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Integration

INTRODUCTION

In previous units, we studied differentiation and learned how to determine rates of

change, slopes of curves, maxima and minima, and solutions to various real-world
problems. In this umit, we will study mtegration, which 1s the reverse process of
differentiation and an important branch of calculus used to find accumulation, area,
volume, and total change. We will learn the concepts of antiderivatives, indefinite and
definite integrals, their notation, properties, and fundamental rules, including the power
rule and the Fundamental Theorem of Calculus. We will also study ‘the relationship
between definite integrals and the net area under a curve, and use{integration to find areas
bounded by curves and lines, as well as volumes of solids of révelution. Furthermore, we
will explore important integration techniques such as substitution, integration by parts,
trigonometric substitution, partial fractions, and, mteégration involving exponential and
logarithmic functions. The concepts of integratiom have wide applications in mathematics,
physics, engineering, economics, biolegy, and technology, including calculating the
volume of containers, population growth, consumer and producer surplus, distance and
velocity, drug dosage, moment of inertia, and sensor network measurements. Through
this unit, we will devélop both conceptual understanding and practical problem-solving
skills related toantegration and 1ts real-life applications.

3.1 Antiderivatives and The Indefinite Integral

Definition: A function F is called an antiderivative of a given function f on an
interval 7 if F'(x)= f(x)for all x in /. In other words, the process of recovering a

function F from its derivative f is called antidifferentiation.

To illustrate, let f(x) = 2x. If F(x) = x” then F'(x) = 2x = f(x). Moreover, the function
G(x) = x>+ 10 also satisfies G'(x) = 2x = f(x). Therefore, if F(x) is any antiderivatives

of f(x) on a given interval, then for any value of c, the function F(J:)+c: 1s also

antiderivative of f(x)on that interval.

[ (1) ]
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Definition: Let F be an antiderivative of f on an interval /. The set (or family) of all

antiderivatives of f is called the indefinite integral of f(x) with respect to x,
denoted byjf(.r}dr and defined asjf(r}dx: F(x}Jr-:? , where F''(x) =f(x) and c 1s

an arbitrary constant.

In the notation j f(x)dx=F(x)+c.
(1) The symbol I is called the integral sign.

(11) _[f(x)dr is called the indefinite integral of /(x).

(1)  The function f(x) inside the integral sign is the integrand.

(iv) The symbol dx is called the differential of x. It indicates the variable of
integration—the variable with respect to which the integration 1s performed.

(v) F(x) 1s an antiderivative of f(x).

(vi)  c1s the constant of integration,

3.1.1 Basic Rules of Integration

Rule-1: .kf(x]dx = kj.f(x}dx (Integration of function with constant (k)).

Rule-2: :[f{x}i gix) Jdx = J.f'{_t}dri_[g{x)ﬂir (Sum and Difference Rule).

m+l
x

Rule-3: Ix”cirz + ¢, where n#—1 (The Power Rule).

n+l1

(0]

n+ 1

The General Power Rule: J.[f(x}]" fl(x)dx = +c, where n=—1.

Rule-4: IJ;:I)}dxz In|f(x)|+¢
X

Rule-5: If ' is the derivative of f, and If’(,r) dx = f(x)+c, then for any constants a

flax+b)

&

[ (72)

# 0 and b, J.f'{m'+ b)dx = + ¢. (Linear Substitution Rule).
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3.1.2 Some Useful Formulae
From (the above Definitions), we obtamn integration formulas directly from
differentiation formulas, as shown 1n the following table.

Derivative [;—I(f(x))) Indefinite Integral U% (f(x))dx = f(x)+ c]

‘:_f((_.]:[;, | Odx=c

dx

{_j{x}:] _‘ldx‘:-l.di:::{ﬁ:‘

dx
| d - n—1 ; . '_‘.l;'”_.l :
E{I ) =nx X de= : +c,n#—1 (Power Rule) !
:‘ i : nt ‘
| i :

£f1“|»1’|]=laiiﬁ ia{rzlnlxhﬂ,xiﬂ

Ca‘r.].’ o Yy

@ (e')=¢" | g'dx=¢e" +c¢

cx :

d o x o ﬂ'r

—(a’)=a Ina a =N +cia>0,a+]1

dx \ Ina

d (sin x) = cos x f.cos.x dx=smnx+c 1

X

i{mﬁ_ﬂﬂ_ﬁinx | sinxdx =—cosx+c

dx

dx

i(ﬂﬂt X)= —c8C” x d csc x dy=—cotx+c¢

X

i(acc X) = sec x tan x | secxtan x dx=secx+c

dx

= (esc x) =—csc xcot x | cscxcot xdx =—cscx+c

dx

f—f 5] I Y ] i

—(sIn " x)= . =dx =8N Xx+c
| dx Al —X° "Al=-x"

] - 1

— (sec' x)= —dr=sec ' |x|+c¢

dx | x| Vx* -1 Y xafxt =1 | |
iftﬂﬂlf"}Z l _[ ] _drx=tan"' x+c
g dx Kz g |+ x° i

[ (3) ]




N . M2 thematics-12

Example 1 Integrate the following:
(i) [x dx (ii) j—gs.r ?

99+1 1O

+¢=——+¢ (By using Rule 3: The Power Rule)
99 + 1 100

Solution: (i) [x” dx= i

L] 90
We can verify this result by differentiation: di [ ir{}ﬂ +.:) = 100x te=x2+¢
I

98 1

(11) —‘98]:{"’"‘} di=—982 +e=xB+4o=—+c (By using Rule 1 and Rule 3)

OH
X

Example 2  [ntegrate: j(&t? —6x° +4x° —2,1'—3) dx
Solution: By using Rule 2, we have:

[(8x7—6x" +4x* —2x=3) dx = [8x"dr— [6x°dr+ [4x’aé= [2xdv— [ 3dx

= 8_[ x’dx —ijjdx+4_[13dx—2j‘x dx—3f| dx (By using Rule 1)

8 o 4 .
=8| I |—6| I |+4| £ |-2| Z |- AW =2 +x* —x*=3x+¢ (ByRule 3)
8 6 4 2

Example 3 Integrate: (i) I%dx (11) ‘[(]+f_)_ dx
X X

Solution: (i) J%dxz?_‘.f"zdf:7%+cr:l4\/;+f (By using Rule 1 & 3)
X [

PR, T2
. (l"'f] 1+ 2x° +x° [ 2a* ¥
Qi) | f = = dy = <+ =+ |d (ByRule2)
N e 1 2
=J-(J: +2x " +)dr=—+2—+x+c=—-—~——+x+c(By Rule 3)

-3 -1 3 X

= 2 __ a8

Example 4 (1) I(5.¥2+?.T—3}?{IHI+7) r::bE:{S'T +;I 4 +c

. 1 1 1 1Y
(]l} J.(I—F;](]—?]dr—a(‘:'{—;] g i °

[ QD
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Example 5  Evaluate jtan xdx Example 6 Evaluate jsecxaﬁr

Solution: secx(secx+tanx
sec x - tan x Solution: J.sec xdx = j. ( ) dx
_[tan xdx =_[ dx (secx+tanx)
SEC X : t
Sec” x+sec x-tanx
= ln|secx| +¢ (By Rule 4) = dx
. secx+tan x
or =—In|cosx|+¢c ;
rS€C x-tanx+sec” x
= dx
. secx+tanx
=—In|cos x| + ¢ (By Rule 4)

Example 7 Evaluate jtanj xdx
Solution: jtanz xdx = J-(se»:z X — I] dx = J‘secz xa:ir—jleir —tanx—x+c
Example 8 Evaluate jc053 x dx

Solution: Icns: xdx= I Sl dx = é‘[[l +cos 2x ) dx = %[I-I- s Z.r]ﬂ?

V. 2
tan x —sec x
Example 9 Evaluate I ——dx
l+tan” x
. fan x —secx lan x—SsecXx tan x SEC X
Solution: j- ——dx = j - dx = _[ ————— |dx
1+tan” x se\ f BECT X Sec’ x
sinx I : sin“x .
:j{ COS™ X — )d\::j(sm XCOSX—COoSX)dx = —sinx+c¢

COS X Secx
Example 10 Evaluate jsin 3xcosTxdx

Solution; We know that, sinmxcosnx = é[sin(m + n)x +sin(m — n}:.:]
Put m=3 and n=7, we get
I sin3xcos 7xdx = % I [sin(10x) + sin(—4x)] dx

1 ]

= —j(sin 10x —sindx)dx =—| — cos 10x _[_CD‘S&II] f o Cos 10x " cosdx ‘e
- 2 10 4 >0 g

Example 11  Evaluate ISI.H(I-I-H)

sin(x +b)
Solution: IS{“(I +a) . - J' 5'"[{*’L'.“L b)+(a —b}] e

sin(x +b) sin(x + b)
B I sin(x + b)cos(a—b)+cos(x+ bh)sin(a —b) &
sin(x +b)

[ (75)
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cos(x+h)
sin(x + h)

cos(x+b) ¥

= j‘:ms{u —b)+sin(a—b) :'air = cos(a —b}jl dr+5in{u—b}_|.

sin(x +b)

= cos(a—b)-x+sin(a—b)-In|sin(x +b)|+¢
2 2x

a —b

Example 12 Evaluate_[ (@) dx
a

.,

2x i 2z 2x h..:x 2x hE.l. 2x—x hl.r—.r
Solution: jﬂ . _di= J. B dx = _[ a_ - - |dx = J. e —— dx
= 'Tb'T a Jbr (] TE?'I bx (] %

(ab) u
2o )
@ EXERCISE 3.1 _J

1. Find all the antiderivatives for each derivative.

@ 21005 (i) % = 2+24¢ —-10¢*
2. Find each indefinite integral. (Check@nswer by differeiltiating.}
(i) j'{1+2:)d: (ii) j(azﬁ +4u) du
(iii) ~ [100x" dix (iv) [ (2x7 +3x7 ) dx
3.  Evaluate the following:
j (5x° + 10%-+20) dx (ii) jf (I%}ﬁ
(iii) | [(+ J dy, (y>0) (iv) _' ‘E[Ta dx, (x>0)

- x+1 ax+b & (i) -

]
d ; . S—
) “Ax+2 o I\/ﬁr +2bx+c “Vx+1 +\E
{‘u’iil}_ x\1+vxdx  (ix) j (x) :fdfﬂ dx

(a hr}

dx, [_I' > U)

(xi) j{3_1'+3"+f)dx (xii) [ 7% dy S —"

4.  Evaluate the following:
(1) jcscxdx (11) jcut:x:ir (111) Iseﬂ.rdx (1v) jsinx-{:ﬂs?xcir

[ (76)
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3 I
*COS” X—8In" x . cOS2Xx T
(V) ——dx (vi1) j . dx  (vil) J1—cos2x dx
Y COS X—SInX SIN X+ COS X :

(vii) [———d (ix) | R e pg [
“1+cosx J1+sin? x ' 14+cos2x

3.2 Method of Substitution or Change of Variable

The method stems from reversing the Chain Rule for derivatives. Recall that for the
differentiable functions y = F(u) and u = g(x) the Chain Rule states that

L F(g(x)]=F(g)g'x)

dx
In terms of definite integrals ‘F’(g(x}) g'(x)=F(g(x))+c.

o
=

Theorem 3.1: Antidifferentiation of a Composite Function
Let g be a function whose range 1s an interval /, and let f be a_function that 1s

continuous on /. If g is differentiable on its domain and F is 6 rivative of f

(F'=f)on 1, then [ f(g(x)-g'(x)dx = F(u)+c. G
Letting u = g(x)gives du = g'(x)dxand j f (um%) +c.

This equation If[u}u‘u:F{u)%: has the+same form as the basic antiderivative

formula, J f(x)dx = F(x)+c,but the'independent variable 1s now u.

The process of replacing . with *a new variable w=g(x) (and dx with the

corresponding du) is calledia change of variable or the method of substitution.

Recall! The Rule 4

J'f’(x}
f(x)

Let u= f(x). Then du = f'(x)dx.

dx= :

Substituting into the given integral, we haveJ- }; ({I}) dx = Il du
X u

We know from basic integration rules that Ildu = ]11|u| +c
u

Finally, substituting u = f(x), we ﬂbtainf ‘i: fx)) dx=1In lf (x)l +c
X

L8

Example 13  Evaluate I{5x5 +5) x*dx

Solution: When an integrand contains an expression raised to a power, such as

3 - & & - -
(51’5 + 5) , a useful strategy is to substitute u for that expression.

[ () ]
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Let #=5x"+5. Then du =25x"dx.

: 1 H 1
5x° +5) *r4afr—— 5x° +5) 25x°de = — | WPdu =— —+c=—u’ +e
‘[( )’ I( x* +5) . 25x dx Ju T 25 7 T ¢

Finally, substitute back z =5x"+5: '5,5+53,4d.=—55+54+
inally, substitute back # =5x J‘{r ) x"dx IBD(I ) &

Example 14  Integrate j Vx 1 ++/xdx

Solution: Let 1++/x =u. Then,Vx =u—land x = (u—1)" = dx = 2(u—1) du
Substitute Vix = u —land dx = 2(u—=1)du into the integral:

IJE xf]+ﬂdr=f(u—1)@ 2(u—1) du =Zj{u—lfu%du

L1 2 2. &+ 5 % A 2 A 4
=2l (" =2u+Dwldu=2 (> =2u? +u)du=2|=u?——u+=uyd+c
[ ) [ ) {7 U+ }

7 5

—%Hg+§H%+{?=%(l+\&]§—§(l+\/_) (]+\F) - u=1+x

Example 15 Evaluate _"

'II b | dr
Jli+x“ +1+x°

Solution: Let 27 =+1+x>. Then #* 214 %"= 20 du =2x dx = udu = xdx

X u i
j 'II]+II i g muj1;+uj afuhj.u[l—l—u)
:lﬂ(l+*-.,|"1-|—.!::)+i‘.

where we can remove the absolute value signs since 1++/1+x” >0 forall x.

Example 16 FEvaluate “-513:: dx
e

1
a’n=f du=In|l+u|+c
1+ u

Solution: Let # = cos x. Then du = —sin x dx.

SIN X —dlu - e i
j —dk=|—=—|e" du=———+c=e"+c=e""" +c
e e v -1
‘Emn_l.n
Example 17 Evaluate —dx
s 1+
| 1
Solution: Let u =tan ' x, then du = = dx
+ X

tan '|

£ o]
j d]:- IEN dH=E?H ‘|“{?=€"m I _|_{_..
] +x°

[ (78)
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Example 18 Evaluate j?_.f ?; dx
& +1)

Solution: et e' +1l=v=¢" =u—-1=¢e'dx = du

& +2¢" e+2 ., ru—l+2 i+ 1 u 1
'I.(E‘1+l): d;TZI(E1.+l):+EfdA ZI 5 d.’,'f:J. z dZIZI[F—I—H—E)dy

U o

| 3 I

1 ]

" +1

E‘I—f-l‘— +c

i = H

e In(l+e ]d‘-:

Example 19  Evaluate | o
+e

E.'l.’

Solution: Let w=In(l1+¢"), then du = dx

1+e*

_[Er h;i]; ) dx = _[u du = %+ &= lz[ln (1 +e"'}T +¢

In(l1+x)=Inx
x(1+ x)

dx

Example 20 Evaluate _[

Solution: Let # =In(1+x)—Inx

cu 1 I x—(I%x) x-1-x -1
ThEﬁ, —_ —_— = — e
de  14+x a\Nx(l+x) x(1+x) x(1+x)

a’n: —] s s | Py
dx  x(1+x) x(1+ x)

2
u

1 2
dx = IH(—dH) =—_{u du =—?+.-::=—E[In{] +x)—In _r] +c

J- In(l1+x)—Inx
x{1+x)
x’ tan”'(x)

Example 21 Evaluatej — dx
+ X

Solution: Let u = I;ELI'I_I{:‘{3 ),

i ]

3 5

then — = e d(f'} — = SIhﬁdr sy o g — dx
dy 1+ (x7) dx 1+ x 3 1+x
Cextan'(x) ¢ 1, 1 A e L R
Thus, j T dx—_‘.ugdu —Eju du—g—l—.-:. —E[tan (x ]] +c.

[ (72)
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3.3 Trigonometric Substitution

Integrals involving the radicals Va* —x>,\a* +x°, and Vx* —a® (where a>0) can
often be evaluated by making a substitution involving a trigonometric function. The
objective of trigonometric substitution is to eliminate the radical in the integrand. We
do this by using the Pythagorean identities:

sin® @+ cos®> =1 and sec’ 0 —tan® 0 = |

Case 1: Integrals involving va® —x” (where, a >0) can frequently be reduced to a
simpler form by using the substitution x =asin .

Case 2: Integrals involving va” +x~ (where, a > 0) can frequently be reduced to a
simpler form by using the substitution x = a@tané.

Case 3: Finally, integrals involving +x° —a” (where, @ >0) can frequently be
reduced to a simpler form by using the substitution x =asecé.
Some Special Integrals as Formulae

M | L e LY 6D | i =sin"(£J+{'._, where a > 0
a —x° 2a |a—x Jaa a
Proof: (i) We want to evaluate jﬂz if dx

The denominator @’ —x° =(a<x){a%Xx), so

[ =iy
a —x (a—x)(a-+.x)

Prove the given formulae.

I rla—x)+(&+X) o 1 lx—a
- dx : dr=—In 4
2a (a—x)a¥x) Sl
i : \
_tpta-x) _ (a+x) | (ii) 11 2dx=ltan_'(£ +c
2a° | (a-x)a+x) (a—x)a+x) S d ‘:’; a al
1 ¢ 1 (iii) |——=——=In|x+va +x |+ ¢,
S| (T ]

a+x 4a-—=XxX!/ siherea=h

1;( l -1 &
= - dx (iv) —:hl‘x+*~.-‘.tl—az\+c,
2a°\a+x a-—x) I fxz_a:

| where a = 0

z?(ln[.-:.r+,r|—ln|a—x|)—l—£ |

L v = -‘[I}
v =—sec | — |+e,
I a+x wWx'-a @ &
:21111 + c where a > 0
(

d—X
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” l : .
(ii) We want to evaluate j dx, where a 1s a positive constant and the

i —t

domain is —a < x < @ so that the square root is real.

Let x=asinf, —gﬂiﬁ'{%. then dx =acosfdb.

Also
Jat—x" = Jaz —(a sin®) =\a* —a*sin’ 0 = \/a:(l —sin? @) =a’ cos’ 0 = alcos 0|
On the interval —% << %1 cos @ >0, s0 |cos#] =cosf. Thus, Va’ —x* =acosb.

; ; . | ]
Substitute into the inteeral: dy = cacos @d=\1d=0+c¢
5 'l.-,fﬂz—xz Iﬁ' 'CDSE? j

. : X : Rt oo 7 T
We have x =a sin@ = sin#=—, and since & is in the principal range [_E : —}
a

T
Thus, I dx =sin™' (—) +c
a —x° a

VoO—x°

Example 22 Evaluat{:j —— ¢l
-

Solution: Let x =3 sin @, where A e {—% {]J U ({], g], then dx = 3cosddo.

J9 = x* =4/9=4(3 sin0)? =/9(1—sin> #) = 9cos’ @ =3cos O
ju“} x° _j 3cosd

(3sind)
:I{csc 0 -1)d@=—cotf—-6+c swall)

_-3cos0df = jcm 0de

We have x = 3&-11]6":}51]19——- So,  =sin~ l[iJ-

.,T "
]_ i
cost) Jl—am t,’} 3 sj

sinf  sind X

3
VO — x° V9 —x* _,[A]
= dx =— —sin + ¢

otf =

Thus, equation becomes I

| i)
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l
Example 23  Evaluate dx
‘[,x:ﬂr’ x4+

Su}uﬂum“.rﬁ = I \; )+1

Let x* =tan @, where QE[—% %) then 2x dx =sec” @ d@

dx

:lj- set:’i? dﬁ?zlf sec” @ 70

mn&‘xftdn'ﬁ &1 tan &sec O

— —ISEEQ jcscﬁa’ﬁ——ln]cscﬁ cn::-t6|+r:
tan ¢

_1
2 X" : =3

ln‘\/l + cot’@ — c:t::-t0|+e:' =—;ln \/1 - (L) —L +C

4 4
NESE JxT+1 =1
—lll‘l ! = —]1 +¢::lin : - ‘-l-—f
2 X x” 2 X ‘
12 —
Example 23 Evaluate | dr (x&38)

X

Solution: Let x =3 sec @, then dx =3seef tan @d

J“t — r—j\/hﬂ:f?] — 3secHtan B dd

Isecl
j\/ (sec? @ — 1) \tan & 96 = [3tan Otan @ d6
3

Il

tan’ 0 d6 =3 (sec* 6 1) d6 =3(tand - 0) + ¢ = 3| Ysec? 6 1= 0 | + ¢

—_ -

J[%J —]—SEE_I[%) +c=+x" -9 -3sec” [§j+c

|l
(s

; ] J."u'
Example 24 Evaluate I(r+ )L dx

1+ x"e”

Solution: Let # = xe”, then % =xe" +e'(1) = du=(x+1)e" dx

J-(,r+]]e”dx:-|- ,r+l)e J«

> 2, =tan"'u + c=tan™ (.1'er)+ c
l + x"e” | + (m

1 +u°

[ (82)
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|
Enml]le 26 Evaluate jﬁ f,'.-."l‘, X € (—o0, D}U{ﬂ, 1]'
Xyl — X

Solution: I#\/? dx

=—%I 1 S dr Putu=yl—x =>u'=1-x" = 2udu=-3x"dx

| =&
VI —x' -1
Al = ¥ %1

i —1
1 +1

+ ¢ =—=In +c

3

__1 it :
B :J( i )u Iu s 32(1)]
Ry
d
Jxt+9 '

Solution: Let u=x". then du = 2xdx

Example 27 Evaluate .f

The integral becomes:

[ ==

Substitute » with x°:

l 1
du = ]n‘x*+ v x' +9‘ £e
’I‘x.fu! +9

Example 28 _[

il =

du = In‘u+1,|'u3 + 31‘ *e =In

-
u+u: + 9\ +c

_dx
{1‘—2}\/;:2 —d4x + 3
Solution: We have x° —4x+3
¥ —4dx+3=(x"-dx+DH+3-4=(x-2) -1

J- dx :J- dx
(x=2)fx" — 4x + 3 (x=2)(x=2)" -1

Let u=x-2, then du =dx, the intcgrﬂl becomes

Substitute # with x =2

J~ du
uu® — 1

(U

— SEC

+ c=sec” |h‘| +c

— sec”! |x—2! + c

[ (83)
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L.

3.4

¥ EXERCISE 3.2 _J

Evaluate the following integrals: (By using suitable substitution)

(i) jx(?xug]w (ii) j {f": 7= dx (iii) J'[Hl_]_n[%)cir

A X

{227

(1v) I T 5 dx (V) j(?'—;..;-i Y xtdx (vi)

-[ (r =3¢ +5)
. sec’ x ... fSINX—COSX tan® x
dx d)
(Vi) jtan xelntan & (wn)j J1+sin2x v () Iﬁ.{:c x+tan® r
(%) : X s i) J-]n secx i) Iln[sm x) .
“l+xtanx cot x tan x
2 -E:'h
L
(x111) ) Gr oy X
Evaluate the following integrals: (By change of variable)
. e COS X e’
dx cx =4
) IQ—EE"' (1) J‘sm x—4 a) J‘l + e '
| . dx
(1v) de (V) - dx (vi)
“.x\/él —(Inx) ‘(93'7'—25 ’[x\/?)f - 12
1 1
(vi1) (vii1) dx (i1x) dx
II +a’ J [ +(Inx) :| '[ i axt 44
© | ull (xi) JL (xii) | i P
(] +I:);; xXJx =9 I—x

(:-uu}j a —x dx (a>0)

lntegratmn by Parts

The rule that corresponds to the Product Rule for differentiation is called integration
by parts. Integration by parts 1s a technique for simplifying integrals of the form

[ 18 () dv

Product Rule in Integral Form
Suppose that f(x) and A(x) are two differentiable functions. According to the product

rule,

[

(84) ]
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% [ f(0)A(x)] = f(x) B (x)+ h(x) £(x)
Integrating both sides with respect to x gives:
F(x) hx)= [ [ FCR () + h(x)f'(x)] d
Splitting the integral, we have:
F(x) h(x)=[ fEOR(x) d+ [ h(x)f'(x) dx
Rearranging terms, we obtain:
j F) H(x) dy = F(x) h(x)— j h(x) £'(x) dx (1)
Now, let A2'(x) = g(x), then A(x) = _[g(x}dr.
Substituting into (1), we get:
[ fgde= £ [e@dr)- [[ ([e@a(f@) |de ~A2)
Example 29 Evaluate _[xsin nxdx, n#0.

Solution: I.r sinnxdx; Integrating by parts taking x asdirst function, we have

:x[_c{}s”“r)—j(_msmj{l)dr: —x CO8 Y +ljmsﬂﬂﬁ
n

1 1 1
—xcosnx 1 sinnx —¥CO8MX  SInnx
& 2 o +Q= b
H H H H 1

Example 30 Evaluate I X e dx
Solution: Applyingthe formula for integration by parts, we have

J-"t e dr=x —IE L dx z,re——-lj-em dx::,x:e——i-ﬂ—+c
a a a a a a a
cn'[x 1 ] m.[iﬂ‘~l}
=& ——— |+c=¢ — |+c
a a a

Example 30 Evaluate _[ x, dx
COS™ X

Solution: _[ = dr:j.i:secl x dx

COS™ X
Applying the formula for integration by parts, we have

sin x
cx

j -
jIHEE“IdIEI-lﬂnI— lan.r«lc.{x::,r-lanx—-[
. COS X

~ —S1N X

=x-tanx+

dx:x+tall,r+1n|cns ,:r| +c
Y cosx

[ (35)
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Example 32 Evaluate Jln{sin x) - sin 2x dx
Solution: _[ln(sin,x) - sin2xdx = j]n{sin X)-2sin x-cos x dx
du

=2 iln{sin x)-sinxcosxdx Put = sin.ux. = =C0S X = du=cos xdx

. x

2 2 2

: . l
=2 Inu-udu=2 lnu-i—ji-—ﬂ’u =In u-uz—judu:uzln - e

. 2 2 u 2

- : Si‘l"l2 X
=sin” x In(sin x)— +c Noteo!

1 | je*"“[f(_r}g'[x}+_f'{x)].:ir =" f(x)+c

=sin” x [ln[sin x) —5] +c

Example 33 Evaluate J e" (cos x +2xsin x)dx
Solution: JE": (cosx+2xsinx)dx = Ie": cos x dx + J e 2xsiffx iy

=¢" (sin I)—j(‘siﬂl‘)fr 2x cir+_[e‘“" 2xsin xdx = ¢* sinx¥=C

Example 34 Evaluate Isin_][ s Ja’r

2
1|.|IJ1+,1’
T

}dx; Putting x=tan @ ; ()E(—Ej E] dx = sec” 0d0

X

J1 4+ %

Solution: _[sin“ [

i tan & ] tan &
- Isin" 1 Se0- E?dfi‘:jsin"'[ S}SECI 6o
W
R X 1
= | sin™ il cos -scczHdﬁ:jain‘]{sinﬁ}*scc'ﬂdﬁ
. . cos 3

—[6-sec’ 6 d6 =6 tan H—J(tan )(1)dO =B tan@—In |secd| + ¢

=@tan &—In|vsec’ 8|+ c*:ﬁtanﬂ—%ln|l+tan36*|+ c?:(tan 'x]+x—%h1|l+.r1 |+¢

- xtan"x—%h1{]+f}+c

|
Jab + b
Solution: Let / = Ie*”" sin bx dx Integrating by parts, we have

_ o (_ cos bx ]_I(_cﬂs b,rj 5 o e
b b

[ (3¢) ]

Example 35 Show that IE"” sinbxdx =

- S
e™ sm(bx—tan =4
a
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iy

" cosh: : ;
e 7 = +%Ie’“ coshxdx  Again, integrating by parts, we have

__e" cos E:-gr+£ e 51“5’“‘:)—]'(5‘“5“‘7],3“"-354{;(
b b b b

e cos bx ae“sinbx a’ ¢ .. .
- + : ——— JE" sin hx dx
b b h*
e™ coshx ae™sinbx a’
I =- + : ——1
b h* h*
a e™ coshx ae™ sinbx
I+—1=- . 2 -
b b b

h: 2 .m' . £ ;
( ;a ]I=Z—3{a51nbx—hcnshx} = I'= HE ~(asm bx —bhcos bx)

a +b°
Substituting a =rcosé and b =rsind, we have

[y

e : :
| = ———(rcossin bx—rsin & cos bx)
a +b°
1 TR . 1 o
= ——¢" r(sinbxcos @—cosbxsind), = ——e“ rsin(bx—0)
a +b a +b

Since a=rcos® and b=rsiné
rsin B b

Squaring and adding, we havesS =a” +b° = r=\/a’ +b* and
rcosfl a

= tan.‘i?'.:E = f}'=t.an"'[ﬁ]

&l o

1 2T T b | 2§ b
[=——e"\Ja +b sm(bx—tﬂn '—] = ———¢" sIn [bx—tan 1—J+ C
a +b’ a/) \la'+b a

Example 36 Evaluate J-.I sin” x dx

|—cos2x ff‘::l‘[(x_x['_‘ﬂﬁ ZI}L-‘I
5 2

Solution: “-Jr::;in2 X dx :J.:-:.

.. jx dr—%}xcns 2x dx Integrating the second integral by parts

2

1% ] 3in 2 sin2x x° 5in 2 |
— T_ ——| x ] x]—j( ek dedx = i —Iiﬂn I-i—-jﬂ-ln 2xdx
i 2 2 2 4 4 4

x°  xsin2x l( EDSZI)_I_ ¥* xsin2x 1
- _—

- - e ——cos2x+c
4 4 4 2 4 4

[ (37)
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Special Integral
Imdx=%ﬁ+%ln‘x+ﬁ‘+ﬂ
Proof: Let !:I x*+a’ dx

:J.ﬁ,l',x:: +a” (1)dx Integrating by parts, we have

T | (740 f | e [ 4 0
=x\x +a’ —J‘\{idr rdx +a° —j‘?:ﬂjL_:

=x x> +a - 1 ?+J‘ fl =dx

Y5 O X +a’

=xAlx’ +a° —: x ¥a ah+crj\’!7

- A ]
szﬁﬂ'.r2+a'—f+a‘j = = clx
VX +a

ZI:xﬂ':rz+a1+azln‘x+~if+a2 ‘+ ¢,

| -
I=2.1 S +—In‘1+~u‘x +a "1-{

- X

Thus,‘[ X’ +a’ drzgthx +a’ +?In ‘,L-I—xﬂlx o .

Challenge!

+i

2

. " 2 2 X 2 ;& L 4| X
Prove that: (1) a —x drx =— 1{.-;1 —-X +—235Ih [—J+C
L 2 2 a
e x a
(i1) X —a dx:—a\fxl—az ——In J:+~..H:nrl—.|:rl te
% i 2 2 J

Example 37 Evaluate IJ,}:E —4x+13 dx

Solution: [/x’ —dx-+13dv=[/(x ~4x+4)+13—4 dv=[\(x—2)" +9

:I\/{I—Z}EHS}: dx
Let x—2=u, so du=dx

!\/[,1:—2)2+{3)1 -:i‘l:':j u' +3° du—%ﬂu +3° +3—;In‘u+ﬁ/u +3° |+
[ (38) ]
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Replace u# with x—2
x—2
7
_x—2
2

Example 38 Evaluate I\/EJ:—J:E -7 dx

=

Jx=2)"+9 +—; In‘ (x=2)+[(x=2) +9‘ re

Jx*—4x+13 +gln (x=2)+/x* ~dx+13+c

Solution: J.\/S.:n::—f 7 dr:"‘\/—(f ~8x)—7T ok

=[x’ —8x+16-16)—7 dx=[\-[(x—4)’ ~16]-7 dx

= '\f?,: —{;4;—4]3 e Let x—4=u, so dx=du

] 3 —u’ du .. gyt +3;5i11'[ {EJ+C
: 2 2 3

Substitute back v =x-—4

LA Jg—{;f—ﬁl}: +Esin" (IH4]+.—: :'1‘_"4\/83:—1:: —7+Esin" ('T#4]+ ¢
2 2 3 X 2 3

Example 39 Evaluate I,j x* —8x 47 [d%

Solution: [x”—8x+7 dv=[\[(a"-8x+16)+7-16 dx
=-'\/(I-4)2 -9 ct::_[‘/(x—ﬂl}:—f dx Let u=x—4, so du=dx

r 3 — 5 —
= | Ju =3 du=£2f-m‘u‘ -3 m?ln‘rm Jut=-3°

Substitute back u = x—4

+C

:x;4\[(.::—4}3—9—%111‘.:-:—4+J[I—4)2—9‘+cr
ZI;4JIE—SI+?—%II‘I I—4+JJ:3—83:+?|+ 5

¥ EXERCISE 3.3 _4

Evaluate the following integrals:

1. [Inxax 2 jx? In x dx 3. jxcns 2x dx
4, [ 5. j‘rel" dx 6. _[x‘?e::”'dx
J sin’ x

[ (32)
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7. j,rtan:xcir 8. ‘ln(sin,r)-cnsxdr 9. e* In(1+e" ) dx
10. [@r+2x)e"dr 11 [e'tan(e)dx 12 al
. Y l+cbsx
. &=
13. [——dx 14, [TESITIMT g s [ Vx
l—sinx x° \ﬁ

gl

6. [Vasinvxdr 17, je-*[l'i)dx 18. | i;}: dx

1+x (1

j In xtan™ (In x)

9. Isin"xr:.{r 20. dx 2|.J’csc-‘x dx

.
¥ (1++/x)
Jx

3.5 Integration by Using Partial Fractions

If P(x),0(x) are polynomial functions and the denéminator Q(x) (x #0), in the
P(x)
O(x)

22. [ (o +x'+Dax 23 | = dv  24.[e” (sifw —3cos 3x) dx

, can be factorized .into\ linear and quadratic (irreducible)

rational function

-

O(x)

functions, each of which can be integrated by methods already known to us.
Here, we will give examples of the following four cases when the denominator QO x)

factors, then the rational function 1s written as a sum of simpler rational

contains

Case-1: Non-repeated linear factors.

Case-l11: Repeated and non-repeated linear factors.

Case-III: Linear and non repeated irreducible quadratic factors.
Case-1V: Linecar and repeated irreducible quadratic factors.

P(x)
Q(x)

Example 40 Integrate I { 33;}_{2 ) dx
x(x=1)(x—

Case-l: Integration of j' dx where O(x) has non-repeated linear factors

Solution :I 3x—2 dx
x(x=1)(x-2)
3x-2 A B C
+

=— -
x(x=D(x=-2) x x-1 x-=2

Let

[ (%)
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Multiplying both sides, by x(x—=1)(x—2) we have
3x—2=A(x-1)(x=2)+B(x)(x=2)+C(x)(x-1) R HD)

Putting x= 0 in(1): 3(0)—2= A4(0—1)(0—2)+B(0)(0—2)+C(0)(0-1)
2 =A(-1)(=2)+B(0)+C(0) = —2=24 = |A=—]
Putting x= 1 in (1): 3(1)=2= A(1—1)(1-2)+ B(1)(1-2)+C(1)(1-1)
3=-2=A(0)+B(-1)+C(0) = 1=—-B = |B=-1
Putting x= 2 in (1): 3(2)-2=A42-1)2-2)+B(2)(2-2)+C(2)(2-1)
6—2= A(0)+B(0)+C(2)1) = 4=2C = [C=2

3x-2 -1 -1 2
G—-DG-2 % &-1 %-2

Thus I i dx—j[_lJr -] + = dx
" x(x-D(x=2) ¥ x=l x-3]

:—jldx—j ' d+2 L e T A NS 4
X

o x—2

P(x)
Q(x)
6x—10
(x+DE-8Y

6x—10 A B C
. -
G+DeR %+1 23 (x=3)
Multiplying both.sides by (x+1)(x—3)":

[ Case-11 Integration of j' dx where O(x) has repeated linear factors:

Example 41 Evaluate _[

Solution: Let

6x—10=A(x=3)+ B(x+1)(x=3)+C(x+1]) =45
From equation (1),
0.2 +6x=10=A(*-6x+N+BE>-2x-3)+ C(x+ 1) il 2}

Let x+1=0 = x=-1 Putting x=-1 in (1)
6(—1)—10 = A(-1-3)* + B(0) + C(0)
—6-10=4(—4) = -16=164 = [4=-1
Let x—3=0= x=3 Puttingx=3in(1)
6(3)—10 = A(0)" + B(0)+ C(3+1)
18—10=4C = 8§=4C = |C=2
Comparing coefficient of x° on both sides of equation (2)
A+B=0 = B=-4 = B=—-1) = |B=1

[ (o)
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So (1) becomes
6x-10 -1 | 2

= + +
(x+D(x-3) x+1 x-3 (x-3)°

Thus._[ gy 1dr=I = + : + - — | dx
(x+1)x=3) x+1 x=-3 (x-=-3)
{1__3]--2“

= —dx+!—d1+2j(.r 3)2dx =—In|x+1|+In|x=3]+ 2 i
x+1 -2 +1
(x—3)"

—1

x—23
x+1

=ln!;~:—3|—|n|x+l|+2 =In

- + C

P( r)

Case-Ill  [ntegration of I dx where Q(x) has at least one non-repeated

irreducible quadratlc: factor.

S5x*+3x+2 .
(x+D(x"+1)

Solution: .5.r+3,1:+2 _ A Br+C

(x+ D +1) x+l ¥ ]

Multiplying both sides by (x + 1)(x* + 1) to'clear fractions:

52 +3x+2=A0(*+ 1)+ (Bx+ C)xHN coo( )
Putx+1=0 = x=-1 1nequation ()

51y +3(1) + 2 =A[-1)* N\ B + CI-1 +1)
5-3+2=42)+0 => 424 = |A=2
From (1)

5x°+3x+2=4RYX+Bx* +Bx+Cx+C
5x* +3x+2=(A% B +(B+Cx+C+ A4
Equating coefficients of x?, we get

d=A+8B = $=24+48 = |B=3
Equating constants, we get
2=A+E = 2=03+2 = |L=D

Now, the integrand becomes,
x+3x+2 2 3r+{}

(x+D(x* + ])_r+l X’ +1

Example 42  Find |

dx =2 ~—ai1:+ j

J- S5x+3x+2 _[
{x+1)(f+l} ,1+1 X +] X +l

=21n|x+1[+%1n|f+1|+ c:21n|,r+l|+%1n{'f+1]+f

[ (92) ]
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Ve

Case-1V
factors:

e

3
Example 43  Evaluate I’r +;2.!::J:I dx

(x*+1)°

 +2x+1 B X+ x+x+1 B .r{xz+l)+.r+1_x{x3+l} N x+1
(x> + 1) (x* +1)° (x* +1)° (x*+1)* (X*+1)°
X X 1
3 + ) ] + 2 a2
x 41 (x +1) (x +1)

+I ﬁl — dx
(x*+1)

Solution:

% +2I+1d,1 j

Thus, I e

dt:+_|-

4] (x* —I—l}

dx

=—fx = ¢h+—j(;¢: +1) (Zx}dx+j - +:)

1 1(x*+1)° 1
_zln{t s j-{f_l_]}zdr (1)

l

(x* +1)

j . 1dx:j | do = j sec’ 0 dO = j do
(x*+1)° {tan‘{9+1) (E»EEL a9y sec” 0

—Jcns 0 do — J(Hm&.ZH)dH:E]E[HJrstZH]:_;[HJF251n{;c056’}

=l[6’+sinﬁ?cms€]=l gy S0008 04 115, "anf} _1 s "3"'?:
2 p. COS 2 sec @] 2 | +tan” &

To evaluate I

- dx, put x = tan @, \dv'= sec” & do

- [tan"x+ e ,}} (1) becomes
- 1+ x°

24 T+l | 1 L5 F =
——— X = —In(x" +1)——— +—tan x+— -
(x°+1)° 2 2x" +1 2 21+ x°

1 5 I AN 1
=—In(x"+1)+—tan™ x+— - —— +c
2 2 2\ 1+x x"+1

1 . | x—1
=—In(x" +1)+—tan" x+— +
2 2 2(x" +1)

[ (%) ]

Finally: I +c
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¥ EXERCISE 3.4 _J

Evaluate the following integrals:

, 3 o
| J' 5x+7 2 3 J' 1:’i:-.+5 I 3 j.r +2,:. X Iu[‘t‘
(x+1)(x+2) x“+4x+3 x -1
2 2
& J-:r j—iZ,r—ZldI 5 J- 3—16x e B J- 6x" —22x+18
x —6x-—7 4+5x—-6x" x(x=D(x=2)x-3)
:,_ -.'l._l i
A P ? 8. [———a 9 | o ta)
(x+2) e (e +1) (x=2)(x+3)’
3 2 - 3
0. JI +4.11+5x+2dr i j X +h.1; ] a 12, J- 1: +2_1:1+] .
(x+1)'(x+2) (x=D(x" +1) (x°+L)}x" +4)
4 2 2
3. j'}if 14—3_11+.r—|—ldr 14, j Ic-:z:vsx Fs s _[ , 41 e
(x +D(x=1) sin” x—1 (X —2x+42)

3.6 The Definite Integral

Definition: Let f be a continuous function, en the closed interval [a, b]. The definite
&
integral of f from a to b 1s defined as jf(x)dx: F(b)—F(a), where F'(x) = f(x).

Here, a is the lower limit and'b the upper limit of the integration.

Remark: The value of a.definite integral is a real number, not a family of functions,

as i1s the case for undefinite integrals. The numbers ¢ and b are the limits of
integration.

Theorem 3.2: First Fundamental Theorem of Calculus (FTC)
If £ is continuous on [a, b]and F(x) = [ f(t)dt for every x in [a, b],

then F'(x)= f(x),on [a, b].
The derivative with respect to upper limit of the integral of f is just f(x).

Theorem 3.3: Second Fundamental Theorem of Calculus (FTC)
If f is continuous on [a, #] and F'(x) = f(x)on [a. b], then

b
[ f(x)dx = F(b)—F(a).

( (59) )
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|
Example 44  Evaluate: I{x-‘ +1) dx

A I—+| \‘III[ I
L1 .5 L]
Solution: J{x-“ +1) dx = Ji + X :{éf‘ +,rJ
| —+1 6 -1
% D e
6 g 6
= E{1}5+1 E( 1)“+{ 1) ——+1—£+1—2
6 L 6 6
Example 45 Evaluate _[ : ;ﬂ{:g Hd{?
sin &+ cos
T4 T4
sec sec sec” ¢
Solution: = -
J,: 5inﬁ+uus(§' 'I.LUbH(tdnt?H} j; 1+ tan ¢
=[In[1+tané|]"" =In l+tanz—ln|1 +0|=1n|1 €Tj>0=1n2

7
Example 46 Evaluate J

e

Solution: Let f(x)=x"+ 9, theny'(x)=2x, so

' +9) 2x)dx ==

1/f+9 ‘Eu ' 2 1

2

[V +9] =[VTT9-\045|=|T6 -3 =4-3=1

Substitution in a Definite Integral (Change of variables)

Suppose that g 1s diﬁ'f:rentiable function on [a, h]. Also suppose that f 1s continuous
2ib)

on the range of g. Then If g{.x:) g(:c}a’t~ I f(ur) du.

gla)

|
J7 \ T 1 7
k | 5 — 1[{(x" + 9)?
.‘- X e 3 (x"+9)
]

Example 47 Evaluate IZ,TE": dlx

Solution: Let g(x)=x". Then g'(x)=
The integrand is e* -2x :f(g(r))-g'(x) with f(u)=¢"
When x=0, u=g(0)=0"=0

[ (%)
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When x=2, u= (2):23=4

Therefore, j dxe" dy = TE“ du = TE‘H du = [e” ]: —e'—e' =¢' -1
pr=0} 0

Integration by Parts Formula for Definite Integrals

Let f(x)and g(x) be functions with continuous derivatives on the interval [a, b].
Then the integration by parts formula for definite integrals is:

Ef{x)g(x}dr [ {I}(j.g(f}d‘fﬂ —I[(fg(x)dr)( (I))}ff

Example 48 If f({}) = f(x) =0, show that I,f{x}sin xdx = —:r f"(x)sin x dx

1]

Solution: _[ f(x)sin xdx Applying integration by parts:

=|.f(1'} —jf’{_x:}(-cnsx}dx: =—f(m)cos 7+ f(0)cos 0+Tf’(x} COS X dx
0 0

i R

L

=—(0)(—=1) +(0)(D)+|f'(:

= 0+0+ f'(x)sin(z) - f’{O}sin{{}}—_T F7Cx) sin xdi

= f(x)0)~ 1'(0) (0)~fJr4x)sin xlx =~ f'(x)sin xdx
3.6.1 Properties of the Definite Integrals

Throughout this section, assume f is a continuous function on the given interval.
!

Property-I: j f(x)dx = J' £(1) dt. Remember!

Property-11: J:f(.x] dx = —]: fix)dx.

Property-III: j' F(x)dx = j f(x)dx + j f(x)dx, where a<c<b.

This result can be generallzed as fnllﬂws
b

j (xX)dx = J‘f{x}dj.+J.f{x)dx+J‘j{1:)dl:+ T;‘{.r)dx+ij‘(.r}dr

o

where a<¢ <c,<c¢, <<, f::::”ﬁ::b

[ (%)
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b h
Property-1V: jf{.nr] dx = _fﬁ[a +b—x)dx.

b fa
(1) As a special case, if we take a =0, we obtain: _[f{_r} iy = jf{b—x}dx

b h
(11) As another special case, if we take a =—b, we obtain: j f(x)dx= J f(—x)dx.
—h —h
J(x)
J(x)+g(x)
x—a+b—xsuch that f(a+b—x)=g(x) and g(a+b—x)= f(x), then

b

J~ f(x) i b—a

(111)  For any integrand of the form ,1f there exists a substitution

L

> f(x)+g(x) 2
Property-V: ‘T f(x)dx = ]L(f{x) + f(=x))dx

In particular, if f(—x)= f(x) (that is, f 1s an even functton), then

il

[ f(x)dx = zi FOx) dl

—il il

and if f(—x)=—f(x) (thatis, f i1s-dmodd function), then jf{x}ci:-.: =0

—d7

Property-VI: jf(}:»}fir =T(f(x}+ fla—x))dx
0 if  fla—x)=—f(x)

In particular, !f(""}“""’="zﬁj'f(xm it f(a—x)=f(x)

b
Property-VII: If f(x) = 0 on the interval [a, b], then _[f(x] dx =0 and if f(x)<0on
“Il &f
the interval [c, d], then j f(x)dx < 0.
i h h
Property-VIIL: If f(x) < g(x) on [a, b], then [ f(x)dx < [g(x)dk.

Property-1X: j(a f,(x)+ B, (x))dx = cxj f,(x)dx+ ﬁj f,(x)dkx.

[ ()
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Example 49 Let f(x)= : 1
4—x 2

o Compute: j f(x)dkx.

L-"‘x,-"‘-.
= o

4

<X
< X

Solution: f{r)dx j' f{t}dr—k‘[f{r)d =j J'(4 x) d
0

- .92 5 =14 3
> | dgele | = (2 {D}
L3 1o 2 ],

(4)

(2)°
2

= 2—0} {16—3}—{8—2):§+8—6:§+2: au N 14+

3 3 3

4
Example 50  Evaluate: J'f{x_] dx where f(x) = |x—1|+|x+2|.
6

Solution: To find where the expressions inside the absolute values changes:
x—1=0 = x=1 and x+2=0 = x€-%

So, break the interval [-6, 4] atx=-6,x=-2,x=1,x =4,

These points divide the interval [-6, 4] into three intervdls [-6, 2], [-2, 1], [1, 4].

Now, express f(x) without absolute values and\,compute the integral over each
subinterval:

(a) Forx e [—6, —2]: |.x—l|:—{x-—1)=-.:-:+1 and |x+2|:—(.:r+2):—.r—2

f(x)=|x=1|+|x+2| =% HIxx—2=-2x—1

ff(,r)dr=j(—2x l)d\.-[———r:’ =¥ —u:]

=(—4+2)—-(-36+6)=-2—30)=-2+30=28
(b) Forxe[-2,1]:|x-1l|==(x—1)=—x+1land |x+2|=x+2
f)=|x-1|+|x+2|==x+1+x+2

_lff{',::)cir= J[de—
2 3

| =3(1)-3(-2)=3+6=9

(c) Forxe[l,4]:|x—1|land|x+2|=x+2
f{x}"|r-1!+jx+2|"r-l+r+2 2%+ 1
Jf{r}dv-j{hﬂ)aﬁ [x* +x]' =[(4)" +4]-[(1)’ +1]=16+4-2=18

1
From (a), (b) and (c¢), we have:

j-f{f‘f)d“ If(r}dr+jf{x)dx+if(x}¢r =28+9+18=57.

g

. ) )
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3

|
Example 51 Evaluate IIE (1-x)2 dx.
0

' 3
Solution: Let / =I:c2 (1-x)2 dx
0
l

/ zj-(lm.:'f}z(l“(l—nr-:))E dx [E’-y using J- f(x)dx —jf(a+h I)df}

£l

1 3 1 3 1 3 .:'- 3
- I{.1—21+,r2)(1—1+x}5dr J-[l —2x+x7)x? .:h’—j[i: —2xx*+x° T:Jaﬁ:
0

0 i

TOE N S 9 8 41 9% (5 5 4 1 5 8
— .3_2#2_1__-2 dx-= _-2___2+_ £ = _12__]E+_]2 = ﬂ
I(r X% + X ] |:5,3L ?r gx] (5{) ?(} 9(]J ( )

0 0

2 4 2 126-180+70 16

____+__

5 NS 315 315

Eu

Example 52 I cos’ x dx

0

2

Solution: Let / = jcmsﬁ x dx

[

Here f(x)=cos’x = f(2x—%) =[cus(2¢r—x}]j :{cus x)j =cos’ x = f(x)

v I ZJ cos’ xdx

1]

Also f(r—x)= (cus{fr—x))j = (—cosx)’ =—cos’ x =—f(x)
Thus, [ = ._[ cos” xdx =0.
0

\F':':ITII—'#JEDHI

\J{E'F'blﬂ X C\DS T

i \f"%‘lﬂl‘ JCDS X

\‘,_+311"l X EGS X

Example 53  Show that j = 0.

dx

Solution: Let / = J'

h
Using the property: If{.r)afrz _[f{.-:: +b—x)dx of definite integrals, we substitute x

[ (%)
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T 3 T
with—+——x=—-—x:
5 10 2

. T (3
Izh].m JSIH[E I] \]EDS{E ,1:) . j \/cnﬂ;r—\/’amx 5
‘\/_+Slﬂh.¥ C«DSh X

©5 o2 +sin’ [g—x}:ns: (%—.r)

37410 Tl
_ j IEX NPT dv. Clearly I=—1=>21=0=1=0.
=t '\/E‘FH]HHI COS X

\.I'E:lﬂ X—~COSX

That 1s,
I J2 +sin® x cos? ‘r
Example 54 Given I J(x) dv =4 and If{x]citzlﬂ. Evaluate j“f(-’f_)r dx.
l+e . 1+
Solution: Key identity: : + : 2=,
1+ 1+e
Multiplying the identity by f(x), we get: L) - f{x_}. = f(x)
1 EI 1+E A
3 3
Integrate over [—3, 3|, J' f(x} dx = Jj'{x)dx
1|
[ f)
Substitute the given valiies: 4 +I ~dx=10 = _[ : dr =10—-4=6
l+e™ [+¢e™

Thus, _f f(,r} —-dx = 6.

a 2 I
X sSin x
Example 55  Evaluate | ———
o, BE = Bl

dx.

; IR
X Sin- X

Selution: Let f(x)=— -
X' +2x° +1

fl=x) = (—x) s (—x) _ —,1:"5111; X _ —f(x)

) 4200 1 2 +2x° %]
This shows that f(x) is odd over the symmetric interval [—a, a].

a 3 & 7
X SN x
Hence, _[ - ——dx=0
2 X +2x +]

| ©
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Example 56 Evaluate I f(x)dx.
I

Solution: Since £(2—x) = f(x) :.}j fx)dx=4=2 f(x)dx =4= [ f(x)dx =2

0
2

Given [ f(x)dx=4 and f(2-x)= f(x) = f(-x).

0

3
To cvaluatcjf{x]dr. Putx=2—-t,dcx=—dt. Whenx=1¢=1; Whenx=3, t=-1
|

Therefore, j f(x)dx = _j f(2=1)(=df) = -j F(2=1)(=dt) = j f(2=1)dt

|

—j f2=x)dx = j F(x)dx = 2j f(x)dx=2(2)=4. Since f(2—x)=4(x)= f(=x)
P EXERCISE 35 _4

1. Evalu&te the following definite mtegm]a

xid
(1) j(*r: +x)dx (11) _[(4:4:‘ +3x A dx. (111) jsinz.rdx
*4 ] < r:
(iv) [ ——ax (V) _[mb ddo
AL & p ]+:-:
| ] ] ¥ 1
(vii) j} “1(;;) de | \Mit) [tan™ x dx (ix) j sin” x
2. Ewvaluate the follewing definite integrals:
® [P where fioy={> 3 xS0
i ¥)dx; where f(x)=+ _
‘ 23 b xs=d
3 4
(i) | f(x)dx, where f(x)=|x—4|+|x (iii) J'[4-f| dx

x* if 0<x<2
# : " , Here g(x) 1s defined as: g(x) = f(x) + f(4 —x).

3. Let fix)=
L {zﬁl if 2<x<4

Compute: I g(x)dx.
il
4. simplify: () [ f(x)dv—[ fx)de—[ f(r)de+ [ f(x) v

(ii) j.Sf[x}dx—iﬁf(cl—x}dr— ij{:r) dx—j-ﬂlf{S— x) di.

| o)
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.

0.

10.

11.

12.

13.

14.

15.

3
(i) j In (tan x) dx = 0

| ! !

Prove that jx”'(] —Xx)'dx= I.r”{l —x)"dx and hence evaluate _l'x{l —x)"dk.
0

Evaluate the following definite integrals:

; 4 Ty i b X o e —1
(1) J:,w' Y dx (11) }[m ’e (111) J-

Let f(x) be a function satisfying f(x)+ f(—x)=x"+x" for all x. Evaluate the

definite integral j £(x)dkx.
[0
Let _[f{ x)dx =20, jf[t}dr =45, Evaiuatcj}{r}dﬂr
Given that: j f(x)dx=16 and j f(x)dx=12. Evaluates the integral
L] [

j (2f(x)+5)dkx.

Il

2 2
If f(4=x)= f(x),show thatj F(2x)dx j P Y.
i 1]
Show that [ (1—-x)f (1—x" ) dx= Jif{1-x* ) .
-1 =1
If fla+x)+ f(a—x)=0,show that :rf(x) dx =0,

Show that j. /(%) =If{x}dx, where f(x) 1s an even function. Hence or

1+¢' 0

o

otherwise evaluate I
L7 I +€'|

dx.

Given the function f(x) satisfies the following conditions:

(1) ff(r}éfr:lfi (i) f(4=x)=f(x) (i) f(x+2) = f(x)
0

Evaluate j f(x)dkx.

-1
Show that:

Il
L

T .
B SN X COs X
(i) |

Sinx
4 1+e

©
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(iii) II(JT—I) cos(m—x)dx=0. (iv) J(T 2 +41{}T =
0 1+
16. Evaluate the following definite integrals:
3 2 in2 x
X &
i . dx ii _ - dx.
) -!‘x‘ +(4-x)° (1) -! e’ +2e
17. Find the indicated derivatives:
(i d I sin y e (i d hf L
dril+.y dx ? 1+

3.7 Applicati'un of Definite Integrals
3.7.1 Area Under the Curve

A remarkable result in calculus is that the area under the graph of y = f(x),
where f(x) = 0, can be obtained simply by evaluating the defimite integral of

f(x) over the interval [a, b].
If f 1s continuous and f(x) = 0 over the interval [a, /], then theé area A4 of the region
']

under the curve of f fromatobis A= '[f{.:-:}dx

" Notes: Ay
1. If f(x) <0 on the interval [a, A).'then the area bounded o N
b ﬁ
by the curve y = f(x) andx-axis is given by jf(.r}dx {ﬁ: 0 P
i = I;L
( ; y=1()
or equivalently j|f{x}|dx or equivalently —j f(x)dkx. |

W Figure 3.1

2. If f(x) = 0 on the interval [a, ¢] and f(x) <
0 on the interval [¢, b], then the total area
bounded by the curve y = f(x) and x-axis

on the interval [a, b] 1s

b
I f(x)dx

jf(.:i:}cit +

e b
or equivalently If{x]dx+j|f{r)|dx

o

; b
or equivalently If{x}cir—ff(.r}dx . — 23
igure 3.

il

( W
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3 If f(x) changes sign at ¢, ¢,, ¢;, ... , ¢, In(a, b) where ¢, < ¢,< --- < ¢ are
the roots of f(x) = 0.

- oot

[
Total Area= “-|f{_r)| dx =

) £ b
j' £(x)dx j F(x)dx j F(x)dx
4.  The area bounded by the curve | 5. Area between two curves
x = f(y), the y-axis, the horizontal If f and g are continuous and f(x) = g(x)
lines over the interval [a, b], then the area A of
v=c and y=d (d>c)is givenby | the region bounded by the graphs of f,
g x=a,and x=>bis

] fady.

h
A=[[f(x)-g(x)]dx
A}-’ i
The above result dogs not require f(x) or
y=d 2(x) to remain pesitive over the interval

la, b]~] A
ix=fm !
] y=/1x)
}J r— c f
£ = > ’H/\x_//\_/
X i _
a2 b X=a o
X
v _ y=gx
Figurg 3.3 ¥
' Figure 3.4

Signed Area agd\Net Signed Area

b
The definite integral If{.r) dx gives the area between the curve and the x-axis, but

[

the interpretation depends on whether the curve crosses the axis.

e |[f the entire curve lies above the x-axis, then the definite integral directly
gives the signed area—and it 1s positive.

e [f the entire curve lies below the x-axis, then the definite integral directly
gives the signed area—and it is negative.

e [fsome part of the curve is above the axis and some part is below the axis,
and we add these areas with their signs (positive for above, negative for

below), then we get the net signed area.

[ (109
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Thus:

e Signed area refers to the case when the curve is entirely above or entirely
below the axis.

e Net signed area refers to the result after canceling positive and negative
contributions when the curve crosses the axis.
In both cases, the formula 1s the same:

b
Signed Area (or Net Signed Area)= If(.r}dx:

The result may be:
e Positive (more area above or entirely above),

e Negative (more area below or entirely below), or Zero (equal areca above
and below).
Example 57 Find the area bounded by the parabola y = x* ={5x + 4 and the

X-axis.
Solution: Given the parabola: y = x* — 5x + 4 ¥
Set vy = 0 to find x-intercepts: |
r—S5x+4=0 = E-Dx-4)=0 1+
So, the x-intercepts are at x=1 and x =4, (1,0) (4, 0)
The parabola opens upwards (positive” leading e 33 SX
coefficient). i |
Between the roots x =1 and\x = 4, y(function) 1s
negative. The vertical inés.are x = 1 and x = 4, which 24
are exactly the intercepts.
Therefore, the region bounded by the curve, the x-axis, “3;

and these lines is from x = 1 to x = 4, where the curve Figure 3.5
1s below the x-axis.

Since the curve 1s below the x-axis from x =1to x = 4, the area is:
4

4 4
Area= M dx = I—{xz —Sx+4)dx =j.[—f +5x—4)dx
| 1

|

| DK —4:,:] :[J‘”A ) —4(4})—(—“}; g MF —4(1]]
302 l 30 2 3 2

_8_(_11)_1“11_27}

3 6 6 2

o 9 :
The area 1s E squarc units.

| T
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Example 58 Find the area bounded by the curves y=13—x"and y = 2x+35.
Solution: First, we find points of intersection of the curves y =13 —x” and y = 2x + 5 as:
13—x"=2x+5 = 13-x"=2x-5=0= 8-x"—-2x=0

=x'+2x-8=0 = x +4x—2x-8=0
= x(x+4)-2(x+4)=0 = (x=-2)(x+4)=0
So,x=—4 or x=2
Determine which curve is on the top:
Test x=0:

y(0)=13-0°=13

w0)=2(0)+5=5
So, y =13—x7is above y = 2x + 5in the interval [-4, 2].

2

[upper — lower]dx = I [(13—x")—(2x+35)]dx

4

Area =

.L.t—__ir"

2

2 3
[(8—x" —2x)dv = [Sx—%—f} Figure 3.6
4

4

3 |
={3(2)—2; —23]—[3{—4)— (':) 4-4}1)

|

=60—(§+ﬁ—4J=6{)—8264 = 60—%2= 60— 24 = 36 square units

3
The area between the two curves is 36 square units.
Example 59 Find the area of the region bounded by the parabolas y =4 —x* and

y=x" —2x.
Solution: To find the pomt of intersection
equating both equations.

2 2
4—x"=x"-2x

4—x'—=x"+2x=0

4—2x"+2x=0
“2x° +2x+4=0
Divide by -2:
¥ —x—2=0 Figure 3.7
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(x+1)(x=2)=0
So, x=—1 and x=2
Intersection points: (=1, 3)and(2, 0)

Determine which curve is on top at [-1, 2]

Take x = 0 € [—1, 2]. Put it on both curves, we have

Test x=0: y(0)=4—-0"=4 and y(0)=0"=2(0)=0

So, 4—x">x" —2x forx=0

Thus, f(x} =4—x"is the upper curve, g(x)=x"—2xis the lower curve.

Area-“f{r) g(x)]dr-f[@ x7)—(x’ —Zx]]

- I(4—2f +2x)dx = {4;:—%1‘" +f}
1 -1

(4(2)—% ) (4( I)—% —l)) 230 (—;jzg square units

3.7.2 Consumer and Producer Surplus
One place in economics where area between/two curves 1s important 1s in the
calculation of a quantity called consumer surplus and a quantity called producer
surplus.

Demand Function

The demand curve for a commdity’ shows the quantity |71

consumers are willing to buy at any given price. Let p be p=D(x)
the price that a consumer 1s'willing to pay for a quantity x
of a certain commodity. Then p and x are related to each Demand function
other through the demand function p = D(x). The graph of

the demand function generally slopes downwards, as the | o] ¥

demand for a commodity decreases when its price Figure 3.8
increases; that 1s, with an increase in price, the consumer
is likely to buy less. [Figure 3.8]

Supply Function

Let p be the price at which a producer 1s willing to sell a
quantity x of a certamn commodity. Then p and x are
related to each other through the supply function p = S(x).
The graph of the supply function generally slopes
upwards, as the supply of a commodity increases when
1ts price increases; that 1s, with an increase in price, the 0
producer is willing to supply more. [Figure 3.9]

p = S(x)

Supply function

-

Figure 3.9

[ (107) ]
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Market Equilibrium

The point where the demand and supply curves intersect is called the market
equilibrium. At this point the quantity that consumers want to buy equals the quantity
that producers want to sell.

If (x,, p,)is the equilibrium point, the quantity |#
Supply curve

x, 1s called the equilibrium quantity and the price

p. 1s called the equilibrium price.
(x.. p.) Equilibrium point

Algebraically to find the equilibrium point, we

solve the system of equations formed by the Demand curve

demand equation and supply equation. o
Consumer Surplus (CS)
Let the demand function be p = D(x), and let x, be the quantity démanded when the

i
L]
]
i
i

X,

Figure 3.10

market price 1s p,. However, some consumers who are.unaware of equilibrium price
are willing to pay more than p, for the quantity x,0f the’commodity. The difference
between what a consumer is willing to paviand what they actually pay is a benefit to
the consumer.

Thus, consumer surplus can be defitied as:

3.4 Consumer Surplus (CS)
Consumer surplus is the totalsbenefit gained by | #1

Consumer
Surplus

'

consumers when they purchase an item at the

equilibrium prige,wather than at the higher price

Suppl
they would have been willing to pay. Uppiy curve

: v Equilibrium point
Geometrically, it is the area under the demand | #<[~=""~> (o P
: . . Demand curve
curve and above the horizontal line drawn ' "
Sy . 0 X
t.
through the equilibrium poin Figure 3.11

Area under demand function Area under equilibrium price
Thus, CS = ¥

fromx=0tox=ux, fromx=0tox=x,

—I ( Demand function ) dx — I[Equillbnum price ) dx
0

o

_:[ D(x)dx— jp dx = I(D(.‘r}—pﬂ):ir

0

[ (109
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Producer Surplus (PS)

Let the supply function be p = S(x), and let x, be the quantity supphied when the market
price is p.. However, some producers are willing to accept less than p_for the quantity
x, of the commodity. The difference between what producers actually receive and
what they would have been willing to accept is a benefit to the producer.

The great economist Alfred Marshall called this benefit producer surplus.

3.5 Producer Surplus (PS) p
Producer surplus 1s the total benefit gained by
producers when they sell an item at the
equilibrium price, rather than at the lower price

Supply curve

Equilibrium point

they would have been willing to accept. Pl it (x.p)e
Geometrically, it 1s the area above the supply : Demand curve
curve and below the horizontal line drawn 0 J;, 3’
through the equilibrium point. Floure 3.12
T [m'ca under equilibrium pﬁca}_ (Area abovesupply functinn}

1 fromx=0tox=x, fromx=0tox=x,

= I ( Equilibrium price ) dx — I (Supply function ) dx
0 0

.

—jpcﬂr jsmeﬁr I(pE—S(x))

fumumu Surplus {C‘i) and Producer Surplus (PS) Formulae
1. With Respép(\to"Quantity (x)
Let: * p =D(x)=demand price function
* p =S8(x) =supply price function
* x_= equilibrium quantity
* x,= equilibrium price = D(x,)=5(x,)
Consumer Surplus ( CS} area between demand curve and equilibrium price line, from

x=0to x=x_:CS= I(D(x) p. )dx

Producer Surplus (PS}z area between demand curve and equilibrium price line, from

X

r=01oxr=x:P8 = .[(pc—S{.T))dT

0

Total surplus (TS): TS = CS + PS = T(D(I}—S{I]]dr

( T
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2.  With Respect to Price (p)
Let: = x,(p)=D'(p) = quantity demanded at price p
* X(p)=S"'(p) = quantity supplied at price p
* P =choke price (demand = 0 for higher prices)
xR
« P =equilibrium price

{.l

i — minimum price (supply = 0 for lower prices)

Consumer Surplus (CS) = area between p, and p__ ,under demand curve x,(p):

-'rll'|1.|

CS = [ x,(p)dp
P=p,
Producer Surplus (PS) = area between p,, and p_, under supply curve x_( p):
p,
PS = I x (p)dp
= Pran
3.  Summary Table

Surplus I Integration w.r.t. Quantity | Integration w.r.t. price I
X, N
CS j'(ﬂ{x)—pu)dx I x,(p)dp
¢ p=Pe
X, P,
PS I(PE—S(I}}dx j x.(p)dp
0 P= P

4. Key Notes .
*  Choke price'p_ = D(0) (price when x =0 in demand).

*  Minimum supply price p_. = S(0) (price when x = 0 1n supply)

*  When integrating w.r.t. x, limits are quantities, integrand 1s price difference.
Example 60 The supply curve for a good is p_ = +/16+x. The demand curve is
linear with vertical intercept 73 and passes through the equilibrium pomnt. If the

quantity sold is xe = 33, find the equation of the demand curve( p, ).
Solution: Supply curve: p.=16+x
At x, =33, p. =+/16+33 =49 =7. So intersecting point is (x., p,) = (33, 7).

Demand is linear p, = mx+c.

Vertical intercept ¢ =73 = p, =mx+73
It passes through (33, 7): 7=m-33+73 = 33m=-—66 = m=-2
So, p, =—-2x+73.

[ (119
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Example 61 If the supply function for a particular commodity is 25p = (x+10)’
and the market price is Rs.64, find the producer’s surplus by two methods:

(1) Integrate with respect to x (11) Integrate with respect to p
: x+10)°
Solution: Given: 25p=(x+10)" = p= (x = )

Atp =64:25x64=(x, +10)" = (x,+10)°=5"x §
Take positive root: x, +10=5x8 = x +10=40 = x =30

Method (1) Integrate w.r.t. x

v (x+10)’ (x+10)*
PS = — X = 4 — dy = 64 =
S _{[(p p(x))dx j{ﬂ s } X { X :'

30

J 25x3 |
_[ 64x30-80%*10 1 15 1071 19990 A9 _ 9502830 = Rs. 1080
75 MY 75 75

Method (i1) Integrate w.r.t. p
From: 25p = (x+10)* = x+10=5/p = x=35\p<10
Find p_ when x=0:

D:S\/;_lﬂ == 55:1{] = \/;=E = pzz = pmin=4

5
o T " 10 s
PS = I x.(p)dp= !(Sﬁ—lﬂ]dp - {5 ;’2 -lﬂp] = {E- e —lﬂp}
- [? (64)"° —lU{M)}—{%@}M —10{4}] = [?(BE)H —640}—[?(23}1;1 —10[4]}

Frmin
_ 51;0_830_640+40 i 51203—80_600= 5040

Both methods give PS = Rs.1080.
3.7.3 Solids of Revolution

The volume of an object plays an important role in many problems in the physical

=600 =1680-600 =1080

sciences. In this section, we consider methods for computing volumes of solid of

revolution.

If'a region in a plane is revolved about a line in the plane, the resulting solid 1s a solid
of revolution, and we say that the solid i1s generated by the region. The line
about which we revolve is an axis of revolution. In particular, if the region shown
in Figure 3.13(a) i1s revolved about the x-axis, we obtain the solid illustrated in

[ (111
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Figure 3.13(b). If a plane perpendicular to the x-axis intersects the solid shown in
Figure 3.13(b), a circular section 1s y y=f(x) x=b
obtained and volume in this case e
can be found by disk method m
which is explained below in |9
theorem 3.10 and 3.11.

Figure 3.13(a) Figure 3. ]3{1‘.-}
Let f be continuous and non-negative on [a, b], and let R be the region bounded by the

graph of y = f(x), the x-axis and the vertical lines x = a,and x = b. The volume V' of
b

the solid of revolution generated by revolving R about the x-axis is }J = _[;?r [f():}]E dx.

Similarly, let g be continuous and non-

negative on [c¢, d], and let R be the region
bounded by the graph of x = g(x), the y-axis
and the horzontal lines y = ¢, and y =d. The
volume J of the solid of revolution
generated by revolving R about the y-axis 1s

Figure 3.14

V= [z[g(] dv

Volume of Solid of Revolution Py Cross-sectional Method

Let S be a solid that lies between.the planes P, and P. If the cross-sectional area of S
in the plane P; is A(x), where 4 1s a continuous function, then volume of § is

I =i’A(x_)a!r

Example 62 A solid has a circular base of radius 2. Parallel cross-sections
perpendicular to the base are equilateral triangles. Find the volume of the solid.
Solution: Let us take the circle x> + y* = 4. The solid, its base, and a typical cross-
section at a distance x from the origin are shown in Figure 3.15 (b).
Y4 C

il
NI

|
5
3y
i

00" = 607
. A - SR B T A
(a) The sohd (b) Its base (e) A cross-section
Figure 3.15
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Since B lies on the circle, we have 1 =+/4—x" and so the base of the triangle 4BC is
|AB| =2y . Since the triangle is equilateral, we see from the Figure 3.15 that its height

1S \E}a Therefore, the cross-sectional area is
A(x) = %(Base){l—leight} = % 2y-\3y

= /3y? =«f§[4—1‘3)

and the volume of the solid 1s

_[A(r}d =j dr"\@-éix—i;‘}:

_ \E[[cuz)-%i]-(cl(—z}—%j - «E[a-%

A

Example 63 Find the volume of the solid obtained
by rotating the region bounded by y=x", y =64, (| 5=b4

and x = 0 around the y-axis.
Solution: Since the axis of rotation is the y—axis we

write the curve y = x” in the form ef X= 1»" . The | x

region and the solid with a typicdl'disk are sketched
in the Figure 16. Using the Formula

o
V =jfr[g(y)]3 dnwith ¢ =0, d =64 and

g(y)= J’I;j , we have Figure 3.16

i ir4

; E 64
3 _[H(—PM)L@:E}[J’IMGEP:HHE }_5:5}

0 0

3072x

3 R¥ 4 11 AT 37
5[( ) | 5[( - = ) 5{ ) cubic units

Example 64 A cone is formed by rotating the straight line y = 2x around the x-axis
from x = 0 to x = 5 cm. Find the volume of the cone.

Solution: The volume V of a solid formed by rotating v = f(x) around the x-axis from
h

X=qto x=bis: V:J.Jr[f{x}]la{r

Here f(x)=2x,a=0andb =53.

[ (13
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So, Fr= ;?rj.(ZJc]':dr = ;rr] 4x°dx = 43]:{2 dx =4 {TT]
{} il (i ’ 0

= 4 5——{} =4;{{E] = 2007 ~523.6 UTI13
3 3 3

Example 65: A mug is designed by rotating the line y=3x+1 around the
x=axis from x=0to x =4 cm. Find the volume of the mug.

b
Solution: The Volume V is given by the formula: V' = j:ﬁr[ﬂ,ﬂr}]2 dx

Here f(x)=3x+1,a=0,and =4

1 4 1 2 6
Ve {3.r+l}1:ir:;rj(@x:+6x+l]:iﬂc::r[9; +6;: +x]

0 0 ]

:;r:3x-‘+3f+x]::f[(3(4)3+3(4)3+4]—(0)] =7 [19248% 4] = 2447 cm’
¥ EXERCISE 3.6 .4

1. Find the area of the region that is above, the x-axis, but below the curve
y=(x—-2)3 —-x).
I.  Find the total area and the signed area between the graph of y =x* —4 and the

x-axis over the interval (1) [—3, —l] (11) [—3,3]+
2. Sketch the region boundediby the given curves and find the area of the region.
(i) y=2x y=%% (i) y=+x, y=x°
(i) y=gWNW® y=1-x° (iv) y=x'andy=|x|.
3.  Find the area of the region bounded by y=|x—=3|,x=2,x=4 and the x-axis.
4.  Find the area bounded by the parabola y=x"—6x+8,x=2,x=4 and the
X-axis.
5. Find the area bounded by the parabola x =9— y°, and the y-axis.
6.  Find the ratio of the areas of the regions bounded by the parabola y = x* —4x+3

and the coordinate axes.
7.  For the function f(x) = 2x over the interval [G,B] :

(a) Find the signed area (b) Find the total (physical) area
(c) Explain why they are equal in this case.

8.  Find the area of the region bounded by the curve y = (x—1)(x + 1)(x—2) and the
x-axis.
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9. Find the area of the region bounded by the line y=x+1 and the parabola
_1!3 =2x+10.

10. The demand function is p = 30 — 2x — x* and supply function is p = —6 + 4x + x°.
Find consumer’s surplus and producer’s surplus.

11. At equilibrium, the quantity sold is x.= 4 and the price is p. = 16. Consumer’s
surplus is 16 and producer’s surplus is 8. Both the demand and supply curves are
linear. Find the demand function D(x) and the supply function 5(x).

12.  The supply function is p = In(x + 2) and the quantity sold is x.= 2. Consumer’s
surplus 1s 6 — 2 In 2. Find:

(a) Equilibrium price (b) Linear demand function p = a — bx.

13. Ifthe demand function for a particular commodity 1s p = 100 — 2x and the market
price is p. = Rs.64, find the consumer’s surplus using two methods:

(a) Integrate with respect to x. (b) Integrate with respéect to p.

[5. Find the volume of the solid obtained by rotating the region bounded by the given
curves about the indicated axis.

(i) y=x*,x=2, y=0; x-axis (SN =2,x=0,y=0; x-axis
(1)) y= \./J:Tﬁ,x =6,x=8,y=0; x-3xig §¥) y=x" —2x, y=0; x-axis

3.8 Applying Concepts of Integration to Real-Life World

Problems
3.8.1 Moment of Inertia
Definition: The moment of inertia of a single particle of o(m)
mass m about an axi§ B is defined to be mr*, where r is r
its distance from the particle to the axis AB. For a system of :
particles m,,m,,...,m, placed at distances #,r,....5, -1 B
respectively from a given axis, the moment of inertia of the Figure 17
system is defined as

2 2 2 2
mr’ + mp’ + o+ mrt= > mpr

i=1

The moment of inertia of a rigid body having continuous matter 1s:
lim, > r -6m = J..?'E dm
the integral being taken all over the body.

1. If the moment of inertia of a body of mass M about any axis be MR~, then R is

called the radius of gyration of the body about that axis.
2. The above definitions and the following two theorems enable us to determine
the moment of inertia of many other bodies.

[ (19 ]
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Example 66 A uniform Rod of Length 2a:

Find the moment of inertia of a uniform rod of length 1Y
2a and mass M about a line through one end and
perpendicular to the rod. y
Solution: Let M be the mass of a uniform rod A8 of P O
length 2a, then the mass per unit length of the rod Figure 20

..

2a
Let us consider an element PQ of length ox at a distance x from the linec 4Y. Let AY

be a line through 4 and perpendicular to AB.

-« X ax

s om = Mass of an element PO =(Mass per unit length) x (ox) = ZE X OX

a
The moment of inertia of this element PQ about the line 4Y is
x’om=x"-—-0x
2a
Thus, the moment of inertia of the whole rod about 4Y ds

2a Xa 3 Zat a3 3 3
,[-Tjﬂdt=£ xzdr=£ 2 1 \a AN, (Ba) _(D} = il =EMH:1
2a 2a% 2a| 3 4 U 3 3 2al 3 3

Example 67 A Uniform Rectangular Lamina:
Find the moment of inertia of a uniform rectangular lamina about a line through the

centre and parallel to a side,
Solution: Let O be the tentre of the rectangular lamina ABCD with AB =2a,BC =2b

and M be the mass ofthis lamina.

0

Mass M M

Area (2a)(2b) 4ab

Let OX be a line parallel to AB about which the

moment of inertia is to be required. Take an 2 &

I =
elementary strip PO of breadth ox perpendicular to L—“ 3
0 ox
&

Then the mass per unit area (density) is

OX at a distance x from O.
.. om =The mass of this elementary strip

_ M A
= density x area = E{Zh-(ﬁ“) = %cﬁx. Figure 22

=k 4

B

The moment of inertia of this strip about OX is

¥ M . b .
om-— = 2—.*:‘.:-.1’-— by previous example.
a

( i) )




N . M2 thematics-12

Thus, the moment of inertia of the rectangular lamina about OX 1is

) 2 ? a 2 2 2
J'Eb_ dx = Mb 1 dx = Mb [x] = Mb [a—{—a}): Mb~ (2a) :lel
<2a 3 ba - ba 6ba ba 3

Hence the moment of inertia of the rectangular lamina about a line through the centre

and parallel to the side with length 2a 1s ;—Mbl,

3.8.2 Distance, Velocity, Acceleration

Suppose a particle is moving along a straight line with position function s(7) velocity
function v(¢), and acceleration function a(f), Since s'(¢) = v(1), the Fundamental
theorem of Calculus gives:

L Z
[ v de = [ s'@)de =[5 = s(t,) = 5(2,) (1)
!1 N
Similarly, since v/(f) = a(t), the Fundamental Theorem of Calculus :gives:
| a(eyde = v(t,) (1) - (2)
¢l
If we want to calculate the distance traveled durmg the time mterval [7,, 7,], we have
to consider the intervals when v(7) = Oh(the Ay
particle moves to the right) and also the W)
intervals when v(f) < 0 (the particle.moves to
the left). In both cases the distance,is.computed A, v
by integrating | v(7)|, the speed. Therefore, total ; "

ty 0 t, f: I
distance traveled = _[ v dt. 4,
1

Given figure shows how both displacement Figure 23
and distance traveled can be interpreted in terms of areas under a velocity curve.

L)

Displacement = Iv(r)dr =4 -4, + 4,

h

Distance = _[w(r)dr =A+A4 +A4,
i

Example 68 A particle moves along a straight line with acceleration a(f) = 67 —
18(m/s*) and initial velocity w(0) = 15 m/s.

(a) Find the velocity function v(7).

(b) Find the displacement of the particle during 0 <7 < 3.

(c) Find the total distance traveled during 0 <¢ < 3.
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Solution: (a) Find v(¢)
We have a(f) = 61— 18
Velocity 1s the integral of acceleration:

.

u{f):ja(r}d: :j(ﬁr—m)df :6%—13f+¢:3r3 —18t+c
] ]

where ¢ is constant of integration.

As v(0)=15m/s

So, v(0)=3(0)’-18(0) + ¢

15=¢
Hence v(¢) =3t" =18t +15

(b) Daisplacementon 0<7<3

S = I{S:E —18t+15) dt =[£* —9¢* +15¢];
L]

=27-81+45=-9 This means that the partrele ntoved 9 m to the left.
(c) Total distance traveled
Note that v(7) =3(t" =61 +5)=3(t - 1)}r-3)
and so v(7)=0 on the interval [0y 1] and v(£)<0 on [1, 3]. Thus the total

distance traveled i1s
1

i[ v(t) | dt = _i'[ vt d.r+i| v(t)| dt = Iu{:}dr —I—j(—v{:}}(j,f
0 (i 1 ]

0

I 3
.:j(3:3—13:+15) dt —j{353—13r+15} dt
iy |

=[t' =9¢ +15¢], —[t’ —=9¢* +15¢];
= [{1—9+[5)—(U)]—[(2?—81+45)—(1—9+IS)]
=7—(-16)=7+16=23m
Example 69 Growth rate of population: A town’s population growth rate (in
people per year) is given by
P'(1) = 5000 +200¢

where 7 is the number of years after 2020. If the population in 2020 (¢ = 0) was
100,000:

(a) Find the population function P(r) (b) What will the population be in 20307
(c) Find the total population increase from 2022 to 2028,

[ (113 ]
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Solution Given
A town’s population growth rate is
P'(t) =5000+200¢ people/year, ¢ = years after 2020,

P(0)=100,000
(a) Population function P(r) (b) Population in 2030

: 2030 —>¢=10 (1.e. 10 years)
P(1)= | P(t)dt = [ (5000+2001)dr P(10) = 100000 + 5000(10) + 100(100)
P(f) = 50001 + 1002 + C = 100000 + 50000 + 10000
Given P(0) = 100000 = 160000 people
100000=0+0+C = C= 100000
P(1) = 100000 + 50007 + 1007

(c) Population increase from 2022 to 2028
2022 —»t, =2 and 2028 —» ¢, =8

Increase = P(8)—P(2)
P(8)=100000+5000(8)+100(64)=146400
P(2)=100000+5000(2)+100(4)=110400
Increase =146400-110400= 36000 people
3.8.3 Average Value of a Function
finition: If f is continuous on WEH its average value on [a, b] (also |
called its mean value) is f ”‘\b f(x)dk.
. ‘ il

'Elample 70 Find the average value of the function f(x) = x* + 2 over the interval
-1, 2].
Solution: With a=-1 and b =2, we have

1

:.-’J—a

jf{.r]dx: for = 2_1_” j'[f +2) dx 2%[';—-4—23:}

=1H2—3+2(2)}—[{_”3+2{—1)H =1(§+1+4+2)=1[E+5] =3
31 3 3 3\3 3 33

Thus, the average value of f(x)=x"+2 over [-1, 2] is 3.

f o

Example 71 A temperature sensor moves slowly along a 10-meter track,
continuously measuring temperature. The temperature at position x is given by

T(x)=20+x, where T(x) isin °C

Find the average temperature measured by the sensor as it moves from x=0 to

[

x =10 meters.
(19) ]
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Selution: Function: T(,‘r] =20+ x, Limits are from x=0 to x=10.

(L)

|
Average Temperature = ——— | (20+ x) dx
g p e [ (20+x)

=i{zgx+£] EL[(zn{mH“mﬁ) [Zﬂ(ﬂ) Oy H=25 °C
10 2| 10 2 2

3.8.4 Drug Dosage Required by Integrating Concentration

Core Concept: Drug Concentration and Integration
Think of fighting an infection as a battle between the drug and the bacteria.

f'r]}trug Concentration C'(/) : This is like the "number of soldiers" in your bloodstream at time . b

Right after a dose, you have many soldiers. Owver time, the body removes them
(metabolism/excretion), so the number decreases.

Minimum Inhibitory Concentration (MIC): This is the minimum number of soldiers needed to
hold the battlefield and prevent the bacteria from growing. If the numbeér n‘f ‘Soldiers drops below
this, the infection can start winning agam

Area Under the Curve (AUC): If you imagine a graph of "number nf goldiers" (concentration) vs.
time, the area under that curve represents the total fighting effort'over time.

A short time with many soldiers might give the same total “ﬁgl‘rl:mg effort” as a long time with fewer
soldiers.

This "total fighting effort” (AUC) is what matter§ for killing the bacteria effectively.

Why Integrate? \[ \™

Integration is just a way to add up the total “soldier-hours" (concentration x time).

If C(7) is concentration at time t,ﬂlcn

s
AUC :,J!?t'{f}a':
fi
This AUC (Area Under the Curve) measures total drug exposure.
Doctors know from experiments:
¢ [f AUC is too small — drug won’t work well.
e [f AUC is too large —» risk of side effects.
\_So they calculate the AUC to decide the right dose and frequency. "

Example 72  Basic AUC Calculation
A patient 1s given an Intravenous dose of an antibiotic. The concentration in the
bloodstream over time is modeled by:
C(t)=8¢"""(mg/L) where ¢ is in hours.
(a) Find the total drug exposure (AUC) from =0 to /=6 hours.
(b) What is the AUC from 7 =0 to infinity?
(c) If the minimum required total exposure over the first 6 hours is 40 mghr/L, 1s

the drug exposure from this dose sufficient for a 6 -hour treatment?
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Solution: (a) AUC from r=0to t=6:

6 015 7"
AUC, ., :J'EE_n.tﬁf = ¢ _ 8 (e—ﬂ.lﬁxﬁ_eﬂ}
: 23 =D
=0;315{'I —e 7} =53.333x0.5934 ~ 31.65 mg - hr/L

(b) AUC from ¢ =0 to infinity:

()

~4). 15

]

0.15

e 015 ™
AUC :jse R d.ra[L } :l{l — 0)=5333mghr/L

(c) Required total exposure over first 6 hours = 40mg- hr/L

Actual AUC from r=0 to r=6=31.65mg-hr/L
31.65<40

Conclusion: No

The drug exposure from this dose over 6 hours is insuffi¢ient-to meet the required
minimum of 40mg-hr/L

L.

¥ EXERCISE3.7 4

Find the moment of inertia / of a uniformrectangular plate ABCD about the edge
AD when AD =3, AB =8, BC =3,.CD = 8 and the mass per unit area 1s 4.

Find the moment of inertia«offa uniform triangular lamina about its base.

A particle moves along a straight line with acceleration a(f) = 12— 36 (m/s*) and
initial velocity v(@)= 30 m/s.

(a) Find the\velocity function v(¢).

(b) Find the displacement of the particle during the time period 1< 6.

(¢) Find the distance traveled during this time period.

A particle moving along a coordinate line at time /=0 1is at a position 2¢m from
the origin and traveling at a velocity of 5cm/sec. It the acceleration of the

particle is given by: a(t) =3—4(¢+2) . Find the velocity and the position of the
particle as functions of .
A projectile 1s launched vertically upward from an initial height of s, feet with

an initial velocity of v ft/s. Neglecting air resistance, show that its height s(7)
. L Il .25 :
above the ground at time ¢ is given by s(7) =—ng* +v t+s, where, g >0 is

the magnitude of the acceleration due to gravity.

@
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6.

10.

11.

12.

In a bacterial culture, the growth rate is proportional to the number of bacteria
present. Initially there are 200 bacteria. After 2 hours, there are 1800 bactena.
(a) Find the number of bacteria at time ¢ hours.

(b) How many bacteria will there be after 4 hours?
The rate of population growth of a small city (in people per year) is modeled by

P'(¢) = 800 + 60¢, where ¢ 1s the number of years after 2025. If the population 1n
2025 (1 = 0) was 25,000 people:

(a) Find the population function P(r).

(b) Estimate the population in 2035.

(¢) Calculate the total population growth from 2028 to 2033.

Find the integer b such that the average value of f(x)=2+4x—3x" on the
interval [2, b] equals —7.

Let f be cantinuﬂus,.[f{x) dx =5.Ifthe average value of f o {0\ 4] is twice the
0
4
average value on [U, 2], ﬂndj f(x)dx.
h 3
Let f be continuous, and supp[mﬂ:_[f{,r)dr:& If the average value of f on
1
4
[1, 4] is three times the ayerage‘value on |3, 4], ﬁndjf{r)dm
3
2 4
Let f be contintousand suppose: Jf{_.r} dx =10and If(x}dr = 6. If the average
0 2z

value of f on [0, 3] equals the average value on [3, 4}* find _[ f(x)dx.

A patient receives an IV bolus dose of a drug. The concentration in the blood 1s

modeled by:

C(t)=12¢e ™" (mg/L) where t is the time in hours since that dose was taken.

The minimum effective concentration (MEC) is 3 mg/L. The drug is considered

effective if total AUC in a 24-hour period 1s at least 150 mg-h/L.

(a) Find the time T (in hours) when the concentration reaches the MEC.

(b) Calculate the AUC from ¢ =0 to ¢ = T for a single dose.

(c) Determine if one dose provides enough total AUC over 24 hours. If not,
how many doses (given at intervals of T hours) are needed in 24 hours to

meet the requirement?
®
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13.

A patient takes a drug every 8 hours. The single-dose concentration (in mg/L)
isC(¢) =12¢7" where ¢ is time in hours since that dose was taken.

(a) Understanding Contributions
If the patient takes doses at 1 =0, t =8 and ¢ =16. Write the contribution from

each dose separately at time ¢/ =10 hours. Then write the total concentration at
f=10,

(b) Common Mistake

A student calculates concentration at 7 =10 as12¢"*"" ~1.624 mg/L.

What 1s wrong with this calculation?
(¢) Just Before V/S Just After a Dose
Calculate
(1) Concentration just before the third dose at 7 =16 houts.
(11) Concentration just after the third dose at r =16heurs.
(d) General Formula

Write the general formula for C

() for' 1Ot <24, i.e., after 3 doses

have been given.

123)




