 3 3
2 1 4
3 3 3
2 1 37
= % 3 5.
Thus
-1 1 27
3 3 3
O 2 1 4
avE| g g §
2 1 7
e & 3 3.

Q.10 Find the rank of the following matrices

1 -1 2 1
(i) 2 —6 5 1 (i)
'3 5 4 -3
3 -1 3 0 -1
I B =1 =3 —3
my s 3 4 2 5
2 5 -2 -3 3
Solution:
1 -1 2 1
(i) 2 -6 5 1
'3 5 4 -3
T —
Rlo 261 —6-2¢1) 5-
| 3-3(1) 5-3(-6) 4-
M [ 2 ]
Rio 4 1 I
L0 8 2 _%
=1 =1 %
[
R| ¢ = x ,
2 0 | ~1 A By (
B R _ 7 _A

1 -4 -7
2 -5 1
1 -2 3
3 -7 4



since

—

(11)

1
1 |
0 | _= &
: : : By R;—8R,
| o f ]
_U 8—8 (1) —2—8[—4) —6—8(4)_
[ 1 1 2 1
1 1
R L =
-1 0 . 4 4
() 0] 0O -8
. : .
I —1+1 2—4 1+4
o L1 | ByRi+Re
4 4
-0 0 0 —g
[ 7 3 7]
1 0 7 1
8 I
O 1 -y 7
L0 0 0 —-8_
There are three non—zero rows
Rank = 3
1 -4 -7
2 -5 1
1 -2 3
3 -7 4
- [ w -
gl 2—=2{1) -5-2(4) 1-2(7) . 1{]{—2]:[5[
- I —1 -2+4 3+7 yRH—%RI
| 3-3() -7-3(-4 4-3(-7) 4— Ik
1 -4 -7
Rl O 3 15
~ 1 2 10
L 5 23
1 —4 -7
r| O ] 3 ;(l)
-lg 2 1 |P¥lz ®
0 5 325



I —4+4() —7+4+4(0)

0 ] 5 R|+4R3
R| ¢ IR,
~l 0 2-2¢1) 10-2() | BY l;“ ig

0 5-5¢1) 925-5(5 Bl

[ 0 13
@ 1 3
~10 0 0

0O 0 0

Since there are two non—zero rows

=% Rank = 2

3 1 3 0 -1
1 2 -1 -3 _2
) 15 3 4 2 35
2

il 2 =1 =3 —2
gl 3 -1 3 0 - _ _
~ 1 2 3 4 ) 5 interchanging R, & R;
.2 ¥ -2 -3 3
(N ] 2 —1 — 3 -3
« | B—2¢(13) 3-22) 4-2C1 B2 (%) 5_ 20D y R_w,—;Rl
™ 11 2 -1 =3 =27
R g =7 6 9 5
=l 0 =] 6 8 9
() 1 0 3 7
! 2 =1 =3 =27
0 | 0 3 7
lj 0 -1 6 8§ 9 Interchanging R> & Ry

™ 1 2-2(1) 1 -2 @) 3—-2(3) 2-21(7)

R| O 1 0 3 7 . ?iﬁ?f
=4 i :; y 3 2
0 I +1 6+0 8+ 9+7 R, + 7R,

LD =900 o7 ) B+T0)y S+7T(0)

1 8§ -1 =8 -16
1 0 3 7

0 0 6 11 16
0 0 6 30 54

A
=




I ¥ =1 =8 =1y
RO 1 0 3 7
~10 0 6 30 54
Lo 0 6 11 16
~f & -1 -9 -067
R| O | 0 3 ) .r /l)
~lo 0o 1 5 o |Big/R
Lo 0 6 11 16
mT B =141 84S B
0 1 0 3 7 R +R;
R By
10 0 1 5 9 ¥ Ry 6R;
L0 0 6-6(1) 11-6(5 16-6(9)
=1 G B -3 =7

RO 1 0 3 7
~lo 0o 1 5 9
Lo 0 0 -19 -38

10 0 -4 -7

pl@ 1 0 3 7 _L]
~lH 06 1 5 © B‘(_|9,R'
Lo 0 0 1 2

1 0 0 4+4(1) T44(2)

_ _ R, +4R
R|D L% 33O -3 | oo
~1 0 0 1 5-5() 9-5{2 y ™M
Lo 0 0 1 > R3-SRy
1 0 0 0 |
RO 10 0
~1 0 0 1 0 |
O 0 0 1 2
There are four non—zero rows
Rank = 4
EXERCISE 3.5
Solve the following systems ol linear equations by Cramer rule.
(i) 2x +2v+z = 13 (ii) 2X{ —Xa2+x3 = 5
Ix—-2y-2z =1 X1+ 2x, + 3x3 = 8
S5x+y—-3z = 2 3xj —4x:—x3 = 3

(iii) 2X1—X3+X3 = 8§
X1+ 2%+ 2x3 = 6
X{—2x2—x3 = 1



Solution:

(1) Given system of linear equations 18
2x+2y+z = 13
3x—2y—-2z = 1

Sx+y—-3z2=2
In matrix form

2 2 I
A=|3 -2 =2
3 1 =3

Let

2 2 1
A = ‘3 -2 =2| = 2(6+2)-2(-9+10)-1 (3 +10)
5 1 -3

16—-2+13) =27 # 0
As |A] # 0 = solution exists.
Now by Cramer’s rule.

Il

S S
1 —2 -2
2 1 =3
L 27
3(6+2)-2C-3+dH+1(1+4)
3: 27
24-2+5 27
=" 37 =37=1
2. 8 1
3 1 =2
15 2 -3
¥y = 27
2=3+4)-3(=9+10)+1(6-5)
2 27
2—-3+1 0
=T a7 Ty =0
2 & g
3 = ]
N
g = 27
2E4-1—206-3)4+3 3+ 10)
- 27
_—10-’._:'+39_g_1
- 27 ~ 97T

Thus x=1 , y=40 , =1



(11)

Let

So

Given system of linear equations is

2X;—Xao+ X3 = D
4x, 4+ 2x2+3x3 = 8
3}(1 —4)(3—)(3 = .3

In matrix form

2. =1 1
A=|4 2 3
3 -4 -1

2 —1 I

Al = |4 2 3 =2F2412)+1(=4-9+1(16-6)
3 -4 -]

= 20—-13—-22 = 153« )

As |Al # 0

solution exists.
Now by Cramer’s rule.

g =1 1
B 2 3
3 4 |
By = — 15
524 12)+1{-8-9+132-5)
- 15
50-17-=38 =5 1
= 15 18T 3
2 5
4 8 3
T % ~]
o —15
2B -9)—5 (-4 —9)+ 1{12—D24)
i 15
—34+65-12 19 19
= — 15 — 1587715
2 -1 5
4 2 8
. S
X3 = _15
F6+3D+1 12 -24J+5(=16-6)
- —15
76 12 110 46
= —15 = A
19 46



(im)  Given system of linear equations 1s
2X]— X+ X3 = 8
X; +2X+2x3 = 6
X — 2% — X3 = |
In matrix form

Let
2 11 X 8
HERIFEH
-2 -1 1
SN
2
A = | 1 2 2 =224+ +(-1-2)+(-2-2)=4-3-4=-3#0
1 -2 -1
As |A] # 0 = solution exists.
Now by Cramer’s rule
8§ -1 1
6 2 2
1 -2 -1
X| = —3
82+ +1(-6-2)+1(-12-2)
- -3
16 -8 - 14 6
= Teg —og—4
2 8 |
1 6 2
1 1 -1
Xy = _3
26—-2)—-8(=1-2)+1(1—-6)
- -3
—16+24-5 3
- -3 - 377
2 -1 8
1 2 6
1 -2 1
Xy = 3
2Q2+12)+1(1-6)+8(-2-2)
- -3
28—-5-32 -9
- -3 T -37-

So Xji =2 , Jp==1 ; 3= 3



Q.2  Use matrices to solve the following system:
(i) X—2y+ z=-1 (if) 2X1+ X2+ 3x3 = 3
3x+y—-2z = 4 X;+X—2x3 = 0
y—z=1 —3x1—-X2+2x3 = — 4
(i) X+ y =2
2x— z =1
2y—-3z = -1
Solution:
(i) Given system is
X—2y+ z = —1
Ix+y—-2z =4
y— Z = ]
In matrix form
1 -2 1 X —1
3 1 -5 |®%|=] 1
0 1 -1 7 |
AX =B (say)
X=A"'B .. (1)
where
| ) 1 X I
A: 3 1 —2 ,X: Y i B = |
0 1 -1 7 1
1 -2 |
A=13 1 2
0O 1 -1
=1 142423 -0)+13-0)
=1-6+3=-2=%0
|A] # 0 = inverse of A exists.
Now
] —2 5
Av=ED"N ] T = EDELE) =
Ap = 1'*33_21— )’ (~3-0) = 3
[2—(_] 0_1 —(_)(_~_)—-.




AS

Ap = D'
Ay = (1"
A_j_ = ])__2
A_j :[ ])2_
A_?.[ = (—]) A
Alz = (—]) -
A}); = ( ]J -
_ idj A

;)'\ ! —

A

s 8

- =2

1

= =9

Put values in (

{'
X===13
. 3

d

1 ]

I‘ = 1)"(3—0) = 3

] 3

_l‘ = | ]) [2_|)=_|
| ] .
_][:( 18y = 1
2 :

] . 1

2| :[_]) (4—1)—'3

|
o =D E2-3) =5

2 6 .

| = 1)y (l+6) =7
Anm A
A Axz
Az Ajz |
Arl Aj | | —1 3
:’5\2] A_}j :—,’ 3 —l 5
A_)"I A_%}_ - 4 =3 7




(11) Given system Is
2X1+ X0+ 3x3 = 3
X|+X—2%3 = 0
—3x)— X2+ 2x3 = —4

In matrix form

4 4 2l

AX=B (say)
X =A'B
where
2 1 3 X| 3
A = | | =2 o e = X2 . B = 0
3 | 2 X3 4
2 I 3
Al = | T 1 -2
—-3 -1 2
=202-2)-12-6)+3(1+43)=0+4+6=10=0
Al 2 0 = A exists.
Now
5 1 -2 o
A= 0" L, = 12 @-2) =0
] 1 =2
Ap= D"y =D 2-6) =4
. 1 I . \
As=ED'" =D 1+3) =2
2+ l 3 3 =
Ay = (1) 1 2 =(-1@2+3) =-5
AT TR, 2 3
Ap =P 5 S| =Eent@+9 =13
+ 3 2 ] 3 .
Ay = (17| 1{ = (-1 (=2+3) = -
I 3
As = (D _2‘ =1*'2-3)=-5
g | B 3 5
AP\E = (_l) B I 2 = (_1) (_4_3) = 1
452 2 6
A= I (| =D C-1)=1




At o
A
[ CAL A Ap |
- m Arr Ar» Ax
L Az Azz Aazz
i AL Ay Ay
= m Al Axn Az
LAz Asy Az
I{O -5 5}
- —1 4 13 T
10 v |

Put values in (1)

([ —8 —87" &7
X=15/4 13 7] 0
2 -1 1] -4

| 0-0+20 | [ 20
= 70 [2 40— 28 =10 - 16

6+0-4 L. 2
— 50 —
= [~ 9
10
X 8
— 16 5
X- = =T = 5
x- 10 |
’ 2 <
10 - - -
3 |
= x1=2,x3=—g X3 =3

(iii)  Given system is

X+ y =2
Ix— g =1
2y—3y = —|

In matrix form

HEEI A
SIS HES K

I 1 0
2 0 -1
g 2 -3
= 1(0+2)-1(-6-0)=04-0) =2+6+0=8=0

O Y —

where A = {

Al =




Al # 0 = A exists.

0 —1
An=CED" Sy | = D0+ =2
a2 |
Lo = (AF 0 -3| = (—l)3 (—6) = 6
" 2 0 ;
Am = 11 0 2} = (1 -0y = 4
o |1l B |
Ay = (-1)° 7 _* ‘ = (-1 (=3-0) = 3
1 @ .
9 l I 5
Aoy = 1P 0 2 ‘ = &1 2-0) = -2
i | |
s = 1P 0 _1‘ =D 1-0) = -1
i | 0
An = (1), I‘:(—I)S(—I—O):I
1 |
An = 1Y, 0‘ = 1% 0-2) = -2
S adl A
AT Al B
| Al Ap Az
= m Azl A Al
L A3l A Asz
| A A Az
= m A Axn Axn
| Az Az Asz

T2 3 g
4 3 3

Put values in (1)

[2 3 -
—§|:6-3 1}
4 -3 -2

' -

1
— 2
S———

o0 | —
—
—
{TC[\.J'L\
|
N, W
+|+
B g, ks
L
Il
o | —

11
oG | —
T
o0 oo oo
| I |
Il
0loca ooloe Soloe

[
[



Solve the following systems by reducing their augmented matrices into
echelon or reduced echelon from

(i) X —2Xx>—2x3 = -1 (ii) X+2y+ z = 2
2x1+3x0+ x3 = 1 2x+ y+2z = -1
5x1—4x2-3x3 = 1 2x+3y—z =9

(lil) X1 +4x:+2x3 = 2
21+ Xx2—-2x3 =9
3x; +2x5—2x3 = 12

Solution:
(i) Given system is

X|—2X3—2X3 B ]

2}{1 +3}£3+ X = ]

3x; —4x; —3x5 = 1

Augmented matrix s
] 2 2 ]

A,,—{z 31 1}

5 -4 -3 : 1
Method 1: By Echelon Form:
i I —32 -~ : =

Rla-z¢13 5242 1-23CD 12(1)}3y if_:;i]

LE<5() ~4-%502 -3-5¢3 : 1-51) s
1 -2 =2 : -1
Rig 7 8 = 3}
L0 6 7 6
1l =2 =2 1 —1
5 3 1
Mo 1 5 . By(;)Rg
L0 6 7 6
m1 =2 -2 g =1 7
5 3
RI O l 7 7 By R;—6Rs
0 6-6(1) 7—6[%) 6—6(‘—)
-1 -2 =2 —1 7]
5 3
B 0 | 7 7
19 24
_() 0 Bl 7
=1 =2 =32 —1.
5 3
13 L l 7 1 By (%)Rg
24
_O 0 1 19 |




Now the Augumented matrix 1s in row echelon form

It can be written as

xi=2X—2%ry =-=1  esees. (1)
5 3
Xet=zXx3 =5 (2)
24
X3 =79 e (3)
Put Xz = 19 In (2)
5(24 3
"'—’*7(@) — 8
120 3
Kg—l—m —i
3 120 57—-120 —-63 -9
2=771337 133 T 13T 19
—9 24 .
Put x; = 19 and x3 = 19 in(I)
a(5)-2(2) -
18 48
X]+B—E =
18 — 48
X1+ 19 = e |
30
X]—E =—1
30 30—19
S T T
11
T 09
Thus required solution is
11 9 24
X]=E.Xg=—ﬁ X3=E

Method 2: By Reduced Echelon Form

Here we reduce the matrix.

-1 -3 -2 : —11
5 3
0 1 3 :
24

|9 o 19_|

to reduced echelon form



(ii)

=1 —2 —2 s
0 3 3
L3 7
24
0 0 1 16
_ | .
| 2+2(1) 2+2(7)
5
R ¢ 1 =
| 0 0 1
, 4 |-
b =5 & =3
5 3
R 2 3
Bla 1 g =
24
0 0 ] 16 .
1 0 —2alg . i(
=gl b -ty
5 5 35
R 2 2 g 2
- 9 1 F-5tb 7 7(
24
0 0 1 18
= i~
1 0 0 19
9
RlB 1 0 : —75
| 24
_() 0 19 _
It can be written as
_H LA _ 24
1 =g + =" v+ BT 1D

e
Noe, o
|

O |
S

By R; + 2R,
R LlR
1+7 3
3
Rg—-qu

Which is required solution by reduced echelon form.

Given system is

x+2y4 z =.2

2x+ y+2z = —1
2x+3y—-z=29

Augmented matrix is given by

| ) ] 2
A, =12 |1 2 i =]
g 3 1 = 9



Method I: By Echelon form

1 2 | > 2
2 1 2 e =)
2, -1 : 9

3
o 2 | : 2 o
Rl2-2¢) 1-2@ 2-2{1) : —1-202 | By R3_2R‘
L2=2¢1) 3-2(2) —1-2¢1) : 9-2(2) X '
r{ 2 1 =« 2
Rlo 3 0o 5}
L0 =1 =% ¢ 3
-1 2 1 2
5 1
R 2 1
L0 -1 -3 5
i 2 1 2 M
0 | 0 2
s 3 By R3;+R»
5
0 —-1+1 —-3+0 5+§
1 2 1 3 9
5
R 0 | 0 i
20
|0 0 -3 3 |
T 21 3 ]
0 1 0 2 ]
. 3 B}’(—;]Ra
0 0 |1 = h
» — 9

X+2y+z =2

[N

}f:

20
T

9

Put (2) and (3) in equation (1)

SONE

.........



=
a5
Mo

x+?—3:2
_ % 10 20 18-30+20
E=2-g+g =~ §
_ 8
YT

i B s _ 20
Thuss;olunonm)gzg._y:3 zZ=-"

Method 2: By Reduced Echelon Form:

Here
-l 2 ] 2 7]
0O 1 0 s
We reduce the matrix 3 1n reduced echelon form.
20
0O 0 1 =g
-1 2 1 2
0O I 0 g
S0 3
20
L 0O 0 1 g |
_ 5\ 7
1 2-2(1) 1-20) : 2—2(;)
R Rl
- 0 | 0 3 By R;—2R»
20)
B 0 0 1 : -9 _|
W 1 0 1 -
. - - 3
R S
- 0O 1 0 3
20
B g H 1 % = 9 _
— 4 20 7]
1 0 1-1 —3+7g
R 5
ot IRV 0 3 By Rj—Rj3
20
B 0 0 | : -9 _|




Now

(1ii)

Method 1 :

T 3
1 0 0 9
5
Rbbo 10 5
20
L 9

It can be written as

_8 _3
X_g" y_3-,~

Z

20

9

which is the required solution.

Given system is

X; +4x:+2%x3 = 2

2X| + x3—2x_~, = 9
3X)+2X,—2x3 = 12
Augmented matrix is given

1 4 2
Ay = | 2 1

—A2
2 =2

)y 1-2(4)
) 2-3¢

=~

|

! A
C,\..,_J|rJ~|!\.}G\U‘Ir"J

A

|

—

4 2

)

SCEF S o W
~dloc ~1|wn

2

9
12

6
0 —10+10(1) r8+10(§)

by

|

1~

-2-(2)
2—-3(2)

(-

2
6
7

~1|—

By R;+ 10R,




1 2 2
Rl o 1 g —% By [%)R}

0 0 1 —2
The Augumented matrix is n echelon form it can be written as
#rFAGEI 22 e (1)

X1+$X1 = —% ......... (2)

X3 = —2 eeeenns (3)

Put x; = —2 in equation (2)
x3+*(72(—2) = —%

_ s
Ky—" = —5

12 5§ 12=5 1

==y =g
Put x> = | and x5 = —2 1nequation (1)

x| +4(1)+2(=2) = 2
X, = 2+4-4 =2

—

so required solution is

X =2 , =1 ., ¥=—2
Method 2 By Reduced Echelon Form:
] 4 2 2
6 5 | .
Now we reduce| 0 1 7 —7 | in reduced form
0 0 1 =3
1 4 2 2
y ¢ % . 2
So ( 7 1 -3
g o 1 2
i 1 4-—-4(1 2 (Q) 2 ity ( E) 1
Bl T g
= 6 5
0 | 7 — 7
L () 0 ] 2 2




i 10 3
1 0 5 7
R 6 5
0 1 5 —5
0 0 | ¥ =0
_7+7( _7+7(—) R1+7R3
R 6 6 5 6 B
= 2 6. y
o 1 F-gd 772 Rg—%R;
0 0 1 -2 -
1 0 0 2
Rio 1 0 1
L0 0 | —2
It can be written as
X|:2._ Xy = | s x3=—2

which is the required solution by Reduced Echelon form.
Q.4  Solve the following systems of homogeneous linear equations.

(i) x+2y-2z =0 (i1) X1 +4x +2x3 = 0
2x+y+5z2 =0 2X1+Xx3—3x3 = 0
S5x+4y +8z = 0 3x; +2x2—4x3 = 0

(lll) X]-ZXZ— X3 = 0
X1+X2+SX3 =0
2X;— X2+ 4x3 = 0

Solution:
(1) Given system is
RAEDY—22 =0 e (1)
2%+ YAIE =D 000 s (2)
Sx+4y+82 =0 ... (3)

In matrix form, it can be written as

1 2 -2 % 0
2 ] 5 ¥ = 0
5 4 8 z 0

AX =B (say)
X =A

1 2 -2
where /\:{2 1 5}
5 4 8



J

U

y

(ii)

1 2 -2
A= |2 1 5
5 4 8
= 1(8-20)-2(16-25)—-2(8-5)
= —12+18-6 =0
Al = 0

i =]
we cannot find A

given system has a non—trivial solution.

Now we sole the system such that from equation (1) and (2)

X]+4x>+2x3 = 0
2X1+X20—3x3 = 0

X] — X3

X3

‘4 z|=’1 _2)=’]
i =3 2 -3 2

X] =% &3
wx [ =2 T =3 T 18

X1 —X2 X3
Ty =y

X1 _“X2 X3 _ .
g =71 =7 =v )
= 2

S =t = x =2

Xy = —1 s X3 =1

The system has infinite many solutions depending upon the value of t.

Given system is
X,+2y—-2z =0
2x+y+3z =0
5x+4y+8z2 =0

In matrix form, we have

1 2 —27[«x 0
2 1 § ||y|=|86
5 4 8 1lz 0

AX=B8B
% = AR

|

4

I

|

(say)



| 2 —
Al =2 1 5
5 4 8
= ] (8—-20)—-2{16—-25)—
= —124+18-6 =0
|A] = 0

. I
we cannot find A

(8-5)

given system has a non—trivial solution.

Now we solve the system such that from equation (1) and (2)

[l

X+2y-2z =0

2x+y+52 =0

X —y B
Y IR N P
1 5 2 5 l
X -y 7

10+2  5+4  1-4
X =¥ _ £
12— 9 — -3
multiplying by (— 3)

X — z
jz%szt (say)
. = _d
_4—l:>x——£
%‘zt:yz?t

and z =t

x = —4t ,

The system has infinite many solutions depending upon the value of t.

y = 3t , z = t 1s the solution of the system.



(111)

where

Given system 1Is

X -2-}(3- X3 = B 0 saseswes (])
Xi+X+5%y =0 ... (2)
2X] _X2+4X'J, = U ......... (3)

In matrix form, we have

] 2 ] X] 0
I | 5 x> | =10
2 1] 4 X3 0

A R =
X=A"B
[ -2 —
A=|1 1 5
2 1 4
| =2 =]
Al = [1 1 5
8 —1 4
= 1 @+5+2(@-10)-1(-1-2)
- 0_124% =0
Al = 0

. I
we cannot find A

system has non—trivial solution.

Now we find the solution such that from equation (1) and (2)

X|—2X3—X3 = 1}

X|+X3+5X3 = U

X1 _ —X2 _ X3
IR B PR B P
1 5 | 5 | |
X\, =X X3
~10+1 — 5+1  1+42

X . X3
-6 3

(say)



Multiplying by + 3

g =g Ey =l {say)
X1
= T a = L = X = = 3
X2
= o =t = Xy = =2t
- X3 = t
= Xx; = =3t , x2=-2t , x; =t isthesolution of the system.

The system has infinite many solutions depending upon the value of t.

Q.5 Find the value of A for which the following systems has a non—trivial
solution. Also solve the system for the value of a

(1) x+y+z =10 (1) Xi+4x:+Ax3 = 0
2x+y—Az = 0 21+ X2—-3x3 = 0
X+2y—-2z =10 X +Axo—4x3 = 0
Solution:
(i) The given system is
- i o — (1)
2x+y—-kz =0 ... (2)
x+2y-22=0 .. (3)

In matrix form. we have

eI HEH

AX=8B (say)
It is given that the system has non—trivial solution.
—% |A| = 0
—
I l
2 l == }\. = 0
1 2 -2

[ (-24+20) -1 (-4+A)+1@E-1) =0
— 2

2h—244-24+3 =0



(ii)

VRV

A+3 =0 = A==
Take equation(1) and (2)

X+y+z =0

2% +y+3z = () H A =5
X —y 7

‘l l‘ ')l 1 "l l‘

L 3 2 35 2 1

X1 _ — ¥ _ VA

5-175-2"1-2

sl Rk

4 = 3 T -1

multiplying by (- 1)

X z

“I=3=7=t ()

2 T 4

_4—t = x = —4l

A o

3=t = y = .3t

and z =t

x=—-4, y =3, z =1 Iisthesolution of the system.

Given system is

X +4x:+Axz = 0
21+ X2—3x3 =0
3, + AX> —4x3 = 0

In matrix form, we have

| 4 A X1 0
2 1 3| % |=|0

AX=8B
As it is given that the system has non—trivial solution.
Al = 0

1 4 X

2 1 -3| =0

3 A —4

1(—4+30)—4(8+9+A(2L-3) =0
P A—4+3% -3 = D

7 8 =0

A4 =0

(say)



=4 = k=il
When A = 2

equation(1) and (2) becomes
X1 +4x>+2x3 = 0

2X1+%x—=3x3 = 0

X1 _ — X2 X3
-12-2 " -3-4 " 1-8

X1 — X2 X3

~145 -7 T -7

multiplying by (—7)

X] — X2

5 =77 =1 =t (say)
X]

‘i“_t = ¥ = 2

and Xy = |

When A = -2

equation(1) and (2) becomes
X{+4x>  2x3 = 0

2X1+x2—3x3 = 0

X1 — X2 X3

‘4 2|:‘1 2}:‘1 4‘
1 -3 g =7 7 1

X1 — X2 X3

~ 1242 T —344 " 18




Multiplying by (—7)

7X1 7X3 X3

0= 1 =1 =t 6
X1 _ _ 10
= IO—IDX]—7[
X3 _ 4
= 1—1:,3)(3—7[
and Xg = f

is required solution.

Q.6  Find the value of A for which the following system does not possess a unique
solution. Also solve the system for value of A.

X1 +4x+Ax3 = 2

2X1 + X3 — 2X3, = 11

3x; +2x2—2x3 = 16
Solution:

Given system is

X +4x+ AX3 = 2

2X1 + X2 —2x3 = 11

3X+ 2%, —2x3 = 16

In matrix form, we have

1 4 ][ x 2
2 1 <2 ||&|=]|1
3 2 -2l | % 16

AX=DB (say)

It is given that the system does not possess a unique solution.

= |A] = 0
1 4 A

= 2 ] -2 = ()
3 2 =2

=  1(=2+4)-4(-4+6)+A(4-3) =0



2—-8+A =0

h=6=U = A=5

Put A = 6 in the given system it becomes
X; +4xs 4+ 6x3 = 2

2X1+ X —2x3 = 11

X + 2% —2%3 = 16

The augumented matrix of this system is

1 4 6 : 2
Ay =2 1 -2 : 11
3 2 -2 : 16

we reduce this matrix to reduced echelon form, 1.e.

1 4 6 : 2
2 1 =2 : 11
3 2 =2 : 16

. 4 6 : p)

")—()

R m—mdly 10y =2-206 : ||20)}By§— i?
[ 3-3(1) 2-3(4) -2-3(6) : 16-3(2) 3=
14 6 0 27

R g -7 14 2 F
0 -0 -2 : Q6
1 4 6 o 27 -

Rio 1 2 : —1|By ( 7)Rz
g -10 =20 : 10 -

C 1 441 6-4(2) : 2-4(1D KR
R10 1 ? : ) g, Ri—4Ro
N 2 : y o

L0 =104+1041) —20+ 1002 ; W+10E1D R; - 10R;

1 0 -2 : 6
Rlo 1 2 = -1

L0 0 0 = 0

It can be written as

X|+0X3—2X3: 6 . (1)
X2+2x3=-1 ... (2)
Ox3 =0

Let x3 =t (arbitrary value)



Putin (2)

X2+2t = —1

Xp = =2t —1

Pat x3 =t in (1)

X1—2t =6

X; = 2t+6

X] =2t+6 , Xp=-2t—-1 , x3 =1t

This system has infinitely many solutions depending upon the value of t.



