{ »  Extend sine and cosine functions to angles between 90° and 180°.
»  Solve problems using the laws of sine, cosine and the area formulas for any triangle.
»  Solve simple trigonometric problems in three dimensions.

>

Apply concepts of trigonometry to real life world problems (suc% as @ @ !

flight engineering, navigation and sound waves).

Interpret and use three figure bearings. O@
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This unit explores the extended apphcanons of tngonometry beyond right-angled
triangles by developing an understanding. of sine and cosine functions for angles
- between 90° and 180°. Students will learn to apply the laws of sine and cosine, as
well as area formulas, to solve problems ivolving any type of triangle. The unit
further introduces the use of trigonometric problems in three-dimensional contexts
and emphasizes concept of trigonometry in real-world scenarios such as navigation,
flight engineering, video game design and sound wave analysis. Students will also
gain proficiency in interpreting and using three-figure bearings and applying this
knowledge to solve practical bearing-related problems, enhancing spatial reasoning
and problem-solving skills.

Opposite side




e ‘ .
(i) sine & (sin 6)= 2 “m (ii) cosine @ (cos ) = fﬂg_
(iii) cosec (cosec ) = —1— = hyp. (iv) secant@ (sec 6) = el = -1132
. sinf  opp. cos@ adj.
(V) tangent 6 (tan )= ﬂ ' (vi) cotangent 9I (cot §) = b - adj.
adj. tanf opp.

The above six trigonometric ratios are also called trigonometric functions.

Remember
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The signs depend on the quadrant in which
terminal side of the angle lies.

Consider a circle having radius r and centre at
point O. X

In 1* Quadrant: x>0,y >0 N
Q
e AONIY

sinf@=2>0,cos0=2>0 S

p ’ OX@
cose09=£>0, > —>0

y . 7
Hence, in the 1* quadrant all trigonometric functions are positive.




sm9—2>0 COS cosec&——>0 secﬁ'——<‘0,cot6=——'7‘;<0

r 5 T Y
Hence, in the 2™ quadrant sin and cosec functions are positive and all other
trigonometric functions are negative. '

" o SR\BR=ES .
2"" Quadrant: x <0, y>0C®m“ ET%:

In 3" Quadrant: x <0,y <0
smﬂ' ——<0 cosf = <0 tané -——'>0,cosec9 =L<0,sec9 seide <0,coté <2 50
y: -X SN -X =y

Hence, in the 3™ quadrant tan and cot functions are positive and all other

trigonometric functions are negative.
gogtfadin.

are positive and all other

In 4** Quadrant: x>0,y <0

sina=i <0,cos8 = ->o tan@ == <0, coseg

S

Hence, in the 4™ quadrant’
trigonometric fun
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NRTR: .
t circle with centre at O and take
any point P(x, ) on it such that m£40P = 0°.
As P(x, y) lies on x-axis,

: y 0 | 1

== = 3 0°= - = —

sin 0° e 0 , cosec 60° 0

: 1 1
cos0°=2= 1.4 » sec0°= =]

1 1

.

0

any point P(x, y) on it
As P(x, y) lies on

So, x= :
1
sin90°=—=1=l, cosec 90° = — -
r 1 sin 90°
0 1
cos90°=2= "0, 90° = =
: B o cos 90°
tan90°=£=l= defined » cot90° =

Consider a unit circle with centre at O and take
any point P(x, y) on it such that mZA4OP = 180°.
As P(x, y) lies on x'-axis.

so, x=-1,y=0,r=1
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Consider a nit circle having radius 1 with centre at 0(0, 0) in the Cartesian
coordinate system. P(cos 6, sin #) be any point in quadrant I on the circumference of
the circle, where mZMOP = 8 = m£LYOP'
mZMOP' = (90° +8) and m£POP' =90° P'(=sin i, )
so, we have mZOP'M'= m/ZYOP' (Alternate angles) / | e 6, sin 6)
That is, the angle (90°+@) is obtained by TN~ A
rotating the angle @ counterclockwise by 90°. (-1,0)
The coordinates of P’ will be (-sin 6, cos §), ¥
i.e. the new x-coordinate of P’ becomes the
negative of the y-coordinate of the P and new
y-coordinate of P’ becomes the x-coordinate

of the P. @)

As we know that in u.ng) ircl

x-coordinate and y-coor . Therefore,
cos (90° s*edordinate of (90 +6) = —sin @
s + @) = y-coordinate of (90° +8) = cos &

Hence, sin(90°+8)=cos  , cosec (90°+ ) =sec @
cos(90° +8)=-sin @ , sec (90° + @) = —cosec 0
tan(90° + §) = —cot @ >  cot (90°+ @) =—tan &

i Tr
Let mZMOP =6 and mZMOP'= (180" -0)
Here APOM and AP'OM'are congruent, such that
mOP'= mOP, mOM' = mOM and mP'M' = mPM
In APOM, we have

P'(-a

s'm9=—b_— and cosﬂzL_ﬂq
mOP

In AP'OM', we have
sin(180° — §) = y—coorte of




Hence, sin (180° -

@) =sin @
cos (180°— 6) —?@m
tan (180° NI
Find the signs of the following:
(i) cos75° (i)  cot250°

(i) 75° lies in first quadrant, where cos is positive.
(ii)  250° lies in third quadrant, where cot is positive.

- (180" 6) =-sec 8
cot (180° — @) = —ot @

Without using calculator, find the exact values of the following
trigonometric functions: (i)  sin 120° (i) cot 150°

@SEmED ) sini20°

120° lies in quadrant II, where sin is positive.

sin 120° = sin(180° — 60°) = sin 60° "+ sin(180° — @n

(i) coDl30° “ @
1501 10 ; where cot is negative.
g = cot(180° - 30°)=—cot 30° . cot(180° —6) =—cotf

-3

| EXERCISE ,__1

Find the signs of the following:

(i) sin 55° (i)  cos 145° (iii) tan111°

(iv) sec179° (v)  cosec 88° (vi) cot14°

Fill in the blanks: .

(i) tan (180°-@)=...tan & (ii) sin(180° 0)=.. sin9
(iii) tan(90°+@)=...cot@ (iv) cos $(90°+ 6) =

(v) cosec(180°—8)=...cosec® (vi) sec @Hﬁﬁc
Without using calculator, ﬁnd xact fﬁ@ ? i%ﬁ g trtgonometnc'
functions: - ‘k

(1) sin 150° ’\R\ (iii) sec 150°

(iv) ¢ cos 120° (vi) cot 120°

(vii) 135° (vm) sec 135° (ix) cot 135°
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An oblique ?riangle that does not contai'n a right angle. It can be either
acute triangle (all angles less than 90°) or obtuse triangle (one angle greater than 90°).
Following triangles are oblique triangles:

r A

B a

EEXD e oot ik

If a, b and c are the sides and a, § and y are the angl OpPsite of any

triangle respectively, then the law of 1@@@@ _
% sin y '

The law of si onshlp between the angles and the sides of a triangle. While

solving a triangle, the law of sines can be used to solve a triangle, if two angles and one
side which is opposite to one of given angles, are given.

In a triangle ABC, = 45“,'? = 30° a = 6 cm, calculate b and c.

— As we know that
a+B+y=180°
a=180°-f-y 4
= 180° —45° - 30° = 105°
Now, by the law of sines
a b

s p— =

sina  sin ﬁ sin }' W
< W@U\}U €
sin 105° : sin 45° § “@@@ 25 a

g [sin 105° = sin(180° — 75°) = sin 75°]

Taking =

sin 75°  sin 45°

NOT FOR SALE-PESRP



SR A > Trigonometry s S

a sin 45° sin 45°

sm7°

Now,
sin 75° sin 30°

axsin30° _ 6x(0.5) _ 3.0 _
sin 75° 0.97 0.97

C =

Ifa b and ¢ are the sides and a, ﬁ and y are the angles opposite to the sides of any
triangle respectively, then the law of cosines is:

bPac ~a’
2bc
¢ +a* —b

P =b*+c*—-2bccosa or cosa=

b*=c*+a*—2cacosf or cosf =

2ca m
NS
= az+b2 2ab cos
b
(Example £§ In A4 3 Find the values of «, f and 7.
@ Solution B ata— b 5.¢=17

By using the law of cosines, we have
PP+t -a* 5°+7°-3* 25+49-9 13

2bc 2x 3R 70 14

o =cos”' L 21.8°
14

_ drt-bt  P+P-F  9+49-25 11
cos f = =
2ac 2% 3x 7 42 14

B =cos™ (—1—1—]= 38.2°
14
A B+ y=180" 0
e e

Il
|

Area of AABC = lbc sina=lac sin =lab siny

2 2 2
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3 T |
‘Exampl Calculate area @W%& =42, b=32and?=70°.

Area of AABC = %ab siny = % (4.2)(3.2) sin70°

- %(4.2)(3.2) (0.94) = 6.31 squareunits

e SRS T D e A S s g R Bt Al

Area of AABC = [s(s—a)(s—b)(s—c) , where s =

a+b+c
2

le &Y Calculate area of AABC in whicha =4 cm, b=3 cm, ¢ =5 cm.

a=4cm,b=3cm, c=5cm

ARECE T _
s—a=6-4=2 %
s—b=6- 3“
SQ$§@Q3J@T’

Area of AABC = /s(s—a)(s—b)(s—c)

= {6(23)(D)
=36

a*sinfBsiny b’sinasiny _c¢’sinasinf
2sina 2sin B 2siny

Area of AABC =

PIe gD Calculate area of triangle ABC in which @ =355 =65",a=2 @

o) 0©

°'ﬁ | Skilled Practice! g

‘D As we know that

o
+p[+7=180° @
35°j65°+:*’=1Cg mmﬁ




UNIT 7

W (2) sin 65° sin 80°

2 sin 35°
_ 40.91)(0.98)
208 57) W

5 Solve the triangle ABC, in which
(i) a=6.1cm, b=84cm, a =42°
(i) a=122cm,c=15.8 cm, y = 50°

(i) b=52 cm, c=5cm, y = 48° (iv) b=48c
(v) B=70° b=8cm, a=100° %z 7 60°

(vi) c¢=7cm,f=34°, \@@-— 12cm, a=92°, f=77°
2, Calculate ar le ABC.

(i) a= -—8cm, y =38° (i) a=1lcm, c=14cm, p=31°
(iii)) &= 3 cm, c=9cm, a=78° (iv) a=10cm, a=62°, pB=69°
(v) c=4cm, F=36° y =80° (Vi) c=6.6cm, a=23° y = 89°
(vi) a=53cm,b=47 cm,c=82cm (viii) a=6.12cm,h=8.34 em,c =7.12 cm

2

3cm

The diagram shows a prism. Triangle POR is a cross seétion of the

prism, where
mPR =20 cm, mMP = 12 ¢m,
mZPRQ =30° and m/POR = 90°.
Calculate the size of the angle that the li%:

makes with the plane RQLN. m
have W o§'j '
= sin 30°

‘NOTFOR SALE-PESR® ~- .




UNIT 7

In right angled triangle MPR, we have

mMR = J(mﬁ)z +(mMP)" = /200" +(12)" = J400+144 = /544
= 23.3238 cm '

In right angled triangle MLR, we have

opp. 10

hyp. 23.3238

x = sin"!(0.4287)

sinx = =0.4287

i
@SOlERTD 1n right angled triangle AFC, we have
mAC = J(mF_cf -(mZﬁ)’ = J(16)* -(6)?
= 1/256-36 = v/220 = 14.83cm
In right angled triangle 4BC, we have

mBC = \|(mAC) ~(m4B) = 14837 -®
= /220- 64
=156 =12.5cm

O
ane takes off at an angle of elevation of 12° and travels 2000

metres along this path. How high :is the pIané after traveling this distance?

LA Earr L) R ECRP
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@ Solution D In triangle ABM 2

Wﬁg 2000 $
S

(0.2079)2000 = mBC

mBC = 415.8m 12° Bl
The plane is approximately 415.8 m above the ground. 4 ¢

: In a sound lab, two microphones are placed ¢=3 m apart and a
sound source is @ = 2 m from one and b = 2.5 m from the other. Find the angle between
the sound paths a and b.

D Herea=2m,b=25m,c=3m

Using the law of cosines, we have
a+b*-c¢ 22 +(2.5)7-

2ab 2x2 2
72 os”

Y. In the triangular prism, find
@) the length CF.
(i)  the length BF.
(iii) the angle BFC, correct to one
decimal place.

cosy =

2. The diagram shows a triangular pyramid
with a horizontal rectangular base PORS,
in which mPQ = 16 cm, mOR = 10 cm.
M is the midpoint of the line PR. The

vertex, T, is vertically above
mMT = 15 cm. Calcul

angle betwe 5 e base
PORS. r answer correct to 1

decimal place.




zontal square of side 10 cm.
The vertex, V, is vertically above the
midpoint, M and mV'M =12 cm.
Calculate the size of angle VPM.

ABCDE is a square based pyramid, in which
mAE = mBE = mCE = mDE =12 cm and
mAB = 15cm. Calculate the size of angle

DEB. Give your answer in degree
(whole numbers).

The diagram sho prism
with a Metaﬂgﬂm base
ABCD. mAB =10 cm, mBC =7 cm, M
is the midpoint of AD. The vertex T is 5

vertically above M and mMT= 6 cm.
Calculate the size of the angle between
TB and the base. o

In an isometric game, the camera is placed at a 45° angle from the ground. If
the player is 10 units in front and 10 units above, what is the direct line of
sight distance? _

A surveyor spots the top of a tower at an elevation angle of 28°. He is
standing 60 metres from the base. Find the helght of the towe

A boat crosses a river 80 m wide, at a 60° Q tance

does the boat actually travel?

A listener hears a sound ne is 6 m dlrcctly ahead and the
other is at 30° ay. Find the distance between the speakers.
Al0m Iad S agamst a wall making an angle of 75° with the ground. How

high does it reach up the wall?




11. A lighthouse is loca

level. A ship i mme of depression |/ a i N T

cliff?

ey

o
ER s

Do you know? g

A bearing is a way of describing the direction or angle
from one point to another, measured in degrees from
the north direction in a clockwise manner. It is always
written as a three-digit angle between 000° and 360°.

It is used in navigation, aviation, surveying and map
- reading to describe precise direction.
For example, a plane flying east has a bearing
In the diagram, the
is 060°. Find the bearing G{\» ‘
‘Solution ) £ énldthe tine NQ, so that angle NOW = 180°
angles are equal, therefore
mZPOW = 060°
So, the bearing of P from Q= 180° + 060°
= 240°

Abdullah sails a shig\ﬁ'om point 4 to point B
on a bearing of 080°. What bearing should he follow to return 80° ,

from point B back to point A?/ N

The diagram shows the journey from 4 to B.

Extend the line of the journey and we get an angle W
Bearing of 4 fromB = 080° %

[ com

Q

eparts from an airpoi't and travels 40 km due east,
followed b due north. The pilot then returns to the airport along the shortest
possible route. What is the bearing and the distance of the shortest route?

NPT D S AT e SRR



6 =tan™' (0.8)
=38.66°
Bearing = 180° + 38.66° = 218.66°
Suppose x is the shortest route
X2 =407+ 50°
= 1600 + 2500
=4100

= /4100
= 64.03km

50 km

40 km

EXERCISE |
; . g UV 1
Find beWg o each of the following:
() v (ii) AN
P
< : 5 «—20 >
0 0
40
P
4 v
(lll) NA (IV) NA P

e &% \E@Q&KX(S Xb/;j\\\w 5o >
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The diagram %@@ ’K
ships P and “
61 s the bearing of ship P from

ship O? P
(ii) What is bearing of ship Q from 60°

ship P?

N 0

The diagram shows 3 places 4, B and C. N 4 N
Find the bearing of: :
(1) A from C
(i) CfromA4
(iii) Cfrom B AN socfa0e /B

(iv) Bfrom C ﬁ
Abdul Hadi walks 100 m North-and W@ i |
' n?

(i) How far-ishe

(i) On ﬁﬁwm walk to get back to his starting position?
(@)
ips L, M, N are in the position

shown in the diagram. Ship M is North
East of ship N. Find the bearing of L
from M.

A ship sails 20 km on a bearing of 120°.
How far to the South has the ship moved
from its original position?

Fatima walked South for 5.5 km and then turned West for 1.3 km. Calculate -
Huria’s bearing from her starting point.

An aircraft flies 150 km east, then 100 km norii:i%gs"(w@t). What is ‘
Yy

“then changes course and sails 120 km




(i)

(iii)

(iv)

(vi)

(vii)

(viii)

REFARORRIST A

el —
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REVIEW E

What is the value of cot 60°?

(b) 1

(a) 0

All trigonometric ratios are positive in:
(a) I-quadrant

(c) IlI-quadrant
cosec @ is positive in:
(a) I & IlI-quadrants

(©) 3

(c) I & II-quadrants &@
sin (90° + 6) “ %“
—sin

@ —j;

(b) II-quadrant
(d) TV-quadrant

W (c) cos @ (d) — cos 6
(a) tan @ (b) cot 6 (c) —cot @ (d) —tan @
The law of sines is:
b a c c b
@) —=—=- D)= s
sina sinf siny sina sinf siny
(@ 2=t € ) -2 el i
sina sinf siny sina sinf siny
The law of cosines is:
o
(a) cosa = Ll-u (b) cosp = gl <

Area *&W

(a —2—absina (b) Ebcsinﬁ

|
—siny
(C)ZS

@) cosy = 2L AC ”%‘C m @i@;—

(d)% acsin
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(X)

2,

NOT FOR SALE-PESRP

(ix)  Bearing 1s measured from: @O
J Q AN \,“
ta) East West %XX Nort (d) South
s

cOf

(b
Bearing is wrineni; \'1@
(a) 1fi gure

Calculate the area of AABC, in which

(i) a=4cm,b=6cm,c=8cm (i1) b=2.1cm,c=5cm,y=45°
(i) c=3.1cm, ¥ =44° a=36°

Solve the triangle ABC, in which p

(1) a=54cm,b=34cm,a=49° (i) a=32°,7=48,c=8lcm
The diagram shows a cuboid ABCDEFGH in which

mAB=5cm, mBC="7cm and mAE =3 cm.

(c) 3 figures (d) 4 figures

(i)  Calculate the length of 4G.

Give your answer correct to
3 significant figures.

i
g
\ [\ % :--’:
(i)  Calculate the size of 8 \*‘- =
between AG % \
Give correct to

place.

The diagram shows a triangular prism
ABCDEF in which mAB =8 cm, mBF =14 cm

and mEF =19 cm, g

(i) . Calculate the distance between 4 %

d and F - 2l B ~ S
(i)  Calculate the angle between AF

and the plane BCEF. F

- Hashim walks 4 km due North, then turns and walks 3km due East. What is

the bearing from the starting point to his final position? @m
A pilot flies 200 km on a bearing of 045° m 3%111 ona
bearing of 135°. How &%s @%& position?




