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Conics

INTRODUCTION

The Greek mathematicians Apollonius (260-200 B.C.) and Pappus (early fourth
century A.D.) made significant contributions to the study of conic sections using
Euclidean geometry. Here, we will employ the methods of analytic geometry to
investigate their properties.

The theory of conics has important applications in various fields, including space
mechanics, oceanography, and many other branches of science and technology.
Consider a circle, with its centre C, draw a line RS passes through ¢ and perpendicular
to the circle’s plane. Choose a fixed point A4 on this line. Now, from 4, draw every
possible straight line that touches some point on the circle. These lines together form a
surface known as aright circular cone. Each of these straight lines 1s called
a generator (or a ruling) of the cone. The complete surface has two separate parts,
called nappes, which meet only at point 4. This meeting point is the vertex of the cone
and the original line RS 1s the axis of come.

When you slice this cone with a plane, the, inteérsection curve 1s called a conic
section (or simply conics).

There are also special cases called degenerate conics. These happen when the slicing
plane passes through the vertex A4/ Instead of getting a nice curve, the intersection might
be just a single point, a single straight line, or a pair of intersecting lines.
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Figure 6.1(a) Figure 6.1(h) Figure 6.1(c) Figure 6.1(d)
Depending on the angle and position of the plane, you can get a circle, an ellipse, a
parabola, or a hyperbola.

When this cone 1s intersected by a plane, different curves are obtained depending on
the angle and position of the cutting plane:

 If the cutting plane is perpendicular to the axis, the section is a circle, see Figure 6.1(a).
« If the plane is slightly inclined and cuts only one nappe, the resulting curve is
an ellipse, see Figure 6.1(b).
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« [If the plane 1s parallel to a generator and cuts only one nappe, the curve is
a parabola, see Figure 6.1(c).

« If the plane is parallel to the axis and cuts both nappes, the curve 1s a hyperbola,
see Figure 6.1(d).

We will being our study with the circle. Other conic sections will be discussed in

subsequent section.

6.1 Circle

A circle 1s the set of all points in a plane that are at a fixed distance from a given fixed
point. The fixed point is called the centre, and the fixed distance is called the radius of
the circle,

Theorem 1: Equation of a circle with centre at the point (A, Y
k) and radius r is (x=hP+(y=kP}="~.
Proof: Let C(h, k) be the centre of the circle and r be its P(x, y)
radius. Let P(x, y) be any point on the circle. Then by

definition, the distance [§| is equal to r. Using the
distance formula between the points P(x, v) and C(h, k), we
obtain =1

\/{3: —hY +(y=k) =r
Squaring both sides gives
(x=h) +(y=k)y =r’ sl )

which is the required equation efithe circle.
Note:
(1) Equation (1) is knowmas the standard form of the equation of a circle.
(ii) If » = 0, equation (1) reduces to (x — h)* + (y — k)* = 0. This represents a point

circle centered at (A, k).
(iii) If (h, k) = (0, 0), then equation (1) reduces to x* + y* = /%, This equation represents

a circle whose centre 1s at origin.

L

Ficure 6.2

6.1.1 Parametric Equations of a Circle Y
Let P(:-u:,y) be any point on the circle x* + y* =% and let the
inclination of OP be 6, as shown in the Figure 6.3. Draw %)
eSS, I
PM perpendicular to the x-axis. From right triangle OMP, A %
we have 0, 0) M '
OM PM
cos A= u, sin @ = |;‘
oP oP|
Since ‘W‘=I and ‘W‘;}r, and ‘ﬁ|=r, Figure 6.3
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it follows that

X . ='
cosfl=—, smf==
. I

Thus, the parametric equations of the circle are:
x=rcosf,y=rsmdf
The point P(r cos @, r sin ) lies on the circle x* + y° =" for all values of 6.
Example 1 Write an equation of the circle with centre (=2, 1) and radius 5.
Solution: Using the standard form (x—A)" +(v—k)" =r" with h=-2,k =1, and
r =35, we have
=2+ =1y =35
x+2y+(@-1y =25
Hence, the required equation is x” + y~ +4x—2y-20=0.
Example 2 Prove that the locus of the point of intersection of the'lines
xcost+vysinf =a, xsinf—ycost=h

is a circle with centre at (0, 0) and radius va” +b° , Where 4 is a parameter.
Solution: The locus of the point of intersectiom0f the given lines is obtained by

eliminating & between the two equations. Toeliminate &, we square both equations and
add them:

(xcos@+ ysin0) + (xsin@s yeosd) = a* + b’
Expanding,
(x* cos® @+ 2xy cos O'sin 0 3¢ sin® @) + (x* sin® @ — 2xy sin @ cos 0 + )7 cos” @) =a’ + b’
Simplifying, x*(cos’ @& sin” @)+ y°(sin’ @+cos’ @) =a’ + b’

Since cos” @+sin @ =1, we obtain
x(D+y')=a +b> or x"+y° =(x.|".:11+b3 ]‘

This is the equation of a circle with centre (0, 0) and radius Va~ +b".
6.1.2 General Form of an Equation of a Circle
Theorem 2: The equation x* +1* +2gx+ 2y +¢=0 ...(1)whereg, f, ceR represents

a circle.
Proof: Equation (1) can be written as: x+ 2gx + VvV +2fp=—
Completing the square for x and y, we add g° + f* to both sides:

(P +2gx+g)+ (O +2fy+ =g+ -c

This gives (x+g)° +(y+ f) = [ng + f? —::.‘)_.
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Alternatively, this can be written as [x— (—g}]z Jr[y—(—f}]2 = [ng + f* —c?]z , which

1s the general form of the equation of a circle with centre (—g, —f) and radius

y =\/g2 + f*—c,provided g° + f*—¢>0.

Hence equation (1) represents a circle under the condition g° + f* —¢> 0.

Note:

(i) If g’ + f*—c=0, equation (1) represents a point circle with centre (—g, — /).

(i) If ¢’ + f* —c <0, equation (1) represents no real locus (an imaginary circle).

6.1.3 Working Rule to Find the Centre and Radius of a Circle in
General Form

To find the centre and radius of a circle from its general equation, follow these steps:

Step 1: If necessary, make the coefficients of x*> and y* equal to 1 by dividing the entire
equation by the common coefficient of x* and .

G fficientof x  coefficiefioky
Step 2: Centre of the circle = [_C(}E b i # _ Locllicieit § J’J

2 -
Step 3: Radius of the circle

_ J( coefficient of x )2 “ [cnﬂfﬁcient of y
2 )

Example 3 Equation 53’ +5y” +20x+25y+10=0 represents a circle. Find its

centre and radius.
Solution: The given equation ean be written as:

x4+ Yy +4x+5y+2=0.0) (by dividing both sides by 5).
(1) 1s the general form of the equation of a circle. Comparing with the standard general
form i.e.

X +y +2gx+2fy+e=0 ...(i0)

] —constant term

, D
we obtain 2g=4 = g =2, Zf-—S::*f=-£1 c=2

. 5
Therefore, centre 1s (—g,—f) =(—2.— E]

The radius 1s given by: Radius = Jg‘z +f*—c =\j(2}3+(£) -2 = Jf—H— 24—5—2

%
25 8+25 /33
V" 4 4 2
5 J33

Thus, the given equation represents a circle with centre [—2, -EJ and radius?-
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Example 4 A point moves so that the sum of the squares of its distances from two
points A(1, 1) and B(2, 2) 1s equal to 4. Prove that its locus 1s a circle.

Solution: Let the moving point be P(x, y). Then the geometric condition 1s:

[P4| +|PB| =4

-

_I_

Using the distance formula:

(\/{I—l]f +(y=1) ): +(J(I—2}1 +(y—2) ]2 "™

(x=1"+(y=1)" +(x=2) +(y-2)"=4 (Simplifying)

(x* =2x+D)+ (" =2y + D)+ (x* —dx+ )+ (' —4y+4) =4 (Expanding)
2x° +2y° —6x—6y+10=4 (Collecting like terms)
x*+y*=3x=3y+5=2 (D1viding both sides by 2)
x*+y*=3x-3y+3=0 (Subtracting 2 from both sides)
[t represents a circle with centre (%,%Jand r= ﬁ

6.1.4 Equation of a Circle with Given End'points of a Diameter

Let A(x,y) and B(x,.),) be the end points of the e

diameter. Let P(x,y) be any point on thecircle. P(x. )

From plane geometry, the angle subtended by a | .4, 90°\\ ¥

diameter at any point on the circle is a right angle. ) > R
0 X

Therefore,

APB =90°

Thus, the lines AP and BP are perpendicular to Figure 6.4

each other.

The slope of AP is m, = Y= and the slope of BP is m, =222

X=X R o o
Using the condition for perpendicularity of two lines, m, -m, = —1, we obtain:

J.: m.}rl ) }: .—.yl _ _‘I
=% X—X%

Do You Know?
A circle has the maximum

Multiplying both sides by (x—x, )(x—x, ) gives: area for a given perimeter
among all closed shapes.

=y )y-y)= _(I_Il )(x_':f:)

(I—I] )(I_'r: )"'{J’r_:"”l ]'{_1”_}"2} =0.
This is the required equation of the circle.
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6.1.5 Equations of Circles Determined by Given Conditions
The general equation of a circle x° +y° +2gyv+2fy+¢ =0 contains three independent
constants g, f and c. These can be determined if the equation satisfies three given
conditions. We will discuss four different cases.
Case-1: A Circle Passing through Three Non-collinear Points
If three non-collinear points through which a circle passes are given, we can find the
three independent constants g, f and ¢ in the general equation.
Example 5 Find the equation of the circle passing through the points (-3, 3), (-1, 5) and
(5, 1).
Solution: Let the equation of the circle be
¥+ g ifte=0 ..JA)
Since the circle passes through (-3, 3): Do You Know?
(A) = (3P +(B)P+2g(-3)+2f(3)+c=0 Infinitely-hany circles can
9+9—6g+ ﬁf‘F c=0 passthrough two pu.inl;s,
—6g+6f+c+18=0 ...(1) bm; f;xa::ti}f one circle
) passcs through three non-
Since the circle passes through (=1, 5): ¢ollinear points.
(A= 1)+ (57 +2g(-1)+2f(5)+c =0

T .4 Equation of the circle in
Lk 29 g + 10/+c 20 case of 3 non collinear
=2g+ 10f+cd 265 0° ...(2) points (x, ¥) (x2, ¥2) and
Since the circle passes through (5, ) (x3, y3) Is given by
(5)° + (1)° +2g(5YTNM + ¢ =0 x+y x y 1
25+ L4108 + 2+ ¢ =0 eyl w0
O +2f+c+26 =0 ...(3) . =0
- . _ : +y x ¥ 1
Subtracting equation (2) from equation (1): U
(=62 + 6f+ ¢ + 18) = (=2g + 10f + ¢ +26)=0 %+ % 31
6o+ 6f+c+18+2e—10f-c—-26=0
—d4g—4f—8=0

g+f+2=0 ...(4)
Subtracting equation (3) from equation (2):
(2g+10f+c+26)-(10g +2f+c+26)=0
2+ 10f+c+26-10g-2f-c—-26 =0
—12g+8f =0
3g—2f=0 ..(5)
From equation (4), g =~/ — 2; Substituting into equation (5):
A =2)=2F =9

3f-6-2f=0 = -5{=6 = f:~§
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Substituting f = —% into equation (5):

6 12 4
3p=2| == |=0 = 3g=—— = =—=
oo(-9) R —

o) 4 6 . ,
Substituting g:—g and f=_§ into equation (1):
—6(—EJ+6[—E)+€+18=G = E—E+{?+13=U
5 5 5 5
= —E+c+18=0 = c:=E—13 = c-z——?—B
5 5 5

Thus, the required equation of the circle 1s

x* + 3 —I—E(“%)x—k 2[—2]}:—% =0

Multiplying both sides by 5:
5x*+ 5/ -8x—12y—-78=0

Case-2: A Circle Passing through Two Points'and Having its Centre on a

Given Line
Example 6 A circle with its centre on w-axis passes through the origin and the point
(a, b). Find 1ts equation.
Solution: Since the circle passes through the origin and has its centre on the y-axis, the
centre 1s of the form (0, r), Where r is the radius (distance from centre to origin).
The circle also passes through (a, b). Therefore, the distance from the centre (0, r) to
(a, b) equals the radius 7

r=+(a=0)’ +(b-r)’

Squaring both sides: r'=a + G-ty
3. 32
Fr=at+ b =2br+1r? = P=ﬂ21b , b#0

The equation of the circle with centre (0, ) and radius r is:
x-0P+(@-ry =r
x° —|—y3 = 2yr=20

a’ + b

a’+ b’ .

=() Substituting r=
2b

x4 yz - 2_1{

Multiplying through by b:
b(x* +y)=(a’ + b))y =0

[ (169 ]




I . M2 thematics-12

Case 3: A Circle Passing through Two Points and having Tangent at One of
These Points
Example 7 Find the equation of the circle passing through (1, 2) and touching the line
x=2y+4=0at (2, 3).
Solution: Let the equation of circle be:
P+ +2ex+2fy+c=0 ...(A)
Through (1, 2):
1°+2°+2g(1)+2f(2) +c=0
20 +4f+c+5=0 asl1)
Through (2, 3):
22434 2g(2)+2f(3) +¢=0
4o+ 6f+c+13=0 caaki)
Given line x—2y+4=0 has slope % The normal through(2) 3) has slope -2.
= equation of normal line1s y—3=-2(x-2) \=>| y-3=-2x+4
=  2x +y—T7=01s the equation of the pormal line.

This line being a normal through (2, 3) passes through the centre (—g, —f) of the circle.
Therefore:

20—} +(-N-7=0_ =\ +f==-17 2::03)
Subtracting (2) from (l):

[2g +4f + (&P [4g + 6f +c + 13] =0

—2g=-2f-8=0 = g+f=-4
= J=—4—g .i(4)
Subtracting value of f n (3)

2g+(~-4-g)=-7T = 2g-4-g=-7 = [g=-3

Then, from (4) f=—4—(-3)=—4+3 = [f=-1

Put values of f and g n (1)
2=3)+4(-D+c+5=0 = c¢=5

Thus, the required substiting the values of f, gernd ¢ is equation (A)
x* +y° +2(=3)x+ 2+ (=1)+ <0 equation of circle is: x* +y* —6x—2y+5=0.
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Case 4: A Circle Passing through Two Points and Touching a Given Line
Example 8 Find the equations of the circles passing through the points A(3, 4) and
B(3, —4) and touching the line x+2y+9 =0.

Solution: Let O(h, k) be the centre of the required circle.
Since O4=0B = |04| =‘OE‘

:
. we have

(h=3)* +(k—4)* = (h—3)* +(k+4)
(k—-4) = (k+4)

k*—8k+16=k" +8k+16 = -8k=8k = 16k=0 = k=0
Thus, the centre 1s O(A, 0). The radius 1s

r=0A|=y(h=3)* +0-4) ={(h-3)* +16
The distance from the centre (4, 0) to the line x+2y+9=0 1s
|h+2(0)+9| |h+9|

Nl
Since the circle touches the line. This distance equals to the radius:

|h+9| :

——=J(h-3) +16

7=
Squaring both sides:
0 f)h ~N8) +16
(h+9)" =5[(h—3)’ +16] AY

h +18h+81=5(h —6h+9+16)

W +18h +81=5(1° —6h+25) Ll |

W +18h+81=5h" —30h+125 @

0=5h"—30h+125—h* —18/h—8] o /| | X

0=4h" —48h+44 -10

W =12h+11=0

W —11h-h+11=0

h(h—=11)—1(h—11)=0
= (h=11)(h=1=0 v
= h=1Lh=11 Figure 6.5

Thus, the centres of two circles are at (1, 0) and (11, 0)
Radius of circle with centre (1, 0):

r=yJ(1=37+ (0-4)’ =[(-2)> +16 = V4+16 = /20
[ (171) ]
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Radius of circle with centre (11, 0):
r=y(11=3)* +(0—4)* =/(8)* +16 =/64+16 = /80

Equation of circle with centre at (1, 0) and radius = /20
(x=1)" +(y—0)’ = (v20)’
(x—=1)°+y° =20
Equation of circle with centre at (11, 0) and radius = J80
(x—=11* +(y-0)* = (/80)
or (x—11)> +y* =80
Example 9 Find the equation of the circle which touches the y-axis at a distance of 3
units from the origin and cuts off an intercept of 8 units on the x-axis.
Solution: Let the point of tangency be (0, 3). Since the circle touches the y-axis at this
point, the centre lies on the horizontal line through (0, 3), that4s % =3, and its x-

coordinate is +» where r is radius.
Take the centre to the right of the y-axis:

Centre C =(r, 3), radius r
Equation of circle:
(x=r*+@p=3y=¢
=2+ + (P -6y +9)5f
x>+ = 2rx - 6y KV
For intercept on the x-axis, set, ¥ = (: ny
X' =2 +9=0

Let the roots be x, ;. Then:

X+ X NP x, =9
Intercept length = | x, —x, | ( ) <

= \/{x, +Il}2 —-4xx, = Vadr’ =36

Given intercept = 8

4> =36=8 = 4 -36=064 |
v
= 4 =100=¥*=25= =5 Figure 6.6

Thus, one circle with centre (5, 3) and radius 5 is:
(x=5¢°+(y=3y=25
By symmetry (tangency at (0, —3) and centre on left side of y-axis), we obtain four
circles:
(x £ 5)> + (v + 3)* = 25 where + signs are independent.
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10.

i

2.

¥ EXERCISE 6.1 _J

In each of the following, find an equation of the circle with

(a) centre at (5, 7) and radius 2

(b) centre at (a cost, a sinf) and radius a

(¢) ends of diameter (3, 4) and (2, =7).

Express each of the following, in the standard form and hence find its centre and
radius:

(a) 2xX*+2y"—dx—12y+11=0 (b) x*+y*=2ax+2by—2ab=0
Find an equation of circle passing through the points (2, 8), (5, —=1) and (-3,
3), also find the centre and radius.

Find the equation of a circle which passes through the origin and cuts off
intercepts 2 and 3 on the x-axis and y-axis respectively.,

Find the equation of a circle passing through the points (1, 3)+(25—1) and having
its centre on the line x + y = 3. Does the point (4, 1) lie on‘the\circle?

Find the equation of the circle passing through the point, (=3, — 4) and touching
the line 3x — y— 1 = 0 at the point (1, 2).

Find an equation of a circle of radius a lyingunsthe second quadrant and tangent
to both axes.

Find the equation of the circle which teuches the x-axis at the point (5, 0) and
passes through another point (3, 2).

Find the equation of the‘cwfcle passing through the point of intersection of the
linesx—v—5=0, 2x + y+~4= 0 and 1t has its centre at (5, 0).

Find the equationsofsthe circle touching the y-axis and also the straight line
3x —4y =0 atthe'point (8, 6).

Find the equations of the circles passing through the points A(3, 2) and B(3, -2) and
touching the line x + 2y + 3 = 0.

Find the equations of the circles of radius 5 that are tangent to the line dx
+ 3y — 10 =0 at the point (1, 2).

6.2 Tangent and Normal to a Curve

If a line touches a curve at exactly one point, it is called a | ay
tangent to the curve, and the point is called the point of

contact. In Figure 6.7, LM isa tangent to the curve at the
point P.

The line perpendicular to the tangent at its point of contact
is called the normal to the curve at that point. For example,

in the Figure 6.7, PO L LM at the point P; thus, PO is |0
the normal to the curve at P.

Ficure 6.7

[
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6.2.1 Equation of Tangent to a Circle

(a) Circle centered at origin: x’ +y'1 =p*

Let P(x,, y,) be a point on the circle x* + )~ =~ (1)
Differentiating both sides of the equation with respect of x, we have:
sty g = B 8
dx y
. dy L
The slope of the tangent at P(x,, v,) 1s the value of — at this point:
X
d
{"t[ (x.w) yl
Therefore, the equation of the tangent at P(x,,y,)1s: y—y, = —I—'(x—,.r, ), » =0
Y
x4 =x"+ .. (11)

Since P(x,,»,) lies on the circle x*+y* =r®, we haye
X = (i)

From equations (11) and (111), we obtain therequired equati on of the tangent:
xx, Hf, [0

(b) General circle: x* + y° A2 2fy+c=0

Let P(x,,v,) be a point on the eircle

Differentiating both sidesswith respect to x:

dy dy
Wy +2y—+2g+2f—=10
e fd

X

dy dy
2y—+2f—=-2x-2
V- f » x—28
dy dy X+g
2Av+ fl—=—=2x+ = —=—
() f)ahf (x+g) i g

The slope of the tangent at P(x,, y,) is:

(2] s
; d}:.[.rl,_r,} yl_‘l—f

Hence, the equation of the tangent is:
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Multiplying both sides by (y, + f):
(=) +f) =—(x +g)x—Xx)
Wi fy=y' =y =0 +x" —gx+ gx,
xx, +yy+gx+ fy=x+y’ + g5 + {1 (Rearranging)
Adding both sides gx, +fy, :
Xx, + yy, +gx+gx, +fy+ fy, lez +y|2 +2gx, +2fy siol)
Since P(x,,y,) lies on the circle, we have:
x +y 4+2gx +2fy, +c=0
= x*+ 7 +2gx, +2fy,=—c ..(4)
Substituting equation (4) into equation (3) and rearranging gives the required equation:
x5+ +g(x+x)+ f(y+y)+e=0

6.2.2  Rule for Writing the Equation of a Tangent\te a Circle
We have proved above that the equation of the tangent to the oircle

X’ 4+v* +2gx+2fy+c=0 at the point(x,,9',) s’

xx, +yy, +g(x+x)+ f(yv+y)+e=0

This can be obtained from the equation-ofithe eircle by making the following
substitutions:

i) x >xx (i) » >y

X+ X, (iv) y - ¢ The rule holds for all second-

2 degree curves (conics) as well.
(v) The constant tecm e remains unchanged.

(iii) x —>

6.2.3 Equation of Normal to a Circle at P(x1,)1)
The tangent to the circle x* +y*=»" at P(x,,y,) is xx,+yy,=r". The normal is

xy,—yx,=0 or X =2,
']:I -}’)]
Example 10 Find the equation of the tangent and
normal to the circle x> + y* —4x + 6y + 12 = 0 at the The centre of the circle, (0.
pomnt on the circle whose ordmnate 1s —2. ?133 ﬂﬁ:f E:; ;ﬂi‘?;:ih‘;f
Solution: The equation of the circle 1s: the normal & a-circle always
x*+yP—dx+6y+12=0 | passes through its centre.

Here, y = =2, Substituting into the given equation of circle.
P+ (2 —dx+6(-2)+12=0 = X+4-4x-12+12=0
= X-4x+4=0 = x-2)*=0 = x=12

| ©
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Thus, point of contact 1s P(2, —=2). The equation of the tangent at (x, y,) 1s:
xx; tyyy = 2(x+x)+3(yty)+t12=10
Substituting x;, =2 andy,=—2 = 2x+(2p2x+2)+3(y-2)+12=0
2x—2y—2x—4+3y—-6+12=0 = p+2=0
So, the equation of the tangent 1s y = -2 and the equation of the normal 1s x = 2.
6.2.4 Position of a Point with Respect to a Circle

Theorem 1: The point P(x,, y,) lies outside, on, or inside the circle

4+ +2ex+2fp+e=0 P(x,, 3,
according as JI:,2 +y]] +2gx, +2fy, +c % 0 P(x,, »,)

Proof: The centre of the circle is C(—g, —f') and radius

y 2 2 . ) : -
IS F= wfg + /7 —c . The point P(x,, y,) lies outside,
on, or nside the circle according as

|CP| > r, |CP| = r, or Figure 6.8
CP<r,thatis |CP| = r
that is, according as:

JE A+ +( + 1) Ve + 8%

Squaring both sides (since all quantifies arehon-negative):

Al

GHEAPO+) 2 g+ —c
x,2+2gx,+g2 ~|~_1.:|3~|n2~;lr_]«*,~|~Jilr2 % gz+f2—c'
Cancelling g-and f* :
x’+2gx + 1 +2fy, % -
Thus: x2+y2+2g6 +2fy+c 2 0

Example 11 Determine whether the point P(2, 3) lies outside, on, or inside the circle:
X+ +2x=3y-10=0
Solution: Substituting x = 2 and y = 3 into the left-hand side of the circle’s equation:
Y +(3Y+22)-3(3)-10=44+9+4-9-10=2<0
Thus, the point P(2, 3) lies inside the circle.
6.2.5 Intersection of a Line and a Circle
Let the equation of the line be

y=mx +c s 1)
and the equation of the circle be
¥ +y2 =P (2)

[ 176 ]
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The coordinates of the points of intersection are the simultaneous solutions of (1) and
(2). Substituting the value of y from (1) mto (2):
X+ (mx+c) =d°
X +mPxt 4+ 2mxe+ct—a* =0
.:r?[l + mz) + 2mcx + {L’E - az} =) ..(3)
Equation (3) i1s a quadratic in x and gives two values of x say x, and x,. Corresponding to
these values of x; and x,, we get values of y as y; and y,. Thus, the line y = mx + ¢
intersects the circle x* + y* = ¢- in at the most two points (x,, y,) and (x5, ¥,)-
For the nature of the points of the intersection, we examine the discriminant, D, of (3).
D =(2mcy —4(1 + m’) —a®) =4’ — 4 - & + m’S — m’a’)
=4m’c” —4C +4a” — A’ + dmta” = -4 + 4a” + A’
=4a’(1 +m’) -4 ==4[a’(1 + m’) - ]
Case-I: Two distinct real points
The two points of intersection of the line y = mx + ¢ and thé cirele x* + 3~ = @~ are real
and distinct, if the discriminant > 0
that is, if 4[a*(1 + m) =*]1>0 = Al +mdIvE>0 = F&(1+m)>
Case-11: One real point (tangent)
The line y = mx + ¢ touch the circle ¥’ + ¥'=g° at only one real point, that is, case of
coincident points if the discriminant < 0
that is, if 4[¢*(1 + m*) -] =0\ d(1+m)-F=0 = dd(1+mH)=¢
Case-111: No real intersection
The line y = mx + ceutsithe circle x* + y* = g* at two imaginary points (that is, does not
cut the circle) ifithe'discriminant < 0
that is, if 4| a’(1+m’)—c’ |[<0 = &'(1+m’)-c’<0 = a'(l+m’)<c’

Corollary-1: Condition of Tangency of a Line to a Circle

From Case 11, the line y=mx+c is a tangent to the circle x*+y' =a’ if:
|{:|=»::n.|"]-I—;!zll:e‘2 or c=ta\l+m’
Therefore, the family of tangents to the circle is: |y =mx+a\1+m’

| ]|
V1+m®
|c|

Hence, the condition for tangency is that the distance ﬁ equals the radius a.
1+m”

[ (7) ]
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Corollary 2: Coordinates of Point of Contact
For the tangent y = mx + a+/14+ m’, the quadratic equation (3) has equal roots given by:

. —2mec  —mc
C2(04m?) 14w’

= _ml(an"l—l—mz)zﬂ

I+HI ]_|_m]

Substituting into the equation y = mx + a1+ m’

7

—am ———  —anm’ — —am’ +a(l+m’) a
}r_:m —_— | ]+m“=—+a I+m"= =
[u‘l#—mz] V1+m’ VI+m® N1+m®

Thus, the point of contact 1s [ i =, - - J
Vi+dm™ Nl+mr

Similarly, for the tangent y = mx —a+1+ m’, the point of contact { et =, = e }
Jl+m‘ v;1+m‘

6.2.6 Tangents from a Point to a Circle
Theorem 2: Two tangents can be drawn-to\a circle from any point P(x,, ¥,). The

tangents are real and distinct, cointident;-Or imaginary according as the point lies
outside, on, or inside the circle.

Proof: Consider the circle x” % ¥ =a’. The line y=mx+al+m’ isa tangent for
all m. If it passes through\P(x,, ,), then:

Y, =mx, +a\J1+m" or v, —mx = a4l + m’

Squaring both sides:
(y,—mx, Y =a'(l+m’) = J":E — 2%, ¥+ mzxf =a +am

or (x°—a’)ym’-2xym+(y’-a’)=0
This is a quadratic in m. Its discriminant, D, is:

D=(-2xy, g _4(II2 _“1)(.}’]1 _Hl)

=4x° v =Ax'y’ —a'x’=a’ y +a") =4d’ (x" + vy’ —a°)

The two values of m are:
e Real and distinctif D>0= x’+y,’ >a’ (point lies outside the circle)

e Real and coincident if D=0= rf +y,3 =a’ (point lies on the circle)

o Imaginaryif D<0=x’+y° <a" (point lies inside the circle).

[ (179 ]
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Example 12 Tangents are drawn from (4, 5) to the circle x> + y* = 29. Find an equation

of the line joining the points of contact (The line 1s called the chord of contact).
Solution: Let the points of contact of the two tangents be P(x,, y,) and O(x,, ¥,)

The equation of the tangent at P is xx, + yy, =29 and at Q is xx, + yy, = 29. Since
both tangents pass through (4, 5): 4x, + 5y, = 29 and 4x, + 5y, = 29.

Thus, both P(x,, y,) and O(x,, y,) satisfy the equation 4x+5y=29. Hence, the
equation of the chord of contact is: 4x+35y=29.

Example 13 Find a combined equation of the pair of tangents drawn from (5, 0) to the
circle x* +y° =9.

Solution: Let P(h,k) be any point on either of the two tangents drawn from 4(35, 0)

to the given circle. The equation of line AF is:

k=0 k
=)= (x—3 ) = X3 (h—=3)=k(x—5
y e A = =Tl = )= R

= kx—(h-5)y-5k=0
This line is tangent to the circle x° + y* =9. The perpendiculdr distance from the
centre (0, 0) to the line must equal the radius 3: J?k[ =3
\/;1 +(h=5)
Squaring both sides: 25k% = 9[k” + (A—5) }=> 25k =9k* +9(h—5)’
9(h-5) -16k* =0

Since (fh k) 1s any point on the two tangents, the combined equation of the pair of

tangents 1s:

9(x —3)AN6Y° =0
Example 14 Find the equations of the pair of tangents drawn from (4, —1) to the
circle x° +y° —=2x+4y =0. Also find the points of contact.
Solution: Given: x* +1° —2x+4y=0 ...(1)
The circle has centre (1, —2) and radius J(—i]z +(2) = «E The equation of a line
through (4, —1) withslope mis: v+l=m(x—4)=mx—yv—4m—-1=0

The perpendicular distance from the centre (1, —2) to this line must equal the radius:
(D)= (=2)—4m—1] _ 5 = Im+2-4m-1] I s [3m+1] 5
sz +(—1)° m* +1 m® +1
Squaring both sides:
= (Bm-1)"=5(m’+1) = 9’ —6m+1=5m"+5 = 4m’ -6m—-4=0
= 2m* -3m-2=0 = 2m —4m+m—-2=0 = 2m(m-2)+1(m-2)=0

[ (17 ]
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= (m—2)2m+1)=0 = m=2, m=_%

Substituting these slopes into the line equation gives the tangents:

Form=2:2x-y-8-1=0 = 2x-y-9=0 eiki)
For m=—l: —lA‘—}f—-ﬁl(—l)—l:U
2 2 2
=5 —%I—_}’+]=0 = x+2y-2=10 ..(3)

Now we proceed to find the points of contact.
From (2) y = 2x — 9 putting in (1), we have
X+ 2x-9P-2x+4(2x-9) =0
x* +4x* —36x + 81 —2x +8x—36 =0
5x*=30x+45=0
r=66+9=0 = E-3¥%=0 = x»-3=((yY x=3
Puttingx=3inyv=2x—-9, wehavey =2(3)-9=-3
Therefore, one point of contact is (3, -3)

From (3) }122%,1‘ putting in (1), we have Iz+(2;x] —23:+4(2;I]:D

y od—alg
_|_

¥ 2 N4N2x=0

Ao {4 ra-0
4
4o W —dx+4—-16x+16=0
4 +x*—4x+4—16x+16=0
S5x2—20x+20=0
Y —4x+4=0
(x-2Y=0 = x-2=0 = x=2

2—. 2=-2
T., we have y=T=ﬂ

Putting x=2 1n y=

Therefore, other point of contact is (2,0).

6.2.7 Length of the Tangent from a Point to a Circle
Theorem 3: The length of the tangent drawn from a point P(x,, y,) to the circle

X2+ +2gx+ 2+ =0 is \x2+ 7 +2gx, +2fy, +c.

[ (189
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Proof: Let the centre of the circle be C(—g, —f) and
its radius be 7 =+/g’>+ f>—c. Let PT be a tangent

from P to the circle, touching it at 7. Then, CT L PT.
In right triangle PTC:

PT| =|Pc| -|cT[
Where, PC =(x +g)3+ (y, 4+ ) Figure 6.9
CTE=r1=g“+f‘—,-:

Therefore, PTI =(x,+2) +n+ /)Y = (&> + f> —¢)

=x"+2gx, +g +y +2/+f —g = f +c

P(x,, »)

$ ioed g
=x"+y +2gx +2fy +c

Hence, ]PT| = \/xf + ¥, +2gx +2fy +c.
6.2.8 Rule to Find the Length of the Tangent

(i) Write the equation of the circle with coefficients 6f xand y” as 1.

(i1) Make the right-hand side of the equation zero.

(iii) Substitute the coordinates of the pointuntothe left-hand side expression.

(1v) Take the square root of the result.

Example 15 Find the length of. the.tangent from pomnt P(2,-5) to the circle

5x*+5y° +10x+14y-15=0,

Solution: Divide the equation by 5 to get the standard form:

”{\ 4
N +2x+l?_ju—3=(]

The length of the'tangent is:

\,{2)3 +(=5)’ +2{2}+%{—5}—3 =J4+25+4-14-3 =416 =4

Example 16 Length of a Chord of a Circle
Find the length of intercept cut off from the line y=mx+c

y=mx+c

by the circle x° +1° =a’.

Solution: The circle is x*+y’ =4’ and the line is
y=mx+c.

Let the intersection points be P(x,, »,) and

Q(x,, ¥,). Substituting the line into the circle:

Y +(fm: + 1:')2 =a’
i B Figure 6.10

[ (1s) ]
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X +m'xt +2mex+ct =a’
(1 +m)x* +2mex+ (¢ —a’) =0
The roots x, and x, satisty:

2 ¥
2mc c=aq
X X, =

X, +x =— =
1 7 E vl
1+m’ 1+m

Since the points P(x,, yl) and QO(x,, yz) lie on the line,
y,=mx, +c¢ and y,=mx, +¢, S0 y, =y, =m(x, —x,)

The length of the chord PQ is:
PQ = \/(-]‘ﬁ _Iz)z +( _}’1}2 :\j{l] _I:): +m1[:-:| _-‘:1}1
- J(l+m:}{x, —x,)? = \l+n \/(:r, +x,)" —4x.x,

Substituting x, —x, and x, x,

2 2 2
i ;—‘“l+m3\/4mr: _dfe—a)

(14m’) | +m’

Noie
In numerical problems, 1t
15 often more convenient

T 2yp .2 2 to find the points of
= /14" am’c” —4(l+m :’.{ﬂ a’) intersection directly and
(1+m*) then compute the distance
between them.
2 2 g -2 2f 2 2 2 \. J
7 mc —\C —a rI\gpsyma
=2\1+m" { N )
(L+m )
> Vvm2el¢lPal—-mlel+mlal
=21+m" v
] +m2
. 2
Hence, the length of the chord is: PO = JﬂZﬂ +m2)c2

VI+m2
P EXERCISE 6.2 4

1. Find the equations of the tangent and normal to the circles
(@ x*+y'=8at (2, 2) andat (2v2cosf, 24/2sin6).
b) P®+3y*—6x-2y—T7=0at(4,5)
2. Show that the line 4x+3y—25=0 is tangent to the circle x* + y° =25 and find

the point of contact.

3.  Find the equations of tangents to the circle x* + y* =4,
(a) which are inclined at an angle of 45° to the axis of x.
(b) which are parallel to the line 3x+4y+1=0.
(c) which are perpendicular to the line 6x—-8y+3=0.

[ (182 ]
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4. Find the equations of the tangents to the circle x° + y* —4x—2y—4=0, which
are parallel to the line 3x—4y+2=0.

5. Find the equations of the tangents drawn from:
(a) the point (=3, 7) to the circle x* + y° =8.
(b) the point (12, —4) to the circle x>+ v’ —4x—2y-20=0.

Also find the points of contact.
6. A circle has the parametric equations: x=3+5cos&, y =—145siné

(a) Find the Cartesian equation of the circle.
(b) Find the centre and radius of the circle.
(¢) Find the parametric coordinates of the point P on the circle corresponding to
g
2
(d) Find the equation of the tangent to the circle at point P,
(e) Find the equation of the normal to the circle at point/P:
(f) Find the equation of the tangent to the circle at the point where ¢ = .

6.3 Parabola

A Parabola is the locus of a point which movesima plane such that its distance from
a fixed point, called the focus, is equal to it§ distance from a given fixed straight line,
called the directrix.

6.3.1 Standard Equation of\the¢*Parabola SO i

Let F be the focus and CD, the\directrix of the parabola. M P, )
Draw FZ perpendiculat{rom the focus F to the directrix
CD. Let V be the mid-point of FZ and let FZ = 2a. Take
V' as the origin, the v-axis along the line ZF and y-axis
along the perpendicular to VF at FV, as shown in the
figure.

Since V 1s equidistant from the focus and the directrix,

by definition, the point V' lies on the parabola. The point DY 1y
V1s called the vertex of the parabola.

Thus, the focus of the parabola 15 F(a, 0) and the
directrix 1s x = — a.

Let P(x, y) be any point on the parabola and draw PM perpendicular to CD.

Therefore, |PF|= \{{x— a)’ +(y—-0) = \/f —2ax+a’ +y*

|I+41:p+4

NIZ 40
By the definition of a parabola, |PF| = |PM|

[ (183 ]
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Therefore, /x> —2ax+a* +y* =|x+4|

Squaring both sides, we get
XX =2ax+a* +y*=(x + a)’
x*=2ax + & +y* =x* + 2ax + a* which simplifies to y* =4ax
This 1s the standard equation of the parabola.
6.3.2 Elements of the Parabola
1. Axis: The straight line through the focus and perpendicular to the directrix 1s
called axis of the parabola. In the figure, the axis is x-axis.
2.  Vertex: The point where the axis meets the parabola is called the vertex. In the
figure, V 1s the vertex with coordinates (0, 0).
3. Chord and Focal Chord: A line segment joining two distinct pomnts on a parabola
1s called a chord. A chord passing through the focus 1s called a focal chord.
4. Focal Distance: The distance of a point on the parabola from, the focus 1s called
its focal distance. In the figure, |FP| 1s the focal distange.
5. Latus Rectum: The focal chord perpendicular ta the axis of the parabola is called
the latus rectum. Its equation 18 x = a. /Tt

intersects the parabola y* = 4ax at points ‘Where
y? = 44’ that is, y = +2a. Thus, the ‘end/points
L and L' of the latus rectum~are L(a, 2a) and
L'(a, —2a).

6. Parametric Equations: The equation

y* = 4ax can be.éxpressed parametrically. Let

14 "5 .
—={ and —=1.
2a y
Then y = 2at and 2x = vt = (2at)t = 2ar’, EAp 2
So, x=at

Hence, the parametric equations are

x=at’, y=2at

The point (at*,2at) lies on the parabola for all real ¢ and is often referred to as
the r-point.
6.3.3 Other Standard Forms of the Parabola

By taking the directrix on the right side of the focus, or below or above the focus, we
obtain three more standard forms.

[ (189 ]
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The table below summarizes the key features of all four forms.

Parabola
in
standard v =dax y* =—4ax x* =4ay x’ =—4ay
form
Focus (a,0) (—a.0) (0,a) (0,—a)
Vertex ({l {]) (‘l 0) (0, U] ({}, 0)
it || T x=a y=-a
Equatl.{:{n of b= 0 =0 i e i
axis
Equation of
latus X=d X=—(1 y=a y==a
rectum
Length of
latus da da da da
rectum
Sketch of ! ¥ . A
pﬂ[‘ﬁbﬂla / IIE \ \ \ iz// JE s ¥=a ‘,E'
in standard ) WA ZETY Y, il i > "\ 2
form =g \ /p _— y=-d /
F0, —a)

Example 17 Analyze the parabola x* —4x — 4y — 2 = 0 and sketch its graph.
Solution: * —4x -4ps2=0 (1)
Rewrite the equation as: x” —4x=4y+2
Adding 4 on both sides, we have
X —4dx+4=4y+6

(x—2) :4(“%) o8

3 )
Let x—2=X and y +E =Y. Then the equation (2) becomes X~ =4Y ...(3)

which is a parabola whose focus lies on X'= 0 and whose length of latus rectum is equal

to 4a = 4, thus coordinates of the focus of (3) are:

, 3 1
X =0,Y =1, thatis, x—2=0 and y+5=l or x=2,y=——

1
Thus, coordinates of the focus of the parabola (1) are (l —E}

[ (189 ]
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Axisof (3)i1s X =0 = x—2=0 x=2 1s the axis
of (1)
Vertex of (3) has coordinates

A=0Y =]

that is, x—2=0, y+%:0

3 ;
oF ¥=2, y= ~ are coordinates of the vertex of

(1) Figure 6.13

Equation of the directrix of (3) is:
Y =—1 thatis, y+ % ==l or y= —% 1 equation of the directrix of (1).

Length of the latus rectum of the parabola 1s 4.

The graph of (1) can easily be sketched and is as shown in the figure.

6.3.4  Tangents and Normals to a Parahola{Condition of the
tangency to Parabola)
To find an equation of the tangent to a parabola, we first determine the slope of the
tangent at the given point by calculating % from the equation of the parabola. Using
the point-slope form of a line, the equation of the tangent can then be written.
Since the normal to a.curve at a point is perpendicular to the tangent at that point, its
equation can be obtained readily from the equation of the tangent.
Let us consider the equation of a line
y=mx+tc se:1)
and the parabola
y* =4ax il )
To find their points of intersection, we solve equations (1) and (2) simultaneously.
Substituting the value of v from (1) into (2), we obtain:
(mx + ¢)* = dax
m*x” + 2mex + ¢ = dax
m’x’ + 2mex — dax + & = dax
m*x® + 2(mec - 2a)x +c*=0 )
Line (1) is tangent to (3) if roofs of (3) are equal. This unphes discriminant D, of (3) is
ZEro.

[ (189 ]
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[2(mc —2a)) —4(m*)(c?) =0
d(mc —2a)* —4m’c* =0
Dividing both sides by 4, we get:
(me —2a) —m*c® =0
m’c® —4ame + 4a® —m*c* =0
—damc+4a’ =0 = damc=4a = mc=a = c= E*m # ()
m

Thus, the required condition for the line y = mx + ¢ to be a tangent to the parabola
. a

v =dar is c=—.
m

, a .
Consequently, for any non-zero real number m, the line y = mx+— is a tangent to the
m

parabola y” = 4ax. Similarly, we can find condition of tangency for{other parabolas
6.3.5 Similarly, we find condition of Tangency for{otiter parabolas
Find the equations of the tangent and normal to the parabolay” = 4ax at the point (x;.

i)
Solution: Differentiating y* = 4ax with respecf\to,x, we obtain

dx dx St
: 2a
Thus, the slope of the tangent at\(X,, »,) is [j—} =—
%l N

Using the point-slope faorm, the equation of the tangent at (x,, ¥,) is

2a
y=y,=—(x-x).
FI

Multiplying both sides by v, , we get

w, =y =2ax-2ax,.
Rearranging terms,

yy, —2ax = y,° = 2ax,
Since the point (x,, ¥,) lies on the parabola, it satisfies ¥, =4ax,. Substituting this
value, we have

W, —2ax = 4ax, - 2ax, = 2ax,.

Bringing all terms to one side,

), -~ 2ax—2a¢ = 1.

[ (15) ]
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Which simplifies to ¥y, = 2a(x +x,).
This 1s the required equation of the tangent.
The slope of the normal 1s the negative reciprocal of the slope of the tangent. Hence,

Slope of the normal = .
2a
Using the point-slope form, the equation of the normal i1s y—y, =— ';' (x~x )
1
¥ EXERCISE 6.3 _J
. Find the focus, vertex and directrix of the following parabolas also sketch the
graph:
(i) =1 (i) x?*=8(-1)
(iii) y*=-8(x-3) (V) x¥*—-4x—-8y+4=0

2. Write the equation of the parabola with given elements.
(1) Focus (=3, 2); directrixx=5 (1) Focus (3, 5), vertex,(3, 2)
(111) Directrix x =4 vertex (6, 3)  (1v) Axis y =0 through (2, 2) and (6, —-3)
3.  Find the equation of the parabola having its focus at«the origin and directrix is
parallel to: (1) x-axis (1), “w=axis.
4.  Show that the an equation of parabola,with fecus‘at (a cos ¢, a sin 6) and directrix
xcos @+ysin@+a=0is (xsin @~ eos’d)’ =4a(x cos O+ y sin ).
5. Prove that in parabola a circle described on latus rectum as diameter touches the
directrix.
6. A parabola is defined by the\equation y = x* — 4x + 3. Find the coordinates of its
vertex, focus, and the ‘equation of its directrix.

7. The parabola v.='axt + bx + ¢ has a vertex at (3, —2) and passes through the point
(1, 6). Findth&walues of a, b, and ¢
8. Find the equations of the tangent and normal to the parabola y* = 4ax at the point

(at’, 2at).
9.  Find the equations of the tangent and normal to the parabola
x*—6x—2y+ 11 =0 at the point (5, 3).
10. Find the equation of the tangent to the parabola y* =12x which is parallel to the
line 3x—y+4=10. Also find the point of tangency.

6.4 Ellipse
P

An ellipse 1s the set of all ponts 1n a plane for which L
the sum of distances from two fixed points, called the
foci (plural of focus), is constant (see Figure 14). ¥ E

Kepler’s first law states that the orbits of the planets Figure 6.14
in the solar system are elliptical.

[ (189 ]
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Derivation of the Standard Equation

To obtain the simplest equation for an ellipse, we Y

place the foci on the x-axis at the points F'(—c, 0) P(x, y)

and F(c, 0), so that the origin is the midpoint of the /'

segment joining them (see Figure 17). Let the -r’// >

constant sum of distances from any point P(x, y) on By y o

the ellipse to the foci be 2a, where a > 0.

Thus, for any point P(x, y) on the ellipse, —S—
|PF'|+|PF|=2a

Using the distance formula,

J[I-i—i.’]z —I—yj —I—\,((.:lr—-:.']2 —I—yz s

To simplify, isolate one radical and square both sides:
J(rﬂ:f +y' = 2:;:.'-\/(1-.-:}1 pgPaf

squring,  (x+0) 4+ =4d ~daGe-cP 17 + (N2

Expanding the squares,

X +2ex+0 + Y’ =4a" —4a](x— N+ X2 —2ex + ¢ + )
Cancelling the common terms x°, ¢, and y* from both sides,
Dex=4d4 4a\{(x— c)’ +y° —2cx
Bring the terms involving cx together:
doxsda’ —4:’1\](3.: =)+
Divide by 4 and isolate the remaining radical:

~ T . .
a\/ (P-c)" +y" =a" —cx The word “focus™ means
Now we square both sides again: Repace i Bt

2 2 2 1 2 2.2
a [(.:r—c) +y ]za —2a‘ex+c’x

Expanding the left side:
2 2 2 2 4 2 e 4
a(x"=2cx+c +y)=a =2acx+c'x
.2 2 2 2 2 4 2
a'x® -2a’cx+a’c +a’y =a'—2d°cx+e'x’
2 2 E 2 2.2 4 el
a’x +ac+a’y =a +c'x
. 2 2 2 2 A Ll
Rearranging, a’ x" —c’x" +a’y =a" —a‘c
. 2 P £ A - 2 2
(a—c )x +ay =a(a —c’)
From triangle PF'F in Figure 17, we note that |PF'|+|PF|>|F'F|, thatis, 2a > 2c, so

a > ¢ and thus a* — ¢* > 0. For convenience, we define a new constant b such that

p "
Gl B

[ (18 ]
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Substituting, the equation of the ellipse becomes

b2x* + @y = a*b’
Finally, dividing both sides by a’h’ gives the standard form of the equation of an
ellipse:

l + L =]

a b
Since b* = a* — ¢* and a > ¢, it follows that a > b.
6.4.1 Key Features of the Ellipse

» Foci: The foci are at (£¢, 0), where ¢ =a” —b".

e Centre: The midpoint C of the segment joining the foci is called the centre. For
the equation above, the centre is at the origin (0, 0).

e Vertices: Setting y =0 gives x==xa. The points 4'(—a, 0) and A(a, 0) are the
vertices. The line segment 4’4 of length 24 is the major axis,

e Co-vertices: Setting x =0 gives y==bh. The points B(0.=h) and B(0, h) are
called the co-vertices. The line segment B'B of length 2b isthe minor axis. Since
a = b, the major axis 1s longer than the minor axis,

e Symmetry: The equation is unchanged if x is replaced by —x and v by —y; hence
the ellipse 1s symmetric about the x-axis, y-axis, and the ongin.

-

e Eccentricity: The eccentricity e.of an ellipse 1s defined as ¢ =—-
ol

Since a > ¢ >0, we have Q<<

2 2

¥

& - " vr 1 [ " v
e Directrices: For the ellipse —+~— =1 with a > b, there are two directrices

¥ F =

&l

. , . a
given by the vertical lines x =+—-
e

e Latus Rectum: Each of the focal chords perpendicular to the major axis is called

: . 2b°
a latus rectum (plural: latera recta). The length of each latus rectum is —-
a

e Parametric Equations: For all real 6, the point (acos @, hsin@) lies on the ellipse

XXy :
—+ f—j =1. Thus, the parametric equations of the ellipse are:
a B

x=acosf,y=bhsind.

¢ Foci on the y-axis: If the foci are on the y-axis at (D,i '), the roles of @ and b are

2

=

) \ :
—+—=1,a > b: with vertices

b a

interchanged, and the standard equation becomes

([l +a), and covertices (+h, 0).

[ (19 ]
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e Relation between a, b and e:
Since b’ =a’ —c°,setting c=ae = b’ =a” —a’e’ =a’ (1—¢°).
e Circle as a Special Case: If the foci coincide, then ¢ =0 and a = b, so the ellipse

becomes a circle with radius » = a = b, and has equation: x* + y* =a°. Clearly for

circle e=0.

e Second definition of ellipse:
The ellipse can also be defined as, if a point P p
moves such that the ratio of its distance from M
a fixed point F (the focus) to its distance from
a fixed straight line (the directrix) is equal to a

constant, e (less than 1), the locus of P is an
ellipse of eccentricity e.

Fiousé G106
That i1s, if | | —e, where 0 <e < ], the

|PM|

locus of P is an ellipse.

The equation of ellipse can also be derived usinmve definition. ]

6.4.2 Summary of Important Resgis

i]?]ﬂ]}]g;semstandard .g@Ebg =1, a>b ;—i+i—j=1, a>b
Centre (0,0) (0,0)
Equation of major @xis y=0,—asx=za x=0,—asy=<a
Length of majoraxis 2a 2a
Equation of minor axis x=0,—b=sy<b y=0,—h<x<h
Length of minor axis 2h 2b
Vertices (+a.0) (0,+a)
Covertices (0,£b) (£b, 0)
Foci (£c, 0),c = ae (0, £c), ¢ = ge
Eccentricity e:E: a” b ] e=£: a b <1

o [ 4 ol
Equations of directrices P i y=z= - f

(=4 & & &

Equations of latera recta x =tae y==Tae
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Length of latus rectum & 2b°

Sketch of ellipse
in standard form

P%‘}‘:— =

Note : In both cases of ellipses. the major axis 1s the longer line segment and foci lie on the major
axis.

Theorem 1: (Translated forms of Ellipses)

: x=h} (v=k)* ; :
The equation X1 0= x=h 9 Bk b) T
c il

a .'f'-'1 A
with @ > b describes a horizontal ellipse
with fociat F'(h—c, k)and F(h+c, k),

-
where c=+va” =b".

The centre of the ellipse is at the point <
C(h,k) and the vertices are located-at B'(h.k - b)

; . re—g T
(h+a,k) on the major axis. Figure 6.16

The co-vertices are located at
(h,kL£h).

Theorem 2:

=)’ =k _,

a’

The equation

with a > b describes a vertical ellipse b

with foci at F'(h, k — ¢) and F(h, k + B(hIbk) CAK) B

Hbk)

2 2
c), where ¢ =+ a” —b". The centre of

the ellipse 1s at the point C(h,k) and

. A'(hk-a 2
the vertices are located at (h,k +a) on < { ) > y=Fk- g

the major axis. The co-vertices are
located at (h£bh.k). Figure 6.17

[ (192




I . M2 thematics-12

Example 18 Find an equation of the ellipse
with foci (2, 1), (2, 7), major axis of length 10
and sketch its graph.

Solution: Given the foci: (2, 1) and (2, 7).
Both foci have the same x-coordinate

B'(-2,4)

=> Major axis is vertical.
Major axis length=10= 2q = 10 = a = 5.
Centre 1s the midpoint of the foct:

2+2&1;?]=(2.4J.

Centre :(

) : . Figure 6.18
Distance trom centre to either focus:

e=4=1|=3
Foranellipse: > =a"—b° =3 =5-b" =29=25-b" = b~ 16 = b=4.
Thus, required equation of the ellipse with centre (4, k) = (2] 4),-major axis vertical,

a=>5, and h=4 is: (I_:;,}? +(y_jk)- =1, that is, Swe + (=4 =:§:
b a 16 25

Example 19 Find an equation of the VA

ellipse with centre (0, 0), focus (35, Q) -:B(ﬂ,\/ﬁ}

and vertex (6, (). Sketch its graph:

Solution: Given centre is at (0, Q) A'(-6,0)/ F(-5.0) F(5,0) \ 46, 0)
Focus: (5, 0) = one fotus is to the |~ 00, 0) ,.‘J:::
right; the other feeusvis (=5, 0) by

symmetry. B'(0,-+/11)

Vertex: (6, 0) = one vertex 1s to the
right; the other vertex 1s (—6, 0).

: : Figure 6.19
All points have same y-coordinate 0, so

major axis horizontal.

From vertices: (£6, 0) = a =6, so a* = 36.
From foci: (£5,0) = ¢=5,c*=25.

To find b, using the ellipse relation:

gt s DS AR s =T = =il

Required equation with horizontal major axis, centre at origin, @” =36 and b* =11 is

9 7 2 2
xr v T
—+=—=1, that 1s, 2 =

& & 36 11

[ (199
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Example 20 Find the centre, foci, eccentricity, vertices and directrices of the ellipse
whose equation is 16x* + 9y* — 64x + 54y + 1 = 0. Also sketch its graph.

Solution: 16x° +9y" —64x+54y+1 =0
(16x° —=64x)+(9y* +54y)+1 =0
16(x* —4x)+9(1> +61)+1=0 ¥ “‘A{l .

16[(x* —4x+4)—4]+9[()* +6y+9)=9]+1=0 . : X
16[(x—2)* —4]+9[(y+3)* —9]+1 =0 ;_1 _3]mﬁ3+ﬁ}
16(x—2)" =64 +9(y+3)>—81+1 =0 * &C{ZI—B}

16(x—2)"+9(y+3)°-144 =0 E "\fjﬂ—ﬁ}
16(x—2)* +9(y+3)* = 144 4'2,-7)
Divide both sides by 144: Figure 6.20
16(x—=2)" . 9y +3)° 1
144 144
(x —92)’ L (v :;T &1
Comparing with & _Eh]: + ( ;f}z =1,> we abtain

h=2k=-3,0"=9 = b=3,&N® = a=4.

Since a > b and a’ is under y-térm, major axis is vertical.
Centre: C(2,-3).

Using the ellipsegélation: ¢* =a’ —=b%; ¢ =16-9=7 = c¢= ST

.. 2 7
Eccentricity: e = P £
a 4
Vertices: Vertices are a=4 units above and below centre along vertical axis:
First vertex: 4(2,-3+4)=A(2.1).
Second vertex: 4' (2,-3—-4)= A'(2,-7).
Foci: Foci are ¢ =+/7 units above and below centre:

First focus: F(Z,—3+\ﬁ), Second focus: F” {2,—3—\5).

- L] L # # & L] L] - ﬂ
Directrices: For vertical major axis, directrices are horizontal lines: y=k+—
e

L T Gik

e JTa AT
[ (199 ]
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Example 21 An ellipse has the following properties:
(1) Its major axis is vertical and has a length of 10 units.
(11) The distance between its foci 1s 6 units.
(111) The centre of the ellipse 1s at the point (3, =2).

Find the standard equation of this ellipse.

Solution:

(i)  The major axis is vertical and has a length 10, so: 2a=10=>a=5=a" =25
(ii) The distance between the foci is 6, 50: 2c=6= ¢=3= ¢’ =9
(iii) The centre is at (h,k)=(3,-2)

For an ellipse, the relationship between a, b and c is: ¢" =a” =b’
Substitute ¢’ =25 and ¢" =9
9=25-b" = b =25-9 = b'=16
Since the major axis is vertical, the standard form of the ellipse’éguation is:
(x=h?  (y=k)’
b’ € a’

=1 Substitute h=3, k=-2, a* =25and b =16

2 . 2
(I—B) +(.}+2) 7.
16 D
6.4.3 Tangents and Normals'tooEllipse

2 P!
We are given the ellipse: I—2+~‘—;-,—=] ...(1) and the line: y=mx+c ...(2)
e 7

We want to find their points of contact and the condition for tangency.
Substitute y = mx -+ canto the ellipse equation:
X (mx*c)’
s
a b”
Multiplying through by a°b” to clear denominators:

b’x" +a (mx+c) =a'b”

1

Expand: b°x" +a (m’x” +2mex+c’)=a’b’

b x? +atm’x® + 2a°mex+a*c* —a*h’ =0

(b +a’m*)x’ +2a’mex+a* (¢ =b*) =0 .(3)
The equation 1s quadratic in x and 1t gives the x-coordinates of the two points where
line and ellipse intersect. The corresponding values of y are obtained by setting the
values of x obtained from last equation into y=mx+c¢ . Thus line and ellipse intersect

in two points.

[ (199 ]
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Tangency Condition
Tangency occurs when the quadratic in x has equal roots.
This means the discriminant D = 0:
(2a*me) —4(b* +a’m’)-a*(¢> -b*)=0
da'm’c’ —da (b* +a’'m’ Yc" -b")=0
Factor out 4a” :
4a’ [azmjcrz —(b* +a*m*)(c’ ubl)] =)
Since a #0:
amc —-b +am ) -b)=0 If a glass of water is tilted,
E}{pﬂnd the second term: The surt‘accf of the water
a'm’c’ =b’c’ +b' —a*m’c’ +a’m’bh’ =0 kit
am’b*=b’c +b* =0
Divide through b° (b #0):

. S 2 2
am —c" +b =
So, the tangency condition is:

2 3

c=a'm’ +b’| = c=% Ja31ﬂ3+b2 (4)

Putting value of ¢ in y = ne+ ¢, we obtain » = mxtWa’m’ +5b° two tangents to ellipse
for all values of m.
Point of Tangency

For the tangent v = mx + Jatm® <Sihe Q.E (3) has equal roots given by

;
. —2a’me _—aTme
ARt 2 2 In
2(b° +a” +m’) N
. —'ﬂ:m
We have equation of =
L‘h
.
- —d m
Jam'+b
—iTEH"I

Substituting  x=——m—
Na'm™ +b°

Into 0 (5) we have

. b’ . —a’m b’
So, point of contact of (5) and (1) y = - is (———ﬁ]
\/azm‘ +b° Nam* +b8° Ja‘m® +b°

Similarly, point of contact of y = mx —Ja*m* +b* and (1)1s

[ am h*
¥ g o | 2 ¥ 5 | . |
\/a'm' +b° \{a‘m’ + b

[ (159 ]
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) 2 )

- -

Example 22 Find equation of the tangent and normal to the ellipse :r_z +-';T =l at the
a 2

point (x,. ).

. 3

I'F—i__}?'h :l

i F

a
s B Bl . 2x 2ydy dy b x
Differentiating implicitly with respect to x: — +— =0 = 2= =

Solution: Equation of the ellipse 1s:

a b dx dc ay
_— i b’x
Thus, the slope at (x,, ¥,) is: (_y =———
dx (x, 7)) a
Equation of the tangent:
b’ x
Y=y ==k (x-)
a ),
v W, ¥ XX x°
Multiplying through=-: —S—=t=—-—1+—
plying Ens PEE a2
; s | OO S i
Rearranging: L=l =21 -]
a=e a b a b
: : : Ilj .FEE
Since (x,, ;) heonellipse, —+55-~Al
a b
; N W
Hence, the equation of the tangentis “—- + % =
a b

Equation of the normal;

2

. ay
The slope_of\the'hormal 1s —
a’y
Thus, A e bE: (x—x;)
el

Multiplying b°x,y=b’x,y, =a’yx—a’xy,
Rearranging: a y,x—b’xy=xy(a"—=b")

2 2
ax by

a-b.
X W

¥ EXERCISE 6.4 _§
1.  Find an equation of the ellipse with given data.
(1) Foci (0, =£5) and minor axis of length 8.
(11) Vertices (-2, 5), (-2, —3); foci (-2, 4) and (-2, —-2).

[ (197 ]
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10.

11.

12.

13.

- "
(ili)  Vertices (6, 0), eccentricity = -

(iv)  Centre (=3, 1), major axis parallel to the x-axis and of length 10 units,
minor axis parallel to the y-axis and of length 6 units.

Find the centre, foci, eccentricity, vertices and directrices of the ellipse whose

equation 1s given and sketch its graph.

(i) 4x°+97° =136 (i) 4x°+24x+9N*-36y+36=0

Find the equation of the ellipse as the locus of points P(x, v) such that the sum of

the distances from P to the points (=3, 0) and (3, 0) is 10.

Find the equation of an ellipse centered at (5, 3) that is tangent to both the x-axis

and y-axis.
What are the dimensions of the smallest rectangle aligned to the axes that

+

L =

; T
completely contains the ellipse L a2 o
16 9

Find the dimensions of the rectangle with greatest perimeter that can be inscribed

s 3

in the ellipse I—+£ =l
16 9

Find the minimum distance of the point P(3cos &,2sin#) on the ellipse from the

centre of the ellipse.
2 2

Find the minimum distance fronrthe eltipse % § % 1 to the line x + y = 6.

2
Find the value of £ forwhieh the line v = 2x + & 1s tangent to the ellipse % +y° =1.

Determine whether the line y=2x-3 1s a tangent, secant, or external to the

2 N\ )}
ellipse Pt ]
9 4

Find the equation of an ellipse with centre at (0, {]'], a horizontal major axis of

length 8, and that touches the line y=x+3.

Show that the family of lines given by: xcos@+ ysin@=+/a’ cos’ @+ b>sin’ 6

¥ ¥

4

. 2 X ]
where #1s a parameter and a > b, are all tangent to the ellipse —,,+';)—,, =1,
2 B2

£ 9

i X B

[f a tangent to the ellipse — +y—2
o

=1 with centre C cuts the major and minor

¥ )
a’ b

k) 1:l.
|CP|” |CQ]

axes at P and Q respectively. Prove that

(199 ]
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6.5 Hyperbola

The definition of a hyperbola is similar to that of an ellipse. For
an ellipse, the sum of the distances between the foci and a point
on the ellipse i1s fixed, whereas for a hyperbola, the absolute
value of the difference between these distances 1s fixed. One
distinguishing feature of a hyperbola is that its graph has two

separate branches (see Figure 21). Figure 6.21

Derivation of the Standard Equation of Hyperbola

Thus, we can define hyper bola as a hyperbola is AY

the set of all points (x, y) for which the absolute

value of the difference between the distances from Plx, y)
two distinct fixed points called foci 1s constant. The /;c_’

®
hyperbolas with simplest equations are those with  F'(-¢, 0) 0 F(c, 0)
foct on one of the coordinate axes. To obtain the
simplest equation for a hyperbola, we place the foci
Figure 6.22

on the x-axis at the points F'(—¢, 0) and F(¢, 0),s0
that the origin 1s the midpoint of the segment joining them (see Figure 22).

Let the absolute value of constant difference of distances from any point P(x, y) on the
hyperbola to the foci be 2a, wheré @ > 0. Thus,

|PF|+|PE}=2a or |PF|-|PF|=%2a
Using the distance formutla,
J(x N+ - \/(.:i: —c) +y* =+2a
To simplify, 1solate one radical and square both sides:
J(I +e) +y' =+2a+ -\/{.T )

Squaring, (x+c¢)’ +y° =4a’ + 4:::\/{,!:—-:‘)2 +y  +(x=c) +y°
Expanding the squares,

X’ +2ex+c*+y' =4a’ 4{3\/[.1:‘—(?]3 +3 + x*=2ex+c" +y°
Cancelling the common terms x°, ¢”,and y° from both sides,

2ecx=4a” + 4a\f{x —c) 4y —=2cx

Bring the terms involving cx together: 4cx =4a” + 4;:;'\/(:4: —c) +y°
Divide by 4 and 1solate the remaining radical:

F H\’I(I—t'f}: +y' =a’ —cx

[ (19 ]
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Now we square both sides again:

al(x—c)y +y’]l=a' -2a’ex+c’x’
Expanding the left side: a’(x" =2ex+c¢” +y')=a" =2a’ex+c’x’

ax’=2acx+a’c+a’y’ =a' -2a’cx+c’x’
Adding 2a’cx to both sides:

a’x’+a’c +a’y’ =a' +c’x°
Rearranging: ax —c’x’+a’'y' =a —-a’c’

(a* - +a°y’ =a*(a® -c%)
From triangle PF'F in Figure 2, we note that |PF’ —|PF1 < |F’F

a <c¢ and thus @’ —c¢* <0. For convenience, we define a new constant » such that

-b* =a*-c’.
Substituting, the equation of the hyperbola becomes (= )x” + @’y =a’ (=b")

, that is, 2a <2¢, so

Finally, dividing both sides by —a’h’ gives the standard form of the equation of a

hyperbola: I: ~2¥__1 where ¢® =a® + b

()

F

6.5.1 Key Features of the Hyperbaqla
e Vertices: Setting v =0 in the equation,of hyperbola, gives x =+a. The points

A'(—a, 0) and A(a, 0) are the vertices of the hyperbola.

e Transverse Axis: The line'segment 4’4 connecting the vertices is the transverse
axis (or focal axis) of the hyperbola. Length of the transverse axis is 2a.

e Conjugate Axis: A line passes through the centre and perpendicular to the
transverse axis is called conjugate axis. Setting x =0 1n the equation of hyperbola,
gives y° ==b "y which is impossible, so hyperbola does not meet y-axis in real

points. If we take two points B'(0, —b) and B(0, b) on the y-axis, then the line
segment B'B 1s called the conjugate axis of the hyperbola. Length of the
conjugate axis is 25.

e Foci: The foci are at (£c, 0), they always lie on the transverse axis. In case of hyperbola
¢’ =a’ +b’, so that, unlike the ellipse, we may have a > b or a<b or a=b.

e Centre: The midpoint C((], {}] of the segment joining the foci 1s called the centre

of the hyperbola. Note that it is same as the midpoint of the transverse axis.
e Symmetry: The equation is unchanged if x is replaced by —xand y by —y; hence
the hyperbola is symmetric with respect to both the axis, and the origin.

’ . . ¢
e [Eccentricity: The eccentricity e of a hyperbola 1s defined as e =—-
a

Since ¢ >a, we have e>1.

[ D) ]
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¥ 2

, . x° )y . : ;
e Directrices: For the hyperbola — —=-=1, there are two directrices given by the
ar?

% y a
vertical lines x =+ —.
{._il
e Latus Rectum: Each of the focal chords perpendicular to the transverse axis 1s
. 2b°
called a latus rectum (plural: latera recta). The length of each latus rectum 1s —-
a

e Parametric Equations: For all real ¢ such that ﬁ?;&(ZﬁH)m;E (where n 1s an

2 2

il i

o, =1. Thus, the

2 1-

a
parametric equations of the hyperbola are: x =asecd, y = b tand.

X

integer), the point (usecf?,btan 9) lies on the hyperbola

* Foci on the y-axis: If the foci are on the y-axis at (0,+c), théroles of x and y are
: ; TRl
interchanged, and the standard equation becomes —— 23

af wb°

=1, vertices (0,%a).

e Relation between a, b and e:

r 2 . 2 . \ o, 2 T
Since b* =c’ —a”, setting c = g AN ¥* =a’e’ —a” = B> =d*(e* - 1).

b ] 3

: 3 y
3 =l 3

o

=1. This shows

e Branches: To analyze the hyperholafurther, we write

that x* > a’ so |x] > a. Theretore, we have x 2 a or x < —a. This means that the

hyperbola consists oftwo parts, called its branches. Note that no portion of the
curve lies betwéen —a < x < a, because in this interval y is imaginary.

e Asymptotes: An important feature of hyperbola that is not shared by ellipses 1s the
presence of asymptotes. An asymptote of a curve y= f(x) 1saline y = g(x) such

that

lim.l'—htf. [f('r} _g(l}] =0
X 3
For the hyperbola ——— =1, we have
a b
1-"2 IE 5 bl 3 3 A
—=—=] or y" =—x"—0b". Notice that
b a a
it o ity | 2 T |E
T —3 g _""— — ¥ —3=toh '_'.I- __T — _:.I- ! "u " F )
e r a X 2 Figure 6.23

[ 2o ]
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. 3
: y° b* b b
That 1s, as x — *o0,~— —> —, so that 2 542 anil so, v=1—x are the (slant)

als “

X ! X o a

asymptotes as shown in Figure 6.23. The asymptotes of a curve do not meet the curve
but distance of any point on the curve from any of the two lines approaches zero.

Note. The joint equation of the two asymptotes is

. ] EE . : 2 .
[JP—I—&IJ[J’—EIJ =0, thatis, y° -}—2 x =0 or 1:_?_}_2 =0.
a a a a b
Rectangular Hyperbola as a special case: If in I—:—i— =1 the lengths @ and b
P

become equal then the resulting hyperbola x° — y* = &’ is called rectangular
hyperbola. In this case asymptotes are perpendicular to each other.

This 1s obtained by replacing the constant term 1 with 0 in the standard equation.

e 5Second definition of Hyperbola

The hyperbola can also be defined as, if a point P moves-so that the ratio of its distance
from a fixed point F' (the focus) to its distance from.a'fixed straight line (the directrix)
1s equal to a constant, e (greater than 1), the locus of Piis a hyperbola of eccentricity e.

That 1s, if ]— = ¢, where ¢ > 1, the locuswef P 1s a hyperbola.
[Py|

Note. The equation of hyperbala ean also be derived using the above definition.
6.5.2 Summary of Important Results

Hyperbola i XXy - y' x i
standard a b a b
Centre (0,0) (0, 0)
Equﬂtmnnf. y=0,—a<x<a x:[}—ai_}ﬂﬂ’
transverse axis
Le.ngth of transverse 20 o
axis
Equratmnmf_ S OB LD y=0,—b<x<h
conjugate axis
Le1ngth of conjugate % 2h
axis
Vertices (*a, 0) (0, £a)
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Conjugate points (0, £b) (+b, 0)
Foci (e, 0),c=ae (0, Te),e=ae
Eccentricity o e Y +o > 1 PO .. +0 > 1
a a a a

E_quatif:ms of —_— s La
directrices e e
Equations of latera

1 X = Tae y=xae
recta
Length of latus 2b° 2b°
rectum a ﬂ

Equations of
asymptotes

Sketch of hyperbola

in standard form

Theorem 1: Translated Forms of Hyperbola’s
The equation

(x=h)' _(v=k)’ _
a’ b’
describes a hyperbola with foci at the points
F'(h—c, k) and F(h+c,k), where

The centre of the hyperbola is at the point

|

.
x=h+—
C

C(h, k) and the vertices are located at

(hxa, k). Figure 6.25

The asymptotes are vy ==+ " (x—h)+k.
o
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Theorem 2: The equation
(v=k) (x=h) _
a’ L
describes a hyperbola with foci at the
points F'(h, k—c) and F(h, k+c), where

c=+a +b".

The centre of the hyperbola is at the point

(h, k) and the vertices are located at
(h, k+a).

1

Vi

The asymptotes are x ==+ E{y —h)+k. o
a

Example 23 A hyperbola has a horizontal Figure 6.26

transverse axis of length 12, centre at (=2, 5), and eccentricity g Find\the equation of

the hyperbola.
Solution: Since the transverse axis is horizontal, the hyperbola opens left and right.
The standard form 1s: e _qh}_ AP ;k)h =1, where, (A, k) is the centre.

a )"

Given centre: (h, k) = (=2, 5).

Length of transverse axis =2a=12_= a+= 06

Eccentricity: e = = :E = = :é = c=10
a 3 6

Using the relationship ¢ ¢’ + 5 :100=36+5b" = b* =64,
Substitute & = =2, k='5,.a” = 36, b* = 64 into the standard form:
(x+2) (-9

1

36 64
Example 24 Find an equation of the hyperbola with given data and sketch the graph.
(i) Foci: (=3, 5£5v2) (ii) Length o

of transverse axis = 6.

Solution: Midpoint of foci

(=3,5+5v2), (-3,5-5+2) is the centre:

C(-3, 5).

Transverse axis 1s vertical, so hyperbola has the

- (v—k) _{Jr—h]3 _
HE bz

2a=6 = a=3

| 0

[o 1

W Figure 6.27
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2¢ = distance between foci =1 U\E
c=5J2 = *=50
=a"+b*=50=9+b*=b* =41
(=5 _+38 _,
9 41 '
Example 25 Find an equation of the hyperbola with given data and sketch the graph.

(i) Foci (4,-3), (4, 7) and (ii) one vertex (4, 5).

Required equation:

Solution:
Centre (A,k) is the midpoint of foci (4, —3) and (4, 7)
-3
I MU W T
2 2 )
So centre: (4, 2).
Both foci have same x-coordinate, this implies » ArY
transverse axis 1s vertical.
¢ = Distance from centre (4, 2) to a focus (4, 7) 10+
| :?—2:5 ‘4[4" ® F(47)
Given vertex: (4, 5). 0 ((4,2) X
a =Distance from centre (4, 2) toyveriex(4, 5) 3 _l:[j A'(4f57® ﬂ .
¢ =a +b’ -107
5 =3° + b2
b? =259 .
Figure 6.28
=16
=2 (-4 _
9 16

Example 29 Find the centre, foci, eccentricity, vertices and equations of the directrices
of the hyperbola:

9x° —36x—4y° +8y—4=0. Also sketch the graph.
Solution:
9x% —36x—4y? +8y—4=0
9x* =36x—4)" +8y =4
9(x* —4x)-4(y" —2y)=4
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9(x*—4x+4-4)-4(y’ -2y+1-1)=4

9 x-2)*~4]-4{ -1 -1]=4
9(x—-2)" =36—4(y—1) +4=4

9(x=2) —4(y-1) =36
Divide by 36 <
ox—2)° 4(y-1)

36 36
(x=2) (y=1)

4 9
This 1s a horizontal hyperbola:

=]

=]

(-’f—h}z - U“"k}z —1 Figure6.29
a b’
Here: h=2. k=1, ¢ =d=>ag=2, B’ =9 = h=3,
Using the relation: ¢* =a’ +b*: > =4+9=13 = c=4{13,
Centre: (h., k)=(2._. l),
For horizontal hyperbola vertices are: (h+a. k)
That is vertices are 4(2+2,1)=A4(4,1)a4'(2=2,1)=A4'(0, 1)
Foci: (htce.k)
That is foci are F(2++/13,1),#4(2=/13,1)

Eccentricity e = L i-l_:i
a \\3
Directrices: For athorizontal hyperbola: x=h = i
e
3
E—L - :i . So directrices: r—2+4JI_
13 13 13 13
2
6.5.3 Tangents and Normals to Hyperbola
We are given the hyperbola: ~—:—‘P: =1 ...(1)
" 2
and the line: y=mx+c¢ ...(2)

We want to find their points of intersection and the condition for tangency.
Substitute y = mx + ¢ into the hyperbola equation:

g

X (mx+c)
a’ b’

=
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Multiplying through by @’b” to clear denominators: b°x* —a’ (mx+c¢)’ = a’h’
Expand:

b’x” —a’(m’x” +2mex+c’)=a’b’

b’x* —a’m’x’ =2a’mex—a’c’ —a’h’ =0

(b*—a'm )x" =2a’mex—a (¢ +b°)=0 ..(3)
The equation 1s quadratic in x and 1t gives the x-coordinates of the two points where

line and hyperbola intersect. The corresponding values of y are obtained by setting the
values of x obtained from last equation into y=mx+¢. Thus line and hyperbola

intersect in two points,

Tangency Condition

Tangency occurs when the quadratic in x has equal roots.
This means the discriminant D = 0:

(2a*mc) —4(b* —Hzmz)[—ﬂz{fj?: +bz)] =1
da*m’c” +4a’(b° —a'm’ )¢ + B )&
Factorout 4a’:  4a’| a’m’c® +(b* —=a’m’ W3 +b7) | =0
Since a #0: am’ e’ +(b° —a’m W+ b’ ) =0
Expand the second term:
ainitc? N 1 b —atmict —atmiht =0
—@A D’ + b’ +b' =0
Divide through b (b 0):

2 v L.
—a'm - +c +b" =0
So the tangency condition 1s:

-

2 < Y . 2ok 2 £ Lo 2
E=a’m’ =b| = c=tJaPm?=b provided a"m” > b

Putting value of ¢ in y=mc+c . we obtain ¥ = mx+~a’m’ —b> two tangents to
hyperbola for all values of m.

Points of Contact
The line y=mix+c¢ intersects the hyperbola in two distinct points given by solving;:

(b* —a*mP)x* =2a’mex —a*(¢* +b*)=0

~(=2a*mc) ++\|2a’me)’ —4(b’ —a’m’)-(=a*(c* + b))
= -
2(h°—a'm’)
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B 2a mc + \j4a4mlcl +d4a’ (b’ —a'm’)c” +b°)
2b*—a’m’)
B a me+ \/ndmzc*‘j‘ +a (b"—am)c’ +b°)

_ b’ - a'm’
The y-coordinates follow from y=mx+c.

3 3
= a

Example 27 Find equation of the tangent and normal to the hyperbola f:— «;_,. =1 at
a b
the point (x;, ¥,).
Solution: Equation of the hyperbola is: IT ; =1.
a i
Differentiating implicitly with respect to x:
2x 2ydy dy b° x
R e i e
a b dx de a vy
; dy h’x
Thus the slope at (x,, »,) is: [m) = —
{x. ) a
: ; b‘?‘xl
Equation of the tangent: y— ¥, =——(x—x))
a )
as 3 g A J“JI2 oty Ilz
Multiplying through —-: — = —
R . b* b b a a
. x5 w5
Rearranging: Pl =L
g g al b._ {:.'2 b._
Since (x,,4).lie on hyperbola, so < | —'T:tj =
a b
Hence, the equation of the tangent is: HI' - J;" =1
; 2
Hence, equation of normal at (x—y,) 1s:
. ay
The slope of the normal 1s ——
X,
ay
Thus, y—y, =——— (x—x,)
b x,
Multiplying: b°x,y —b"x,y, =—a’y,x+a’x,y,
Rearranging: azﬂl»’l.r—khley =X, (a +b)
e . . ax by , .,
Dividing both sides by x, ¥, (assuming x, #0, y, #0): + =g + b°.
X, Y
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Example 28 Find the equations of the tangents to the hyperbola 2x* — 3y” = 24 that
pass through the point (2, —4).
Solution: 2x° — 3)” = 24

-

Divide through by 24: %—5];—_=1. So a’* =12, b* =8.

i .

. X V- ; . %K. H ~
For — —'b—,,= |, tangent with slope m1s: y=mx = Ja’m® = b
a2 B

Substitute a* =12, b* =8: y = mx £/12m" =8

Substitute x =2,y =—4: —4=2m+12m* =8 = —4—2m =+12m* —8

Square: 16 +l6m+4m*=12m*-8=8m’-16m—-24=0 =>m’-2m-3=0
= (m-3)(m+1)=0 = m=3 or m=-1.
Form = 3;

y=3x+12(9)-8 = y=3x%+/108-8 = y=3x++/100,%"y =3x£10.
Check which sign satisties the point (2, —4):
Check: y=3x+ 10:
Atx=2,y=3(2)+10=16. So (2, —4) do pot e on y = 3x + 10.
Check: y=3x-10:
Atx=2,y=3(2)-10=-4. So (2,~44)lic on y = 3x — 10.
So tangent 1s 3x—y—10=0.

Form=-1:

y=—xt12(1)—8 =% y 52x+.12-8 = y=—x+/4 = y=—x+2.
Check which sign satisfies the point (2, —4):
Check: y=—x+ 2
Atx=2,y=2+2=0.50(2,—-4)donotlicony=—x+2
Check: y = —=x - 2:;
Atx=2,y==-2-2=-4 So(2,-4)licony=—-x-2
So tangentis x+ y+2=0.

¥ EXERCISE 6.5 _§

.  Find an equation of the hyperbola with the given data. Also sketch the graph.
(i) Centre (0, 0), Focus (0, 10), Vertex (0, 8)
(11) Foci (0, £8), Eccentricity =4 (i11) Foci (0, £10), Directrices y = %5

2. Find the centre, foci, eccentricity, vertices and equations of directrices of each of
the following. Also sketch the graph.

i) -2 = Gy S 0D gy LE
36 64 5 4 25 16
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3

10.

L1
2.

13.

14.

19

16.

13

A hyperbola has 1ts centre at the origin, transverse axis of length 14 along the y-
axis, and conjugate axis of length 10 along the x-axis. Find the equation of the
hyperbola.

A hyperbola has a horizontal transverse axis of length 8. One of its foci 1s at the

point (1 +2 J5,3)and its eccentricity 18 75 Find the equation of the hyperbola.
A hyperbola has a vertical transverse axis of length 8, centre at (2, —1), and
eccentricity % . Find the equation of the hyperbola.

A hyperbola has its centre at (—1, 4), a focus at (5, 4), and the corresponding
directrix given by the line x = —3. Find the equation of the hyperbola.

: ; i 19 ;
A hyperbola has a vertical transverse axis, eccentricity T? and latus rectum of

3 . .
length 53 The hyperbola passes through the points (2, 8Y and (2, 0). Find the

equation of the hyperbola.
Find the equation of the hyperbola in standard form (centred at the origin) that

passes through the points (m, 4y.and | \/ﬁ, 2}

2
X

Find equations of the tangent and normal to the hyperbola =1 at the

Y
2 bg
point (asec,btan f).
Find the length &f the latus rectum of the hyperbola 9x* —16y° =144,

Find the eccentricity of the hyperbola whose asymptotes are perpendicular.
[f the transverse axis of a hyperbola 1s 8 and the latus rectum is 9, find its
eccentricity.

=

The foci of a hyperbola coincide with the foci of the ellipse ;—;+%"- =], If the

eccentricity of the hyperbola 1s 2, find its equation.
Find the eccentricity of the hyperbola whose latus rectum 1s half 1its transverse axis.

-

Find the equations of the normals to the hyperbola %—%ﬂ which are parallel
to the line 2x — y = 5.

[f the distance between the foci of a hyperbola 1s 16 and the distance between its
vertices 1s 12, find its eccentricity.

Find the length of the transverse axis of the hyperbola 4x* — 9y° = 36.
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18. A hyperbola for which a = b is called rectangular. Show that a hyperbola is
rectangular if and only if 1ts asymptotes are perpendicular to one another.

19. Find the equations of the tangents to the hyperbola 7x* — 3y* = 105 that pass
through the point (3, 1).
20. Find the condition that the line /x + my = 1 1s a tangent to the hyperbola

2

r ) |
a’ b |

6.6 Applying Concepts of Conics To Real Life World
Problems

Example 29 A comet has a parabolic orbit with the earth at the focus. When the comet

is # km from the earth, the line joining the comet and the earth makes an angle of 30°
with the axis of the parabola. How close will the comet come to the earth?

Solution: Let equation of the parabolic orbit be v = 4ax. Let the:Céntre of Earth

E(a, 0) be the focus. As point a parabola that is closest to the'focus is it vertex. So,

we need to find |OE| =a

X—a \E X<X Y
r - 2 AN\ pu-

V3 V3

= x—a=—h = x=a+—%
2 2

From right AEQP, cos30° =

L 1 h <
315{}51113[1”:&::;—:3:}];:_ r U
h 2 A 2
: 3. 4\ 5 _ |
Since | a+—h,—] lies on the parabola y° =4ax, it must vy
. A Figure 6.30
satisfy it.

[g) =4a{a+§h =% %=4ﬂ3+2ﬁﬂh

4u2+2ﬁuh—%={}

-

2Bh+ [(2434) — 44 —E]
5 FJ( ) U( 4) _ 2\BhN12K +4K

2(4) 8
_ 23h 160 —23h+4h

8
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2(—V32)h (-V32)h B

= = Since,
4

8 4
(—\E+2)h

< 0 so, neglect 1t.

Since minimum value of a 1s required, we have a = km

Example 30 Elliptical Electron Orbit
In the Bohr—Sommerfeld model of the atom, electrons move in elliptical orbits around

the nucleus, which 1s located at one focus. Consider an electron in an elliptical orbat
with a semi-major axis @ = 5.29 x 107'"" m (the Bohr radius) and an eccentricity e =
0.20.

(a) Find the distance from the nucleus to the centre of the ellipse.
(b) Determine the minimum distance (perihelion) and maximum distance
(apoapsis) of the electron from the nucleus.
Solution: (a) For an ellipse, the distance from the centre to each{focus 1s ¢ = ae.

c=(529%x10") % 0.20 =1.058 x10"'m

Thus, the nucleus is 1.058 x 107" m from the centre ofthe ellipse.
(b) The minimum distance (periapsis) occurs,when the electron is closest to
the nucleus at the focus:
v

- =a(l-e)= (529 x 10™"") x (1 - 0.20) 2(5:29 x 107™") x 0.80=4.232 x 10" m

The maximum distance (apoapsis) oceurs'when the electron is farthest from the
nucleus:

v =a(l+e)=(529 x 107" % WUM 0.20)=(5.29 x107"") x 1.20=6.348 x 10" m
Example 30 The cable ofia suspension bridge is parabolic. The roadway 1s 10 m,
below the lowest pomtof the cable. The span of the bridge 1s 200 m, and the tops of
the piers are 50"m above the roadway. Find the equation of the parabola. If the load is
supported by vertical chains at intervals of 10 m, find the length of the chain that is 20

m away from either pier.
Solution: Let BAC be the cable, 4(0,0) the L 1
origin at the lowest point of the cable (vertex of the
parabola), and DE be the road way.

Taking Ax as the x-axis the parabola opens
upwards with vertex at (0, 0) and its equation 1s of
the form:

X’ =4ay zsill 1)
Since B =100 m and AH =50-10=40 m, the Figure 6.31

coordinates of B are (100, 40) which lie on (1).
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Therefore, (100)* =4a(40) = 10000 =4a(40)

dg = M = 250.
40

Hence equation of the parabola is x* =250y ...(2)
If PR be the chain at a distance 20 m from the pier BE, then

AQ=100-20=80m
Since P(80,PQ) lies on (2), (80)° =250-PO = 6400=250-PQ
= Pld= —64{}[} =25.6m

250

Thus, the required length of the chain (= PR) 1s the vertical distance from the cable
to the road way:
Length=PR=PO+Q0R=25.6+10=35.6m.

Example 32 The moon revolves around Earth in an elliptical orbity/with the centre of
Earth located at one focus. The major and minor axis of the“orbit" have lengths of
768,800 km and 767,600 km, respectively. Find the greateSt and least distances (the
apogee and perigee) from Earth’s centre to the moon’séntre.

Solution: Begin by solving for a and b:

2a =768,800 = a=2384,400 and 2b=767,60Q0

— b =383,800

c=~a* —b* =/(384400)° —(383800)’
= 147763360000 — 147302440000

= 460920000
—21469.047.221469 km

The greatest distatice between the centre of Earth and

the centre of the moon 1s
a+c=384,400+21,469=405,869 km

and the least distance 1s . :
a—c=384,400-21,469=362,931km. Figure 6.32

Example 33 Satellite Orbit

The apogee (the point in orbit farthest from Earth) and the perigee (the point in orbit

closest to Earth) of an elliptical orbit of an Earth satellite are given by 4 and P,

A=

A+P

Solution: Consider an elliptical orbit with Earth at one focus. Let:
a = semi-major axis of the ellipse, ¢ = distance from the centre to each focus,

respectively. Show that the eccentricity of the orbitis e =

C i
e = — = eccentricity
a
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The perigee P is the closest distance from the satellite to Earth. Since Earth is at
one focus, this distance occurs when the satellite 1s at the vertex nearest that
focus: P=a-c

The apogee A is the farthest distance from the satellite to Earth. This occurs

when the satellite 1s at the opposite vertex: A=a+c

A=a+c
We have the system: {
P=a-c
: A+ P
Add the two equations: A+ P=(a+c)+(a—¢c)=2a = a=
Subtract the second equation from the first:
A-P
A-P=(a+c)—(a—-c)=2c=c=
By definition, eccentricity is: e =—
a
A—P
Substitute the expressions for cand a: e= . 2 i
A+ R A+ P
X
- - N/ . A-P
Thus, the eccentricity e of the ellipticak orbit 1s given by: e = TR
_+_
Remark
« This formula holds for, any\elliptical orbit where the central body is at one
focus
Example 34 A cross-section of a parabolic reflector is C
shown in the figute. The bulb is located at the focus and A/
the opening at the focus 1s 20 cm. £
(a) Find an equation of the parabola. =
(b) Find the diameter of the opening |CD|, 20 cm pr&ezsnnses 20 cm - - - 3|
from the vertex. £
Solution: From Figure description: g
« Cross-section of a parabolic reflector is a parabola .ﬁ\
* The bulb 1s at the focus F D
« The opening at the focus 1s 20 cm Figure 6.33

This means the width perpendicular to the axis at the focus i1s 20 cm
* 10 cm appears on each side of the axis in the diagram at the focus level
« Take vertex at the origin, axis horizontal (opening to the right)

Thus, the standard form is: * = 4ax
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where 4a =|A4B|= length of latus rectum

Equation of parabola is y* =20x

20 em from vertex means x =20 (since vertex at origin, axis along x-axis)
From y =20x: At x=20: y =20x20=400 = y=%20

Half-width =20 cm

Diameter |CD|=2(20)=40 cm.

Example 35 A parabolic flashlight reflector has the shape given by the equation:
I o
x=—y"
20 !
where should the lightbulb be placed so that the reflected rays emerge parallel to the

axis?
. . . I. i i
Solution: The equation is given as: x = ﬁy‘ =y =20x

This 1s a parabola that opens to the right with 1ts vertex at the origin (0, 0).

The standard form of a parabola opening to the right is: y* % 4ax

Where:

* ¢ 1s the distance from the vertex to the focus

 The focus 1s at (a, 0)

* The directrix is the vertical line x =~a

Compare y° =20x with y* =4ax -da=20 = a=5

For a parabola y” = 4ax, the*focus is at (a, 0)

Substituting a = 5: Focus& (5, 0)

The lightbulb should bé placed at the focus of the parabola. By the reflective
property of parabolas,any light ray emitted from the focus will reflect off the
parabolic surface.and travel outward parallel to the axis (the x-axis).

Thus, the bulb should be located at: (5, 0).

Remark:
The reflective property ensures that light from the focus reflects parallel to the axis, a
principle used in flashlights, headlights, and satellite dishes.

¥ EXERCISE 6.6 _4

1. A comet has a parabolic orbit with the sun at the focus. When the comet 1s 100
million km from the sun, the line joining the sun and the comet makes an angle
of 60° with the axis of the parabola. How close will the comet get to the sun?

2. Find an equation of the parabola formed by the cables of a suspension bridge
whose span is £ m and the vertical height of the supporting towers is /A m.

3. A parabolic arch has 120 m base and height 25 m. Find the height of the arch at a
point 42 m from the centre of the base.
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An athletic field features an elliptical running track. The track is 120 meters long

along its major axis and 80 meters wide along its minor axis.

(a) Find the distance from the centre to each focus of the ellipse.

(b) If two water fountains are placed at the foci, how far apart are they?

A landscaper wants to create an elliptical flower bed with a major axis of 10
meters and a minor axis of 6 meters. Using the gardener's method, two stakes are
placed at the foci, and a loop of string is stretched around them to trace the ellipse.
(a) How far apart should the two stakes be placed?

(b) What should be the total length of the string loop?

An architect designs a bridge with an elliptical arch. The arch has a span (width)
of 24 meters and a height of 8 meters. The ellipse is centred at the origin with the
major axis horizontal.

(a) Write the equation of the ellipse representing the arch,

(b) A boat needs to pass under the bridge. The boat+is 6 meters wide. What is
the maximum height of the boat that campass through the arch if it must stay
centred?

In the Bohr—Sompmerfeld model, \an“electron in an elliptical orbit around a
nucleus obeys a modified form ef Kepler’s third law. For a hydrogen-like atom,
the square of the orbital ‘pertod 7' is proportional to the cube of the semi-major
axis a.

Consider an' “e¢léctron in an elliptical orbit with a semi-major axis
a=2.12x1"m (four times the Bohr radius) and an eccentricity e= 0.30.

16 _2
S

The constant of proportionality for hydrogen 1s &£ =2.96 x 10 /m’.

(a) Determine the distance between the nucleus (at one focus) and the centre of
the ellipse. (b) Calculate the orbital period T of the electron.

(¢) Find the maximum and mimimum distances of the electron from the nucleus
during its orbit.

LORAN (long distance radio navigation) for aircraft and ships uses synchronized

pulses transmitted by widely separated transmitting stations. These pulses travel

at the speed of light (186,000 miles per second). The difference in the times of

arrival of these pulses at an aircraft or ship is constant on a hyperbola having the

transmitting stations as foci.
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10.

§

Assume that two stations, S00 miles apart, are positioned on a rectangular
coordinate system at (=250, 0) and (250, 0) and that a ship is traveling on a path

with coordinates (x,120) (a horizontal line 120 miles above the x-axis). Find
the x-coordinate of the position of the ship when the time difference between the

pulses from the transmitting stations is 1200 microseconds (0.0008 second).

A satellite orbits Earth in an elliptical path. The apogee (farthest distance from
Earth) 1s 4 = 42000 km, and the perigee (closest distance to Earth) 1s P =
30000 km.

(a) Find the semi-major axis a of the orbit.
(b) Find the distance from the centre to each focus c.
(¢) Calculate the eccentricity e of the orbit.

The end towers of a suspension bridge are 100 meters high and 540 meters apart.
The suspension cable hangs from the top of the towers m the form of a parabola
and the lowest point of the cable is 25 meters abaove'the horizontal road. Find the
length of the supporting vertical cable at a\herizontal distance of 81 meters from
the centre of the bridge.

An architectural arch 1s built ir'the shape of the upper half of an ellipse with semi-
major axis 8 meters andssemi-minor axis 5 meters. A horizontal beam is to be
placed across the arch.at a height where the width of the arch 1s exactly 10 meters.

Calculate the exactheight above ground level where this beam should be installed.
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