Inverse Trigonometric l

INTRODUCTION

In earlier classes, we studied trigonometric functions and their real-life applications.
Now, we extend that knowledge by exploring inverse trigonometric functions which
help us to find angles when function values are known. This is essential in solving
equations and modeling periodic behavior in calculus of inverse trigonometric
functions. In this unit, we will define inverse trigonometric functions, their domains
and ranges, examine their graphs within the given interval and understand their key
properties and uses.

9.1 Inverse Trigonometric Functions and théir Graph
We have studied about inverse of a function. We learned that'only a one-to-one and

onto function will have an inverse. If a function is not one-to-sone, 1t may be possible
to restrict 1its domain to make it one-to-one so that its inverse can be found.

Let /'be a bijective function from a set X to a set¥"\The inverse function of f, writtenas f . isa
bijective function from a set ¥ back to set X siich that

x=f"(»), Vel \& y=[f(x), VxeX
Here domain of /™' = range of / nd.range of f~'= domain of £ This mean that /' reverses the

correspondence of f1.e., N\
/() =x. when f(x)=q.also their composition gives:

(L)@ =7"(f@)=1"()=x VxeX
" and  (fof™ ) =S(/"W)=S @)=y, YyeY )

The equation sin 90° = 1 clearly shows that 90° i1s the angle whose sine is 1. Sometimes,
we know the value of sine, cosine or tangent, but not the angle 1itself. In such cases, we use
the inverse trigonometric functions to find the angle. For example, the inverse of sin 90° =
I can be written as 90° = sin"'(1) or 90° = arcsin 1, and read it as 90° is equal to sine
inverse of 1 or arcsin of 1. Generally, the equation x = sin y gives value of x for a given
angle of y. To find the angle y when x 1s known, we use the inverse function, that is,
p=gin 'x

This means y is an angle whose sine is x and the symbol sin™" x is read as sine inverse
of x or arcsine of x. In other words, y = sin”'x iff x = sin y. Similarly, we can write the
other equations as y = cos”'x iff x = cos y and y = tan”'x iff x = tan y, etc.

We know that trigonometric functions sine, cosine and tangent are periodic, meaning
they repeat their values at regular intervals. Due to this periodicity, trigonometric
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functions are generally not bijective (i.e., they are not both one-to-one and onto over
their entire domain). As a result, their inverses do not naturally exist without
restrictions. However, by carefully restricting their domains and codomains, we can
make these functions bijective that allows us to define their inverses, known as inverse
trigonometric functions. Next, we discuss these functions one by one in details.

9.1.1 Inverse of Sine Function

Consider the function /: R — [-1, 1] define by f(x) = sin x. The graph of the function
1s shown 1n Figure 9.1.

S Y S GREE LR e S SRR > y=1

Graph uf}{x} = sin x
Figure 9.1
Clearly the graph of sine function is not bijective because 1t touehes the line y = 1 and
y = =1 at many points due to the domain of sine function which is the set of all real
numbers. However, if we restrict the domain of £(x) = sin x to the closed interval

[—E* g} , then the function with restricted\domain 1i.e., _;‘":[—E E}—}[—l, 1]

2 3. 2
becomes one-one and onto (bijective) that is invertible and is called principal sine
function. Then the inverse sing funetion is defined by
P=sin"x iff x =sin y
where the domain of sin ¥ 1s [-1, 1] and range of sin”'x is ‘:—gg] :

The graph of the function sin: —%~ izr-] [-], ]] is shown in Figure 9.2(a). and graph

of sin™ :[-1, 1] —)-[—%, %} is shown in Figure 9.2(b).

iy [E, I] X

2 < T
1T [' 2)
X X
>

,r:; -1 0 1
- T
e
W
Graph of y = sin x f“““_% t“% Graph of y = sin ' x from -1 to 1
Figure 9.2(a) Figure 9.2(b)

[ @5 ]




Unit-9 Inverse Trigonometric Mathematics-12

The graph of sin™

x is also obtain by reflecting the graph of principal sine function
v = sin x along the line y = x as a mirror image shown in Figure 9.3. Observe that the

graph of v = sin x 1s symmetric about the line y = x.

Ficure 9.3

The sine function can be restricted to any one of/the.infinitely many intervals

I =« T T T 3z ar Sm i1 T
—_— |- = |, | = — |, | —, — \Or generally | v ——, ne+— |, ne
2 2 2" 2 s 2 \2 2 i,

with range [—1, 1] and length of each nterval 7 where it is strictly increasing or
decreasing, to make the sine AMunefion one-to-one. If

" x is a function with

interval 1s not specified, then, sin-

sin™' x # (sin x) ' or

: T
domain [—1, 1] and range [_E’ E:l

sin x

9.1.2  Inverse of Cosine Function
Consider the function f: R — [-1, 1] define by f(x) = cos x. The graph of the function
is shown in Figure 9.4.

v
Graph of f(x)=cosx
Figure 9.4
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Like the graph of sine function, the graph of cosine function is not bijective because
again 1t fails the horizontal line test. It touches the line y = 1 and y = —1 at multiple

points. However, 1f we carefully restrict the domain of /(x) = cos x to the closed interval

[0, 7], then the function with restricted domain i.e., f:[0, 7]—[-1, 1] becomes

one-one and onto that is invertible and 1s called principal cosine function. The inverse
cosine function is defined by

y=cos xiffx=cosy
The domain of cos™'x is [-1, 1] and range of cos™ x is [0, 7].
The graph of the function cos:|0, 7| —|-1, 1] is shown in Figure 9.5(a) and graph of
cos™ :[—1, 1] = [0, 7] is shown in Figure 9.5(b).

.lhl,.-' AY

(0, 1)

1 @ |
_\ x
< > =
G 3
B B 5 1.0 X
1 € ; (1,0) >

H -

(m, ~1) E —
v v
Graph of y = cos x from 0 to.n Graph of y =cos " x from -1 to 1
Figure %8(a) | Figure 9.5(b)

The graph of cos 'a.is"also obtain by reflecting the graph of principal cosine function
y = cos x along the line y = x as a mirror image shown in Figure 9.6. Observe that the
graph of y = cos x is symmetric about the line y = x.

W -

Figure 9.6
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Like, sine function, the cosine function with range [—1, 1] can be restricted to any one
of the imfinitely many intervals [—2;1'. —,rr] ; [—,:'r., D], [0, .?r] ; [:«'r. 2,:'1'] or generally

[Hﬁr, mr+:r]1 neZ to make the cosine function one-to-
I

one. If no interval 1s specified, then cos ' x 1s a function
with domain [~1, 1] and range [0, 7]. cos™ x # (cos x)™' or

COs5 X

9.1.3 Inverse of Tangent Function

Consider the function define by f(x) = tan x with domain 1is the set

{u: |lxeR Ax i{ln+1)-§-,ne@} and range is the set of all real numbers. The graph

of the tangent function 1s shown in Figure 9.7.

. W .
Graph of f(x) =tan x

Figure 9.7
Clearly the graph'ofitangent function is not bijective because the line y = 2 intersect the
graph at multiple points. However, if we restrict the domain of f(x) = tan x to the open

. T T . . . . T T
interval (—E, E] then the function with restricted domain i.e. f:(—E. EJ-} R

]

i3 , g it , : ; T
becomes one-one and onto that 1s invertible. This function with domain [.__ —-) and

range (—cr:, m}is called principal tangent function. The inverse tangent function is

defined by y = tan"'x iff x = tan y.

F/ A/

'x is (—o0, o0)and range of tan'x is (—— —].

The domain of tan™

¥

2

The graph of the function tan : [—g, %) —>» R 1s shown in Figure 9.8(a) and graph of
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tan”' ;(m, :x:u} —» (—%, %J is shown in Figure 9.8(b).

Ay
€ n'i E m >
"7, N
v ' v
Graph of y = tan x from -% to % Graph of y=tan' x
Figure 9.8(a) Figure 9.8(h)

The graph of tan™'x is also obtain by reflecting the graph of principal tangent function
y = tan x along the line y = x as a mirror image shown in Figure 9.9. Observe that the
graph of y = tan x is symmetric about the line y = x.

[}

AY '
}'“lfﬂw} A

—

Figure 9.9

Like sine and cosine functions, the domain of tangent function can be restricted to any

: . . 3r =« T T 7T 3 Ir Sz
one of the infinitely many intervals | -—, —— |,| -——,— |, | —s — |. | —, — | or
2 2 2" 2 27 2

Vs T . o
generally (H?T—Ei nir + E), ne Z withrange R to make the tangent function one-to-

one. If no interval is specified then tan ™' x is a function with (§7 PSSR

. T
domain (—0, oc)and range [——, —]. tan? x4 Glan ) ot :

tan x
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Example 1 Find the principal value of

o bl I ] —
(1) sin [EJ (11) cos [ EJ (111) tan { \/EJ

Solution:

_ - |
(i) Let sin E{EJ:F (ii) Let cos™ (—g] =y
We want to find the angle y, whose sine | w. want to find the angle y, whose
1S 1 ... ﬁ
2 cosine 18 ——
2
; 1 5 g
=» siny =—, where the principal 3 -
2 = COSYy SRt where the principal
s b T T R
value of sin 'x lies In e value of cos™'x liesuin [0, ;-'r]
ﬁ Sr
As sin y=l=5in£ As €08 YFARS = =Ccos—
6 2 6
i Wl > p 2
Y=g 6
Thus, sin”™ [lJzi Thus, cos’ —ﬁ 2%
2) 6 2 6
o
(iii) Let tan™ | =%=\[=y
V3
I - T T T
Then, tan y = —ﬁ , where the principal value of tan™"x lies in i

As tan '——L—tan(—i
3 \ﬁ p

— y=—g

Hence, tan™ (—L] =t

NE) 6
9.1.4 Inverse of Cosecant Function
The graph of the function f(x) = csc x with domain {.r|IERr~._r¢ HIT, HEE} and

range is the set R — (-1, 1) is shown in Figure 9.10.
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Graph of y =csc x from =27 to2n

Figupe Uil
Clearly from the graph it follows that.cosecant function is not bijective because the line

y = 1and y =— 1 touches the graph/atymany points. However, 1f we restrict the domain

of f(x) = csc x to the interval [—% %] —£0}, then the function with restricted domain

1.€. f{—g,{}) U(D, %]—}(-m, l)u(l, m) becomes one-one and onto that is

invertible and is called principal cosecant function. The inverse cosecant function is
defined by

y=csc 'x iff x=cscy

The domain of csc 'x = R—{-1, 1) and range of csc 'x =[—%*UJ u[{], %] .

The graph of the function csc :[—%.D] u{ﬂ, %] ﬁ(—m, —l)u(l, m] 1s shown in

T

Figure 9.11(a) and graph of csc ' :(—o0, —=1)U(1, 00) - [—%,"JJ u({}. E] is shown

in Figure 9.11(b).
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Graph of y = c¢sc x from -2x to2n Graph of y=csc¢' x

Figure Y.11(a) Figure 9.11(b)

9.1.5 Inverse of Secant Function

The graph of the function f(x) = sec x with domain {x |x e R px%(2n+ l)%, n EE}

and range R —(-=1, 1) 1s shown in Figure 9.12.

e

e e T M o g
=
[
-
1)
e

v
ﬂrnphl}f_p=5er_tfrﬂm—%tu%r

Figure 9.12
Clearly from the graph it follows that secant function is not bijective because the line

y=1and y=-1 touches the graph at many points. However, if we restrict the domain

of f(x) = sec x to the interval [{], ﬂ']—{%}ﬁ then the function with restricted domain

1.e. _f':[[), g]u(g .?T:| —}(—m, ml]u[l, m) becomes one-one and onto (bijective)

that is invertible and is called principal secant function. The inverse secant function
is defined by
y=sec xifx=secy
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The domain of sec™'x is R—(—1, 1) and range of sec™'x is [U, %)u[i, rr:‘.

The graph of the function sec:{ﬂ, %)u[% .."I':'""&(—DC',—I]U[]., EG) 1s shown in

T

Figure 9.13(a) and graph of sec :(—r:m, -l]u[], t:cl) —:-[[‘L %)U[ET ?r] 18 shown n

Figure 9.13(b).

Ay 4 AY
E i¢~ﬂ
! E
0.1) .
€ f | >
0 Ly
2! 8 X
e (m, —1) < I (1,0) >
4 ’ 1 X
v W
Graph of y =sec x from 0 ton Graph of y=sec'x
Figure 9.13(a) Figure 9.13(b)

9.1.6 Inverse of Cotanzént Function

The graph of the function f{x) = cot x with domain {x|x R Ax # nz, n € Z} and range

(—o0, e0) is shown imFigure 9.14.
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Graph of y=cot x from -2 to 2n
Figure 9.14

Clearly from the graph it follows that cotangent function is not bijective because the line

v =2 intersects the graph at many points. So, we restrict the domain of f(x) = cot x to the
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interval (0, ), then the function with restricted domain i.e., f:(0, 7)— (—o0, =)

becomes one-one and onto that is invertible and is called principal cotangent
function. The inverse cot x function is defined by
y=cot xiffx=coty
The domain of cot 'x is (—w, -:-D) and range of cot 'x is([l, ;:'r) ;
The graph of the function cot :(U, ;?r) —}(—m, m) 1s shown in Figure 15(a) and graph

of cot™ :(—0, @) —(0, x) is shown in Figure 9.15(b).

: v
Graph of y=cotx from 0 to n Graph of y=cot " x
Figure 9.15(a) Figure 9.15(b)

Example 2 Find value of:
(1) sec[tan'](—ﬁ)] (i1) uﬂt[cns"(—%ﬂ (iii) csc|:5in‘] [gﬂ
Solution: (i) ser:[:tan'l (Aﬁ)]

Let tan™ (—«E):

First, we find the angle y, whose tangent 1s -3

tc.m}-—\/_ where }E(—% E]

2

Now tany= —\E = tan [—?] = e -%
i

So, tan™ (—ﬁ) = —%

Now, 5¢c[tan" (—J_ )} sec [ %) 8

Therefore sec[tan ]{—ﬁ)] =2
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|
i) cot|cos™'| ——
(11) L{J‘:{JH [ 2):|
Let cua_'(—%]=y

First, we find the angle /, whose cosine 1s

el
I

COS y =g where y e

Inverse Trigonometric

0, ]

| (27 2r
Now, cosy=——=co8| — |=> yv=—

| 2
So, cos”' [——) s A
2 3

Now, cm[ﬂﬂs" (‘%H 5 ":ﬂt(%ﬁ] ) _%

| |
Therefore cot cos"(——ﬂ:__
o (5))5

Mathematics-12

(111) cs{sin '{EH
2
Let sin '[%]:y

3oy -5
= smy-? , Where ye|——, —

: V3. (= id
Now, siny=—=sin| — | = y=—
2 3 3

So. sin"(ﬂ]:i

2 3

Now, csc [sin_] (%H = csc (%] = %

Therefore, csc | sin™' E _ 2
2 )| V3

The table below summarizes the domains and ranges of the principal trigonometric and

inverse tri gu::-nu::-metric functions.

Function W Range Function Domain Range
SIn X o\ 7 T
[‘3 ﬂ R S [‘5*5]
COoS X [.[].i ﬂ-] :_L ]: o [—1, 1] [U., E'I']
tan x
[_g? %) (—D",_,."-,: F}D) la]'!_l X (—DD., Eﬂ) (_%1 g]
CSC X ™ ] [ T
__E-{]]U[[L E_ (—oo, —1]U[1, )| cse™ x (—o0, —1]]1, ) =5 l.’}]u({L 5
5€C X B 1 B )
| ! %] u( %__ {:—Cﬂ, —I]U[L o gsec ! x (—Cﬂ, '—I]'-,.-"[L :I":-J _'U, %] U[ %, .-'T_
Rk (0'1 "'"T'-) (_GD." :ﬂ) Eﬂt_l X (_m'.! ﬂ:) (01 ﬂ')

i




Unit-9 Inverse Trigonometric Mathematics-12

Example 3 Find the domain of the following functions

x> —5

(i) f(x)=cos"(3x-1) (i) g(.:-:}:sin"[ ] (iii) A(x)=sec” (Inx)

Solution: (1) The inverse cosine function, f(x) = cos 'x 1s defined for all x such that

=~ =x=1.
Thus, the domain of f/(x) = cos '(3x —1) is defined for all x that satisfy

J£tpeid] o <%l = Fyis = IE[[},E}

3 3

Hence, the domain of /(x) = cos '(3x —1) is [[}i %} such that =1 <x<1.

(i) The inverse sine function, f{x) = sin™

2
x -5

x 1s defined for all x 1n the interval [—1, 1].

Thus, the domain of g(x) = sin"l( )is defined for all x that satisfy

2
-5
—15"“4 <l = —4<x@-5<4 = 143%9
= x=>1 and x*<9
=5 x>1lorx=—1 and (x=3)(w+3) <0
= xe(—oo, —1]u[l,®) and ~xel-3, 3]

The intersection of two result gives |3, —1]U[L, 3] = xe[-3,-1]U[L 3]

IE_SJis [-3, —1]U]1, 3]

1

Thus, the domain of f(x) =8in""' [

(111) The inverse secant function f (x) = sec 'x is defined for all x in the interval

(o0, —1] U\ .
Thus, the domain of h(x)=sec (Inx)is defined for all x that satisfy

= Inx>lorlhx<-1 =2 x>e or x<e = x>e Or X<-—
e

|

= Xe [—m? -} Ule, )

e

Hence, the domain of A(x)=sec™ (Inx)is (—m, l]u[e', )
e

Example 4 Prove that:

(i) csc”'x=sin" l x € (o, ~l]u[l, )
%

(ii) sec” x=cos™ l, xe(—oo, —1]u[l, ) (iii)) cot™” x=tan" l, xe (0, x)
x X
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Solution:
Proof: (i) Let csc”'x =y thenx =csc y

= siny=—

X
(1

—

= y=sin"'| —
X
1
Hence, cse” x=sin"'| —
\ X

Proof: (111)
—t

)

Hence, cot™ x =tan”' (—
X

= ’rany:l
X

Example 5 Prove that

(i) sin" x+cos x= % X e [—l, l] (i1) csc ™ x+sécl = %, X E(—m, —l]u[l, m:-)
aow _.] _] -:"I-
(iii) tan x+cot ,1'.=Ej_x:e(-m,m)
Solution: (i) Letsin 'x=y
: iy J (’:’T ) .
= x=siny= cos| =%} Ccos| ——a |=sina
3 [+ (3
) = wcem(5-)
=  X=Ccos|=—y = COS XxX=|——y
2 2
= €08 xty= — = €08 X TsIn x= —
2 2
Hence, sin 'x + cos 'x = g
Similarly, we can prove (11) and (111)
Example 6 Show that cuﬁ"'i=c5:_ =
25 24
Solution: Let cos™ : 74 = Cos ! {IE-U‘ Z | and
§Let cos™ —= a=—, =
25 25 L7 2

Mathematics-12

Proof: (ii) Let sec”'x =y thenx =sec y
|
=> COSy=—
X

y=cos"

i ] =
Hence, SeC X = COS

Let cot™'x = y then x = cot y

v =tan ) (_I..]
X

. 7Y \,625—49 r
sina=+,]/1-]—| =+
\j [25] 625 !

Sinr:r=4_r~fl—cﬂ5:{:r)
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_ [F76_ 2

625 25
. 24 [ ;:'r}
= sing = — ~ aell, —
25 ( 2

25 _i:25
—> CSC X =— =5 = C5¢ "—
4 24
Thus, cos™ i = csc E
24
; ; | Ei updh
Example 7: Without using calculator find the value of sin 5 tan Pl g
Solution: Let tan ' % —a =% tana = S,

Here,x=3,y=4

= regfxt 4yt =P 4L ~J25=5
3

4
5

So, sina :g and cosa =

Using half angle 1dentity

.o Jl-ms-ﬂr
sin — = =
X

Thus, sin [% tan™ ij = L

3
¥ EXERCISE 9.1 _J

1. Find the principal value of the following:

4
(i) sin™ %) (11) cns'{—ﬁ] (111) tan“(—ﬁ)

3 2

'
(iv) sec” a%) (v) csc” (—JE) (v1) sin'l[ms(}%ﬂ

(vii) tan™ Em[%ﬂ (uiii)StL‘t‘:_{zmﬁ[%ﬂ (1x) csc ‘[\Ems%)

[ )
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(x) tan” [3;:05{3 cos” {%]H e Em{m_] [%)H

2. Find the domain of the following:

(i) f(x)=sin"'(5x-3) (ii) g(x)=cos ' Vvx-3
(iii) A(x)= csc(x* =3) (iv) k(x)=sin" (Inx)
(v) p(x)=tan™' V4 -4’ (vi) g(x)=sec'(x+2)
(vii) wu(x)=sec” (33:2_1) (viii) v(x) =sin™" (]n J:]+ csc (e“')
3.  Show that:
. 8 15 5 3
i) cos —=sin" — i) csc™' = =cos™ =
® L'/ 17 n 4
(iii) Ztﬂn_]§=tﬂn_]E (iv) Zsiifli:ssin‘tﬁ
4 7 23 625
4.  Without using calculator find the value of the following:
: 12 - % SR T 24
(1) cos|—cot — (11) sec| —sin — (1) tan| —cot™ —
L 12 - S 2 i
3§ (
(iv) tan is.in'"£ (v) cot -l—sec"ﬁ (V) csc(lcnt"iJ
2 2 \% 3 2 3
9.2 Sum and Differen¢e\Formulas for Inverse Trigonometric
Functions

In this section, we wilk derive the addition and subtraction formulas for inverse
trigonometric functiens: These identities can be derived by applying the fundamental
trigonometric identities along with algebraic manipulation. These identities are valid
only within the principal value of the respective inverse trigonometric functions. We
will now establish the sum and difference formulas for the inverse sine, cosine and
tangent functions that are given below.

- el
(1) sin” x+sin™ y=sin" (x /I_F +y ffl—,r
i) sin™ x—sin” y=sin”(xy1-)" ?)
(11) s ' x—sin ]y:sm l(}: 1-},1 — gt Remember

/ sin{a + ) = sina cos i) £ cos a sin f§
- cos(a = 1) = cos & cos f £ sin a sin §
(i) cos™ x+cos™ y=cos™ (I}?—J{l —x*)1-»%) tan ¢ + tan 3
' |tan(e + B) =
1t tan a tan G

v,

(1v) cos” x—cos™ y:cns_] rxy+\f{l—_ﬁ}{1_}:3)\ \
/

7
x4 . . i 4 x=p
y=tan"' Y (vi) tan"' x—tan"' y=tan” 4
l—xy 1+ xy

[ 269 ]
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To prove (i), we proceed as follow:

Letsin'x=a = sing=xandsin'y=f = sinff=y

Now cosa =i\/l—5in3 o =+ I’ll—f

Since a, f# E[—%, g], so cosa,cos 3 = 0

cosa =+1—x"

Similarly, cos B =4/1-)°

Now sin(a + ff) =sina cos ff+cosasin ff

sinf@+ B)=xJl1—=y" + y\1-x* = a+pB=sin" (x\,"l—f +J,,~1,,|'|_f)
Thus, sin”' x+sin™' y=sin”’ (.:n,il—f +_]-"-.|'|1—.I3)

Similarly, we can prove (11), (111) and (1v).
Next, we proceed to prove formula (v) as follows:
Let tan 'x=a¢ = tana=xand tan”' y=8 ) tanf=y

. tan ¢z + tan
Now tan(a+ f)= p
|—tan a tan S
X+ y 4 Xty
tan(a@ + ) = —2 \ D VN a+ f=tan" T2
] —:j":_'}.! ] —x}.-"
E ; J X+y
Thus, tan™' x+tan™ p<tan™ ——
1—xy
Further by putting = x in (v), we get
1 ) 1 B ot -1 1 2x
tan” x+tan™ x=tan =  2tan” x=tan -
I—%x =%

Similarly, we can prove (vi).
In a similar way, the following results can be derived from (1) and (i1)

2sin ' x =sin"’ (ZI\J | —x* ) and 2cos ' x=cos" [Zf ﬁl)

2

O

Example 8 Prove that cos™ x=sin"
Solution: Let @ =cos ' x, then cosa =x

5. ] ¥
Now sm.ﬂr:\h—m}s‘& =+/1—x

= &'=Sill_l(ﬁ) ( c:ﬂs'lr=sin“(ﬁ))

[ )
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. A ) T
D) 1 Prove that sin ](‘—)-FSH] '(—):—.
sample ' 13 13) 2

3 12
Solution: Let x=— and y=—
13 13

Using the identity sin~' x +sin~' y =sin™' [,1'1.“ —y° +yl=x° ) , we have
Y S il b, 5
sin —+sin —=smn | —,|1-|—]| +—,/1-| —
13 13 13 13 13 13
sl 8 f 144 | J J
= 5In —
3
5 } |||44 ( ]2 ]2)
3 169 13 13 13

f’
—sin™' = + L ] —sin™' (@] ='sin” (1) = ad

=sIin

169 169 169 2
Therefore, sin '( - +sin” 12 .
13 18) 2
Example 10 Prove that tan™ (EJ—tan" (I_J’}J i N
¥ X+y) 4
Solution: L.H.S = tan" [ﬁ}—tan"’ (,r-y]
A 4 % i,
[ x x—y ) fI2+Iy—F}?I+}J2\'
gt TR | e y(x+y)
1+i_¥ b4 yx+y +x +Xxy
¥ty gy

o B xy—xp+)° A 4y
=tan"’ 2V T) |atan?| 2L
X+ Y +xt+xy X+ y

=tan” (l) =% =R.H.S

o x G x=v) &
Thus, tan "= [=tan” ~ |==
¥y X+p, 4

| &)
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Example 11 Solve the equation tan™ [I—_])+ tan™ {EJ =%.

Xx+1 x+1

Solution: Given that tan™ {I—_l}rtan" {ijzi

x+1 x+1 4
(2=, 2x ) " Bzel )
torsl] Xkl bl |5 — x+1 _
= = I~x—l Z,I__ 4 e o 21{.1 l 4
. x+1 x+1/ L (x+1)7 )
3x—1 _
1 s o Z
tan—! | —x+1 <E 5 (B3x-1) {;1+1] i &
—x" +4x+1 4 (x+1) (=x"+4x%1) 4
(x+1)°

\, V.

Gx=D) _ (x+ 1)’

=
(x+1) (- x’ +4r+]]
= I+ 2x=1==x? 4+ AN Mt = 22—-x-1=0
= (x—1DZ2x+1D)=RI\Y x-1=0o0r 2x+1=0
|
=5 x=1]1ornx=——

Herg, x= S does not satisfy the equation.

Thus, x = 1 1s the only solution.

P EXERCISE 9.2 _J

Prove the following:

E (0 S | g &7 5 45 323
1. sin —+sin —=cos — 2. €0S —=—CO0S —=¢08  —
25 17 425 2 L3 325
3 .
3. tan_'—+tan"é—ta L 4.  sin 'E—qm ~ Z =gin 124
4 5 19 4 13 5 5
a4 12 _
5. sin”' —+cos” —=sin" 1 53 6. sin'=+2tan l=cusl§E
5 13 65 5 4 85
7. sin 'L—Fbln lJr:f_-_.l ‘L—E 8. tan"—l+2tan“l:£
V2 J5 Jio 2 7 3 4

[ @72 ]
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10. secz(tan' —J+c5c:(cm"§]:@ 11. tﬂnz(SEC_IB)-FCDtE(CSC_I4):23

gl BX .
12. Ztau"lx=sml{ Ai],—li.rﬂl 13. tan(sin™ x) = —— =, —l<x<]
14+ x~° Ill—.l'_
14. 2tan™ x:cns"(:_r;J 14. cos(sin”' x)=+/1—-x
+x

15 tan'x+cot (x+1)=tan'(x*+x+1)

16. 2tan"(tanﬁt.ﬂng):cns"' Bag e g 17, mt_l( CG%I ]=£—£
2 2 1 +cosfcos ¢ l—sinx

18. If tan' x+tan"' y+tan"' z =, then show that x+ y+z =Xz

19. Find the value of x if, tan 1[21—1)_’_‘[“ ‘[Z'IJFI]:E
3x—1 3x¥] 4

20. If sin™ 2p +cos™ I—q: =tan™ 2"1): “show that y:,ﬂ_ﬂi'

4

1+ p° 1+¢g° 1% % 1- pq

[ 273




