| » Identify complex numbers, complex conjugate, absolute value or modulus of a complex

number.
{1 » Apply algebraic properties and perform basic operations on complex s@@‘m
“ | » Demonstrate additive identity and multlphc tiveidentityfl ex numbers.
‘_? » Find additive inverse and mu i i : @ np
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- | » Apply the Geometric interpretation of a complex number, modulus of a complex number and
- algebraic operations of a complex number. ’

»  Find real and imaginary parts of complex numbers of the type (x + iy)" and

3 n
B> x +iy _
‘ — |, x,+iy, #0, wheren=+1and n = +2.
x, +1y,

»  Solve the simultaneous linear equations with complex coefficients.

;—_H"

'

ldentlﬁcatlon and the exploratx
modulus and their re

apply- core algeb peratlons and understand how complex numbers obey
properties. The unit also extends to evaluate expressions involving powers and
quotients of complex numbers, extracting real and imaginary parts and solving
simultaneous lmear equations with cornplex coeﬁ’iments
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Before we &&L\J\J

re complex numbers, let’s first consider the question: "Is there a real
number whose square is negative?” To answer this question, we can examine a few

simple examples. Let’s take a look at equations 1 and 2 for better understanding.

Equation 1 has two real solutioiigfi‘ Equatlon 2 has no real solution,

x = -1, 1. The graph of since the graph of f(x) = x2 +1
f(x) = x>~ 1 crosses the x-ax does not cross the x-axis

(-1, 0) and (1, 0).

This is because squaring any real number never results in a negative value. Therefore,

if equation 2 has a solution, we need to introduce a new kind of number, an imaginary

number, defined as the square root of —1. This imagina @@@teq by the
O

symbol i (1ota) The imaginary number % éu ﬁ

i (i) N R
(i) i1 = S P ol = el e e i Complex numbers are essential for

s , : many technologies like smartphone
(i1) e U A (0 ) et gnal _‘eces,mg andMRI xmagmg
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We have observed that the equation x? + 1 = 0 has no solution within the real number
»

system. To address equations like this, we expand the real number system to include

new tvpes of numbers. leading to the development of the complex number system in

rectangular form.

The idea of complex numbers first emerged in 16" century. when Italian
Mathematician Gerolamo Cardano discovered that equations could still be
solved when they involved the square root of negative number. In the 18

century, Carl Friedrich Gauss (German Mathematician and a
expanded this early idea. ‘ @
: orm

A complex number 1s a nnmhu

ni "‘hl 'S rhnUl i\ I,W t (Lf]nt‘( h‘v , s

Rectangular Form of a Complex Number

erolamo Cardano
(1501 - 1576)

x + iv, where x and y are real

L.—n;:zaﬁ-‘ﬁmﬁ
A complex number is of the form x + iv (or x + yi). where x and v are real

numbers, x is called the real part and v is called the imaginary part of the complex
number. '

(1) If x = 0, the complex number is said to be pure imaginary.
(i) Ify =0, the complex number is said to be real.
(i) It is customary to denote the standard rectangular form of a complex

number x + jy as z and we write x = Re(z) and vy = Im(z)
For cxamplc Re(5 71) =5and Im(5 5: f XW@

Two complex nu ¥ and z, = x, + jv, are said to be equal if and only

if Re(z)) = Re(z,) and Im(z)) = Im(z,). 1.e. x; =x,andy, = v,.
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Since the ex numbers are equal, their real and imaginary parts must be equal.
2x-1=58 , y+4=7 ;
2x=6 ., y=7-4
X3 1 Jem )

5 Simplify the following:

g P ) - s (iii) (=) V) 27
.3 -5

o e ot R ) B R R A (vu) (vnl e

2. Write in terms of . @@

@ 2+v-4 | K@@@ (iv) V2-+-3
3. Findw

(1) +(y-3)i= 1 # . (11) Bx+2)-(4-y)i=5+3i

(iil)) Q+)x+(1-2)y=3+4i iv) (A=-dx+2+i)y=4-i
v) GBGx-1)+((2y-3)i=8+7i

If z=x + iy and k € R, then we define kz = (kx) + (ky)i or (kx) + i(ky)

The following diagram shows kz for k = 2, % , —1

A
Im




, .
Ifz; = x, + iy and z, = \where X1y X V) m? z,+2,
and Y, € R, then _ : or (x, +x, ¥, +,)

S aewe 7
z)+2, = (% +iy) +(x, +ipy) : "'3)-_’?-
g (x1 +x2) +i ()’1 +J’2)
From figure 1.6, also by the parallelogram
law of addition,

z)+z,=(x; +x,) ti(y, + )

z,(x,, ¥,) -
Re

Add (3+41)and (5 -2i). “@Kﬂﬁg@
€ Solution B
(3 +4i) *5 ~2i)

=(3+5)+(4-2)i
=8+2i

If z, =x, + iy, and z, = x, + iy, , where x,, x,, ¥;, ¥, €R,
then z; -2, = (% +iy) — (2 + i) = (¢ —x) T i (¥ — 1)
21=2y =2, +(-2) |
R DRIC AN
=(x;—x) +iy; - y)) _

Simplify: @) 7\
TP o, (2
=8+2i-5+6i
= (8- 5) + (2i + 6i)
=3+8i

) @-3)-2-50)

i | Skilled Practice! eSS




1.2.4 ‘ _
Let 'z, =x: + iy, z5=0 iy,
then 2z, = (x; +iyy) (x, + iy,)

= X,(x, + i) + iyy(x, + iy,)
=X Xy T X Vol H Y X0+ izyl Y,
=X Xy =¥ ) T ilx; vy H v x,5) v P=-]
‘Example 43
(i) Simplify: (3 - 4i)(5 - 6i)
() Ifz;=2+3iand z,=4+ 7 thenfindz,2,.
@ Solution |
@ (3-4i)(5-6i)

(i
©)
(5 — 61) — 4i (5 - 65 mﬁx
% m i) (x5 + i) = (0x, — yn) + iy tyx,)

25, =(2x4-3x ) +i2x T+3x 4)

| =(8-21)+ (14 +12)i
| =—13 +26i

=3
=1
=1
=]
= (15 = 24)-38i =-9 - 38; |
Division of Two Complex Numbers

Let z,=x,+iy, z,=x,+ iy, £ | Skilled Practice!
] ] Sl | 2 2 3 :
z X, +iy
N—ow. _l-=-1__2_1._52¢()
Z, % Y,

X\ Xy =X, Yy +1V,X, =0 3,1,

- o &

(;rz )2 R (’:"2 )2

_ X (XY, = VX0 W,
— "‘ \/
Oﬁmﬁ
P O
- NI\ O - 3
X, + V5

>

[




+7i 15 + 21i + 20i +28/°

_15—28+(21+20)i
25+49
~13+41i
74
P L
=— —]
. 74

5—71 53 (5) - (7i)’

asi =-—1

rties of Complex Numbers

ex: numbers satisfy the | The complex numbers 3
es under addltmn. Tthe f;:ﬁ% er
' ﬂ /A’\f e

(i) Closure Propertv' O
For any two com nd 2y,
the sum z, oa comp]ex number

\\fﬁs Closure Property
For any two complex numbers z,
and z,. the product z,z, is also a

complex number.

(ii) ' The Commutative Property

For

numbers z1 and 23,
e

(ii) The Commutative
Property
For any two complex numbers z;

and z2,
515,754

| (iii) | The Associative ?roperty
For any three complex numbers z,, z, and z;,

(z, +2) 2, = (z, +z5)

(iii) The Associative Property
For any three complex numbers
z,.z;and z;

The compl';".' |
as additive identity.

(zl 22)23 ‘1(“2/3\m
he Multip ¢ 1dentity

+ 0i such that, for every
complex number z,

zxl=1xz=:z
The complex number 1 =1 + 01 is
known as multiplicative identity.
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(v)  The Additive I
For every complex n

at,

~z is called the additive inverse of z.

If z=-7 — 4i, then show

thatz+0=z,

z+0=(=7-4i)+ (0 + 0i)
=_7—4i+0+0i

== 7-4i=7 @
Shows z+0=2z (0. a dentity)
We multiplicative

sts a

8
m@@we Multiplicative Inverse
i

For any non-zero complex number
z, there exists a complex number
wsuch that, zw=wz=1

w is called the multiplicative

inverse of z. w and it is denoted by
-
<

Find the additive inverse

of z=7-10;.

=7-10i-7+10i =0

n Find multiplicative

inverse of 4 — 3i.

| S -7

identity for z=3-2i. & P Letz =4-3; 1
- 2x1 = (3 = 2i)(1 + 0}) Multlphcatlvelmverse ofz= 43
=3+0i-2i-0i [ Then z'=——
=3-2i=z 4 ' :
I1xz=(1+0i)(3 - 2i) B s
=3-2i+0i-07 (4-3i)(4+3) (4" -9
=3-2i=z 88 S B N
Hence, verified thatzx1 =1xz =2 g “They en-aaa 2o
EXERCISE | @ @@@
1. Simplify and write in the form-a +®i: @ ¥
Q) @+5)+@sai mk“ 35+ (9 + 2i)
(i) (O-2)-(78i iv) (A1+9%)-(9-7)
v) 3 vi)  (5-2)(3-4)
(vii) —3Y) + (2 - 4i) (viii) (5 +2i)+ (6-3i)
¥l Write additive inverse for each complex number: 5 &
(i) 3+2i @) 4-3i (i) 5-7i (iv) - + Zi




Find multiplicative inv

e for : .
@ 4+5i ﬁ@ 7231 6w f 4i
4 Ifz= @Mﬁﬁ iand z, =2+, then verify that

(i) 2,+2,=2,+2 (ii) 52, = 2,2,

(i) (z+z)+z,=2+(2,+2z) (V) (22,)z,=2(2,2)

(v) zZ+(-z)=(-2)+z2=0

(1+i) :
= x+iy, then find the values of x and y.

6. If (2x+iy)(1—1i)=4+2i, then find the values of x and y.

7. Find the values of a and b, if (a + bi)(1 + 3i)) =-8 + 11i.

- S If

A complex number z = x +iy is exclusivel d{ dete
number (x, y). The numbers 2 —

5; 8 @ e\ g 216 —5), (8, 0) and
(0, =7) respectively. In this s umber z = x + iy can be represented
i plane. :

by the point (x, y) i
18-as real axis and y-axis as imaginary axis to represent a complex

If we consider
number, then the xy-plane is called complex plane or Argand plane. It is named in
honour of the Swiss mathematician Jean Argand (1768-1822). '

A complex number is represented not only by a point, but also by a position vector
pointing from the origin to the point. The complex number, the corresponding point
and the vector are all typically denoted by the same symbol, z. Geometrically, a
complex number can be interpreted either as a point in the complex plane C or as a

vector in the Argand plane.
Im4 A
% B A a+ib

2O

>Re

o P L P




Figure 1.10

@@
Conjugate of a Complex I@SX@W@
1NC¢

The conjugate of the compl I as the complex number x - iy,

the conjugate of the complex

The complex conjugate d bvZ. To gef mjugate 3
number z. sim Bl bv —i in z. For instance 3 - & is the conjugate of 3 + 8/. The

product of a complex number with its conjugate is a real number.

For example, (1+2i)(1-2))=1)y-Q2iP=1+4=
t ,‘Genmetricalrkgﬁifgs;entation of Conjugate of a Complex Number

wh

Geometrically. the conjugate of z is obtained by reflecting z on the real axis.
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particularly use ing complex numbers. By multiplying both the numerator and the -
denominator by the conjugate of the denominator, the complex number in the denominator can be
transformed into areal number.

Two complex DWMIG‘OW as conjugates .af each ather Con;ugatcs are

Properties of Complex Conjugate

For any two complex numbers z, and z,, we have

Property J§ z -z, = z -z,

3
Proof: Let z; =x, T iy, 2, =X, T iy,, where x, v, X5, ¥, €R

Now, z+2z, = (x,+ip)+(x,+iy,)

e ()Cl +X, )+ 1 Yt ¥, )

= (x, + X, Koo l'( V,+ V,) = X -rx. —f}-’l '-ly2

=X =) #lx, —1y,) =
BasllD 1€ 1~ 44 @@

e

2 =

2 +2, =

5+ =

From (i) and (ii), we get

bz, =

Property )JB zz, =

Proof: Let o o
and 2, = x,+iy, wherex,,y,,x, ¥, €R

2,2, = (x, +iy) (x; T iyy)

= (x;x, y1y2)+t(x1y2 21%2) W@ @@m

Therefore: z2,= (xx,— C{j@
| = (xk \ ‘ ‘ kD)

= {x; —iy) (x, tyz)
= (i y) iyt yx) . (i)
From (i) and (i1), we get
2 =22

“~
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If z,=3 @%
+4i) (2 + 3i)

—6+91+81+121
=6+17i-12

=—6+17i
7z, =6~ 17i B (s
and z z, = (3 - 4i) (2 - 3i)
=6-9i - 8i + 127

=6-9/-8i—12
z,z, =—6-17i .. (ii)
From (i) and (ii), we get
IIIMD(J=L’M¢0 <ﬂﬁyﬁﬂ€3
Proof: Let z, =x, +
and
Now, —L M+ lyl (xlxz +y1y2) l(;clyz YiX;)
Zz X, +1y, X, +1y, xz Y, +);
and (iJ e (x,x, +y1y2)2+i(f1yz = VX,) . ()
oy X, +y;
NOW ; —:—1- = —xl — lyl
) X, =i,

i (x —iy)(x, +iy,)
(x, —y,) (x, +iy,)

A 2 2
= NN T, -y X, =iy,

| o
X+Y; @
B G Mﬁ\@@w@
From (i) and (11)W

%\XW - (ii)




Ifﬁ Fﬁﬂ
z; 4

. 3%
_ (5+4)(3-2i)
3 (3+21)(3-2)

z | _Z
2i, then prove that | — |==.
s R

Oy -@)
_23+2
-2

i 1223021 - 23 2

2 ﬁy M) K@

RO

-Complex Numbers

W'IW | Skilled Practice!

4i)(3 +21)

3 2i (3-2i)(3+20)

LS=U 4

_ISHOZ_IZI—&

9+4
21_2_21 -2_3:_2_
g e
From (i) and (i), we gt
Z1 -Z-'l
£'z_)=§;
D -:
Proof: Iet il
Then Z=x—iy
% =x+iy

ol
@EnpegD 1--7 3 q .-Z.
+3l

Thids <3 Lhg)
z=T+3i=z
Hence, proved z = z

9+4
wviit)

@W@o@@m
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T B S Im4
Just as the abSOW ¢al number measures its {’(x, y)
distance from t gin on the real number line, the X 5
modulus of a complex number measures the distance (o i
from the origin in the complex plane. Notice that the ; i
distance from the origin to the point P(x, v) lies along a E
radial line and forms the hypotenuse of a right triangle, : >
where the horizontal and vertical sides have length x and 0 g M Re
y respecnvely Figure 1.13
It 3 =% oy, then the modulus of z is denoted by | z | and defined as |z|=yx*+y*.

For example, (i) |i|=|0+1i|=v0*+1° =1

o
(i) |3=5i|=(B)Y +(-5)*= : @O@@

Pmperty))ll

Proof: Let z= zy
Then I— x? +y 1
Now zZ= x—iy

H B s v g (i)
From (i) and (ii), we get
HEH
If z=5 + 4i, then show that |z[ =|El.
z=5+4i
5 JW 2\

=5-4; O

= [25+16 = Va1 ... (ii)

From (i) and (ii), we get
2=z




Z=x—-yi >Z=x+yi

|§| =X +y°

Here z=x-iy asz= x+iy

—-Z=-Xx+iy
|—z|—J(—x) +(y)’
A° +y

From (i), (ii), (iii) and (iv)

L )3

Proof:

Now

o (1)

L g

Q@@@W@ el

|z]=| —Zl
z=|zf
et z=x+p
d z=x-1y
zz = (x+iy)(x—iy)
= (x)*-(y)*
=x2""(i2y2)
= x’—(-y?) as i’=-1
= 5ty aef

Hence, zz = |z |

Ifz 59l then sho

z—5+&

@@@3’1) (5-30)

= (5)" -(3)°
= (25)-(%")

as  |zl=qx* +y°

%W@ g
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2P =[Vor+@' |

=2549 =34 . (i)
From (i) and (ii), we get

z2=|z
| EXERCISE 1.3
 § Find the modulus of the following complex numbers:
: 3 4
(i) 4+3i (i) -5-4i (iii) ~——: 3 Y
5 @ﬁ'\

2. Ifz, =2+ 7iand z, =4 - 3i, then ve at

G iz ez G @@ (iii) (?)= =
s T the G

) (ii) |z|=|'2| (i) |z|=|--|

(iv) zz=|z| V) |z|=|-Z|

4. Ifz=4-3i then verify that |z| =| - z|=|Z|=| 2|

If zy = 2 + 3i, z = -1 + i, then evaluate:
(i) Re(z) z2) (i1) Im (z1 22)

(x+iy)* whenn=%1 W CU“‘
Let z=(x+iy) bea complex @@@

@ Forn=1

Wehave z = (x+iy)!

Re(z) =x, Im(z) =y
(i) For n=-1
Wehave :z=(x+iy)




% (x+iy)(x—iy)
il ly

TS x2+y2
L 1y
x2+y2 x2+y2
Re(z) = _zx_ Im(z) =- b
X +y x +y

4-3% 4+3i .4 3

= =———1

TEE TR

- 3
Re(z) = >3’ Im(z) = -—E
m Find real and imaginary parts of z = (4+ 3i)”
z=(4+ 3)”
1
(4+ 3i)
MVE .
T @+ (3:) + 2(455% \u
(7-24i)

" (7+24i)(7 - 24i)
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T i 4 35
mple #1') Find real and imaginary parts of z = (313’1] '

I

W oS
W
+ |+
-N&?
N

_12-9i+8i-6i° 12-i+6

@G 1649
L S Y
25 25 25
18
Re(Z_)=2_5" IM(Z)"_-Z_IE

x o 1 + .
mplel) Find real and imaginary parts of z = (1 1) .




ERt o C AL G L

More than one equation which are to be satisfied by the same values of the variables
mvolved are called simultaneous equations or a system of equations.

Solve the given simultaneous linear equat1ons ‘with complex
coefficients forzand w:

Sz-B+D)w=T7-1i

Q-i)z+2iw=4
@SohonD s:-CrHw=7-i . (@)
Q-z+2iw=4 .o (i)

m From equation (i), we solve for w in terms of z.
5z-B+D)w=7-i

O+ w5~ “@@@W@ oo

Put the expression of w in equation (ii) m)

(2_i)z+2,-(52‘7+")=4 Put z =2 in (i),
3+i we get
(2-)B+i)z+2i(5z—T+i) =43 +1i) S S P
(6+2i—3ifi2)z+ 10iz — 14i + 2 =12 + 4i 3;"”
(6—i+1)z+10iz—14i—2=12+4i el
(7-i)z+10iz-14i-2=12+4i Haioe s = 1
Tz—iz+10iz—14i—2=12+4i @ ©@m
Tz +9iz =12 + 4i) ,@@W o |
)
Wﬁ L57+99)
.. HT+9)

7+9i
z=2
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\ EXERCISE
I Find Mmaginary parts of the following complex numbers:

Gy 8N iy " (5+30)° Gii)  (4-5i)"
- v a2
) (4=3%)7" @ (ﬂ) (vi) (2__;_)

4+3i 2+i
(vii) (ﬂj
1+i

2. Solve the following simultaneous linear equations with complex coefficients
for w and z:
(1) I+Q2+iw=11-i (i1)

2-i)z—w==]+i

di 2ol o (@@Q
22+ 3w=¢ MK“

(V) 2% {3e

v %&B |

REVIEW EXERCISE

1. Four possible answers are given for the following questions. Choose the correct

answer:
i PF+it= ,

(a) -1 (b) 0 (c) 1 (d)2
(i)  Real part of (2 — 37) (2 + 3i) is:

(a) -3 (b) 1 (c) 4 (d) 13

(1)  Imaginary part of 2-i)R2+i)is:

(@0 (b) 1 (c) 7
(iv)  x+ iy will be pure 1magmaryd1u m @O@(;m ‘
(a) y=0 %&a Wl y=0

(v)  Whatis ad 5-2i?
(WM 7 h)-48 2 (c) 5-2i (d) -5 +2i

(vi)  What is multiplicative inverse of z=1 + i?

3 1. 1 .
(a) 1-i (b) i © 375" (d) —E+-\/—§z
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10.

(vii) Ifz=4-3i,then zz =

(@) 3 (b) 9 (c @W@o@@z@
(viii) Conjugate of 9 — 4i is: Q@@@

(a) -9— 4i O“@ (c) 9+ 9i (d) 4-9i
(ix) z ﬁgn grI =

( (b) 8 + 8i (c) 8i d) 0
(x) Ifz=5+4i,then|z|=

(a9 . (b) 25 " (c) 41 (d) Ja1

(1) Is “0™ a complex number? Explain.
(i)  What is the result of multiplying a complex number by its conjugate?
(iii)  State the condition for two complex numbers to be equal.

. Simplify:

T Rl T S T (i) (=)
(iv) (3-4i)(5-6i) (v) (3+4)+(5-7)
Find additive and multiplicative inverse o

Ifz,=3+4iand 2,= 2+ 3i,t ~. '
(l) - 4 - _T_LO“ o i i ("l) (zl )__ E'
Z,¥2, =7, %2 A e
?X Lol l-:
av) [Mr=1-3 V) .5,=1, vi)  zE =]z

Ifz, =5 +4i.z, =3+ 2i, then find

Dt gz (ii) -—’2- i) 2,5 (v) |55
Find real and imaginary parts of z = (2 + 7i)™',
Solve the given simultaneous linear equations with complex coefficients for z and w
iz+2-Nw=4+i
iz+@+tHw=3+3

Solve (3 — 4i) (a+ bi) = 1 + 0i and find the values of a and b.

Solve the equation for x and y: _ | ©m -
(B-2)(x+yi)=2(x-2vi)+2i- 1O C& @W@O@
s

W

P T S T R A TV Y AR S




