P Explain operations on functions and compositions of functions.

» Define inverse functions and demonstrate their domain and range with examples.

» Formulate composite functions as defined by (fog)(x) = f(g(x)).

» Apply concepts from functions to real-world problems (such as finance, transportation and

sales). m
» Plot graphs of absolute valued functions. 0@©
P Solve absolute value linear equations and inequaliti: @@b and express the solution
as a range of values on a nu li U
» Apply concepts of absolute %@ Te
energy wave, mﬁw @g e).
o) N
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al-world problems (such as to calculate
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INTRODU

CTION |
This unit explores the foundational and applied concepts of functicns, beginning with
operations on functions and compositions of functions, enabling students to combine -
multiple functions and understand their interactions. Students will define inverse
functions, determine their domains and ranges and illustrate these with clear examples.
The unit also emphasizes the formulation and interpretation of composite functions.
Students will apply function concepts to real-life contexts such as finance,
transportation and sales, making mathematics practical and relevant. Additionally, the
unit covers absolute value functions graphing them, solving linear equations and
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If X and Y are two non-en% ction
from a set X W ¢ that assigns each

element of set xactly one element in set Y. It is
written as f: X — Y, where the set X is called the =

domain and the set Y is called the co-domain of function f. While the range is the
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subset of the co-domain th@ %ﬁ! ﬁ!&‘s\n

function f.
If f(a) = 1, c led image of a under f and a is
called a pre-image of 1.

For example, f(a)=1,1(6)=2,f(c)=3,f(d)=4

We can see that all elements in X have only one image in Y.
Therefore, fis a function.

Domain X= {a, b, ¢, d}
Co-domain Y= {l, 2, 3, 4, 5}
Range of /= {1, 2, 3, 4}

The symbol f (x) is often used to briefly denote a function
of x. If f(x), then by substltutmg a succession

n Rum

independent VW ‘ dependent variable.
- f(x) =x*>+3x + 1, then evaluate
i)  f(0) )  f(=2) @iii)  f(a) (iv) fx+1)
@SSlEEED Given that f)=x"+3x+1
()  fO)=0y+30)+1=1
) SR =(2P+3(2)+1
=4-6+1=-1
(i) fl@)=da*+3a+1
(iv) fx+D)=@x+1)P+3x+1)+1
=x?+2x+1+3x+3+1
=x24 5x+5

(3 -3+

For every real number x, f{x) = (x +1)?is a non-negative real number. So,
Domam f = set of all real numbers ; Range f= set of all non-negative real numbers.
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Operations on ' performmg algebraic operations (addition,
subtractlon, multiplication and d1v1si0n)

If /1 (x) and g(x) are two funct:mns, then their sum is written as:
(F+8)x) =f(x) + g(x)
Let f(x) =2x+ 3 and g(x)=x*+x+ 1. Add f(x) and g(x).
f(x)=2x+3
gx) =¥ +x+1

(f+g) @) =fx)+glx)
*(2x+3)+(xz+x+1) X’ +3x+4

m
W Sx+ 2

gx) =
(f-8)) =f (x) e g(x)
=(5x+2)-(x*-3)
=5x+2-x*+3=-x"+5x+5

If /1 (x) and (x) a£c tw funcen their product is written as:
(f 2)(x) = f(x)g(x)
&P Let f(x)=x+1, g(x)=2x—- 3, find f(x)g(x).

f(x)=x+1 @@@w@ @@)

glx) =2x—
sz 3x+2x—3

(f8)) @
=%—3

If f(x) and g(x) are two functions, then their quotient is written as:
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6 )
Let f(x) =x* -4, g(x)=x+2. Find (é](x) , where x #-2

fl)=x-4
glx)=x+2

[i](x) = @ ]
g g(x)

x+2

_ (x+2)(x-2)

=x—2 @
_I 2o Siye
4.1.2
prITE Y . e
omposition of func 3. pro¢
combining twommons to

produce a new single function.

The composition operator “o” takes two
functions fand g and results a new function. N__
Letus have a look at its definition.

Letf: X—Yand g: Y —>Zbe two functions. Then the composition of f and g denoted by
gof isdefined as the function gof : X —> Z given by gof (x)=g( f(x))

NOT FOR'SALE-DESRD




a0 f’m \\

If f(x)= 2x

(x)
f 0 =2 +3,g(x) =%
H (fog)x) = f(gx)
= £65)
=2x*+3
(ii) (gof )(x) = g(f(x))
, =g(2x+3)
(gof )(x) = (2x +3)
=42+ 12x+9
(iii) (fof)(x) =f(f(x))
=f(2x+3)

=2(2x +3) “
AN

(iv)  (gog)(x) = glgx))
=g (x%)
(gog)(x) =(*)?=x*

@ (ng)(x) (iii)  (fof )x) (iv) (gog)x)

A function f takes an inputx from a set Xand mapsittoanoutputyinasetY.i.e.,
_ f: XY, f(x)=y
Then the inverse function of fdenoted by f ', reverses this process. It takes y as input and

LY =X Vi =x* WO@@)}K@

gives x as output:

Domain of f =Rangeof f~
Range of f =Domainof /™
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Letus understand it with th

SR
Consider 12
and /{1 Mﬁ then f @1, (5,2). ()
"

f)=a =1

£ =b IS @@“@

f@=c ? @
It is important to note thata e ifand only ifit is one-to-one and onto
(bijective). o)

A curve/line drawn ina graph represents a function, if every vertical line intersects the
curve/hne at most one pomt

Wertical line intersects
at two point_s

Vertical line intersects
at one point

and F1gure49 represent graphs of functions and graph of

Figure 4.10 does not represent the graph of a function.
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IR Horizontal Ling ' L R e e
If every honw N‘ e ST S 5 R S G S S5
most one point, ST
function. e g
The vertical line intersects the graph of f'(x) = x* _x,
at only one point, so it is the graph of a *4

function. It fails in horizontal test, so it is not a
one to one function. '

: Vertical line
Example £ Find the inverse of f(x) = 2x + 3 . Also find domain and range
of 1! (x).
fx) = 2x+3

. o
B S i e
o

de K %w ve for x|
WWW S22 o=@ s 0)=4]

x—3

=ity [Replacing y by x]
Domain f(x): All feal numbers
Range f(x): All real numbers

" [Domain f'(x): All real numbers)
Range f'(x): All real numbers

If f(x)=2x, find f~'(x). Also verify that f(f™'(x)) = /™ (f(x)) =x.

f(x) > 13 | Challenge! =AlailLs
y=x [Replace f(x) with ¥] SN (70 g

e
x = yp“@%gl > @
2y =) = £ )=

fw= o [Replacing y by x]
£(7) = 102)= ()’ =x
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Hence

;( }Ef(x)) f’%

EXERCISE

Iff(x)=2x+ 5, g2 (x)=3x-2, then find

i fD)+tgk i@ f-g®

Iff(x)=x+2, g(x) = 2x + 4, then find

0 f@ew G g fe G LD Gy &Y
For the functions fand g, find &) )
(@)  (fog)x) (b) (gof )(x) (©) (Jof )x) (d  (gog)x)
Where, @@@

(i) fE)=2x+3 : g(x)—g ZQ@Q&@S@ x#0; g(x) = 2x* -1

(i) f()=2x—1

Find t uch that ( fog) (x) = (gof ) (x), where f(x) = 3x + 2,
gx) =

Given that f(x) = 3x + 2 and g(x) = 2x + 3. Find

@® e(f@) i) f(f®3) (i) f(8(-2)

Find /~'(x) in each of the following:
@ S)=26-3 (i) f(x)=4x-1

@) f)=lrrhas by fO)m e pal

3-—2 Sk

The functions f and g are defined such that f(x) = 4x+ 2 and g(x) = 6x — 18.
(i)  Find f'(x) and g7 (x). (i) Findxif f'(x)=g7'(x).

Verify that £(f /() = £ f(x)) = x wj@ (¢©)
M S&)=x-6 K @3@@
(i) f (x)-—-— Q“@ (iv) f (x)_

Without m,—, ~(x), find domain and range of f ' (x):
() fe)=12c-3 () f6)=2x+8

, X#E—2
+2"




An absolute valued function is a type of
function that includes an algebraic expression
enclosed within absolute value bars. Its general
form is £ (x) = | x | . The absolute value of a
number represents its distance from zero on the
number line and is always non-negative.

The graph of f (x) = | x | has V-shape and is

symmetric with respected to the y-axisD @ .
point where the graph W&é Tt

called the vertex (0, 0).

The vertex fo S ﬁlte value function is

g(x)=alx—h|+k where a # 0 and (4, k) is the
vertex. Its graph is symmetric about the line

x=h.

Plot the graph of the following functions:
() f@)=|xl+2 (i) g(x)=lx-3]
O f@=lxl+2 @) gw=lx-3|

|B ‘Make a table of values.

ble o

L= 4

5
3

SESES S SN

eSS B S A e el

Join the ordered pairs and
draw the V-shaped graph.
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@SampTST) Plot the graph of f(x) =2[x +1]-3.
— @ =2lx+1/-3

o
%0©@ 0.5...

Join the ordered pairs and
' draw the V-shaped graph [

of the function. Notice [+

that the vertex of the

graph of fis(-1,-3)and

the graph is symmetric
about x = —1.

An absolute value linear tio
applied to a linear expressi
l@ = 16 and express the solution on number line.
@S 3= 16
8

3] =
+(x-3)=8 or x-3=18




Nowx—-3=8 or x-
x=11 or

Number line 8

An absolute value linear inequality in one variable is an inedua.lity that involves the
absolute value of a linear expression with only one variable. It has forms such as:

Iax+b|< 0, ax+b|>0 ’ |ax+b|20 ; |ax+b|$0

Example &) Solve the inequality | x—1 | > 5 and express the solution on number line.
@ Sotution B —1]=5
+H(x=1)25
—(x-1)235 or x—1>5
x-1<-5 or x-1>5
RE=I . of x>6 L,
Mosslnon s s Al T L e i

ample §¥) Express the solution of 40| 2x — 5 | + 1 > 201 on numbe:
— First isolate the absolutev SXpress %@ﬁe inequality.
40 [2x = 5|+ 4 > Qj&
" x\ﬁx@ﬁ

|2.x—5| > 5
+(2x-5)>5

(Divide cach side by 40)




—(2x=5)>5 or 2x©

2x-5<-50
2x %c>10
x<0 or XN
T «—t —p— i { p——t—
The solution is (—W,O)U(S ) T R s Tl A T W Y I

ER( ISE

1. Plot graph for the following absolute valued functions:

i) f)=|x-2 (i) f(x)=3]x+3]-4

(1) f(x)=5lx| (iv) Sf()=p+2]+3

(V) f(x)=2/x+4|-3 (Vi) fl)=2x+1|-
2, Solve and express the solution on number line:

| @W.x@@@w -1

(1) x—24 =6 (i1) J2x+1|—7

3. Solve and express the solution o ~
G)  [5x+8]<3 “ fAx— 12/ <0
(iif) W (iv) 1-2’%;:—5 3

v) |3x- 2|<12 vi) [1-2x|>5

Functions are widely used to model and solve real-life problems in areas such as
finance, transportation and sales. In finance, functions can represent income,
expenses, interest or profit over time. In transportation, functions can describe the
relationship between distance, speed and time, helping to calculate travel times or
fuel consumption. In sales, functions are used to model revenue, cost and profit based
on the number of items sold. Solving these problems mvolves identifying the relevant
variables, expressing their relationship as a function or equatio ‘- mwraic
methods to find unknown values, makerde comes

ple g Let E(n)=1, arning (in Rs.) function, where n is the
number of day works 10 days, find his earning.
' ) Given that: E(n) = 1,500n

If the labourer works for 10 days his earning will be £ (10) = 1,500 x 10
=Rs. 15,000

LA AP AP -
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Requu'ed fare = £(50) = 200 + 15 x 50
=200+ 750 = Rs. 950

Absolute value functions are essential for solving real-life problems where distance,
magnitude or fluctuations are involved, regardless of direction. In energy wave
analysis, such as sound or seismic waves, absolute valuc functions model the

amplitude or strength of a wave. In physics and engineering, magnitude is often
expressed using absolute values to describe the size of a force, charge or vector,

independent of direction. In distance-related problems suc of an
object from a reference pomt absolute valpe ar one quantity

1?‘ Joh-negative. These functions help
(woksttded variation.

ie condition is modeled as: |V — 220 < 5 . What is the range of

of up to 5V.

acceptable voltages?
: ) |[V—220]< 5
or =3sF—-220<5
or —35+220<V <5+220 or 215<V <225

So, acceptable voltage is between 215V and 225V.

#48) An carthquake sensor issues a warning if the recorded magnitude
d1ﬂ‘ers from a safe level of 4.5 by more than 1.2 units. The condition is modeled by
IM—4.5|>1.2.

For Whlch values of magnitude M will the se ?i msuem@ @@3 i

or M 45>1.2

—-45<-12 or M-45>1.2
M <33 or M>5.7
Hence, the sensor issues a warning when M < 3.3 or M> 5.7.

l‘]n"' D ool ey,
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after  months. What will be the balance after 6 months?
2 A function f(k) = 150 + 20k represents the total fare (in rupees) for
k kilometres. How much will the fare be for a 12 kilometres ride?

3t The cost of manufacturing fancy sofa set would be fixed charges Rs. 5500
which is modeled as f(n) = 5500 n, where n is the number of sofa sets. Find
the cost of 50 sofa sets.

4, A function 7(d) = gﬁ represents the time 7 in hours to travel a distance d

kilometres. How long will it take to travel 180 km?

5 A company charges Rs. 100 for an encoding work. In addition, the
company charges Rs. 5 per page of Iﬁd 0 D ction

f(x) = 100 + 5x, where x repr ges printed out. How

much will company g and printing work?
6. A chemical reaet O% le' at 37°C. The process must be stopped if the
’ tempera ates by more than 2.5°C. The condition is modeled as:

| T—37°1>2.5%Tbe the temperature. For what temperature values must the
process be stopped?

i A factory produces metal rods that must be 2.5 metres long, with a tolerance
of £0.04 metres. An absolute value inequality models this: | x — 2.5 | < 0.04.
What is the range of acceptable lengths?

8. A machine part must be aligned so that its centre is exactly at 0. If it shifts
more than 0.1 mm, the part is rejected. The model is given by |x| > 0.1. What
positions of the centre cause rejection?

REVIEW EXERCISE @@@
0]
1. Four possible answers are given fw tions. Choose the correct
™

answer. Q m
(i) IE.f W ’ﬂ“] n what is the value of f(3)?

, the
3
(a) -1 (b) 3 ©) 9 @) 15




(ii)

(@ﬁﬁ@@@ﬁ@g
(i) (fog)) =

W)

A function f from Xfo

() f: X—>Y (d)f:% :

(@ (f+ g (b) (f—8gX) (c) f(gx)) (@) f(x)+g(x)
(iv) Iff(x)=2x+3,g(x)=x+1,thenfix)+gx)=

(a) 3x (b) 3x+4 (c) 4 C @) 2243

If f(x) = 5x + 2, h(x) = 2x — 2, then f(x) — h(x) =

(a) 3x (b) 5x*—4 - (c) 3x+4 (d) —3x—4

(vi) Iff(x)=3x+1, g(x)=2x, then g(x) x f(x) =

(vii

(viii

(ix)

(x)

(@ 6x+2x  (b) 5x*+1 () x+1 (d)6x2+2x

i) Iff(x)=x*-4,gkx) = x+2x¢6 ﬁﬁ?@ @©

(a) ——-r T@M (<=)JC+2 2

1) he shape of the graph of an absolute value function?
(a) U-shaped (b) V-shaped
~ (c) L-shaped (d) M-shaped _
If a graph represents a function, then every vertical line must intersect it at:
(a) 4 points (b) 3 points () 2 points (d) 1 point -
If f(x) =x°, then f(-2) = | ,'
(a) -8 (v) 8 ™ )4 -6

Iff(x) =25 — x> and g(x) =5 + x, then find

ORI RTCR C (O] %ﬁ@%@ﬁﬁ
é&@ 5

o {2 ¢(-8)
2(x)

Iff(x) —WG@ - 2x then find
@®  (Jog)x) (i)  (gof)x)

(i)  (fof )) (iv)  (gog)(x)




10,

11,

Find f-'(x), if

Vel
i f)=9x-1 é,,- 2 x#1
(i) W% V) fly=22

Plot graph for the following absolute valued functions:
@B  S&x) =Tlx| (i)  fx)=|x+6|-

Solve and expiess the solution on number line:

i [3x-2|=1 (i) [6x+1]=9
Solve and express the solution on number line:
(1) [7-2x|<1 (i) |6x+18|<24

Given that f(x) =3x+ 7, find ©@\3

M, W@m@ﬁm =/
A company eams a mm ach item sold after a fixed monthly

expense of Rs on P(x)=100x — 10,000 represents the profit
after se How many items must be sold to break even (profit = 0)?

A store offers a 15% discount on a product. A function D(p) = 0.85p gives
the selling price after the discount on an original price p. What is the selling
price of an item that originally costs Rs. 2,0007?

A GPS system is considered accurate if the actual position differs from the
reported position by no more than 6 metres. If the actual location is at point
x =100, the allowed range is defined as: |x — r| < 6, where r is the
reported location. What is the range of acceptable reported locations?

ot o



