Exercise 6.1 (SOIUtIOﬂS) Page # 255
Calculus and Arralytlc Geometry, MATHEMATICS 12

Circle T W VDD
The set ofJall pomﬂ un the plane that are equally distant from a fixed point is called a
circle.  \\NJ ™

The fixed point is called centre of the circle and the distance from the centre of the
circle to any point on the circle is called the radius of circle.
Equation of Circle

Let 7 be radius and C(h,k) be centre of circle. Let P(x,y)
be any point on circle then

|PC| =

= Jax-h’+(=k? = r
On squaring
(x=h) +(y-k)" = r°

A 13 csquation. sleirele. m bl fOI'm B N . ,\,:, D
If centre of circle is at orlgln i.ef C(k k) (0 0) then equatlon of circle becomes

Equation of arqle JW‘]Jth end pomts of diameter
Let A(%)) yi) “and B(x,,y,) be end points of

diameter. P(x.y)
Let P(x,y) be any point on circle then
mZ£APB = 90"
(Note: An angle in a semi circle is a right angle —  A%1Y1) B(x;,y,)
see Theorem 4 at page 270)
Thus the line AP and BP are L ar to each other

and we have
(Slope of AP) (Slope of BP) = —1

N (y—ylj(y—yz) _ _q

= (x-x)(x- xz) ( Y= yl)( y yz) —O =
is the required equatlon Of C1rcle with end points of diameter A(x,y) & B(x,,y,).

General for;n Qﬁ an equatlon of a circle
The equatlen
X +y +2gx+2f+c = 0
represents a circle.
= X420+ +V 12+ +c = g+

=3 ()H—g)z-k(y—kf)2 = g2+f2—c
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= (x=C0) + (- A (e
This is equatlon of cn*cle 1n standarci\form with

NIN éehtre at( g2,—f) andradms—m

Question # 1
In each of the following, find an equation of the circle with

(a) centre (5,—2) and radius 4 (b) centre (\/5,—3\/5 ) and radius 2+/2
(c) ends of a diameter at (—3,2) and (5,—6).
Solution

(@) Given: centre C(h,k) = (5,-2) , radius =r=4
Equation of circle:
()c—h)2+(y—k)2 =
= (x=5)+(y+2)" = (4)
= x*-10x+25+y°+4y+4 = 16 oA
= x*+y° —10x+4y+25+4 16 | —Q rZA

P il

= x*+y° —10x+4y+13 7 O‘[.

(b) Given: qq:&tg%ﬂ@(hk) : (\F -3J3) , radius =r=2y2
Equation: J)%‘ circle:

(x—h) +(y—k)" = 7

2 2 2
(x=v2) +(y+3V3) = (242)
x2—2\/§x+2+y2+6\/§y+27 = 8
x2+y2—2\/§x+6\/§y+2+27—8 = )
X4y —22x+63y+21 = 0

b 44U

(c) Given end points of diameter:
A('xl’yl) = (_3’2) > B(xz’yz) = (5’_6)
Equation of circle with ends of diameter is
(x—x)(x—x)+(y=-n)(y-») = 0\/,,__ ENTAVEOM
= (x=(3)(x-5)+(y=2) (- (—6)) QN [~
= (x+3)(x-3)F (2= 2)(y+6)
= x*+3x- 4 -—15+y‘—v2y+6y 12 =
=> < xjri-lyi‘ Qx+4y 27 = 0

Question # 2
Find the centre and radius of the circle with the given equation

(a) x*+y*+12x—10y = 0O (b) 52> +5y* +14x+12y—10 = 0
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© B2+ —6x+4y+13 =0 O WA :4y —8x+12y 25 = 0

Solution LA\
@ x*+y +1 2x—..1:"()‘" AT

Here zngT]‘?Z‘ U

= '§=6

So centre = (-g,—f) = (-6,5)

Radius = +Jg>+ f2—c = (6)>+(=5)>—0
= 36+25 = 61

(b) 5 +5y* +14x+12y—-10 = 0
= x2+y2+%x+%y—2 =0 +ing by 5

OB
£
N3
(©) Do yourself as above.
(d) Do yourself as above.
Question # 3

Written an equation of the circle that passes through the given
points
(a) A(4,5), B(—4,-3), C(8,-3)
(b) A(-7,7), B(5,-1) , €(10,0) -
(c)A(a,0),B(0,b),C(0,0) (d) A(S 6) B( 3 2) C(ﬁ, )
Solution A S AN LY '
Given:  A(4,3) v4gm@wg';a
Let H(h,k) be centre and \A be tadius of circle, then

(B - [ -

. {w} - [aaT = [ca -
= (h—4) +(k=5)" =(h+4)" +(k+3)’ :(h—8)2+(k+3)2:r2 ...... (i)
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From eq. (1)
(h—4) +(k+S): w\"ﬁ(h\-v+4) +(k+3)
= h2—8hﬁ16+k‘2—10k+25 = W +8h+16+k*>+6k+9

:}3’11124%h+16+k2—10k+25 h*—8h—16—k>—6k—9 = 0
— —16h—16k+16 = 0 = h+k—=1 = 0 cceverennn. (i)
Again from (i)
(h+4) +(k+3)" = (h—-8)" +(k+3)°
(h+4)" = (h—8)'= h>+8h+16 = h>—16h+64
= h*+8h+16—h>+16h—64 = 0

= 24h—-48 = 0 = 24h = 48 = |h = 2
Putting value of 4 in (i1)
2+k-1 =0 = k+1 =0 = [k = -1
Again from (1)

r* = (h—4) +(k-5) )
= (2-4) +(-1~ 5}_\/

— (- =6)| Sldse e
Now equatlon (T gple Wwith "Celntre at H(2,—1) & r=+/40

5oy s ety = (vaO)

=3 x2—4x+4+y2+2y+1 = 40= xX"+y —4x+2y+4+1-40 =

= x*+y’—4x+2y-35=0 Ans. .
® Given: A(=7.7), B(5,—1) , C(10,0) B
Let H (h,k) be centre and r be radius of circle, then A
AH| = |BA| = || = -
. — 2
= |AH| = |BH| = |cH| = »
= (h+7)2+(k—7)2=(h—5)2+(k+1)2=(h—10)2+(k—0)2:r_»2_f\.. ...... (i)

From equation (i) we have
(h+7) +(k=7)" = (hr 10) (T G)
= h2+14h+49+k2—14k+49 _\f‘\hz-»—20h+100+k2
— h2+14h+49+k,2—14k}49 h?+20h—100—k> = 0
= %41@14%—2 0 = 17h—Tk—1 = O ..o....... (ii)
Agamfrbm(l)
(h=5)"+(k+1)° = (h—10)"+(k-0)
— K —10h+25+k>+2k+1 = h*—20h+100+k>
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0

= h2—10h+25+k2+2k+1:h2+ “Oh 100 k2

= 10h+2k - 74 AN\

= Sh+k— 317 =\ QLR (111)

Multlpl lng bci‘ (111) by 7 and subtractlng from (ii)

ATh —=7k—1 =0
35h+7k—-259 = 0
52h —-260 = 0
= 52h = 260 = |h =5

Putting value of 4 in eq. (iii)
5(5)+k-37=0 = 25+k-37=0 = k-12 =0 = | k=12

Again from eq. (i), we have
r? = (h+7) +(k-7)
= (5+7)° +(12-7)" = (12)°+(5)° = 144+25 = 169

(.,”,
SN

= ¢ = 13
Now equation of circle with centre (5 12) and radms\l?; ZA (_3‘-\_\__;_5.\':3,» !

(x-5F +(3=12)_ L\t \ B

= x —10x+25% Vi —§4y$}44 = 169
-0

= \x\\-ir]y\lﬂl@xu-24y+25+l44 169
SINPE Y2 10524y = 0

(c) Given: A(a,0), B(0,b), C(0,0) B
Let H (h,k) be centre and r be radius of circle, then B
7H| = |BA| = |cA| = - gAY
— 2 — ] —2
= |AH[ = |BH| = |CH|
= (h—a)’ +(k—0)’=(h—0)"+(k—b)"=(h—0)" +(k—0)" =1
= (h—a) +E = +(k-b)' =W +K>=r" ..ccc0ecenn.... (i)
From equation (i) s e
(h=a)' +K = i+ W bkl bk = gk
ht = 2_61 = h= z

= —-2ha+a® = @1\

Agam from ezﬁu@tmn,&(l,_V_.“'».,_f'_-,
W Jhélh-(k bY = W4k
= h2+k2 2bk+b2 _ h2+k2 L

b? b
— 2 = — =
= 2bk = b =% £k = b = | k 2
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\/
Again from equation (i) A \RRS
rro= b k2
Hv(h Y + T s e a—2+b—2
W N NN 4 474
2 2
Now equation of circle with centre (%,%) and radius = 2+b
2 2 2 2
_a) (,_ k) _ | | b
T3 Y72 T INF "4
a’ b? a’> b’
2 2 2 2
= X —ax+%+ y* —by+T—%—% = 0= xX'+y —ax—by
Alternative Method A

Given point on circle:  A(a,0) . B(O b) A G(ﬁ(@) JO2BT
Consider an equatlon of circle Ln,syandard form ' ’
X +y t—i-\ngéEjSf-f-\C\"a-'\ 0 (i)
Since A(a, O) ?F on| circle, therefore
\\J,\!b}i) '\{b ? +2g(@)+2f(0)+¢c = 0
= g° +2Ba+FEC = U iesnns (11)
Also B(O,b) lies on the circle, then
0+ D) +2g0)+2fB)+c = 0
= b +2f+c = 0 .oennnnnn. (iii)
Also C(0,0) lies on the circle, therefore
(0)*+ (0> +2g(0)+2f(O0)+c = 0 = £ = [}
Putting value of ¢ in (i1)

a’+2ga+0=0 = 2ga=-a = g=-- =

Putting value of ¢ in (iii)

b*+2f+0 =
B | (A0
= f = A/ A\
B VLANZ
= )

58
WM?LLZ( 2jx+2(—gjy+0 = 0

= x*+y*—ax—by = 0

Putting value of g} f and c m(
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Question # 4 Q, WAY
In each of the followmg, flnd an, equamn“c)f ‘-the o
circle passes through |
(@) A(3,-1) “&(O l) aﬂd have centre at :
4x -3y N B L @
(b) A(—3,1) with radius 2 and centre at
2x—39+3=0
(c) A(5,1) and tangent to the line 2x—y—10=0
at B(3,-4)
(d) A(1,4),B(-1,8) and tangent to the line x+3y—3=0
Solution
(@)  Given: A(3,-1) , B(0,1)

I: 4x-3y-3 =0

Let C(h,k) be centre and r be radius of circle
A & B lies on circle G @ r
B - [a] - - oo e

= J(h-3)"+ k+1\b \}Lh O)\+(k) }) : e @
= (h- #(kﬂ*l) +(k-1)° on squaring
\W\M \9+k2+2k+1 = K4k —2k+1
= R —6h+9+k>+2k+1-h —k*+2k—-1 = 0
= —Bh14k+9 = U cvsonens (1)
Now since C(h,k) lies on given equation [
. Af—3k—3 = B aeisuses (111)
Xing equation (i1) by 3 & (ii1) by 4 then adding
—18h +12k+ 27 =0
16h -12k—-12 =0

— 2h +15 = 0

=% 2h = 15 = | A = —

Putting in (iii)

15
4[ 2) 3k-3 — 0

=
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N\
L)
-/

VR J'[ﬁj)
481

= X —15x+%+y —-18y +81_T = ()

= x*+y*-15x-18y+17 = 0

(b) Given: A(-3.1) lies on circle , radius = r = 2
1: 2x=3943 = 1}
Let C(h,k) be centre of circle.
Since A(—3,1) lies on circle
= |ac|
2 = J(h+3) + (k—l)2 | 3\ |

“ :‘“/ \ \l f / (/ “.\ 7\‘ :_ \ \'__/' b=
4 = (h+3) +(k— 1) |

U

\("\ \\ | (¢
\ ‘-‘ '\ ] l

4 = h246h+’9<hk2w226+1/5 h2+6h+9+k2—2k+1 4 =0

U

—
1+ \&J+9+k2*2k 3=0.... 0
Sincé \qﬁﬁﬁﬁ\é'é( k) lies on /
s 2h-3k+3 =0
=% 2h =3k—-3 = h=L2_3 .......... (i1)

Putting value of 4 in (1)

2
(Lf] +k2+6[L2_3)—2k+6 =

9k* —18k+9

+k*+9%—-9-2k+6 = 0

= 4
= 9k*>—18k+9+4k>+36k—-36—8k+24 =0 xing by 4
= 13k*+10k-3 = 0 = 13k*+13k—-3k-3=0
= 13k(k+1)=3(k+1) = 0= (k+1)(13k-3) < 0_ 7
= k=-1 or k= % e ‘(Puttmg value of k in (11)
31 =B\~ LA\
h ) (/3)
AN 20
NN _ /3—3 _ "3 _ —15
= —3 2 13
= (-3,—1) is centre of circle 15 3 : c
1313 is centre of circle.
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Now equation of cireJe\with Qentre\at (—3 l)jand radlus 2

(x+J3)j T(y“) 227 = (x+3)+(y+1)’ = 4
Now édﬁa‘tlé)n of circle with centre at ( g 133j and radius 2

2 2
15 3Y o
5] -
=> +E 2+ 2 2 =4
13 13) =
(c) Given: A(5,1) and I: 2x—y—10 = 0 is tangent at B(3,—4) 1
Let C(h,k) be centre and r be radius of circle.

; A(S,l) and B(3,—4) lies on circle
. |AC|=|BC|=r

= \(h=5) +(k=1)" = (A= 3 (K4 ir\\"(a
= ( ) (k l)\ a—(/hﬁfi) \ “\k+’4)2\ g On squarlng
= i —10h+2§+k%2k*1—"hf—6h+9+k2+8k+16
= h\\ﬁ\l;&hvhﬁﬁ\+k2—2k+l h+6h-9-k*—8k-16=10
e A 10K+ = O o (ii)
Now slope of tangent [ = m, = —% = —%1 = 4
And slope of radial segment CB = m, = l;l—j
Since radial segment is perpendicular to tangent therefore
mm, = —1
o W5 o S4B =—Rsd
h-3
= h—-3+2k+8=0
=% WE2EFI =0 sninenes (iii)

Multiplying eq. (iii) by 4 and adding in (11) A\ RO\

—4h 10k +1 =0 (\ _ R\
— 2k +21 ‘ i) AENE
W Nl Wer o [k - 5

Putting\.rvalue of k in (ii1)

h+2(221j+5 =0 = h+21+5=0
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Now from eq. (}) “ '.

Ji N N \‘/(h i 3)2 +(k+4)2
\/( —26—-3)" + (_+4J2 _ \/(_29)2+(2_29]2
By T e

Now equation of circle with centre at [ 26,%) and radius %
2
2 21 4205
= xX*+52x+676+y>*—21y+ WL

4 4 A
/’_‘ —~/\ \ ( y‘-‘ "" \ E

= xX*+y*+52x—21y— 265 = 1<\ (CLONBE

v\\wmﬁxwx

{ N \\ [~

(,'

(d) Given; A(l 4)/
l:x+3y~3¢
Let C (@ @])\IIDE eentre and r be radius of circle then

Wi5e| - e -
= J(h=1)+(k—4)" = J(h+1)’+(k—8)" = r .......... )

Also [ is tangent to circle
~. radius of circle = _L ar distance of C(/,k) form !/

| A+ 3k —3)|
% P =

JO? + (3)

| A+ 3k —3|
—% =

Now from (1)

J(r=1) +(k—4)’ \/(h+1) +6k—&)
On squaring O
(h=1)7 + (kDT \E (%
— h2—2h+1+k2*—8\'+16 W +2h+1+k>—16k+ 64
:m jld%wzh+1+k2—8k+16 W —2h—1—k>+16k—64 = 0
“4h+8k—48 = 0
= h—-2k+12=0 ..cccvnn..... (iii)
Now from (i) & (ii)




On squaring

=
—
—

=

: ‘uﬂ S
"(% 1)+ (k- 4)
10[(};—1) +(k—4) ] = B> +9k% +9+ 6hk — 18k —6h
10[h2—2h+1+k2—8k+16] = 1+ 9k + 9+ 6hk—18k —6h

10h%? = 20h+10+10k> —80k +160—h> —9k> =9 —6hk +18k +6h = 0
On> +k*>—14h— 62k —6hk+161 =0 .......... (iv)

From (ii1)

Putting in (iv)

9(2k —12)" + k* —14(2k —12) — 62k — 6(2k —12)k+161 = 0

“,\\

= O(4K” — 48k +144)+ k” — 28k +168 — 62k —12kFH 24 161 '=10
= 36K% — 432k +1296+ ki~ 28k +168 62% '1\2#%72k+161 =1
= 25k2—450k+71625 LQ \\ AN
= k*>—18k +\ P =\0\\ LV ‘S1ng by 25
- ,\Hlslé\’%kms =0 = k(k-13)-5(k-13) =0
= (k 13)(k=5) = 0
= k=13 or £=3
Putting in eq. (v) Putting in (v)
h=2(13)—12 7= 2(5)-12
= 26-12 = 14 D1 = —2
Now from (1) Now from (i)
r = \(h=1) +(k—4)’ r = Jho1y + (e—a)
=N r=\/14—12+(13—4)2 _ Jecy G-y
\/ 13)’ = J169+81 _ i1 = 2
Now eq. of Clrcle Wrth oelitre (2,5)
Now eq. of circle with centre (14 13) (,_.f-:-\"'.,l-.and radlus f
and radius /170 \\ (x 2) +(y _5)2 = \/5)2
= (x=2)’+(y-5)" =2
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Question # 5 v Y
Find an equation of a ciscle of. radlus and lymg in the "
second quadrant such that 1t 1s tangen to both the axes.
Solution NN N[AB\S\e

Radmﬁ!oﬁﬁ Nirdle = 7 = a

-+ circle lies in second quadrant and touching both the

axis therefore centre of circle is (—a,a)
So equation of circle
(x=Ca) +(y-a) = (@’

= x*—2ax+a’+y*—2ay+a’—-a’> =0

= x*+y*—2ax—2ay+a* =0

Question # 6
Show that the lines 3x—2y=0 and 2x+3y—13=0 are tangents to the circle
X+ y +6x—4y=0
Solution
Suppose
L: 3x—=2y =10
L: 2x+3y—-13550,
S: X+ yzﬂr,\ x\

RN

FromSiV‘
266, 2f=-4 , ¢=0
= g = s f=—L,

Centre C(—g,—f) = C(-3,2)

Radius =r = \/g2+f2—c
= J3? +(-2)* -0
= J9+4=0 =13

Now to check [ is tangent to circle, we find
_3-3-22)+0|

JGB + (2 |
i |—9 4\ _ \—lsx A

Z

1 ar distance of /, from centre =

=> [, is tangent to gWen cn‘cIe O

Now to check ﬁ% 1§Jpangent 1o 01rcle let
NINN

2(— e |
_Lar 'dlstance of /, from centre _| it 3|

V) +(3)




[l
[y
(O8]
Il

V) Ji J( J’ Radius of circle
J, N

= L1 also tangent to given circle.

Circles touching each other externally or internally
Let C, be centre and 7 be radius of circle S, and C, be

centre and 7, be radius of circle S,.
Then they touch each other externally if
‘ G Cz‘ =hth

And they touch each other internally if %

’C1C2’ = ‘rz_”1|
Question # 7 EN (@ o\ S\
Show that the circles N7 °. \ g "
L+y +2x—2y-T7 = 0 and Xt ¥2. m"+4y+9 +\o totech externally.

Solution O\ ~~0\\ N\ /)
Let S;: x '+y +2x+2y T=0
?&z'ré|yb'¥6x+4y+9 =0

For Sl.
26=2 , 2f=-2 , c=-1
= g=1, f=-1,
Let C, be centre and 7 be radius of circle S,, S
then S

C(-g.-f) =G (-11)
Radius =7 =+/g’+f>—c
= JOP+(D —(7) = Ji+1+7 = 0 =

For S,:
2pg=6 , 2f=4 , £=9
= g=-3 , [f=2
Let C, be centre and r, be radlus of clrcle; chl then (o]0

Radius = r2 — LR LA

QRN NI \/( (29 = 9Fd8 - A =2
Now mrcles touch each other externally if
|C1Cz| =hth

= G+ +(=2-1)? = 342
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= 16+9 =5= /25(% 5 :> 5 t 5 \

~ Hence both circles touch cath other\eXternally

Question #8 7 | \\ |\
Show thaﬁ the )dl*oﬂss
C+y 2$2%—8 = 0 and x2 +y* —6x+6y—46 = 0 touches internally.
Solution
Suppose  S;: x*+y*+2x-8 =0
o X +y*—6x+6y—46 =0
For S, : 2e=2 , 2F=0 , e=-§
— g=1 f=0
Let C, be centre and 7, be radius of circle S, then
C (-g~f) = C(-10)

Radius = 7, = /g’ + f*—c

= J?+(0)’+8 =9 =3 SRR
For §,: 2g=-6 , 2f=6 , c =,¢46,,_1l ;I.ﬂ/;j{f(:\\(. [ \dOH"
= g=-3 , f 3 A

- J(3) +(=3)°—(-46) =+/9+9+46 =+/64 =8

Now circles touch each other internally if
(GG, | =|n-r|= JB+D?+(3-0) =|8-3|

= J16+9 =|5] = V25=5 = 5=5
Hence circles are touching each other internally.

Question # 9
Find an equation of the circle of radius 2 and tangent to the line x—y—4=0 at

A(L,-3).
Solution x aﬂ%em
Given: Radius r = 2, =10

Tangent: x—y—4=0 at A(1 —3).
Suppose C(h k ) be the Centre th@n QO )\
|AC| = z VTR L N\

wl/(h“]-l g” k+3) = 3
On squaring
(h=1)"+(k+3)" = 4
= h—2h+1+k*+6k+9-4=0= K +k*-2h+6k+6 =0 ........
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Now slope of radial line AC

O\ \ —~

Slope of line tf‘“«%@l'?t \&\ _1 VL

Since rddiél fine is L ar to tangent, therefore
(Slope of radial line) (Slope of tangent) = -1

k+3
) = -1
= (h_l)()
= k+3=—(h—1) = k=-h+1-3 = k=-h-2 ........ (11)

Putting in (i) h* +(~h—2)" =2h+6(-h—2)+6 = 0
= W+ +4h+4-2h-6h-12+6 = 0= 2h*—4h-2=0 = h*-2h-1=0

_ 2322 -40)(-D) Putting /1 =1-+?2 in (ii)
2(1)
2+ a5d 243 |k=-1+V2-2= k=-3+\2
= - NE)/W e 'augm of/ci{@e Wlth
L2230 e LB 51 2) and 2
AT QLS (x 1-v2)) ~(y-3+vD) = @7
Putting \lﬁm\/ﬁ“ m(“) = (x—1+\/§) —(y+3—\/5))2 =4

= k=-3-+2

Now equation of circle with
centre (1 SO ) and radius 2.

(x=+v2)) - (y-3-42)) = @7
= (x—l—x/i)z—(y+3+x/§))2 =4
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Equation of tangent and normal to the c1rcle
C0n31der aP qquatléh of circle

-y "+ +2gx+2f+c= 0
Then equation of tangent at (x;,y,) is
xx+yy+g(x+x)+f(y+y)+e=0
The equation of normal at (x;,y,) is

(y=3)n+g) = (x=x)(n+f) (See proof at page 257)

Question # 1
Write down equations of tangent and normal to the circle

(i) x*+y* = 25at (4,3) and at (5cos8,5sin @)

(ii)3x* +3y* +5x—13y+2 = 0 at (1 ?] o~ /_/,(
. ':(:\\\4' .': / \ =
Solution X+ y WY T
leferentlatmg w.I.t. x
2x + 2] yﬁ‘ ;*-t; 0
X
dy dy X
=% 2 — = —-2x — e —
Y dx dx ¥
At (4,3)
_ o _dy _ 4
Slope of tangent at (4,3) =m = =1 =-3
(4.3)
Now equation of tangent at (4,3) having slope —%
y—3=—g(x—4) = 3y-9 =—-4x+16

= 4x-16+3y-9 =0 = [4x+3y-25=0] Q)

Since normal is L ar to tangent therefore

Slope of normal at (4 3) 75 ’; \ _4/3 - % -

Now equatllon of nérmal at (4 3) havmg slope 3

4

y—3=%(x-4)
= 4y-12 =3x—12 = 3x-12-4y+12 =0
= |3x-4y =0

At (5c0s8,5sin6)
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\J
5cos @ cosé
Slope of tangent at (SCOSB SSm 9) =\ =% = . = ——
AN \\ 'f\\l dx (5¢c0s8,5sin9) Ssiné sin @
Now equathql qﬂ tangent at (.5<‘:;)s¢9 5sin &) having slope — C(.)SH
3! VN sin @
cosé
y=5sind = ——2 (x—5cos8)
= ysin@ —5sin’6@ = —xcos@+5cos’ O
— xcos@+ ysin@ = 5sin’@+5cos’ @
= xcos@+ ysinf = S(Sin2 6 + cos’ 6)
= xcos@+ ysinf = 5(1)
= | xcos@+ ysinf@ = 5
Since normal are L ar to tangent therefore
Slope of normal = o, o EEE
P ~ m  cosé A\
Now equation of normal at (SCos 9 SSm 9) h&w slopﬁ sfn\e
\ n% 'Zos 8

— /_
y—5sing 55\ ﬂ(x 5{3039)\

—3 ycos& SSmHoos@—xst 5sinfcosé
ﬁ\]' \X]‘Slﬂﬂ&_SSIHQCOSH ycos@+5sinfcosf = 0

= xsin@ — ycos@ = 0

(i1) [Alternative Method]
3x°+3y* +5x—13y+2 =0
13 2

5
2 2 _ Faem = e
= X +y tzx-—oy+3 0

Comparing it with general equation of circle

5 13 g
=3 . H=-3 . ¢=3

5
:)g:g 5 = - —

Now equation of tangent at (x,, y,)
5 g (4 5) 4f (ko S
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= E)c + 1
o 33421y 4 1 5, \
H \| | ¢ is the required tangent.

Now eqv)adlon of normal at (xl, )
(y=»)(x+g)=(x—x)(n+f)

Here (x,y,) = (lgj

> (=5 )+6) = (55

B ) () P R I

= Ta—T— 11y+%-0 — 7x—11y+?=0
= 21x-33y+89 =0 P o\
is requlred equatlon Qf Qprmal AL O)1M ke
Question # 2 Q ~ \\ [~
Write down equations pf tangent and {()rma)l t@ the c1rcle
4x* +4y* 16x+24 *117 = O
at the pomt (?n\m]qm éle whose abscissa is —4.
Solution \\ NN
A+ 4y® 162+ 24y 117 = 0 cvorisms (1)
Since abscissa = —4, so putting x=-4 in given eq.
4(-4)* +4y* —16(-4)+24y-117 = 0
= 64+4y*+64+24y—-117 =0
= 4y’ +24y+11=0
- 24+ \/(24)2 —4(4)(11)
Yo 2(4)
_ =24%576-176 _ —24£+400
= =
—24+20 o~ A
= _ =24+20
Y 8 (
= >
o R N

N
AN U U\
So we have pomts

(i) = x? +y —4x+6y——¥ 0
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Comparing it with general equauon‘gf mrclelr‘ \ Y |
\o-hT

2g_-4*“ x:\6\‘/3 -

= gﬁ*a WY F =3
Now equht}lo of tangent at (x,y,)
xx+yy+g(x+x)+ f(y+y)+e=0

For (x.y) = (—4,—%)
Solve yourself as Q # 1(ii)

11
For (xl,)ﬁ) = (_4,—?J
Solve yourself as Q # 1(i1)

Position of the point with a circle
Consider the general equation of the circle
x2+y2+2gx+2fy+0=0 .
The point P(x,,y,) lies on the circle if ,_ﬁ/»«;g;:\\f; = $\>,
E +y1 —HngL—Pny] +G ~0 )
The point P(xl, ) lﬁ:és outslde th&\&lrc}e/ it
NN W52 205 + 2.5, +¢ > 0
And the\ )ﬁ)ﬂcimt P X,y ) lies inside the circle if
x12+y]2+2gx1+2ﬁzl+c <0

Question # 3
Check the position of the point (5,6) with respect to the circle

(i) x*+y* =81 (i) 2x* +2y* +12x—-8y+1 = 0

Solution
(i) 4y =81
= X +y’—81=0.............. @)
To check the position of point (5,6), Putting x=5 & y=6 on L.H.S of (i)
(5)° +(6)"—81 = 25+36-81
-20 < 0 R AYO W

Hence (5,6) lies inside the 01rcle

(ii) 227 +2)° +12x.?8y+1x 0

J A\
;@,x@_‘_y ¥ 6x — 4y+%= (| R 1)
To check the position of point put x=5 & y=6 on L.H.S of (1)
(5)? +(6)* +6(5) —4(6) +5
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Hence (Sgé‘) hesv(‘)uts1de the circle.

Length of tangent to the circle
Consider equation of circle

X+y +28x+2fy+c =0

If d denotes length of tangent from point
; P(x,.y,)
P(x,,y,) to the circle then =

d = \/x12+y12+2gx1+2f_'yl+c

Question # 4
Find the length of the tangent drawn from the pomt ( -5, 4) to them;mIe

5x*4+5y*—-10x+15y-131= 0 0 \'.' e »\f.l(.:,“‘\}_—d,
Solution ~ 5x° +5y 10x+15yﬂf‘

\ \ AN\

P
:‘
\

l|\
Now lengtﬂ 0% tangent from point P(xl, »

d = \/x1 +y1 +2gx +2fy +c

For (x,y) = (-5,4)
2 2 131
d = \/(—5) +(4) —2(—5)+3(4)—?

= \/25+16+10+12—g

/184 /46 )
= ,|— = 2,|—units
“ 5

O
ﬁp} H2x—h3y—i‘ 0
) is

Question # 5
Find the length of the chord cut off from the line 2x + 3 y, r' 13 by thc Clrcle
x> +y* = 26 > A\ W\ [ -
Solution 2x+3y = 13 e AR B

x4 y 26 PARASY e A

From (1) J \ M =T
bx = 13-3y
= x = % .............. (iii)

Putting in (i1)
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A 7iy+9y Sy = 26
J

N 169 — 78y +9y° +4y?
4
= 13y -78y+169 = 104

= 13y =78y+169-104 = 0
= 13y*-78y+65 =0
= y"-6y+5=10

= 26

= y*-5y—-y+5=0
= y(y=35)-1(y=5) =0
= (y-5)(3-1) = 0
= y=5 or y=1 N
Putting in (iii) -

1%“
|\ J’\l I \ I\
=" (—\1 55 and (5, 1) are end points of chord intercepted.

So length of chord = \/(5+1) +(1-5)

=V36+16 =52 =213

Question # 6
Find the coordinates of the points of intersection of the line x+2y = 6 with the circle :

P +y*—2x—2y-39 =0
Solution  x*+y*—2x-2y=39=0 .......... (i)

Just solve (1) & (i1) to get the points

Equation of tangent to the circle having slope m

Consider an equation of circle
2

x> +y? A O VALY
Then equations of tangents parallel{o the/‘hne havmg -
slope m are LR\

l J‘y %# Wt‘)“'a".l‘}m




Question # 7 Q - 0\ \ |
Find equations of the tangents\to the e{rcle BT = 2

(i)  parallel to\the\" x Y, y+1 =0
(11) ‘pe}‘ﬁeﬂdlcular to the line 3x+2y = 6

Solution - +yt =2

Centre of circle is at origin with radius a = V2
i) Letl: x=2y+1=0
1 1

Slopeof l = m= —= —
-2 2

Since required tangent is parallel to /

. Slope of tangent = m = s

Now equations of tangents are

y = mxtavl+m®

= x—2yx+10 = 0 are the req. tangents.

(11) Do yourself as above

6.2-7

Question # 8
Find equations of the tangent drawn from

(i) (0,5) to x*+y* = 16

(i) (-1,2) to x> +y* +4x+2y = 0

(iii)(~1,2) to (x+1)*+(y—2)" = 26

Also find the point of contact.
Solution

(i) =16 92N\ UY

= radius of circle is)'4\
Let slope of requu‘ d' témgent be m, then eq. of tangent
passing thrqlggh (035 )
T oy=5= m(x ())
= y-—3=
= mx-— y+5 =3 | R (1)
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Now since (1) is tangent to circle; theyefore VY
Radius of circle = _L ar dlstanc:e a{(l) ft’om{:entre (0,0)

lm O) 0+5}
= ,Ji
NN Y (12

:>4:—|5| = 4m’+1 = |5]
m” +1

On squaring
(4 1+m2)2 = |s[
= 16(m*+1) = 25 = 16m’+16 = 25
= 16m*> = 25-16 = l6ém*> = 9

= m’ = L = m= ig
16 4
3 A0
When =" putting in (i) A Wh?/flf”\zf}z’p‘@mg )
éx— +5 AW\
¥ o0 —=x—p+d =
= 3x- 4y+j20,, = 3x+4v-2= 0
\ \li\\\’l\“\l\' .
(1) P+yY +4x+2y =0

Comparing it with general equation of circle

Wehave 2¢=4 , 2f=2 , ¢c=0
= g= Z , f=1

Centre C(—g,—f) = C(-2,-1)

Radius = g%+ f>—c =27 +1)*-0
=J4+1 =45

Let m be a slope of required tangent, so equation of tangent passing thorough (—1, 2)
y=2= m(x+1)
= y—2=mx+m
= mx—y+(m+2)=0......... e ) (]

" (1) is tangent ot circle, AN\ ,
. 1 ar distance of t,angent frem cegtre —2; —1) = Radlus of circle

_ |m& LGN )| _ 5
NN NN om? + -2
—2m+1+m+2| _E

—>
m> +1



On squaring =”,__,_, RAR\B SN
\ mJ N \ff 6m‘+ Q= 5( m® + 1)

5m +5-m*+6m—-9 = 0
= 4m* +6m—-4 =0

3’” N

= 2m*+3m-2= 0
= 2m* +4m-m—-2 = 0
— 2m(m+2)—1(m+2) = B
= (m+2)(2m-1) = 0
= m+2=0 or 2m-1=20

= m=-2 or m:l
2

Putting value of m in (1)
2x—y+(-2+2)=0

= —2x- y+0 = 0

=% 2x+ yt)—*

“\\”\\H\O\“
Gi) =~ (x+1)7+(y-2)° = 26
= (x= D) +(y-2) = (V26)

Centre of circle is (—1,2) and radius /26
Now do yourself as above.
Note: 7o find point of contact, solve equation of tangent and circle.

Question # 9
Find an equation of the chord of contact of the

tangents drawn from (4,5) to the circle

2x* +2y* —8x+12y+21 = 0

Solution B
Given: 2x2+2y2—8x+12y+21 = 0 8IX 2\ G

= X +y’ —4x+6y+~7 = () CA R

Comparing it with %eneral equanen of c1rcl
J@g;uu U =6, e=

> g=-2, f=3
Let the point of contact of two tangent be P(x;,y,) and Q(x,,y,)

21
F)
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Eq. of tangent at P(xl, yl) |
XX+ Yy + g(x+x1)+ f(sw Ve = =y

21
= JJCI\ Njﬁj+2(x+xl)+3 y+y1)+— = D
W
= X+ Bpy—2x— 2x1+3y+3y1+% =0

Since tangent is drawn from (4,5), therefore

= x @)+ yl(5)—2(4)—2xl+3(5)+3yl+% =0

= 4x1+5y1—8—2x1+15+3y1+% =0

3 2% +8% +% =0
= 4x, +16y,+35 = 0 ... (i)
Similarly equation of tangent passing through Q(x,,y,) and (4 S)Jg;wes
4x,+16y,+35 =0 ......... (ii) o~ ,";O\", C SO

Egs. (i) and (ii) show that both pomts /P & Q hes (}n theTne
4x+16y'+" BSWG \ \ I\,"\\ \J/\-‘ .\ /‘- —

Ay N

So it is the requlred\ é;gmatlon Qf chord of contact.

WW UNARS
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Question # 1 2\ \ \
Prove that normal l}nes 04;, a'b01rcle pass through the centre of the circle.
Soluttoni. N N Cbnmder a circle with centre at origin and radius r.
YU Xy =12,
Differentiating w.r.t. x
2x+2yﬂ=0 = 2y@=—2x = ﬂ=—£.
dx dx dx y
Slope of tangent at (x,,y,) =m = Ay g
dx (x,3) yl
Since normal is L ar to tangent therefore
1 1 y
Slope of normal at (x;,, =—— = - = Y
p ( 1 )’1) - —x / y, X,

Now equation of normal at (x,,y,) having slope

V¢
J=Jp = )
—\ \{ (\ \\ ™
: xly xi }'(lll.'-, ’1:'&."» W N
\[\ NRIN &ly 25 7% ST i

Clearly ﬁentre of circle (0,0) satisfies (1), hence normal lines of the circles passing
through the centre of the circle.

Question # 2
Prove that the straight line drawn from the centre of a circle perpendicular to a
tangent passes through the point of tangency.
Solution Consider a circle with centre at origin and
radius r

x*+ y2 = 7,
Differentiating w.r.t. x

2x+ ZyQ =0
dx

— 2yﬂz—2x =%
dx

Slope of tangent ,vé_l:ti{(‘a:).clxy, -}Z]"" L ._ )\ \k (X

1 _}’1

AR
Slo eof neU_artotan ent T o— e =
g h - m —%/» X
Now equatlon of line perpendicular to tangent passing through centre (0,0)

y- O—x(x 0)

1
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Clearly the point of tangeney (xl, y& satlsfy (1) hence the straight line drawn from
the centre of 01rcle pﬁrpendlm:llar to a tangent passes through the point of tangency.

"i\_

Questl()n.e_\#i_\@ NN
Prove that the mid-point of the hypotenuse of a right triangle is the circumcentre of
the triangle.

Solution ~ Let OAB be aright triangle with | OA | =
Then the coordinates of Aand B are (a,0) and (0,b) respectively.
Let C be the mid-point of hypotenuse AB. Then

coordinate of C = [a+0,0_+b) = (2,2).

2 2

Now

X

Since |CA| = |CB| =
Hence the mid-point of the hypotem:lse of a rlght man gle is the circumcentre of the
triangle. A\ 0\ U

Mean prOporthna; j’ \B\BA=As
Let a,b aﬂd ¢ be three numbers. The number b is said to be mean proportional

between a and b if a,b,c are in geometric means or
b a
b* = ac or — = —.
a c




Question # 4 A &~

Prove that the perpendicylar. dmpped\from S\
point of a circle on a dlameter is\a ‘mean
proportional betw@eﬂ the'segments into which

it divides thej diameter.

Solution  Consider a circle of radius r and
centre (0,0), then equation of circle

P(a, b)

B
x2+y2: 2

Let A and B are end-points of diameter of
circle along x-axis, then coordinate of A and B
are (—r,0) and (0,r) respectively.

Also let P(a,b) be any point on circle and

1 ar from P cuts diameter at C. Then coordinate of C are (a,0).

Since P(a,b) lies on a circle, therefore

.............. O S
o O
4] = r+a = S e
CBL =0 o) 050) = r—a.
| C']U\:\\/(a a)+(b-0)° = Jo+b* = b
Now
’ACHCB‘ = (r+a)(r a)
— 22
= a’+b°—-a’ from (1)
= b* = |PC|
= |acl|cB| = |pc||pc| = 1ACl_ 1PC
|PC| | CB|

= ]PC| 1S a mean proportional to ]AC] and ]CB’.
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Question # 11\ N 1‘

Find the foéus vertex and directix of the parabola sketch its graph.
(i) = 8x (i) x* =-16y
(ii1) x2 =5y (v) y* =—-12x

v) x> =4(y-1)
(vi) y* =-8(x-3)
i) (x—1)" = 8(y+2) (i) y=6x"-1 <————155
(ix) x48—-9"42y=0 T
(x)x*—4x-8y+4 =0
Solution v
i  y =8
Here 4a =8 % = 2 _ Nt
Vertex: 0(0,0) { (O N\ U

x+2=0

+
X

The ax1s of parabola 1s a]@ﬂg x~. ‘xihﬁh‘&i‘dﬁéning of parabola is to the right side.

Focus: (a, O) -ﬂ\?& ())
Dlrectrl\xﬂ\ PN A

= x+2=0

(ii) x> = —16y T y-4=0
Here 4a =16 = a =4

Vertex: 0(0,0) T x
The axis of parabola is along y—axis and i _4)51

opening of the parabola is downward.
So Focus: F(0,—a) = F(0,—4)

A
/

Directrix: y—a=20
= y—-4=0
(i) x> =5y
Here 4a =5 :> -2\ V . L
ECOIS
And vertex:. O(@,,O) o T +5=-0

The axis }(D% thle ‘parabola is along y-axis and
opening of the parabola is upward.

Focus: F(0,a) = F[O,%j
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Directrix: y+a = Q-~. =

= 4y+
J| y\lisj'—]—'
@1v) y —12x
Here 4a =12 = a=3
And vertex: 0(0,0)
The axis of the parabola is along x-axis and opening of
the parabola is to the left side.
Focus: F(-a,0) = (-3,0)
Directrix: x—a =0
= x—-3=0

) 00 | X

x-3=0

v) x> =4(y-1) ........... @)
Put X =x , Y=y-1
= X2 =4Y .oeo....... (11) P
Here 4a = 4 — a = =1 _\V7{\( 0\ \/ L3 L
And vertex of parabola (11) fs) OCO D\v\}lth axis of O
arabola is alo xis \open upward. — —
P Vertex! No( W aiael OO y=0 x
= X =0 ,

= x=0 , y—1=0 = y=1
= (0,1) is vertex of parabola (i)
Now focus: F(0,a) = F(0,1)
= X=0, Y=1
= x=0 , y-1=1
y=l1+1 = y=2
= (0,2) is focus of parabola (i)

Directrix of parabola (ii) is
Y+a=0 = ¥+l=10 i

= y—141=0

= y =0 isdirectrix gf pafabqlaﬁ) TN
(vi) Do yéurself
NN . ; |
(vii) (xal)qi =) g (y+ 2) ............. ) - y+4=0 s

Put X =x-1 , Y =y+2 in(i)
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Here 4a =8 = a i 2 0\~ W)
Axis of parabola is along Y -ﬂXIS opeﬁ\upvvard w1th vertex of (0,0)
= =0_ (Y E o
NN\
=3 &— 1)#'6 ; y+2 = {}
= 3= 2 , y=-2

= (1,—2) is vertex of parabola (i)

Focus of (i) is  (0,a) = (0,2)

- X=0 , Y=2

= x-1=0 , y+2=2

=% x =1 s ¥y=0

= (1,0) is the focus of given parabola (i)

Directrix of (ii)
Y+ta=0 = Y+2=0
= y+242=0 = y+4 =0 isdirectrix of glven parabola,f\ 2

) L ﬁ/ \\\i | I/ O /\ \ O \\0\—’“\: o
(viii) y = 6x"—1 A L AN =
= 6x° =
N ‘,
(ix) x+8—y*+2y =0 A A
= y*—2y = x+8 E e
= ¥ -2y+1=x+8+1 S 1
3 +
(y-1)" = x+9 = +
Put X =x+9 , Y =y-1 - " .
o . o1 :\:\F(:—35/4 1) X
Here 4a =1 = a:%
The axis of parabola is along x-axis and [
it is opening to the right side. PR Y\ v
Vertex of parabola (ii) is (0,0) S ~N2 /__ \S)Ath

—% X =0 , ¥=0
= x+9=0 |, y+1_~
== X ==9

= (-~ xl) ;ﬁ welﬁej of the parabola (1)
1
Focus: (a,O) = [Z’O]
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=

o
4
X+ "1""'"“-1 (| y
GOl
X :> l_ 9 ’
4
35
e e ’ _1
X - .

(_%Ts’lj is focus of parabola (i)

Directrix of parabola (i)

X+a=0
= & +l =0
4
1 .
= x+9+==0 —~ A0
4 (1) COW*
37 ) \\\' TCAL S
= Xt = 0 is d1rectr1x of‘p'ambola (1) | B
(x) ~Pg youhs*elf as above
Questlon\#&i \’l\lI =
Write an equatlon of the parabola with given elements.
(i) Focus (-3,1) ; directrix x=3 (ii) Focus (2,5) ; directrix y=1
(iii) Focus (-3,1) ; directrix x—2y—3=0 (iv) Focus (1,2) ; vertex (3,2)
(v) Focus (—1,0) ; vertex (—1,2) (vi)Directrix x=-2 ,Focus (2,2)

(vii)Directrix y =3 ; vertex (2,2)

(viii) Directrix y =1, length of latusrectum is 8. Opens downward.
(ix)Axis y=0 , through (2,1) and (11,-2)

(x)Axis parallel to y-axis, the points (0,3),(3,4)and(4.11) lie on the graph.

Solution

@)

Focus: F(-3,1)
Directrix: x =3 1e. x—-3 =0

Let P(x,y) be any point on parabola then by deﬁnitmn -
| PF| = _Lar dlstancc of {’(x y) Bt Hireitrix

. el dE=s
J\/J:J J )J NJ & —

= \/x +6x+9+y* —2y+1 = |x—3|
On squaring
= X +6x+9+y*-2y+1 = x*—-6x+9
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J \j “ 1‘ J! ."-Visurequired equation of parabola.
(i1) Do yourself as above.

(111) Focus: F (—3,1)
Directrix: x—2y-3 =0
Let P(x,y) be any point on parabola, then by definition of parabola
| PF| = Lar distance of P(x,y) from directrix.

_2y_3|

= J(x+3) +(y-1)* = | x

\/( frh JO? + (-2

= \/ X +6x+9+y°—2y+1 = % R
[ ‘K_,' r‘: A\\:/\/ \ \ L

— \\

= 5 \/ X2 +6x+9+y° — 2 y +%\ = ]x— 2y“4~3[\\' [ (’/, o~

On squaring both s;des N\
5(x" +6x+ ) Fq

=_ 5ﬁ+3|0$¢+45+5y —10y+5 x> —4y>—9+4xy—12y+6x = 0
= Z{x +y +36x—22y+4xy+41 =0

is required equation

(iv) Given: Focus (1,2), Vertex (3,2)
Focus and vertex implies that axis of parabola is parallel to x-axis and opening to
left side. Therefore eq. of parabola with vertex (3,2)

(y=2)" = —4a(x=3) ........... (i)
Now a = Distance between focus and vertex
= J3-1)+(2-2)" = 4+0 =2
Putting in (i)
(y ~2)" = —4@)(x-3) = y-dytd mBxk 28)\ (O
=5 ¥ —4y+4+8x 20 = O Q :> ‘y%—4y+8x*—\20 =0 is req. eq.

(V) , Do yourself

NN J’ =
i) ) ﬁbiﬂecmx y=3 ie y-3=0
Vertex (2,2)
Since axis of parabola is parallel to y-axis (because directrix is parallel to x-axis).
And opening is downward.
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So equation of parabola W1th Vertex (h k} ( 232)
(x=h) = PHa IR
(W—T'Q) ‘4*— ‘—4a(y 2)
Now “a = Distance of vertex (2,2) from directrix
2-3]  _ =Y
~ Jor+ay 1

Putting in (1)
(x—2)" = —4)(y—2)

= 1

= x°—4x+4 =—-4y+8 = x*—4x+4+4y—

= x*—4x+4y—4 =0 isrequire equation.

8=0

(viii) Directrix: y =1
Latusractum = 4a =8 = a =2 AR
Parabola is open downward A e | }/ 2 \ (C )N
. Consider vertex = ( _1) ..L;~:" | ' \ (EA2E
And equatlon Ofparabola V \Lj\ SR\
7\ 3 \y :— 4a(y k)
\JF#\J' »1 ——4(2) (y+1) = x*-2hx+h*> =—-8y-38

= x*—2hx+8y+h*+8 =0 isreq.eq.

(ix) Axis of parabola: y = 0
Let vertex is (h,k)
" 1t lies on x-axis ... k=0
Now equation of parabola with vertex (%,0)
(y=0)" = 4a(x—h)
= da(x—=h) ccoeenn... @)
* (2,1) lies on parabola (i)
()* = 4a(2-h)
= 1= 4a(2 h)

(— 2) = 4a(l; 1 ": ‘
= 4 = l}a mhh)
= W= (iii)

Dividing (1) & (i1)
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S g = 11—h = 8—4h

(11-h)
= 4h—h =8-11 = 3h=-3 = A= -1
Putting in (i1)
1 =4a(2-(-1)
= 1= 4a(3) = 1=12a =% @ = —
Using in (1)
y? = 4[ij(x—(—1)) = 3y® = x+1
12
= 3y’—x-1=0
is the required equation. ,ﬁ;;ﬂ\\

(x)  Axis parallel to y-axis, then pomgs 0. 3)* 3 2?) ané Q 3’/1) 11e on the graph.
Equation of parabola axis })arallcﬂ g 5( aqu/Wlth vertex (k)

(x— h)z> 44(;;4{)\. ........... (i)
(o QN}\@mﬁmrabola )
o OSR)? = 4a(3-k)
= B’ =12a—4ak ............. (ii)

Also (3,4) lies on parabola (i)
(3—h)* = da(4-k)
= 9—6h+h* = 16a—4ak
= KW —-6h+9 =16a—4ak ................ (iii)
Also (4,11) lies on parabola (i)
(4—h)’ = 4a(11-k)
= 16-8h+h*> = 44a—4dak
= W —8h+16 = 4da—4ak ................ @)\ 0NN
Subtracting (ii) & (111)
h2

Now subtractmg (111) & (iv)
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W —6h+9 = 16~ 4ak \N

Mult1ply1ng (vi) with 3 and subtracting from (v)
6h—21 =—84a
+6h—-9 = —4a
- + +

= la=— = —

Putting in (v)

6h—9=—4o(ij PR TR A R
20 5 5 _ 40

\1 \ (/Y
/ / (/ \ O

Putting value of @ and h in (i1), we get o

H —12&1 £ W5 5 5

Mz_ﬂ _k:_i I P
\J\“\ VRNIVE ™ 25 5 25 15
Now puttmg the value of a, 4 and kin (i), we get

( 7)2 (3)[ 4] , 14 49 3( 4)
x——=| =4 = || yt+— =y ¥ ——Ed— =— 3—
5 20 15 5725 5 15
0

, 14 49 3 4 , 14 3 49 4
= X ——xt+t—==—y+— = X ——x—y+———=
5 25 35 25 5 5 25 25
14 3 9
= x° ——x—y+=—=0
5 5 5

= 5x*-14x-3y+9 =0
is the required equation.

Question # 3

Find an equation of the parabola having its focus at the origin : and d;l:ctmx parallel ta the
(i) x —axis (i) y—axis e\ O

Solution _ C;} N\ AN o \c

(i) When directrix is parallel to x—aXus L
Suppose F(0,0) be focus' and equan of directrix be
‘)J; h Jl(i)arallel to x- axis)
ie l! —~h =0
Now let P(x,y) be any point on parabola the by definition of parabola
| PF| = Lar distance of P(x,y) from directrix
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On squaring
= X+y =y -2hy+h* = X+y -y +2hy-h* =0
= x*+2hy—h*> =0 isreq. equation.

1) When directrix is parallel to y-axis.
When directrix is parallel to x-axis
Suppose F(0,0) be focus and equation of directrix be
x = h (parallel to y-axis)
ie. x—h=0
Now let P(x,y) be any point on parabola the by definition of parabola

|PF | = _ ar distance of P(x y) from d1rectr1x ,-“,(_Tl—_{ X I \.:_,/.

‘\,\ J | /,/ ‘\~

- \\ [ (&€
= \/ x—O +( ly—O) /ﬂ= \/!x Jf(r é )2\

2N

\ H\Jl\\y\
i
Onsquar{ng

— Xy =X —2heh = XYV =X +2hx—h =0

= y>+2hx—h* = 0 is req. equation

Question # 4
Show that an equation of parabola with focus at (acosa,asin @) and directrix
xcosa+ ysina+a=0is (xsin@— ycosa)” = 4a(xcosa+ ysina)
Solution  Focus: F(acosa,asina)
Directrix: xcosa+ ysina+a =0
Let P(x,y) be any point on parabola then by definition of parabola
| PF | = Lar distance of P(x,y) from directrix

xeosar s ysina gl (O

=1 \/(x—acosa')2 +(y—asinq)2 =

On squaring o\
: | 2
> |xcosa+ysina+al

|
=% 3 —2axcosa+a cos? a+y —2aysma'+a sin” &

WY Mg"’fﬂt“(“yi”;;;a)

= x*cos’ a+ y*sin’ @ +a’ + 2axcos & + 2aysin & + 2xysin orcos
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= x*—-x° cos & + y -y sma”-l-at " .COS"CZ +sm205)
e Zaxcos cz + Qa\y\sm o+ 2xysincos @ + 2axcos @ + 2aysin
= 30 (1—~¢O§ Jét)+ y ( —sin a)+a (1)—a® —2xysinacosa
=4axcosa+4aysina
= x°cos’ @+ y’sin® @ —2xysinacosa = 4a(xcosa+ ysin)
(xsina— ycosar)’ = 4a(xcosa + ysina)
1s equation of parabola which is given.

Question # 5

Show that the ordinate at any point P of the parabola is a mean propositional between
the length of the latusrectum and the abscissa of P .

Solution

Consider equation of parabola

latus mctum " ordinate

“\ \J| “5‘? ““ordinate abscissa
= ordm te i1s mean proportional between latus rectum and abscissa.

Question # 6

A comet has a parabolic orbit with the earth at the focus. When the comet is 150,000km
from the earth, the line joining the comet and the earth makes an angle of 30 with the
asix of the parabola. How close will the comet come to the earth

Solution Suppose earth be at focus which is origin and V (—a,0) be vertex of
parabola.
Then directrix of parabola;
X =-2a A Pl.y)
= X424 =10 T
Let comet be at a point P(x,y) then by definition of S
parabola B *R
| PF| = Lar distance of P(x y) from AN
directrix ¥
\

On squaring
X2+y? = (x+2a)" oo (i)



Also by Pythagoras theorem i m A ABC‘\.\ ( ) Ny
IOA\ +| AP[ \eq@prra-

= R AN (150000) .............. (ii)
Comparmg (1) and (11)
(x+2a)’ = (150000)>
= x+2a = +150000 ............... (iii)
Now from right triangle OAP
04| V3«
0P| = 2 T 150000

cos30° =

= x= g(lsoooo)
Using in (iii)

?(150000)+2a = +150000 JPPN

\/g /-»‘\»

= 2a:+150000——(159/000)‘ el éa: +15ﬂ000 \/5(75000)

— 2a = 75@00( QAI y\ fi‘;:/z> a— 37500(+2 V3)

Since a 1is shortﬁgtfd}stance and can’t be negative

ThereforQNAS 37500(2 J3)Km

Question # 7

Find an equation of the parabola formed by the cables of a suspension bridge whose
span is a m and the vertical height of the supporting towards is b m.

Solution  Consider equation of parabola

with vertex O(0,0)

Since P(%,bj lies on parabola

2
(gj —4d(h) = d = 0(0,0)

Putting in (i) I N
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Question # 8 W\ A0\

A parabolic arch has a T00/m-base and height 25m. Find the height of the arch at the
point 30m from the centre of\the'base.
Solution __ . gg»%ﬁpdsi equation of parabola

with vertex

P50, 25)
B SR cuvsanannasss (i) T
From figure, we see that P(50,25) lies on 25
parabola. o |
(50)* = 4a(25) Sl

= 2500 = 100a = g =25
Putting in (1)
x* =425y = x* =100y
When x = 30
(30)* = 100y
900

T Y77 o

Hence the required l.l’Qi?.ght - 9 m

Question # 9 TN (

Show that tang.?mlgif\{_‘nygﬁdi‘ﬁt P of aparabola makes equal angles with the line PF
and the liﬁﬁ[%hfdi\lgh' P parallel to the axis of the parabola, F' being focus. (These
angles are called respectively angle of incidence and angle of reflection).

Solution

Suppose the parabola

y2 — - 7. J— (1)

Let P(x,,y) be any point on parabola, then

jj 7; AR\ B —a

Now sloppjofﬂjrlla

(because axis of parabola is along x-axis)
Let &,be angle between tangent and line parallel to axis of parabola, then

parallel to axis of parabola = m, = 0



Let 8, be angle between tangent and PS, then
tan 9 u

1+m,m,
L_E ylz_za(xl_a)
= i A _ »(x—a) _ y12—2ax1+2a2
14|24 x—at2a ¥ (% +a)
X —a B2 X—a
2
_ 4ax, —2ax, +2a from (ii) .
N (xl T a) r"(/_\\.\ G CQX\\J \\

_ 2ax+2a°  _Ra(x+t@ o\.}\\' / AL

a/)l( (/\9’)\\ \Q Xl@ﬁf‘h\d)‘

\\\

= tand \*\fl— WA vy
From (mw\d\‘g
tang = tan6, = f=486

as required




(3]
=l

(i) %j + ¥ B L\
?Pﬁéi Jk se 0f an Elllps
~ Circle is a special case of an Ellipse. In circle “’¢”” = 0

Parametric Equations of an Ellipse
x=acosD, y = bsin® are Parametric Equations of Ellipse.
Important points about an Ellipse

: 2 : 2
L S
(1)  Eccentricity (1)  Eccentricity
, 2_ 2 , 2_p2
e =~ e = —7
a a
(ac)> = a’—b’ (ae)’ = a’-b’
¢’ = -} ¢? = a’— b’ wherec=ae
(2) Foci (= ae, 0) or (¢, 0) (2) Foc1 (0, ia/Lor (0 *%‘
(3) Length of major axis = Za (3) a
(4)  Length of minor axis = 64)\\ I_icn t 0 raxm = 2b
\f SHCA o
(5) Equatmns@‘\/\r A b\\\fﬁg) Equatlons of directrix : y= 3
\ \
6 &\"\Q “’\\ \i 2 6)  Length of - i
(6) ,Nﬁgﬂw tusrectum = (6) ength of latus rectum = =
(\\X@‘ enter (0, 0) (7) Center (0, 0)
(8) Vertices (+ a, 0) (8)  Vertices (0, + a)
(9)  Covertices (0,+b) (9)  Covertices (+b,0)

Note:
If center is other than (0, 0) then
equations of ellipse be comes

x-h’ (y-k)

) k) _ x-h’ (y-k)
L b : & AP

o )
b* a”

EXERCISE 6.5

Q.1: Find an equation of the Ellipse with given data and sketch its graph.
(i) Foci (£3, 0) and minor axis of length 10.
(Lahore Board 2009)

=

Solution:



G
o % 4 SR

(0.9)

< > X-axis
(-+34, 0) (0, 0) F(30) W3, 0)
(0,-5)
ae = @@@ 15
- - M@
3y = a -5
g = g*-35
9 + 25 = a
@ =34 = |a = +-[34

Required equation of the ellipse is T + X‘f

Y
X
34t25 =1
Here vertices are
= (£ a, 0)

= (@®/34,0)

ot e 0,2 on
= (0,%5) xmK“@QQ@W@ @
WW



o SRS

(ii) Foci (0,—1) & ( %@ is of length 6.
Solution: o
(0.0) .

X-axis

[ (0.-1)

T (0,-3)

T (0,-5)

We know that center = mid point of foci
_ (0 +0 —1-— 5]

Given 2a = 6
a =3
We know for Ellipse
¢ =a-b = (27 = @3F-b
4= —} = b =35

With center (0, — 3), required equation of the ellipse is
x-h’  (y-k’
-+ 7

J
-

b a

x-0" (y+3)
5 TRy

S VA ) M

=1




(iii) Foci (-3\/3,

o
Y

(La
Solu
(0,3)
(6. 0)
" (6,0) (0, 0) X
(0,-3)
(tae,0) = (£31/3,0) & (+a,0) = (£6,0)
ae = 3\f_ a =26 m
¢ = 3\/_ a @ @
We know that c‘ §§ §“®®
>
2
1011 of ellipse is —z +
£ 7
3679 T
Covertices are = (0,xb)
= (0,+3)
(iv)  Vertices (-1,1),(5,1) foci 4, D& (0, 1)
Solution:
2a = |[VV'| 2¢c = |[FF|
2a =G+ +A-1) 2c = AJ(0O+4) +(1-1)
2a = /36 26 = \fﬁ
2a =6 2c =4
la = 3] g = 2
We know that & = g-F

2y

WWW

A ol
Qe



Now cen ellipse (h, k) = mid point of foci
4+0 1+1
- ()
with this center required equation of ellipse
x—hy vk
a b
: 2 2
e (X—92) +(Y—51) -

= 1

oo &’(@

3
(v)  Foci (£1/5, 0) & passing through (2 , \/3)
Solution:

Given (tae,0) = (=/5,0)
c = \B we know that ¢ = a’—b’

W5y = a-v
5 = a’— b’
2 g = 5+b° ... (1)
2 2
Since Ellipse is EE + [2 = 1
a b
and it is passing through pomt thcrcforc it bcco @ AM(2)

from (1) we have a* = 5 + b’ Put@ |‘!®
O
WWWQ



4(5 + b’
W&M +b?)
4b2(5+b)

9b% + 60+ 12b> = 20b° + 4b*

4b* —b* - 60 = 0
p -~ —EDENED -4@4) 60)

2(4)
2 - 1 £+/961

B = 8

B 1+ 31

- 8

1+31 131
2 _ 1-51
=Ty 8
@3, @o@@
Joxs
R« TN @0
(0.2)
32 - 30
b’ =3 . ¥ = 8 (solution not possible)
b> =4
Reqmred equation of Ellipse
b +Xz =1
2

I x_ -
i.e; 9 + 4 1

Vertices (xa,0) = (i3 0)
Co-vertices (0, +b) = (0,+2)

JonY

2\ cO



@o@@6 o
Jous
0 \
(vi)  Vertices (0, £ 5), =5
SOIUﬁGHW 2
Vettices (0, +a) = (0,+5)

3
a =5 e =3
3
ac = 5><§
— C = 3
M y-axis
(0, 5)

3.0 ( %%WO@@@@

Ox A
KX m lo.-5
W ’ '
We know

2 _ a2 b2
37 = (5-b
9 = 25-p°
b = 16
Required equation of Ellipse is
2 2
X ¥y
16 F2s T
Co-vertices

(b, 0) (=4,0)

Foci = (0,+c) = (0, +3) @(\@
%m@@@m@@
UV



@@@7@ i

(vii) Centrc 0, 0) % ex (0 4)
Solutlo

(0—c) = [0,—3) g =
g =
5 a’ — b’
We know that ¢ =T
(ae)’ = a’— b’
2 = g-p
(3 = 16-b’
9 = 16-b°
b = 16-9 = W=7
2 2

O‘.J w

Required equation of ellipse is §‘ wa

¥y . x

= Bty =

! ANCS
Its vertices are (0, + a) 0,4 @@W
Covertices (£b, 0) @ﬁ@

Coordinates of foci

W (O:I:4 )

= (0,£3)
M
y-axis
(0,4)
) -A7.0) \
% # X

o
oY %%x@m@@l e



T
@ QQ@W@ €O

(viii)  Centre (2, 2) m ‘m KB y-axis and of length 8 units, minor axis
ParaW ength 6 units.
Solutlonw N
nfer (2,2)also2a=8 => a = 4
2b= 6 = b =3

-k  (x-h’

Equation of ellipse is . b2 = 1
L -2 x-2
= 16 t o9 ~1

Its vertices are (0, + a) = (0,+2)

, _@-b _16-9 7 A7
and e =" = g =6 T © 773
. . 47
Coordinates of foci = (tae,0) = (i ,0 = (ﬂ:\/:/ 0)

(y-2, x-2) 7, 0)

oo T lcoll
Thus foZi are (5,21/5\/5 ) & (2,2 20 Q@@@W@

For vertices, we have x

x= 2 %m 6, —2
So venicwo (2,—2)
Nextwehave x-2=<£b , y-2=0

X = 2%3, y =
So covertices are (5,2) & (— 1, 2)

I
[




ARG e

" g o i -

(ix)  Center (0, 0) sy ct to both the axes and passing through
a :
o)

the points
Solutio
W kl‘lO\ﬁé’ that equation of ellipse with center (0, 0) is given by
2
2]
Since it passes through the points (2, 3) & (6, 1)
£+2;=] (T) i‘:6-+—17 =1 (I1)
a b a= b
Subtracting
4b* +9a° = a’b’
—36b° £ a*® = —a'b’
~-32b° + 8a° = 0
8a* = 32b°

4b* Put in ()

Vertices are  (+a,0) = (£1/40,0) = (£24/10,0)
Covertices (0,+xb) = (0, \f_lT) )

Foci (30, 0)
\ y-axis

(0,470)

\ C(0,0) x-axis

(0-410)




@ i ( E 50@©
(x) Center (0, 0) ma“NQgg the points (3, 1) (4, 0) liec on the graph.

Solution:
equatlon of Ellipse with center (0, 0) is

@ +b~= :
Since it passes though the points (3, 1) & (4, 0)
For (3, 1) For (4, 0)

9 1 16 0

"z+gz =1 (1) E’z+5*r=l (2)
a’ = 16| Putin (1)

i+l = 1

16 b

1 9 3 » 16

2 =116 16 b* = 5

Required2 equation of ellipse is

7 + =1

Vertices W
Covertic , £b)

. 6
Foci (=4 \/; ,0)

S5 B
;R ;Hu -
?
=
(o4
S
2,
)
@
%




@O@C@
JouY
0 \
Q.2: Find the center, icity, vertices and directrix of the ellipse whose
equati n
( y = 16 (Lahore Board 2009 (Supply))

Solution:
X' +4y' = 16
% 2
E . X _
TR
Here a’ = 16 b*= 4
, _a-b  16-4 12 3
= T 16 16 ~ 4
_\3
¢ T
Foci are = (£¢,0) = (+ 2\]5, 0)

Vertices are = (xa, 0)

Directrix are x = i% = x o- @%@o@©m
o R
Clearly center of cllipse %%m
SN

(£4,0)

(i)  9x*+y’

Solution:

9x*+ y* = 18
2 2
X - S
x Ty T 1
as =18 , b = 2

2 42
, _a-b" 18-2 16 8 B 22
© T7a T 18 T18 T9 T ¢T3
foci are = (0,+c¢) = (0,+4)
vertices are = (+a, 0) = (£ 3\f2,0)
o a 32 9
directrixare = y = £ = & = £=

- 23[2 2

Clearly centeris (0, 0) @o
qou



(i) 25

25 T 225 T

. 3

X ¥ _

9 * 35 1

a® =25 &
Eccentricity

»  a-b  25-9

¢ T a4 25

foci = (0,%xc¢)

vertices = (0, +a)

Center = (0,0)

Directrix y = ig =

(2x-1)

(iv)

2

Center:-
2x

X

Foci (0, + ae)

160
Solution: <¥
Given cqﬁtﬁﬁon becomes

Q
x>+ 9y2 =

4

For center put X = 0,
-1=0 X

B2 = |

Herea’=16 , b’=4



1
Required foci are ( 3~ 2+ 2\/3 )

Vertices (0, + a) = (0, +4)

(X,Y) = (0,£4)
2x-1,y+2) = (0,+4)
2x-1 =20 y+2 = +4

1
X =5 y = -2%4

Vertices are G - 6), G _02 @@W@
Directrices $ @R\)& @

4
— i—
NR‘]W : \3
2
8 8
- =t+—F= => = _24+—F
yt+2 3 y 2 NE
(v) xP+16x+4y'-16y+76 = 0
Solution:
XX+ 16x +4(y* —4y)= -76
(xX*+16x+64)+4 (Y —4y+4) = —76+64+16
(x+8)° +4(y-2) =4
(x+8) 4y-2' _ 4
4 4 T4
(x+8)°
-2 =
Let



== g = lﬁ
2
For the center Put X=0, Y=20
x+8= 0 , y-2=20
x = -8 , y = 2
Required centre (— 8, 2)
Foci = (*ae,0)

X, Y) = (12(35),0)
(x+8,y-2) = (/3 ,0)

x+g=i\f y-2=10 @@K@
X = —§& \f_ w@o
V‘:;?:;f;:"“ T gﬁ;& fOm:

a, 0)

(XY

( = (#2,0)
x+8 =12 : y—-2 =0
x = —8&2 y =2

Required vertices are (- 6,2) & (- 10,2)

. ! a
Directrix X = +—

(vi)

€
48 = i= =1t
’ y3 V3
2

X = 8 + L2
\3
25x” + 4y — 250x — 16y + 541 = 0

Solution: 7 Qﬂ @O @@m

25x° —250x+4y + 16y
25(x> = 10x) + 4(y* — 4y)
25(x* = 10x + 25 W [+625+16



25(x 5)2 + 4(y

— 2)

Let

x-5 =X \ y—-2 =Y  above equation
Becomes

X ¥

e +E =1 (an Ellipse)

a? =25 : b’ = 4
, _ a-b  25-4 21
¢ S - 25 ~ 25

V21

o cone X=0, Y= @@)m

For Center Put

o v 2\
e @@%@Q&@W
CW 0 .

Foci = (0,xae) = (0,£5 5 )
(X,Y) = (0,%421)

(x-5y-2) = (0,£\21)

x-5 = 0 . y—ZZi@

x = 5 , y=2£21
Foci are (5,2 £1/21)
Vertices (0,+a) = (0,%+5)

(X,Y) = il == 3)
(X—S,Y—Z) = (0,:‘:5)
X=d=# , y—2i= %3

n
e @@@m@o@@

Vertices are  (5,7) &

oo



feoll
Directrix are C@%@K@C&@@W@
ot

/T

5
_ LB
: - \/ﬁ

Q.3: Letabea+ venumber and 0 <c¢ <a. Let F(— ¢, 0) & F'(c > 0) be two given points.
Prove that the locus of points p(x, y) such that |PF|+ |PF|=2a is an ellipse.
Solution:

Given P(x,y) , F(-c,0) , F(c,0)
IPE| +|PF] = 2a

Vx+e) +(y-0) +\(x-c) +(y-0)° = 2a @m

\I(x+c)2+y-’ - za_m @ @
Squaring on both sides @@W o)
ot e) +y? 12@

(S

(x+c) +y’ Loy +y —danx+ o) +y
XW@ = 4az+x2+cz—2cx+y2—4a\/(x—c)z+y‘
4cx—4a’ = —4a\/(x—c)“+y'

(Dividing by 4)

(cx—az)Z—a\/(x—c)z +y

Again Squaring

(cx — ag)2 = [Far/(x—c) + ; ]2

x> +a'—2cxa® = az(x2+cz—2cx+y2)
2.2 2 - 2 4 o223
x> +a'—2cxa® = a’x’+a’c’ - 2cxa’ +a’y’
202 2 22 2 2
X(c"—-a)-ay = az(c —a’)

Dividing throughout by ¢* — a*

22

xz—Tﬁfa =a (1)

c —a

We know that for ellipse ¢ = a’—b’ = - = - o 1@@
X’ - ijbff = a’ Q @@@' )
s
W om

I



+ }é-_r = 1 which is an cllipse

Q.4: Use problem 3 to find equation of the ellipse as locus of points P(x, y) such
that the sum of the distances from P to the points (0, 0) & (1, 1) is 2.

Solution:
Given P(x, y), F(0, 0) & F'(1, 1) Also given that 2a =2
For ellipse we know that
IPF|+ |PF'| = 2a
V-0 +@y-0 + Vx-1)'+-1)' =2
Yy A= y-1) =2
V-1 +-17 = 2-\x"+y i @
x— 1)’ +(y-1)’
XX+ 1-2x + y%

XX +y (Dividing both sides by 2)
Again squaring
xy+1P = @ +yY
XHY +1+2xy+2y+2x = 4 +Y)
4x2+4y2—x2—y2— 1-2xy-2y-2x = 0
3X*+3y-2xy-2x-2y—-1 = 0  required ellipse
Q.5:  Prove that latusrectim of ellipse a Tpl = lis =

Solution:
The given ellipse is

X; ra
Zl O
From the figure, the points A(c, h) & B(c, — h) lies 01§llgm

F?r A(? , h) equation (1) becomes

NI
W o o

Y



2 = a?_p
= b =a-c Put in (2)
B b
b~ A
b b>
- _ _ b
h™ = - > h +

A y-axis

v Y,

Points A & B becomes

A b—2 dB b—2
(¢, ) and Be, ~ )
,  (-b b

Length of Latus rectum AB - (c—c)y + =

(—2b2) 4b
- NG - \E
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Q.6: The major axis \a aﬁl\lf)\s\d\\lj dard form lies along the x-axis and has
length 4{%9]‘]1&\@1 ce between the foci equals the length of minor axis.
Wrif¢ ahe ation of the ellipse.
Solution:
Since the major axis of the ellipse lies along x—axis so its equation is

w2 P
T+ )é'r -1 (1)
By the given condition 2a= 4\/5

= a =22

We know that
Distance between foci = length of minor axis
2c = 2b
= c =0b
Since for ellipse ¢* = a’— b’
2 2 2

b"= a"—b"

2 _ 2 _ 2_3_2
2’ = a2 y => b "2 W@O
- v o A
values of a il@
O
i 1

An astroid has elliptic orbit with the sun at one focus. Its distance from the
sun ranges from 17 million miles to 183 million miles. Write on equation of
the orbit of the astroid.

Solution: (Lahore Board 2004)
From the figure we have

Putting
Required equation of ellipse
Q.7

From the figure
we have

—17 183




o
o S -

Greatest distancec\%ﬁ W sun isatc=183 (1)
And ez stroid from the sun is
a 7 (2)
Adding (1) & (2)
atc = 183
a—c = 17
2a = 200
a = 100 Putin (1)
100+¢c = 183
o = 83
For elhpse we know that
¢ = - == W= —g

= b* = (100)* - (83)

b* = 3111
Required equation of the orbit of astroid is @@m

Q.8:  An arch in the shape of semi ellipse is 90m wide at the base and 30 m high at
the center. At what distance from the center is the arch 20\/5 m high?
Solution: (Lahore Board 2004)

= 2002

sl

90

Let the equation of the semi-elli

Since the arch is %% @




@@@@

v @&@@ Ve

so 2a= 90 _
WWMI@ at the center, so
puttinga & b in (1)
(45).. (—3% =1 @)
Let d be the required distance from the center when arch is 20 \/5 m high.
Putting x =d : y = 2(}\/5 in (2)
& ey
(45)° (30)°
d’ 800
2025 7 900 7!
& 800
2025~ ' 7900
¢ = 0 05

900

oY
" ¥ ol Y\@@@W@ -

WMNS the earth in an elliptic path with earth at one focus. The
major and minor axes of the orbit are 768, 806 km & 767, 746 km

Q.9:
respectively. Find the greatest and least distances in astronomy called apogee
& perigee) of the moon from the earth.

Solution:

By the given conditions
2a = 768806 => a = 384403

2a

/\a
a+c |—c—2=C

A Earth (\ @x@
2b = 767746, b§\§\ 8
4 -b

i




O\
= (38 &X\ﬁﬁw

g eatest distance

= 384403 +20179
404582 km

The least distance

= 384403 -20179
= 364224 km

I

a—=¢C

o
8¢ & @@W @o@@

Hyperbola

Lete > 1 and F be a fixed point and L be line not containing F. Also let P(x, y) be
any point in the plane and |[PM| be the perpendicular distance of P from L. The set of all

|PF|

the points P(x, y) such that PM|

Key points abo
(1) Equation (Standard O Q
e \\
ﬁé@ﬁ )
W- : 5 a2+b2
) Eccentricity e = —
(ae)2 =a?+b =c2=a2+ b
(3)  Foci ( ae, 0)
(4) Directrix X = &+ g
(5)  Center (0, 0)
(6)  Vertices  (xa,0)
(7) Covertices (0, +Db)
2b*

Length of latus rectum is =

@\
If center is not (0, ﬁ then em‘%@y

=e > 1 is called hyperbola.

o
@ml%ﬁfi

x —
a —

. .. 2 az+b2
(2) Eccentricity e = B
(ac)’ = a’+b’
¢ = a’+ b’

(3) Foci (0, + ac)
(4) Directrix y = + g
(5) Center (0,0)

(6) Vertices (0, + a)
(7 Covertices (+£b, 0)

cOt



Maihematics {Part-11)
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f.‘.‘?
('Y
o
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k-1 -5 (y-< (x-h)’
33 B IJE a? - bz

W

Q.1: Find an equation of the hyperbola wnth given dam” !skefcﬂl thtgmph\/@% each.
(i) Center (0,03 F ocus (ﬁv (}L
Solution: i
Given (ae, 0)="A46

ﬂ\T ‘“

\H\\J “



For hyperbola OX&@
2 e b

N 4y + b

6-16 = b’

20 =1

Required equation of hyperbola is

x2 2

a” %‘T’ =1

£ ¢

16 20

A Y-axis

(ii) Foci(£5,0), vertex (3,0)

Solution:
A y-axis
. ————t——>
(0,0) F

U
Foci (£5,0) Vertex (3,0
(¢, 0) = (¢ %@)&K@\é@
WW (@)



- = 1
—£ =] Ans.

(iii)  Foci (2 £5\/2,-7), Length of the transverse axis 10.
Solution: @

(tae,0) = (2+52,-7)
Fociare (2 +5
Also given 2a = =

col

@)

Center = mid point of foci
- (2+5\/§+2-5\/§ -7-7)
B 2 : 2
Center = (2,-7)
We know that
¢ = distance between center and focus
= \V@-2-5y2+(-7+7 =50
For hyperbola
o2 = g2+
(50) = (5)+V’
50-25 =1’
25 = b’
b’ = 25

2\ cO

with center (2, — 7) equation of hyperbola 1s) @m
x-h?’ (y=k? “
% — )2 zm

s =1 Ans



Centre
—@ \ \ @
F 2,7) 3

v

(iv) Foci(0,£6), e = 2 (Lahore Board 2011)
Solution:

Foci (0,+c) = (0,£6)

c =6, e =2

e - @O@@i@
. =S8 _ 2 @@@
2o %&
“ AY
V(0,3)
< (0.0) N
X §%
[ \V(0,-3)
)
Vy'
For hyperbola
¢’ = a’+b’
©F =Y+

36-9 = b’

b =27 o m@o
Equation of hyperbola is m@@



a
X
927 ~ 1
(v)  Foci (0, +9) directrix y=+4
Solution:
Foci (0,+ae)= (0,+£9) Ly = ig
a
ae= 9 , +4 = ic
=2 c =9, e = 42

For hyperbola ' =7 362 @ CO m
28;1) 3; 36?‘2@%@&\@&@@@W

chuirc uation of hyperbola is
v
a b
Y X
36 45
y
F(0,9)




(vi)

Centre (2, 2) hor is of length 6 & eccentricity e = 2.

@@M&@W@ .

Solution:
)2) & 2a=6=> &e=2

(vii)

c=ae = 3(2) =
For hyperbola

¢ = al+b’
6) = (3)* +b
36-9 = b

b =27

with centre (2, 2) required equation of hyperbola is
x=h’ -k’

2 B = 1
x-2 (-2 _

9 27
foci are (+ ae, 0) = (+6,0) @ @ m
(x-2,y-2) = (£6,0) @@W
x—-2 = £6 2= K\)&
Xx=+6+2
X= 8

&( 42)
\ Y-axis
Centre

L & L
F’(-4,2y (2,2) \ F (8,2)
7 Y00 Ws

Vertices (2, £ 3) and (0, 5) lies on the curve.

Solution:

Center of the hyperbo]a mid point of vertices @ @
= 2 +2 3 mﬂa @
Center (2 0 m



@@@7@ .

Since V (2,3) Kl
M \J@ - 2) +(3+3) =6

With center (2, 0) equation of hyperbola is
(y-k? (x=hy’

2 = ]

a b*

CHOSNE 0

= ]

y-axis

(0.5)

D

L

N

D
>
&

g
e

o
ot DTN

Since (0, 5) lies on (1)

Il
—_—

25 4
9 b

a — 1

4
b’

o O:‘J.p-.

(1) becomes 9~ =1 Ans.

(viii) Foci (5, - 2) (5, 4) & One vertex (5, 3)
Solution:

Center = mid point of foci @ @
5 ¥ 5 —2+4 KX@@@
Center = (5 1) Kxx




a = distance between vertex & center
= NG-5+G-1
- i
= 2

a = 2
For hyper bola

o2 = o1}

() = @'+b

9-4 = b

b* = 5 @@m

with center (5, 1) required equation of hyperbola m]@o
=k’ (-h K&Q&

2
a b O

The seco
(5,1-2)
(53 - l)

N




Q.2: Find the ccnterﬁ%
each of
Solutionww
" :

ey
9 9
= a =9, =9
o2 a2 + b
¢ =9+9=18
2 = 18=> ¢ = W2
7 _ a’+b’ 18
g = —al_ = 9 '
e =2
foci = (£¢,0) = (=3/2,0
Vertices = (+a,0) =  (£30) @@m
- : A
Directrix x = ﬂ:E Q @@W
Directrix x = WXX
C F@NB;JSJ’]O
2 2
‘. X
W) gy =1
Solution:
ey
4 9
a> = 4 b’= 9
¢ = a®+b? =449 =13 =i ¢ =\/ﬁ
_ IR
ac = ¢ = € = a
eccentricity )@
foci = &g, 1) (f\@, W@O@
Vertices = (+a, 0 @

-

Directrix % = © @K@@
GO



Center 1s (0, 0)

2 2
LY X
(i) 5-9 =1
Solution:
2
y X
69 1
32 = ]6 3 b2= 9
¢ = a’+b

= 16+9
o Drgye
eccentricity  ac = ¢ ={ %ﬁ 7

QN
\‘J \J
foci = (0, £c)
= (0,£5)
Verticess = (0,+£a) = (0,£4)
Directrix y = == g
4 16
Directrix y = =+ 5 = %%
4
Center is (0, 0)
2
(iv) % - =1
Solution:

N o
e 040 WR@@QQ@W
UV



c
C
. 5 C 5
eccentricity ae= ¢ => e = - 5 =e
foci = (0,4¢) =  (0,%4/5)
Vertices = (0, +a) = (0,+2)
Directrix y = :I:%
Directrix y = il
S
2
L4
(x— 1) - n ” @o@©
) -1 O @@@
Solution: m@
Let x—l = ﬁﬂ %
b*=9 ¢ =at+b? =2+9=11
¢ _All
ae = ¢ \ = = \ﬁ
.. 11
Eccentricity B = )
Coordinates of foci  (=c¢, 0)
X, Y) = (x411,0)
x-1, y-1) = &/11,0
x-1 = i’\[ﬁ y—l =
= 1xfll  y =

foci (li( 1)

o
Forcenter ~ Put X @W@O@@D
. "m&i ol S




Vertices are

, 0)
= ®2,0)
y-1=10
x = 1412 y=1

A+2, 1), (1-42,1)

Equation of directrix

X =4+
e
N2
— = 4
x—1 ﬂ
\2
2
* T
1+ £
i o= e
"
. v+ 2 xm
(vi) 6 =1
Solution:
et y+2=Y x-2
Given equation becomes
v X
916 !
a® =9, b*=16 ¢ =
= ¢ = =5
ae = ¢
. it . _ ¢ _ 3
ccentricity => e =7 =3
Foci X,Y) = (0,£c¢)
(x-2,y+2) = (0,£5)
x-2=10 , yt2= 45
, ¥y =2
Foci

Xx=2
(2,-7)

hac

oY
- gl



O@@m
gl
For the center put =0
e

Center (2, - 2)

Vertices (X, Y) = (0,+a)
(x-2,y+2) = (0,£3)
x-2=10 y+2==£3
x=2 y = -2%3

y = -=5,1

Vertices
(2,-5) & (2,1)

Equations of directrices are

a

Y = +
y+2 =+ %
3

oY
S0
o GRS

o’ —12x-y* -2y = -2
y 12 P
Sx" —jx)—](y'+2y) = -2

4
9(x* —§x+g)—l(y2+2y+ 1) = —2+4-1

ox —5 Y- 1(y+ 1y

["‘g a2
1

1

—

1 (D
9

W | 2

Let

b

2

X{_YT = 1 which repres @%&@W
5 o%@@
grarese

=X , ytl=Y Equation (l)becomes @O@(@\f\@



Coordinates of foci X,Y) = (=C =0

2 10
x-3.ytDh = (i£,0)
3 3
2 410 )
B—gq = = 3 y+1=20
2 4f10
X—3i’ 3 y -

2i3!1

_ 0 - lo @O@@m
Foci x(;‘%é B 1%%@%“@@®W
o Ce"W? Y =0

0 , y+1=0

2
¥ = =l Center (3, 1)

Vertices (£ a, 0)

X+Y) = ( il 0) Equation of directrices are

X = ==
2 1 o
x-3,y+D) = (5,0 ) 1
2 _ .1 L x—3 = £3+10
_ 2 l . = 3 3@
Cooam o

Vertices (1,-1) , (%1@@@@%@0



o ety Wﬁ@%& @@@W@ o
ommzwo%) \!

4y +3y+4)—1 (x*—4x+4 = —1+9-4

4(y+ -1 (x-2)"=

[y * 5] (x ~2)?

r o4 1 o
3
Let y+§ =Y x=-2= X
Equation (l) becomes
¥ X

-1 = 1 (Representsahyperbola) m
P ANES
2 = a’+p’ )

C
Eccentricity ac = c& %@ \/g = ¢
Foci W(

(x = ) * \/_ 5)

x-2 =0 y+§=ﬂ:\/75

i -3
Foci (2,5 % \{3 )
For center Pt X=0Y=20

Center (2, ) o @O
Vertices (X, Y) = %ﬁﬁf@%ﬂé@iﬁw
O



3
x-2"=0 . y+§=i1
x =2 . y=§il

L =5
Y= 202

Vertices are (2 ) 2 _2_5 )

Equation of dircctrlcc:x are

b | Lo

e f o
(ix) i - : s? ;%%mi\)@“@@@w@

=10
x+16)— (y2+2y+l) = 10+16-1
(X+4)—(y+l)‘ =
(x+4)7 (y+1)

5 25 | @
Let x+4 =X y+1=Y
X Y
(1) Becomes 25725 1 (which represents hyperbola)
a° = 25, b= 25 ¢ =a+b* =50 = c=\/§)
ae = ¢

Eccentricity ¢ = 5
Foci - e 0)

XY) = @5\2,0 i
(x+4,y+1) = (£542,0) @W@ @©
x+4 =542 y+1— 0 @

x = —4£52 O KX (-4+52,-

WW



For center put
xt4 = 0
Cente
Vertices

(x +4,
x+4 =

X

Vertices (-

ol
O

= =91

Equations of directrices

X

x+4

X

(x) 9x* —y -36x -

Solution:
9x’ —

(x-2)°

a
= 4 -
c

=i\ﬁ

__4i\/§

Il

= l(Y + 6y)
O(x> - 4x +4) - l(y;l +6y+9)
9(x —2)* - 1(y + 3)

1

Eccentricity

Foci

(y+3)°
-

(*c, 0)

X,Y) =
(x 2, y+

= |

Ke)

9,-1) &

Ans

9

[3]

(1,-1)

i %@@@@7

- —18

= -18+36-9

(1)

Equation (i) becomes

1+9

V10

10 0)

arecl

e



2\ cOm

x2—i'\/_0

Y
x k@&ﬁ

For center ut X =0 , Y =0
x-2 =0 y+3=10
X = 2 " y = -3 |center(2,—3)\
Vertices (X, Y) = (+a, 0)
(x-2, y+t3) = &10)
x-2 =1 y+3=
= 1%] y=<=3
x =31 , y=-3 | Vertices (3, — 3), (1, — 3)|

Equations of directrices

e o
LI -

M@%@

Q.3: ¢ and F(-c, 0), F'(c, 0) be two fixed points. Show that the set of
points P(x, y) such that |PF| — |PF'| =+ 2a is the hyperbola
Xy
2l 1

Solution:

Given F(-¢,0) , F(c, 0)and p(x,y)
Also |PF|-|PF| = 2a

Jx+e +(y-07 - Jx-c+(y-0 = 2a

\I(xﬂ-c)z+)_z2 = 2a+ty\/(x-¢) +y

Squaring on both sides
R R ey

X’ +ci+2ex+y = 4a’+xP+ci-2ex+y +dan(x - cf+y*

4cx - 4a’ 4a2\]x2+c —20x+y
4(cx -a’) = 4a’ \]x + c - @@@

Again Squaring



1200
2 Sy
czx%‘;r o' 2cxaii§&i§\/§@w \!

Dividing throughout by a’ 35 _E‘{_az = 1 Hence proved.

Q.4: Find an equation of the hyperbola with foci (- 5§, -5) & (5, 5) vertices (- 3\]5 .
~3\/2)and 3\2,32).

Solution:
Since 2a= distance between two vertices

= VGV2 +3\2 2+(3\f2 +3\2)

2a
+ - NGET @ - A ol
B e

Also given F(—SO

y) be any point on the hyperbola such
that

—NE=5+(@y-5" =12
Squaring  \/(x +5)" + (y +5)° =12 +/(x - 5)" + (y - 5)°
XC+25+10x+y +25+10y = x*+25— 10x +y* + 25— 10y + 144 + 24
(x - 5)* +(y - 5)°
20x + 20y — 144
4(5x + 5y - 36)
Again squaring on both sides
(5x +5y-36) = 36(x*+25-10x+y* +25 - 10y)
25%7 + 5y* + 1296 + 50xy — 360y — 360x = 36x° + 900 — 360x + 36y> + 900 — 360y
25x% + 25y% + 1296 + 50xy — 360y — 360x —36x” — 900 + 360x — 36y* — 900 + 360y = 0
11x*=50xy—11y"+504 = 0 Ans
Q.5: For any point on hyperbola the difference of its distances from points
(2,2) & (10, 2) is 6. Find an equation of hvperbol @ @

Solution: Q
such that

24+[(x = 5)"+ (y - 5)
4[6~J(x = 5)" + (y-5) ]

[

Given 2a=

Let P(x, y) be an @
[PFl |PF




oY
W @@R@W et

V(x-2)"+ (y - @%@@W\f@ 2 =6

W@r 6 +/(x— 107 +(y-2)°
Squarin

X +4—dx+y' +4-4y =36 + XX + 100 — 20x + yP + 4 — 4y + 12
\Jx =10+ (y-2)°
16x—132 = 124/(x-10)* + (y-2)*
4(4x - 33) 124/(x - 10)* + (y - 2)°
4x - 33 34/(x - 10)* + (y - 2)°
Again squaring
16x” + 1089 — 264 = 9(x” + 100 — 20x +y* + 4 — 4y)
16X + 1089 — 264 — 9x* +900 + 180x — 9y* — 36 + 36y = 0

7x*— 9y’ — 84x + 36y + 153 = 0 Ans

Q.6:  Two listening posts hear the sound of an enemy gun. Thc dlffercnc ime is
one second. If the listening posts are 1400 feet apart, f the
hyperbola passing though the posmo

Solution: W
Since the diffcr@% so lct the listening posts F&F' near the

second of the enem onds respectlvely [f P is position of enemy then
|PF| — |[PF] m\Ra\Y\J o\-.7...
osts are 1400 feet apart SO

2c = 1400 == ¢ = 700
since distance = (Velocity) (time)
So IPF| = (1080)t & [PF'| = (1080)(t—1)
Putting these values in (1)
(1080)t — (1080)(t—1) = 2a

1080t — 1080 t + 1080 = 2a
1080

a = = 540
For hyperbolg, we know that ¢ = a’ +b’

(700 = (540)* + b’

b* = 490000 — 291600

b> = 198400 (\ @ M@
Required equation of hypcrbolals 5 &@Y\W

291600 ~ 4 ARS

WW“



\I\J Rx angents to Conics
(D
Equations of Tangent in different forms
(i) Point form:
The equation of the tangent to the parabola
y2 = 4ax at the point (X, y) isyy; = 2a(x +x;)
(ii) Slope form:
The equation of the tangent to the parabola

¥

y~ = 4ax in the term of slope ‘m’ is

— P . _ 2
y mx + (.~ ¢ m)

Note:
The equation of tangent at (X, y;) can also be obtained by replacing x? XX, ¥

1 1
by yy1. x by 5 (x + x1), y by 5 (v + y1) and xy by = @ @@
(I)  Ellipse Q @

Equations of tan@‘/\ﬁi %

(i) Point form:
2 2
WM&: tangent to the ellipse ezt %m 1 at point (xy, y) 18
a‘” b‘ B

(i) Slope form:

2 2
2

X
The equation of the tangent to the ellipse Z T %z =1 in terms of slope m is

y = mxziam +b> (v ¢ = £rfam’+ b*)
(I1II) Hyperbola

Equations of tangent in different forms
(i) Point form:

O"NI‘<1' "

at ¥

The equation of tangent to the hyperbola
24 -
a b
(ii)  Slope form:
The equation of

WWQV

=1 at point (x, y.) 1S
ﬂ@i&n\;ms of ‘m’is

(c = £fa’m’ - b’)




(IV)  Circle VNS
E@g@}g’i@w\‘ﬁf\&hgt{h‘t in different forms
(i) Po\iﬂf"form:
Equation of tangent to the circle at (x,, y;) is xx; + yy; = a’
(ii) Slope form:
Equation of tangent is terms of slope ‘m’ isy = mx+a\/1 +m"
(. ¢ =a(+m)
Equations of Normal
(i) Parobola yz = 4ax is at (xy, y1)
Y-vi = —f(x—xl)
y Xy .
(i)  Ellipse 7 + ;7 =1 at (X1, y1) is
a’x b’ s 2
W e ,
2 2 ~
(i) Hyperbola 7 —17=1 (at(p Vi) is
QRN o
Q.1: Find equations of tangent and normal to each of the following at the
indicated point.
(i) y2 = 4ax at (atz, 2at)
Solution:
Equation of tangent at (atz, 2at) 1s
YV = 2a(x+x)
y(2at) = 2a(x+at)
2ayt = 2ax +2a’t’
2ayt = 2a(x + at?)
yt = x +at?
And equation of normal at (atz, 2at) is B
¥y-n = —2% (x —X1)




< SR .

(i) = 1 at(acos®,bsin0)
Solutmn.
Equation of tangent —2— o+ Xb)?_ 1

x(a cos 0) . y(b sin 0)
a’ b’

%COSO"‘ %sin() = ]

= ]

and equation of normal

B by
X1 Y1

- ‘;’; ot
0 b 0 %@ ®w@ G

ax
cosﬁ smﬁI ﬁ
2
Gii) 31— 12_ tane)

a
Solutlon
Equation of tangent

Xy

a© b’

x a sec ybtan )
a> b B

x Y _

o Secd  — 1 tand = 1

And equation of normal
2 2
xa~  yb 22
— + L - aA. _I_ bx..
X1 Yi
i

asec9+btan9

a3y o m
secO tan® ?i KKA@@W@ 0

xacos0 &

WW“
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Q.2: Write equation o %iir\@ ¢ given conic at the indicated point

(i) 3x° he points whose ordinate is — 3
Solution:

3= 16y . (1)

Puty = —3in

XF = —16(-3)

¥ = 48 = X' = 16

= x = x4

Hence points are

(45_3) & (_43_3)

Now diff. (1)w.r.t x’

L dy

ox _dy

- 16 B dx @ m

o 3, :E 7\

dx a %@L

= Slope @m (4)
3
‘@W C -3 = 8 (4) =3
i Equation of tangent at (4, — 3) is Equation of tangent at (—4, - 3) is
Y-V = m(x-x) Y=Y = mXx-x)
-3 _ + 3

y+3 = 5 (x-4 yiea RS
2y + 6 = =3x+12 2y +6 = 3x+12
3x +2y = 6 3x—2y = -6
3x+2y-6 = 0 3x-2y+6 = 0
(i) 3x*—7y* = 20 at points wherey =—1.
Solution:

X -7y =20 ... (1)

Put y = —1 in (1)

X -7(-1 =20 @@@m
3x2 = 20+7 m
X = 27

Thus the requued@ -1)&(-3,-1)



o
0 @m@@@ﬂw
Now diffd)l( :.r. ave

dy _
de =6x

dy 6x 3x

dx 14y Ty

o

d 9 d 9
Now m = Slope = a)xiltja. n =jAlsom=a¥|(3‘ n= 7
Therefore equation of tangent at (3, — 1) 1s Equation of tangent at (- 3, —1)
Y- =  mx-x) y=¥i = mEx-x)
-9 9
y+1 = 7 (x=3 yt1 = 7 (+3)

Ty +7 = -O9x+27 Ty +7 = Ox+2]
Ox + 7y = 20 Ox — Ty = =20 K@\\
9x+7y-20 = 0 Ans 9x - 7W@

(i) 3C-Ty'+2x-y—48 = Qat @
Solution: O
32— 7y’ + 2x — m (1)

“TY +2(4)-y-48 = 0
48-T7y+8—y—-48 =0
= -7y-y+8 =0 = 7+y-8=0
7y’ +8y-Ty-8 = 0
y(7y +8)—1(7y+8) = 0
(Ty+8)(y-1) =0
Either
Ty+8=0 , y-1=0
-8
y =7 ., y~=1

-8 _
Therefore, required points on the conic are (4, £ Y& (4, 1)

Now diff. (1) w.rt. X’ % 6x - 14 %3{% @W@ o@@m

dyo
—ldy-1) 3

U
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_ _ 6@+2 26 _dy, g _ 62 26
m = gxlen T myr11s Alsom=gle = T ey T TS
1415 )+1
Equation of tangent at (4, 1) is Equation of tangent at (4, = -8 ) is
y-yi = mXx-x)
26 y-yi = mx-xp)
y-1 = 15 &=4 8 26
15y—15 = 26x-104 ¥ig =75 &9
26x—15y-89 = 0 Ans 105y —120 = —182x + 728
182x + 105y - 608 = 0 Ans

Q.3: Find equations of the tangents to each of the following through the given point
(i) x*+y* = 25, through (7,-

Solution: @ @ m
)(2+‘y2 = 25 = @@
We know that condi
¢t = ¢ (1 +m’ Wx

1 +m”
Let the required equation of tangent be
y = mx+c ..(l1) Putting value of Cin (1)

y = mxiS'\Il+m2 O

Since tangent line passes through point (7, — 1), therefore

-1 = 7miS\Il+m'
+541+m° = Tm+1 Squaring
25(1+m’) = (Tm+1)
25+25m° = 49m’+1+ 14m
—24m’ — 14m + 24 =0
12mf+7m—12
12Zm“+ 16m—-9m—12
dm(3m +4)-3 (3m+4)
(3m +4)(4m - 3)

—d

Wfﬁ
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4 NS .
withm=—7" ... c@@ withm= 7 ... (2) becomes
W P .
4 16 3 9
y = pxEsafleg e AVARaT:

X 23
= —gx:I:S 3 = 37
3y = —4x+25 4y = 3x +25
4x +3y+25 =0 3x—4y+£25 =0
(i) y* = 12x  through (1, 4)
Solution:
y = 12x
As standard form is
y' = 4ax
4da = 12 => a =3

Lety=mx+c.... (1) be the required equation of tange @P@ now
that condition of tangency is ¢ =% _Yi pﬁii@&@ﬁ ?

_ .3 0
y = mx+_ ...
SinW ses through point (1, 4)
So ecomes
4 = m+i = 4m = m’+3
m
m’—4m+3 =0
(m-1)(m-3) =10
m= 1 ’ m= 3 Put in (1)
y = x+3 & y = 3x+%
x-y+3=0 y=3x+§
y = 3x+1
3x-y+1 =0 Ans
(iii) X2_2y2 =2 through (1,—2) m
Solution:
xf—.’Zy2 =2 @O@@
S A
i

O
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For byperbola, \yeﬁ
z = 2

=> ¢ -1 => c =

Since (1) passes through (1, —2) (1) becomes

-2 = m:i:x/Zmz—l
-2-m = £42m" -1 Squaring
4+m’*+4m = 2m’ -1

2m’-1-m*-4m-4 =
m-4m-5 = 0

== (m-5)(m+1) =0
== m=5 m=-1

Putting values of m in (l) we get

5x £42(25) -

y —
y = 5xiﬁ ,
y = 5x£7
S5x-yx7 =0
Q.4: Fmdequat
2x
Solution:
V=8 e (1) 2x + 3y
Diff. (1) w.r.t. °x’ m;
dy _
2y dx - 8
dy _ 8 _4
dx 2y vy
_dy 4
W= & "y
m; = Slope of normal = _—4X

Since normal and given line are Parallel

m, = M2

-y _ =2 N _ 8
4 T 3 =

.82

(3)_8"

JonmY

ition of tangent is

+4/2m" -1

Let y = mx + ¢ be tangent to the given hyperbola then y = mx ++/2m” - 1

TR

(1

y = —x+2-1 ]@ @@@
me Parabola y* = 8x, which are parallel to the line

10 (2)
Slope of line
— coeff of x
coeff of'y
p

........

3
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54
==
o
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Requirew (53]

with y=3.m become
_ 81 =2
T T3%4 7 3

8 8
Required equation of normal at ( 93 ) is

y-y1 = m(x-x)
8 -2 8
y-3 =3 &)
9x — 8
3y-8 = ~2("5 )

2Ty-72 = —18x+16 @@@m
18x +27y—-88 = 0 O @@ o
Q.5: Find equations (-\‘“ % : y° = 1, which are parallel to the

line 2x — 4y =
o

Solutio

X MY _ _

4+l—1 2x-4y+5 =0
i - 2 _ _ —coeffofx =2 1
= =4, =1 M= coeffofy ~ -4 ~ 2
We know that condition of tangent for ellipse is

2 % 2, 43

c = am +b

¢ = 4mi+1

c = £+/4m” + 1

Since tangent is parallel to line 2x -4y +5 = 0

1
Slopeisalsom = 5

1
c = E\[4zt]1 = 2 6
Let the equation of required tangentby () W N
y = mxtc KX

i
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X—2yx2:2 =0 Ans

Q.6: Find equations of the tangents to the conics 9x° — 4y2 = 36 Parallel to
Sx-2y+7=0.
Solution:
9x*—4y" = 36
i % =1 (Dividing by 36)
= g = 4 \ b’= 9
5x-2y+7 =0
5
m = slope of line = 5
For hyperbola, we know that m
P O
¢ = 4m’ -9 Q @@
. . 5
Since tangent an pars , 5
: . 3
Let y = mx + ¢ be the required equation of the tangent then y = S X% 4
2y= 5x+8
5x -2y+8 =0 Ans.
Q.7: Find equations of common tangents to the given conics.
i) x*=80y & x'+y = 81
Solution:

= 80y ...(1) X+y = 81 . (2)
Let y = mx+c (3) be the required common tangent. Let a be radius of circle

then (2) becomes a*= 81  Putin (1)

x> = 80 (mx +c¢)
x> —80mx—80c = 0

For equal roots, we know that DISC = @ @
b2~ 4ac = 0 m d@

(- 80 )—4(1)(9
80(80m



AL oo

80 m? + 4¢ &@
Condmon ofta = a° (1 +m) (4)
81(] +m)

400 m 81+ 81m
400 m* — 81m*-81 =
By Quadratic Formula

> —(=81)£/(~ 81) — 4(400)(-81)
- 2(400)
81 /136161 9
800 T 16

3

4

9\ _45
® = _20(16) =g

Putting valuesof m& ciny=mx +c¢

3 45 @ m
o @@@W@
4y :|:3x 4@
+3x—-4y—-45=
(i) yQ@W@@wﬂf —2y
Soluti

= 16x ...(1) XX =2y ..(Q2

)r' = 4ax
4a= 16
a = 4
a
We know that condition of tangency for Parabola is ¢ = =
4
5 o=
m
Lat ¥ = METE e (3) be required tangent

then y = mx+ m— Putting value of y in (2)

2= oamerd) - " O
mx2 ~ 2m’x - 8%% :%&X@@@W@ <



m = "
Equation of tangent is
Y = mMXFE

4
y = —2x+—2

y = -2x-2
2x +y+2 = 0| Ans.

Q.8: Find the points of intersection of the given conics.
: 2 2 2
i) Jete=1 & F-%=1

TR 373

Solution: @
x’“ 2 2 @W
18 m%@QQ
8x> + 18y2 m
4x* + S{I\\ : ﬁ, (Dividing by 2)
q-(2)by9 & addin (1)
X" — 9y“ = 27

4°+9y" = 72

13x~ = 99

Putin (2)
9
13 B
99 ,
3= 3 7Y

99 - 39




o
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Solution:
X +y = -y =1 ..(d)
Adding (1) & (2)
xX+y =
-y =1
9 3
2 _ _ 21 2 _ _ e
2x =9 = X'=3 => x—ﬂ:\ﬁ
. 9
Put in (1) 5+y =8
? = 9
2
pol6-9 7 @@m
B 2

2
y =242 O

v A
Hence W&%&re( \ﬁ \/:/ ] Ans

i) 3x*-4y* =12 & 3y -2 =7
Solution:
2—4yZ = 12 s (1)
3y2 2 =7 o 2)
Multiplying equation (1) by (2) & (2) by 3 and adding
6x'— 8y’ = 24
—6xX°+ 9y = 21

4

y = 45 =y =8

Put in (2)
~2x*+3(45) = 7
~2x+135 =7

135-7 = 2x?

Jeont
%lzzeice:pomts of 1% )K{X@@@W@



ecill
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I +5Y = 60 ... (1) O’ +y' = 124 .. (2)
Multiplying (1) by (3) & Subtracting from (2)
o+ v = 124
—9x* £ 15v* = — 180
—14y* = - 56
y =
Putin (1)
Ox*+4 = 124
9x* = 120
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T anﬁl!aﬂ gé;uatlon- of each of the followmg with respect to new
: barallel axes obtained by shifting the origin to the indicated points.

(D) x2+16y—16—00’(01)' Y
Solution, 2 + 16y - 16 = 0 .. (1), 0’ (0,1) = (h &)
Equations of transformation are - | ' _

% = X+h=X+0 = X , y = Y+h=Y+1
| Substituting these valuesk of x,y into (1), we have

X 4+16Q0+1)-16 =0 e .
or X+16Y+16-16=0 = X4+ 167 =0
| is the required transformed equatlon | .‘ |
(i) 4x3+y2+16x-1(}y+37-0 0'(—25) ClOUL .
 Solution. 4 + 5% + 16x ~ 10y-+ 37 = ,‘o_ ( 0’ (-2 5) =R
Equatlons of transfmmat1on are\ : ,

i Xﬂ-h V4= Ly Y+f= Y+b

: N
Su&tﬁuﬁhg these values of L y into (1), we have
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g e eew - g

| aX- 2)?+(Y+5)2+16(X 2)*10(Y+5)+37 0
Lor 4 X%~ 4X+4)+(Y2+10Y\+25)+16(X—z) 10(Y+5)+37 = o

or 4X2 16XJ+16+Y2+10Y+25+16X 32 10Y-50+37 = 0

or AX2L Y2 — 4 = 0 isthe required transformed equatlon
(iii) 9% + 49* + 18 - 16y - 11 = 0, 0’ (1,2 .
Solution. 92 + 4” + 18c— 16y =11 = 0 .. (), O’ (-1,2)= (b k)

Equation_sihof ,transfonr'latiqn are |
¥ = X+h=X-1, y = Y+k= Y+2

Putting these values of x and y into (15, we have ‘ | o

O -1+ 4w 18X~ D-16(F +2) ~11 = 0 o
or  9(X2-2X + D+4(Y? + 4Y + H+18(X-1)- 16(Y 2-11 =0
or  OX"- 18X +9+4Y’+16Y+ 16+ 18X 18/-161’1-32 O o
or  9X% + 4Y? - 36 = Olis the remured tran*sf’ormed equation.
(iv) 4% - y’+4x+ sy;li?}) 0 -2,9

'Solumgn.“yﬁ,u%+ S+ B -11=0 - ., 0 2,4=0k
Equatlons of transformation are _ | C et ' ' B
x = X+h=X-2, y = Y+k = Y+4d.

Substituting thesé values of x and y ix;t_o (1), we have -

| X-2P- T +4P+4X-2)+8F +49-11 = 0 |
or - X2 - 4X + 4 (Y2 +'8Y + 16)+4X - 8+8Y+ 32°~ 11 = 0
or  X®-4X+4- Y2—8Y 16 + 4X — 8+8Y+32—11 =0

or X2 - Y%+ 1 = 0 is the required transformed e‘quat;on.
ORI 4_,P+36x+8y 4 =0, 0"(-2 1)

, Solutxon. 9:::2 4 + 36x + 8y - 4 0 (1) 0’ (-» 1) &\ (h k)
Equatlons of transformatlon are T WY [ (edo=

)‘Y+1

_ x = X+ h 2 \
Substltutmg these values of x and y mto (1), we have
qc )2‘—4(Y+ 1)2+36(X 2Y+8(Y + 1)- 0

Cor 9(X" 4X § 4) - 4(Y2+2Y+1)+36(X 2)+8(Y + 1)- 4 0
_or 9X‘2—36X+36-4Y2—8Y 4+36X 72+8Y+8—4-’O
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, i - Sk St i A O o
'_ or 9x? — 4=Y2 - 36 = 0 1s t.he reqmred transformed equatlon ‘ .
S Find coordmates of the néw origin (axes remaining parallel) so |

dggree terms are removed from the transformed equation
of éach of the following. Also find the transformed equatxon.

(i)--&"‘ 2)3+?Ax+m+24=0 .
,js(aaunun.aac2 2y2+24x+12y+24 0 RN ¢ §
_ Let the coordinates of the new origin be O’ k). ‘
Eduatiohé of transformation are
| Tk X+h, y = Y+k
Substituting these values of x,y into (1), we get, |
B+AP-2(+AP+20 X+ W+ 12X +B)+24 = 0
or  B(X?+2XK+h)- 2(Y2+‘2kY+k2)+24(X.+h)+12'(Y+-k)+24 = .0
or  8X? 4 GhX + 3K 2%~ 4kY - 2k2+24X+24h+12Y3L12k+24 2\ 0
or  3X%- 28+ X (6h+24)+Y(~4k+12)+3?{1+§4h 2]a9+12k+24 0
: ’ ...(2)

“
5
s &

To remove first de ee temm, \we- have « : o
M&iyé = ho=-4 * et awE
and -4k+12 0. = k=3" o

New origin i is O’ (-4,3) Puttlng h = -4 and ' k '-'3 into (2), the :
:transformed equation. is ; , ,

3x2 2Y%2+X (6. (-4)+24]+Y[—4(3)+12]+3(-4)2+24(-4) 2(3)2

| 4+ 1213)+24 = 0

of 3x2 - 2Y2+X(—24+24)+Y(-12+12)+3(16) 96 2(9)+36+24 0
or = 3X%- 2Y2+X(0)+Y(0)+48 96— 18+36+24 e
or X2 _2Y2_6 = .

whlch is the requlred transformed equatxon with new ongm at (-4,3) )

() 252 + 9 + 50x - 36y - 164 =0 Q]2 COULY

Solution. 252 + %* + 50z - 3y - 164 “ ff"‘df; WY L w

Let the coordmates uf the new Qn \h be O'(h k). Equations of transformed
" are J, \ |\ ,

| f'J X+h : y',‘=.'Y+k
Substltutmg these values of x,y into (1) we get '
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25(X+h)2+9(Y+k)2+50(X+h) 36(Y+k) 184 = o
or 25(X2+2X7z+h2)+9(Y2+\2Yk+k2)+50X+50h 36Y — 36k — 164 = 0
or  25%° 5m+25h2+9Y2+ 18Y% + 9% + 50X + 50h — 36Y — 36k~ 164 =0
or25x5+91’2+(50h+50)X+(18k 36)Y + 25h2+9k2+50h-36k-164 0..(2
To reove the first degree terms, we put . o
50h+50 =0 = 50h=-50 = h=-1
and 18 -36 =0 => 18 =3 = k=2

.. Neworiginis 0’ (-1, 2).
Puttmg h =~1, k = 2 into (2), the transformed equatlon is
- 25X2+9Y2+(— 50 +50) X + (36 - 36)Y+ 25 (= 17 +9 (2 + 50 (- 1)
» ' | ' - - - -36 (2) 164 : 0
or 25X’+9Y2+(0)X+(0)Y+25(1)+9(4) 504(2-164 ( ﬂ
or 25X"’+9Y2+25+36 50*—72 164 = 0
| or 25X2 + 92 & 225 = 0 \ o
" which is tﬁ\e jrequﬁi‘ed equatlon with new ongm at (- 1 2).
(iii) x5 y‘ 6x+2¢y+7=0
Solution. 32— Grs2y+T =0 .

Let the coor&xnates of the new origin be O'(h ). E.quations of
transformatlon are : =

" ,x‘-,X+h' , ¥y = Y'+k 
Substituting these x}alues of x,y into (1), we get |
L XARP - RR-6 X+ + 2T+ R 4T = 0 |
or X2+ 2Xh 4+ hE— (Y24 2Yk+AD-6X—6h+2Y +2% 47 = 0
or X Y2+X(2h 6)+Y(—-2lz+2)+h2 k2= 6h+2k+7 0__‘;::, (2)

"To remoe the ﬁrst gdegree terms, we have
and -2k+2 = 0

New orlgm is) b (3 1) Putt.mg h-o= 3,k = 1 int.o (2) the transformed
equatlon is :

Y2+X(O)+Y(0)+(3)2 (1)2 6(3)+2(1)+7 o I
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or X%2-Y?+9-1-18+ 2+7 Q \ .' (&

or X2- 0 AN
Wthh is the re}qmﬂed eQuatlon w1th new orlgm at (3 1).
3. lh each of the following, find an equatmn referred to. the new

axes obtained by mtatlon of axes about the origin through the given angle.
i) xy= 1, 9—_45. '

Solutlon. Here g 45° Equaﬁions of ’gransformation are

= qus45 —Ysm45 ey .
4E° ° 1 1 X+Y
y = Xsin4b +Ycosdd = X . =+Y.—= = +

AN\
=172 1NN

(
or
is the m&\hﬁ‘xzéki' tlJa:nsformed equatlon '
() TP -8y+y -9 =0, 0 = tan™ 2

Solution. Here 0 = tan2 .= tng=2= 2

=> base=2,1=1 and hypotenuse = V4 + 1= V5

S - 8in@ = — and cos@ = — . . ,

Equations of transformétioh are
= Xcos9 — Y sin 6 } B

| . y=Xsin0® + Ycosb6

Using the above values -« A - AfH (o,
x = X : _’_____. \emss, Y—. “‘. ; ——— .
. ( A
JHIJX"2 Y.—l-..?X*Y

GV

Substituting -these values for x,y’ into the given equation, we have
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. (X = 2Y\2 8 X- 2% ¢ VX 4 ¥

By multlplymg bpr 5,Jwe get

(et ‘”) 8(”‘2 L ”’2) (""2”’”)

5
or = TX?- 28XY+28Y2—16X2+2¢XY+16Y2+4X2+4XY+Y2 465=0
Cor  -BXZ 4+ 45Y2_45=0
or  X%- 9Y?+9 =0

which is the required transformed equatidn, |

‘ (iii) 9:z+‘12xy+4y_zvr-x.-y,= 0, 0= tan'l§

Solhtion. Here 9 = tan™. % => tan 0 =

- sing = —2_ "anﬁdéose\z\ _ i
\11373 (AR ‘

Equatnons\bfJ li:ersfr)rmatlon are
x= Xcos(-) - Ysme }

.y= Xsin® + Ycos®
Putting values, we have. | . W E
‘ 3 5 2 8X - 2Y

Cg o= X.-‘—-—Y-. = —
R __2X+3Y \

IR rTE " Vi

Substituting these values for- X,y in to the glven equatlons we have ,_ o
LA 3X+ 2Y ‘
: ( ) =0

(ax 2Y'y2 (3X 2Y f_\3Y) 4 +3Y)z xa-zy)
Vi3

S ‘«h NS - 2 g £ 1y 2
o _9(99;*, 2XY+4Y)+12(6X -1:54;(3Y-6Y)
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§ ’ lj\lll:I'\IVII:Lllr-\n:. VI el VM | NS wum—ué v;:uw u..
44X2+12XY+9Y2 _X-—2Y +3Y B

‘,,\—;1085{}"2"‘+36Y2+72X2+60XY 72Y2+ 16X2+48XY+ 36Y?
-3\1—3X+2\]—§Y 213 X - 3\]_3Y'-0

Cor 169X2-5xl"§x V3Y =
or+ 13VI3X?- 5X-Y..0
is the required transformed equation L “

(v) - xy-l-yz 2\/§x 2\I§y+2-o e-45°
Solution. Here 8 = 45° o '

- or 81

\'.““_} N

Equatmns of transformation é.re | . wooo
x= XcosB - Ysme } | : ' R .

y= XsmB + Ycose

Puttmg values, ewe. have A~

XQ-Y

Ysm45° = X .

x = a s45°_:=” -Y. = -
| | s £
y = Xsind5® + Ycos45° = X . Y » 5=
| | o B

| ,Substltutmg these expressions for X,y mto the given equatmn we have
X -Y X - Y\ X +Y X +Y X -Y
' -2 + [ -2\l§.
(F - HE) G -
. X'+ Y\
-2Y2 +2 =0
. , (5 )
| X2-2XY + Y2\ _/X2-Y%\ /X244 2XYV + Y
- EEREEE O

 —2@-p- 2(X+Y)+2 oy
~ (byx2): x2 2XY+Y2-2X2+2Y2+X2+2XY+Y‘%-4X+4Y 4X-4Y 44 =0

or

which 1s qxe requ‘ed transformed equatlon

- 4, " Find measure of the angle through which the axes be rotated so
that the product term XY isremoved from t.he transformed equatlon. Also
ﬁnd the transformed equatnon. ' :
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_lVIIII_UJ

@) 2a2+6xy+10y2-11 2 A 00 WY,
Solution. Let t,he axes be mtated Y:h\sﬁugh an angIe 9 -

Equatlons ofr tramiformatwn are - ‘ _
J' -—-J Xcos~-Ysing , ¥ 2 Xsin 6 + Ycos 6
Substituting into the g‘xven equ.atlon we gét .
2(Xcos 0-Y sin 9)2 +6(Xcos 0-Y sin H) X sin 6+ Y cos 0)
+10 (X'sin 9+ Y cos B2 - 11 = 0
or 2 (X2 cos? o 2XY sin @cos 6 + Y2 sin? 6) »
. +6(XZsin 0 cos O~ Y2 sin f cos 8+ XY cos® 9 XY sin? H)
+ 10 (X2 sin? 6+ 2XY sin 6 cos 9+Yzcos 9) -1 =0
o .X2 (2 cos® 8+ 6 sin Hcos 8+ 10 sin? 9)
+XY(—4sm g cos 0+ 6 gos? 0 6 sin? 9+2031n . :59) _
| +Y?(2sin® 0-6sin 8eds 6410 e’ ej"\?‘ﬁ’x— 0 W
‘Smce this equatwn 1s to be free fre\m\the product term ie.; -
—4sm\racﬁ\a|9+6cos 9= 6 sin? 6+ 20 sin BcosB 0 |
. or \'BE 29+ 16 sin @ cos 8+6cos?8 = O _
or 3tan?0 - 8tanf -8 = 0 {by+cos?0) o .

i - —(—8)+\((-8)T—4(3)(-3) _ 8+V64+36
e = T 20 ET 8

§+V100 _ 8+10 8+10 8-10 18 -2
- : 6

6 T~ 6 * 6 6

= 3, = tanf = 3 (as @ isin the first quadrant)

-1
3
- => base= 1,J.._='3 and hypotenuse = \Jl+9= V10

&% sin 8 =—3—— and cos@ = 1

Substituting sin § =

G)

e )

(v:) & ()
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DU b bl AUVl I/ Y Q Gmn BWES A N Gl WA V08 W e ,,r_".".\ o\ i)
e - e

I 11 =0
(o ) -
(2R \IB\LB0N 12 6 54 , 60
(53 Y107 .10) T (‘ 10" 10 10)

or X%
/18 18 .10 |
+1”2(10 - 107 10) 1=49

or  MX2+Y2-11=0 | :

() ay+4x-3-10 =0 o R ¢ )}
'.Solutmn Let the axes be rotated through an angle 6.

Equation of transformatmn are

x = Xcosf-Ysinf;y = XsmG+YcosB .
(Xcose Ysm9)(Xs1n9+YoosG)-t-4f(XCdsﬁ->YSmG)
+XYc0529 XYsm G;BCan9+Ycose) -10 = 0
Xz sin 6 cos 6~|—‘X‘Y<:os2 G\XY sin® 8- Y sin 8 cos B+ 4X cos 6
J| j4“\'4Ysme 3Xsm9 3Y cos 8- 10 0
or - X231n6cose+XY(cos 8- sm 6‘)—Y251necos 9+X(4cos€—3sm6)
| ~Y(@4sin6+3c0s9 10 = 0 .. @7

Since this equation is to be free from theiproduot term XY

Substituting 1nto the given equatlon (1), we have - _

j.e., -cos’?@-sin?0 = .0 |
“or cos?@ = sin?6 = tan?@ = 1 =5 i 1'=>'9-r45°

Thus axes be rotated through an angle of 45° So that XY term is removed
from the transformed equation. - :

Settmg 0 = 45° in (i), the transformed equatlon is- ,
: Xzsm 45° cos 45°+XY(cos 45°-sm2 45°) ~ stm 45° cos 45°
+ X (4 cos.45°~ 3sm45°) —Y(4 sm 45°+3cos 45°) -10 =0
» R XY(O)w\Yz—-— o Xfh, =8, '
s = Y{ 4 o= " 10 ‘0
(e e @)

L _10=0

1
ECET

or
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L Vllll._\lj

P W memews s 1w e

or XY 42 X- 7«]'220-"“‘1

is the requied equatlolj \ A\t ‘
(iii) 5x:J W ,+J !5y2 8 ~ ', B ‘(;) _
~ Solution. Let the agces be rotated through an angle 9
| Equation of transformatlon are , : |
x = Xcos 9.4 Vein® : y .= Xsind+ Y cos @
Substltutmg mto the glven equation, we get . ' .-
5 (X cos 6~ Y sin 0% =6 (X cos 0¥ sin 6) (Xsm 8+ cos o
| +5(Xsm9+Ycosb‘)2-—8 =0 ol
. or 5(X200529 ?.XYsm Hcos 0+ Y? sin® 9) 6(Xzsm Ocos 8
| v XY c032 - XY sin? 9 - ¥ sin 6 cos ) oA
, +5(X? sm2 6+ 2XY sm ecoa).‘HR YFébS" ) ;;ﬁ LY.
or X2 (5 cos® 8- 6 sm Bcos 9+5s1n H)+XY(— 10 sm Bcos 06— 6cos e |
+6 sin? 8+ 10 SII’JGCOSH)+Y2(5 sm 0+Gsm cos 0+ 5 cos? )-8 = O
Since th\s ﬁq&ﬁ“éﬁ is to be free from the product term XY - '
18 —‘6cos @ -6sin’8 = 0 - R
or" gin? 0 = cos? @ ;?tan29=n1"F>AI tanf =1
= 6 = 45° - (as @ is m the ﬁrst.quéd;épti) |

Settmg 0 = 45° in (D, the transformed equation is_ _.

x%(5. (‘/%)2 «lé \}l- . 5(@2)

or 2X?4+8Y?2-8 =0 = X?+4Y’°-4=0

which is the requiréd equation.



‘H/.v._‘ / / .\
N/

B& a roﬁat:on of &xes, eliminate the ay-term in each of the
ﬂwi eqwtrons. Identify the comc and find its elem nts,

\*l\“}é\ Wby P =

Solution. 42 ~ diy + 2 -6 = O | e (D)
Heré g = 4, b = 1, 2k = -t t.heangia 8 ﬂxmughwhzchaxesbemtatm
tog‘lvenby A . _ . ;
Lk -4 4 ,2tan&'___"§
mze,:.aub_“a;-ai S R B 7 el

tanf= 4tan’0-4 = Atan0- Gtanf-4 = 0
2tan?d-3tng-2 = 0 | "

v g w8 ‘3}“4(2}@2}
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\
7\ \
) -

: . ' . (—--\ [~ .(\:/" / - | \ - ( . 2
[Unit—6] ~C\ GCJNV’Q’ Wfow \ o - 13
. A ‘.ll { A I\ -\ \\ T ] B i
\ S9r B 315
" R

NI\\"""\\&J\U\\"'\T" o:

Now = tané " 2 => base= 1, L= 2, hypotenuse= V4+1 = N
R TR 3
: V5 5
_Equations of transformation become
: : 2
X = Xcos-é)——Y sin# = — X Y
A \t' vs
5 - % (2)
szan +Yc€359~ ****X+-""
< ‘ R E

Substituting t'hese expzesswns for x fmd v into (}) we get

(Ex-E -4

¢ r s

et

i A 2 i | L ”.‘
'+.(5,X = 5XY-* 51’?)-643

4 8 4y, ; 16 12 4y ., (6.8 -1
_(*-—- ~+-)X2+(---+~"+g).~XY+(-5~+-5+§)1£-6mQ_

57578 B8
e - ST I I
25Yg—3q=0 = Y;zg = Y=z 5 .

represents a pair of lines. To find their equations in xy - plane, we have

from (2), we have

X-2v. = Y5« § e @
W+ ¥Y = By - (W
Multiplying (3) by. 2, we get ‘ -
-4y =2V . o 3

Subtracting equation (5) from (6), we get
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:5; ¥
\?5 1 '
- 20 == = (2x ~ ¥)
\ N 5 (y‘ ; ¥6 o
NI} \H“ | |
' ; + ﬁ z;-'—m-!— {(2x —.y} .:‘—“) i:‘\fé m*'—rfz;c"'"i;}
% -yt N6 =0 = % -y+V6=0,2-y=-v6=0
(i’ Identify:2® - 2xy ¥~ B - 8y = 0 _
Solution. &% - ‘¢ + 7% - 8r - & = ‘ - D
Here o = 1,5 = 1, 2?1 = -2 theangle & ﬂzoughwhwhaxesberotated
is given by ‘ - o
29 = —2 . =22 o = =90 = 0=
‘ a-b 1-1 .
Equations of transformation become : :
' e 1 X
= & - 4t =X, == Y.~ =
5 x = Xcos 45 Y sin 45° = N \@ 75

y = Xs5ind5® + Ycosds® = X [ = +Y (AN L\
? SRS \\\Wﬁ/f@
Substituting these expresgnqnsf&i :r ;g.rid ;;v int.é (ﬁ i ._
@X A \U -v’if“ X =¥ i X+¥\ o
(\)"f“fﬁ %f) o))
\\;\Jn\@'@*'iéxf+:ﬂ; -2 cx" :ﬁnzomzx Y ¥

QJ\H
—@ X-Y) f'\"’:—é (X+Y).=
XBL-2XY+Y3—2?{“+2Y"+X”+2XYV+Y”—8\’§X‘
+8V2 Y-8V2X-8Y2Y=0
AP -16VEX=0 = WaedVBX | @

which represents a parabeié. In xy-plane, we have

o ‘From 2i), we have _ o
X-Y= Y2z L “@
and X +¥ = 2 gy ‘ | : (5

. .:‘A.dding, {3} and (4), we get '
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{Unpit—-8}

Wkl\a&h\eof X in (4) we get

: c g
{x+3‘ Y:\fﬁx-:.:é ¥ mw\réx“’@.(x'?y)

JI\

«fé
) —2x+x+y 1 -
= v (- x)
\2 2
Thus X = —= (x+ and ¥ 1 {'r. :c)-
X === (x+ = e
Elements of the parabola are
Focusof (is ¥ = 0, X = 2 |
g’ ' 1
ie, —=@+y =2 and = -2 =
& oY
x+y = 2 eand . y-~x = 0
Adding: z+y = 2 s L
()

. Py (\‘
— oy o+ ~_-. 1] ; - /F.\&'C/( Q/V\\J()@@k ;

Put ’\ m

onﬂ?&xs X = 0,7 =0

V,Tq{:a:«vy)w’f}=~":> z+y = 0

and o) = 0 =% —xiy=0
: ,f‘ y =

i.e.,

Sﬁlwng, weget x = 0,y =0
Vertex: (0 0) isthe vertexof (1)

Axis: Y = 0 i.e, ’J..('y-—x}mﬂ :“-“:2» -x.-y=0’
Equation of directrix of (8) is ' . : :
X = -\3 = 222 3 = £IXX 4 Bao

x4y + 2 = { isthe divectris in xy-coodinate sysﬁém.

" |\7 o~ \

~A \ \\‘ | '/C/ =

3

\ |
[
[
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:ﬁ \ \ sl .
'vMTEﬁMEDiA?’E MATHEMATECS DIGEST — Class XN

.[-'
\\J'\ |\\ii\“ 1}*:ient:f'y P2y e 28 xo 2J“y+2 o

Sohution. x2+2xy+y‘+2\f§xm2"_\;2y+2-€} os: W)
Here ¢ = 1, b_ = 1, 22 = 2 theangle 2 xhreughwhichzixes'bgmtatedm
given by '
: e 2R 2 _2 oy L - dE®
ngqf-a_bml._‘l,-olxé_ze,_go‘f - 6= 45
Equations of transformation become :
: : L 1 1 X-¥ Y}
¥ = Xeosd45° — Ysindhs = X | TFE e ¥, e om STl ;
o VT T Ve TR x

X == ¥, - : :
vz o V2 P

Substitutingthese expressions for ‘x and y inte (1), we get

X Y)hz \:QY)(X%;Y). X+Y &ﬁ( \ @@@

: \o~=>
e N\ V\f\\\}\@“{}“fz“"
| % uﬁ% m5§ S P NP

‘ ; 2 EX-P-2X+DN+2 =0
M\, X2 2XY+Y"‘+W 214+}F+2XY+Y2~1~4X 4Y -« 4% .

il
H

y = Xsin 45° + Ycos 45""_

‘ o ~ &Y 4 4 = 0 '
W-BYrd=0 = X_gy,q.
x=2(r-3) 4 L@
Which reﬁresentsq & parabola, |
From (i), we have
X-Y= 25 - e @
and X+¥ = y3, e

- Adding (4) and (3}, we get
x = \f‘x+~r"y = X = T{x-o-y}:} X "*i{xé-y)\ ~

Put the value of X in(4), we get
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| | SR Ny (N
{Unit - 6] CONIC SECTION. A m@ JUL
= s y-Y= \fé a: “::}OY/—E\( Ir\(‘;ki?\;)\ \'&\Ok
g : - ) |
o a o V(O RRICE L
O \' 0 \\\ \ S Wy Y - 2x i v -2
{ L DO S b Ly
.»’\J/\'” \I\ \,\\'\ \;\\\‘\_/\ \\\/\j - -\{5 {é ’
\ %‘E\\U&\L\ _"("""'/ {x + ¥ and ¥ = % @ - x)
Elements of parabola are

NJM

Focus of 3)is X = 0, Y -

L 1
)
i.e "}m(x+y) = 0 .and -—1-(y—x}=1

i.e.; x+y = 0 and y—x = V2
Aéding: x+y .= 0
 zzax = \Z .
2ym#’§.m¢‘y'=%
Put y = -1; in'x+y 0.:.::» x_=-y£-i
' © N2 \{_. m
1 .

Focus: (

) is the fec@o @@w

Ji
<

1
-2 =5 = S i
& ) 2 y = .
Soivmg, weget X o= ‘1,_.-, y = ......1'.,...“ . ’ -
2 2 V2
Vertex (— 1 sthe vertex of (1)

‘Axis X = 0
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. # 3 . { _"x i \
7 : FNFEHMEQIA‘YE MA?HEMU@S‘-D c;zzsz* — Class it

Equation of Kirectx‘ix af *‘&} 19\
meMﬂY ' PR a0 yoxe0 = 2oy a0
\ \ ' X . F

R
is the directtix in xy-—ct}orémaie system.
'{w) Parxyry>ead =0

Splut:oﬂ.xg+gv+ym4=0_ D

" Here a =1, b = 1, on = i theangle 8 through which axes be rotated
is given by ) . 5
2’;‘,. i, 8 .1 . }: o ; 5 s ]
tan 26 -_-m»wlw—i *0__ 29— o = @ = 45

Equations of transformation become . . ‘
¥ 1 X

= Xcos45° — Ysinds® = ¥ . mY.-—-— w BE
j SIRT TN N2 |
1 1 X+Y M

= Xsin 45° + Y'eos 5=z X . = + Y. —m m et | N
e |§f,—\ \ ‘\‘x// ) U UL

Subst:tutmg these expresswns fg x ah;l\ ¥\ iﬁ(zn &w@ Qy/ =

- )+2/(€/¢,{2 \ \%\(ﬁ{‘%}j/ -0 |
\f@%"‘“‘) )

Xt . 2XY+Y‘+X‘*‘ YRR Y+ Y-8 =0

£ I S . _ | .
xz oy g ‘ : -
A D

8/3*'-“@“

Which repregents an ellipse.
Ernm {2}, we have - , .
X-Y s \3a o . @)
X+ Y ‘J_ ¥ - we K5

Adding (4 and- @ = \(‘.Hxi"y == ?z @+

#

Subtractmg (iv} and (v

ﬁxvﬁy

-2Y
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[Unit—-61 ~1\

Equstion of minoraxis: ¥ = ¢ = 2-y =

Elements of elhpse are \ L3 _:‘
cfegpfwofw% G8-X = 0 Y =0

4 = x‘+-y-;_0

T (x+»

. N '
and ~= (y~-x = 8 = x4y =0 => x=0,y=10

Hence C (0., 0) is ttze centre oi'. {1}

Vertwes of @) ave: X = =+ 22
X=0m= = P =0 = aty=0
QJ% B
and Y =+ V2 = %@»x)::t&-ﬁ = —x+y =4

and

433 Q\B\S R C@,-9

\\)\ ~2,92),.(2,-2), asvertices of (1)

B
<>

Equstion of majoraxist X = 0 =P x+%

H
<

! 3 . b 8
3 -!;aﬁ__bz \‘8—“3‘ 2
Ecentricity: = - = - o e .
ntricity: ¢ a _ P :
Foel of (3) are X=0, 7 t‘jg(;!?_m) . .

'i.e., . x+y) =0, - L “(x...y). w qg(%)

V2 T2
=  x+y =0, x+y =0

_x‘.g,.yg e
Wi3

~x + ¥

Adding: 2y =

\\J' ]' O V2
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) 2 5y - ‘
Hence (,__g_s_i?_, g—éﬁ) and {E-“‘g, 3\5) are the foci of (1)

3
™ T - 63 xy+ 137 - 16 = ¢ .
So!ut:on 7r‘m-6\rx)f+13vz—~16:0_ . - D

Here =17, 8=13, 24 = mﬁ\.,r the ang]e g Lhrough wh:ch axesbe

rotated to given by

2h “—ﬁﬁ;msﬁ,_-.'
a-& 7-13 7 -8 “.\}5.

= 20=60° . = 6= 30°

Equations of transformation become’

; Xcos'3(}° Ysin 30" = )ib\!""g_@\?’\ ’%:g\\ \

.\

®
#

( =\ \\

v Xsm3(ar3‘+1\f\ce(x§/$(}?\\ &%\\Qﬁ\%@ 3
Subltat ?séé;épressmns fm: x and y into (1); weget

‘_\ %x Y)z 6\7-((); Y)(X+2\FY)

L en(BTaXy gL

7(3X3~2€ XY+Y2)~6{§(‘\I'§ X2 4 '2§Y~w V3 W)

#

+*13(x?+2.\{§"1r * 31’2)”“15& 5

@I - 14 B XY+ 7YY 18X+ 123 XV - 1879
‘ i T 4

(mxé +26 V3 XV + 39v%)

~16 = 0

4
21;31-14\F§XY+7Y2 183;9 mxfémrusw e
" | 1+ 26 Y8 Y 4 307 %\\ rEAtE
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(e8] 1
»4- M»Y’ £
L "'i""' = 1 : L@ XY = 9 . (5)
Which represents an elhpse Mu?tiéalying (iv} i:)y V3, we gét.'
* . From (i), we have | ' K- ¥ =2V3x
V8 XY = 2 —Y
Adding (8) and, {0), we get '
4X—2y+2«}“ | z:&’Xn%(\rﬁx»a-y}
Muitlp]ymg (8) by V3 , weget _
‘ Nix+sr =2V ¥ M
Subtracting (7) from (4), we get _ _ .
3 y " s 1 & \ - —f\‘?\
. ~4Y = 23 y-2 = ¥ =3 (x"wr)/};/?f\ ) = (o) f\i-\ \Lﬁj
' NN oo
Thus X = 5(\’3 x+ﬂ Oa?@[\\?’—\\z\x—'3fy/\)' ;
\/7 3 \\‘\"/; Qo U T
\ \ AN .
Elements o&\m{{s{\ o\ \\ g \ S
Centr,& £ :ﬁxs\ Xl 0¥ =0
NN o o
Q\”\ =0 (i Wissp=0 (NGzsr=0
Y= 0 (E{xw\r}} ('x»‘vré.?':()
Solving these equations, weget x = If‘., y =0 .
‘Hence, C (0,0). centre of (1),
Vertices of () are X =+g =22 and Y =0

i

Xet2 =3

¥=20

‘N3 x+y
\ x-Viy=0
' _Multiply;ing (4) by V3

these equations, we get

=

H

4
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! f iN%E%EbiATE\M?HQMAmS DIGEST — Class Xl
jlﬁg x‘~,ff:1:y *—**xzﬂf?:-‘-‘:}y:i (7) = V‘%y-xfmxi?wy_wl
(3 ; 1),, -3 ,— 1), asvertices of (1)

Na?-bP Nie1 _ 3
a2 2

Fociof (3) are: X = +V3,Y = 0

m:bx:xfﬁ 4_xm—4\r'§:91--\3

Ecentricity: ¢ =

. a-ﬁ;ﬁ\/@ = % WNax+3 =8 = 3 ;;c+y,.mi'2\r§
Y= 0 @-‘-%'{\Ey—x}:o o owsh ~x+\{§y-=f}
VB a+y =42\f§ w® ] VBxey =-2\f§ o (1)
C-x o+ \f_ 3ys= {Q} -+ V8 y = L (1)
Mu’tt;piymg (9) by \f"é and addmg Mu!ﬁp]ymg(l}.) byr\(“ Wﬁ(ﬁtﬁn@
these equations, we get o thesgﬂqqz;ahais! wég;eﬁ e
R ‘ o
2’13 ~x*’g P\ —24’5 “vys-*"ﬂ
—‘,‘( ~ \_/\-J ‘ .
4 <9}m<\z{3)\ W A2 F e . - AD= x =\ y
W J*@@‘ﬁj‘ Ty |
| 3:\3 (=8 =8
G5 ("2“'"”5")
Hence (g,*\?) anév ﬁ,*_*'é@), as foct.of (1),
Equation of major axis: 'Y = 0 = % (\@y-x) = 0 = x -8y =
Fquation of minos axis: X =0 => 3 (wf"“y) = 0 = Vix +5
(vi) Identiﬁr.&’-éxy-bﬁy"}‘ 2+ 6y -9 = {)
. Solution. 4% ~ 4y + B+ 120 + Gy ~ 9 = O - E13
Here g =4, b= 7 , 28 = w4, theangié evtﬁmug*hwhicha;aesbe
© rotated to givenby ' ' \
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\\ SoRIC SECTION -

W j’lj- S e
4tan26+6tan8- =0 = 2tn?8+3tanf-2 = 0
33 AF - A0 (2 _ ~3£ V% + 16

w6 = | Y B 4
_34y2B _ -3%5 _ ., 1 1
¢ = - - = -2, = tﬂl@ =
4 4 2.y " lmb=3
Now tan@ = % = base=2, sz‘l,so hyp_otem_ise- Ji+1: .\Jr“

: 1 2
ginf = = and cos @ = o=
V5 \!5

x

Equations of transformations become

-x=chsS-Ysm9~X :\%«-Y%a =

o& angl\)'\mto (1) we get
w——*@“ e ()

. N gz%)w(xgﬂ;g =0
‘(4X“—4XY-+ }_’f)“ 4 (2X'2 + '2:.7;1?'~~272"‘2)‘.f 7(XZ+4XY4~4I?’3)

5 5
+,§4_?£@.% " @5,%&%31 9 =0
16X% - mxnw 8xX* - 12.XY+8Y2+7X*+28XY+28¥2
+x¥'(24x-12¥>+wf'(aX+1zm 45 = 0
16X% - 16XV + 4Y? - 8X° — 12X + 8Y2 + TX% + 28XY + 28Y* + 24 V5 X
—12VEY+6VEX+12VBY 45 = 0
15X+ 4072+ 80 V5 X - 45 =. 0 = 3+ 8P+ 6VEX-9=0
,30ﬁ+2xf§x3+,sw =9 = 30&2«!‘&;@#}@}%?%l_)"a_"';.

3@*(}2 4 8]’2 =

~/
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\/ ,"\f_,.;s |
MATHEMATICS DIGEST — Ciass Xit

-

_whi hj}@%lv‘glgéhés}ﬁlnuéllipse‘ :
N JN\ l\\JIQ{%n'a (2), we have | |
- ZX-F = V8 « : S Wy
X+2¢ = By . )
Muitiplying (5) by 2 and subtracting from (4), we get.
5 = 2V y-VBx = Y= m;:: (—x +2Y)
. B Va 9
Put Y = % (-x + 2y} in. {5},sz3 getb |
X*‘%r(wx+2y}=‘«r5y = X = \Jr'gy-—‘%(--xq-Qy)
N5 o T AE
‘ 2 5
ey ’\[g ¥+ ;;——‘5 X - 2 y
' B S LI ) O\
. ‘ . % \‘“ 1 Ae ey
LA PRRE
Thus X o= M%}‘@S\\fm x4+ 2.
. Q\TQ (\\\. NS . {"5‘ ' -
3 -de{’:r%é}\/' \X+/‘J3m0,l’.n(} =) X::i-‘\zgl,.}”:(}
WW O™, : , _
W’\N X=-v5= ;flfs- @+ =-vVFE = A+y=-B (D
Y=0 = :flg cxs =0 = —x+2 =0 (8)
Multiplying equation (8) by 2, weget |
~2¢+dy = O ®

Adding equation {7) and ®, wé get
by =5 = y=-~1
Equation. (8) =3 % = 2 = (-1 = -2
Hence ¢ (~2,-1) isthe centre of (1)
Vertices of (3) are X + V6 =t+8,Y=0
X+vV8 =8,y =0 o
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. . | _ -
fUnit—61 CONIC SECTION 14 .
: - ' : ’ A\
2t +y+ 5 = Vi ‘ AN /C@\ \§ \f\)
3 o & D M\ i V"'“ /'\.\ |, () \ \_/) —
2 + ¥R - B+ '\I.« ,\ O /;L \\\(\ /\\\I\-\-, ‘.Iy f\\§ ;I \ /{»18)
= ¢ Of \r/\/x\af\ ..\\0\) P T L an

Mn]tz;:lmng (113 fﬁy 2 i\« \\ ‘y‘“._v ' L

ng equamon 1% and equation {12}, we get 3

By =5+ VB =5 y.a-_.-;w\}%

12) = ‘x'; B = 2(_“ ,\}‘ 55.) =,—mf%1

Snm}ar]y, sdvmg X + B =~+8 and ¥ = 0, weget

.. 32 8
xw-z—'\/‘5,y--1—-\_}5v |
. AE ,\{s 1/ -,/.s.)
e 2+ 5, 5 -,""'1"“ 5 .

are the vertices of ( 1}

Eocent:'ii:ity-; g = B

"< '\ o \ \ \‘, \ \ il | :
N \ii _ g : e ;
\\J\\“ | 0 a " y = | | e

= iz 2+y =0
Y=0 = T+2v = 0 . (14
'Mpltipfy'ing equation (14) by 2, we get . . .
) ey = O . o . (1B)
~ Adding (13) and (15), we get
B = 0 ) = 0
Equation (14) = x = 2 = 2 0 =

Similarly, splving X++5
Weget x =-4,y =-2
Thus (0,0),(-4,~2) are the fociof (1).

3_\5 and Y =

.
»f\

(-»/
7 /P//'\\l\(\\ \J

f}( \ k
~ 0 N4 o) \ o2
Q m\\ \\\ (‘\\\\ |

\ 2

ﬁ \ \, \ “ \\ \i\' b

\\ \\
« \ ‘\
WWJ\)\N'Q



