e o _‘__'—

Ko\ E ff"]‘\ W
I| 3 '.

erminants I

Ma.!risﬁﬁfaliﬁrﬂét

» Display information in the form of matrix of order 2.

P Solve situations involving sum, difference and product of two matrices.

P Calculate the product of the scalar quantity and a matrix.

P Evaluate the determinant and inverse of a matrix of order 2 -by-2.

P Solve the simultaneous linear equations in two variables using matrix inversion
method and Cramer’s rule.

P Explain, with cxamples, how mathcmatics plays a key role in the development of
new scientific theories and technologies, [e.g.. Mathematical models and simulations
are used to design and optimize new materials and drugs. and to ungﬁﬁund the
behaviours of complex systems such as the human brain, ﬂ,__ - -_- =\ (T (ﬂ

P Apply concepts of matrices to real world p@;rblt 9-)\‘ s) g@ﬁécrlng. economics,
computer graphics and physics), | \/7{\ *f

A matrix is a re&@“éﬂiark'ai:ray in shape, whose elements (entries) are written within
square brackets in a specific order, in rows and columns. The arrays obey certain
algebraic operations.

Generally, the matrices are denoted by the capital letters of the English alphabets
while their elements are denoted by the small letters.

g A= [c g] B=[5 7].(::{;]

of=2 0 wf0 6T . [k 0
D‘[o s]h—[o n}'[{u J

Rows and Columns of a Matrix
Row: Entry or entries written in the horizontal line or line
matrix.
Column: Entry or entries written m vcmcaf hnt{’qr mn&kﬁ;
a matrix. ¢ ‘xt 2 1) ‘H paLN=

For example, '




R R R R T -

Matrix A has 3 rows and 4 columns.

Matrix B has 3 rows and 3 columns.
C =[5]
Matrix C has | row and | column.
Elements or Entries

=2 3
IfA= L; 5 6]' then 1,2, 3,4, 5, 6 are called elements or entries of matrix A.

Order or Size of a Matrix:

It a matrix A has 'm' number of rows and 'n' number of columns, then the order or

RS i 0 1

5.1
size of the matrix A is "mxn" (read as m-by-n) Ofdﬂl' Ofmﬁk‘lﬁ\ﬁg%aﬂ?h 2:| IS
3-by-3. If order of a matrix ts -bﬁ\ m %\v d 4 columns, It does not

mean 3-by-4 = 12, however 12 Gfelemcnts in the matrix.

Equal Matrices: (RiNlo
Two matriceswinﬁ\ﬁ are said to be equal if and only if they are of same order and
their corresponding elements are same.

) -
For example: A = [4 _32] , B= {4 4 4 e : 6] are equal matrices.
Similarly, C =[a b] D= [3 4] will be Equal matrices if and only ifa=3 and b=4.

Solved Exermse 3. 1

1. Write the number of rows nd number of columns in each matrix.

00 3 321 5 9 -2
e [o n] B= [:}].C=|3 -10 11, D=[}‘ - g] Ez[—a 4 5]
Sol. Number of rows of the matrix A =2 Ik = 1;9‘ I
Number of columns in matrix A = 2 ﬁ \ ? | <
Number of rows of the ma H H” J H\\J HH
Number nf;olumns nf'th §ll§
Number nf'm frix C = l
Number of:o! ins of the matrix C = 3
Number of rows of the matrix D =3
Number of columns of the matrix D =3
Number of rows of the matrix E =2
Number of columns of the matrix E =3




2 Wrﬂe the order of each matrix. mmm

ﬁ i 11\ Au
NERRAEE

] gt B=[3 4]
Sol. A= [Oil N | Order of the matrix B is 1-by-2
Order of the matrix A is 2-by-1 D= 0 3 4
2 i AT T
35
8 5 Order of the matrix D is 2-by-3
Order of the matrix C is 2-by-2 N
E= _‘3 g] Order of the matrix F is 1-5y-1
5

Order of the matrix E is 3-by-2
3. Which of the following matrices are equal?

[ e M@}@@m
D= 5+@N‘M\F¥ “ﬂ 3+1 1

0 3 353 3
Sol. A=[4 1] and F= [1“ [4 }are equal matrices because they are

of same order and the corresponding elements are same i.e., A= E

9 5+4
B=[_7] and D= [ 3:_1] = D= [9 ]m equal matrices because they are of
same order and the corresponding elements are same i.e., B =D
2x3. 2-1 6 1 ﬁ 1
=|2x2 4-2| => C=|4 2 E= 2
244 340 g 3 and are equal matrices because
they are of same order and their corresponding elements are

a. ﬂ[“iz 5;4] [ ]tha@p«ht@m rifﬁu

...... 'I, "\\:‘L._

Sol. Given that L\hﬁ}ﬂﬂtﬁ; ];{g) 4 5

As both mafrices are equal, so corresponding elements are cqmﬂ

a+2=5 ¢-3=8 b-1=6 d+4=4
a=5~2 c=8+3 b=6+1 d=4-4
d=0

a=3 c=11 b=7




2 “[an 4] [7 y ﬂlﬂﬂﬁndthaulm [%; uﬁu’f}m‘t

f“\ Q \Jﬁ‘f
Sol. Given that 2x i 4 @ﬁ? j
As both matri eir corresponding elements are same.

2x + }\,

[ ath 2d- ] [}[1' i] then find the values of a, b, ¢ and d.

: a+b 2d-1|{_[10 § - G
Sol. Given that [3b+2 4 ]—]:11 c] ,Q@U@@\Nﬁ

2d — l (w)
From (iii)
¢ =4
From (ii) '
3b+2 =11
3b =11-2
3b =9

9
b ===3 = b=3

3

Putting b= 3 in (i)
a+bh =10
at+3 ulﬂ

Mo a =10-3=7 =:.~ a :—jk%(l ) \LS\T\J

) T
AT ‘}E’i
\:FJI ,cJ ﬁ

Zd_*l : J\}K_\\\J
Zd N
6
d =2=3 Sd=3
a=7,b=3,c=4,d=3




7. I [pﬁq p_szq} [11 n] then find the ﬂll@&:ﬁfﬁﬂ@hﬁ]ﬁﬂ'

L) = '."-|"I'1I

{ ‘-. 5 '“
Sol. Given tha{ p q %{:ﬁ&u&}} Wj

As both ma\rlﬁa;;@ﬂr&a su their corresponding elements are same.

ptq
p—2q =0 __{u)
From (ii) Putting q = 2 into (i)
P-29 =g p+q =6
p =49 +7 =6
S~ P
Putt p = 2q in (i) & = =
p+tq =§ 8] =6-2=4 :}p—4
zq +,q =§ HﬂﬂGE, P - 4,_[‘[ =2
3qg- =6
6

(i) Row Matrix: A matrix-hay E c\
Lo

For example: A = [0 | %‘% -kdfa] arc row matrices of order 1-by-3, 1-by-2

and 1-by-1 NW
(ii) Column atrix: A matrix having only one column is called a column matrix.
3
A=|4|B=|2 = .
For example: 5 ’ b |* € = [2] are column matrices of order 3-by-1, 2-by-!

and 1-by-1 respectively.
(iii) Zero matrix or Null matrix or Void Matrix

If all the entries in a matrix are zero, it is called zero matrix, null matrix or a void
matrix. It is represented by O.

For example: [ﬁ]-[g g]m[g g g] are zero matrices of order 1-by-1. 2-by-2 and

2-by-3 respectively. ‘1
(iv) Square Matrix: A matrix in which nur&hcr of rows /i3 Er#ith#]l\n t\he number of

columns is called a square matmﬁ' 1}% tlt:i }m-b?-n is often referred to as a
square matrix of order m| ‘w”

'."1.| -. \ 'nju.\..}-" -~ =
fﬂ\ltfll
For example: ’Q.f is a square matrix of order 3.

) a, 4a,
In a square matrix > =|2n 23 23y
a; a8, ay,




ay, ay,, a5, are called entries of principal dmgnnal or rn,am d]. ﬁ@\pr leading

diagonal. et S r’T:, o
(v) Rectangular Matrix: If the numberof &}n bkrj cnlumnsmamatrlx are

not equal, then it is called EWWWQt

For example: A = Lﬂf@ﬂj{[% [ .{] are rectangular matrices.

(vi) Diagonal Matrix A square matrix is cailcd a diagonal matrix if atleast any one of
the elements of its diagonal is non-zero and non-diagonal elements are zero.

2 00
2 0
For example: A= [g g g]-B = [g 3] are diagonal matrices of order 3-by-3 and

2-by-2 respectively.
(vii) Scalar Matrix: A diagonal matrix is called a scalar matrix if all the entries in the
diagonal are the same and non-zero.

200 50 [ v’_J

, A=10 2 0,3:[ ],C= 3 Hy-
For example: 00 2 5::;1[@::r nlatn?c?_%@d:r 3-by-3

2-by-2 and 1-by-1 respectively. ““
(viii) Identity Matrix or Un}l} lle:d an identity or unit

matrix if all of its main diag T@l‘ﬁr d the rest are zero.

xr
1 00
1N

For exampln Wﬁ i B g é ?} are identity matrices of order 1-by-1,

2-by-2 and 3-by-3 respectively. We represent these matrices as:

1 26k Remember!
L=[1]1,= 10 I.=/0 1 0 |A scalar matrix and identity matrix are also diagonal
' e e || 00 1 matrices but all diagonal matrices are not scalar or
identity matrices.

(ix) Transpose of a Matrix: A matrix obtained by interchanging the rows and columns
is called the transpose of the given matrix. If 4 is a matrix, then its transpose is

written as AL
LR
1 2 4
. =[ ] = A4'=20
For example: 8 0 5 [ 4 5] ,;-.\ e T‘EU‘
(x) Symmetrlc Matrix: A square matrq A fsyhmml\fjlj is(:et[hal to its transpose,
e, A= éhﬂf}i AL
|
243 \k L\}T
For example: A ;JL; \Iﬁ#}ﬂf@;]“ 3 4|=A
Thus, A is a symmetric matrix.

(xi) Skew-Symmetric Matrix: A square matrix A is called skew-symmetric if Al=—A.
For example: B = [2 -05], then B' = [ 05 {5}] =-B




Thus, B is a skew-symmetric matrix. o i i

(xii) Negative of a Matrix: The negative of a mat{p:ﬁ 13 ﬂbﬁfﬁed hy:multlplymg each of
its elements by 1. It is denqted by 1-1’}-« el A

For example: If A =[3 4;] j;:q. oAl %—x[—?l\%'l i

1. From the Iolluwmu matrlnns iduntliy unlt matrlnes row matrices, column
matrices and null matrices.

_is7o,8=p0,©=[8 3], P=10 31“&]-“@]

Sol. Matrix A is a row matrix of order 1-by-3
Matrix B is a null matrix of order 1-by-1
It is also a row matrix and a column matrix.
Matrix C is a unit matrix of order 2-by-2
Matrix D is a null matrix of order 2-by-2
Matrix E is a column matrix of order 3-by-1_ '”_“1 (

Matrix F is a column matrix of order 3~Byff‘ f\ \’ H\\ ] (9

2. |dentify type of the ui@ﬁﬂ s\ W, r.nlumn square and rectangular

matrices. N *"wﬁ‘ AIASY
\'J|\‘
s NUME ST 35 8 5 _5
A= i] B= [4 1]. c{u -2], D=[z 7]
L

5
4
it TR
T ] TR o e 0 S | R (€ 16

Sol. Matrix F is a row matrix.
Matrix A is a column matrix
Matrix B, D and G are square matrix
Matrix A, C, E, F and H are rectangular matrix.

3. |dentify diagonal, scalar and unit matrices.

SR el Gl

Sol. Matrices C and D are dpé{ s fﬁm:lcr
|

rf.“'ll"-,".
A
e

<.c.‘.@
F %
(&

Matrices B and E are Hmatg Jof order 2-by- 2
Matrix A is w i‘.‘.- order 2-by-2

4. Find transpose of each of the following matrices:

A—[z 3] B=|7 p=|3 &
451 6! C=[5_z4ls 4?




A [2 31 B % Y\ DG 'J AL
p RIS i =I5 & L TREED | &
Sﬂl 4 5 * 6 ¥ — B .\I'III’{-GI .-;‘2 ||.1 '|I tll'-.ll I-ll'.\__| :]IL,-III' 1 4J|I ?

W 5_"%55'5".’3 5‘
i 2 4 : '\ﬁ'i.-ﬁlﬁfﬂlﬁ'-ju d:_ wreli2- B
A [3 5] \Igr\m\fﬁxﬁ'i o, C T—z} D _[5 : ?}
5. Find negative of the following matrices:

[-3.8 =3 3 9 1
a=[28 s-[33 <[P 3]

EJ{(‘« ﬁ,dﬂ

3 0 3 =3 9 -l
Sol. ‘A"*[—s —6] ‘B=[2 -.2} S =[*1 ?]
6. I A=[§ 3] and B=[; g],then verify that
(i) (AY'=A (i) (BY =B e
93 1612\ [CONLP
wo i) ©lmefige
A \ x"? ._I'." e -
v f2 4 O\t~ [T 5
Il S
AN
{AI)I _[‘%F\S =A (Bt)l+[§ g]=B
So, verified that (At) = So, verified that (B")' =B

2 3 4
7. Show that L = [ -2 5] is a symmetric matrix.

4 5 0
A
L=|3 =2 5
Sol. e

2 3 4
L'=[3 -2 5|=L A
e

L*=L so, L is a symmetric matrix

Basic operations on mraﬁ are:
(i) - Multiplication df“pl atr y a scalar.(ii) Addition / subtraction of two matrices.

(iii) Multiplication of two matrices.
There is no concept of dividing a matrix by another matrix and thus, the operation

E , where A and B are matrices, is not defined.




Multiplication of a Matrix by a Scalar - ﬁ;ﬁfﬂﬁ

--HI' ':-\
Furagwcnnmh—[g 2 ;-]‘anda A ;\%‘.ﬁ;‘mb I ;ﬁmxas M—]:M ﬁ k;;]

‘ﬁl \,ll R \.-.__'L —
that is each c[emcnt hcd by a scalar k. In particular if &= —1 -1, then
_|=a =b \:ib' J U
A= |.d - -f|
Addition of Matrices

If A and B are two matrices of the same order, these can be added, then their sum
denoted by 4 + B, is again a matrix of the same order. They are said to be conformable
for addition. 4 + B is obtained by adding the corresponding entries of A and B.

3 8 2 4.1 =
e CIRCR I T 5 , then find A+ Band B + A.
6D 7

3 8 2 NGO uﬂ
Solution : Given that 4 = { 1 fﬁiﬁ f"w AnE
60@ {M\
Aand

Order of A = 3-by-3 and u B are conformable for addition

7
o un | 80 IH;} [g : ?1

[6+2 0+3 7+4| |8 3 11

[4+3 138 242 79 0

L I3%S 043 6l ]8T LT

M IrAS 1246 340 4en)e EnE
Subtraction of Matrices

If A and B are two matrices of the same order, they can be subtracted and their
difference is denoted as 4 —B or B — 4, it is again a matrix of the same order. They are
said to be conformable for subtraction. 4-B obtained by subtracting the corresponding
entries of B from A.

5 9] 36 2=\ e
Example 2: lf.at=[4 8 | [2 1 ,tjk:n d d al L@;}d‘:""
- LR hi
[5 9] S\f3 78 Lk
Solution: A= |4

oIS

Now, A — B 4=19 | 1]_

3-5 6-9] [-2 -3
adB-A=[y_g fog|™|-2 -9

| P




weseed-B#B-A i /—w"ﬁrfﬁ

. = B= \
' O | N I"'. \\L\*\Ef’
- 2 47 AR
Solution: i\lﬁ };FJBYEL\EEI 3 ﬂ’

Order of 4 is 2-b§j\4 and order of B is 2-by-3.Therefore, 4 and B are not conformable for
addition and subtraction. .

Commutative and Associative Laws of Addition of Matrices
a. Commutative Law of Addition of Matrices

For any two matrices 4 and B of same orders 4 + B = B + 4. This law is called
commutative law of matrices with respect to addition.

1 3
6| g=|4 2 2
9['" [0 -1 0

1
)
8
L
]
=
el

Lot i - d=td
7

1
Then A+ B= 4
7
1

Bapgin 3 1
andB+A =|4 2 2/, |4
0=l 0 7

341 1+2 343

4+4 2+5 2+6

0+7 -1+8 0+9
Hence, from (i) and (i) A+ B=B+ 4
Commutative law of addition of matrices holds.
b. Associative Law of Addition of Matrices

For any three matrices 4, B and C of‘same nrd q,Bj*‘!-\Nﬂl‘ 94\4&%-5- E’] This law is
called associative Iaw of matru:cs w1th

I".lIII 'l\l?'\J 020
\ 2 303
i ]] ll'J
24
456+422 303
78 S =i O

4 3 6
8 7 81 @

.79

then(A+B)+C=




1+3 2

|

4+4 5+2 6+2
7+0 8- 94}

1 3%37

)
=
-._"\

0 2 {:I' . '“‘"}'\.,If;:jl‘:j'lll"ﬁ'l'ﬁb
11'3 'Illl" I|'{
%.\Q

\
'l.

gt

41\@\1!@" \\\ Uy 415 6]
,Cﬁﬂmj' JR e ) 8 0 W T Q)
it (ke 17 9_ 1 el R aBi a0y o
it 2 3T (T3 a3 02_0]“
& : 500 4 2 21+{3 0 3
dA+(B+O)= +
'""{BQ_?aoku-lﬁlll_,,
1 2 31 [3+00 152 340
=|4 5 6| ,[4+3 2+0 2+3
2l 8 9] [0+1 -1+1 0+1
o B 528 FT TaTeg s 4 5 6
-4 5 6 ?25211?11,,,_.._*5‘51
7 8 9 + e t g q%':f}}“ .'[E; \Jﬁfﬁ‘,h \
Hence, from (i) and {u} (A+B}+c‘ @\x‘_ th il
Associative law of addition o i N
Mmmnmmm :t:

The additive.jd

Mathematically, 4 + O

| "of & matrix
same order, Imve} it unchanged.
=A=0+ A, where O is

is a matrix that, when added to any matrix A4 of the

the zero matrix (also called the

additive identity matrix).
i 23 0 0 0
4 5 6 0 0 0
Let A= 0=
7 8 9 0 0 0f
.23 neie 01 [t 208
Then A4+0=4 5 6/,(0 0 0|_[4 5 6|_,
7 89/ (000 (7809 »
0 0 0 1 2 sy up 3 ‘\Ff“\ ﬁ@&'i"\‘s;xh
JOE YO @ 4 5 6__ '"ﬂi.r'nﬁf M.' o Jo=
lﬂd O+A_‘ + ,_l-?-a- \ A Ll
0 0 0f a\ Qﬁ u__xl.,_ﬁm‘tﬁ B
Mmmmohllam H
The additive lqymfi@ m)&ﬁx A is another matrix —A such that
NN A+(-A)=0=(-A) + A.
-2 1 3 P2 s
4 2 0 -4 -2 0
Let = , then —A =
-3 0 5 L 0 -5

s



L O

New A +(-A)= (43

i [ a0

Thus, A and -4 are dddll‘l\rﬂ inverse al Eﬂi..h other.

Solved Exerc:se 3 3
1. Which of the following matrices are conformable for addition and subtraction?

3 4 3] 1 7]
— =4, Wy | ,Bz 4 ;C=|5 ZI,D= 2 5 1E=[2L
a-] £
F=[7 11} ,G= b yH=[3] M= |y
Ans, Matrix A and ma-tm D are conformable for addntmn and :@*})&E@: thase
are matrices of same order. 9,10
Matrix B and matrix G and M are c{mf d su

those are matrices of same order. ::}

btraction because

Matrix C and matrix F a nr addition and subtraction because those
are matrices of same
Matrix E and Ma i are umr‘armahle for addition and subtraction because those

matrices are of same c-rder

- 1 =1 1 0
2. tX= [_2 N J Y= [3 ﬂ and Z = [g _2}, then find the following:

i X+Y () Y+7Z (iii) 4X-2Z
(iv) X+2Y +3Z v} X-4Y+Z (viy Z-7Z
Sol. Given that '

1 = 2 39T
x=[_,2 z]?‘f'ﬂz 41 ﬂﬂd2=[ﬂ —2J

(i) X+Y !
g, ofa R (\gm
[[:ifU: g rmm@“
—|-2+3 2+4 }j

(i) Y+TZ

27R }ﬁ
Y+T7Z= 31 4 +7 _2

2

4

i LE21 240 29
i 0 —14* 3+0 4-14)=|3 -10

(=




(iii) 4X - Z = Ja‘w \

4X-Z= 4[] *1} L (E(\\ﬁ\j\gm e
il B 200

(iv) K+ZY+

1~ 1 2 3 0
X+2Y+32L= 3N +2 3 4 +3 0 =2
S W U g e i L T
=12 2| Tl68] |0 =6
(14249 -1+4+0] [12 3
=|2+6+0 2+8-6]7|4 4

) XA4Y+Z
W 1 -1 12] 30 T

e z%u%@\ﬁ L

-1 S-l-U
—2 12+0 2 16— 2 14 —16

(3 0 3 0
ZZ=1p <2|~"|0 =2

(3-3 0-0 00
T10-0 2+2|7({0 0

3. Find the additive inverse of the following matrices:

5
o p=|3] @ Q=9 -3

e —.'"_‘wlq‘?-:ﬂ',
Sol. -P=[-f] Sol. - g[ ‘3“&"3

07 fi’\ {N
(iii) R= { T_; TK ”@y}ié \T
Sol. —R\f iy o= . Sol. Given that S = ]

1 0 —1 0. .
B==la 11510 <1 is the additive inverse of S.




2 3 3 4
(i) A+B=B+A

(C
(iii) FA+B)+C=2A Uﬂ\» ﬁwiu\i‘ﬁv

(i) A+B= B+ I
2 3PN 4
So., A+B= '__3 ) 5 6*

s st IS T G I R
EETN ISP el 0 e

(3 41 T2 3]
S AR i = i)
(342 4+3] [5 7 >
=1s=3 6+2||2 8| —®

Hence, from (i)and (i) A+B=B+ A
(iil) (A+B)+C=A+(B+0C)

2 3.k3 4”
Sol. (A+B)+C= [_3 zjl [5:}%

Il

2+3
= | st i%}*

Il

g

1 [[3 41,1 -2
A+BHC=1 8 915 )70 5

. 31 1841 42

5+1 7-2
240 845 2 13 —®

|
53[5 4]

=13 2] 7 |5+0 6+5] *[

S

3(A+ B) 3A+3B

@u

A+{B+C]

m N

o 3

-3 2
[ 2+4 342 6 5 “
{345 2+11|={2 13| =W
Henc:,ﬁ‘omil)an{_'lt)(A-FB)-i-C A+(B+C) J
(iii) A+ B)+C= 2A+(B+C] \\'\ \\}\\ (c:
Sol. 2A +B)+C = [2 @V&ﬁxj
I 4+3 6+4

iy +{z 2]]+[é -

2

J+

—6+5 4+6

.F‘

H

co

1 =2
& 5

:




A it] el i, L
3 ﬂ@f@ﬁﬁ@

741
H9%

s @mﬁ

\ffﬂ\ [3+t4-21 T4 6l 44 ]

= 4: 4 Luo 6+5|7|~6 4 *Ls 1|
(444 6+2] [8 8 3

TL6+S 4411 T (-1 15 — ()

Hence, From (i) and (ii) (2A+B)+C=2A + {B+C}

(iv) 3{A+ B)=3A+ 3B

Sol. 3(A +H)=3”_23 2}{; g”

]' 43 3+4] [Lﬂ ’,' _[15 21] @Qm{uj

5 4.-"'6

[ ; @Qﬂ@f ﬁiﬁﬁ?
M 6/ 15 J"[f;ﬂs g::s] ][:a Sﬂ — ()

Hence, from (i) and (ii) 3(A + B)=3A +3B

5 6 -5 =
5. IfA = { ~ -ZJ and B = { j 26 J then show that B is additive inverse of A
and A is additive inversa of B.

{- -5 -6
Sol. Given that A = and B = S

As we know Lhat if A am'l B are two matrices of same order such that A+B=0=B+A
theri A and B are called additive inverse of each other.

Nowa B =[5 S]+[3 ﬂ@ @W@m@m
&%Q___(r]

55&

[ =545 —6+6]
B+A—\\£QE{ +‘*Tﬂz? ~T+7 425 z]

: = 1)
Hence, me(;)and{u}h+b—ﬂ—ﬂ+.ﬂ




6 -2 8 -1 e 1;&?&"&
6. llﬂ=|:“ 3]!lldﬂ=[3 ﬂly.mmmw?ﬁf}gg,
t=At+BlO ‘“"f Bit= Al_ Bt
() (A+B)'=At+BOl\or ] B!
@) (A+B)t=At+B f\q”\\ﬁ\j\ﬁ
@ 8 =1
Sol. Gwanthath-”ﬁ 3jandB- 3 0]
6 -2] [8 -1 [6+8 -2-I
A"'B:h +I__3' 0 =h0+3 3+0
§4 3],
AR =[3 3]
(14 3]
(A+B) =] 3 3|—®
_[6 =27 . [8 ~1 i o &R
A'+ B -_0 R +[3 0 |_“2 3 1%4&1} @\5\
(648 0+3 of g
= [-2-1 3+0~lj%&® .
BPRN NN
=l-3 73—
Hence, ﬁ'om(;}and(l|)(a+ﬂ)t Al+ Rt
(i) (A-B)'=A'- B
6 -2 8 -1
Snl.GiventhatA=[0 3]3“(1 B=|:3 0]
6 <21 [8 I
A=B=ig .3 |{3 0
3 B_'ﬁ—s -*2+1] [-2 _1]
= N0-3 3=0]"|=3. 3 ; AL
:-2 -3 o -.ll"*f:"-\-.:‘?-lﬂl;;_;" \F\_u}?"'}(‘l :l\l_ll \LE_\}
{A_B}I=L“1 3] ® \\N\l'ﬂ\u*m«u\i/_
?“H Tﬁn \
Lpgt=[6 -2 wi “Ji6~8 03
iy *ﬁ?\»wﬁﬂ ﬂ‘l[—Z 3] [-1 ]‘[-24-1 3-0]

Hence, From (i) and (ii) (A-B)' = A' -




Pl
%) GO

Multiplication of Matrices
ical mh with a matrix B if the

lefor mi
%,

"ktheh the product uf matrices A and B is denoted

A matrix A is said to be conform
number of columns of A is equggm

Thus, if A and B are given tw ﬂ%
by AB and its order T-'f ‘Esy

The order of AB tsﬁi-byp = number of rows of A by number of columns of B
Remember|

r‘h must be same :
l‘ Sp e ' S
-_.. ‘ ., '-.';T":"*.:""_;-:.'
Product is of order m x p J
M

For Muiltiplication

if A and B are two matrices two and we multiply A with B when:
() Number of columnsin A = Number of rows in B. -ruﬁ \ {\,-“*\L“ V) 4\3
(i) Multiplication of two matrices A and B is written as f fﬂ i{e]

element of the first row of the

(M) To find AB, we start with the first ro nf W%Q.ts’ each element with the
corresponding elements of thw ‘add the products. This gives the first

Next, we multiply each e t row uf A with the correponding element of second
column of B and dcts This gives the second element of first row of the product
matrix AB.

Similarly, we multlpl*,r all the rows of A with each columns of B and add products to get
remaining elements of the matrix AB.

a b £ m
Example 4; If A = o 3 B = n p [ then find:
(i) AB, if possible. (ii) BA, if possible.
Sol. (i) Number of columns in matrix A =2

Number of rows in matrix B = 2
Thus, AB is possible

a bl[f{f m o
o ] P
[+ n p F{:\‘JI || l:, :::_-", TI" {Jl.“'l?__} )
AB:{afﬁ-bn am+bg' 'Q\xﬂu AN~
cl+dn cm+d \\_;Db}’ s
W

(i) Number of columns 1w§k£\

Number of rows 'inﬁ
- Thus, BA is also possible

S I




gl [fa +me fb+md] I,.,M.;:E C_@ﬁﬂﬁ‘ﬁ
| na+pc nb+pd
Example 5: If A =[

(i) AB,if (n) BA, if possible.
Sol. (i) Number nfcnlumns inmatrix A=2
Number of rows in matrix B =2
Thus, AB is possible

[2 o]f-2

o aa=l ST .
[2x(=2) + o0x1 =—4+0=—4]
"{51.-(-2) - (~3)x1] -10-3] |-13

S

Number of columns in matrix B=1 T
HQQ_ i_y\

Number of rows in matrix A = 'r' \R\
Thus, BA is not pussﬂ:le \ \ \‘ﬂ

Skilled Practice! f\p (N J\J

IfA=[5 3]andB [ ],thenﬁndABandilsurder.

Sol. AB=[s 3][_12]

=[E2)+3(0))
| =[-10+3]=[-7]
So, AB = [-7] and its order is 1-by-1.

1

Commutative Law of Multiplication of Matrices
Pl .ﬂ-_":(f_. Iﬁ;q{:ﬁl
T [. o_l"'-,. 4

5 2 1.3
Consider S [ }B‘:{ ] ey
s 4l 10 2 e
W et
Q}T“ \V‘K Pl

5x5+2(=2)
3x1+4xu 3x5+4%(=2)

_[5+0 25-4]_[5 21 _
seoiciseRlila. 7 1)




Now BA

|
“x'?‘:J“W 5+15 2420 20 22
0-6 0-8| [-6 -8

From (i) and (ii), it is verified that AB = BA
Thus, commutative law under multiplication does not hold in general in the
multiplication of matrices.
Associative Law of Multiplication of Matrices
If A, B and C are any three matrices, then (AB) C = A (BC) is called associative law
of multiplication of matrices.

s | o P
g O i et &w@jﬂ AL
Now, (AB)C WP}

[2(1)+1(4) 2(2)+1(o)} {2+4 4+07 [6 4]

[4(1)+5(4) 4(2)+5(0)| [4+20 8+0] [24 8

T2
ez 1l
" lo 3[4 o

[2(1)+1(4) 2(2)+1(o)}_[2+4 4+0}[6 4]

[0(1)+3(4) 0(2)+3(0)| |0+12 0+0| |12 o

-.{ii)

1 0][6 4
ABS)=1, 1][12 UJ | (‘M\N
[1(6)+0(12) |(4)+u( { Ii\)\u\ﬁx

2(6)+1(12) %
= 6:;1 I {rﬂ ;
{ 2%} \H'ng

Hence, from (i) and (ii)
(AB)C=A (BC)
Associative law of multiplication of matrices holds

8 i)




Distributive Laws of Multipiication Over Addition and
(a) Let A, B and C be any three

(.:‘5 \"E"._a I"E

A0~

ve laws of multiplication

over addition are as l.‘olﬁjlm

el

(i) AB+C)=
(ii) (A+B

ZJ
B
1

!:‘_0+? 0+6
i 23
L

e L&h@@

AB+AC= ot
2 405 "2

Hence from (i) and (ii)

o il 2 2]
1(4)+2(7) 1(1)+2(6)
[ 0(4)+1(7) 0(1)+1(6)]
'4+M»1+u} Fs 13]

wﬂﬂf@{? o

I:utive law over addition)
(Right distributive law over addition)

s adefs )
fo il

L

7 6] A1) i
-. r".l 0 i
3+4 kjfi x$¥” o0&
/2' /
E@%3+4 1 4
| 0+5 0+2 D

7T+11 9+4]
245 4+2

H

18 13
7 6| -~

AB+C)=AB + AC
Similarly, we can verify right distributive law.

(b)

If A, B and C be any three matrices, then distributive laws of multiplication

over subtraction are as follow:

(i) AB-C)=AB-AC
(i) (A-B)C=AC-BC"

Let
A(B-C)=

Jﬁﬂ\ﬂﬁ :

1(2)+2(1)
0(2)+1(1)

e ]
Bl

(Left distributive law over subtraction)
(Right distributive law over subtraction)

AT e
i
S,
1(2)+2(1)} =[2+2 2+2]

0(2)+1(1)| Lo+1 0+1

A
’fia IR
..._;1 o

4 4
1 1] ~®




J‘ 2][4 3} E}(;)}i(}) &3(3;{%5313 2).€ O

R 1

ac=[ ] ‘J [1(2)*‘2(0 1(1)+2{1)]

1 [0(2)+1(0) o(1)+1(1)

*0 1421
0+0 0+1 0 1

6 71 T2 Sl6=2 =91 (a4
AB"AC_L z]{u J L—u 35 1] L IJ -+48)
Hence from (i) and (ii)

A(B-C)=AB - AC

Similarly, we can verify right distributive law over subtracti \

oy ﬂ R
Multiplicative Identity of a Matrix *- W [72)E

® ﬁ., 'u"'-, f -,II ¢ A~
The multiplicative Identity u J;( ,rs?’{mﬁ Aen multiplied with any
matrix A, d-:}:s not change it. i.c., ‘Tq“%ﬂ%

Let A= ‘I‘xl \UN'\]\ U\\”

0

4(1)+1(0) 4(0)+1(1)
_|1 0][2 3]_|1(2)+0(4) 1(3)+0(1)
& [o JL J [0(2)+1() 0(3)+1m]

_[2+0 3+0] [2 3]_
0+4 0+1| |4 1

Hence, I is multiplicative identity of 0 matrix A,

4+0 0+1| |4

. o 'I,
: e — "'n':‘-;,"\ k[_ J .lL{‘l A
Snlved E"EEI‘{‘]S# 3.4 NGt

1. Find AB and BA, if possible. -

0! m=[_‘}l ﬂ B- E z,nli ﬂp‘\g\xﬁ.\_,

K2 3 2
Sol. Given that A{_} 0:' and B*[l _IJ

Number of columns in matrix A =2

'[1 Jz[z(nu(o) z(o)+3(1)] [2+n u+3J 23

|-




Number of rows in matrix B =2

KA fP[D
Thus, AB is pnsmhle X .;\ k ﬁﬁ:ﬁ;\_‘_\ff.{’ég, Yol ==
e ) (s
AB=| ' Wz A\ U"ﬁ SRS
I =1 U*\x 1\\5\\:, =
I{3]+ ]&i ”} 342 2-2]_[5 o
~I{B)H r) n1{2)+u( 1) -3+u 2-0] |3 -2
3 2 1 2
Given that B[l _l]mﬁ{_] n]
Numbers of columns in matrix B =2
Numbers of rows in matrix A =2
Thus BA is possible
3 2 3()+2(-1) 3(2)+2(0)

wefi 25

3 2 6+0| |1 6
1+1 2+0| 252
@ A=[1 -2]*3

1 mﬁ
Sol. Given that A = [1 ‘2 %h&\% kf

Numbcro s in matrix A =2
Number of rows in matrix B=2
Thus, AB is possible.

AB=|1 -2]{_2]

=[13) +(=2) (4)]
=[3+8]=[11] :
And number of columns in matrix
B=1
Number of rows in matrix A = 1

Thus, BA :s possible.
BA =
p‘“\ g‘a}u\u

3xl 3

-45@]‘33«

—4 8

{+(=1)(-1) 1(2)+1(0)

Lo ATaos

|

W | Tni%
=)

4
4

Number of columns in matrix A = |
Number of rows in matrix B = |
Thus, AB is possible.

AB = m[z 5]

4(2) 4(5)]
4(2) 4(5)

'8 20
8 20
iflihs in matrix

Ar;d nu\:lt_;]b;r\qfr—_@ﬁ
hn \\wh:ése

r*df rows in matrix A =2
Thus, BA is possible.

BA=[2 S]H

=[2(4)+5(4)]
= [8 +20]
= [28]

Sol. Given that h{ :IandB=[2 5]

=

=




v A=
3
Sol. Given that * =

Number of columns in matrix A =2
Number of rows in matrix B =2
Thus, AB is possible.

s 1(-1)+2(2) 1(4 )+2(3) 1(1)+2(1)
AB=|-1 1 [_I : I:J= -I( 1)+I(2] ~l(4)+1(3 ~1(1)+1(1)

3 "D 3(4)+0(3) ﬂ%ﬁ«?l

“1+4 446 142 10 3 ,\\ R ]‘J} €

b e s o %l\ Wl
340 12+0 3+5*S

And number nf:W]\nf iXxB =3

Number of rows in matm: A=3
Thus, BA is possible.

2
[ o4 _[-W*4D+16) -12)+4(1)+1(0)
BA—[z 3 IJ;I {1) | 2(1)+3(-1)+1(3) 2(2)+3(1)+1(0)]

_[-1-4+3 2+4+0] [2 2
2-3+3 14+3+0| (2 7

15
Gl o ez
= = ¥ FlLG W\
m A [3 1 J,B 2 4 L fi r,j..fx\ﬂ%ﬁ (E©)
1 6 4 ﬁvll‘fﬂ% { VA ﬁ"ﬁ\j & :|'.II
A{l i ﬁ NBE2 4
Sol. Given that “** S Eha, ==
SN g5

Number of columns in matrix A =3
Number of rows in matrix B=3
Thus, AB is possible.




. A
G2 2 (1]+2(2)+2( 2 afef) 0
h__s 1 1 J& T@@((ﬂ*)%@ge 4)+1(6)
='1+4+2 W{P‘

34241 }%-rﬁ 6 25
And number of columns in matrix B=2
Number of rows in matrix A =2

Thus, BA is possible.

I Py 5 s 1(1)+5(3) 1(2)+5(1) 1(2)+5(1)
Bas|2 41 1 2 lela)+a(s) 202)+40) 22)+)0)
1 6] 1(1)+6(3) 1(2)+6(1) 1(2)+6(1)
6 7 7] -
=14 8 8

@
19 8 8 Nj;o\kgm

. v i ]

() AB=BA N
5 1 SEKMQNJ 5(2)+1(0)  5(~1)+1(3)
5""‘6‘3"[-1 4][0 3|7 -1(2)+4(0) -1(-1)+4(3)}
_[10+0 s+3] [10 -2
_[—2+0 1+12| |-2 13} 0

Bﬁ=[2 -1}[5 1] _[2(5)+(-1)(-1) zu)+(—n'(4)]

0 3[-1 4] | 0(5)+3(-1)  0(1)+3(4)

10+1 2-4 11 =2 y
0-3 0+12| |3 12 -+(18) _
Hence, verified ﬁ'om (i) and (ii) that AB = BA o O
(i) A(B-C)=AB-

Sol. B-C=|_ 2 —1 Q@E@@CKH \\\}

\f‘*‘
e

= ~l

| [ ! 5




; - " 5(=3)+1(-1) 5(-2)+1( ) ACMEP
-1(3)+4(-1) \-IL 254 lhﬁaf e T
[-16 -11 ( ‘ajd\u

w@'} \ 0

o [[.,0 o T
_[10+0 -5+3] [10 -2
2+0 1+12] |[-2 13

5 [[ i -Las 05

25+1 5+4] 26 9

-5+4 —1+16| |-1 15 0\ @ FUW‘{\
- 10 -2 26 9 IO@Zd‘m ‘e\ &

-16 X ]

—2%1 '12 g | e (ii)

Hence, verified from (i) and {u} that A.{B—C) =AB - AC
(iif) A(BC) = (AB)C
: —1][5 I] y [E(SJ*"(*I)(I) 2(1)+(=1)( )]

SoLBC=[o 3]0 4] [ o(5)+3(1)  o(1)+3(4)

_[10-1 2-47] 9 -2

“lo+3 o+12]_[3 12]

ol T A ] o

_[45+3 -10+12 IHI‘S)J
| 9+12 2+ﬁ ﬁ)\i i

. VRIS 5(2)+1(0) 5(-1)+1(3)
il Ll “i 0 3] —1(2)+4(0) #1{—1)+4(3)]

1040 -5+3 10 -2
—2+{] 1+12 —2 13




el ol M

802 10 3 """"
= ,.10.,.13 \%@ % ............ (ii)

Hence, verifi elﬂfi]:)hll\tl) and (ii) that A(BC) = (AB)C
(iv) (BC)t = C'B
2 *—1][5 L] [2(5)+(-1)(1) 2(1)+(=1)(4)
[0 3 {1 4f | 0(5)+3(1)  0(1)+3(4) ]
(101 . 2-47] fo - '

Ber 0+3 0+12] |3 12]

Sol. BC=

(Bc)t{—gz 132] (1)
B=[§ ;l]’C=E l} “ @ﬂ@d\"ﬂi\l
' AR,
g %S\Efif@\\;gi\ Gt
o TS o]
[10-1 -0+37 [9 3
=_2—4 0+12]=[_2 12} (i)

Hence, verified from (i) and (ii) that (BC)t = Ct B
(v) (B+C)A=BA+CA

2 -1, fs 11 [245 <1+
B+C=
i [0 3} L 4] [0+1 3+4}

F 0} | TH10(4) N “?:l o
mene[] 1 1) ”)g;ww

%’ﬂwm@ﬂ T

5 7 Jl+28 -2 29

[2 -4]{ ] [2(5)+( 1)(- 1) 2(1)+( 1)(4)}

0(5)+3(-1)  0(1)+3(4)




=[m-u 2-4'_[11 =2 N
0-3 0+12, 12 |:2.]\H\ﬂ“\\
< Nﬂﬂf ‘L\ )+1(4):|
*}J*’f RUEs)+4(=1) 1(1)+4(4)
25-1 5+4] [24 9
[5*4 1+16] |1 1?]
BMC&:[M -_2“+[24 9]
332 | L0
[11+24 2497 _[35 7 )
*[_34-1 12+17}[2 29] 1)

A
\rh wiga A

Hence, verified from (i) and (ii) that (B + C) A=BA +CA

So,x=4and y=-2

4 a 6 _ 6 ,-nl_
3 i [b 3][6 _3_, then find the values Tnn};\j A\ € o
4 alleiEiE B LS T
Sol. b 3] \1‘7“\\ g&xfu&g« 6
\_ \ a=-3
4(6)F jj 6b+18=3
h(ﬁ)ﬁ 6b=3-18
(24+6a| [6 ~6b=~15
6b+18 | |3 fouA0s
Corresponding elements are same 6
24+6a=6 W
6a=6-24 2
6a=-18 '
5
So, E="3,b=—5
11 o] _[7
It T v
Shly 2)ls " |# @ T'i_‘iﬁu\’-‘\ﬁ“-“ y+6 2] (4 -2
x(1)+1(3) WJ%@; Ok gl
y(1) +2(3) )+2 (-1)| [4 -2 x=4
x+3 0-17_[7 - ;:ﬁ:‘*
y+6 0-2]| |4 -2 y=-2

}




Determinant of a Matrlr of Drdarz M x 0 \‘» -;:_'

|I'. \ 51;.\"“*" EER

\\§
Let A= [ J fgjméfr’xlnf order 2. Then the determinant of A is defi ned as

=19 %
IA’ L"'z?agzz
b

a
For example, Let A =L d:‘be a square matrix, Then | 4=

= a8y —aya;,

\dJ ad - bcis

called the determinant of matrix A and ad — be is called value of determinant. We can
note that the elements of A and the element of |A| are the same. The bracket [ ] of the

matrix is replaced by two vertical lines "' |" in the determinant.
8 2 >
Example 6: Find the value of the determinant of B= [ 4 - QJ d—ﬂﬁj \
8 2 A ) o
Solution: IBf - \ \fﬁnk[ \“—TNe value of the determinant is not
& 8 = 3 4x9 \ \'ﬂ\ \ altered by changing the rows into
- E = 16 ‘f J columns and columns into rows.
Singular and Non-8i Jr\ilzltrima's

A square matrix A is said to be singular if |A| =0, A Square matrix A is said to be
non-singular if |A| %0,

At 4 8
For example, Let 2 4

4 8 '
5 4| =4x4-2x8=16-16=0

Thus, matrix A is a singular matrix.

Now IAI B

Z 3 -
ot e
For example, Let M= e
4 9 W L R i II..' -
SN ].f’?ﬂ Vo=
S Ea U

S e PRI
Now ’M] 14 ‘QJ = -? Z—%ﬁl‘-{gi\ﬁg j::if', \ =Rl
irﬁﬁ,] jkak?l
’I‘hus matrix M m}nﬁm \s\nlgu lar matri
Adjoint of a Matrix Ui

The adjoint of a square matrix is an important concept in matrix algebra, especially
when finding the inverse of a matrix or solving system of equations.

The adjoint of a square matrix A of order 2 is obtained by interchanging the




diagonal elements and changing the signs of other elements.

ek

e
| e

o T ke
If A= , then AdjA = ;-’.m,_ *h\jﬁ 3
-6 1]e VKO8T
{ I'. <} -i'._'lII I'.L‘ N —
r Matrix

Mpliglicative Javerse of ¢ By

Is dengtedas Adj A.

4

£ TNV DT | 3.4).
We know 3 are multiplicative inverse (orreciprocal) asthe product| =* = | is 1.

_'1.
4

4 3

Similarly, if we have two square matrices of same order| Remember!

and their product is a unit matrix, then these matrices are| The inverse of a singular

matrix does not exist.
having the same order

called multiplicative inverse of each other.

Let A be any square matrix and there exists a square matrix

as A such that AB = BA = | (a unit matrix). Then A and B are multiplicative inverse of

each other. Hence AA-1= A-1A =1,
We denote multiplicative inverse of A by A-!.

Adjoint Method to Find Inverse of a square Matrix

a b
Let A=[c d:l be a non-singular

matrix, then inverse of A is: L\ A
. 18

bed R\ Lage
B[
1
1

! d b
T
Al ]

8 § 3 —5
Example 7: Il‘*""""[4 'J- then find i sz+5x(-i) SK[T]“‘Z
multiplicative inverse of A and 4X%+3X(—I) 4*(—?5-]+3x2
verify that AA"' = A'A =] =
- _[6-5 10+101_[1 0]_
= - =1
Sol. A=L 3] 13-3 5+6] [0 1
4 I{3 -S|8 §
AA==|? T
lAI=E : B = o .-7..---3[ﬁ1-t_-;ﬁ*]{‘4 q
A et fatess
AR o A “-.ﬂ-gj ?l_ﬁ‘gj—{_.:f]xtt 3x5+(=5)x3
=24-20-420 o\~ O TRl (4jx8+8xa (4)xs+80)
Ais nan-singular,_;pﬁ rﬂ'jﬁ*ﬁﬁéﬁ&l&" _1[24-20 15-15
At =1 RN 4[-32+32 20+24
Al |

=

a

4

3

|

-5

T —

2

A1 A
ﬁl'tq A !"":; \Q'Jl]lt’:ij%{‘ :a'*(:"" "Tll\
NGLANIRY

e

A0

=
4
2

4 0]_f170]_,
0 4| |0 1

Thus AA1 = A-1A =]

_ AdjA of | i“fﬂm‘ﬁip&u ~ Let us verify that A and A-! are
multiplicative inverse of each other.

|




' g (o) A2 L8
Hence [4 3]“‘1 41 g are

multiplicative inverse of each ofh .
Challenge! RN B

NN
g2 J“BJ: 3 4 ,
(ABy1=B-1 A-!
Can we say it Reversal Law of Inverses?
L.H.S y

w2 12 4
=[2(3)+1(2) 2(4)“(4)]
3(3)+2(2) 3(4)+2(4)

_[6+2 8+4
9+4 12+8

|AB|= ’1 33 GFR’JW”\J\“

=(8x20)-(13x12)

= 160-156
=40
. (20 -12
Adi(4B)=| 13 ¢ ]
=l .
(AB) = FarAGi(AB)
_1[20 -12
4,-13 8
20 -2 o
& N i Y,
Now |13 2\ 0 'f}wj
U VAV LSk
R.H.S NNAVN A

IB|=(3 *4)-2(4)

i\

—

i —183 20] 3\\\%{3\‘?&‘ - diA
ol o

1(2)+(-1)(=3) (-1)+(-1)(2)
7@ 3 #30)

GH
riW

B=

=12-8=420

1
3
2

T e
GBIy
P =g = %x AdiB

2+

5
4

s e ﬁw‘i
12O

1[4 —4}
=2 "3
e 2ol
7. L
A |
o 4

2430 =13
e gl d

. Mg L.

e

(AB)! =B-1A-

can say it Reversal Law of Inverses.

b |

-2
Enmpleﬁ:l."rwethatﬁ [-6 4:[and

are multiplicative inverse




of each other.
Sol. Given that

H\ﬁ [\9 } i\s a singular

Ezgnmp 95

ﬁ /1 mtm}}en ﬁlm:l the value of x.

L\""

-2 3
A= dB= y ! g _
{“ﬁ 4 }En A Sol. If A= B I{J is a singular matrix,
WY then |A| =
4 -2 Al= X Bl
Now as [:—6 4 Now [l 5 10

3 I
[—6)x1+4x5 (—6}x5+4><1

6 3

[4-3
| —6+6

2-2
—3+4

and

%!4+1x(-ﬁ)

4-3 -2+2 = |
6-6 -3+4 0

AB=BA =]

Thus

4.5
6 4]311:113

are multiplicative inverse of each other.

114 2
BA = [44]

2
3

: ﬂf\l[
Remember! \er‘U"""
If A is a singular matrix i.e; |A| = 0, so
in such a case, there is no inverse of
matrix A.

Therefore A= [

Since A is singular, therefore,
|Al=10x-40=0

ie. 10x=40
2 x=4
Challenge!
Take any 2 by 2 matrix and check
whether i is 4 rular or
\Eunxmgnw J?A tsadjumt
FSal, et \|\ LV
G i_fja&_-:ﬁ;: 3 2
1 4
3 2
FA[='I 4‘
=3(4)- 1(2)
=12-2=10+0
So, it is a non singular matrix
el -
AdjA _[—I 3 :[
Solved Exercise 3.5
1. Flnd the values of mh of the
BIBI’H_I_IH?I:Q” < 'a :r“ u‘ﬂl
_*?: - m\ ﬂ
19 5
Sol. 4 6
= 10(6) —4(5)=60-20=40
-5 8
(il} .




Sol 'i 8.!.‘ “uﬂmﬁ s 4 Sing |
SRR .
=-57)-(-3)(8) =35 -|-~2 ,59 \ '..-" 4:\%! ( Il'-m Mﬁﬂ of x whenA = [5 15]
3 sj H\\ A\ (U i a singular matrix.
(iii) [ 5 W) ”fpl\f o A [Js( |5]
Sol. g gl Accnrding to the given condition,
=3(2)-08)=6-0=6 matrix A is a singular matrix, so |A| =
g 6
2. Find whether the following matrices | |5 ,o|=0
are lI:gu;ar or nu:-:l;;qnlar. x(15) - 5(6) =0
2 15x-30=0
A= B= 3
[3 2] [2 6 | 15x =30
S §) el 200 _30
C_[T 3]’0'[0 0] 15 L) 5
5 3‘ b le':?‘% _l\_’:l 4
Sol. A=[3 2] ik T \jhﬂnll { of the following
l;{-"' oV '”i‘ -.III
lAl=l3 : 3| Y \‘\}N‘ m\}u i _{. h} B_[s -z] c—[" 5]
ML 7Y W
-5(21 - HM9=1 40 .
Thus, matrix A is a non-singular matrix. Sol. A= a b} B= [5 :I'C“[ -3 5]
[? 21:‘ lc d 38 =3 2
B= .
2 6 AdjA = d —b].Aij=[?3 ﬂ
|B|=|? 21' ¢ 4 =
2.6 AdjC =[§ ‘ﬂ
=7(6)-2(21)=42-42=0 =
Thus, matrix B is a singular matrix. 5. Find mulfiplicative inverse of the
c=[13 5 following matrices:
7 3 50 5
13 5 ® lo s] Ni2ie SO
-7 3 P N
\ II., LAl | 3
= 133) - 7(5) =3935 = 40 ,;“B‘R”_ '
Thus, matrix C is a non-sin u@r“ Batehi )\
p=(2 0 J*”q”l |A|=5 tJ=5(5)-u(ﬂ)=25-t:v=:15.-n=u:}
00 V 0 5 {
p=[2 0 A is a non-singular, so A~ is possible
0 Adi Az{s 0]
=2(0)-0(0)=0-0=0 0 5




a Ad'ﬁ‘ %fﬁﬁ" SO,
T\ J,r-; k [’51 ?‘@ ?l‘f ) .
ARG AT = ox AdTA
A A f]
2 fE .
40 |5 40] |5 40
40
0 I |
e
B G
8
3 8
(iv) [5 -;J
Sol. Let
3 |
A=[ ~ AN
 none folfb ol
lﬂ}i&@ ‘J:j

| L
§ R
=—(4)-7(8)=-8-56 —641; o
A is non-singular, so A-! E‘%\ﬁ Q\’h i =3(-3)-5(5=-9-25=-3420

A—
AdiA =[ 2 \.Wﬁ‘ﬂﬁ A is non-singular, So A-! is possible
gl O -,
: _ Adja={_s 3}
A7 = —xAdjA
A A" =L x Adj
3|3 Al
Foal SR | k=T 1= 34
64 —64 3
A 34
«| 3L 18
el
64 16
40 8
(i) [5 2} il
|':".I' e
Sol. Let : ﬁ\\&\j}l
40 8| ol ql-:; il
i [5 zhﬁ‘l\tw’
_|40 8.
A= 3

= 40(2) - 5(8) = 80 —40 =40 % 0




= 10(3)—3(s}=3n+24 =620
A is a non-singular, So A-! is pusslble

3 -8
AdjA = [_3 “,J

A= -v* Ad‘]q\ﬁ{\j]’dw\l

L]
3 -8 HFETE
-31 104 7[ 13 e

B\\T \&\}\ N
Mo

Jauee A0S

_\Eﬁc\
:\({X‘;B\\ (~1)=2(=3)=-5+6=1=0

A is a non-singular, so A-! is possible.

iy =i,
ot L ]
23] ") 2ot
™) [ 4 5 SO
Sol. Lct= e g K\J{ @X\L%ﬂ%? <1s
2 [4 5J Q\B\j‘j\g m (i)
o

=-2(5)-4(-3)=-10+12=2#0
A is non-singular, so A-! is possible.

Ade=[5 3]
4 =2
= | ;
A7 = —x AdiA
A
5 3 '
e g
2|4 2] (4 2 35k
2 2
A{s -3}
T =)

6. If [Al- ‘ }mﬁ‘ﬂlﬁ
prove that AA-1= A-1A = |,

3

Sol. A= I:z 1

m{_; z}[; .

-1(5)+3(2) -1(-3)+3(-1)
|-2(5)+5(2) -2(-3)+5(-1)
[ -5+6 3—3]
|-10+10 6-5

1 t:|]+I y

0 1 i (1) ;
Hence, verified from(i) and (ii) that

AA'= A“A I mfl

b 15 m\a‘ﬂﬂkﬁmn matrices

W cative inverse of each
fi o\

|

other.
PR -1“ 2 1
Mmoot ialis

Sol. Multlply both matrices

5 2l 4

=3 a3 2




-3(2)+2(3)  3()+2(2)

2(2)+(-1)(3) 2(')*’(-')(2)]‘

_[4-3 2-27_[1c0 N-:ru‘w\,

| —6+6 __3+4] THATHULS
: 2 RNy
Since [__3 2 3 2 1

So, these are the multiplicative
inverses of each other.

e 22
i) |2 8 ks

Sol. Multiply both matrices

I-
—

4 15] 4 15
2 B
4(4)+15 1} 4 2 +15(2 r-
2(4)+8(- ﬁh\L X
. 1615 Wﬁ | 1
| 8-8 —15+16 0 1

bl }

So these are the multiplicative
inverses of each other.

8. Prove that (AB)~! = B-1A-1, if

3 =3 % =1
o a3 Tle=[ 3]
[3 =2 -3
Sol.hﬂ—[s }[__3 2
{-3(2)%(—2){—3) -3(- &S‘A\
5(2)+6(=-3) \;g
—6+6 JE1 ‘J“
10-18 -S+12

AB

0. -
<8 7

1

! 1\ _ﬁou’w
j{-—43]{—1) 0-8=-8#0

15 a non-singular, so (AB)! is possible.

| Adi(AB)= [3 0]

1

Tﬁl *x Adj(AB)

(AB)" =

=2(2)-(3)(-1)=4-3=120"
B is non singular, so B! is possible.

53
m? 0

\i B)Hﬁ:ex ) —18+10=-8=0
tsmgular So A-!is possible

Ad_pA [—fﬁ 33]

=1

A = ]%Ix AdjA

=1§[6

2
-5 =3

G




Hence, verify from (i) and (ii) that
(AB)! = B-1A-1

(i) ﬁ*-[; ﬂ“{g 31]
S i i

[1(0)+2(5) 1(=1)+2(2)
18(0)+0(5) 8(-1)+0(2)
(0+10 -1+4

|

=_U+0 —8+0: el ,...-m":j';’ :
- L T TS
AB = [ ] AR ,}S\l‘u-

o 3 :
A8} = ‘ 0 -8

=10(-8)-0(3)=-80-0=-80%0
AB is a non-singular matrix

o
e

I

(i)

L 8 :

/,%IJJ',@;}Q@@W
iy~
2

=0(2)-5(-1)=0+5=520

B is a non-singular matrix, So B! is
possible.

IO %%
AdGB=| (J
B-'=|-é-mdj13

1

=1(0)-8(2)=0-16=-16=0
A is a non-singular matrix, so A~ is
possible.




Agins G Simultlnenml um{' ,ﬁ{mﬁ'&hﬁ are a set
AT el v n(‘mq\pé lingar equations with two
e 'f“&_r ﬂq[-’?n J&ri&’biés that are solved together
A |A| xAdjA N»H I;‘Uu u"-\‘\k—!'.lmultaneuusly) to find a common
AR A _,_,"._“ W solution. The general form of system of
=L[“_Qg\‘5f%l' two linear equations in two varlablcs is
__“5 ! given below:
AT axtby=m
=| =16 =16 cxt+dy=n
ey ' where a, b, ¢, d, m and n are real numbers.
= -16 16 Here we will find the solution of two
0 1 simultaneous equations in two variables by
= 8 the following methods:
M K (i) Matrix Inversion Method
2 18 s (if) Cramer's Rule
e 2 L e Matrix Invarslniz Method 511
BrAT =15 -
= 1 -1 1 L{,mi @0{ ti(:ﬁr iﬁ’f’“th: following pair
1 0f|= — 3 1l
2 16J = LV
2(0)+ i] 1) 21, 1f0TQ iR ax+by m
15952 5! s\ and  x=dy=n
= AN
—l(ﬂ)+0[%) "N—Iki]"irﬂ[—-[l—ﬁj These equations can be written in the
L8 T R [“”byJ ["’J
BTN S At £ | matrix form as: =
_|1°*10 % %|_|10 %0 cd+dy| |n
el e
& u or P i
k3 c : y] [n
_|10 80 a 3, X m
% Sk Lo a=° d],x- [y] ="
3 Hence, verified from (i) and (i1) that A= B -ﬂd “‘i
(AB)-! = B-1A- c ,d fiou
| Solution of Simultaneous ?{? ﬁ"f‘m%ﬂu "’d can be written as
Linear Equations LK |
A linear equation is a gic\oq ation and AVAX=4"B [pre-multiply by 4~']
in which the hig’hé’sﬁ@r‘d r of the variable IX=4"B [as A~ A =1]
is 1. A general form of a linear equation in Thus X=AB [as[X=2X]
two variables is: Adi 4
ax + by = ¢, where a, b, ¢ are real numbers, B b
x and y are variables and a, b # 0. 4|




it

_H'J‘:_ U L
=be o\ o '%,-\‘“L\L\[}j
dmibp 2 |

Tad —bc

dm - bn
ad—bc '’ &cl be
Example 10: Solve the following by
matrix inversion method:

X=

2x+3y=13
4x — Sy =-17
Solution: Given that 2x + 3y =13
4x - Sy =-7
Writing the equations in matrix form:
2x+3y|
4x -5y i

[2 3]0
o . [4\RSYy

253 [ x
= ,Xz dB
e a=[5 | x=[7]
Then (i) can be written as
AX=B
or X=A4"'B
2.3
Now A= e 2%
2 3
=14 _s
=2)=5)-3)@
=-10-12=-2220 =
-5 -3
Adjd=| , 2} hﬂi\\\ H“\
£ Irlf\lle
Therefore A~ ELJ.___ adj A
| Al
1 |-5 -3
T

N

Vg

Now X = A“ﬂ fiten as

S

1 [5)x13+(=3)x(=T)
()x13+  2x(-7)
LL'ﬁﬁsui} 1 {44]

22| -52-14| = 22|66
T2
-l
Thus,x=2,y=3

Solution set is {(2, 3)}

Take any two IInM: in two variables

lnd solve thlm h\r ma'tri: lnu ethod.

'.'.ﬁx N

i!& @%ﬁéﬁi monatnx form
Ix+dy 25

bx — 25!_ 10
3 4"'1:*': 5]
o e -2)ly| [120] =W
3 4 Rl 25
LetA=ls 21" |y| |10

Than (i) can be written as

AX=B
or X=A"B

3 4
No A=|,.

3 4

Al=l _5

ﬂg-?jfﬁ%ﬁ%
L Ll
"~ -30| 6 +3
Nowx = A~ B can be written as

AOHN
24530

I[‘1 u—»

Tz




1 [-2(25) +(-a)(10)] 1 [ -50-40
= —a0| -6(25)+ 3(10) ]= E[—mmap] 0
K i =950 i%}’:aﬁ I".‘:-.',;'_ {,;‘5: u&% J_Li‘.
= -30| -120| = l‘:l:l-'biﬂ N
| =30
X 3
[v]=[4}
x=3,y=4
SS = {(3, 4)}
History!

Gabriel Cramer was a Genevan
mathematician. Cramer showed promised
in Mathematics from an early age. At 18 he
received his doctorate in Mathematics.

In 1750 he published Cramers r:brlﬁﬂ\:

for any unknown m
linear cquiﬁ\ﬂ

system having a
unique solution, in
terms o if
determinants applied
by the system. This
rule is still standard.

Gabriel Cramer
(July 31, 1704 - fanuary 4,
1752)

Cramer's Rule
Consider the following system of linear
equations.

ax+ by=m

cx+dy=n

These equations can be 3ﬂtm I’E\q‘n W
WA

matrix form as

= PL '|l, 'I" III| llllll y
s, n) a b i ‘,ﬂ
Where A= [ } i’ |1r

"u.,—ll m
and B= ]i“]
AX=B (i)

If|A| # 0, then from equation (i)
A~l AX=A-1B [pre multiplication by A-1]

IX :ﬁ"‘l,B' HI'L AN

§ i Fﬁ.*’”B [a.sl}{ X]
1/ r:?{'n J'-. "¥-'_L-' A d_] :
¥
A_l_Ade]
b |A|
] S
dm-bn
_ |—cm+an
| A
o B o
Naniy AL
AL Sfﬁ —cm+an
1 | A {
dm-bn an-cm
SR el Y A
m b‘
or x=1n d]_|A]
|A| |A|
a m
=|lc n|_|4]
| A| | A|
Challengel
Take any two linear equatlunﬂn two variables
and solve them lewﬁh\&’: rule.
o] Bl Fay=2 (Clo=
|'.|'|,'l."L W—f"‘lg

ng these equation in matrix form.
Sol.

2:4-4!,.'-_ 2

5:-2~,r_' -19

2 4] [x 2
ar =

s =2 |y |-19




g

2 i‘,{rlr
”“’”‘““[5 -19}
2 4

[Al=
5 -2

2 4
N

=2(=2)-(5)(4)
=—4-20=~2420

it

=2(~2)-(~19)(4)

e

| ff"‘* l ET”M e

2) x. rl{j.‘ﬁ ‘n

\CYE9H-3) @)

=-10-12
==22#0
13 3
'A"'=l~? —5‘
=(13)(-5)-(-7) (3)
=65 +21 =44
e
1A
.—_44-—-
=-

T o
(R RE

he Z2- 13 AT
W |Ayl _-. = 4: E_i?: \ P!'\g;'._\-x",l Wy

=~4+76=72 At
ih I l.-'-!_{“ﬁl 2 —.r:‘\:ll'llﬁll'ﬂ'lf Q_"'ll'l\ )\ _ "m}ll('&-'?) (13) (4)
x=Ta1 AN f‘aj\)lﬂ“ T =14 -52=-66
] A
72 T Rﬁ‘ﬂ\‘ﬂ\q] j = | l-‘_‘ﬁﬁ*
el SR |A| =22
2 zl Solution set = {(2, 3)}
1Ayl =15 19 & W Applications of Matrices in Real
=(2) (~19)- t5l (2) . A e
el e World Problems
. 2 2] 48 _, Example 12: Three forces act on a particle
A= s 19)= =24 which must be in equilibrium i.c.
Sox=-3,y=2 5 -3
S.5={{~3,2)} F, + F; + F3=0, = |, Py=
Example 11: Use Cramer's rule to solve | ' Fa +Eso0iwhere ¥y 2 Fa %
the system of equations: 5
2x +3y=13 =
dx — 5; -7 Fy= [ _4] Find fljﬂﬂllﬂzbﬁé 0
Solution: 2x + 3y =13 Q AR \
4x—Sy=—7 i xs tiﬂn.&nce’# +F+F3=0
Matrix form nftl'leequanons lsi \“ H “d‘ S 5 o L
i . H]
4 5||y _\-J-T?'- x i :
Here, we have = -
= = = ST =T
ol | ) i e g i i




-

Example 13: Eight years ago Huria's was

4

-'—\"

".

'."“’

=

,Hv.
flagliﬂaﬂp llée' Find their

present ages b)f usmg matrices.

Solution: Suppose Huria's present age is x
years and Jannat's present age is y years.
Eight years ago their ages were x — 8 and
y-8. According to first condition:

age will be

3
x=8=7 (y-8)
or 4x-32=3y-24
or 4x—-3y=-—24+32
4x-3y=8 (i)

After 4 years their ages will be x + 4
and y + 4. M

of Jannat's age. After four ygars Hﬁ,ﬁa‘ﬁ(

r)

—48—.*#1%—1'36%# "\H"
RS

l.'l'-.l.J 1

| 5

]
—"'.'.
'|'|'|

(D
N —60 ~20
4 B8
y=I81_|7 =4
|A| 3 5
3 -16—56=—?2=24
=3 -3
Present ages of Huria and Jannat are
20 years and 24 years respectively.

The Role of Mathematics in

Scientific Theories and
TLchnﬂtnqmal \dvancement

dt i:s?,lkfbﬂcn descnhcd as the

o2 1;" (|(lan Jf science. It plays a fundamental
Apgiins O neccee mﬂd\. 5 'n H :LL‘&‘ N rolf in developing scientific theories and
qﬁ{g_[g advancing modern technolc;glcs From
\ understanding the laws of nature to
il 4 28 f: re designing life-saving drugs, Mathematics
Matrix form n;}éi)aﬁ};-(ii}is(") provides the tools needed to describe,
: e TR predict and optimize real-world
[4 -‘3][3']-_-[ E] phenomena,
7 —6]ly] |4 Drug Discovery
4 =3 8 -3 Mathematical algorithms help
Here, A = [i—; —6] Ar:[_“ —6]’ simulate how a drug will interact with cells
4 8 or proteins in the body, speeding up the
Psf[ ] discovery of effective treatn'lcnts
AL Nenmsclence e
4 -3 ?-l’]'\ré hﬁal tn‘édefs are used to
A=) ¢ N 1\;71 %i'- iic ulate 'brain activity, helping researchers
= (4) (=6) — (7} (_3} H H ﬂ .L.. VRS R ; erstl;and learning, memory and diseases
=-24+2] \ |[ | : like epilepsy or Alzheimer's.
=_3 % Qp N Climate Science
Complex equations describe the
[A | |_4 intetactiun u_f air, wate:r and energy,
|A] 3 helping scientists to predict weather and

long-term climate change.




ST : V1R o T 26 76 - 2
1. Solve by matrix inversio l{ _"i«h\(- E;";_"f‘-;\"" g
possible. { Hﬂ‘ = = Sl =52
(i) 2x+5y=19 . ,\\i(\\p 26| -78
dx—3y=-1 [—527]
Sol. Given that 2x + 5y = 19 96
4x-3y= -1 = |78
Writing the equations in matrix form 1573
2x+5x ] 19 s
a5-0 | p)g
i - ¥ 3
2005 -
2 [ J [f: (0| musx=2y=3
' & Dby v e Solution set {(2, 3)}
T 2" A ’{IJ 19 (i) 3x+2p=7 A
etA=|, 4|.X=|}|,B=]|_| Sx— y=16 ’\\@ O
Then (i) can be writen as: im
AX=B NS r"”ﬂ CA - S 16
A X=AB ; W riting the equations in matrix form
\ fﬁfﬁt]cﬁ\” 3x+2y]  [7]
hiow ==y 5x— y| = |16}
ek 1 30 el = F7
Al = ' ‘ s |
T AR 12 %] 7
= —6—20 LCtAz xz B=
= 26%0 R R
. =3k Then (i) can be writen as:
AdjA= [ 3] AX=B
I or X=A'B
A" = TxAdj A 3 o
A] A Now & [ o
Bt ) [ -3 -sl B l-h \3\5
% 1-26 JANCI=TA ’ ‘
Now X = A'BCan \'&f\“;h \U e
g \Iﬁ.mJ‘ = 3(-1)-52)
= -3
La] e E*“ 2][—1] = -?3'1?0
1 [-309)+(-5)-1) {3
= =% Ad‘] =
-26| —4(19)+ 2(-1) =83




- G"m
Al = | |>¢Ade P | m&) .
r = ﬁrﬂf:h'lwli |_F
-4 RS
e At W=k
N 2 7
Now X = “A"'B Can be writen as 4 Tmearo
x] 1 [-1 =27 il e
y| T -13|-5 3][16 = 11n0
1 [-U(7N)+(=2)16) -2
= 1357+ 3316) AAR 5 )
L e Lo
= 13| -35+48 Therefore A~ = AlXAdJA
L“ﬂ 1[7 ;‘d\
T o301 7y (el
it e/ @
St o v b i< Q\\@&%%& A'B Can be writen as
3 O\ \ e Q
I e P Bk L [ ]
%@%N o y] T =2
T3 : 1{7(9)+2(-4)
[‘I] - ] = 11| =209+ 1(-)
A 1{63 3]
Thusx =3, y=-| = .
Solution set y{(3, -1)} 11 -18-4
(i) x—-2y=9 1fs
2x+ Ty =4 =of] _22
Sol. Given that x—-2y = 9 i
2x+Ty=
Writing the equations in matrix form 1 1 .
x =2y 9 = 220
[2 }{ } | Ranra N @REr
x+7y ~4 a ;?,;,J\\ \fﬁ S
. of\ A NS 5
I \l OIS .
OF 2 1.4 SAUS T2
NN Thusx=35,y=-2
LotiA = [1 H‘ﬁ X = ]:1 B= [ 9] Solution set is {(5, =2)}
A R yI —-4 (iv) Ix+2p= 2
Then (i) can be writen as: x=-2y=-2
AX=B Sol. Given that 3x +2y = 2




x=2y= <2
Writing the equations in matrix form

53,
&

x—=2y "
3 e
;i B

2
S i 8
1 -2

2

|

i

or
Now A= [

Al =

Aﬁh={

-1
Therefore A | h.

bx=[ -]
,X"" y |B-
X=A"B
352
] =2
3( 2}-1( -2) D%
W
gﬁ%@w
xA.d_]A
£y -2 -2
5 —2 —2 2
-8
-2(2)-*-(—2)(—2]
ﬁs -u2)+3(

Then (i) can be writen as
3 2"
-8 [—l 3]
rqgm |
=

AX=B
] =2
= A™'B Can be writen as
= sJ

AR

o7
e
=

-8
x D]
g op-l
Thusx=0,y=-1
Solution set is {(0, =1)}
Use Cramer's rule to solve the
following pair of linear equations, if
possible.
i x+4d4y=4
2x- y=§
Sol. Given that

SO

Le
L“‘

t,,.,--""

‘\ LY
"'."\"

ACTER

-

i x+4y 4
: 2x-y| _s}
[ - 4] =1 F4

= [2 -l] [y_ 5 _5]

Here, we have

Shed

2 =l

4 4]
5 -1
iy
2 =t

1(=1)-2(4)
~1-8

~ot Q;JG‘T\S‘\EL
-1

.

=4(-1)-5(4)
=—4-20
=24

a2t

.
"3




|4 |“‘[ 4‘ (iii) 2x - Sy =—6. Ve O 00
f o A s =6
=100 -2 u\\”‘l\kd; T e
misdin ?\E u HL_._\E‘“J : Writing the equations in matrix form
AR aﬁw 2x-5y]  [-6
Nk 4x-3y) = [-12]
o =3 .. 1 2 5| (x EN
e f o 4 3| |y|~ [-12]
Solution set = {{g %-}} Here, we have
i) x+2y=7 0 e S |
3x-2y=-3 4 3| F Al =3
Sol. Given that .;;— 2,; 7 - 5 6
y=t =
Writing the equations in matrix form Ay= [ 12
[x+2y] 7} i "f@}fuﬂg
3-2y \ w @¥™
G ¥ M \r 7 fflj- \E‘t\ 3 2
or 3 % = (_3)_4(_5)
] HE\; = 6+20=14=0
Here, we h \NT‘”‘ : L6 -8
A_I:l 2] A_T’? z] A_I:l ?} A=, _3‘
3 -2 TSI 2 30 = (-6)(=3) ~-12)(=5)
1 2 = 18- 60 =—42
,‘A‘l i 3 _2| i} IA |
= 1(2)}-3(2) |A|
= 2-6=-8%0 _42
J2c2 L 7
0= = |A‘f_|= 0 =3 -—3
=7(2H-3)2) - =1=3)-3(7) nH
=—14+6 Redegh e H ,_—q H
=-8 y= ‘d":-fl ﬁf ':f ('t \\\\ﬂ\jb 2(—]2) —4(-6)
_|a ST 0\ \J\: =-24+24=0
& Aot )
IA' AR s Y=
B, YL T 1Al
=1 AT
Solution set = {(1, 3)} Solution set = {(3, 0)}




(iv) 3x+2p=-1 Sol. System of eqi.lﬂlpn“—‘n DR

Sx+6y=§ ok ,ﬂ,ﬁ,wm-‘ fﬂyf
Sol. Given that  3x+2y=-1 -, =\ T\“Lj A T S
Sx+6y=5 f" \\ Al W s Wntmg the equations in matrix form
Writing the equﬁwm&xﬁm [-""‘J" i [7
-1 2x-y | 2
E{:+6y 5 N U 7
3621 e l® =l =% [2 *-—J I:y‘4 5 [2- =
¥ L e] [JL i o8 ¥4 x 7
Here, we have : LetA= [2 _1:]*x= L.:f*a= [2]
e [3 2:' " =[—l 2] o [3 -—I] Then (i) can be writen as
T T B s Y T hX31
39 A‘B
ow
= 3(6)-5(2 oo ‘~
L isho=e o ,,,ﬁi‘u*:g’cjj\\\ |*=|a= ‘
) \I LG B -1
|A|= ‘ ‘ \MW \L-gP - - 1{-1)12(1)
=-1(6)-5) =3(5)-5(-1) il
=-6-10 =15+5=20 Ade==[ }
) 20
_ 1A Al -l = —xAdi
- 2nl | At = GTXAdA
_ -6 T8 1 [-1 -1
i _ 5 - 3[—2 l]
= P 5 Now X = A7'B can be writen as
3. An electrical engineer wants to
determine the current in two branches | Laﬂﬁi ﬁ}“
A and B of a simple BIB nlrmﬂﬂ;f \( E__":XK Y/ ~1(T)+(=1)}2)
The system III' the H’III.III w?‘gwﬂ“\lg\_u* Ty, | -2(7)+1(2) ]
o[- - 2]
where x is thn l:urrant in branch A ] b
and y is the current in branch B. Gk }
Find x and y by using matrices. =3|-12




_;9_
-3
-12

'i:'w

=3 B

X xj\q \”wh” |
WA

Thusx=3,y=4
current in branch A-(x) =3
current in branch B (y) = 4
4. Three forces act on a particle and

must be in equilibrium l.e.
Fi+F+F3=0,

w2

Find the value of x and y.
Sol. Given \ﬁc
F]+ F1+F3_0 ':]{HI'-HI F‘ff\' \T\H’_“E
8] [2 g |\
46 GRS
x| | =7 *ﬁﬂ\ﬂ 0
[8-2+y 0]
x-7-1] ~ 10
H6+y (0]
| x—8 ¥ 0
Xx-8=0 6+y=0
x=8 (i) y=-6
So,x=8,y=-6

9. Two support beams, A and B are
holding up a combined load of 100

kN. Twice the load on baam A gpu.ﬁl r:\\

three imes the load on bea qtﬁiﬁ«
240 kN. Find lpq,,m%lm A and

beam B by using matrices.

Sol. Make equations from the given data
A+B= 100

n’ﬂ “\Jh"“\\\r =5

2A+3B= 240

‘gi’lﬁmatnx form

.J'Ell‘c-.l'ﬁ'l'_'.ql"ll'-,lllll_lﬁ s "]0
mf:,:l* 2A+SB_ ~ 240
1 1] [A]  [100]

o 2 3] B = |240]—®

i A 100
LetC=1, 3[X=1g[sD=240

Then (i) can be writen as:
CX=D
or X=C'D

1 1
Now C=23

1
] __, ﬁ-. \I.IV'.‘I_.,-.J.

| =
‘i 0 /

x\ "" M
x?';l‘-

Z B
= 3-2=1=20
& R0
AdiC=| , IJ
cl = %lede
13 g
3 T[-z 1}
3| =t
o [-2 I
Now X = C"Dcanbcwntenas
[A] . [3 =1
1B C@ ﬁm
TAT )/ [3000)+ -1)(240)
33 _-2(100)+1(240J
(A1  [300-240
7 W _-200+24o]
[A] 60
HEM




Sol.

or

Let

So, Load on beam A = 60 kN
Load on beam B = 40 kN

In a 2D game world, two-¢haract
are moving along E\}r Iﬁt\!\\m&
One character,moves along a line
where the total of twice their
horizontal position and vertical
position is 5, while the other moves
along a line where their horizontal
position is one more than their
vertical position. Find their point of

intersection by using matrices.
Let the horizontal position = x
the vertical position = y

First condition
2x+y=3$
Second condi mcm
x=y+1

x—y=1 w f)Jm
2x+y=35

x-y=1

writing the equaunns in matrix form

2x+y |

e
2.1} )
s 4l L
At |
i
Then (i) can be written as

Ax=B R __=".
X=A-1B : af

g -‘_\ 'n‘ll"

N \B\X\ J d

A

or

2 il
Now A= [ll\“‘J ]J}P"

2
|AI=[
1 =1

BN ﬁ[@ﬁ“ﬁ
o AN fEeee
\"“\J Yoz - {—1 —1]
) B AdJRS —ol 0
A= *1— x Adj A
| Al
1 [=1 =1
=1§[-1 2.
Now X =A-! B can be written as
x|_1 -1 =1}|5
N EmH
1 [ =1(5)+(=1(1)
5 3{ 1(5)32{1) }
R JEEE@‘]
i; 5\\‘" WY 5 [-s+2
Y 1 [-6
5]
s
=3
=|-3
-3
X 2
M E M
So, x=2,y=1

the intersecting point is (2, 1)
7. Two years ago.a mﬂns 5 times
{,h lﬂ“ﬁs\[ﬁpuuwwas After 6 years
it be 3 times as old as his son.
Flnd their present ages by using

matrices.
Sol. Let man's present age is x years and
present age of son is y years.

Two years ago age of man = x-2 years

=2(-1) - (1) (1)

Two years ago age of son = y-2 years




According to first condition:

I—2=5(}?I—2_} o
x-2=5y-10 O thfi;
x=5y=-10+2 o R
xr— 5}" = { J I|‘\ II"-_'E \ R‘\JI"'"
After 6 yeat$it age of father will be

= x +6 years

After 6 years the age of son will
be=)+6 years

According to second condition:

x+t6=3(y+6)

x+ 6=3y+18

x=3y=18-6

x=3y=12 —(ii)

Matrix form of (i) and (ii)

)
o {1

x-3y
=5

SIH

1 -shai
Let A= Lﬂ@ﬂwa [
Then (iii) can be written as
=B
or x=A-1B
1 =5
Now A= [l _3:’
1 -5
g e
=1(-3)-1(-5)
=-3+5=220
[‘3 1
Adj A= sk ) A\ V]
JH ﬁﬁ\ﬂ\ﬁ
1 -3 S
o o

SOWY

|

ﬁ =
%i}/(‘l i) \
-3(-8+5(12)
[—1{-3)+1{12)
24+ 60
i 8+12}

i
o s

b | = pra|—
1

1

i
I b2 00
L= I

L]

1]

|

)

SRR S

r’d-.\-‘\
oy

@NE

\j]

x=42, y=10

So, Man,s present age = 42 years
Son's present age = 10 years

Two cyclists are 44 km apart and

start out at the same time. If they go

towards one another they meet in 2

hours, but if they go in the same

direction the faster overtakes the

1
slower in ?E hours. Find their speeds

by using matrices.

Sol. Let x = the spe “@astcr cyclist
{lrﬂ(m

\lhg (o ]'\rb\k"?h‘
nn ﬁ* h\ speed of the slower cycllst

canc[atmn I (moving to wards each

other.)

2(x+y)=44
S

X¥y=r

Now X = A-! B can be written as

X+y=22—(i)




condition Il (moving in the same :ZHS{ 'r‘*‘ﬁr\*
i RO fﬁ’“ Gar
7 x-y)=44 \\w fﬂx 'L ‘;‘ [—418]
15 (x—y) =88 RN o\ -30
le—lS}'-ﬁ ]5- u) =242
writing the equations in matrix form =
x+y | [22 o )
15-15y | |88 {x]{ls.%J
S 2 y] [ 807
o |15 _18 = — (i) x=13.93, y=8.07
: l ‘. 2 So, speed of the faster cyclist = 13.93 km/h
o [: X= {x:],B =|: :’ speed of the slower cyclist = 8.07 km/h
Aol S HEINS SU88 9. The numerator of a fraction js 7 less
i 5 than the de%o\o natar I the
e Y=l - Z sad by 3, the
I \/ ;%( fle i-tan be cancelled down
Now A= 15 15:[ \‘ \‘*\\“ 3
3 to 2 Find the original fraction by
1 Y
Al1={1s i uslnu matrices.
Sol: Let
j 1(=5)-15(1) x = the numerator of the fraction
=-15-15 =-30#0 y = the denominator of the fraction
A el LR Condition |
AGA=] s ) x=y-17
=yl s=—={i)
A-1=——xAdj A x+3 3
Al Condition II -
: {45 _I] 4x+3)=3
— — x },r
-30|-15 1 =) m
. 4 +12=3 A
Now  n= A-! B can be written as A N rkf‘:’\ O
| “m'nl '. % @\th _-J'_ "
[X:I=L[: \ e {”3’ w m-g the two equatmns in matrix
b 4 30 ‘ \HL \ : fﬂl‘l‘t‘l
e A =
1 S e (S
i -30{ —15(22) +1(88) J [4x-3yr '[-12_
1 [-330-88 I U 0 0 ey
¥ —30{-—33{}+88 ) 2 e y_- -12 — (i)




1 -1 X -7 - correct answpr,ﬁ.. ﬂw N
LetA = X| | B= | A oresl /s
S 4 ~2q 9 )\ I E 1* } then what is the value
' Then (iii) can be Wrmerr;as ~\Y "\"'1""5 :;._;'*u--"ﬁ"jl 3
AX=B A W gﬁuﬂ W=7 of a2
or X=A- J»hx ) (a) 3 (b) 5
l"%\l* c) 6 (d) 7
Now A=|, 4 (i) A=[3 5 0]isa matrix
z _I: (a) row (b) square
A = ~(c) column (d) null
4 3 2
=1(=3)=4 (1) (iii) B [ ] isa matrix. _
4 ; 41= L¥Q (a) identity (b) square
N2 (c) row (d) column
Adj A=
! L* J 1 u n
A-l= |;! x Adj A v M= 0 A Lﬁlk“\ matrix.
T g g 0 ,ﬂ.@\“h \ 65\¢E}E)QMM (b) identity
== O\ *\‘ir QIS {‘c column (d) row
1[4 1] T\ T\“LJ*" it
AR L\'ﬂ,u e (v) IfA"=—-A then Ais _____ matrix.
-‘;\-?‘;:J;I“{ IJ‘ XIS (a) symmetric (b) row
5 —J | (¢) rectangular
No X = A-1 B can be written as (d) skew-symmetric
e (vi) IfA=[3 4],B=[7 8],then A+tB=
x| =3, Ljj=7
sl A @) [21 32] (b) [24 28]
LY (c) [10 12] (d) [11 11]
I} [*3(—7'}*-*( ;z;.] (vii)IfA=[3 4], B=[7 8], then B—A=
v] [HAED+1-12) (a) [10 12] (b) [11 11]
[x] [+21-12 (c)[4 4] (d) [4 -4]
y|~ | +28-12 3
i 29 (viii)What is the additive inverse of| 4 |?
x ER .
AN 16} < i JH“L‘“ *:*.Eé} o3
So, x=9,y=16 S0 2l ‘@\ 4 =
g '\-II =7 \1. -llg.lll\.i' 'I':,\ "| '| =, 3 - I
) b r"n i n I'.II ) =
fraction = 16 : _\|""~r'“'| I"._ JI". (c) [4] (d) |11
Snlved Revlew Exercise 3 (ix) II'A=[:; 'l] ﬂ,then order of A'is
1. Four possible answers are given for (a) 3-by-2 (b) 2-by-3
the following questions. Choose the (c) 3-by-3 (d) 2-by-2




L ee—

31
(x) u4.=

(a) 11

(b)
(d)q

i\ '_\/’55\'--

(c) 13 g
) (II] mw (iii) column

(iv) identity (v) skew-symmetric -
(vi) [10 12] (vii) [4 4] (viii) [j]

I'“\‘J’“\‘“\JMG

s wa-(3 Shoel3 Thed

(iii) 2A+ QHuY

91 {,_l)"n{l T \i\g ir}, 5 5

KSM ba3p L 27 3 +3[s 8]
_[8 4"{15 15
14 12| (24 24
[ 8+15  4+15
| 14+24 12+24}
[23 19
138 36]

(ix) 2-by-3 (x) 12

2. I A=[§ :]B [: 3] then find

@ (A-B)

o renfl 2} ]
S i By
A-sz’:: 5 i
(A-B)'= :: j
ok

(ii) B'-A :

- 0]

e

Il

ks P VAR

3

e
6

$5=2 8=

SiH

then verify that

(.} 2a+B)=2A¢ o :

Yy

=2

=2

(245 3+6]

442 541

[7 9
6 6

14 18 .
>l 12| —=49

24 =1

203
4 5

J=ls ]

MLH @ Hhﬁﬂﬂﬁ"*
\L

B = 2[5 ﬂ

et ; '_;1.

(4410
_8+4

12 12

4 18

10 12
4 2

;ﬁd ‘1’2

1042

(i)

6+12J
)

3 2

1 7/

3

Hence, verified from (i) and (ii) ll';at

2(A+B)=2A+2B




(i) (A+B)+C=A+(B+C0C)
2 3

()

'T% i

Aafl "Irfﬁsw uffﬁ——-—

5 6 1
Sol.A*'B:L 5] [2 1]:=w = W\S“ UU‘“ 30 77 !
245 {5 \‘ ¥ inrh %
wa‘ +1‘ 66 2 313 2
ae=la sl 7
(A+B)+C=[ﬁ 6]+[! 7] [2(3)+3(1) 2(2)+3(7}]
i s T 40)+5(1) 42)+5(T)
=L5+1 6+T] [6+3 4+21]
= [12+45 8+35
10 11 -
[: :’ (i) G 25]
17 43
3 2 ¢
B+C = [ 1][ | B“C’““{:"_Q dé@@ﬂ
5+3 6+2 3 _}ﬁ%[’kj\{\jl@ﬁ @{3»5(1) 5(2)+6(7)
2+1 1+? L\\\ QNS “ L2+ 22)+1(7)
A+{B+C)— =[t5+6 m+42]=[21 52}
6+1 447 7 11
I 2+S 3+3 9 25 21 32
T 443 548 AC+BC=[1? 43}* e
_ 10 11] 5 9+21 25+52
|7 13] —0@ “l17+7 43411

Hence, verified from (i) and (ii) that
(A+B)+C=A+(B+C)
(iii) (A+ B)C=AC + BC

it I

30 77

3 [24 54} (i)

Hence, verified from (i) and (ii) that
(A+B)C=AC+BE ( S

45
: iv)| ?ﬁﬁl °cB
2+5 346 7 9 1“1/}&35?@\\3 i(ﬂ 5 6
4+2 5+1 i*._"n\f"\ ol. A-B= 4 5} 9 1]
(A+B)C %Ffmj =7 3
AE1 fala” 4
73)+9(1) 7(2)+9(7) g yiF iy

[ |

6(3)+6(1) 6(2)+6(7)

C(A-B)=

2 4

I 7]

o7




_[3:3+2(2) 3(-3)'+2(4)] e ZKPM@J '5*+3(1}]
TLIE9+7Q) 163)+7(4) [y 7‘;%%1(@\\3__;1‘?\* 45)+5(2) 4(6)+5(1)
[6+8 9+10 H\\&H\U‘hw"ﬁ 16 15
- |2+28 .3 \& ~ |30 29
—9+g¥ —-9+8 16 15
S l=3%14 (<3428 IABI= |35 29
<5 -1 = (16 x 29) — (30x15)
=l 25 (i) =464 -450= 140
= 29 -15
Buaire 3 .
2 Adj (AB) = ]

CA =|, ?]L 5] (=30 16
_[23)+2(4) 303)+2(5) (AB)" = T——=xAdj(A4B)
L) +7(4)  113)+7(5) f

14 IQJ _ \ L ;fr
3 8 Q1 zﬁ ]@“ 6

S 2 . \“{'\7@&5@\“3 ~15]

o B PG e
_[39)+3D)” 36)+20) 7
LG+ 1©)+70) | (29 -I5]

[15+4 18+2 14 14 _
=|5+14 647 T =8 w1
19 20 = et
=l19 13 e ; ‘15]
14 197 19 20 :
CA-COE=130 38] |19 13 18l=[’ ﬁl
5 o de ]
14-19 19-20 o = o
= Ll eI
=[30-19 33-13] s BT 26 O
= 142 (a0 %ﬁ@yz =—7%0
-5 -1 ", \HII"-I" LY [ by
- MRS
1 25— \\*\\ AdiB =| ,
Hence, venﬁedﬂﬁ\qiﬂ_[\ﬁ} H (ii) that I
C(A-B)=CA-CB" B™'=—xAdjB
(v) (AB)"' =B A" 18|
isa]2 348 _.=L[i —6]
Sol. i 77 )




Hence, prooved that (AB)" = B'A"!
from (i) and (ii).

3D (vi) AA' =AA =]
2 23
iy ¥ s] Sol. A=[4 5}
=2 (5)-4(3)
=10-12=-2#0 1a|=2 3
. -8 Vad 4 5
s B W I =2(5)-403)

T Ly, =10-12=-220
=X ; ey
A SIECIE 7‘23\}@@\3@

: -‘-[ : _3} 1 M% (© U ik
24 2JAARTNNET . Laga
s AN S Al
W@ T 115 -3
st Alsks o P T T
ES A
1 6 _ 22l afast 3
o | =2\ =21 VD
B'A"= 2 2 2 RS
% :T:'l s 2 2
- =5 3
2 A= =
Y _S)(8 28] | AA= g 2
A (s |4 E
= 2( 5) (-5 2(3] {—sJ :
C: L 3 S LGS () B sl i
?{ z]t{?)” 1\2)\ 7 =0 || }Eﬁ%« -ﬁqg@};ugﬂfﬁﬂﬁt—l)
s.n3 6] o AOCESYET T
-|s tapa (N8 : :
VRN T T -5+6 3-3
(5+24 =3-12 ~ | -10410 6-5
14 14 =
T, R & 0]=I (i)
| g 7 0 1 r——




2{2)+ (4) 2(3)+{—1}(5)
15 15
=Skl i
L lRe vy
| 4-4 ﬁ~5
A

(ii)
Hence, Proved from (i) and (ii) that
5 6

T

(vii) (AB)' = B'A"
2(5)+3(2) 2

AB=[2 3
4(5
12+3]

4 5

i
[2{}+10 24+5

Aﬂ{lﬁ IS_]

30 29
;|16
(AB) =[ 30

Sol.

st

=1

%o
] SM (4)+2(5)

6(2)+1(3) 6(4)+1(5)

10+6 20+10
12+3  24+5

1

\\\f

(viii} (.#LB]
Sol. AB=

(AB)C =

Q! R @\@a
{

BC

RRLr

lAt

1

] [90+29 60+203

(5216
2
[ 5(3)+6(1)

| 2(3)+()(T)  2(2)+1(7)

:

[15+6
| 6+1

|
|

from (1] and (ii) that
C=A (BC]

2 5116
2 |

2(5)+3(2] 2(6)+3(1)

L4(5)+5(2) 4(6)+5(1)

10+6 12+3]

[:20+l0 24+5
[30 29
2
ﬂm
I6(2)+IS(T}

6 %ﬂg
3}3 )F29(1) 30{2}+29{7)
48+15 32+|05J

L)

]

]

63 137
119 263

]

]

3 2

Eilled 3

5(2)+ 6{?):[

10+42
4+7

22D+3(7)  2(52)+3(11)
4(21)+5(7) 4(52)+5(11)
42+21 104+33
84+35 203+s'5]

|




63 137 | CONE
¥ {119 253] WO @ \ K‘WY ﬂcﬂ
Hence, Proved from (@;§ {\}3@&_»} =T7(1)-2(3)
(AB) C = A(BC) I\\hfj(_\ =7-6=1%0

N iy :
7 NI So, A™' is possible
i A=L ﬂ@){f& SJumnﬂnd PHIE
M [B] ‘*“““[—2 ?}
gl A e A A
Sol. “2 4 —m ]

oref e

=5(4) ~2(3} i
30 s=1d PR 3} 7 3}
(ii) AdjB [0 4 |
E 3 JIEN 3H+E3)()
B=| 3 ~
Sol. 0 73 S\@@j ] [20)+72) —2(3}+?{1)]
AdjB= ? fﬁ ] NS [ 7-6 3‘3J
Y N]\N] = [<14414 —647
() A~ 1o]_,
o 1T
At f
Sol. 2 I {v) (ABY
| AI—? 3 7 3]s 3
*"2 | Sul. AB = 2 [- 31 4
=7(1)-2(3)
=7o6= 190 P [7(5)4-3(2) 7{3)+3(4}}
So, A is possible 2)+1(2)  23)+1(4)
[1 ,.3:[ 35+6 21+I2J
Adj A= AB =
J -2 17 LD+;’-*Q}W\

A
I

[—i—-rxhdjh /(\‘Bl J\\B&\A \%fj;z 10 |
i1 M “\b @y 4 12]
= T‘[@rﬁﬂ‘%] e 133 10

& ih,} A-A (vi) [Bl}t

s 5 3
al B=




§ =[5 2}
3 4 .--\

WOND|

AN "'xﬁ‘%ﬁ{ﬂ =5(M+3(2) |

w%"'\fé\‘ g
3 o\eaml g W { [-7-8 "_15
8" [ DL ) —{ } L
RN o -23|-35+6 | -23|-29
5. Use matrix M‘u on method and i
Cramer's rule to solve the following -23
pair of linear equations, if possible: o e
() 3x+dy=7 -23
5.!.' — 2 S = .IE 2
Sol. By inversion method HRS S o
Giventhat 3x + 4y =7 15 29
Sx - y= 2 Solutlﬂﬂ Set: 23 23
writing the equations in matrix form By cramers rule

[3x+4y [7
| Sx—y i

letA=

Then (i];:._an be written as.
Ax =B

or x=A"'B

(3 4

s )

3 4

AR —I‘
3(-1)-5(4)

=-3-20=-23%0

Prlecd C ‘.: 4“47-.“-..:'".
AdjA = L ] 7 u&ﬂ A AN
5.3 Cagaiiud

1. SN

-5 3]

- Now A=

A-I

“{,; ~r15 1}@%@1\)‘{
?w__

w@ |

Given 't
"}""2

ﬂ,\
\B(\m uations in matrix form
3x+4y] [7
9% ~ y] [ ]
3 4

s LM

Here, we have .
A:F 4} ’ :[7- 4} A =[3' ?]
£ SIFE 251018 2
ORI
A
=3(-1)-5@)
=-3-20 -,—az%;r@'«ﬁu‘n

or

=7(-1)-(4)
=_7-8=—15
_14,]

14|




L

A, |=[3 7|
=6-33= 2&
N ﬁNﬁiT 5
Y~ 1Al
_B.B
-23 23
Xx—-6y=-1§
2c+6y=—3
Sol. By inversion method
Given that x—6y=-15
2x+6y=-3
Writing the equations in matrix form

: W

(i)

ﬂ

S“_u. J

Then (i) can be written as
Ax=B
or x=A"B

: 1 -6
Nuwh-z 6

| -6
A

= 1(6) - 2(-6)
=6+12

=18=0 \ \
6 62\ a‘\
pan [ 0

_E-
N\I [T?\J '.1
A ——xAdJA
| A

1[6 6
T8l =211

There for

=32)- 572 | A
\\Y{\ s

Sl b
[ 6(—15)+6(=3)
| =2(=15)+1(=3)]
'-9.048]

18 +30-3

J -108
-108 T
} =| 27
18

By cramer's method

Given that el e
2x+6y=-3

Writing the equations in matrix form

[ x=6y | [-15
_2x+6}f_=[ -3}

e -x]_[—us]
or 2 6]|y o [
here, we have

Iz eY I -1
LA “’M v ]

A ¢

-1(6)—2(43
=6+12=18=0

=]5 =6
|A'|=| _3 6|




=(-15) (6) - (-3) (-6) = ?{}le @@W

=-90-18=-108 do % K\?‘&\*u AL
I;’t__l . ,..wf‘\" '\. [.IL_)'.._J- 3 -~
X =a] AR DS AdiA=|"
K\\J'Lx\ =
- g A= L iAdiA
A ‘ o [ I3 =
| ¢ 5| -3 =§L1 2]
=IE)-2)15) Now X =A"'B can be written as
=-3+30=27 X 1-3 115
y =IAJ~' y % S‘F_I 2 3
Al _ 1[39)+(-D3)
IR " S-16+@0)
182
3 @G C}E\E\J
S0, x=-6,y= f\
\xﬂ” @j_, \\' ‘I][ :’
Solution set: )lw ,\R\@m
(iii) 2x+ y=5§ X '%2'
x+3y=3 [},]= |
Sol. By inversion method 3
Given that 2x+ y=35§ 12 1
x+3y=3 So, x = ?-}‘=3
Writing the equations in matrix form 121
[21“ +)’:’=[5J Solution Set = {(?15")}
X+3y| |3
2 1Mx] T5 By cramer’s rule
or [] 3][),}:{3:[ (i) Given that 2x +y=5
2. ] 5
Let A= [1 :J- X=[ﬂ,5 =[3] w tm (apm@Mamx form
Then (i) can be wnttenas ,q' WZ\\ HMJ il s e
Ax=B T r., \ x+3y| |3

er_A-IB ﬁ!\ﬂ\ \NE28t y PR TS
N [2 QT\ or |1 3 v 513
ow A= [ 3

Here, we have

e e e N e




2¢il W[ 21
A= s [W } 2o PB e 2]
=2x(3)-1() =61 =5 Mf\\t ) \1‘Mﬁm be written as
5] CHAL T AX=B
A= J“ \J o= or X=A"'B
AN 2 1
=5 =M= 15~3=12 Nﬂwﬁ=[1 2}
_ A e
A =
ol E
=7 =2(2) - 1(1)
2.5 =4-1=3#0
|ﬂ, |=>I 3‘ 2%
=203)-1(5)=6-5=1
| A,r 1 -—1 = »
AR i\ f‘\va{xf AN ”"ﬁ“ W i
= B L RR T e
= : B \fﬂfl‘?(@iﬂ_éd”\l 2 = = e
5 Qx\hqf@ E\EJ & 3 -1 2
12 [%QN] R\L\\BL Now x= A™' B can be written as
LA N 'x]=l"2 -1][21}
{(12 l)} Ly! 3(-1 2|27
Soiio S e 5 'x]= 1[221)+ (1 )rzu]
6. Find two numbers by using matrices Ly 3L ~1(21)+2(27)
such that twice the first added to the [x} 1 4247}
second makes 21 and twice the 23 3L et
second added to the first makes 27. x|_1 15}
Sol. Let the first number x and second LY 3:-33
number y. e E
According to the first condition x|_|3 ]
o e
According to the second conditiof| 7 "ﬁ \ ‘?\\, L ) 1
X +2y=27 %.\y AN \ﬂ Tx] [5
Wntmg thesc jn*hiah‘ﬁc form _y]= 1
"H’ZY 27 Hence, these two numbers are S and 11.
~ [ }[ ] [ } N 7. 4 knives and 6 forks cost Rs. 136,
A 24 whereas 6 knives and 5 forks cost -




Rs. 164. Find the cost of a knife and

a fork by using matrices.
Sol. Let the cost of a knife b&

and cost of a frok is ¥ Ru ”
According tqd} m tion
4x Poy=136 (i)
According to the second condition
6x + S5y = 164 (i)
Writing these equations in matrix form

'4x+6y]=l:l 35}

| 6x+5y | | 164
136

i sl e —o
Gallad]

Then (i) can be wrﬂﬁenns

Ax=B
or X = %%S\S\X\w

-HII

'.LB"L_;I.J-A

ar

Let 'A

=4(5)-6(6)
=20-36=-16#0

Now X = -\"Bcanb:wnttenas 0 f1

[x] &:ﬁg r’r,ﬁfﬂﬂ _
‘C\tf@fh"m =
SR
X|_| -16
ly] |=160
L 16
x| 2 _19}
Y] 10
So,x=19,y=10
cost of a knife=Rs. 19
cost of a frok = Rs, 10
8. A shop employs, 5 men and 3
women, pays total daily wages Rs.
3500. If the number of men is
reduced to 2 and rd women are
e, ges amount to
\u O . Find daily wages of a man
and a umman by using matrices.

Sol. Let the wages of a man Rs. x and
wages of a woman is Rs. y.
According to the first condition

Sx + 3y =13500 (i)
According to the second condetion
2x + 6y = 5000 (i)
Writing these equations in matrix
form.
(S5x+3y] [3500
[ 2x+6 yjl*[snuu]
Rk 3500
e js ] ‘L@W
" sx e 3500
(TR
Then (i) can hc written as.
Ax=B
or x=A"'B
3 *3
Now A = [2 6]

] a 1 is Lﬁ@\ Q‘\m
.‘!" =3 TWG{

+(=6)(164)
_y_' ;e —6(I3ﬁ)+4(164)]
[x]__1 [ 680-984
Ly [T 18| -816+656

|A] = (5)(6) —«2)(3)=30-6=24=0




: § =3 21000 £15000
Adj A= [_2 5} A o AR T[—ﬁﬁﬂmzsmoj
P i 6000
A= m * Adj A o PR RAR j_[ 60[][]} 24
A RARR RS = 2418000 | = | 18000
d L[ ﬁl\‘*j- 24
- 24[-2 5 250
Now X = A™' B can be written as 2 ?50:[
[.r]_ 1 [ 6 -3 3500] So, x =250, y = 750
¥ 24| %2 .55 }{SOGGJ Hence, Daily wages of a man = Rs.250

x| __1 16(3500)+(-3)(5000) Daily wages of a women = Rs. 750
y -2(3500) +5(5000)

Multiple Choice Questions pupr-r d e light of new Examingion Te :chniques
{Hnawledge Undpvrtdm.lmg, Appllcatmn Analytm'il & CnncePtuﬂj

(a) 6 (b) 3 (c) 2 (d) 4
2. Inthe matrix A =[1 2 3], how many columns are there.
(a) 1 (b) 2 (c) 3 (d) 4
:
3. What are the entries of the second row of matrix [3 41 il
(a) 1,3 (b) 2.4 BT [ Gayes, ©
i\ -.1 ul =y
= 1
4. What is the entry of the ﬁﬂt row and ﬂecmd ‘column of matrix L 3}
'I." ni=
(a) 7 b= R A (c) 4 (d) 3
Order or Size of a Matrix

5. Which of these is a 2 x 2 Matrix?

@[ 2] (h}[ 3}

I !
©12 4 6/ @ |2




RN [F rq"n 'n i\l

6. Identify the order of the matrix B= [7 8 ?] ara NN '”T. ) Yo
(@) 3-by-3 (b) 3by-1 [\ e t—$ 19 ;.-f (@) 1-by-1
7. A Matrix has order 3 by ﬁwfm&hffarc in each column?
@ 3 "x AU US| @ 4
8. How many coluﬂmpl na2by 3 matrix?
(a) 2 (b) 3 (c) 1 (d) 4

1 0
9. What is the order of the matrix :' : ‘4
(a) 3by2 (b) 3by3 (c) 2x2 (d) 6

m Equal Matrices

- -

= 5] [3 5

10, If e 21=lo J,whath the value of x

(a) 0 1 (b) 5 (c) 1 (d) 3

_ atb | {7 N ®

11. Find the value of a if | , 2 'nd?=?‘ﬂr\i‘ﬂff$:j/@“m@ i >

(a2 w4 - DAam\LMY Y @9
12. IfA=[2x 1]=[10 1]tHen Wha \E?‘@ &

(a) 20 o = ( 10
13. What is the tvpe of the Matrix A= [-7 0 4]?

(a) row (b) square (¢) null (d) column

. 4

14. What is the type of the matrix B= : (1

(a) Identity (b) Square (¢) column (d) row

15. Which is 2 null matrix?

@ [n gﬂ (b) [g] © [1 ﬂ @ m

e =71 G\ €O\
16. What is the type of the matrix B 1 A l0anr m \ I{*_;JA\I‘_}-,::_*:-:_.
(a) square (b) row 1; 1,‘@} fibath M Y (d) column
17. Which is the order of a sq w
(@) 1x3 (l]-:g;;wm (c}3>f3 (d) 3x1
18. What is the l}fn of the matrix C = [ 2 ]
(a) row (b) square (c) null (d) rectangular

19. Which is the order of a rectangular matrix?
(@) 1x3 (b) 3x3 (c)2x2 (d1x1. -




20,

: 0 : '.J '.ﬁl"l i"\_CL -3 4
@) 0 0 (b) % 11:&{»’ ~ﬂ¢) AN @ o 2

21.

212,

23.

24.

25,

26.

27,

28,
29,

30.

_ T Tl . -SRI T o . e il e et e e W
Whieh is not a diagonal Marrlx" 1S\ ([0 LA

What i the fype of tﬂlm‘a;ri; An [\: g]

(a) row (b) scalar . (c) null " (d) rectangular
Identify the unit matrix.

0 1 0 : 1 il 0 0
(@ [o 2} (®) [n 1} © [, :] ) [0 0]

=7 ]
Transpose of the matrix A = : is:
. : 2"

@732 ®l 73 2 @ %ﬁ,@;]
A square matrix A is symmetric ll'* o Ve \"ﬂx\ ﬁ%ﬂ-ﬁl"}ﬁ' ¥
(@ A=A" (b) A——A ff’ }w‘* WY (d) A'=-A

Which is the example of 4 . ‘niitrlx?
gr—1 ] : F 1 0
(a) [ U‘l“ NN (d) [g I]

A Matrix where every element is Zero is clIIed
(a) Identity (b) skew (c) row (d) null

Algebraic operations on Matrices

If matrix A is of size 3 x 2 and matrix B Is of size 3 x 2, what is the size of
resulting matrix A + B?
(a) 3 %2 b) 6x4 - () 2%3 (d) 3%3

1 2 56
IfA= [3 4-}1‘-'[7 a} the A + B will be

(@) [ p ﬂ (b) [3 i] (c) [6 Iﬂ e {d) [; 4]

0 ""r‘?‘w AL

10 4
IfZAﬂ[‘i 8} then mntrixﬁls"’”ul ﬁl rw \H"u )

\¢

2 B U Ty g
(@ [4 6] AN Jﬂ’?” ] ©) [:2 16]

4 Snfl 7

5 4
(@) [5 4}

3 2] 3 2 Bnid 8¢ .2
- @ [1 2]‘- ®) [1 n} © [I 2} O [3 2}




31,

32.

33.

34.

35.

36.

37,

39.

IfA=[2 3 -7] B= [4 5 3], then B - ¢ x\Jf'\’fj\”ﬁ?fl ol {i

\ )|
@2 110 @2, 2\( -H@k[@g\d Y@ [2 2 4
Commutative law of ti n Q rid:es is.
(@) A+B= ATQJI§ WAYB=B+A (c)A+B=AB (d) A+B=0
The additive identity of matrix A = I:; : is:
-1 =2 1 3 Tro] 0 0
@ |_3 -5 ®) |2 s © o 1 @ 1o 0
The additive inverse of matrix A = [__13 ﬂ is:
2 ol -1 0 —F 2 -1'0
@) [3 | (®) [3 -2] ©) [3 0} @ [+3 2]
2 o~
IfA= [5 the 3A — A will be: it ,H,{;fja, @ﬁﬂ?ﬂuﬁ
Lo AatraN @z
4 WAl NN =T
(al[ ] ®) [15 N\ \\\ ’r@\(;?ﬁ]‘*“" @ 5]
Which are cuufur%ww \d}is
2 WA : 2
@ 3}[3 4] VY ) [ 2]-[1]
B 20021 L2
© (3 4]0 3 @12)13 4

For matrices A and B which is always true?
(@ A-B=B-A (b) (A-B)'=A-B'(c) (A-B))=A'B' (d) AB=1

IfQ= [3 :i]then—JIQ is:

@ s {ﬂ ® [ '1152] @ |1t f] @[3 11
Which pair St is eunfurma le d\ plics :

o I 40l or ol wl
What is produet of [1 2][.;,]?

@ (0] ® [7] @© [5] @ [50]

L by —




41,

42,

43.

44,

45.

46.

47.

49,

50.

51.

:I

5 77 _ 1 0 N (CIO\
IfA: 0 -4 and B= 0" thlE]'_IABI'!'. llll"i_ll'l'.l"-l,'h?' =

(a) [: 3] (b) Lsmﬂx “M _ﬂ (d) '4?]

R
RN !
IfA=]-3 Traﬁdﬂf 11 |the order of AB will be:

(@) 1 by2 (b) 2by2 (¢) 1 byl (d) 2by |
The associative law of multiplication of matrices is
(a) AB=BA (b) AB=1 (¢) AB+C=AB+AC (d) (AB)C = A (BO)

2 3
Multiplicative identity of a matrix A = [ 4 5:[ is

1@ -2 3 ]’5 <3 2142
@]o | ® |4 s © g 2 @ fo o

Multiplicative Inverse of a matrix v qurm‘g

R (2o =5

-

lfA=[§ i_,thenlﬂlwigbe wf\}uﬁ\ bff“
(@) 29 *\x N\\\ o) 11 d) 16
What is the ﬁj\k@‘ﬁf - ;3

(a) 4 ) 10 ©) 6 @ —6

a b
IfB= l:c d } » then|B|will be.
(a) ab—ed (b) ad —be (c) cb—all (d) ac—bd

Singular and Non - Singular Matrices
Which of the following is a singular matrix?

4 10] i #47%: 4 3 SR
@[y 5 (b) 5 7 © |10 5 @ [o |
Which of the I‘ollmrlughlnnn lingnhrmltﬁl? A co

3 & (6 ,’f‘“‘s 20
ol §  efd fIi\?@f* @ %)

9 6 W
If 3 L[=0, whﬁﬁﬂﬁ&lv&hﬁnf
(a) 4 o> (b) 2° ©5 (d) 0

Which of these is not a singular matrix?

4 7 21 9 % 2 12 8
@) [z 9] - ® [? 3] €) [: I] (@) [ﬁ 4:[




m Multiplicative Inverse uf H_Nurg-siﬂgllnﬁ@gtﬂr i
52. For which multiplicative inversse in ssit : WAL
(@) [3 4 \Li KE\EL ML 0\ x\ (Q}h 2 l:] O [a
QU ||H\J n\“ L : ;
53. The Adjoint of matrix D = [ d] is:

d =b a c| [-a ¢ a d
@ | ¢ aJ }[b d| © | b —d} - @ [b c]
54. For which multiplicative inverse is not pusslble
v 3] 5 6] (7147 - $is)
@ |3 4 (b) [7 9 © |3 5] (d) [2 1}
55, (AB)'=

(a) (BA)“__ (b) B'A™ (c) AB e {ﬂl é ﬁ@s
56. AA~= ifA= [ J g\ A (ﬂ\{\)ﬂj\) 7%

- ll".'ﬁv
1 0] (R 5 -9
(ﬂ)’» 1] \Jfa’ﬁf Q]V (C} 1 (d) ]:_2 4

57. Tlnreuno in\\*.rs of B if.

= ----- :i w—
'-‘:\—Fﬂ“;f’ﬁ;"lll'_. A

. O
=

]

ﬁ !ilF =1 (b) B[=4 (c) IB[=0 (d) B|=10
4

: ez
1. 3 2 3 30 38 4. 7 & [4 6:[
6. 1by3 c 3 3 9, 3by2 10. 3
0
11.4 12. 5 13. row 14, column 15. [D}
-3 4]
16. Square 17. 3%3 18. rectangular 19. Ix3 20 ﬁﬁ’ﬁ@"
D) e
)| 0 = '”_"\\ ,-‘(1 1'1:-.(-%_:' _'?'-
21. scalar 22, 0 | 23 [—7 3{2{,&,»2\4\ M#ﬁm [ 28, 7 0]
\ \gu o I ) 3 =2
26. null 27. 3"%\“\_{‘4 M 10 12 [3 4 30. 1 2
W 0 0 Fa
31.[2 2 4] 32.A+B=B+A 33. [0 0 34. | 30 2

i 21
38. [H-J 36. [3 4},[0 3] 37. (A-B)t=At—Bt

]




-8 12
38.10 16

- i I ~ P T
39, [4 3}[0] “ 51 ¥ xu“"ﬁx T,@:L 41.['5@\}\1

|1
P AN
43.(AB)C = A (BC) _Ix}m”ﬁﬂ 5. 11 46. -6
RN S E - :
: g!}'r-l“‘sz'.r:-*..!rﬂ e, 4 7"
4'?.ad—hc 48, ‘2 5 49. ,,4 2- 5“.2 51. ‘2 g_i
20 14 i < 7 14 1 0
| =
52.[2 4} 53. P a} 54, 13 6} 55, B A 56 0 1
57.|B| =

/ Shart Answer Questions pfepurr-d in the hghT of new Examination Terhmquea
{Knowledge, I.Inderstandmg Apphcatmn, Analytlcal & Cnnrrptu

Rows and Il dumuns of @ Matrix

1. Define a matrix. O\ \ec :

Ans. A matrix is a rectangul @M@ iﬁ\shh%e whasr: elements (entries) are written within
square brackets it F{Eﬂ ific order.

2. Definea rn“}‘ilr the content of a matrix.

Ans.A row consists of entries written in a horizontal line.

3. Define a column in context of a matrix.

Ans.A column consists of entries in a vertical line.

T 3
4. How many rows and columns are there in this matrix B = [1 4 .’,}

Ans. Matrix B has two rows and three columns. Order or size of a Matrix.
5,  Write the order of the matrix A=[1 3 7]
Ans. The order of the matrix A = 1-by-3

2 3
6. Write the order of the matrix B= |4 3 AN GO
0_ 7III. ‘et 1".I'h.;'l, ..Il'...'\. N[ "-'-"/..".c:'-.': e
\ .;F':" 7 \': o I,I'I lIIII AN

Ans. The order of the matrix }3 : 3w»bk‘%- VAl ‘a l;___'f,‘ J WAL L
'.'"' ”'. h' Q' | f’
7. Are the urders uf Wmtﬁm A= [2} and B [1 1] the snthe?

Ans. No, the nrdérs af both matrices are not same. The order of A is 2 by | and order of

Bis 1 by 2.

8. Define equal matrices.

Ans. Two matrices A and B are said to be equal if and only if they are of same order and
their corresponding elements are same,




5x: M\%ﬁh
5x=15
o
s
x=3
So,x=3,y=9

1 2 27
10. Are matrix A= [3 4} and Matrix B= [3 4] are same or not? Give reason.

Ans. No, matrix A and Matrix B are not equal .matrices. Both have same order but
corresponding entries of the second row are not same.-

_ [T —4][a-1 -4
11. Find l,h if b 0 9 0

Sol. corresponding entries of cqual matncm
a—1=7

7@ (QOYHN
BL(@Q%\E\'
a=7+1 i)
il
So,a=8 T& =%\7qu
12. Define a "Row matrix"'.
Ans, A row matrix is a matrix that has only one row. For example A =[1 0 -3]
13. Define a "Column matrix".

Ans. A column matrix is a mah:ix that has only one column. For example B = LS]
14. What is a ""square matrix"",

Ans. A matrix in which number of rows is equal to the number of columns is called a

square matrix. For example, A = [ ; ﬂ

15. Define "Rectangular matrix". —S\ (@(0) ﬂu

Ans. If the number of rows and number of cplulgns\. rﬁlﬂ gﬁﬂ‘ﬁf q ual then it is
called a rectangular matrix, =\ u 7 \

For example A i‘@k’fﬁﬂ\gw‘ i

16. Define "Ding

Ans. A square mamx is called a diagonal matrix if at least any one of elements of its
diagonal is non-zero and non-diagonal elements are zero.

4 0
For example A = [0 {J




e, "

e —

17. Define '"Scalar matrix"'.

Ans. A diagonal matrix is called a scqlar
matrix if all the entries mtjl:{q” al
are the same. 4

18. Define "Identi q?ahrﬁm \)

Ans. A scalar matiik is called an identity or
unit matrix if all main diagonal entries
are |1 and the rest are zero.

1 0 0

01 0

For example Q = 0 0 |

1 2
19. Find the transpose of matrix A= [3 ‘J

el 3
i ]

Sol.

of)

Kgﬂ‘ﬁkw
\L =

N
| N 'kﬂ O
. g I £
flll_e; '_I"g i.lll'.IH il I"-,I".{ \ "‘?’
e et Y
“EZS. If A=[8 4], then show it is a
symmetric matrix.
9 B
Sol. A —[3 4]
9 8
b=
A'= [8 4] =A
Hence, verified that A is a symmetric
matrix because A'= A _
W
24. Show that M= -13 0 is a skew-
WEC e, SO

20. Find the transpose &i‘lmﬂt}\\t E‘ﬁjﬁ LN e [ -]3} —M
C=[-1 0 -mx { 13 0
sol. C=[-1 Hence, verified that M is a skew
a1 symmetric matrix.
C'= [ 0 ] BEXM Algebraic Operations on
-19 Matrices
1 2 25. HZ=[-3 0 15], then find - 7Z
21. Ifl’,‘=[ }ﬂm verify that (CY)=C | Ans. Z= [-3 0 15]
11 7 9Z=-7-3 0 15)
[ 2 -7Z=[21 0 -105]
Ans.C = l:l ] —J

e T2 S
=1,

]

10 7 6
26, If Y= 1'3 and Z= 4 vy ,thEl'.I
ﬁndY—SZ SO

7 g
RS ) SR\ g guUlg
=2 oy e *-.,;;“»{m"*«%& T 3 [ 4 _:J
i ’[ 1 7} =C QTR TIN
wg“ﬂ* =5 1 35 30
Hence, ve.nﬁ%];i M T{ﬂd |1 15
22. F‘indthenqaﬁveofmmﬂ-[l ﬂ} [1-35 0-30]
ik T [1-20 2+15
Sol. B= [ i U] _[1-35 0-30]
el =11-20 2+15)




[2-6 3-9
| 3+9 2-6
4 -6

- - t
28. fA= J 4 , then find A +B\J’

[ ”\\\m T

=[0 4]
[u 4]
7+4]

Ans. A=

f __""I

A‘+B‘-[l
=11 +0
=1 11)
Multiplication of Matrices

3 0] [-5
29. WA= 3 5|.B=| | |, then find AB

sa. s0=[5 JJ[7]

_[3¢5)+0a)
| =3(=5)+5(1)

g

_[HH+0@)  1(N)+0(2)
2433 2()+3(2)

_f1+0  7+0
2+12 I4+ﬁ mﬂ\

@m\%ﬁ&? B,

ocr-} 4]

Multiplication Inverse of a Matrix
Determinant of a Matrix of order.

-3 2
32. Find the value of 7 4
S O ‘
Aﬂ!- _‘! 4
==3@)-N Q)
=—12+14=2
33. Find the determinant of
-7 381~ AR
'\SJJ é‘, IIIIIL | } u

rj1ﬁ£E =735
-7 35
1A|“[ 1 5}

==7(5)—-(=1)(35)
=—35+35

=




7 -5 i"-;‘”f‘« GO
34. Find the determinat of C= 23 9\ ,: ’\ { \L T4
-7 -, ".'I L5 O
7 =5 "al}}; S T \ ‘-3,3'~- s (14) 7(6)=0
Sol. C= =3 U ” II' ,, 14K -42=0
: J JRVR 14K = 42
=5 o]
3 o -
|
=-7(0) = (-3)(-5) K=3
=0-15 Adjoint of a Matrix
=—13 38. Find the adjoint of matrix
Singular and Non-Singular Matrices

4 7

is singular or non singular

4 7
e "“[!2 21]
4 T".V,
Ll Lz 21] i\\) E\:\m
=4(21)~
= 84—
So, Ais a-s'mgu-lar matrix

19 3
36. Show that A= |47 1 is a non-

singular matrix.

m%’?“* @ }‘?gﬁ"ﬂ*
(@ \\i WA\

39 Flnd the adjoint of M =
|8 t

M__ .Y

=4

s

Multiplicative inverse of a

Non-singular matrix :

7 4
A=lp 3

T 4

By

Sol.

L)

Ade=[wu

Sol. A= :3 g] 40. When does the inverse of a matrix
7 not exist?
|A|= :3 ;l Ans. The inverse of a singular matrix does
not exist.
=192)- 17 (3)
=38-51
=_1320 '.II '.J X (
So, A is a non - singular beca gflmﬁ @;\\ X
4| UK 6
37. Find the @ﬂw is B_\\[ 7 1 4}
is a singular matrix. =2(0) - 3(1)
K 6 =0-3
s B=|:? ‘4]' =—320




e = ol
A is non singular, so, inverse is g & R .
Ad ["‘I] SN 3 seNE e
AT =3 2 multap]tcatmve_;nvcrsw:{‘h each other
Wﬂlﬂf ﬂﬂ}&lﬂ;{l&t&ﬁt matrix.
~ verse =
1o -i Qgﬁm Q 9 21
= 3|3 (AN ot it
i VA i e ol
3 3 L gy
il =488 B=o 21‘
= v =-3(21)-9-7)
i = 63+63
5' =1{)
iy -2 So, inverse of matrix B is not possible
= 3 because it is a singular matrix.
s §J|2 S
42. Show that |:4 3] 4 4|are
' g _,—\J"H:x;, \ (€C .Fj"ﬂm
multiplicative inverse of each other. |, R ﬂﬁ[ﬁ\‘ fﬂ CALES
ok S i g O“\fﬁ"mi 3@3‘9‘\ i
i [4 3] 41I\|]“4‘J E\\\Ud““
T
o2 N 5 — RN —
8550 8 “)+5(z)
= 3 5
"(EJH"‘-“ :[-;)um
_ |65 -10+10
~[3-3 -5+6
Tibor
R
- .Eh"'.ﬁ r\\lﬁi_\ "\H ||I "‘/-—d-é*lh% @
o o I'U'F'T" (0 H‘-.'“‘_B»_J".-l =1
SN\ RN
f-.ﬁl"-"'.“'".f"ﬁl" - =
NN oL




