Describe rational expressions.
Factorize and simplify rational expressions.

Demonstrate manipulation of algebraic fractions.
Perform operations on rational expressions (limited to numerators and denominators
that are monomials, binomials or trinomials). m
Solve different types of equations reducible to uadratlc fi @
o  Exponential Equation @
o  Reciprocal Equation
ax*™ + bx™ +c
=k, wherea+b=c+d
ional equations (limited to numerators and denominators

omials, binomials or trinomials) to real-world problems (such as the

amount of work a person can do in certain amount of time, rates and work).

; expressib - involving monomlals bmmmals and trmomlals. ‘The unit also covers
solving complex equations that are reducible to quadratlc form, including exponential
and reciprocal equations. Finally, students will apply these mathematical concepts to
solve real-world problems involving work rates, shared asks @@ related

scenarios. | m@ @i&@@

In Mathematics, an al a fraction where the numerator, denominator
L o) i :
or both contain: IC expressions.

+ 2+
For example, é, e 3 £ 9, zx - are all algebraic fractions. The denominator
X Sy % x kX3

1S never zero.




UNIT. 5-' p Algebraic Fractions

A rational expr

O(x). For example -_5.2_ 35_5._5, X +5 +4 -—% are all ratlonal algebratc expresswns
xX-— X

Simplification of a rational expression means reducing the fractlon to its lowest form
by cancelling out the common factors of the numerator and the denominators.

24a’c*x*
3x* =12a%°

Reduce to lowest form

322
ac

24

184°x* = 12a°x @W@
244°c

6a2x2(3a\§

TG

3a—2x :
2
Reduce to lowest form Mxy_z
Oxy—12y
6x* —8xy
9xy -12y°

L, 2x(3x-4y) _2_x_
- 3y(3x-4y) 3y

| | EXErCIsE 35
1. - Reduce the following rational expressions to lowest fa a @@m
3a - 6ab

& Cmear % X
272 o
& 15a% “ m o .,220(x ) :
Sx°+5xy+5y
%2q% -3 B 3x*+6
(vii) ( . ax}) (ix) zx__x_
a(4a"x—-9x°) X +4x+4




Manpulation is to apply operations like addition, subtraction, multiplication
and division while maintaining the equality or value of the expression.

(1) Determine the Least Common Multiple (LCM) of the denominators.
(i)  Rewrite each fraction as an equivalent fraction with the LCM obtained in step (1)

Fr2 e ‘
KXSandlS 60

4 X+ yi- 2py
6 15
j 15(x=2y)+10(x+ y)—4(2x—y)
60
§ 15x-30y+10x+10y-8x+4y _ 17x-16y
60 o
e PN « Pl 8
Sl x? =2xy -3y’ + x* +3xy +2)°
4 1

2 iy
X —2xy—3y x? +3xy +2y°

f 7+ %xy %?\@@@fﬁﬂ@ @W’@

" Xt x+2y)+y(x+2y)

(x—3y)(x+ y) (x+ y)(x+ 2y)
4(x+2y)+1(x=3y)

(Taking LCM)

C (x=3p)x+ y)(x+2y)




W\'INECW ) Algebraic Fractions

W +2)) -3+ ) +2y)
- S(x+y) = 5

(x=3))(x+y)(x+2y)  (x-3y)(x +2)
st 1 oo 1
L e
i Sl 1

¥ =5x+6 ¥ edxsd.  ptaBesils

% 1 1 % 1
e Mt 3)+(x 2)(x-1) (x=5)(x-3)
(x D(x—=5)+(x=3)(x—-5)— (x-1)(x-2)

| (x=1)(x—2)(x-3)(x-5) i’
(x —6x+5)+(xr\ %+ﬁﬁm§g@
K
~8x+15-x"+3x-2

W (- Dix—2)x—3)x-5)

& x*=11x+18
(x=1D(x-2)(x-3)(x—5)
(x-9)(x-2) x—9
=D (x—-2)(x— H(x-5) (x=D(x-3)(x-35)

1. Simplify:

: 2 1 4x 4 5
(@) ¥
xX—y y-x x:=3x+

X+y
(i) . S £ 18 K%@@@
v) W x@— 5

X +3 +2 +x— 6 2x? —7x+6

(vii) - (viii) . - §

2

kR ¥Ty Ty 2x*—x—6 3x’-4x-4




: x+2
(ix) Q@‘ )
xt-x- 12
: » %
X1 +
() x —3x+2 x —5x+6 " xX—-y y-x
2. Subtract from ?Lj—"—?
7y

i s Il gy .s-mam Mw}ﬁ

x2—5x+6x x2+5x
x =125 2x —6
P S sy X ==+ 6 x(x+5)

Simplify:

x? =25 2x -6 S a3 2(x )m
_ (x=2)(x=3) x(x+5) x(x @@.

e 5)(x+ 5) %@W@

4ab - 8b2

—6ab 10b2

6ab 4ab'— 8b°

3a(a-2b) 10b°
6ab 4b(a - 2b)

30 .S
Vind =4
To divide by a rational expression. multiply by its reciprocal as in
multiplication.
2a*-2¢® 3a+3c

15a’c’  sac
245!2 - 2{:2 3a+3c

d Practic

Il




CLILEER P> Algebraic Fractions

X -bx—cx+bc x'-cx
ai-xt k-
x'-a’ ><x’—bx—c‘x+bcéx2—cx

x2—2bx+b2 ax — x> " x—h

“vx3-fa3_:~; -_xzz_bX,—CJC-IT_bcx x—b

x* —2bx + b* ax— 2 .

(x—a)(x2+ax+a2)x(x—b)(x—c)x x—b #
(x=b)(x-b) x(a-x)  x(x-c)

l

x(a— x) :

@mﬂ

= —(a=x)(x* + ax+a’)x

), O

Il

: 24im —20m> SR R T
6)) x> (Rl x
5I+10m 16mn x°+3x-4 3x+6
£ 2 4p’ 2a° +10ab a+b)’=c*  a’*—(b-c)
() o x I Gy @B @by
a®+2ba a”+3ab-10b (@+c)*-b* (a+c)-c
12
w) Eo8 , xadeed o (a’+ab) a+b i
: x2—4" x*+4x+4 a -ab2
i X =x=6 =3x8 _ 14 m
Vil +
(vii) xt=x=20 iy e —12x @ ©@

3x —3xy _2y

viii 3
(viii) 10x? +10xy %ﬁ M}""Q)’ dx —
x-10

R L RECTT
3x-21: | kA ubxr+28 u

2imdx o+ x-08 . 6x-30
(x) X

2x+6 x2—5x x2 = D¢




reduced or transfo 3\ g
type of equatio 1 equatlons reduclble to quadratic equations.

YT ax +bx"+c=0; a%0,n=2
mSolve.Zx4—11x2+12——0

@ Solution P 2~ 112+ 12=0
Let x> =y, then x'=)’ so that

2%~ 1ly+12=0

2 -3y-8y+12=0

¥(2y-3)=4(2y-3)=0

2y-3)(y-4=0

X =i@ =i—\/2—-6-, x=12= S.S={i’2,i‘§}

Exponential Equation
Equations in which variable occurs in exponents are called exponential equations.

For example, 2" - 3:2* =-56
Example Solve: 4*-3-23+128=0
4*—-3273 1 128 =0

The equation can be written as

(@) sz2s TR
5 221,, _32222x 128 = ;} @@@W@

Let o




WW@} 8y+128 0
\ Wy —16)—8 (y—16) = 0

(y-16) (y—8) =0
y—16=0,y-8=0
y=16;, =
But y=2r
2*=16 , 2r=8
v M e
=4 , x=3

_ . Solution set = {4, 3}
] Reciprocal Equation

An equation which remains unchanged when variable is q‘ @@mmcal
‘ Tanay

(x+ ) -14=0
X
1
)+4(x+—)—14=0
x

=Yy .(l)

The given equation becomes W@ @ m

3(;; 2;:43; 14—§ @@

20 0
-y(3y+10)—2(3y+10) 0
By+10)(y-2)=0
3y+10=0, y—2=0




xt y= —1—39 in (i), we get

1 10
X+—=—-—
x 3
3x*+3 = -10x [Multiplying by 3x]
3x+10x+3 =0

3x2+9%x+x+3 =0
3x(x+3)+1(x+3)=0
x+3)(3x+1)=0
x+3=0,3x+1=0

sy 2o
s SR
o

WW

¥ +1=2x
HuEEr =0 [Transposing]
@D =
x-1=0
=5 x =1

[Multiplying by x]

Solution set = {1,—3, —%}

(x+a)(x+b)(x+c)(x+d) k,where a+ b = c+dandk|sa@%ﬁnstant

N e 2\ (O
AT

earrg e factor
[(x+2) (x —Mx 6)] =-12

(== 10) (P~ -18)==12 .0)
Let 2 -3x=y ..(ii)




FLTL - p  Algebraic Fractions :
(i) becomes: (y - ‘\“\'lz‘\‘}w- .

Wl 92=0 [Transposing]

V¥ -12y-16y+192=0
yoy-12)-16(y-12) =0
y-12)(y-16)=0
y-12=0,y-16=0
y =12,16
Put y =12 in(ii), we get
xX*-3x=12 or
x¥-3x-12=0

_ 3 O axIx (12), @@
e
i T !

w put y = 16 in (ii), we get
x*-3x=16
KX=3xL16=0

_3:(-3) -4x1x (-16) _ 3:473
L 2(1) e

3+ 57 31\/5}
2 9

Wi | Skilled Practice!

Solve: :
(D +2) (x-5)(x-6)=144

Solution set = {

2

| EXERCISE

(111) L

(iv) 4:2%"-9:2"4+1=0
-10=0 (vi) 3+3**=12=0

(vii) 5"F457¥-126=0  (viii) (x2+i2)+2(x+ %]-33—_—0
X

1. Solve the following equations: @
B S _IQXZ+W -27x*+18=0




e A G+ T2 0

(x—5)+8=0 (xii) (x+3)(x+4)(x+5)(x+6)==—1

broken in transit but by selling the remaining at a profit of Rs. 1.25 each, he gains
Rs.350 altogether. How many articles did he buy?

D Suppose he buys x articles for Rs. 300
Each cost =Rs. 3xﬂ
He sold (x — 4) articles for Rs. 350

Each sold for Rs. 350

M 350 300 I g é z
:

T g
Multiplying both sides by 4x(x—4), we get
350(4x)—300(x—4)(4) = 5x(x —4)
1400x — 1200x + 4800 = 5x2 — 20x
5x* — 20x + 1200x — 1400x — 4800 = 0
5x*—220x-4800=0  (Dividing by 5)
x> —44x—960 = 0 b
x?— 60x + 16x - 960 =0
x(x—60) + 16 (x— 60) = 0
(x—60) (x+ 16)=0

b LR e 0 f\@@%@@
Negative value is reject %@
Number of articles i 2 e
‘ &M&uled to cover a distance of 120 kmat a certain average

@ | Challenge!

speed ow1ng to a service checkup this average speed is reduced by 5 km/h, and in
consequence the journey takes 20 minutes more than the scheduled time. What was
the scheduled speed?




SINIRECN ) Algebraic Fractions

‘“’”ﬂ s 12
W@h@ time for 120 km = —
Ko M A

20 minute = 50 hrs_ hrs

3

But (x — 5) km/h is actual speed: therefore, actual time for 120 km =
e il i

120

x—35 X 3
Multiply each term by 3x(x - 5)

360x—360 (x—5) = x(x~5)
x*-5x—1800 =0
(x-45)(x+40) =0
x—45=0,x+40=0

PRl el 3 @W@O@@DS §
Negative value is rejected. o Kﬂ@@
The scheduled speed is 45 k m

1. A train travels a distance of 240 km at a uniform rate, if it had finished 4 km an
hour slower, it would have taken 2 hours more over the journey. Find its rate of
travelling.

EXERCISE

- Arshia and Ibraheem complete a job together in 4 hours. If Arshia takes
6 hours, then find how much time will Ibraheem take?

3 One pipe fills water in 5 hours, another in 8 hours. Second pipe closed after 2
hours. Find the total time.

4. Huria can complete a project in 12 hours by working alog If di join

her and they finish it together in 5 ho bdul Hadi
to do the project alone" Q

3 Two cars start from o ead towards each other. The distance

‘O ne travels at x km/h and the other at (x + 10) km/h.

between@W
They me er 2 hours. Find the speed of each car.

6. Rashid can paint a house in 6 days, but if he gets a helper he can do it in 4
days. How long would it take the helper to paint the house alone?




1.

Ishmal runs 10 km in
of x. i
Fahad runs'600m at a certain pace, and then doubling his pace, does another

600 m. If he took 2 %_— to cover the distance 1200 m, find the pace he started at,

in metres per seconds.
A cyclist travels 30 km at a certain speed. If the speed had been 5 km/h faster,
the journey would have taken 1 hour less. Find the speed.

REVIEW EXERCISE i-‘

Four possible answers are given for the following questlons Choose the correct
answer:

(1)

(ii)

(iii)

(iv)

)

(vi)

The cxpression

. %@@@W@@

(a) 3 polynormal (b) an algebraic fraction

(c) a (d) an equation
Lowest form of 18ahe’ is:

12ac
w2 e o2 @2
Lowest form of L is
w 22 (b)—23- ©) 12
Simplified form of ik + 2x+3

5

(@ 354 “@@W% Sx+4

SmplW@' (x=y) is:

(a) (x+y) (b) x> +y? (©) x—y (d) (x-y)
( —=y?) + (x — y) in simplified form is:
Ml 0 0l IR oA B - savetin. 4




LIGEN > Algebraic Fractions _

H
(vii)  An equation of th% 1s called:
x
o

(a) 10n ~_ (b) reciprocal equation

(c) fractional equation (d) exponential equation
(viii) An equation of the form 5° +64-5*—20=0 is called:

(a) radical equation (b) exponential equation

(c) reciprocal equation (d) fractional equation
(ix)  Roots of * — 24y + 128 = 0 are: : (ST

(a) 8,-16 - (b) 8 16. (c) 8, 16 -»(d;) -8,-16
(x)  Linear factors of 3x*+ 10x + 3 = (). are: TS

(a) (x+3), (3x+ 1) (b) (x+3) (3x— 1)

) x-3),(3x+1) dx-3),03x-1)

2. Reduce the following to the lowest form:

o
@ EoTxt12 'QQ@'O@@
X-6x+9 X\)&% ®=21
3. Simplify: ““m . ! .
(i) Wo 1 (ii) X _—27‘+'x2+'3x’+9'
¥*+x-6 2x*~T7x+6 x*=9  x*+6x+9
a’—(b-c)? * a—(b+c)

(iii) ey g

(a+b) —c (a-b) —c

4. Solve the following equations:
@ x*-16x’+63=0 (i) 4x*-16x*+15=0
(iii) 3*-12:3+27=0 (iv) (x2+—12—)—3[x+—1—)—_2=0
_ x T
(v) (x2+i2]+(x+lj=4 () 1 #9).(x—3) (x=T7) (x + 5) = 385
% x i : :

(vil)  (x—1)x—-2)(x+5)(x—8)=-3 60 @@m

 § Ahmad takes 2 hours to paint 50 g
Working together, how.longst

: @ urs to paint 45 glasses.
V*‘ m to paint 150 glasses?

6. A tap can fill ‘ héurs: Another tap can empty it in 9 hours. If both
taps are ogether how long will it take to fill the empty tank?
% Maham bought a certain number of toys for Rs. 300. If each toy had cost

Rs. 5 less, she could have bought two more for the same amount How many
toys did she buy"




