Chapter 10

TRIGONOMETRIC IDENTITIES

FUNDAMENTAL LAW OF TRIGONOMETRY
Let o, p any two angles (real number), then
cos (o —P) = cos cwcos P + sin e sin B.

DEDUCTIONS FROM FUNDAMENTAL LAW

cos(%—[ﬁ) = sin P

T .
cos| 3+ | =—sina
(=
sin| 5 +o | = cos o
cos (o + ) = cos acos B —sin o sin B

sin (ot + ) = sin a cos B + cos a sin 3
sin (6. — ) = sin o cos B —cos a sin

tan o + tan f3
] —tan o tan

tan (oo + 3) =

tan o — tan B
1 + tan o tan 3

DOUBLE ANGLE IDENTITIES

tan (o —P) =

(1) sin2 o = 2 8in L COS &

" 3 o 3 2 .

(11) cos2a = cos oo—sin" et = 2¢cos"ad—1 =1-2sin" o
2tan o

(111) tan2e =7 . o
]l —tan™ o

TRIPLE ANGLE IDENTITIES

. . .
sin3 o = 3sina—4sin” o

(Lahore Board 2005)

(Gujranwala Board 2005)



3
cos3 a = 4c08 a— 3 cosa

}
3tan o —tan” o
2]
| —3tan” o

tan 3 o =

HALF ANGLE IDENTITIES

o | +cos a
CosH = =+ 5

.o ] —cos o
SIHE +

:

o ] —cos o
tan 5 e
2 | +cos o

!

SUM, DIFFERENCE & PRODUCT OF SINES & COSINES
2sinocos B = sin (o +PB) + sin (a0 — B)
2cosasinP = sin(a+p)—sin(a—B)
2cosacosf = cos(a+P)+cos (aa—P)
—2sinasinf = cos(a+3)—cos (a—p)
and
P+Q P-Q

sin P+sin Q = 2 sin 5 0S5

P-Q

sin P—sin Q = 2 cos 5 sin 5

P+Q P-Q

cos P+ cos Q = 2cos 7 COSTH

P P
cos P—cos Q = —2sin ‘;Qsin 2Q

where P=a+B , Q=0a-J
EXERCISE 10.1
Q.1  Without using the table, find values of:
Solution:
(i) sin(—780°) (i)  cot(—855°) (iii) cosec(2040°)
(1v) sec(—960°) (v) tan(1110°) (vi) sin(—=300°)



780% = 8 x 90° + 60° gﬁ O (%‘
sin (780°) = ~sin(8 x 90° + 60°) 77%“
= —sin 60° a0’
_ \3
- 2
(ii) —cot 855°
Solution:
855° = 9x90°+45° O) 855° (¢
—cot (855°) = —cot (9 x 90° + 45°) 810°
= —cot 45° 450
= ={=1}
= |
(iii) csc (2040°)
Solution:
2040° = 22 x 90° + 60° gfmz
Apply “csc’ both side. +H9R)’
csc (2040°) = ese (22 x 90° + 60°) ay’
- —csc 60° For Quadrant
_ 2 2
= NE 4|T
~t
R=1
Il
R=2 R=C
R=3
Note:

(1) When R =0, then quad. [ or IV
(i1) When R = 1, then quad. IT or I
(111))  When R = 2, then quad. IIT or 11
(iv)  When R = 3, then quad. IV or III




(iv)
Solution:
sec(—960°) =
960° =
Apply “sec” both sides.
secf(780°) =
(v) tan 1110°
Solution:
P =

Apply “tan” both sides.

tan (1110°) =

sec(960°)

10 x 90° + 60°

sec(10 x 90° + 60°)
—sec 60°

—2

12 x 90° + 30

tan (12 x 90° + 30°)

1
tan30° =—fF
1n3( 3

90”) 96(2‘;’ (s
+90)0)
a0’

960°
90°

= 10.666

We take only 10.

For Quadrant
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¥y
1110°
0(0)°

=120

We take only 12.

For Quadrant
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(vi) sin(—300°) = —sin300°

Solution:

300° = 3 x90° + 30°

Apply “—sin” both sides. o)
®
— sin(300°) = —sin (3 x 90° + 30°) )
= —cos 30°

Angle is in Il quadrant cos is the in 1V quadrant. So

-(-325) = 3? Ans.

Q.2 Express each of the following as a trigonometric function of an angle of
positive degree measure of less than 45°,

(i) sin 196° (ii) cos 147°  (iii) sin 319°

(iv) cos 254"  (v) tan 294"  (vi) cos 728"

(vii) sin (—625") (viii) cos (435" (ix) sin (150°)
Solution:
(i) sin 196°

sin (180° + 16°)

Il

sin 180" cos 16" + cos 180" sin 16° | sin (ot + ) = sin o cos B + cos a sin B

0 xcos 16°+ (— 1) sin 16° Alternative Method:

—sin 16° sin 196° = sin (180° + 16°)

[l

= sin [2(90°) + 16°]

= —§in]6®



(ii)

(iii)

(iv)

(v)

(vi)

cos 147°

= cos (180° —33°

cos (o —P) = cos P cos P+ sin o sin

= cos 180" cos 33" + sin 180° sin 33"
= — 1 xcos 33" +0xsin 33"

— cos 33°

I

sin 319°
= sin (360° —41°)

sin 360° cos 41° — sin 41° cos 360°

0Xcos4l’—sin4l”x 1

= —gsin41°

cos 254°

cos (270° - 16°)

= cos 270" cos 16” + sin 270" sin 16°

0xcos 16°+ (- 1) x sin 16°

= —sin 16"

tan 294°

tan 294° = tan (270° + 24°)
= tan [3(90°) + 24°]
= —cot24°

cos 728°

cos 728° = cos(720° + 8°)

= cos [8(90°) + 8°]

= Ccos 8°

Alternative Method:

cos 147°

Alternative Method:

sin 319°

Alternative Method:

cos 254°

cos (180° — 33°)
cos [2(90°) — 33°]

—cos 33°

sin (360° — 41°)
sin [4(90°) — 41°]

—sin 41°

cos (270° — 16°)
cos [3(90°) — 16°]

—sin 16°



(vii) sin (- 625")
sin (—625°) = —sin 625°
= —sin (630° — 5°)
= —sin [7(90°) — 5°]
= ={-cps:5)
= ¢o85°
(viii) cos (—435")
cos (—435) = cos 435°
= cos (450° - 15°)
= ¢os [5(90°%) — 15°]
= g 15*

(ix)  sin 150" Alternative Method:

= sin (180 — 30 sin 150° sin(180° — 30°)

= sin 180" cos 30" — sin 30" cos 180" sin [2(90°) — 30°]

sin 30°

= 0 xcos 30" —sin 30" (- 1)

= sin 30°

Q.3  Prove the following:

(i) sin (180° + a) sin (90’ —a) = —sin a cos o
_ 1
(ii)  sin 780"sin 480+ cos 120° sin 30° = >

(iii)  cos 306°+ cos 234°+ cos 162°+ cos 18° = 0
(iv)  cos 330"sin 600°+ cos 120°sin 150’ = — 1
Solution:
(i) sin (180° + o) sin (90° — ) = —sin o cos o
L.H.S. = sin (180"+ o) sin (90"— o)
= [sin 180 cos a + cos 1807 sin a] [sin 90" cos o — cos 90" sin o]
= |[Oxcosa+(—1)sina] [1 Xcosa—0 X sin a

= (—sina) (cos o)



(ii)

(i)

= —SIN oL COoS O
= R.H.S. Hence proved.
Alternative Method:
LH.S = sin(180°+ a) sin(90° — o)
= sin[2(90°) + a] sin (90° — &)
= (—sina)(coso)

= —SINo. COSOL

sin 780° sin 480° + cos 120° sin 30° =

b |

L.H.S. = sin 780%sin 480°+ cos 120%in 30°  ......... (1)
Sin 780" = sin (720° + 60°) sin 4807 = sin(450° + 30°)
sin [8(90°) + 60°] sin [5(90°) + 30°]
sin 60° = cos 30°
cos 120° = cos (180° — 60°)

= ¢os [2(90°) — 60°]

= —cos 60°
L.H.S. = sin 780° sin 480° + cos 120° sin 30°

= sin 60° cos30° + (—cos 60°) sin 30°

8(5-50
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= R.H.8

I
B | —

c0s 306° + cos 234° + cos 162° + cos 18° = 0
L.H.S. = cos 306" + cos 234° + cos 162° + cos 18°
= cos (360" — 54") + cos (180" + 54°) + cos (180" — 18") + cos 18"

. . Socos(2n—0) = cos O
= ¢0s 54° — cos 54° — cos 18° + cos 18° cos (m+0) = —cos O
cos(m—0) = —cos 0
= [
= R.H.S.



(iv)  cos 330" sin 600° + cos 120" sin 150" = -1
L.H.S. = cos 330" sin 600" + cos 120" sin 150"
= cos (360° — 30°) sin (540° + 60°) + cos (180° — 60°) sin (180°—30°%)
cos[4(90°) — 2(]0] gin[ﬁ(‘)(){") + 60°] + cos[2(90°) — 60°] sin[2(90°) — 30°]
sin 60%) + (cos 60") sin 30°

0° (
5

J_ 1
= 3 —~5 %5
B 1 =31 _
:—4—4: 4 :4:—]_R.H.S
Q.4 Prove that
RE
sinz(n+9)tan[7+9j
= cos O

(i) 3n
cot’ ( ‘2 -0 ) cos” (1 — 0) cosec (27 — 0)

cos (90° + 0) sec (— 0) tan (180" — 0)

) Sec (360°—0) sin (180° + 6) cot (90°—0) ~ |
Solution:
RE
sin” (% + 0) tdn[7+9]
= COS B

(1) 3m
cot? ( 5 0 ) cos” (1t — 0) cosec (27 — 0)

5 3
sin” (rc+8)tan(7n+8)

LHS. = 31
cot” ( - —6 ) cos” (m—0) cosec (2m — 0)

[sin (7T + 8)]3 tan (% +0 )

= 2

5, 5
[cot (%—8)} [cos (Tt —8)]| cosec (2m—0)

(_sin 0)* (- cot 0)
(tan ) (—cos 0)” (— cosec 0)

9. (—cos®
e 8( sin O )

7 2]
—tan” 0 cos” 0 cosec O




—sin O cos O

i 3

sin” O 19 |
——=— ¢as B.—

cos™ 0 sin O

sin O cos 0
sin O

= tosH = R.HS.
Hence proved.

. cos (90° + 6) sec (— 6) tan (180" —-0)
(D) e (360° — 0) sin (180° + 0) cot (90° —0) —

-1

cos (90” + 0) sec (—0) tan (180" — )

Latlat = sec (360" — 0) sin (180" + 0) cot (90" — 0)
L e -(E (—))— in 6
_ —sinBsec O (—tan 8) B W h
sec O (—sin ) tan © cos(—8) = cos B
lan (m—B8) = —tan B
+ 1 .
= —lz—l = RH.S,

Q.5 1If o,B,y are the angles of a triangle ABC, then prove that

(i) sin (ot + B) = siny (ii) cos ( %) = sinjzI
(ili) cos(a+P)=—cosy (iv) tan(o+fB)+tany=0
Solution:
(i) sin (ot + ) = siny

For a triangle ABC we know that
a+PB+y = 180°
a+p = 180"~y
sin (ot +B) = sin (180" —v)

= SinYy (.. sin(z—06) = sinH)

Hence proved.



= §in

)

- I
(ii) Cos 2 )
Since a, B.y are angles of triangle ABC

50 a+p+y = 180°

a+p = 180" —y

+ [ 1807 —1 "
— OLZB _ ; ¥ — 9Q° -"E
cos (%&) = 005(90”—}21)
+
cos (a_zg) = §in % Hence proved.

(iii) cos(a+P)

—Cos Y
since o, B,y are angles of triangle
S0 a+PB+y = 180"
a+P = 180"y
cos (ot +B) = cos (180" —7)
cos(oe+p) = —cosy  Hence proved.
(iv) tan(a+p)+tany = 0
since o, B, y are angles of triangle so
a+p+y = 180°
a+p = 1807 —y
taking tan on both sides
tan (w+P) = tan (180° —y) = —tany
tan (v +pP)+tany = 0

Hence proved.



EXERCISE 10.2

Q.1  Prove that
(i) sin (180 +0) = —sin O
(ii) cos (180°+0) = —cos O
(iii) tan (270°-0) = cot O
(iv) cos(0—180°) = —cos©
(v) cos (270° +0) = sin©®  (Lahore Board 2009)
(vi) sin (0 +270° = —cos 0
(vii) tan (180°+0) = tan 6
(viii) cos (360" —0) = cos O
Solution:
(i) sin (180 +0) = —sin 0
L.HS = sin(180” +0)= sin 180" cos 0 + cos 180° sin 0
= 0OXxcosO+(—1)sin06
= —8in® = R.H.S.
Hence proved.
(ii) cos(180°+0) = —cos B
L.H.S. = cos (180" + 0)
= cos 180" cos © —sin 180" sin 0
= —1xcosB—(0)XsinB
= —cos 0 = RH.S.
Hence proved.
(iili) tan (270°—0) = cot O
L.H.S. = tan (270" - 0)
sin (270° - 0)
cos (270° — 0)

sin 270° cos O — sin 0 cos 270"
cos 270° cos 0 + sin 270° sin O

—cos 6
= ; = cot® = R.H.S.
sin O

Hence proved.



(iv) cos(0—-180") = —cos 0
L.H.S. = cos (6 — 180"

= ¢os 0 cos 180" + sin 0 sin 180"

= —¢ox0 = R.ILS.

Hence proved.

(v) cos (270° +0) = sin B (Lahore Board 2009)
L.H.S. cos (270° + 0)

= ¢0s 270" cos 0 —sin 270" sin O
= 00X (cosO)—(-1)sin0
= sin® = R.H.S.

Hence proved.

(vi) sin (0 +270°) = —cos 0
L.HS. = sin(6 + 270%)

= sin 0 cos 270° + cos 0 sin 270"

sinO X0 +cosB(—1)
= —c¢os 8 = R.H.S,
Hence proved.
(vii) tan (180°+0) = tan 0
L.HS. = tan (180" +0)

tan 180" + tan 6
1 tan 180" tan O

O+tan 0 _ tan 0
1-0 |

= t#n'6 = RIH.S.

Hence proved.
(viii) cos (360°—-0) = cos 0O
L.HS. = cos (360°—0)

= ¢os 360" cos 0 + sin 360" sin 6
= [ XcosB+0xsinb

= g8 = R.HS.

Hence proved.



(1v)

(V)

(vi)

(vii)

(viii)

cos (0—-180") = —cos 0

L.H.S. = cos (0 — 180"
= ¢os 0 cos 180" + sin 0 sin 180"
= —cos0 = R.H.S.

Hence proved.

cos (270° +0) = sin 6

L.H.S. = cos (270" + 0)
= ¢0s 270° cos © — sin 270" sin O
= 0Xx(cosB)—(—1)sin0B
= sin® = R.H.S.

Hence proved.

sin (B + 270") = —cos O

L.H.S. = sin (0 +270°)
= sin 0 cos 270" + cos 0 sin 270"
= sinBX0+cosB(—1)
= —£o5 8 = RH.A.

Hence proved.

tan (180" +0) = tan 0

L.H.S. = tan (180" +0)

tan 180° + tan 0
[ —tan 180" tan 6

0+ tan 6 _ lan 0
=0 = ]

Hence proved.
cos (360°—-0) = cos O
L.H.S. = cos (360" —0)
= ¢os 360" cos 0 + sin 360" sin ©

= [ XcosO+0Xsin0

cos O = R.H.S.

Hence proved.

= tan 6 = R.H.S.

(Lahore Board 2009)



(vi)  tan 105"
= tan (60" +45")
~_tan 60° + tan 45"
~ 1 —tan 60 tan 45°
B V3+1 Aris
= 1 B \/g ns.
Q.3 Prove that
1
(i) sin (45" +a) = \E (sin o + cos o)
. 5 1 .
(ii) cos(a+45) = @(cos o — sin o)
Solution:
1 _
(i) sin (45° + o) = % (sin o + cos o)
L.HS. = sin(45°+a) = sin45° cos o+ cos 45" sin o
| 1
= \[— \/— S]n L
|
— $(ws0{+sm ) = RHS
Hence proved.
(ii) cos (o +45°) = \E (cos o — sin a)
L.H.S. = cos (o +45%)
= cos o cos 45” — sin o sin 45°
l (o L5 o
= " —=COsSO—"r—=58In
E
L . : ;
= \E (cos o —sin o) = R.H.S. Hence proved.
Q.4 Prove that

(i) tan (45° + A) tan (45° - A) =
(ii) tan[ Gj+tan[zn+9j



(ili)  sin E!+E +cos[8+E)=cose
6 3
. 0
smB—cosB.tanE 0
(iv) i tanz

cusB+sin9.tan5

l1-tanOtand cos (0 + ¢)
v) L+tan O tan¢ _ cos (0 —¢)
Solution:
(i) tan (45° + A) tan (45°-A) = 1
L.H.S. tan (45° + A) tan (45" — A)

tan 45° + tan A tan 45° — tan A
1 —tan45%tan A " 1 + tan 45° tan A

l+tan A 1 —-tan A
|l —tan A "1 +tan A

= | = R.H.S. Hence proved.
. T 3n _
(ii) tan(4—9)+tan(4+9)—(l

T 37
L.HS. = tan(4—9)+tan( 1 —t—B)

tan = — tan 0 %« o
an 7 — tan tan 7~ + tan
= T * 3T

| +tanztan8 l—tanItane

| —tan® —14+tan©
+ =

| +tan O | +tan 6

| ~tan0O 1 +tan O

1 +tan O
0
= | & D 0 = = RHS
Hence proved.
T oom
(iii) sin[9+g)+u}s [9 +§j = cos 0

L:H.S. = sin(8+%j+cos[8+%)



(iv)

(v)

Il Il
s

. o .t i S .
51n8c056+(.0.5851n6 +[c059c053—5mesm3

3 1 1 3
si1185,)£+00595}+[co&+9§—sinelf,£)

T

—

\3

3 I 1 3
= 75 sin8+;cos€|+§coa~;8— 5 sin O
= cos 8 = RHS.

Hence proved.

sinB—cosB.tanE

0
= tan 5
c059+sin9.tan5
0
R.H.S. = tan 7

0
= tan(O 2)

o 4] sin 0 : 6]
i —tan 5 — o — N
tan tan > cos 0 7

sin O 0

| +——tan3
cos 0 2

0
| +tan O tan 5

0
sine--cosetanz
o = LHS
, 0
cos 0 + sin tan 5

Hence proved.

l-tanBtan¢  cos (0 +¢)

l+tanBtan¢  cos(0—¢)

cos (0 + @)

LHS. = C o0

cos 0 cos ¢ —sin O sin ¢
cos 0 cos ¢ + sin O sin ¢

Alternative Method:

sin® — cosO tan 6/2
c0sO + sinO tan 6/2

LLHS =

sin 6/2
cos 0/2
sin 6/2
cos 6/2

sinB — coso

cosO + sinb

sin@ cos 0/2 — cosO sin 6/2
cosO cos 8/2 + sinf sin 6/2

sin(® — 6/2) sin 6/2

cos(0 —0/2) ~ cos 6/2

= tan 6/2
= R.H.S

Alternative Method:

| —tan® tan®
1 + tan® tand

LHS =



Dividing up & down by cos 6 cos ¢ sinB sinb

. . ~ cos cosO

cos O cos @ sin0Osind = , :
. S — , sin0 sin0

cos pcos O cos O cos o

. : cosO cosO
cos O cos ¢ sin O sin ¢

+ . .
cos O cos ¢  cos O cos ¢ cos0 cosB — sinb sind
cosB cosH

| —tan O tan ¢ =
1 +tan O tan ¢

L.H.S. Hence proved.

cosB cosB + sind sind
cos0 cosH

cos(0 + ¢)
cos(0 — ¢)

= RHS

Q.5 Show that

cos (ot + B) cos (o —B) = cos” o —sin* P = cos’ B —sin® o

Solution:

L.H.S.

Again,

L.H.S.

cos (a+P) cos (o — PB)

(cos o cos B —sin o sin ) (cos o cos B + sin o sin 3)
(cos o cos B)2 — (sin o sin B)2

cos” o cos” B sin o sin” B

cos” @ (1 sin” B)—(1-— cos” o) sin” 8

oS~ 0, — COS” O sin” B— sin B+ cos” o sin” B

cos” o — sin” B = RHS.

cos (ot + ) cos (o — )
(cos ot cos B —sin o sin ) (cos o cos P + sin ain f3)
= i i 2

(cos ot cos B)” — (sin o sin B)

) o B ‘
cos” o cos” B —sin” sin” B

5.8 2 ;.0 2

(1 —sin” o) cos™ P —sin” & (1 —cos™ B)

2 o B ; ; 2
cos” B —sin” o cos’ B — sin® o + sin” a cos” B

cos” B— sin® o = R.H.S.



sin (o + B) + sin (o —3)
cos (ot + B) + cos (o —P)

Q.6 Show that = tan o

Solution:

sin (ot + P) + sin (o — )
cos (o +B) +cos (a—f)

LHS. =

sinccos f+cosasinP+sinacosP o sin P cos a
cos o cos B —sin a sin  + cos o cos 3 + sin o sin

2 sin o cos BB
= = tana = R.H.S
2cosacosf

Hence proved.
Q.7  Show that

cotacotp—1
cot o + cot B

(1) cot (a+PB) =

cos o cos B+ 1
cos B — cos o

(ii) cot (a—PB) =

tana+tan 3 sin (o +f)
tana—tan B~ sin (o —B)

(iii)
Solution:

cot a cot B —1
cot o + cot

cos (o +p) | Alternative Method:

(i) cot (au+B) =

LHS. = cot(a+p) = —
sin (o + ) . cota cotfy — |
_ o RHE = - i
cos o cos B —sin o sin [ cota + cotfs
©osinacos B+ cos o sin 3 cosa cosf
Dividing up & down by sin a sin 3 _ sina. sinp
cos aecos Bosin o sin f SUEG,  Sisi)

—— 4~
: e e : sin sinf
sinasinfp - sin o sin B sina - sinf

~ sinocos B cos o sin 3 cosot cosfy — sina sinf3
sinosinp - sin o sin 3 sino. sinf3
~ cosa sinf + sina cosf
cotacotf — | _B : cosp
= SINQL §
cot B + cot ina sinp
5 " cos(a+p)
_ cotacotP 1 S =cot(o+p) = L.H.S
= sin(o+)

cot o + cot 3

= R.H.S. Hence proved



sin (o + ) +sin (o — )

Q.6 Show that cos (oL + B) +cos (a—P) — tan o
Solution:
LHS. = sin (o + ) + sin (o0 — B)
cos (o +P) +cos (a—P)
_ sinacosf+cosasinP+sinacosP - sinf cos a
~ cos acos P —sinasinP +cos acos P+ sinasinf
2 0%
_ SO P = tana = R.H.S
2 cos acos 3
Hence proved.
Q.7 Show that
. cotacotp—1
W OBt (o B = cot o + cot B
o cosacosfB+1
(i) cot(a—P) = cos B — cos o
Giii) tan o + tan B 3 sin (o + B)
e tano—tan B~ sin (- )
Solution:
. cot owcot B —1
() eot(o.+p) = cot o + cot 3
s (oL + Alternative Method:
LS. = cotiag+ ) = gos (o +D)

Dividing up & down by sin o sin

sin (oL + )

cos o cos B —sin o sin 3
sin a0 ¢cos B + cos o sin [

cos o.cos B osinosin P
sin o sin B sin o sin B

cos ¢ sin [
sin oL sin f3

sin o cos [
sin o sin P

cot o cot p — |
cotfp + cot o

cotacotP — 1
cot o + cot 3

= R.H.S. Hence proved

RHS =

cotar cotf — |
cota + cotf3

cosa cosf
sino. sinf

COS[E

—— + .
sina.  sinf

COsc

cosa cosP — sina. sinf3
sino. sinf3

cosa sinf + sina cospP
sinat sinf

cos(o+f)

= sin(c-+B) =cot(a+P) = L.H.S




sin (o0 + B) + sin (o — 3)

Q.6  Show that i (5 (- = — tan o
Solution:
. sin (ot + B) + sin (ot — )
LHS = :
cos (ot +P) +cos (a—P)
_ sinocosf+cosasinP+sinacosP - sinf cos a
"~ cos ocos P —sinasin P +cos acos P+ sin a sin B
2 +q 0%
- =20 OLLOSIB = tan o = R.H.S
2 cos acos b
Hence proved.
Q.7 Show that
. cotacotp—1
@ OBt Lo+ Y = cot o + cot B
e cosacosf}+1
@iy eotlo—pj = cos B — cos o
Gii) tan o + tan B B sin (o + B)
= tano—tan B~ sin (o)
Solution:

(i) cot (au+PB) =

L5,

Dividing up & down by sin o sin 3

cot v cot B —1
cot o + cot B

cos (e + )

sin (oL + )

cot(a+P) =

cos o cos B —sin o sin 3
sin o cos B + cos a sin 3

cos oLcos B sinousin B
sin o sin B sin o sin B

sin ¢ cos [
sin o sin P

cos o sin 3
sin o sin f3

cot o cot p — 1
cotfp + cot o

cotacot — 1
cot o + cot 3

= R.H.S. Hence proved

R.H.S

Alternative Method:

cotor cotf — |
cota. + cotf3

cosa cosf
sinow sinf3

COS[E

—— + .
sina.  sinf

COSCL

cosa cosP — sina sinfy
sino. sinf3

cosa sinf + sina cosP
sina sinf

cos(o+f)

= sintoHB) =cot(a+p) = L..H.S




4 T T
Q9 Ifsino =z and sinf3 = 7; where S<oa<7nt & 5<B <7 Find
5 13 2 2
(i) sin (o + B) (ii) cos (o +PB) (iii) tan (o + B)
(iv) sin (—B) (v) cos (a—PB) (vi) tan (o0 — )
Solution:
(i) sin (ot + )
, 4 7
sina = 3 (E‘(a{.l =« 1s in Il Quadrant)
/ 16 [25-16 3
cosa = \J1—sin“a = —5e = 75 \/j 5
3
cos o = 5 (.. o 1s1n Il Quadrant)
12
sinf} = 13
— 144 169 — 144 25 5
cosp = yl-sin"p ="/ ]69 N[~ 169 = \/160 T T13
5
cosf = 13 (@ B lie in Il Quadrant).
we know sin (o + ) = sin o cos B +cos a sin
425 -3 12 -4 36 _-20-36_ 56 ,
= SXPr*S5* B F 65T & - 8 s
(i1) cos (o + B)
= cosacosPp—sinasinf
_3.-5 4 12 s 48 Is-48 -3
= 7551375513 T65 7657 65 65 -
(iii) tan (o + B)
— 56
_osin(a+B) 65 56 ]
Tocos(a+p) =33 33 A
65
(iv)  sin(a—p)
= sin ¢ cos f —cos asin
_4 -5 -3 Q_—’-’O 36 -20+36 16 Anrs
=5%1375 X137 65 f65T 65 T 65 O™




(v)

cos (o —3)
= cos o cos P+ sin a sin

3 -5 4 12 15 48

- B *B*Er BT TE
63
cos (au—P) = 65 Ans.
(vi) tan (a—P)
16
_sin(a—-f) 65
" cos(a—P) "~ 63
65
_ 16
tan (o —f) = 3 Ans.
Since sin (o —B), cos (o —B), tan (o — B) are all +ve, so terminal side of (o« — ) isin I
Quadrant.
Now sin (oo + pB)is —ve, cos (oo + ) is —ve and tan (o + ) is +ve. Thus terminal
side of o+ [ isin I Quadrant.
Q.10 Find sin (a0 + ) and cos (o + 3) given that
3 )
(i) tan o = 4 €08 B = 13 and neither the terminal side of angle of measure o
nor that of B in I quadrant. (Lahore Board 2005)
: 15 7
(i) tan o = — 18° sinff = — 25 and neither the terminal side of the angle of
measure o nor B isin the IV quadrant.
Solution:
) 3
(i) tana = A
3

W | =

tan o = 21_ = cota =

i.e. 18 + ve, so terminal side in the I1I Quadrant

we know that

= _ [, 2 _ . [16+9 25 _
] +tan” a = +16_ T 16 =
5 _

sec O = 4 — Cosa =

H
4=

SeC O

TN



(ii)

/ 16 /9+16 ¥, 5
C(Jsccuz\/1+u)l'a= l+7— 0 =\/T7:i§

| 5 . -3 25 12 12
coseca = - = sina = 5, sinff = 1_169__13 5111[3——13
Now
sin (oo + ) = sinacos P +cos asin P

= R
R EREEEE

=3 48 -15+48
T 137657 65

sin (ot +[3) = 65 Ans.

cos (a+P) = cosacos—sinasinf

=4 3 =3 =12

S EF*E" 3" 3

-4 36 -20-36

13 65 T 65

— 56
cos (a+P) 5 Ans
15 . 7 . . .

tana = —7g, sin B = - 35 and neither the terminal side of the angle of
measure o nor B isin the IV quadrant.
i oy e D e
tan a0 = 3 = ot = 15

since tan is — ve. Thus terminal side 1n the II Quadrant

/ }(4+225 /289
seca =\l +tan” a - T +
17

8

T
64 280 64 [225
T289 T\ 289 289 ©

SCC L = ] — COsa =

sina. = \Jl —cos o =

SIn & = ﬁ

17

8

I7



16 19+ 16 5
coseca =\l +col” a0 = ]+?= g \/: 5
e =2 oy e = e . o
coseco = 37 = sino =3 , sinp = _169"_13 sinp = -3

Now

I
—
R

sin (¢ + ) = sin o cos P +cos asin f

= SX3*S XD
_ 3,48 15448
= 13765 T 65

3
sin(aa+f) = &5 Ans.

cos(a+ ) = cosacosf—sinaosinf

=4 5 =3 =12

= 5%~ 5% 3

-4 36 2036

= 13 65 65
— 55

cos (ot +P) = 63 Ans.

15 7
tana = —7g, sin B = — 35 and neither the terminal side of the angle of
measure o nor [ isin the IV quadrant.
- e =
tan a = 3 = cota = 15

since tan is — ve. Thus terminal side in the II Quadrant

/ 2'75 }64+725 f 17
sec o \fl+t¢m = 6 — ig

17
sec o :T = cosa =

/ 64 }289 64 / |
sin oL = \fl — o8 @ = 289 = 339 il—

sin o =ﬁ

~1|n



Q.12 1If a, B, y are the angles of a triangle ABC, show that
cot % + cot g + cot % = cot % cot g . cot % (Lahore Board 2004)

Solution:
Since a, 3,y are the angles of a triangle ABC

a+P+y = 180°

taking tan on both sides

tan (%+g) = tan [9()”—%)

o B
tan.2+tan2 |
= cot
T
— cln2 clnz
| N |
o’ P
coty coty
=i = i 4
= cot
l—‘o[g‘ cotE .
ELgetBly
o
cot;+cot§
= = £
E = cot 5

2 ]
cot 3 cot 3

g Y

o a P
coty +coty = cot2 cot;cotz—l

e B e By oy
L0I2+L()l_2 —u)l2 (,012(,012—1;0l2

o B Y a P ¥
cot2+c0t2+c0t2_c0t2 (:(‘:t2 cot2

Hence proved.



Q.13 If a+p +y = 180° show that

cot wcot B+ cot B coty+cotycota = 1 (Gujranwala Board 2005)
Solution:

a+pB+y = 180°

a+p = 180°—y

taking tan on both sides

tan (o + f) = tan (180° —v)

tan o + tan p

= —tany
| —tan o tan f '
I 1
+
cota cotf ]
l | 7 coty
cot a cot P
cot o + cot — 1

cot ot cot 3 — 1 cot y
coty(cota+cotP) = —(cotacot fp—1)
cotacoty+cotffcoty = —cotocotff + 1
cotoecoty+cotPecoty+cotacotp = 1
Hence proved.

Q.14 Express the following in form vy sin (0 + ¢) where terminal sides of the angles
of measure 6 and ¢ are in first quadrant

(i) 12sin 0 + 5 cos O (ii) 3sin®—-4cos0
(ili) sin©—cosH
(iv) S5sinB-4cosHB (Gujranwala Board 2007)
(v) sin 6 + cos O (vi) 3sin®—-5cos0
Solution:

(i) 12sin© + 5 cos 6
Since rsin(6+¢) = r(sinBcos ¢+ cos O sin ¢)
= rsindcos ¢+ rcosOsind
Let rcos¢p =12 ., rsing =5
Squaring & adding

2 2 3 4 3
rrcos  ¢+1 sin” ¢ = 144 + 25



(ii)

I (cos” O+ sin” ¢) = 169

=169 = r=13
Sin 5
tan ¢ = — =13
, 13 i
12 sin0 + 5 cosO = ﬁ(IZ sin® + 5 cos0)
12 . )
= I3(1331n0+ 13(:050j

= r (cos¢ sin® + sing cos0)

= rsin(0 + ¢)

5
= | where ¢ = tan B Ans.

3sin0@—4cos0

rsin (0 —¢) = rsin0cos ¢ —rcos O sin ¢
Let rcos¢p =3 .. (i)
rsingp =+4 L (1)
Taking square & adding
r cos” b+ ©” sin’ ¢ = (3)
r* (cos ¢ + sin tj))2 = 9416
=25 = r=>5
dividing (ii) by (1)

rsing +4
rcosdp 3

4
tan ¢ = 3

3sinf — 4cosb = (3sinf — 4cos0)

ntn

3 4
= 5(5 $inf — 3 cosﬁ)

= 5(cos¢ sinB — sing cosO)

= rsin(0-06)



(111)

(iv)

(v)

sin 0 —cos O

rsin(0—¢) = rsin0cosd—rcosOsind
gt Feofe =1 3= ====0o0 assseees (1)
ramd =1 0 e (i)
Taking square of (i) & (i1) & adding

I (cos” ¢+ sin” d) = 1+1

r = 2

=2
Dividing (ii) by (1) we have

r sin ¢ B

rcos¢

tand = 1

2 sin (@ ¢) , tan¢ = 1| Ans.
5sin®—-4cos O

rsin (B—¢) = rsin B cos ¢ —rsindcos O
Let rcosg =5 ... (1)
rema =g 00000 aevess (11)

Taking square & adding
r° (cos2 ¢+ sin” $) = (5)2 + (4)2
= 41
= A
Dividing (ii) by (1)
rsing 4
5

rcos ¢

LN | =

\f4_1 sin(0—¢) , tan¢ =

sin O + cos O

rsin (04 ¢) = rsinOcos ¢ +rcos0sing
Let rcosdg =1 ... (1)
rsing =1 00 s (i1)

Ans.

(Gujranwala Board 2007)



Taking square ol (1) & (1) & adding
r* (cos” O+ sin” o) = 1+1

F =2 = r= \E

Dividing (i1) by (1)

rcosd

tanp = |1

rsin(0+¢) = \E sin(@+¢) , tan¢p = 1| Ans.

(vi) 3sinB-5cos0
rsin(0—¢) = rsin0cosd—rcosOsind
Lt rénsd = 3  sivsanee (1)
PN =3 0 cemes (11)
Taking square & adding of (1) and (ii)
r (Coa o +sin” ¢) = (57 +(3)°
=25+9
=34 = T = \/ﬁ
2
tan ¢ = 3 (dividing (ii) by (i)
rsin(e—q)):\/}ilsin(e—q;) : anq)—% Ans.
EXERCISE 10.3
Q.1  Find the values of sin 2 a, cos 20, and tan 2o when
I 12
(i) sina = 13 (ii) tan o = 13
= - wh 0< <E
(ili) cosoa = 5 Where o<y
Solution
: : 12 n
(1) sina = 73 0<a<2
12
sina = 3
144 169 — ]44 29
cosa =\I-=simma ="\ /1- =\ m =\
2|

cosa =73 (since o in I Quadrant)



(1)

(ii)

(ii)

sin 20 = 2s8in 0.Cos 0. = x13xl3
) 120
sin 2ot = @ Ans.
COY E = cosza sinja
= (cos cx}j—(sin a)2
B 25 144 3 25— 144 B — 119
169 169 T 169 169
sin 2 o
tan 2 o =
cos 2 o
_ 120 119_ 120 169
= 1697 169 T 169% 119
- _—I’?_{} -
tan2 o = 119 ns.
3
cos o = 5

9 25-9 16

sin o, =

sin2 o =

SN2 ¢ =

cOs 200 =

COg L =

tan 2 a =

Prove the

e

2 81N oL COS O

TANN

Ans.

(&)
pad

X

h |
[l
I\J‘m
| =

2 )
Cos O —5In o

9 16 9-16 -7

2525~ 25 — 25 Ans
sin20 24 -7 24 -25 —24
cos2a 25725 — 25X 7 T 77

following identities

Ans.

i
5



Q.2 cota—-tana = 2cot?2 o.

Solution:
RHS. = 2¢cot2 et Alternative Method:
) : 7
5 €08 2a  2(cos" a—sin” ) LHS = cota—tana
T Tsin2o © 2sinacos o )
cosoL  sino
cos” o sin” o T sina cosa
T sinocos o sin o cos o . e
Ccos oL — sin“o
= cota—tan o = L.H.S. SinoL coso
Hence proved. 2cos20 2cos2a
~ 2sinatcosa sin2a
= 2cot 2a
= B.HS
sin 2o :
Q3 T/~ =tana (Lahore Board 2007, 2010)
1 + cos 2a
Solution:
sin 2o 2 sin oL COs o
s = = 7 . 2 7 ;. 3
| +cos2a cos o+ sin” o+ cos o —sin” o
2 sin oL Ccos o sin o
= ” 3 = = tan o = R.H.S.
2 0§ o COSs o
1 -cos o o
Q4 ——— =tan;.
sin o 2
Solution:
]l —cos o
LHS. ="———
sin o
5 gin? & . B
sin” 5 $in

o _
- - = fan .y = BRH.S,
2 \.]g___qg L:‘;'s‘g ¢
s 5 Cos 5 08 5

Hence proved.



COS . — SIn Q

Q.5

Solution:

R.H.S.

Ccos o + Sin o

1+sina

= sec 200 — tan 20.

sec2o—tan 2 o

] sin 2o
cos 2a.  cos 2a

1 —sin 20

1 — (2 sin oL cos o)
2 ]

cos 20 cos” o —sin” o

2 2 3
COS™ o+ Sin~ o0 — 2 §in oL cOs o

) )
COS o—SIn o

; 2
(cos oo —sIn o)

(cos o — sin @) (cos oL+ sin )

COS oL — Sin o
COS O+ sin o

= L.H.S. Hence proved.

-
sin 5 + COS
2

Q.6

Solution:

L.H.S.

1-sina o

IR N |Q

sin 5 — Cos
2

(%]

sin2o = 2s8Inc cosa

+ Sin o
\/ 1 —sina sino. = 2sin o/2 cos o2

g e (U
sin5 +¢os 5

g e O
Sin ‘5 —cos 5

5 B Bk
Sin 5 +cos 5

R.H.S. Hence proved.
o o

S 5 —COS 5




cosec O + 2 cosec 2 0
= cot
sec O

Q.7

Solution:

cosec O+ 2 cosec 20
sec O

L.H.S.

[l

1 1
= ) .
[sin8+”sil12€')co'§8

[ | 2
- sin8+25incose

0s 0+ 1
_ [M)COSG

jcos(—)

sin O cos 0
5 cos? 2 0
cos” 5 cos 5 0
— 9 e = 8 = CO[; = R.II.S.
2 sin 5 cos *2‘ sin :j -

Hence proved.
Q8 1l+tanatan2a = sec2a. (Gujranwala Board 2006, Lahore Board 2006)
Solution:

L.HS. = 1+tana.tan 2a

sino. sin2 o
+
cos o cos 2 o

cos2a cosoL + sin2o sino.

COSOL COS2aL
cos(2o— )
COSsOl COS20L
COSOL
cosaL cos2a

]
cos2a

= sec2u
= R.H.SB

Hence proved.



2sinBsin20
cosO+cos30

Q.9 Prove that = tan20tan O

(Gujranwala Board 2007, Lahore Board 2006)
Solution:
2sin0 sin20 2sin0 sin20

LHS. = cosd +cos30 ~ cosO + 4cos’® — 3cos

2sin6 sin20
4¢0s™0 — 2cosO
251n0 sin20
2¢0s0 (2c0s°0 — 1)
2sin0 sin20
= sl EoE20 tan0 tan20
= R.H.S

0.10 sin30 cos30 3

sin O cos O

Solution:
sin30  cos36  sin36cosB—cos36sinb
sin © cos sin 6 cos O
sin (360 -0)
sin 6 cos 0

LHS. =

sin 2 0 _2sin80038_7_RHg
sinBcos® ~ sinBcosO ~— T T

Hence proved.

cos30 sin30
cos 6 ¥ sin O

Q.11 = 4 cos 2 6.

Solution:
cos 30 sin36 B
cos® T sin®

LHS: =

¢cos30smOB +sm306cosH

cos O sin O
3 sin (30 +0) B sin 4 6 B 2sin20c¢cos206
T cosBsin® T cosBsin®  sinBcos O
2.2sinBcosBcos20
= 51? LO‘\ ‘ = (- sin26 = 2sin 0 cos 0)
sin O cos 6

= 4cos20 = RH.S,.

Hence proved.



t: : ot v
0 an ) + CO ) e
Q. t 0 t 0~ sec 0.
Solution:
0 0
tan 5 + cot 5
LH:S: = ﬂ
cot 2R tan 7
sin 0/2  cos 6/2
 cos 82" sin6/2
~ cos 6/2 sinH/2
sin /2  cos 6/2
sin® 0/2 + cos” 0/2
B sin 6/2 cos 6/2
T cos” 0/2 —sin” B2
sin 6/2 cos 6/2
B | 1
T cos® 0/2 —sin®0/2 T cosd
= secH
= RH.S
. sin30 cos30 .
Q.13 p— + sin® - 2cot20 (Gujranwala Board 2006)
Solution:

sin30 cos30
+—
cos 0 sin O

L.HS. =

sin30sinO® +cos30cosO

cos Osin B
_cos(36-60) _cos26
~ ocosOsin®  cos0Osin®

multiplying & dividing by 2

cos 26

T “2sinBcosh

cos 26
= e : 2) =
2 <in2 0 2¢cot20 R.H.S.

Hence proved.




Q.14 Reduce sin' 6 to an expression involving only function of multiples of 6,
raised to first power. (Lahore Board 2004, 2010)

Solution:
2 —Cos 2
Sin'® = (sin’ )’ [ 5 sin’ 0 = L;e)
| —cos20Y) ) | +cos40
=75 # tos 28 = 5
3 l—2c0528+cosz29
= 4
U | M}
= 4_1 2cos20+ >
l_2+4cc.)528+ 1 +cos40
= 4] 2
1[3-4cos26+cos46
4] 2
3 3-4cos20+cos40
o 8
Q.15 Find values of sin 8, cos 6 when 0 is
i) 18" (i) 36 (i) 54° (iv) 72° (v) 140’
1
Hence prove that cos 36° cos 72° cos 108° cos 144° = 16
Solution:
(i) 0 = 18°

50 = 5x18° = 90°

Now 306+206 =90° = 306 = 90°-26
taking cos on both sides

cos 30 = cos (90" —20) =cos 90" cos 2 0 + sin 90" sin 2 O
cos30 =sin20

4cos’0—3cos® = 2sin0 cos O

cos O [4 cos- 0 — 3] = 2sinBcosH
4(1—sin0)—3-2sin0 = 0
4-4sin°0-3-2sin6 = 0
4sin°O+2sin0—1 = 0

a=4 b =2 ¢ =-1 ByQuadratic formula

—b+4/b” —4ac

sin B = 7




—24+\4-4@) () —2+/4+16

2 (4) - 8
) —2+420
sin 0 = 3
_ ~ 2428 =145
sinB = 3 = 1

As 18" isin I quadrant so

5-1
sin 18° = 34L
cos B = \/I—sin‘B

g0 _ A (104245 104245 o
COS = T = 16 = COS

i) 06 = 36°

5x0 = 5x36°

S

50 = 180°

30+20 = 180° = 30 = 180”20
sin3 0 = sin (180" — 20)
3sin@-4sin" 6 = sin26

sinB (3 -4 sin’ 0) = 2sin 0 cos O
3_4sin’0—-2cos® = 0
3—4(1-cos0)—2cos 0 = 0
3-4+4cos 0 -2cos0 = 0
4¢cos”0—-2cos0—1 = 0

a=4, b=-2, ¢=-1 ByQuadratic formula
—b +1/b” —4ac
cos 0 = 24

e - 2XVA-4@A D
Cos U = 2(4)

2+\J4+16 2420 24245
8 T 8

= g =




60 = T2
COsS = 4

i R
As 36 isin I quadrant so

l 2
sin 6 = Icos“6‘=\/l( +4 5)

) 10 —24/5
sin B = T:

) 4 10—2
sin 36 = 6

(ifi)  sin 54°
sin 54° = sin (90° — 36°)

= cos 36" [ sm[

, 5+ 1
sin 54° = L Ans.

8) = cose)

t\.)!::l

4
cos 54°
= cos (90— 36") = sin 36’ [ cos(% O) = sin 0)
cos 54° = 1\ / IU 2
(iv) 72°
sin 727 = sin (90° - 18”) = cos 18° [ sin(%—@) = COS 8)
= cos 18°
o 10 +24/5
sin 72" = 16
cos 72° = cos (90° - 18") = sin 18°
o 5-1
eas' 72" = 1

(v)  sin 144°
sin 144° = sin ((180° —36") (.. sin(mn—0) = sinB)



Q.1

= sin 36°

10—24/5

& 40 _
sin 144° = 16

Ans.

cos 144° = cos (180°—36") = —cos 36°

; 5
cos 144° = —( Lt ] Ans.

4

Next cos 36°. cos 72°. cos 108° . cos 144° = ilz

L.HS. = cos 36" cos 72 cos (180° — 72%) cos 144

= cos 36" cos 72" (—cos 72°) cos 144°

- ()RR
= ( : Tﬁj—(ﬁ]j_z

| (1445 (45 l)]
_ 16

Hence proved.

EXERCISE 10.4

Express the following product as sums and differences
(i) 2sin30 cos® (Lahore Board 2006)

(i1) 2¢c0s50sin30

(iii) sin50cos20 (Gujranwala Board 2004)

(iv) 2sin70sin26

(v) cos (x +y) sin (x — y) (vi) cos (2x + 30) cos (2x — 30)
(vii) sin 12’ sin 46 (viii) sin (x +45") sin (x — 45")



Solutions:

(i)

(ii)

(1ii)

(iv)

(v)

(vi)

2sin 30 cos O

= sin (30 + 0) + sin (30 — 0) (
=sin40+sin20 Ans.
2¢c0s506sin30

= sin(50+30)-sin(560-36) (¢
=sin80—-sin26 Ans.

sin 50 cos20
multiple & divide by 2

|
512 sin 5 6 cos20]

!
5 [sin (56 +26) + sin (56 — 26)]

|
3 [sin 70 + sin 360]  Ans.

2 sin 70 sin 20
= — [~ 2 sin 76 sin 20]

—cos [(70+20)—cos(76-20)] (-

= —[cos 9 6 —cos 5 0] Ans.

cos (X +y)sin (x—y)
multiply & dividing by 2

I

% [2 cos (x + y) sin (X —y)] (

o —

Slsin(x+y+x—y)—sin(x+y—x+y]

]
=3 [sin (2 x) — sin 2 y] Ans.

cos (2x + 30°) cos (2x — 30°)
multiply & divide by 2

| ). 0
= 5 [2cos (2x +30°) cos (2x ~30%)] (-

2sincc cosPp = sin(a + P) + sin(o — [3))

2cosasinB = sin(o+B)—sin (a—f))

(Gujranwala Board 2004)

—2sinasinf3 = cos (a+ ) —cos (aa—p)

2cosa sinf = sin(o + B) — sin(o — B))

2cosal cosPp = cos(o+ ) + cos(o— B))



(vii)

(viii)

Q.2

| X _
= 5 [cos (2x +30° + 2x —30°) + cos (2x + 30° — 2x + 30°) |

]
= 5 [cos 4x + cos 60°]  Ans.

sin 12’ sin 46"

multiply & divide by —2

— ] o iy . " k
= [ 2sin 127 sin 467) (v —2sinasinB = cos(a + B) — cos(ot — B))
_ _
= 5 [cos (12°% +46% —cos (12° —46™)]
1 0 240
=g [cos 58 —cos (— 34)]

-
= 5 lcos 58 —cos 34”]  Ans. (' cos(—0) = cos 0)

sin (x + 45') sin (x —45")
multiply & dividing by — 2

—
— [~ 2sin(x+ 45% sin (x —45%)]  (*o —2sinosinp = cos(o + B) — cos(ot — p))

I

= 5 [cos (x + 457 + x —45%) = cos (x +45° — x +45%)]

[cos 2x — cos 90°]

B | —

Express the following sums and differences as product

(i) sin50 +sin30 (Lahore Board 2006,2007)
(ii) sin 80 —-sin40

(iii) cos60+cos30

(ivy cos70—cosO (LLahore Board 2009)
(v) cos 12 + cos 48 (Lahore Board 2010)
(vi)  sin (x + 30) + sin (x — 30)

Solution:

(i) Sin50+sin30

. 356+36 50—
= 281N 5 cos 5

30

[ sinP+sinQ = 2sin——— cos —

= 2s5in46cosB Ans.



(11) sin80—sin40

80+40 80 -40 ' P P —
= 2 cos ; sin 3 [sin P—sinQ = 2 cos ;Q sin 5 Q)
= 2co0s60sin20 Ans.
(lii) cos60+cos30
60+30 60 30 P+ P
=2cosT cos ™ 5 [cosP+cosQ=2003 2Qcos ZQ)
L9030
= 200875 COs T, Ans
(iv) cos706—-cosO (Lahore Board 2009)
70+6 70-=6 P+ pP—
= —2sin 5 . sin > '.'[COSP cosQ = —2sin Q_Qsin 2Q)
= —-2sin40sin306 Ans.
(v) cos 12° + cos 48° (Lahore Board 2010)
12°+48°  12°-48°
= 2¢O8 5 Cos >
60°  —36°
= Dphy )2 cos ;) (v cos(—0) = cos0)

= 2 cos 30" cos 18" Ans.
(vi) sin (x + 30°) + sin (x — 30%)
x 4+ 30+ x — 30° x +30° — x + 30°

= 2 sin 5 coSs B
_ 92X 60°

= 28in 5 €08

= 2 sin x cos 30° Ans.

Q.3 Prove the following identities
sin 3 x —sin x
cos X —cos 3 x

(1) = cot2x
sin 8 x + sin 2 x

(if) {:(}S!:th-casZ3;{:t“msX

nasing (@0, (a+0)
sin o + sin 3 2 2

(i) (Lahore Board 2007)



Solution:

(i)

(ii)

(i)

sin 3 x—sin x

= cot2x
COSX—Ccos3x

sin 3 X — sin X

: . P+Q) . (P-Q
(cos 3 X —Cos X) [ P -ami = 2005( 2 )sm[ 2 D

3x+x . 3x—x
2 ¢cos 5 sin—

= P+ P-
= Ferx S x ( cos P—cos Q =—25in( 7Qj sin( ,)QD
—(—2511‘1‘ 5 sin - 3 ) = 2

L.H.S.

[l

2 cos 2x sin X cos 2X

= 2sin2xsinx _ sin2x cot 2x = R.H.S.

Hence proved.

sin8x+sin2x

= tan5x
cos 8 x4+ cos 2 x

sin 8 X + sin 2 X . . . (P+QY . (P—
L.HS. = — p—— [ smP+st:25m( 7 jsm( 5 D

8x + 2x 8x — 2x

2 sin Cos :
2 2 P+ P
= I S D% [ cos P + cos Q = 2cos (TQJ cos ( 5 QD

2 cos 5 cos >

2 sin 5x cos 3x sin Sx

= 2cos 5X ¢os 3X _ cos 5x tan 5x = R.H.S.

Hence proved.

sin o — sin o — o+
" : b = tan B cot B (Lahore Board 2007)
sin o + sin B 2 2
L:H.8. = Mﬁ ( sin P—smm Q = 2cos (P s Q] sin (ﬂD
sin o + sin 3 2 2
o otp . a-P
) 2co8™ 5 sinT5 [ o _ (P+Q]~ --(P_QD
= G+ b a_p . sinP+sin Q = 2sin 5 Jcos| 75

2 sin 5 COs T

)

L 0
cot 0{3 b . tan (19 b = R.H.S.

—

Hence the proof.



Prove that
(i) cos 20° + cos 100° + cos 140° = 0 (Lahore Board 2008)

(ii) sin ( -0 ) sin ( E +0 ) é cos 20 (Lahore Board 2005)

sinO +sin30+sin50+sin70 P
. c0sO+cos30+cos50+cos70 — M

Solution:
(i) cos 20" + cos 100° + cos 140° = 0
L.H.S. cos 20" + cos 100” + cos 140°

0 e} 0 P P—
= [cos 140" + cos 20| + cos 100 [ cos P+cos Q = '-_’cos[ QQ) Cos ( 5 Q))

140° + 20° 140° — 20° -
= 2 cos 5 cos 5 + cos 100

= 2 cos 80" cos 60” + cos 100"
|
= 2 cos 80° 5 +cos 100°

= cos 80" + cos 100°

80° + 100° 80" — 100°

= 2 ¢os 5 COS 5

= 2 cos 90° cos (= 10")
= 2x0xcos 10°
= 0 = RH.S.

Hence proved.

(ii) sm[ Bjsin[§+6]=%c0529

(m wosin(o— ) = sina cosp — cosa sinf3
sin 4 —0 |sin T+ 0 _ _ .
- sin(a+ P) = sinocosP + cosa sinf

L.H.8.

Il

T T . T .
= | sin 7 cos B —cos 7 sin B) [sm cos 0 + cos 7 sin B)
[ 4 4 4 4

- [\ﬁ cos 6 — \{—smej(\%cosBJrésinB)

1
= E X @ (cos B —sin B) (cos 6 + s1n 6)

| =

(_ccns2 0 —sin” 0)

RO [— B [—

cos 20 = R.H.S. Hence proved.



sin+sin30+sin50+sin70
cosO+cos30+cos50+cos70

(iii) = tan4 0

SinO+sin30+sin50+sin70 '5mp+““3=2”4: )“m(z

cosO +cos30+cos50+cos70 cosP + cosQ) = Jeos ( J;Q) :.0\( _Q)

[sin 7 0 + sin O] + [sin 5 0 + sin 3 0]
[cos 70 +cos B] +[cos 506 +cos 30|

LHS. =

. (70+48) 76-6 _ . 50+36 50-36
2 sin > COs 5 +2sin > COs )
:2\\7e+e‘ 76-6 ,  568+30 56-30
COSs > COSs ) + 2 COS 3 COS )

2sin40cos30+2sin4 0 cos 0
2co840cos30+2cos40cosB
2sin40 (cos30+cosH)
2c0s40 (cos 30 +cos0)

sin4 06

= e B = tari4 8 = R.H.S.

Hence proved.

Q.5 Prove that

(i) cos 20° cos 40° cos 60° cos 80" = 16

(Gujranawala Board 2004, Lahore Board 2008)

iy . n.2n . n . 4n 3
(11) Slngsm 9 Sm35m 9 = 1¢

1
(iii)  sin 10° sin 30° sin 50° sin 70" = 16 (L.ahore Board 2011)

Solution:

(i)  cos 20° cos 40° cos 60° cos 80° = 7

L.HS. = cos 20° cos 40° cos 60° cos 80°

]
= 5 cos 40° cos 20" cos 80°

1 )
= 5 [cos 40° cos 20° 1 cos 80° (0 2cosc cosP = cos(o + B)+cos(a — B)]



ro =

——
SO §ES)

cos40° CDS'200] cos 80°

1
)
[cos 607 + cos 20°] cos 80

+ cos 20° ]cos 80"

Q
cos 80 2

I )
0s 80° + 5 { cos (80° +

e

xX|— X|— t|— k|l— &|l— ~|— K~ B[— &|— |-
b | —

[cos 80° — cos80° + cos60°]

|
g [cos60°]

1ok o R
8L21 16 = T

Hence proved.

(i) sin g sin —o~ 9 sin 38in " =

L.H.S.

2T T . 47

T . 27 T
SN = SiN = - sin 5 sin
9 9 "\ S

5[
s

e -
*~°|r¢ ©|§ ~[®

2n
sin g sin —§~
9 9

3 _ :
325 sin 20° sin 40° sin 80°

ﬁ . 0 . O = o
7 [sin 40" sin 20| sin 80

| |
cos 80° + 5 cos 100° + 3

[cos (40° + 20°) + cos (40° — 20%)] cos 80°

cos 807 + cos 80° cos 20° ] (- 2cosocosp = cos(a+ B) + cos(a — PB))

2 -
cos80° 00520"}

20%) + cos (80° - 20°) } }

cos 60° J

[cos 80" + cos 100° + cos 60

[cos80° + cos (180° — 80°) + cos60°] (- cos(mt — 0) = —cos0)

(Lahore Board 2011)

(- —2 sino sinP = cos(a + P) — cos(oL — B))



IS
1
I‘Jll\J

sin4()° &.ln"(]o:| sin&0°

[ cos (40° +20) — cos (40° — 20") } sin 80° ]

|
SS]
o[ —

|
12
! {US]
| e |

{ cos 60" —cos 20"} sin 80“]

I
h%b
(S

% - LO%ZOO}’ %inBOOJ

|
L3

i
5 sin80° — sin80° 00520"]

2
sin80° COSZOO:|

sin80° — 5

1
l\..)l—

1
sin80° — 5 sin (80° + 20°) + sin (80° — 200)}

(1
E 2

] ]
5in80° — 5 sin100° — 5 sinﬁ(}‘{|

B |—

B |
5 8in80° — 5 sin (180° — 80°) - 3,_)[}

™ | g
5 sin80° — 5 sin 80° — i}

T

= = R.H.S

|
+ 4= pe e 4= - A=
(8] (S} LUS] (98] ('S} (P8
15D | —

Hence proved.
1
(ili)  sin 10° sin 30° sin 50° sin 70° = 16

L.H.S. = sin 10" sin 30" sin 50° sin 70°

1
= 5 sin 10” sin 50 sin 70"

‘

= 557 | (- 2sin 10 sin 50°) . sin 70° |

I~
2

==
= 7 [ { cos (10” +50°) —cos (10° - 50%) } sin 70° ]
=

= [ (cos 60" — cos 40°) sin 70" |



[ _ .
— ? [ 2 cos 60° sin 70” — 2 cos 40° sin 70° J " 2cosoesinf = sin(o + B) — sin(e — B)

_ =i
-8

|
[ 25 sin 70° — { sin (40° + 70°) — sin (40° - 707 } }
— 1
= 3 [ sin 70° — { sin 110° —sin (- 30°) } ]

= %[sin 70° — { sin 110" + sin 30"} ]

— 1 0 0 . 0 . O
?[sin(lt’»o 110 — sin 110° — sin 30° ]

] Y e ap@
3 [ sin 110" —sin 110" —sin 30" |

4

= R.H.S.

3
- 16

Hence proved.



TRIGONOMETRIC IDENTITIES

MULTIPLE CHOICE QUESTIONS

(1)

(2)

(3)

(4)

sin 2a =
(a)  cos’o — sin‘a
(c) 2singL coso

cosda =

]
(a) deos'o — Icosa

(c) 3cosa + 4cos'a
seCX =
(a) sec(x +2m)

(Cc) COS X

sinP + sinQ =

. P+ P—0
(a) 2 sin= Q cos 5

Pt} P

(c) 2 cos 5 -cosT o
cos(a —pP) =
(a) cosa cosfd + s sinfy
(¢) stnae cosP + cosa smp

(b)
(d)

2sina + |

SINGL . COSt

|[Lahore Board 2005-08, Lahore Board 2015]

(b)
(d)

(b)
(d)

(b)

(d)

(b)
(d)

3cosa — 4cos’
None of these
[Lahore Board 2005]

sec(x +m)
sin X
[Lahore Board 2005|
. P+Q . PO
2sm=—F=.sin %

None of these
[Lahore Board 2005]
cose cosPp — sia sinf}

sing cosP} — cosa sinp
|Gujranwala Board 2005]



(6)

(7)

(8)

(9)

(10)

(11)

cosec (m—a) =
(a) sind

(c) cota

I +cos2a =
(a)  cos'a

(c) sin‘a

cos g -B ] -
(a) cosp
(c) sinf

2sina cospp =
(a) sinfa +3) + cos(a — [3)
(c) sin(or + ) —sin(ee — )

(31
sec {.,T 0)‘ =

(a) cosect
(c) ~sech

|1 +cosu
+ /7 -

£ \\t >
(a) cos 5
(c) tan 5
sinda =

(a)  3sina +4sin‘a
(c) 3sina — 4sin’a

(b)

(b)
(d)

(b)

(b)
(d)

(b)

(b)

(d)

(b)
(d)

cosa
cosecu
|Gujranwala Board 2005

2cos o
2sina.
[Gujranwala Board 2005|

|[Gujranwala Board 2005|

sin(or + ) + sin(a — 3)
None of these
|Gujranwala Board 2006]

—cosect

None of these
|Gujranwala Board 2006]

i
sin 5

None of these

|Gujranwala Board 2006]

dsing, + 3sin‘u
3sina + 4sin’u
[Lahore Board 2006]
[Gujranwala Board 2006



(13)

(14)

(15)

(16)

(17)

(18)

(19)

Itrcos® =3 . rsind =4 then ris:

(a) 25
(¢) 5

tan(180° + @) is equal to:

(a) tana

(c) cota

c0s26 is equal to:

| — tan 0

(2) | + tan’0
2tanbd

(©) | + tan-0

smb =

.0
(a) 2siny
.0

(c) 2.casT =

co-ralio of cosme 1s:

(a) se¢
(c) cosec

tan2a equals:

@ tana

a —

) | — tan~u
2tano

(c) B
| — tan—o

tan(270° + 0) is equal to:

(a) cott
(c) —~cotd

(b)

(d)

(b)
(d)

(b)

(d)

(b)
(d)

|
L

|
[
N

—tana

—cota

| —tan"0

| —tan’®

1 +tan-0
2tan0

|Lahore Board 2006]

[Lahore Board 2006]

[Gujranwala Board 2007]

sin 5 . Cos

o | D

§)

(S8

sine

COs

tan2a

| — tan“a
2tana

1 +tan"o

sin=. cos 5

[Lahore Board 2007]

[Lahore Board 2008]

[Gujranwala Board 2008]

tanf
~tan(

|Lahore Board 2014, Gujranwala Board 2009|



(13)

(14)

(15)

(16)

(17)

(18)

(19)

Ifrcos® =3 . rsin® =4 thenr is:

(a) 25
(c) 5

tan( 180° + ) 1s equal to:

(a) tano
(c) coto

cos20 is equal to:

) 1 — tan'0
@, | +tan’
2tand
() | + tan0
sinh =
.0
(a) 2SI
,0
(c) 2cos

co-ratio of cosine 1s:

(a) sec

(C) cosec

tan2u equals:

_ tana.
@) 1 tanka
) 2tana.
(©) | - tan'a

tan(270° +0) is equal to:

(a) cotd
(c) ~coth

(b)

(d)

(b)

(d)

(b)
(d)

(b)

(b)
(d)

[Lahore Board 2006]

—tano
—cotu
[Lahore Board 2006]

| —tan"0

| — tan’®

| -+ tan’0
2tan(

[Gujranwala Board 2007]

0 0
51I12.L052

.6 0
2sin . cos,

[Lahore Board 2007]

sine
cos
[Lahore Board 2008]

tan2a
| - tan’al
2tana
| +tan'a
[Gujranwala Board 2008]

tan®
~tan0

|Lahore Board 2014, Gujranwala Board 2009]



(23)

(24)

(26)

& . .
tan 5 is equal to:

]
(2) +A/l—cosu
5 oy fo — SUOR
/ 1+ cosa
{
Xl—cnm

(c) + "\' 3

'n
cos L: +0 chuals:

(a) cost
(c) sinB

25in12°sin46° equals:
(a) cos34° + cosS8°

(c) sin34° + sin58°

8in {T.E ~ (Jchualsz

(a) cosb

(¢) —cosd

2sina cosP equals:
(a) sin(fa +3) — sinfo. — B)
(¢) sin(a + p) + sin(a — B)

. {3m
sin (?+9) =

(a) coso
(¢c) sin®

2cos50 . sin30 =
(a) si80 — sin20
(c) cos80 + cos20

(b)

(d)

(b)
(d)

(b)

(b)
(d)

(b)
(d)

1 + cosu
\'\J 1 — cosa

.
. ,'l Fcosu
\Vi 9

|Gujranwala Board 2009

—sin0
—cosB
[Lahore Board 2009]

sin34° — sinS58°
cos34® — cosSR°
[Lahore Board 2009]

sinb
—simb
[Lahore Board 2009

cos(a +3) + cos(a —f3)
cos(a + ) — cos(a —P)
[Lahore Board 2009]

—cost
—sin0
[Lahore Board 2010]

$in80 + sin20
sind6 — sinb
[Lahore Board 2010]



(30)

(31)

(32)

(33)

o .
cos 5 is equal to:

| + cosu
(a) - (b)

1 +si
o (d)
tan2a =

2tano.
(a) ] — tan‘w (b)

tana
() | —tan’a (d)
cos(m—0) =
(a) sind (h)
(c) cosf (d)
cos(mt—0) =
(a) sind (b)
(c) cost (d)
sin (=300%) =
3

(@ -5 (b)

2 d
(c) ﬁ (d)

Distance between the points A(3, 8) and B(5
(a) A2 (b)

© 3 (d)
Fundamental law of trigonometry is

(a)

cos(a I ) = cosa cosp — sinc sinf

(b) cos(at — ) = cosa cosPp + sina sinP
(c) sinfac + ) = sina cosP + cosu sinfd
(d) sinfoe = B) = sina cosP — cosa snf

| — cosu
2
f :
L [ 1+ cosu
¥ \sz

[Gujranwala Board 2010]

2tana
| + tan"a
tano
| + tan’a
[Lahore Board 2012]

~sinB
~cosb
|Lahore Board 2012]

—s1in0
—cosH
[Lahore Board 2013]

ul

ok

|Lahore Board 2013]

. 6)1s:

Exﬁ

3\5

where o, 3 are any two angles:



(34)

(35)

(36)

(37)

(39)

(40)

(41)

(42)

cos 5
(a) )
VY3 +1
(c) =
\[3
sec (— 300%) =
(a) ]
(C) 2

(b)

(d)

(b)
(d)

'-JJ—i <'
r2

b
o+

2

=

-2

Ifa., B. y are angles of triangle then cos (o +) =

(a) cos v

(¢) smy

sm(a + ). sin(a - ) =

(@) sin‘w - sinB
(c) cos’a — cos P
cosl 19 +sinll1°
cosl1® —sinll1°
(a) tan 65°
(c) tan 56°

sinA + sin2A

1 +cosA + cos2A
(a) sinA

(c) COtA

2sin70 cos30 =

(a) sinl00 + sindd
(c) cos 100 + cos46
sindx + sin7x =

(a) 25In3x cosx

(c) 281nx cosHX

. (T . (m
s (Z—(]]sm (z i U) =

cos26

1| —

(a)

sinB coso

b | —

(c)

(b)
(d)

(b)
(d)

(b)
(d)

(b)
(d)

(b)
(d)

(b)
(d)

(b)

(d)

—Ccos Yy

o b

sin

sin“a + sin’p
9 )
cos“a + cosP

tan 54°
tan 37°

CcOsA
tanA

sinl 00 — sind0
cos108 — cosd0

28INX COSX
286X cosx

1 .
5 sin26

2sinb . cos20



(43)

(44)

(45)

(46)

(47)

(48)

(49)

(50)

(51)

If x > y > 0 then pomnt P(x, y) lies in quadrant:

(a) I (by 11 (¢)
. .
lan(—u +t5 =B ] =
(a) tan(ae + 3) (b)
(¢)  cotla +f) (d)
If cotar + coth = O thena = ?
(@ 5-0 (b)
(c) T+ (d)
2¢0s0(1 — ¢0s’0) < B sec’0 — 1 §

sin20 an tan’0 . cot
(a) | (b)
(c) 1 (d)
sech =

NI+ cot’0 _
(a) cotl (b)
(c) (d)

Sa

tan 5~ =
. - | — cosda b
(a) - | + cosda (b)
( 14 1 + cosSa. {1
€) - 1 — cosdu )
cosa — 2¢os a_;[} . COS u_;ﬁ + cosp =
(a) sina cosfd (b)
(c) sin(a. — 3) + cosa (d)
The value of cos 315° 1s;
(a) 0 (b)
(c) ‘\7£ (d)
cos 20 =
(a) 2 cosTa + 1 (b)
(c) 2 sin"o + | (d)

111 (d) IV
tan(a — 3)

cot{a - PB)

-0

None of these

< 0 then *0" lies in the quadrant:

11

v

N

1= sin’0
cosecH

“
v cosec O — |

/l-—cos
£\
\ | + cos -

None of' these

m‘é‘ ru‘b"

0
cosa . cosf

1

4

\2

2 cos’o — |

2 sind — |



Anawers

(1) ¢ 2) a (3) a (4) ] (3) a
(6} d (7) b (8) ¢ (9) b (10) b
(11) a (12) ¢ (13) ¢ (14) a (15) a
(16) d (17) b (18) & (19) ¢ (20) a
(21) b (22) d (23) a 24) C (25) b
(26) a (27) d (28) a (29) d (30) d
(31) b (32) b (33) b (34) d (35) C
(36) d (37) C (38) ¢ (39) d (410 a
(41) d (42) a (43) a (44) C (45) b
(46) b (47) ¢ (48) a (49) b (50) d
(51 b




- -

{ SOLUTION )

- il
Q.6 cosecc(m— o)
1 |
~sin(m - o)  §INT COSOL — COST Sina
U
00— (—1) sina
|
= —/— = coseca
SNt
Q.7  As. cos2a = 2cos’aw — |
| +cos2a = 2cosTo

Q8  cos E - ﬂ}

T .
= cos75 cos b +sin 7. sinf

0+ (1)sinf

= sinf
Q.13 rcosh = 3 . rsinf= 4
rcos0= 9 ... (1) risin’0 =16 ... (2)

Adding (1) and (2).

rreos0 +risind = 9+ 16
r’(cos’® +sin"f) = 25

r =25

I =35

Q.14 tan(180° + o)
= tan (m + o)
= tana

Q.15 cos20
= cos’0 — sin-0

cos'0 — sin"0
|



- -

{ SOLUTION )

- il
Q.6 cosecc(m— o)
1 |
~sin(m - o)  §INT COSOL — COST Sina
U
00— (—1) sina
|
= —/— = coseca
SNt
Q.7  As. cos2a = 2cos’aw — |
| +cos2a = 2cosTo

Q8  cos E - ﬂ}

T .
= cos75 cos b +sin 7. sinf

0+ (1)sinf

= sinf
Q.13 rcosh = 3 . rsinf= 4
rcos0= 9 ... (1) risin’0 =16 ... (2)

Adding (1) and (2).

rreos0 +risind = 9+ 16
r’(cos’® +sin"f) = 25

r =25

I =35

Q.14 tan(180° + o)
= tan (m + o)
= tana

Q.15 cos20
= cos’0 — sin-0

cos'0 — sin"0
|



Q.32 cos 5
x _ = 180 _ o
12 - 12" =
{:os,iﬂ—2 = cosl3®
= cos (45° - 30°)
= ¢0s457 . cos30° 4 sind5° sin30°
_ L y3. 11
“v’E‘ . \/E‘E
_A3
NN
IRVERS)
- 2
Q.33 sec(—3007)

1
cos(—3007)
1
cos(3007)

1
cos(360° — 607)

]
= = — =)
r 1 B
cos 3 2
Q34 As, o+f+y = 180°
a+pf = 180° -7
= cos(o + )

= cos(180° —y)

= —cosy



fad
h

Q.

Q.36

Q.37

Q.38

sin(fa. + ). sin(a — )
= (sina cosp + cosa sinP )(sina cosf — cosa sinf3)
= (sina cosP )* — (cosa sinf )
= sin’a cos™P — cos’w sin'P
= sino (1l - silﬂi} — (1 =sin"t) sin:[.“:
= sin‘e — sin“o sin’f} — sin"f} + sin“a sinB
= sin‘a - sinP
As,

o osin(45° +11°)
cos(45° +11°)

tand6® = tan(45° + 11°)

sind5° cos!1? + cos45° sinl 1°
cos45° cosl 1° — sind5° sinl 1°
]

[,
\ﬁ.u)hll "\/E:\IHH
1 | T
Ecosl 12 —ﬁsml 1°
cosl1? +sinl1°
cosl1? —sinl1°

sinA +sin2 A

| + cosA + cos2A
sinA +sm2A
| + cosA + 2cos A — 1
sinA + 2sinA cosA
cosA + 2cos’A

sinA(l + 2cosA)
cosA(1 + 2cosA)

_ sinA A
CcosA
As,
2sina cosfy = sin(a )+ sin(a = [3)

2sm70 cos30= sin(70 + 30) + sin(70 — 30)
= sml00 + sin40)



Q.39

Q.40

Q.42

Q.44

As.
P+ P—
sinP + sinQ = Zsin% . COS —,;Q
i ) . ORFR 3x —Tx
= sindx +sin7x = 2sin— 5 cos T,
. 1% -2x
= 2sin—5 . cos 5
= 2sin6x . cosx
As.
—-2sina sinp = cos(a +B) — cos(a —B)
|
sina sinf} = — S [cos(a = [3) — cos(a — )]
et [z ]_ 1[ (B o By
= >1n£4—9J.sm 4+8——2 cost4—8=4=8

T

= - % [cos (2 z]— cos(—EHi}

|

= =5 [cos %— cos?@ﬂ
]

= =g [0—cos28]
|

= -5 c0s26

RS =]

ltan lr—u.+ —[3}

= tan (% — (o + B)]

= cot(a +p)
As, cotet ~ coth= 0
= cotr = — cotb

Which is possible only ifa =7 —~ 0

2cos(1 — cos™0) 0
sin26 '
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