INTRODUCTION

Vector-valued functions return vectors with both
magnitude and direction to model multidimensional
quantities such as position, velocity, or force in 2D or
3D, unlike scalar functions which give a single value.
Their derivative provides the instantaneous rate of
change, yielding the velocity vector essential for
analyzing motion, with applications in engineering,
computer graphics, and physics, from robotic arms to
planetary orbits. This chapter covers definitions,
component forms, operations, and differentiation
techniques for analyzing curves and solving real-
world problems involving velocity and acceleration.

Vector Valued Functions’
and Their Derivatives

Fleure 11,1

For example, a particle moving along a path in 2D might have its position at time t

given by:

r(¢)=ti +¢°]. This means at time , th¢ particl¢ is at the point (#,* ) (Figure 11.1).

A real-world example of a vector-valued function in three-dimensional space is the
position of a satellite orbiting Earth. Suppose the vector-valued function describes a

satellite's position at time.t (in hours): r(¢)=(4000cos¢)i +(4000sin)j+3000¢k

Here, the components represent
the satellite's coordinates in space:
x=4000cost, y=4000sin/,

and z =3000¢ (in kilometers). The
x- and y-components model the
satellite's circular orbit 1n the
xy-plane with a radius of 4000 km,
while the z-component indicates a
linear ascent along the z-axis at a
rate of 3000 km per hour. This
function maps time to a position
vector, describing the satellite's
trajectory through space, which 1s
essential  for  tracking  and
communication  in  aerospace :
engineering (Figure 11.2).
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11.1 Scalar And Vector-Valued Functions Of A Single Variable

11.1.1 Scalar Function

A scalar function is a function that assigns a single real number (a scalar) to each
point in its domain. Think of it as a rule that assigns one value to a position in space,
like measuring temperature at a specific point.

Mathematically, 1f to each value of a scalar variable 7 in the domain of a function f(¥),
there corresponds a unique scalar /', then fis called a scalar function of ¢. A real-valued

function is commonly called a scalar function. For example, f(7)=37+2cost is a
scalar function.

11.1.2 Vector-Valued Function (Vector Function)

A vector-valued function in a single variable is a function that takes one variable as

input and returns a vector as output. Each component of the output vector 1s itself a
scalar function of the input. Typically, a vector-valued function is written as:

(1) =1 (1).& (1) h (1)) =7 (1) + & ) TS (O
Where i ,j*f are the unit vectors associated- with the rectangular coordinates

f(t),g(t) ,and h(r) are scalar functions‘of}s, are the components of the vector-
valued function r(7).

11.1.3 Constructing A Xector-Valued Function
Step=1: Determine the Components: Identify how each coordinate changes with
respect to f.

Step-2: Combine into Vector Form:
Express the components as a single vector using either component notation

r(1)=(7(¢).g(t).h(¢)) or unit vectors r ()= f(t)i +g(t)j+h(t)k .

Step-3: Specify the Domain: Define the range of ¢ where the function 1s valid (e.g..

{ = 0) for time-dependent motion. 5

Example 1: Projectile Motion I 12
When a ball 1s thrown at an angle, its B
position over time follows a parabolic |

path under the influence of gravity. If the 6

initial velocity 1s v. at an angle & , the 4

position vector is:

i £ 10 15 20 25 30 35 40 45

Fieure 11.3
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r(t)=(v, cos 9)rf+[[1{1 sin H)I—%gﬁ]j

Where, (v, cos 9): =x-component (horizontal motion at constant speed) and

(u; sin E?)r— % gt’ = y-component (vertical motion with gravity deceleration).

This model simulates the trajectories of objects like soccer balls, arrows, or rockets
in 2D.

Example 2: Flight Path of a
Drone

A drone taking off and moving in a
helical search pattern can be
modeled as:

r(t)=>5costi +5sintj +0.5tk

Where x- and y-components

represent the circular motion with a
S5-meter radius, and the z— 4

component represents the steady

ascent at 0.5 meters per second. X
This describes real-world
applications  like  surveillance, Figure 11.4

search missions, or aerial. photography.

11.2 Domainand Range of a Vector-Valued Function

The domain of a vector—valued function r(7)= £ (t)i + g (t)j+h(¢)k is the set of all
real numbers 7 for which every component function f(z),g(z) , and A(z)is defined.

11.2.1 Steps to Find the Domain of a Vector-Valued Function
Step-1: Determine the domain of each component separately.
Step-2: Find the intersection of the domains of each component f(¢),g(¢) , and

h(t). The domain of r(z) is the intersection of the domains of f(7).g(7) . and h(r)
The range of a vector-valued function is the set of all possible output vectors r(z) as ¢

varies over the domain.
Example 1 Find the domain and range of the vector-valued function

r(6)=a—15 +—} |

=]

[ 28y ]
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Solution: Step 1: The domain of r(r): ~J4—IEF+L} is the set of all ¢ for which

both components are defined.
For the first component v4—¢> | the square root requires 4—¢* >0 .
=1 <4=-2<1<2 =te[-2,2].

1 :
For the second component 7 the denominator cannot be zero.
r .

e t—=120=>r=1
Hence, the final domain: 7 €[ -2,1)U(1,2].

The range is the set of all possible output vectors r(z)= <x({),y(r]).

For 4—¢°, range is [{),4] . Thus, the range of x(t) is [II}, 2] . and-y(#) can be any
real number except 0 (since % never equals zero).
ll_‘_
Finally, range: {{x, y}|{] <x<2,yeERy#0,xz# \E}
11.3 ldentifying Scalar and Veefor-Valued Functions

Understanding the distinction between' s¢alar-and vector-valued functions is crucial
for advanced studies in calculus, physics, and engineering. These functions are
fundamental in describing quantities that vary with respect to one or more variables,
such as time or position.

11.3.1 Key Identification Criteria
Scalar Functigi
(1)  Scalar-valued functions produce a single numerical value (e.g., a real number).

(ii) Scalar-valued functions are typically denoted by lowercase letters (e.g., f(x)).

(1i1) Scalar-valued functions describe quantities like temperature or potential energy.

Example 2 In a heat transfer problem, the temperature 7'(x, y,z)=100—x" — y* —z°
describes the temperature at a point (;::, v,z) in a three-dimensional space.

[dentification: The function takes a position (.r,y,z] and outputs a single number

T (temperature in degrees), making it scalar-valued.

Engineers use such functions to model heat distribution in materials, such as in
designing cooling systems for electronic devices.

Vector-valued function:

[ ) ]
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(1) Vector-valued functions produce a vector, often written as an ordered tuple or in
terms of component functions (e.g., f{f) = (fE (.!)”f2 (r)} (2D) or

g(1)=(g,(1).2,(7).8: (1)) 3D)).

(1) Vector-valued functions are often denoted by boldface letters or with an arrow

(e.g., f(1) or f(2)).
(111) Vector-valued functions describe quantities such as position, velocity, and force.

Example 3 Consider the function r(f):<cns(:),sin (!),f) . Here, the input is a

single scalar variable ¢ (often representing time), and the output is a 3-dimensional

vector. For instance, if.l':E then T[EJZ ms[i),sin[i}i 2 ﬂ,l,i . The
2 2 2 TN\X 2

output is a vector, indicating a point in 3D space. This function traces out a helix.

¥ EXERCISE N1 g

Give two real-life examples where vector-valued functions are necessary.

Construct a vector function for a particle moving in a circle.
Write a vector function fora car moving along a parabolic path.
Create a 3D vector function for a drone flying upward 1 a spiral.
Given x(f) = AN V() = Jt . construct r(1).

-l it ol

6. Given x(r}zL,y(I):In \/T,z(r):sec" (¢) , construct r(z).

1+4
7. Find the domain and range of the following vector-valued functions.
(i) r(t)=+ti+Ing (ii) r(r)=cos(t)i +sin(z)]
(iii) r(¢)=t+1'j+ e'k (iv) r(t)=sin(z)i+cos(t)j+ the

8. Determine which of the following functions are scalar functions or vector-
valued functions. Give appropriate reasoning to support the answer.

@ f()=(3-3) (i) h(r)=(r.¢" Inr)
(i) g(r)="tan(r)+csc(r) (iv) j(r):<r:l+],rll+l>

[ ) ]
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11.4 Derivative Of A Vector-Valued Function

A vector-valued function of a single variable 1s a function that maps a scalar (usually
time 7) to a vector in R". For a function in three-dimensional space, it is typically

written as:

r(0) =)L) S O)= 1) + 1 @)+ £ €
Where i ,},£ are the unit vectors associated with the rectangular coordinates and
£i(t).£,(t) ,and f,(¢) are scalar functions of # are the components of the vector-
valued function r(7).
The derivative of a vector-valued function r(7) with respect to ¢ is defined as:
r(z+At)-r(¢)
t Ar—0 At
[f the limit exists, then r'(¢) is computed by differentiating ©ach-component:

(1) = £1(0), £ (1), £ 4e))
= F(O)I+ AN+ 1 (1)K

Example 4 Find the first derivative.of (z) = i +sin#j + 'k with respect to %

Solution: Differentiating each component separately, we have,

diay_o Ao\ o don_
E(r )—21‘, df(smr)—msr, dr[e )—e
:-r'(r)=2rf+msr;}:+e’§

" o 2 ; 5 T
Example § Find the first derivative of r(f] =secti +tantj —costh at f—-—z ‘

. . i : /s
Solution: Differentiating each component separately and finding the value at 7 = 1

we have,
—(SEcr)zsﬂcrtanr:::d(secr) = (EJtﬂn(E]zﬁlzﬁ
: dt | » 4 4
d(tant)

E(\tam!): sec’ 1 =
dt

dt
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P EXERCISE 11.2 _J

1. Find the first-order derivatives of the following vector-valued functions with
respect to 7.
(1) r(r)=(r3+1)F+{r3+r2+31)1f

-

(i)  r(z)=(¢sinz—cost)i+(cot(r)+Inr)j+ (In (1+¢° ))k

2 . %3

1) r(r)= i+ —k

(iii) - r(7) LT

2. Find the first-order derivatives of the following vector-valued functions with
respect to  at the specified values of 1.

(2 ,
(i) r(1)= f+1)f+(ﬁe’)jatr=%

L sint

(11) r(r)= f\;"f+2)f+lﬂ(f+\i‘f2 +l)_f at t=0

Si“f*");+<m;m=n

(iv) r(7) =Ye I + 205(31)_}# In (1+r3)£: at =0

(iii) r(r)=arctan(z)i +

11.5 Velocity and Acceleration
If r 1s the position vector of a particle moving along a smooth curve in space, then

—r(r] represent the velocity vector of the particle, which is tangent to the curve, 1.e.

dt
gr(f) =v(t) , and the derivative of the velocity vector with respect to time # is the
'
: : : ; d d’
acceleration of the particle, denoted by a i.e. =¥ (t)=a(t)= — r(z).
{ i

Example 6 Vibrating conveyor belt in a factory sorting system
A small metal part moves on a conveyor belt in a factory. The belt transports the part
eastward (x-direction) while simultancously wvibrating sideways (north-south, y-

[ 2 ]
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direction) to help sort items into bins. The position of the part at time t seconds is
. 5 R " /4 ;

given by r(f)=>3t7+2siny in meters. At a specific moment, f=— an engineer

needs to analyze the part's motion to ensure it enters the correct bin. Hence, find the

: i T
following quantities at  =—.

(a) wvelocity (b) acceleration (c) speed (d) direction of motion.
Solution:

(a) Velocity: The velocity vector is the first derivative of the position function.
v(t)=r'(1)=6ti +2cost ,at =% is, v[%) = 6[%]?4—2‘:&5[%}} =37i+0j

At this instant, the part 1s moving purely eastward with no north—south velocity.
(b) Acceleration: The acceleration vector is the derivative of thevelocity vector.

a(t)=v'(1)=6i —=2singj , at ¢ :% is, a[%)= 65—25!’1‘1[%)} =6i 2]
The part is accelerating eastward at 6 m/sec” and southward at 2 m/sec’. Even though

its north-south velocity 1s momentarily zero, 1t 1s/starting to move southward.
(¢) Speed: The speed is the magnitude of the velocity vector.

‘v(r]lz V3612 +4cos’t , at ¢ :% ,

5T e 7

The part 1s moving along its path at about 9.42 meters per second.
(d) Direction of Motion: The direction is given by the unit tangent vector,

ﬁ(r)zlvﬂ s [:r}=3;rf+0j .

v v(r)rﬂtrz_isﬂ v — = —i+0]

2

The direction of motion is due east (positive x-direction). The part has momentarily
stopped its north-south oscillation and is moving purely horizontally along the belt.
Example 7 Drone inspecting a cylindrical water tower

A drone is programmed to fly in a helical (spiral) path around a large cylindrical
water tower to inspect its outer surface for cracks or rust. The drone maintains a
constant horizontal distance of 2 meters from the tower's center while climbing
upward at a steady rate. The drone's position in 3D space at time t seconds 1s given

by: r(7)=2costi + 2singj + 3tk

Here:

[ 2 ]
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e x(f)=2cost: east-west position (amplitude 2 m)

« y(7)=2cost: north-south position (amplitude 2 m)
e z(r)=3r: Vertical height (climbs 3 m/s)

At a specific moment ¢ = & seconds, the drone operator needs to analyze 1ts motion to
ensure smooth inspection. Find the following quantities at 7=z (a) velocity, (b)
acceleration, (c¢) speed, and (d) direction of motionat 7 =1

Solution:

(a) Velocity: Compute the first derivatives of each component.

v(t)=r'(1)==2sinti + 2costj + 3k
at t=m , v(r) :—Zsin(sr)f+2cns (;?r)}'+ 3k =0i—2]+3k
At this mnstant, the drone has no cast—west motion, 1s moving southward at 2 m/s,

and 1s climbing at 3 m/s.
(b) Acceleration: Compute the second derivative.

a(t)=v'(t)=—2costi —2singj + 0k
at t=7 a(z)=-2cos(x)i—2sin (fr)tf+ﬂ£:25+[}}'+ﬂﬁf

The drone is accelerating eastward at.2'm/s?. This centripetal acceleration points
toward the center of the ciretilar path (the tower's axis), keeping the drone in its
circular horizontal trajectory.

(c) Speed: Calculate the magnitude of the velocity.

|v(!]| = 4cost P+ dsin’f+9 = 13
v(7)| =13 = 3.6056 m/sec

The drone's speed is constant at about 3.61 m/s throughout its helical climb, ideal
for capturing stable inspection footage.
(d) Direction of Motion: The unit tangent vector is,

v(7)

atr=rw ,

v() ~2sin#i +2cos(] + 3k

V() 3
. 0i=27+3k ~ 2 ~ 3 =
att=x v(7)= I J]f_S ={]:--J-]—_;;+—ﬁk

The drone is moving in the south-up vertical plane. The direction has no east-west

component.

[ 2 ]
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¥ EXERCISE 11.3_4

In the following exercises (Questions 1-5), each problem involves a vector-valued
function representing the particle's position in the xy-plane or in 3D space. Find the

velocity, acceleration, speed, and direction of motion at a specified value of .

Interpret the results by describing the particle's motion at that instant, including how

fast and in what direction 1t 1s moving, whether it 1s speeding up or slowing down,
and how its path is curving.

Ls

r(¢)=2sint +34 at rzg 2. r(t)=éi+e’jatt=0
r(:):cnsrf+5in{}:+2r£ gpi=g 4 r(;):;35+§+_f—‘£ at $=7

r(¢)=e'sinti + (rf‘ —2!)_f+ arctan (2 ]1; at =0

A cannonball is fired from the ground at an angle 30" with an initial velocity
of 100 m/s. Assuming gravity acts downward ( g=9.8 m/s?) and neglecting air
resistance.

(a) Formulate the position vector r(I} of the cannonball as a function of time.

(b) Find the velocity vector at¢ = 3 sec.

(¢) Determine the time of the flight (when the cannonball hits the ground).

A comet orbits the Suntin an elliptical path such that its position (in AU) at
time t (in years) is described by, x =2cosf, y =sin{.

(a) Write the.position vector r(7)

(b) Find the velocity and speed at ¢ =i;_i:

(¢) Show that the acceleration vector always points toward the origin.
A robotic arm moves such that: Its x-position increases linearly at 2 m/s, Its y-

position follows y(r)=1r, Its z-position is given by z(¢)=1—¢"".
(a) Construct the position vector r(¢)

(b) Find the velocity vector at =1 sec
(¢) Compute the acceleration at /=1 sec
A particle moves along a circular path, described by the position vector

r(r):Rcﬂsmff+Rsin otj . Prove that its velocity is perpendicular to its

position vector.

@93 ]
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10. A Ferris wheel of radius 20 m rotates with an angular speed of 0.2 rad/sec.
(a) Construct its position vector r(7)

(b) Find the passenger's velocity at /=10sec

(¢c) Show that the acceleration is centripetal (toward the center)
11. A quarterback throws a football with a position vector

r(t)=201 +(201-4.9¢*) ]
(a) Find the time of flight before it hits the ground.

(b) What is the maximum height reached?
(¢c) At which time did football reach its maximum height?

[ @59
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Answers

Answers to Exercise 1.1

(i) y=3x+1)x-1) (i) y=-2x-1x-2) (i) yp=2x-1)2c+1)

o so0%

(~0.5, 0) (0.5, 0) }_
o U 5 1 15
7N\ (0, -1
|
- (| - L
W

(iv) p=2+x-3 (V) f)=x"+2x+d '\ (vi) yp=3(x-1)
- _f"i" 2N A.}
TN\

(-0.25, -3,125) 2. () y=~(x-Dx+2) (@@ y=(x-2)
- 3 p=l{r+1)x+2) 4 y=-2(x+1)
. 5. y=2*'-2

ANSWERS TO EXERCISE 1.2

Vg
1. Algebraic Functions: g{x) = il hix)= sx" +2x, HX)=(x— 1)

x+1
2. Transcendental Functions: g(x) = cot x, i(x) =™ + Jx' +2x. k(x) = :
=
3. Fundamental Transcendental Functions: g{x) = sin x, h(x) = ™, r{x) = 15°
4. Non-Fundamental Transcendental Function: k(x) = cos x°
5. Dom f=] -0, o[, Range f= |0, =o[. Graph 18 |6. Dom f = ] —oo, o], Range /= ]0, oo.

given in the following figure. Graph is given in the following figure.

[ ) ]
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flx)=3"

Ay
o
4
2
(0, 1)
-— »
6 4 2 0 X

1. (i) f(x)=4+2

(iii) D, =R _ =]2.«[ R, =D, =]-w,u|
(i) Graphs of f(x) = log,(x — 2) and

S~ (x)= 4* + 2 are drawn in the figure.

MNote that;

(a) any horizontal line crosses the curve of
f only once. Which indicates that f is

one to one

(b) both functions are symmetric about the

e

Graphs of f(x) = sin™ (x) and /7(x) =sin (x) are drawn

line y = x.

2. (1)

(111)

=R _ =[-L 1R, =D _

b2 | 3

Exercise 1.3

T
g

in the figure, which clearly indigates that:

™y

1) =[

]

(a) any horizontal ling crasses the curve of fonly once.
Which indicatesthat /'is one to one.

(b) both fuactions are symmetric about the line y = x.

3. The graph of /~is given in the figure.

(i) v=

4. @) v=2+x
(iii) y = 2 Jx-3

2x+5
5. y=
2x+2

6. v=Invx-1+3

1 [6x+3
?l '1’ — T I
2 V3x+5

=]

o Sl

-
]

My

n
2 &

o
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8. Comparison: From the figure, it 1s clear
that the graph of g(x) 1s obtained from f(x)
by shifting it 2 units to the nght and 1 unit
upward. Therefore, both graphs are identical
in shape but differ in their position on the

coordinate plane.
Ay

4
3

1 2
gx)=37+1

+.ﬁ-\')=i'_//v

-4 =3 -2 -1 0| 1 12

v~

10. Graph of g{x]=%|2:—?|—3 is given in the |

figure.

9. Transformed function: g(x) = 4In(3x - 6) +1
Graphs of f(x) and g(x) are given 1n the
figure.

.rh].'

15

10

5 flx)=Infx)

X
of [ & 10 15 20 25 30
_5
g(x)=4In(3x-6)+ 1

~10

h

ol | g =—|2x-7]+3
\ 2

Answers to Exercise 1.4

1. (1) S={4-242.4+243) (ii) 3:{ :
{i\"}SZ{]} ("ﬁr} 5= {%lug?[l+:ﬁJ}

2. (i) §=[0,1] (i) S=[2, =]

3445

} iii) S= {1, 3

o5 o255 5]

2

(iii) 5 =[3, 5]

(iv) .s-_}lhu[k,!h.uﬁ[ (v) .a-{ “F'x[ (vi) S=0
2 = 2
Answers to Exercise 1.5

1. 34.7 hours 2. k=0.0511 3. 27.73 hours 4. k=-.0507
5. 60dB 6. 1=10"W/m*> 7. (i) k=-0.13863  (ii) N=125

!
8. — =100 9. 4=Rs.4764.06 10. t=3 years 11.4 = Rs. 3664.2 12, 1= 8.42 years

I

EXERCISE 3.1

1. (i) v=20x"+c¢ (ii) y=2t+61" =2 +¢ 2. (i) t+1 +¢ (i) o' +2u° +¢

(iii) ﬂx” +c (iv) ———iﬁ +c 3. (i) E_r" +5x" +20x+c

9 X 2x <4

)
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~ % I:!:
(11) E+?+c.

aa

| . W10
4, (i) —(7x" +8) +
® 1413{ 4l re
(iv) %(l + ﬂ]“ Fe
(vii) -é[r‘ ~37 +5)" +c
{iii}%(xﬂ_}: ’ —%f :
G :_-;-+2h.1: o
2b* (a+bx)
1. (i) L) (i) 89
6
1 128
5. 6. ) —
132 &
14. 18 16. (i) 1 (ii)

1. (i) In |c5c:x - cot _‘rl +

. 2
sIn” X

(iv) x+ +c

o A
(vii) tan E +ic

®2-v2 W) -2—

(xiv) 4;‘.1?-4|n(|+i/?]+{

InT+1

(xvi) —

40
In7+1

(iii) ﬁln[l +sin’ x)+¢

(Insin x}:

(vi) +C

+c (iv) —( +~J'__] ﬁ (+~¢r—] +—(I+~J{_)

-

(i) %+4J_?—l+c'
.1..I

(ii) —]Lj(x-" +2) +c

il

(hii) —%{H%} +c
(v) i{?ws)""’ o
2

%M{r—]}+c'

(vi) —%[?— % ]5 +C

(ii) Vax’ +2bx+c+C

(I+¢T]1 +

5. (i)

5

(vi) i[.‘r" +l)ﬁ ’ ——[J:3 + l]“_ +c

Exercise 3.2

2. (i) 13 (i) 42 (iD) E 100 4. (i) 0 {ii]ﬁ;"[.ﬂdﬁ:
3 . ‘
H 3
i) 2 Gipo 7. o B, 25 9.38 13, =
15 3 3
lm2 17, G N -2 =
2 13 l+b° % l+ax
Exermseiis
(if) ~col>»=1x+c (iii) 24/1+sin’ x +¢
(W) sinx+cosx+c¢ (vi) —2cosx+c
... cosbx cosBx ’
Vi - +¢ (IX) tanx—x+rcC
it 12 16 (%)
1 3 3 T - 4
ol pasr i Bes @i e
In3 4

(xv) 2 2+.r-2|n(|+~.,."2vr)+c-

2. (i) In|lntanx|+c (ii) —In|sinx +cosx|+c
, _ (Incosx)’
(iv) |n|¢:l}51+.ﬁln .1'|+-:' (v) 3 +c
(vii) + (viii) (ix) =
- - l'.:.1 r i Tieth
2(’3+e:"} 2
Exercise 3.4
i) ~In[ Y72 (i) arctan(e*)+
= | e C
4 |sinx+2

o
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. (Inx ] |3.r—5| .
v arcsin| — [+ ¥ II'I 4+ vl) ——arctan
() (2] V) 30 |3x+5| V)

I Vx'—4 o
23 2

(vii) x—c:rarctan(fj+f (viii)  arctan{Inx)+c (ix) E—%
a
: | i_g )
(x) JL*H; (xi) Earutan[ z 3_ +c  (xii) arcsiny—v1=x" +¢
1+-T-|. - .I-I
(xiii) Zin2 (xiv) — % 4 +¢  (xv) aln o +a —x* +c¢
8 4x X
Exercise 3.5
(i) xlnx—x+ (i) XInx ¥ +¢ (i) ¥sin 2_r+m321+ (iv) —x 1t1:+ln|*-".in t|+
F A= XTL - l:.' [ —XCOL b X [
8 64 2 4
xe’" e L xe™ 2xe™ 2e” " 23
(V) ————+¢  (vi) ———+——+c (¥ii) .rlan.r—ln|m:c:s:]——+ ¢
2 4 a a a 2
(viii) sinx-In(sinx)—sinx+c (ix) (er‘ +l]|n(i +ff"'}—ﬁ” +c
Inx) tan” (Inx) | tan™' (In x i
(x) L . Lo/ ”;+ :E )+.:.~ (xi) ‘5 (s W e (i) 2Vxe’ +c
Ty X :
(xiii) %{355[1 X —C0S x}—%(ut}s?a,r+ sindx)+e& (Xiv) x'e" +c
X -1 X I [ 1x » X X
(xv) e tan [e ]—Elﬂ(l+£‘ )+C (xvi) _rtﬂnE—Eln :‘-'-E:CE +c
(xvii) xtanx+ xsecx—In |5E::.ri —lIn lhﬂt X+ tan ,r| + ¢
(xviii) —+¢  (xix)@edan! Vx —In(1+x)+¢
X
(XX) —EICQSJ}+4\ESin .T+4CGS~,G+C (xxi) I i -+
¢ o

1 e *(2x% +2x+3 . J
(xxii) 2 o (xxiii) [ - ~+C (xxiv) xsin” x+1-x" +¢
4 2 5[l+1‘}

| I
(XxV) —5 csexcotx+— In|ese x—cot x| +¢

Exercise 3.6

() 2Infc+1]+3In|x+2|+c (i) In|x+1|+21n|x+3|+c
(iii}f% +2x+—ln :T_i e (iv) x=7In|x=7|+In|x+1]+¢
(v) %]n |4—3x|+ln|2x+l|+.:- (vi) —31n|.ri+1n|r—1|+1n|_r—2|+ln|x—3|+.:r
" 4 | e e’
(vii) In|,r+ 2|+ ~ —+¢  (viii) e +21n( ]+r:'
x+2 3[_r+ 2]' L& +1

)
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I—El_ 5

ix 41n
() x+3| x+3

+¢ (x) lu|_1*+1|+r:' (xi) in|:r—l|+larctanx+f

1 4 1 5 1 1 :
(xii) —In (,,r‘ +l]+—1n{,r 4-4) + —arctan .x——arl:l.an[i]ﬂ'
6 3 3 6 2

(xiii) %mh-ﬂ-im[f +])+ﬁ+r

1 . 1 .2 ; 3 2sinx+1
(xiv) —In|z;1n_v—l|——In[ﬁm‘_r+:~.'1n_r+l}——arctan e o s
3 6 NE)

Exercise 3.7

2
1. é square units 2. (i) Signed area= ?, Total area= 4
(ii) Signed area = —6, Total area = 2—6 3. (i) = (i) 7:— (i) —2- (iv) I?
4

4. 1 square unit -3 Et‘.quan: units 6. 36 square umits 7., k1 8 (a) 9

(b) 9 (e¢) The function is nonnegative on [ﬂ,S] , sosigned‘area equals total area.

37

D) square units 10. 18 square units L., Consumer's Surplus = 27
Producer's Surplus =36 12, Di{x) =24 2x;: S5(x)=12+x 13. (a) p,=2In2
. 32r . :
(b) p=6—3—-In2)x 14, 'CS ="Rs. 324 15. (i) cubic units
8 o Bt 167 —_—
(ii) ? cubic unit§ (iii) 47 cubic units (iv) 5 cubic units

Exercise 3.8
1.  [=2048 units units, /= %Mh-’ 2. (a) v(:):6:2—363+3{) m/s (b) =0 m

2 9 3 9 2

¢) 78 m W) =31+ —+ —cm/s (&) s(==F+=t———+3 cm
(c) (d) W) 27 2 (e) s(r) 5 Tt
3. (a) N(r) =200-3" (b) 16200 bacteria 4. (a) P(r) = 25000 + 800z + 30 (b) 36000 people
(¢) 5650 people (d) h=3 f.f'lf.r}dr =13 (e) J‘:lj'[x]dr = ]
1 In4 .
(f) I f(x)dx=4 4. (a) T= 03 = 4.62 hours (b) AUC = 30 mg-h/L
(¢) One dose insufficient; 6 doses needed in 24 hours
4. (a) Totalati=10; 12¢72+ 1274 (b) Student forgot the contribution of the second dose
(¢) () 12&32+12¢18 (i) 1222+ 12715+ 12
{d] (:1‘0[13]{” = | EE—J}J? + 1 2(_,—“.][!—14.-] o IZE"_U':”_ 14)
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EXERCISE 4.1

1. (i) order 3, degree | (ii) order 2, degree 3 (ii1) order 2, degree undefined
(iv) order 3, degree 2 (vi) order 2, degree undefined - ? —-rd=10
I

3. £ +kT'=0, £>0.4. ﬁ——g——w, k =0, g 1s gravitational acceleration; ﬂ +g=0

dt dt m : dt

N : k el | i R
. Bl ksl & Zewtali b 1 Bowt g S Souy

i dt wre df RC elt L

EXERCISE 4.2

2. Separable: (1), (i), (v), (vi) Homogeneous:  ({if), (iv), (vii)

3. sinx+sin"x+C=0 4. ¢ =¢"+C 5. Etan\/,‘l_’=.r+ﬁ'

: » f P

6. e+ .21'.?1” +(C' =10 g 2 y= sin (I: n C’) 8. P In C l | + X
€

I
9. y=x+-=In

I_: +C 10. _;::{_“[.1:+2}{2_p_1} 11. tﬂﬂIlﬂﬂJr‘:f?
x+ \

b

12. 2_p=1n|(j{e“+.:e3”}| 13. yvlny=y+xéosh—sinx+C 14, tan(lj=1niﬂ‘.x|
X

15. cus[ijzln|{'_r| 16. x RfRKT3x) 17. X +y' =0Cx°
e
18. tan-'[i)=|n|cx| ¥..Y9. —X_—_1n|cx] 20. & =In|CH]
X x+y

21. 2y’ —3x" wOXW=6x"In|C(y+x) 22. y=3+Cx*  23. xp=C

24. viy+1) :ixl +C 25. tan” v= 5 +£ 26. s=4¢"
S 2 ' 2 4
27. e"(sinx+cosx)=1 28. y+4x +y =x° 29. y=x+xlnly
EXERCISE 4.3
1. v="=Tt+10: s =%f3 —%rj 10¢ 2. 863 (approximately) 3. 619 (approximately)
4. (a) £k =0.05776 (b) 20 grams  (¢) 48 hours 5. Rs. 1491.8 6. Rs. 15021
7. 7.32% 8. 16.80°C 9. 7.12hours 10. f{;}:%{] —f"“”)

1 | :

11. I{r)=2e¢ '"famps 12. ir“}:—éfj‘ "'Waanms 13. (i) .T[f]=(3— : ]
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T

(i) V{r}=4.-:r[3—k%) (iii) 75.4 minutes 14, (i) velocity: vir) =1470-980¢
i3

(ii) height: h(#) = 1470¢ =490+ (iii) Maximum height: 1093 cms
15. (i) velocity: v(r)=4.91—€™")  (ii) height: /(r) =502.45-4.97-2.45¢"

Answers 5.1

2. 4x-y-1=0 3. Sx+3y-18=0 4, Gx+dy-16=Dbx+y-24=0,v+2=0
6. *»=2vy—-4=0,x-4=0,x+2vy-4=10
8. Medians: 14x -y -23=0, llx+ 14y =23 =0, 25x + 13y 46 =0

Altitudes: Jx—4dy+14=0,4x =13y +64 =0, 5x +v-=-22=10

Perpendicular Bisectors: 6x — 8y -25=0,8x-26y-71=0,5x+y-2=0
10, (1+3h)x + (2=A)y + (44 =3)=0 (i) 2lx-=14p+41=0 (ii) 28x =21y +59=0
1. 2+Ax+ (3 +4w+(5-T)=0(@{) 22x—-11y+17=0 (i) 1lx—-11y+20=0
12. Not concurrent 14, mc2— macy + macs— maca + macy— mca =10

15. k=4 16. r:l=-l
3

Exercise 5.2
(i) 168.7° acute angle: 11.3° (ii) 7.1°2. (i) 90° (i), 45%.41) 120°

3. (i) 18.4°3i) 101.3° A o, 5. (i) 66.4° 66.4°, 53.1°

(ii) 36.9°, 19.4°, 123.7° (iv) 53.1°, 6348, 83.8° 6. 126.9° 74° 106°, 53.1°
7. 112.6°,674°112.6° 674> 8 168 9, /Collinear 10. =7

Exercise 5.3

1. Gx—=4w)2x+y)=0,79.7° 24 (2¥—p)(x—3y)=0, 45° 3. (5x+yHx+y)=0, 33.69°
4. vy=x(tane tseca), 90° N (Tx—yix—»)=10, 36.87° 6. k=2
8. 2x*+5xy—-3y°=0 9. x-—yp+100=0,slope=1 10. 1, 45°
11. 2x=y=0,x+ 3y M 87° 12, 0° 13. 3x+y=0,x=3y=0, 90°

EXERCISE 6.1
1. (a) x’+y' =10x=14y+70=0 (b) x’+y' =2axcosf—2aysind =0

() x*+)°=5x+3y-22=0 2. (i) (x- ]]E +{_F—3}? = % ; Center: (1,3), Radius: W2
(ii) (x—a) +(v+b) =(a+b) ; Center: (a,~b), Radius: |a+ |
3. x4y —4x-6y-12=0; Center: (2,3), Radius: 5
4, x +y =2x=-3y=0 5. 5x" +5y =19x=11y+2=0: Yes, (4, 1) lies on the circle.
6. 3x*+3y" +72x=38y=11=0 7. x4y +2ax=2ay+a’*=0
8 x +1 =10x=4y+25=0 9, x4+ =10x+17=0

10. >+ =40x+20p+100=0; x* + 1" =10x=20y +100=0
11. ¥ +y =dx=1=0, ¥’ +y" =14x+29=0
12 x*+y" —=10x=10p+25=0, x*+y" +6x+2y-15=0

[ D) ]
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10.

EXERCISE 6.2
(a) At(2,2): Tangent: x+ y=4 Normal: x—y=0 Al (Zﬁtuaﬁ*,lﬁsinﬁ) : Tangent:
xcosf+ ysinéd = 242 Normal: xsin d—yveos@=0
(b) Tangent: x+4y—24 =0, Normal: 4x—y-11=0

Condition of tangency: ¢* =a’ (I + m:] Point of contact:

am a am a - 3 :
[—ﬁ*ﬁ] or [ﬁ,—ﬁ] depending on the sign of ¢.
(4,3) 4. (@) x—y+242=0 (b) 3x+4y+10=0 (c)4x+3p£10=0
Ix—4y+13=0 and 3x—4y-17=0

(a) Tangent: x+ y—4=0, (P{Jint of cuntact:[!,l])

; : g2 2
(b) Tangent:4lx+ y+116=0, | Point ol mnmct:[——.——]
d 29 29

(c) Tangent: v+4 =0, [Pﬂint ﬂf‘cnnlact:{l-d-}]

4x+3y=36=0, (I‘-:Jinl. ufuﬂnlatl:{ﬁ.4)}
(a) (1—3]1 +{_1:+]}2 =24 (b) Centre: (3.-1), Radiug’ 5 (e) F:[lrfl)
d) y=4 © =3 (0 x=-2

EXERCISE 6.3

(i) Vertex: (0,0) Focus: (3,0) Dirgetrix:«=-3 (i) Vertex: (0,1) Focus: (0,3)
Directrix: y=-1 (iii) Verftex; (3.0) Focus: (1,0) Directrix: x =35
(iv) Vertex: (2,0) Focus: §232 pDirectrix: y=-2 2. (i) [:!‘—2}: =—16(x-1)
(i) (x=3)" =12(x22) (i) (y—3) =8(x—6) (iv) 41" =5x+6
(i) x*= =2din+ d® (ii) v’ ==2dv+d" where d is the directed distance from origin to directrix

5 .
'F:_E 7. a=2,b=-=12,c=16 8. Tangent: ty =x+at’, Normal: vy =—tx+ 2af +at’

Tangent: 2x—y—=7=0, Normal: x+2y-11=0

Tangent: 3x—y+1=0, Point of tangency: (é 2]

EXERCISE 6.4

X ,-'r’] e {I—f— 2)2 (}*—})3 Lyt )
1) —+—=l ii + =1 iii) —+—=1
- 16 I (& 9 16 t 36 20
x+3) (y-1) :
(iv) {T +3) +{J ] =] 2. (i) Centre: {:{lﬂ] . Foci: {i SJ]). Eccenlricily:e:%,

25 9

95

Vertices: (£3,0),  Directrices: x =+——
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(ii) Centre: {mll’} , Foci: {-3i -JEE] Eccentricity: e = -f— Vertices: {U,l} and (—6,2)

Directrices: .r=211 3, L_ i:] ; 2 £=I
J5 25 16 36 20
x=5) (y=3) x+2) (y=3)
5. s } +{'1 } =] 6. E:E T {r } +{'1 ) =]
25 9 5 20 L6
, 32 18 g ,
8. 4 units 9. 8byb6 10. - and = 1. Minimum distance = 2
12, 11+2~Jﬁ 13. 6ﬁ:ﬁ 14, % :iﬁ 15. The line is a secant.
16. £+ - 1
16 9
EXERCISE 6.5
- i 3 e . VO ot
1. (1) ———=1 ) ———=1 (m) ———=1
{ 64 36 ) 4 60 { 50 50
2.(1) Centre: (0,0); Vertices: (1£6,0); Foci: (£10.0); Eccentricity: e :g “Directrices: x = i% (11)
Centre: (=3,2). Vertices: (—3iv{§,2-): Foci: (G.E) and [—6,2} ; Eccentricity: er% Directrices:
; )
.1:=—3iE
3
(111) Centre: (0,0); Vertices: (0.+5% Eoer: (0,* «.m ); Eccentricity: e = E :
2x x=1Y (y=3)
Directrices: t—ir—%i 3. Sl {t ) H[‘L ) =]
/N 49 25 16 4
{y+l]: [r—Z]I e : {x+1]? {jr—él]1 —
16 36 12 24
—4)  (x=2Y 22
g, A ey, g, Xt .
16 3 16 4
; xsec!  ytand o
9. Tangent: - F =], Normal: axtan@+bysect =(a” + b )secftan
¥ h
0 34 A 3
10. = 11. e=+2 12 B CU RO S T E"=J:
2 4 4 12 2
15. S5y=10x-14and 5y=10x+14 16. e=% 17.. &
19. y=2x-5 and y=-3x+10 20. a’F=b'm’ =1
EXERCISE 6.6
. 75millionkm 2. y= 4‘?,-:1 3. 1275m 4. (a) 20,/5m  (b) 40y/5m
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2 2
5. (a) 8m  (b)I8m 6. {a}%+;:i 12JI5m 7. (a) 636x10™"m

(b) 531107 s (©) 7, =1384x10" " mandr,, =2.756x10""m

o 2602 ILE 9. (a) 36000km (b) 6000km (c) é 10. 31.75meters
539

11. meters

Answers 8.1
1. () 036 (i) 1.86 (i) 1.32 (i) 0.85 (iii) 7.39

Answers 8.2
2. (i) 1.068 (i) 0.605 (iii) 1.929 (iv) 2.613 3. (i) 2.61 (i) —1.93 (iii) 0.85

(iv) 0.36 4. (i) 1.73 (i) 2.153  (iii) 2.0946 (iv) 0.361 (v) 4.4934
Answers 8.3
1. 0.8903 2. 1.7212 3. 7.5522 4. 4.0625 5. 54468

6. 1.4704 7. 29411 8. 0.6179 9. Exact Area=14.137 19=2.3203x%10°

Answers 8.4
1. 0.12 moles per liter. 2. 4.85mlL/s 3. 0.539 coulombs 4. 65.311 unit/seconds
5. 0.524 radian 6. 20.488 volts

Answers 9.1
[nverse Trigonometric function Exercise 1 Answers

. AT . =T D)\ 1 -7
1. (i) — (i) — (iil) — M) — (v —
3 3 6 4
W =% . LT -
(vi) —4=— (vil) L (vid) = (ix) S (x) O
B
(xi) = N (1) L—i (i) [3.4] (iii) —ﬁixiﬁ
3 5 5
(iv) l,f (v) [-2,2] (vi) (—o0,=3]u [-], o) Hiil(—cc-, —%]u[l, o)
e ;
o (Lel & ola¥™® @l el
e | J13 7 7 J3
o L i
Answers 10
Solution of Trigonometric Equation Exercise 2 Answers
1. x=-297.041and2.33radians 2. x=1.16radians 3. x=10.65radians
4. x=—1.66 radians 5. x=-2.04, 0.82 radians 6. x=-0.89, 0, 0.89 radians
7. x=040, 1.57, 2.74 radians 8. x=1.89 radians 9. @=53.13
10. (a) s =8.96m (b) A=1.15 11. h=1155m, #=49.1
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