Exercise 4.1 (SOIUtIOI‘IS) 'Page 185
Calculusand Analytlc Geometry, MATHEMATICS 12
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Distance Formula =\ \{ 0 (\\\

Let A(x, ) and ;B(xz, yz) Be two p01.nts in a 4
ﬁ}gﬁe andld 'be a dlstance between A and B / /B()'C . ¥)
d =0t = 5)* + (3~ 1)’ A%, Y1)
or  d=y(x-x%)"+( -’ 4 000) g
See proof on book at pagel81

Ratio Formula
Let A(x,y,) and B(x,,y,) be two points in a plane. The coordinates of the point C

dividing the line segment AB in the ratio

k, :k, are 2
kx, +k,x ky,+ky ky
k+k, ~ k+k ) N B2, Y2)
See proof on book at page 182 . 7\ _, Al Ny g0, N
If C be the midpoint of AB i.e. k k W\ )
then coordinate of C becomes 0(0,0) =
N AN ‘2 X )71 + yz

AN 2

Question # 1
Describe the location in the plane of the point P(x,y) for which

i x>0 (i) x>0and y>0 (i) x=0

(iv) y=0 (v) x<0and y=0 (vi) x=y

(vii) |x|=—|y| (viii) |x| >3 (ix) x>2and y=2

(x) x and y have opposite signs.
Solution
G) x>0

Right half plane 2nd Quadrant lst Quadrant
(ii) x>0 and ¥>0 N xig',,xig
st O A\ S Y y
The 1% quadrant. O\ A 7AW\ U ) |

y- ax1s J WN i'»i;Jv_' y<0 y <0
NS 3rd Quadrant | 4th Quadrant
(av) y=0

X-axis ¥
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(v) x<0and y20 e
2" quadrant & negatlvex axf

(vi) x= \} J; L Jirs
Itd 1& ‘aj hﬁe glsectmg 1St and 3" quadrant.

(vii) ’x|=—| y|
A positive value can’t equal to a negative value, except I I
number zero, so origin, e
(0,0), is the only point which satisfies | x|=—| y|

(viiiy 1%]23
=> *x23 = x23 ;. —x>3
= x23 or x<-3
which is the set of points lying on right side of the
line x=3 and the points lying on left side of the A~
line x=-3. N C‘;.__\‘\H ( \/. AR

(ix) x>2 and y=2 . '}_f ,-j‘l \R \
The set of all pomts orLtﬁe hne,\)g—2 fbr Wthh £>2.

(x) x and] IW Nﬁé Gpposue s1gns
It is- the set of points lying in 2™ and 4™ quadrant.

Question # 2

Find each of the following
(1)the distance between the two given points
(iy)Midpoint of the line segment joining the two points

(@) A(3,1):B(-2.-4)  (b) A(-8.3):B(2.-1)  (c) A(—\/g,—%j;B(—%/g,S)

Solution
@ AQG)1) ; B(-2,-4)

. W e I T

() |AB|=\(2-3)* +(—4—1)* =/(=5)*+(-5) R
=J25+25 =50 =+/25x2 =52 dpomtof
;g:j\\;"}’f;éf-};;‘-; )

(x+x y1+y2)
2 2 5

n\‘ \

(ii) Midpoint of AB = [ — _

(b) A(- 83) ] BQ +—1)
j‘ H YNV Do yourselfas above.
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\ —C\/ L T W I
\ ~7\ \| \ | { ]
\ \ )\
\ = R

ul' 5

) =) (%)
:\/20+2§6 :\/436 :\/4><9T'9 :2\/?

(ii) Midpoint of AB:[_‘E_3‘/— _%JFSJ:(““E l%]:(_zﬁ,g

N/
: 1

2 72 2 "2
Question # 3
Which of the following points are at a distance of 15 units from the origin?
(a) (\/ﬁﬂ) (b) (10,—10) © (1,15) (d) (ggj
Solution
(a) Distance of (\/IT 7) from ongm = \/ (\/ﬁ_g)z + : |
W= 76) @9y | VU

| "-_.,"'..,\\—\](176 49) _\/225 =15

\ ,7) is at 15 unit away from origin.

—
\ )

”)
e

= e pORA

(b) Distance of (10,~10) from origin =4/(10-0)’+(~10-0)’

=J100+100 =+/200
=J100x2 =102 #15

= the point (10,—10) is not at distance of 15 unit from origin.

(¢) Do yourself as above

2 2
(d) Distance of (15 15j from origin = [E — Oj (E — O]
2 2 2 2

:\/225+225’__4\:\»/2:;5 15 #15

j is ,Ilozt: ay dlStElIl—CeOf15un1t from origin.

7~ A\ \ R \ O\ A
g \ A\ o\ \ |\ N
AR

Hence the point 1—5,£

Question # 4 J
Show that [\ NJ RN
(1) the pomt A(O 2Y B(\/_ —1)and C(0,-2) are vertices of a right triangle.
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1 ""; \ (C

(i)  the point A(3,1), B( —3) and C (2 2) a:re Vertlces of an 1sosceles triangle.

(iii) the point A(3,1);)1 ( 2:43) and\C 2 2) afid D(4 —5) are vertices of a

parallelogram Is thcjparallelogram a square?
Solution . [\ [\/\

(i) Gnﬁén /’4(0 2) . B(3.—1) and C(0.—2)

‘AB|:\/(x/§—O) +(-1-2)" =\/(\/§)2+(—3)2

\Bc|:\/(0—\/§)2 +(=2+1) :\/(—\/5)2 +(=1)?
=V3+1=+/4=2 = |BC[ =4
€Al =J(0-0)> +(2+2)" =\J0+(4)’
=16 =4 = |cA' =16
~+ |AB[" +|BC| =12+ 4=16=|CA[
. by Pythagoras theorem A,B & C are VCI"[ICGS\OFF a rlght fmaﬂgle

|\/\"'

‘. ‘.‘Il ll"Jl \ |,

l l

()  Given: A(31), B( -2, 3) and 6(2-:2)
|AB| = \/(—zl 3) U = (5 +(-4) =v25116=Va
\B,ﬁ"ﬁ’\/(l )V +(2-(3) =\/(4)2+(5)2 16+25 =/41
CA|=(3=2) +(1-2)" = (1)’ +(-1)’

T

|AB| = |BC | = A,B & C are vertices of an isosceles triangle.

(iii)  Given: A(5,2) , B(-2.3) & C(-3,-4) and D(4,-5)

|AB|=(-2-5)" +(3=2)" =|(=7)" +(1)’
=49 +1=+/50 =52

D C
BC|=(-3+2) +(~4-3)° = (-1 + (-7)
=l AR =5 542 =@
[CD|=(4+3) +(-5+4)’ J( ) e 1) NCS%
\/497+ _\/_ 5\/_ ) |
A= (s =4 (24 5) ‘F\Yh

50 = 542

e:fi‘;iﬂ—‘ 10¢
|ABJ“J|CD| and |BC| |DA| = A,B,C and D are vertices of parallelogram.
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Neo R
S =464+36=4/100=10

IS (2 -+ oy

[BD|=/(4+2)" +(=5-3)" =/(6)" +(-8)

=36+ 64 =100 =10

Since all sides are equals and also both diagonals are equal therefore A,B,C,D are

vertices of a square.

Question # 5

The midpoints of the sides of a triangle are (1,—1) ,(—4,-3) and (—1,1) . Find

coordinates of the vertices of the triangle.

Solution

Let A(x;,y,), B(x,,y,) and C(x;,,y,) are vertices of triangle ABC, and let
D(,-1), E(—4,-3) and F(-1,1) are midpoints of sides AB BC ,and CA respectively.

Then

( x5+ & y1 + yzj G 1} 7-.;{_/ , \ \

2 1/2| \ \\
= x1+x2 (1) and Jﬁ‘*‘%

ST

== & +x3 =-8... (ii1)) and y,+y,=—
x3+x1 y3+y1 — (_1 1)
2 72 ’

= Ktz =2

Subtracting (i) and (ii1)
%+ x, = 2
XNt =-8 ... (vil)

X -x,=10
Adding (v) and (vii)
X X ==
x—x,=10

2x, = 8 = x1:4

Putting value of xl 1n (1) "t

’ 4+x,=2 R\RRRBE
Y g

% 7 2 14 X, =—2

Puttlng Value of x, in (v)

44 x,=—2

= 5=-"2-4 = |x,=-6

(v), and y +y;=

A\ _2‘-% L= [3,=3

. '& ".‘ \U

/ -A\\J ': .( ,//\ (-:7:'\_‘:;.3'\‘-' A
(ii) D F
B E c
(iv)
(vi)
Subtracting (i1) and (iv)
Nty ==2
_yz-l-y3:—6 (viii)
k| =4
Adding (vi) and (viii)
yty;=12 .
Nz y3 = 4

Puttmg value of y, in (i1)
3+ =2

= y,=—2-3 = |y,=-5

Putting value of y, in (v)
3+y,=2

= y»,=2-3 = |y,=-1
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Hence vertices of trlangle are (4, 3) ( 2, v—S) 4 (*—~6 1)

Question # 6 O\ \ A \ \\OoA~-

Find & such thaif the pomt A(\/— 1) (O 2) and C(h,-2) are B
vertices Qﬂ a fight angle with right angle at the vertex A .
Solution

Since ABC is aright triangle therefore by Pythagoras theorem
|AB[" +|cA” =|BC[’

= [(0-B) +(2+1° |+ | (Bh) 4 (-1 2) | =(h=0) (22
= [3+9]+[3-23h+R +1|=R>+16

= 1244-23h+ M =h*+16
= —23h=K2+16-12—-4—-h* = -23h=0 = [K=0].

Question # 7
Find & such that A(-1,4),B(3,2) and C (7,3) are collinear.
Solution A J *( /:
Points (x,y,), (xz, yz) and, (x3, yy) are colllnear
N\ NS
\ \\ SRALSIE
e MES 1
Since' éh‘ven points are collinear therefore
-1 h 1
3 2 1|=0
7 31

= —-12-3)-h(B3-7)+19-14)=0 = —-1-D)—=-h(-H)+1(-5=0
= 1+4h—-5=0 = 4h—-4=0 = dh=4 = |h=1

Question # 8
The points A(—5,—2) and B(5,—4) are end of a diameter of a circle. Find the centre
and radius of the circle.

Solution
The centre of the circle is mid point of AB

Now radius ]AC|

Jm+5)+p3}zﬁ\
va%5+

RN
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Question #9 Q AN\
Find / such that the points A(h 1) B(2 7)
triangle with ri ght angle at the vertex A
Solutwn - J AR\
NI N IDO yourself as Question # 6
H‘ nt: you will get a equation h>+4h—60=0

Solve this quadratic equation to get two values of 4.

Question # 10 C
A quadrilateral has the points A(9,3),B(-7,7),C(-3,-7) and D ¢

D(-5,5)as its vertices. Find the midpoints of its sides. Show that

andl C ( 6 47) are vertices of a right

F
the figure formed by joining the midpoints consecutively is a
parallelogram.
Solution 4 B &

Given: A(9,3), B(-7.7) , C(-3,-7) and D(5,-5)
Let E, F, G and H be the mid-points of sides of quadrilateral

. _ (9=7 3+7) _ (2 10} _
Coordinate of E = (—2 e ) (2, 2) (1,5?‘

Coordinate of F' = (_72 3,7 27 :, : / g
Coordinate of G :I:.(T—Bﬂ’i _‘7 &

I iJ (9+5 3— 5) _ (
Coord;flhjte o) 5z

Now |EF| = \(-5-1)> +(0-5)* = /36+25 = /61
IFG| = 1457 +(=6-0)* = 36+36 = V72 =612
GH| = J(7-1*+(-1+6)* = \36+25 = /61
IHE| = J1-7*+(5+1) = \36+36 = V72 =612
Since |EF| = |GH| and |FG| = |HE|
Therefore EFGH 1is a parallelogram.

Question # 11
Find & such that the quadrilateral with vertices A(-3,0),B(1,-2,)C(5,0) and

D(1,h) is parallelogram. Is it a square?

Given: A(-3,0), B(1,-2), (5 0) (1 h)
Quadrilateral ABCD 1s a parallelogram 1f \\J
|AB| = |cD| & |BCi ]AB\\ D 2

when |AB[ |CDH,
SN J\/(l'+3) r(2-0y =J(1=5 +(h—0)




= \/16+ \/16 + h2 =y20;
20=16+. :‘> h2-20 16 = =4 = h=1%2
When /= ?Lﬂen“ A7) = D(1,2)

Then |AB| JA+3)? +(=2-0)* = J/16+4 = /20
IBC| = J(5-1+(0+2)* = J16+4 = /20
ICA| = J(1-5)>+(2-0)* = J16+4 = /20
IDA| = J(-3-1)? +(—0-2)* = 16+4 = /20

Now for diagonals
|AC| = J(5+3)> +(0-0)> = J/64+0 =8

IBD| = \JA-1)>+(2+2)* = J0+16 = 4
Since all sides are equal but diagonals |AC | * |BD|

Therefore ABCD is not a square.
Now when A=-2, then D(1,h)= D(1,-2) but we also have—B(l 2? W

i.e. B and D represents the same pomt whlch Gal"l; n()t\happ@ned i quadrllateral
so we can not take 4= —2 0\ 48\/ "1 SRR\

\ \,||__J
W \\ ) " J

Question # 12 SRR
If two vertices of a equl‘ateral trlangle are A(-3,0) and B(3,0), find the third

VETIEX, HQWjRﬂNY 5 these t triangles are possible?
Solution l
Given: A(-3,0), B(3,0)

Let C(x,y) be a third vertex of an equilateral triangle ABC'.

Then |AB| = |BC| = |CA
= @43 +(0-0) = J(x=3)>+(y—0)° = (x+3)*+(y—0)
= V3640 = /X’ —6x+9+7" = X +6x+9+ c
On squaring
36 = x*+y2—6x4+9 = x*+y*+6x+9 ............ (1)
From equation ()
X +y —6x+9 = x*+y*+6x+9 A
= X +y —6x+9—x"—y"—6x-9 =0 - _ 2
= —=12x=0 = x=0 NI AN E®

Again from equation )
36 = £ +y 6209 ~\V/7\\ N\SRag ¥

= 36 = (0) +y 6(())-{—9 \ on
= 36 —3( +9 Jé} y —36 g =97 = 3= .y
I\
SO coordlnate of C is (() 3\/_) - (0 3\/_)
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And hence two triangle can be formed W1th Vertlces A (—3 O) (3 O) (0,3\/5 ) and

A(-3,0),B ( ,,_3\@) AR AN\
Questmn # m R ; o

Find the points trlsectmg the join of A(—1,4) and B(6,2).
Solution

Given: A(-14), B(6,2)
Let C and D be points trisecting A and B u " % "
Then AC:CB =1:2 A G D B

So coordinate of C = (1(6) +2(=D ' 1(2) + 2(4)j

1+2 1+2
6 2 2+8 4 10
3 IEREES 3 3 3

Also AD: DB = 2:1

2

So coordinate of D = (

260)+1(-1) 2(2)+ 1(4))

2+1

(12 14+4j (
3 ’ 3 ( ,

Hence (4 10) and (11 8) ar,e pomts ££1sect1ng A and B.
3”3 “ H' 33

Questloﬁ # 14
Find the point three-fifth of the way along the line segment from A(-5,8) to B(5,3).

Solution

2+_1

Given: A(-5.8), B(5,3)

3 . = 3 i 2 Py
Let C(x, y) be a required point A c B
* AC:CB =312 |
= 3
. Co-ordinate of C = 2l bt 5),3(3) +28)
342 342

15-10 9+16 5 25
= = | =, — — 1
(13570, 2418) (5,5j (1.5)
Question # 15

Find the point P on the _]OlIlt of A(l 4) and B(S 6) that 1s tw1ce as far from A as B

is from A and lies \ %\ SR\
(1) on the same side of _A \a& B does \ D) C on the 0pp0$1te side of A as B does.
Solution ' \

Givens 4@41) B(S 6)
(i) Let\P(x, y) be required point, then
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AB:AP =1:2 o NanfaN/ e
= AB:BP =1:1 ~te. Bis Imd OIH’E va‘ Ap
143 SRy
Then B(5.6) = [LHA\ #HY)
en (J | j) JN \N[2UV 2 j
QAN ,) NS
—\5 = _;x and — 4"2' ¥

= 10 =1+x and 12 =4+y
= x=10-1 , y=12-4
_9 , _3
Hence P(9,8) is required point.

(i1) Since PA:AB = 2:1

2(5) +1(x) 2(6) +1(y)
All4) =
:(’)(2+1’2+1 . 2 1
_(10+x 12+y N A B
§ = s ~CAT
= 1 = M \ \1\‘/\;5 \.\: WU

= 3—10+x

Hence® Bﬂﬁj 65 is requlred point.

Question # 16
Find the point which is equidistant from the points A(5,3),B(2,-2) and C(4,2).
What is the radius of the circumcircle of the AABC ?

Solution
Given: A(5,3), B(—2,2) and C(4,2)

Let D(x,y) be a point equidistance from A, B and C then
- |DB| = | DC|

— 2 — 2 — 2
= |DA‘ = |DB] = ‘DC‘
= x=-52+(-3 =@+ + (-2 = x—-D*+(y-2)% ........ (i)
From eq. (1) PR\
(x=5*+(y-3® = (x+2) (o 2\ ;‘j:\-}::;; \ (QOBBT
= x> —10x+25+y? —6y+9 D, x +4x+4+y —ﬂ4y+4
= x° —10x+25+y ~6y+9\ x‘~4x e y +4y 4 =0
= —14x- 2y+26 =t O \ L 7x+y 13 =10 ..connrns (i1)
Again from ?QJ tlﬁn '(1)
tx+2) +(y—2)" = (x—4) +(y-2)




I -"; \
(N

—_ FSCII/EX 4.1-11
= ¥ +4x+4+y —4y+4 = —8x+16+y 4y+4
=5 12x— 12—0 \&% 12x-k’2 oy =1

Put x=1 in eq. (i1)
7(1)47 y1—-m3 WU S yo6=0 = y=6

Hence\(16) is required point.

Now radius of circumcircle = ’ DAl

= JG6-12+(3=6) = 16+9 =25 = Sunits

Intersection of Median
Let A(x,y), B(x,,y,) and C(x,,y,) are vertices of triangle.
Intersection of median is called centroid of triangle and can be determined as
(xl +x,+x yt+Y, +y3j
3 ’ 3
Centre of In-Circle (In-Centre)
Let A(x,y,), B(x,,y,) and C(x,,y,) are vertices of triangle.

See proof at page 184

| =a,|CA| =b o ~GiR
i I ax, + bx, o+ cx;\ ay +% \ o2~
Then in-centre of triangle = 1 "\ )*1 ﬁ)’g N y3\ 7 e proofat pace 161
. a “”’ a C Vi b d
7N "‘,’ I. - /—’ ‘,
QueSthn # 17 T/‘ I". '-, 'l, .("» -‘ 'l.‘ .\ -.‘\

The points_ g —@)], —2 4) Ard (5 5) are the vertices of a triangle. Find in-centre of

the tnangki A
Solution
Let A(4,-2), B(—2,4), C(5,5) are vertices of triangle then

a=|BC|=(5+2°+(5-47° =J49+1 =50 =52
b=|CA| = J@4-57+(2-57 =+1+49 =50 =52
A
¢ =|AB| = J(-2-4P2 +(4+2? =36+36 =+/72 =642
Now /\
ax, +bx, + cx; ay, +by, +cy3j

In-centre =
at+b+c a+b+c 5 - =

2

(B2 5321+ 603(5) $/3(2)+ 32 (0)+6/2()
= 5V2 +5V2+ 612 ’ 5\[_+5\/§+6\/_
20n/2 1042 +30+/2 —10\/§+20[ +30 \/—}
16v2 0\ A 6B )

4042 AT RS-

:"‘7‘16@ 16V J *(2 2
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QlleSthIl #18 {’} , ," A~
Find the points tha,t diVldelhe hna\SegmenI Jmmng A(xl y,) and B(x,,y,) into four
equal parts. \\
Solution “ J| “
Given: M( X5 Y,) s (xz, yz)

Let C, D and E are points dividing AB into four equal parts.
- AC:CB =1:3

— Co-ordinates of C = 1(x2)+3(x1)’1(y2)+3(y1) — 3x1+x2’3)’1+)’2
1+3 1+3 4 4

Now AD:DB = 2:2

=1:1 ie. D is midpoint of AB. . 1 1 1 r,
j A & D E B

Xtx nt+ty,
2 7 3

= Co-ordinates of D = (

Now AE:EB = 3:1

= Co-ordinates of E = 3(x2)+1(x1)’3(y2)+1(y1) = x‘ +3x2 yl .,T%yz
341 ) 34+1 ~[ & ~ 4 /u\u WP U

2 (3x1+x2 3)’1"‘)’2} [xﬁxz‘%?")z] and(x‘\*gx f)"1"‘ Y2

j are the points

4 ‘b W~ /,I‘\,Z 22— 4
dividing AB into four equal parts; N

( f l\_J\
\ \\} j\J\—‘ \J
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Question # 1 \
The two points P, apd O afe gwen in
Xy — caorqutés dystem. Find the

XY — coordmates of P referred to the
translated axes O'X and O'Y

() P(3.2):0'(13)

(i) P(-2,6);0'(-3,2)

(iii) P(-6,-8);0'(~4,—6)

35 o 17
) p[z 2) 0(—5,5j
Solution
(i) Since P(x,y) =
ie. x=3 and y=2
O'(hk) = 0'(1,3)
ie. h=1and k=3

P(3,2)

X = x-h ‘—I / : I'
Also Y z
Hence (21_
(ii) Do yourself
(i) Do yourself

(iv) Since P(x,y) = p[é,éj

i
le, ¥ = % and y = —;—
O(hk) = O -5;)

L h=—1 %

And Y

Question #2

The xy — coordinates axes are translated

through the point O’ whose coordinates are
given in Xy — coordinates . The coordinates

of P are given in the
XY — coordinates system. Find the
coordinates of P in xy — coordinates system.

(i) P(8,10);0'(3,4)
(i) P(-5,-3);0'(-2,-6)

3 7 1 1
(111) P[ 1 6)0(2’_6)

(iv) P(4,-3);0'(-2,3)

Solution
(1) P(X/?_Z) :_Pi/(&l{)) N
e >§ 7t 2and =10
\REA\ =0(3,4)
S h 3 and k=4
= x-h
= 8 = =3
= x = 8+3 - x =11
Also Y = y—k
= 10 = y—4

> y=10+4 = y=14

Hence (11,14) are coordinates of P in xy-axes.

(i1) Do yourself
_ - Y
(iii) P(X.Y) = P( e 6)
- X —% and Y:—%

Also Y = y—k
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. ~ 6\ o

(iv)
Rotation of Axes
Let (x,y) be the coordinates of point P in
xy-coordinate system. If the axes are rotated
through at angle of 6 and (X,Y) are coordinate

Do yourself

of P in new XY-coordinate system then = _7[§J_3(é) = #
X = xcos@+ ysinf
Y = ycos@—xsind Hence the required point is
Question # 3 (3\/5_7,_7‘/3_3}
The xy — coordinates axes are rotated 4 2
about the origin through the indicated angle. The ' Y A\
new axes are OX and OY . Find the (iv) - Dgyouyr s%f&\_\/ I\
XY — coordinates of the point P with the [\ A '};J [ (elo=
given xy — coordinates . O\ A (;v) (“ y) - P(15 10)
) '\ -
(i) P(53)9i45 P S a=1s & y=10 .
1 tan@ ===
(ii) P(S —?ﬁ;}? 30 Also @=tan" 5 X
= =3, 1
(iﬁ)u )@(d 5):0=60° | i
- 1 f— tang = § = xz + yz
Gv)  P(15,10);6 = arctan— 1 N~
3 / =3 +1
Solution Smg = —3\/E =10
(1) 3 P(X,y) = P(5,3) e 10
.:> x=5 & y=3 ’,0:45 =3 siné’:—1 , cos&:_3
Since X = xcos@+ ysiné J10 10
= 5cos45° +3sin45° Now X = xcos@+ ysiné
1 1 1 » 3 1
=5 —|+3 —=| = —(5+3 = 15[—j+10(—]
F)E) -6 i) o
8 4%2 = L (s _
=" =222 - 42 = +10) =
NN V2 Jﬁ( ) 10

Now Y = ycos@—xsiné

3cos45° —5sin 45°

) 3(3}5(3J ) ﬁ(3_5) a = 1’.,L'(30—15)
- \W© Hence the required point is (i
(4v2.—2). 10

Hence(H{ rehired point i

."—:> x=3 & y=-7 ,

- P(3,-7)
6=30

-'l' P()C, y)

Since X = xcos@+ ysiné
= 3c0s30" —7sin 30’
V3 1
=SS (7 ‘7@
_33-7
2
Now Y = ycos@—xsin@

—7co0s30° —3sin 30°

Y = ycosB—xsinB

3.
=10]== — > £ 15
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P(x,y) = P(1510) ~D\_~—n Y4\ \\PI
—x=15 & y=10 T\ tam9=;='\% | Therefore SiﬂﬁZ% & cosﬂzg
ll SRy’ = Now X = xcos@+ ysiné
Also H—taliﬂ(«}fﬂ” s =1 53 Y {
1 r= x2+y2 — =0 = X(TJ'F)/[E)
= tanf=—= 2,
V3 =y(¥3) +1 = Bx+y=-10...... (i)
sin@ _ yz =l =2 Also Y = ycos@—xsin@
cos @ \/_ / NE) 1
= 3= y(? _X[EJ
= sm&—z 5 cos6’:73 = 6 =3y—x
Now X = xcos@+ ysiné — x=3y=6 u..... (ii)
Putting value of x in (i
= 15[ ¥3) 102 - )
2 3 V3(\By-6)+y = -10
_ 15v3 +10 = 3y—-63/3+y = —10
2
4y = —1
Y = ycos@—xsinf = W= .,&/QJ+6\/§/
ﬂ}) 4 H—ﬁﬁﬂ\
10 - 3) \TES
O\ A\ b \i o —5+3\/§
B 10[ 15 A\\TA O B - 3
| AU Putting value of ¥ in (ii)
Hence the re F}\j) RO —5+33
[ W 0 10:3— 15} = ‘/g(T]‘6
_5NE10 . _ 534010
Question # 4 B 2 B 2
The xy — coordinates axes are rotated about . —5J3-3
the origin through the indicated angle and the B 2
new axes are OX and OY , Find the - —5J3-3 —5+3J3 ). o o
xy — coordinates of P with the given G 5 T 2 13- TRgared. el
XY — coordinates
@) P(-5,3);0=30° (i) Do yourself
(ii) P(—7\/2,5\/§);9=45°
Solution
@) P(X.Y

= X=-5 &Y

lu HJ' J'“




Exercise 4.3 (Selutlons) Phge 215
Calculus and Analytlc Geometry, MATHEMATICS 12

Inclination of a Llne, \ -

The anglre . J(O Lo <180 ) measure anti- i
clockwlseJ from positive x —axis to the straight line B(X,¥5)
[ is called inclination of a line 1.
Slope or Gradient of Line A(x;5y)

The slope m of the line / is defined by: /

m=tanx < & >

If A(x;,y,) and B(x,,y,) be any two e

distinct points on the line / then
V"N _N™

m=
X, — X X=X,

See proof on book at page: 191
Note: [ is horizontal, iff m=0 (. a=0")

[ is vertical, iff m=oco i.e. m is not defined. ( W—QO/F
If slope of AB=slope of BC then the polnté /{ B and’C are colhnear
1.e. lie on the same lme \( N _

Theorem I:] \ (\ N \\\\ :J
The two 11nes iljgnd l w1th respectlve slopes m, and m, are
N \patallel iff m, =m,

-\

(11)  Perpendicular iff mm,=-1 or m, :—mL 154
2
Question # 1 10l (5.11)
Find the slope and inclination of the line joining the points:
@») 24 ; G1) @) G-2) 5 @7) (7
(iii) (4,6) ; (4,8)
Solution o7 AR T
M (24 ; 61D / B
Slope m=22"2 s 0
E=% 32 7
Since tana=m=1
= a=tan" (1) =45’ _aJ1e)\ COX
(1) (G,-2) ; (2 7
Slope - yl 7+2 O\ N\ 10T
xz T\ 2 L3 @7
Sm}:e tilmtrJ = 9 ST

N g =9 = tan(180— ) = 9
= 180-a = tan™'(9) =81 \5‘0
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— 180—qa = 83°40 5 Nanra '
= @ =180-83 40 = 96 20’ \(O\EAB - U
(i) (4 6) .;J (418) 0k 4
’ 2 - yl (4,8)
Slb é xz | 51 “.6)
_8—6_2_oo
4-4 0 ,
Since tan@¥=m=o0 S s s
= a=tan" () &k -
=90°
Question # 2
In the triangle A(8,6), B(—4,2) and C(—2,-6), find the slope of
(1)  each side of the triangle (i1)  each median of the triangle
(111) each altitude of the triangle
Solution

Since A(8,6), B(—4,2) and C(-2,-6) are vertices ofmang]ﬂﬂmfef@re
2 6 _4 1'—-"-" F_ f"‘x‘l & ‘\'l. \YI".\\\' |'| .(» f: //\ _‘-; (':j-\-_-

i Slope of side AB=
® : 48 A\AR\(3))

2:
AN H" Y16 12 6

Sltyﬂé\ﬁf Sile CA= T K

(11) Let D,E and F are midpoints of sides AB, BC and CA respectively.
Then

Coordinate of D= (E’Mj = (iﬁj =(2,4)

2 2 2z 2 (
43 36 {6 4 -
Coordinate of E = : =| —,— | =(-3,-2)
2 2 2 2
Coordinate of F = _2+8,_6+6 = é,g =(3,0) & L
2 2 2 2
Hence Slope of median AE = —rh = 5 = L]
3-8 -11 11 AR
Slope of median BF = == _2’"“- ' Vo~
3 +4.2 7
—~4+/6 IO 5
Sl f d CD 8 H—ec
ope of me ra;n o B

NN
(iii) smée éltltudes are perpendlcular to the sides of a triangle therefore
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."’ |

Slope of altitude from vertex A =—C Bl \ ;l‘ :l
) / slope of S1de BC -4 4 A
Slope of altitude from vertex B AR\ ST - 5
j \J - slope of side AC /
NN NN
a -1 -1
Slope of altitude from vertex C = = =-3 ~
3 slope of side AB % B C
Question # 3
By means of slopes, show that the following points lie in the same line:
(@ (-1-3) ; (1,5); (2,9) (b) (4,-5):(7,5);0,15)
(c) (—4,6):(3,8);(10,10) (d) (a,2b);(c,a+b);(2¢c—a,2a)
Solution
(a) Let A(—-1,-3), B(1,5) and C(2,9) be given points
Slope of AB = m 2
1+1 2
Slope of BC = . = = =
2—-1 1 N\~ LY
Since slope of AB = slope of BC Y AR
Therefore A, B and C lie on the/same lme \\ \N [T
(b) Do yourself as ab@ve \LIN
(c) Jl Daj Mu‘ljself as above

(d) Let A(a,2b),B(c,a+b) and C(2c—a,2a) be given points.
(@a+b)—2b a-b

c—a  c—a
2a—(a+b) 2a-a-b a-b
(2c—a)—c " 2c—a-c c—a
Since slope of AB = slope of BC
Therefore A,B and C lie on the same line.

Slope of AB =

Slope of BC =

Question # 4
Find k so that the line joining A(7,3); B(k,—6) and the line joining C(—4,5) ;

D(—6,4) are (1) parallel (i1) perpendicular.

Solution
Since A(7,3), B(k,—6), C(-4,5) and D( 6 4)‘
Therefore slope of AB= - m = 6=, 90\ A\ |~
k 7\ k 7
A lbs o
Sl CD =\ == - =
Olp \ Qf e —Hddl 2 2

(i) If AJBJ ’and CD are parallel then m, =m,
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(i) If AB z;mdl t‘D‘ are perpendlcular then mm, =-1

= ( = j(lj:—l = —9=-2(k-7)
k=7 )\ 2

= 9=2k-14 = 2k=9+14=23

= k= £
=
Question # 5
Using slopes, show that the triangle with its vertices A(6,1),B(2,7) and C(—-6,-7) is a
right triangle.
Solution
Since A(6,1),B(2,7) and C(—6,—7) are vertices of triangle therefore
— -1
Slope of AB =m, = e L . — REMEMBER
2-6 4 2 e Thc Symbol&
( (i) H stafids for parallel”
= (zz) J/f stands for “not parallel”
(iii) L stands for “perpendicular”

= The triangle ABC is aright triangle with mZ A =90’

Question # 6
The three points A(7,—1), B(—2,2) and C(1,4) are consecutive vertices of a

parallelogram. Find the fourth vertex.

Solution
Let D(a,b) be a fourth vertex of the parallelogram.
—  2+1 3 1
Slope of AB— =—=——
P 7" 9 3 D(a,b) Cc(1.4)
Slope of BC
Slope of )V LS
B(—2,2)
Slope of
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VR VN . = -@- 1) 3(b 4)
3 a-1 {
= —a+ 1S3 H2R0 (B Sa - +13= 0...G)

Also slope of BC NI slope of DA

@—”7 ~b' = 2(7-a)=3(-1-b) = 14-2a=-3-3b
—a
= 14-2a+3+3h=0 = —2a+3b+17=0... (ii)
Adding (i) and (ii)
—a —-3b+13=0
—2a+3b+17=0

3a  +30=0 = 3a=30 = [a=10]

Putting value of a in (1)
—10-3b+13=0 = —-3b+3=0 = 3b=3 =

Hence D(10,1) is the fourth vertex of parallelogram.

Question # 7
The points A(-1,2),B(3,—1) and C(6,3) are consecutive Vertlces of a rhembus Find

the fourth vertex and show that the dlagonals of the rhombus are Qerpehdlcular to each

l I

other. .(_;; /_,,a \f \\ i
Solution \\ 7\( C 1)
Let D(a,b) be a fourth Veﬂrz‘»x Df rh@mbus 2
SIOP?] 95 ﬁiBi‘\*‘L' = D(ab) C(6,3)
Slope of BC= / /
Slope of CD=
A(-12) B@3.-1)
Slope of DA =
—1-a
Since ABCD is a rhombus therefore
Slope of AB= Slope of CD
3 b-3
i ( ) =4 )
= —3a+18=4b-12 = —-3a+18—-4b+12=0
= —3a-4b+30=0.. (i) |
Also slope of BC =slope of DA \;:;\‘x\ ,‘ \
o ok 4(1a) 3(2 b)
3 —-l—-a ~0
— —4-4g= 6«—3[9 ot .,-.;,_—%«461 6+3b=0

= —4a+1 3[9‘ +|10 Q (11)
xing &g} ) iby 3"and (ii) by 4 and adding.
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—16a +12b 40 = () A AW W\WN Y/

254 0 e,\ $s4250 =

+ 50 :-:‘
Putting value of & ( in| (11)
~4@¥Bp 1020 = 3p-18=0 = 3b=18 = [b=6|
Hence D(2 6) is the fourth vertex of rhombus.
Now slope of diagonal AC = | B %
+

6+1
Slope of diagonal BD = s ) :l=—7
= 2=3 =l

Since
(Slope of AL )(Slope of E) = (%) -7)=-1

= Diagonals of a rhombus are L to each other.

Question # 8
Two pairs of points are given. Find whether the two lines determined by thcse points
are: "f‘ \ 2(0)

[~

(1) Parallel (i1) perpendlculalj \ [ (¢ (nl) none.:y
@ 1,-2),(2, 4)cmd(4 1),( 8 2) (b) (-3 4) (6 2)and(4 N A=2,=7T)

,_/7"

Solution I_ ,v \\ =0\ .,‘\\.‘ ‘}\.

(a) Slope of lerQqO}plhg (1, 4—2‘) i (2,4)= A;rf f

NN
N 2—1 1
Slope of I 4,1) and (-8,2) =m, = =
ope of line joining (4,1) and (—8,2) =m, -4 —12

Since m, #m,
1 1
Also =6 ——=——%-1
=TT T]

= lines are neither parallel nor perpendicular.

(b) Do yourself as above.

Equation of Straight Line:
(1) Slope-intercept form
Equation of straight line with slope m and y—intercept c is given by:

y=mx+c
See proof on b00k at page 1 94
(i1) Point-slope form > (
Let m be a slope of llne and A(x‘ yI) be a pomt hes on a 11ne then equation of

NN WY E TS Sme—x)
U\ See proof on book at page 195

line is given by:




(iii) Symmetric form N ‘\' ' ."'::"‘;' _

Let a be an 1nc11nat10n of hne ‘étnd A(:x1 ,)/1) be a p01nt 11es on a line then
equation of line is gwen by’ Mel 'T.;\ \ WA

RN 1 Ty- b A

AN N ":‘JJ,.i NI cosa sina

See proof on book at page 195

(iv) Two-points form
Let A(x,y,) and B(x,,y,) be points lic on a line then it’s equation is given by:

— — x y 1
y=y=2"NG—x)| or |y-y, =" Lx-x)| or ||x n 1=0
2 Y2

See proof on book at page 196
(v) Two-intercept form
When a line intersect x —axis at x=a and y—axisat y=»

i.e. x —intercept =a and y—intercept =b, then equation of line is glven by

LR, N7
a (fﬁt Vet TV OV
See proof« on book at page. l 97 A\ Rl ¥
(vi) Normal form &\ \1 REARIRNNE
Let p denqt d' length of perpendlcular from the
origin: tQ the\Jhﬂe émd « is the angle of the perpendicular D
from +1 € x-axis then equation of line is given by: o

< >
xcosa+ ysina=p \
See proof on book at page 198

Question # 9
Find an equation of
(a) the horizontal line through (7,-9)

(b) the vertical line through (-5,3)

(c) the line bisecting the first and third quadrants.

(d) the line bisecting the second and fourth quadrants.
Solution
(a)  Since slope of horizontal line =m =0

& (x,y)=(7,-9)

therefore equation of line '\ _ A
=5 y +9 0 AHSWeI‘
b Smce 510 ¢Q Vertloal B 1 =co=—
© Since SR 0

NNAS & (x,)=(-5.3)
therefore required equation of line
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y—3= oo(x (—5)) Nanta) [ Ce. \oo—
- y—'3———£x+5) \:ﬁe = ‘3) 1t 5)

:> xJ+5 O Answer

(c) Thelhﬁe %mectmg the first and third quadrant makes an angle of 45° with the
x —axis therefore slope of line =m =tan45° =1
Also it passes through origin ((),0) , SO its equation
y=—0=1x-0) = y=x
= x—y=0  Answer

(d) The line bisecting the second and fourth quadrant makes an angle of 135" with
x —axis therefore slope of line =m =tan135" =-1
Also it passes through origin (0,0), so its equation
y—0==l{x—-0) = y=—x
= x+y=0  Answer

,- -\,/j: \

Question # 10

Find an equation of the line A
(a) through A(—6,5) having slope 7 L)) thr@trgh ( 7 ,3) hav}ng slope 0

(c) through (—8,5) having slope und,eﬁnefd— (d) ihmugh \(1—5 —3) and (9,-1)

(e) y—int ercept—7and SlopéQS \\ (f) x—mtercept —3and y—intercept :—4
(g) x—mtercept - |and slope —y
Solutzon \], \\J, NN
(a) (xl’)ﬁ) ( 695)

and slope of line =m="7
so required equation

y=5=7(x—(-6))
= y—-5=7(x+6) = y—5=Tx+42
= Tx+42-y+5=0 = T7x—y+47=0  Answer

(b) Do yourself as above.

(C) . (x]ayl)z(_8>5)
and slope of line =m =oo
So required equation

= y-— 5_5(x+8) ::> 0(y+,5) 1(x+8)

= x+8 0 Answé U
J .‘.
N NN
) Theuﬂie oush (—5 ~3) and (9,-1) is
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) \ &
NN 6322 (1 5
I\ 5 y 14 (+5)

= y+3575 ”“£>7y+21:x+5

JN' &$.x+5 Fp— 2120 = x-7y-16=0  Answer

(e) v y—Inigreept =—7
= (0,—7) lies on a required line
Also slope =m=-5
So required equation
y=(=7)==5(x—0)
= y+7=-5x = Sx+y+7=0 Answer

) * x—intercept =—9
= (-9,0) lies on a required line
Also slope =m =4

Therefore required line A\
y=0=4(+9)
= y=4x+9 :>4x y+9 0« ?94%&&*”'
(2) x —intercept Q}‘sz H;§/ \ || DD
= 1ntercem -
Using: tﬁ((b;—&ﬁ’t&éé}bt form of equation line
X Y Xy
e = —+==
a b -3 4
= dx-3y=-12 xing by —12

= 4x—-3y+12=0  Answer

Question # 11
Find an equation of the perpendicular bisector of the segment joining the points A(3,5)

and B(9,3)

Solution
Given points A(3,5) and B(9,8)

Midpoint of AB= (%ﬂj = (172%} = (62j

2

‘ o)

Slope of AB=m=——=

| AlS.2) B(9.8)

9
Slope of line L to A

Now eqjt‘lqpopj bfl_i_' blsectOr having slope —2 through (6,%)
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= i 5 v Diar1-0
N V!"“:ilj‘.""“-J--' o~ 37 _ _
NNV = 2x+ y - Chl 0 = 4x+2y-37=0

Question # 12
Find equations of the sides, altitudes and medians of the triangle whose vertices are

A(-3,2),B(5,4) and C(3,-8).
Solution

Given vertices of triangle are A(-3,2), B(5,4) and C(3,-8).
Equation of sides:

—_— — A
Slope of AB=m, = 4—2 :z:l
5-(-3) 8 4
Slope ofB_C=m2 . e W _12:6
3-5 -2
— —(- B ~TANNE
Slope of CA=m, = 2-(8) = 10 = 2 A O
-3-3 —6 3 .;y-~/( :I‘\:\\\\l | ./f/ (-';:'\'.‘:;3'\‘-'/
Now equation of side AB hav1ng slope zlf paf@lng thrﬁugh A(-3,2)
T\ AN \\ [You may take B(5,4) instead of A(-3,2)]
NN \;l oV T g
W NN Z(3=(3) = 4y-8=x+3

= x+3-4y+8=0 = [x—4y+11=0

Equation of side BC having slope 6 passing through B(5,4).
y—4=6(x-5) = y-4=6x-30
= 6x—30-y+4=0 = |6x—y—-26=0

Equation of side CA having slope —% passing through C(3,-8)

y—(—8):—§(x—3) = 3(y+8)=-5(x-3)
= 3y+24=-5x+15 = 5x-154+43y+24=0
= |Sx+3y+9=0

Equation of altitudes: — 1&) (CONL
Since altitudes are perpendlcular to the s1des of trlangle fhefefore“' '

Slope of altltude, 9m .AB_‘,— — V-
Ny )
Equatlon of altlfud Jfrom C(3 8) havmg slope —4
N NN 8=—4(x-3) = y+8=-4x+12
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e ',&',,7: '-,l {r

= d=12+y+8=0 o TRy WY 4 6

Slope of altitude( On B ,___l ' \

Equation. qf prltlphﬂé ilrom A( 3 2) having slope —%

y—2=—g(x+3) — 6y—12=—x-3

= x+34+6y—-12=0 = |x+6y—-9=0

1_75

Slope of altitude on CA=——=
Equation of altitude from B(5,4) having slope g

)’_4:%(36—5) = 5y—20=3x-15

= 3x-15-5y+20=0 = [3x-5y+5=0]

v

T () \

Equation of Medians: \|&/ (C /3
Suppose D,E and F are rmdpomts of s;des AB BC \and (TA respectlvely
Then coordinate of ll-, : 1*7?,‘%2#4._, 2 6 (1 3) A

5+3 4-8 8 —4
CogrdRRIY &*E 4,-2
N EWECEY RN D d
Coordinate of F :(3_3,_8”} (O 6} (0.-3)
o 2 2 2 2 B E C
Equation of median AE by two point form
—2= x—{—3
y T ( 3)( (-3))
= y—2= 74(x+3) = T7y—-14=—-4x-12

= 7y—-14+4x+12=0 = |4x+7y-2=0

Equation of median BF by two-point form

—4= x—3
y—4=——(x-5) N
=5 P :_—Z(x—S) :"; i — "-~5y+203~7x+35
—5y+20+7x~35\?0“ ST 7x—5y—15=0
Equatlon of medfaq‘ QD by two pomt form
WY )

~(=8)= (x-3)
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.,_,‘\ y -";
|

—1—~,2y 16 llx 33

= 11x*33+2y+16%0 S ix+2y-17=0

Question # 13 - VRN o
Find an equimoh of the line through (—4,—6) and perpendicular to the line having slope
-3
Ch
Solution
Here (x,y,)=(-4,-6)
Slope of given line =m = %3

required line i1s L to given line

slope of required line = _1 = —%/ = %
#i -
2
Now equation of line having slope 2 passing through (—4,—6)
3 AN\ /= W\ ,
2 R o~ :;\"\\‘ '.'\/-':.f-:‘j_[ L ¥ .
Y-S EMNTAIN G

:@3(“6) 2(’”"44) N3y 4 1B =2x+8
_:> 2x+8 L3p18=0 = 2x-3y-10=0

Question # HQH Ji N
Find an equauon of the line through (11,—5) and parallel to a line with slope —24.

Solution
Here (x,y,)=(11,-5)
Slope of given line =m =-24
required line is || to given line
slope of required line =m=-24
Now equation of line having slope —24 passing through (11,-5)
y—(=5)=-24(x-11)
= y+5=-24x+264 = 24x-264+y+5=0
= 24x+y—-259=0

Question # 15
The points A(—1,2),B(6,3) and C(2,—4) are vertices ofa

triangle. Show that the line joining the midpqint D- of AB
and the midpoint E of AC is paraﬂel t@ BC and

DE—lBC
2

Solution Giyen: Yerm&es A( 1 2) B(6 3) and C(2,—4)
Since D aihd E are midpoints of sides AB and AC respectively.
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Coordlnate of E ) =(l,_j =( J
J‘ j, WA 2 2 2" 2 2
Jl

—1- y —7 7
Now s10pe of DE = —
5,

slope of B—C:ﬁzizz
2-6 -4 4

Since slope of DE = slope of BC

Therefore DE is parallel to BC.

Now  [BE|= (32 +(5-)
F (

~ N\ |
‘. . al AN N
\/16+4 \/ Q. A\ AR O |
\ \ MASRE
\ A\ \ [
\ V/ VWU D J
L\ \

From (i) and (ii) o0\
P
i AN
Questfoq #'16-

A milkman can sell 560 litres of milk at Rs12.50 per litre and 700 litres of milk at
Rs12.00 per litre. Assuming the graph of the sale price and the milk sold to be a
straight line, find the number of litres of milk that the milkman can sell at Rs12.25 per
litre.

Solution
Let [ denotes the number of litres of milk and p denotes the price of milk,

Then (I.p)=(560.12.50) & (L. p,)=(700,12.00)

Since graph of sale price and milk sold is a straight line
Therefore, from two point form, it’s equation

P~ P
—py=E2 (] ]
N St ALTERNATIVE
12.00 —12.50 You may use determlnant
= p-12.50= 700-560 (- 560) | form of, two—pomt form to
050 ~ ' fmd an-equation of line.
= p-1250= —12—(%-560) W) I p 1
=X 14(}19 AT7507=0:500 4280 ;1 P } =0
= 1A0p - 17500.50/ ~ 280 =0 s

W TN 0:501+140 p — 2030 =0
If p12.25
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= 0.50/+140(12.25) - 2030 0 (o o=
:>0501+1715 2030 0 :§> CLSOI 315 0

‘,.—‘\ A\ (L)Y v

= 0501 315 N 1—2—630
0.50
Hence mllkm,ah dan sell 630 11tres milk at Rs. 12.25 per litre.

Question %17
The population of Pakistan to the nearest million was 60 million in 1961 and 95

million in 1981. Using ¢ as the number of years after 1961, Find an equation of the line
that gives the population in terms of 7. Use this equation to find the population in
(a) 1947 (b) 1997
Solution
Let p denotes population of Pakistan in million and # denotes year after 1961,

Then (p,.t,)=(60,1961) and (p,.t,)=(95,1981)
Equation of line by two point form:

I; —i1
t—f=———(p-p)

>~ D |
= t—1961:L_1961( ~60). AR
9560, o~ ¢ (__) \

=3 t—1961——3—+(p 60) :>"z‘l"1961——(p 60)

= T\ ""»1,5727 4p\—240 = Tt— 13727+240 4p

NN
”], J,Ji U:>4p 7r—13487 = pZ%t—w ............. )

This is the required equation which gives population in term of 7.
(a) Put r=1947 ineq. (1)

p:%(1947)_13487

=3407.25-3371.75 =35.5

Hence population in 1947 is 35.5 millions.
(b) Put r=1997 ineq. (i)

p——(l997)—$—349475 3371.75=123

Hence population in 1997 is 123 millions.

Question # 18

A house was purchased for Rsl million in 1980. It is worth Rs4 million in 1996 .
Assuming that the value increased by the same amount each year, find an equatlon that
gives the value of the house after ¢ years of the date of purchase ‘What was the value
in 19907 A\ A/~ W\ )Y
Solution ~\ VO N\ VAN
Let p denotes purchase prlce of\qouse in m11110ns and 7 denotes year then

7 J(pl%)‘:iv(l 1980) and (p,.t,)=(4.,1996)




Equation of line by two point form

1

t—1, 22
=\ "lpﬁfx_ 119-1 \\ ~.\\
\1996 =1980
fF" Jﬂ+1989—T(p—1)

= {— 1980——(p 1)
:>3t—5940—16p 16

(P pI)

Y You may use determinant
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" CA ALTERNATIVE

form of two-point form to
find an equation of line.

= 3r-5940+16=16p = 16p=3r—5924

o 5924

16 16

. 3
P ~16

p t 1
p 4 =0
P o1
1481 ;
............. 1
A (1)

This is the required equation which gives value of house in term of .

Put z‘=1990 in eq. (1)
1481

p——(1990)—T =373.125-370.25 =2.875

Hence value of house in 1990 i1s 2.875 milli

ons.

Question # 19
Plot the Celsius (C) and Fahrenheit (F)
temperature scales on the horizontal axis axid the
vertical axis respectively.Draw. the linie j(nmng thﬁ
freezing point and the bolhng met ofWatel’ Find
an equation g1v1ng FI temperature in term of C.
Solution. \“ \j’ NN

Smc‘efreezmg point of water =0°C = 32°F
and boiling point of water =100°C = 212° F
therefore we have points (C,, F;)=(0,32) and

(C,,F,)=(100,212)

Equation of line by two point form
=K

F-F= L(C-Cq)
S
— F—32=M(C—O)
100-0
=3 F— 32_@6‘
100
g

= F=§C+32

-\/2\2

200' J

180 A
160 -
140 -
120 -
100
80 1
60 -
40 4
20 +

‘ydesb meip 03 AjaAI0adsal sixe-A pue

0,32)

SIXe-X U0 40Z = SSQT pue D0z = SSQT 9|es ayel

20 40 60 80 100 ©C

Questlon # 20

The average entry test score of engmei
score was 564 in 2002; AsSurmng that
linear, find the avexpge scorefor 2006.
Solution “ NN\

Let"s denotes entry test score and y denotes year.

1ng Candldates was in the year 1998 while the
the relationship between time and score is
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Then we have (s;,y,)=(592,1998) and{ (sz, yz) (564 2@92)
By two point form of equatlon of lme \\ | -

& 'yl yZ yl(} S])

~n\[]\ ) »sz = 1
RN - _
WNINY Sy 1998=200271998 595y y1998=—2 (5-592)
564 —592 28

= y—1998=—%(s—592) = 7y—13986 =—s+592

= 7y—13986+5—-592=0 = s+7y-14578=0
Put y=2006 in (7)
s+7(2006) —14578=0 = s5+14042-14578=0
== &§—3536=0 = ¥=536
Hence in 2006 the average score will be 536.

Question # 21

Convert each of the following equation into

(i)  Slope intercept form (i1) Two-intercept form (111) Normal form
(a 2x—4y+11=0 b) 4x+7y-2=0_ < (G} 15y 8x+3=0

Also find the length of the perpendlcu/}ar from O 0} to thﬁ fme -
Solution \ \/7/ ( )\

a - Slope-lntercelg form
RN NI P~ 4y+11 0
N
= 4y=2x+11 = y= 2x:11
= y=tx+l
YTy
. . : : : 1 11
1s the intercept form of equation of line with m = 5 and c= )
(i1) - Two-intercept form
2x—4y+11=0 = 2x—4y=-11
2 -+ X y
= ——pm——yc=l = +—=1
— — _11 11
11 11 A A
. . , . : 11 11
1s the two-point form of equation of line with a = 5 and b= R
(ii1) - Normal form 1) (C

2x— 4y+11z0 '::> 2x—~4y—~—11/

‘Q) +(¥4) 2920 2245

Dividing aboveequat;lon by
\ Wy =11 x 2y 11

wafﬁ =~ 5T 2




Exercise 4.4 (Solutmns)page 223
Calculus and Analyt1c Geometr\y, MATHEMATICS 12

Point of lntersectlon Of llnes
Jll h\ a1x+b[y+cl
J INMLE ax+by+c, = O be non-parallel lines.
Let P(xl, y,) be the point of intersection of / and /,. Then

X +hy +ig =l (1)
a,x; +b,y, +c,=0............. (ii)
Solving (i) and (ii) simultaneously, we have
X Hh 1
be,=bye,  ac,—a, ab-ab
1 - 1
= B and h
b, =bye;  ab,—ab, a6, —a,G  ab,—ab,
= x = b, — by and y,=- 6y —aty AR
ab, —ab aqb O ."'}'ﬁ;i-;‘; \ QUL
Hence [bcz ~&5 . 4% a2C1 1s th€ polm of 1ntersect10n of [, and [,.
a2bT albz a ?bl

Equaﬂgﬂmﬁ ll.llne passmg through the point of intersection.
Let [: ax+by+c=0
L: ax+b,y+c,=0
Then equation of line passing through the point of intersection of /, and /, is
[, +kl,=0 , where k is constant.

ie. ax+by+c¢ +k(ax+by+c,)=0

Question # 1

Find the point of intersection of the lines

(1) x-2y+1=0 2x—-y+2=0 (i) 3x+y+12=0 x+2y-1=0
(i) x+4y-12=0 x-3y+3=0

Solution
(i) y
12 \
Slope Of l = mI
1 [\ \I} N
Slope of 1 2 _

"+ m, #m,, therefore lines are intersecting.
Now if (x, ) is the point of intersection of /, and I, then
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'—y

(— 2)(2)+ (*1)(1) (1)@) (2)(17 (1)( 1) (2)(-2)
\ y
a :f —Jﬁll + ‘1l F < —1 +4
J" x -y 1
: — T e e
-3 0 3
=3 Lo l and e l
-3 3 0O 3
= X= _—3 and = _9
3 3
== x=—1 and y=0

Hence (—1,0) is the point of intersection.

(i) L:3x+y+12=0
lz DX+ 2y —1=0
Slope of § =m =~ =3 BT AYCONS
~ NN [ o \o=o—
Slope of [, = m2 =—— V]

\ 20\ A
Comy #£m,, therefore hnes are ir}ersectmg

Now 1{#& \yD Jus J[l?be p01nt of intersection of l, and [, then

—1—24 -3-12 6—1
ey, B P
25 -15 5
- X =l and —2 =l
25 3 —-15 5
= x=_—25=—5 and =§=3
5 5
Hence (—5,3) is the point of intersection.
(ii1) Do yourself as above.
Question # 2

Find an equation of the line through A
(i)  the point (2,-9) and the mtersectlon of the hnes Zx -I~5 MA —8 O and

3x—4y—6=0 A\ |\~
(ii)  the intersection of the lings\// \ \ R
x—y—4= O‘“/' f7x+y+§6)—0 6x+y—-14=0

(a) Parallel J \[| - B\ (i1))  Perpendicular
g the’hne Bty y— _14=0
(111) through the intersection of the lines x+2y+3=0, 3x+4y+7=0
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And making equal 1ntercepts c:m the axes

Solution O\~
-}-‘.Sy—S\O
J‘ wz 3x—4y—6=0

1) Let [:
Equaﬁéh of line passing through point of intersection of /, and /, is
2x+5y—8+k(3x—4y—6)=0... (i)
Since (2,-9) lies on (i) therefore put x=2 and y=-9 in (i)
2(2)+5(-9)—8+k(3(2)—4(-9)-6)=
— 4-45-8+k(64+36—6)=0
= —49+36k=0

= 36k =49 = k=ﬁ

36
Putting value of k in (i)

2x+5y—8+%(3x—4y—6):0
= 72x+180y—288+49(3x—4y—-6)=0 N armg/by’36

= 72x+180y— 288+147x 196)2 294*:&“ '/’/ \oN 2
= 219x— 16y 582 :‘.0, Ls tﬁe reqmrad et;matlon

(i1) cht VR
W NS y+20 0
L;: 6x+y—14=0

Let /, be a line passing through point of intersection of /, and /,, then
ILi: L+kl,=0
= x—y—4+k(7x+y+20)=0... @)
= (1+7k)x+(-1+k)y+(—4+20k)=0

1+7k

—-1+k
6
Slope of [, =m, = T —6
(@) If [; and [, are parallel then
iy =y
1+7k

Slope of [, =m, =—

— — [ )

—1+k ﬁx”ﬁﬁpﬁ“$xjhxajfﬁ =
= IFT7EE6(1R)\| \\ D)1+ 7k=—6+6k
of\r= 7k \6@ PB2T = k=-T
Putting value of %\ \in| (1) '
J“ WA @35 —4— 7(7x+y+20) 0
J = x—y—-4-49x—7y—140=0
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= —48x—8y 1442 0 ALY
=N 6m+y4—18 0 \ WA~
\ V) Ui the requlred equation

® I L] R dﬁe W\hen

‘ nqlmzz—l
(_1+7kj(_6):_1
=l+k
= 6(1+7k)=—(-1+k) = 6+42k=1—-k
= 42k+k=1-6 = 43k=-5 = k=—4i3
Putting in (i) we have
5
—y—4——(7x+y+20)=0
x=y—4=2(7x+y+20)
= 43x—43y—-172-5(7x+y+20)=0
= 43x—-43y—-172-35x—-5y—-100=0 ]
= 8x—48y—-272=0 N\ 20 “f\
= x—6y— 34 O 1s thereqmrgkll f:guguon/ ]
(iii) Suppose 1< ,x+2y+3*@;‘u
1 3x+4y+7
Equatla;]t['r{ﬁ]lm&\paé,smg through the intersection of /; and /, is given by:
Y x+2y+3+k(Bx+4y+7)=0 ... (1)

= (1+3k)x+2+4k)y+@B+7k)=0
= (1+3k)x+2+4k)y=—3+7k)
(l+3k)x+(2+4k)y:
—3+7k) —-(3B+7k)

— d + Y =]
—(3+ 7k) —(3+7k) N
/(1+ 3k) /2+ 4k)

Which is two-intercept form of equation of line with

=

' —(3+7k) . P
x—intercept =—= ) and  y—intercept ==+ %)
(1+3k) GERTS
We have given N
—intercept = y— 1ntercept N NGEOMNE
— _(3 + 7k) ,-(3 + 7k) ~ ‘ \"\':\\:\’ :‘v (» ‘,//\ Vo2
N 3K\ \ V/70f £ AN |
1 A O\ \ -.'\\1

= (2+4k) = (1+3k)

\R Hu (1+3k) T 2+4k)
”Ju WIVS 4k -3k =1-2 = k=-1

Putting value of k in (i)
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x+2y+3— 1(3x+4y+7)

= x+2y+3 3x 4y+'1&0 AN —2x 2y 4=0
= x+y+2 O A\

wIN _‘Ji SN s the required equation.

Questlon #3

Find an equation of the line through the intersection of

16x—10y—-33=0; 12x+14y+ 29 =0 and the intersection of
x—y+4=0; x=7y+2=0

Solution

Let [:16x—-10y—-33=0
L: 12x+14y+29=0
L: x—y+4=0

L: x-T7Ty+2=0

For point of intersection of /, and /,

[\S}

(O8]

x —~ 1 ]
T290+462 464+396 224+120 N AN
x -y _ 1 IR W /\'
172 860 334 (\ ¢ \RCR\RASR
x (11 \ ﬁ(—a/ ,d‘ - : ;
[ 334 A 860 334

NN NN Lxlﬂﬁz o] 860 _ 5
‘Fb *T 334 2 Y= T334 2

1 . :
= (E’_%) is a point of intersection of / and ,.
For point of intersection of /; and /.
x _—y 1
—2+28 2-4 -T7+1

26 =] —6




\3 1) 13 1
Y= x—=
29( 2)

= 18x-13 4205+ 232 g
2 2

= 13x+29y+66=0

is the required equation.

Three Concurrent Lines
Suppose [ : ax+by+c =0
L: ax+by+c,=0
L: azx+byy+c;=0
If [, [, and [; are concurrent (intersect at one point) then

a b ¢
a, b, c,|=0
a; by ¢
See proof on book at page 208 ~ /—\R/\
Question # 4 f“//?: \\' e o \o~=" "
Find the condition that the 11nesl .yf_mlx + cl L y mgx\}* c2 “and y=m,x+c; are
concurrent. (__\ st
Solution
Assume tha\t] “ \\J| If y=mx+c
‘“J|l|\ = mx—y+¢=0
L: y=myx+c,
= myx—y+c,=0
L: y=mx+c,
= myx—y+c¢; =0
If [, [, and [ are concurrent then
m =1 ¢
m -1 ¢|[=0
m, —l 5
—1 ¢
—% mznilm1 0 cz—lc1 =0 by R-R
my—m 0 ¢ —q¢ &=k

Expanding by C, )
~(=D[m, —m) ey )= (ng rm)ﬁa q }+6 0=0
= [Gm, — mj)(c%_c;) () ey =c)] =0

= (mz 33 &)= my —m)(c, — )
Jl N J is the required condition.
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Question # 5 N\ A A WL
Determine the value of P\ Such that th\e llnes S 3y 1 J; 3x—yp—3=0)

and 3x+py+8=0 meet at a pomt
Solution _ NIV NN S
Let\WNZ Y 2x — 3y-1=0
l,: 3x—y—-5=0
L: 3x+ py+8=0
Since [, [, and [; meets at a point i.e. concurrent therefore

2 —3 -l
3 =1 =5|=0
3 p 8

2(=8+5p)+3(24+15)-138p+3)=0
—16+10p+72+45—-3p—-3=0
Tp+98=0 = 7p=-98

J 44

e st s, :> - _14 )
p 7 p o~ - /_{___: \,f';,l(,‘ ",II ‘;l:\" A'v,vy

Angle between lines A\¢
Let [, and [, be twq lines. If @/ anld az

be inclinations and m, and m2 be Sl@p\ﬁs of”
lines /, and [ res;pﬁqpvely, Let 8 be a angle
from linet lmid)\ﬂ éhen @ is given by

See proof on book at page 219

Question # 6
Show that the lines 4x—3y—-8=0, 3x—4y—6=0and x—y—2=0 are
concurrent and the third-line bisects the angle formed by the first two lines.

Solution
Let [ : 4x—-3y—

4 3 -8
3 4 -6 =
1 < =2

eI
“\-_H..‘,J\ #4‘(&)4_3( ) 8(1)

=8+0-8=0
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;!f‘&,; =
Hence ;. [, and [; are concurrent. ;'.-3’ g
O A% RN !
Slope of [, = = 2
d J"f‘ |\ BB
RN ~ 5.5
Sloplé o } £ a2 o z
Qﬂ 6 4 4 2 3
1 .
Slope of [; =m, ———1=1
Now let 6, be angle from /, to /; and 8, be a L
angle from [ to /,. Then
_4 _1
fo gl =, L Bo_h 1 (i)
= 10 mm 1+(1)(£y) 7 = i
1 3 3
m, — 1, y —1 _/ i
And tan@, = = TS T e (i)
Lemm, 130 T, 7
From (i) and (ii) Y\
tang =tand, = 6=6, (]2 (COV"
= [, bisect the angle formed by ﬂfle flrSt tWD lmes\ | ( /” T
Question # 7 o\ ) ' ) I\
The vertices of'a trlangle are }(—2 3), B(—4,1) and C(3,5).
Find coorg]‘ (;es\ﬁ e
(1) 1tr } (11)  orthocentre (ii1) circumcentre of the triangle
Are these three points are collinear?
Solution
Given vertices of triangles are A(—2,3), B(—4,1) and C(3,5).
(1) Centroid of triangle is the intersection of medians and is given by
(xl"'xz"')% )’1"')’2"')’3)
3 ’ 3
:(—2—4+3’3+1+5j :(—_3,2 —(~1,3)
5 3 3 3
Hence (—1,3) is the centroid of the triangle.
(i1)  Orthocentre is the point of intersection of altitudes. (
Slope of BC = \A7T\(( O "'
P 2 3 + 4 7\
Since altitu s are J+ to'sides therefore
Slqﬁe éfaltrtude on AB = . T -1 B C

m, 1
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NIZAARG
Slope of altltude on BC =
Equatlon ofj ?ltltude on' AB w1th slope —1 from C(3,5)
Mv N y—5=—1(x—3)
=% Y=3==F+3 = =3I+ yp—=35=0
= X+ y—8=0........... (1)

Now equation of altitude on BC with slope —% from A(-2,3)

y—3:—z7r—(x+2)
= 4y—12=-Tx—14 = Tx+14+4y—12=0
s T Ayt 2= oo (i)

For point of intersection of (1) and (i1)
2 =¥ 1

2432 2+56 4-7
34 58 -3~
—_— o~ '21:]:]‘}d".)‘v ."" ‘\I—".I-\—I; I'_', _ A = L
34U _\3~ W\ BB
. 34 -
Q \1,\\@?\\@4#* 3 and y=—"—

Hence [—%%) is orthocentre of triangle ABC.

(iii) Circumcentre of the triangle is the point of intersection of perpendicular
bisector.

Let D and E are midpoints of side AB and BC respectively.
—4-2 1+ 3) _ ( —6 4

3 2 _j =(=3,2)

2

Then coordinate of D = [

Coordinate of E = _4+3,1+5 = _—lé = —1,3
2 = 2 2 2
1-3 -2
S1 f AB=m, = = =1
Sis T a2 2
Slope of BC =m, = ot [ (oo~

\ - %, T X
- U Vo LY MY VY
£\ \ \e\ PV \ | AN
W, ~——~ \\ \ VN ) -
3+4 7 2 AW Y
( \\\ - [
/ \ \ - [~

Slope of ﬂL Bisector on B =
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Now equation of J_ b1sect0r havmg slope _1 through D( 3 2)

W S\ ¥3)
W\ o ﬁ>y Y =—x-3 = x+3+y-2=0
NINNVE

W J’i--i;:u-.j NN = Xy H1=0 e, (iii)

Now equatlon of L bisector having slope —% through E (—% 3)

7( 1 7
3= x42| = ay—12=—Tx—~
¥ 4[)6 2) y T

= 7x+%+4y—12=0 = 7x+4y—1?7=0

= 14x+8y—-17=0 ................ (iv)
For point of intersection of (iii) and (iv)
xr . =¥ 1
~17-8 -17-14 8-14

x _ y 1 N\
= A\
_25 —3 1 A &/,::\ \ [/~ /,\ ‘v: ( J U
x 1 h \j-\—\ \\\| l: |//1/../‘\ ) I\l - l)l\>_. o
—_— \ \ \\ [ N
25 =6

\ 34—

Hencel (@ —j 18 the circumcentre of the triangle.

2

34 58) and

Now to check (—1’3)’(__ 29 [25 31

—,——j are collinear, let
6 6

-1
sy
2/ _3/ 1
_ 1(58 31) 3(_ﬁ_£]+1(1054_1450]

3 6 3 6 18 18

1(429j 3(_%}1(_22)

49 93 NGO
= —_— —— s 22 0 “_4\/,--:-. \\\ \\\’ | /,/ ‘:\‘\,j\:;;\:_r.;' JAS
Hence centroid, orthocentre and ercumcentre of trlangle are collinear.
Question # 8 SARTTACRENNS

Check whetl} rthe hnes 4x 3y—8=0; 3x—4y—-6=0; x—y—2=0are
concu {/ Iﬁ éb find the point where they meet.
TRy p y
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Solution O\
Let [: 4x—-3y- O

l B 4y—~6 0

jq \| lpe2=0
To chébL hnes are concurrent, let
4 -3 -8
3 -4 -6
1 -1 -2

=4(8—-6)+3(—6+6)—8(-3+4)
=4(2)+3(0)—-8(1) =8+0-8 =0
Hence [, , [, and [; are concurrent.
For point of concurrency, we find intersection of /, and /, (You may choose any
two lines)
x =y 1
18-32 -24+24 -16+9

A
AN GO
A\ B —\/ ~\ \\l | / // \ ‘:'\:,\\}:p\»_/ )
20 1\ HCAL
fid —'~.—‘—-‘~—__h .
‘I \i\:/\—':" = 67
o R0 0
ARN B =7 0
\ \
Hencé\\ (\i| d) ‘s the point of concurrency.
Question # 9

Find the coordinates of the vertices of the triangle formed by the lines
x—2y—6=0; 3x—y+3=0; 2x+ y—4=0. Also find measures of the angles of
the triangle.
Solution
Let [:x—-2y—-6=0
L:3x—y+3=0
L: 2x+y—4=0
For point of intersection of /, and /,
x = 1

—6-6 3+18 —1+6
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; [~ \ A=
12 21 Q ANWNWY
= L] 1s the poml; of 1nt\er$ect,10n df l1 and l
For pomt of mters?ctlonvbf l2 aﬁd . .'
J

3 _12-6 3+2

4
L x_—y 1
1 —-18 5
— E:_ and __y_l
1 5 -18 5
1 18
= x=— and yz?

= (l,%j is the point of intersection of /, and ;.

Now for point of intersection of /; and [,

x = i — 1 —r
g+6 —4+l2 l1+4 —eN\ O\
— A XN [ 7o \oo=
x y l"“. ) \ Il‘vll E;’-'v.y T‘.; I"‘.‘ /{;_\II". I".II\\ I," i\ §/‘
14 8 5 \ ( (\ \[/ \W -
= SN g
AT g8 5
A I \‘“-\J"‘\\“\;\J K' ov- 14 . 8
i:\\ \ .\‘“‘ - = — = ——
\JJ\\JI AVACEC 5 and P
14 8). : : :
= (——gj is the point of intersection of /, and /;.

Hence (—2,—2 ; l,ﬁj and E,—ﬁj are vertices of triangle made by [ ,
5 5 55 5 5
[, and [;. We say these Vertices as A,B and C respectively.

Slope of side AB=m, = /+1y 1/ 13

e A_g: AR

Slope of side BC =m, = ly _y - 1y BEEE /<“ },')\ X

Slope of side CA=m, = /_ = ( \ o=
_12 =142 ._2
ST ( / 25 2
Let &, f and y denotes angles Oi\t{langle at vertices A B and C respectively.
Then 2 VWLV
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T lemm  1+(=3)(3) -5
= f=tan'(l) = |B=45

Now tany=—2""0 _ %+2 :%'zoo
Lemm, 1+(15)(-2) O

= y=tan (o) = | y=90
Question # 10
Find the angle measured from the line / to the line /, where
(a) [ : joining (2,7) and (7,10) ~A\
L,: joining (1,1) and (-5,3) S
(b) 4 : joining (3,—1) and, (5,(7)
Es Jommg 2.4) and 8\ 2)
(¢) I: joining (1 ——"7) and (\6\
x N Qjﬁihg( 11-2) and (—6,—1)
G ‘jolnmg (=9,—1) and (3,~5)
l,: joining (2,7) and (—6,-7)

Solution
(a) Since [ : joining (2,7) and (7,10)
Therefore slope of /| =m, = L T ¥
7-2"5
Also [, : joining (1,1) and (=5,3)
3—-1 X 1

Therefore slope of [, =m, = "¢~ 3

Let 8 be a angle from / to /, then

tan@=—2""1 _ _%_%

e Ml d 2L S tan(180— )=
AN ,:,:ﬁ NI 6 ( ) 6
NN tan(180— @) = —tan @
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= 180—g<tan (71 49 4

= 6=180—- 49\4 jp 3 1306

NN
Now acute Engle between lines = 180 —130.6 = 49.4°

(b) Do yourself as above.

(c) Since /: joining (1,—7) and (6,—4)

—4+7 3
Therefore slope of [ =m, = —
EEEATRTR T 3

Also [,: joining (—1,2) and (—6,—1)

Therefore slope of [, =m, = == -3

s
-G+l -3 5
Let € be a angle from /, to /, then

tan@ = / / : 0 = \/\
e PGt

= 6=tan- (()) :> /6= 0
Also acute angle betWeen hnes = 0

\J
Si k;é' JiJomlng( 9,—1) and (3,-5)

Therefore slope of [, =m, = —S+1_-4 1

3+9 12 3
Also [, : joining (2,7) and (—6,-7)

g —14
Therefore slope of [, =m, = e _1

—6-2 -8 4
Let @ be a angle from /, to /, then

AL i %_(_%)
Cemm,  1+(7)(- )
/ / 2/2 25 12 5

~\\ \\f \ :
= O =tan 1(5) = &= 78 69“
Also acute angle betwe;en lmes \E 78\69 i
Question # 11 WL U
Find the in Fno]i‘ahéle Gf the trlangle whose vertices are

@ A(2,11), B(-6,-3) , C(4,-9)
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(b) A(6.1), B(2,7) . C(- 6—7}
© A(2,-5), BEA3)G c(—a\s)
(d) A(2, 8J) Jq(—s 4).and 'C(4, 9)

Solution j‘ NN\
(a)  Given vertices A(-2,11), B(—6,-3) and C(4,-9)
Let m,,m, and m, denotes the slopes of side AB, BC and CA respectively. Then

_=3-11_-14_7 /
6+2 4 2
A

iy
—9+3 6 3
m, = —_— e ——
4+6 10 5 p .
_11+9 _20_ 10 m, \
= =
2-4 -6 3 y
Let «, f and ¥ denotes angles of triangle at vertex /‘\'B 7.7\
A, B and C respectively. Then B ey €

19/ 7/

Ko\ (CAUL

_ My — T,
tang= 1+ mym, 1+( 1/)1/} - ‘ \I \//, \ oo~

4/[]:'ﬁ4/ {1 3,\41
e 3%,’ A\ R0 o4
H\Ilﬁ\g\“a”:tan_l(%j = |a=32.64°
an f= AT _ %_(_%)
Lmm, 1+(75)(-34)
_%+% 4/0 - 41><10 o
= 1_2%0 _1/0 11

= tan(lSO—,B)zﬂ + tan(180—0)=—tan@

41
= —tan p=—
p 11

— 180— S =tan"’ (%j =74.98

= [=180-74.98 = ,b’ =105.02 R

tany =2 4
1 &5 mzm} \/
N uz“ 6> = H A
15x3 45

j‘“ N
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= y=tan'| —| =\|yA 42 34 SR\SRa®
(b) Given Vertlces 4 6 1) B(2 7) and C( —6,—7)
Let m,,m,¢ z}nqu mg c{énotes the slopes of side AB, BC and CA respectively. Then

7 1 6 3
m=—— s

2-6 -4 2 (B
_=1=-7 _-14 7 .
T Te 2 8 4 N
I+7 8 _2 m, o A
" Te+6 12 3 "
Let a, f and ¥ denotes angles of triangle at % m;
vertex A, B and C respectively. Then

T T e %_(_%) <
I+mm, 1+ (% ) (_%) .

= a=tan 1(oo)<_x z> a

A 1+(-y)(/>
/M /S ENE B
1—2y8 / 13

— B=tan'(2) = |B=63.43

temn ~ 1 (17)(33)
P D .,
1+% / 12713 2

— y=tan" Gj = |¥=2657"] 44\ © *

rNIAR

(©)
(d)

Do yaurself a\abave

J1 U Doyowrselfas above.
j‘ll“l
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Question # 12 WA
Find the interior angles of the quadrlgteral whose Vertices ate A(5,2), B(-2,3),
C(-3,—4) and D(4 —S)
Solution. | 0} \[ Gilveﬁ ’K‘ICI‘UCGS are A(5,2), B(-2,3), C(-3,—4) and D(4,-5)

Let m,, mz, m, and m, be slopes of side AB,BC,CD and DA. Then

_3-2 1 v
L T gy
e — —4-3 =7 B m,
== Hig, /;ﬁ‘\ \w -
_=5+4 -1 “
T3 7 m, "
1y
m, = 2+ 5 Z _7 ¥ "
5—4 1
N do Is of ¢ s
ow suppose «, 3,7 an are angels o D
quadrilateral at vertices A, B,C and D /.
respectively. Then — AN

= S=tan""’ (oo) = | =90’ o 2\ @O\
Trapeuum :',_\': VACL L (D \\ " N

If any two opposlte 31des of the quadrﬂatefal are parallel
then it is called trapezmm e

A H o

J‘“ N
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Question # 13 AN U WY )

Show that the points A Al= ‘c—l) B(\3,0),C(3,7) and D(1,8) are the vertices of the
rhombus and find its 1nter10r angle

Solutzorjz w ijetn Vertices are A(-1,-1), B(-3,0), C(3,7) and D(1,8)

Let m,, r‘nz, m, and m, be slopes of side AB, BD,DC and CA. Then

_0+1 1

BEZH =
— D
7-8 -1 m; o C
T3 1 2 .
" -1-7 —_8 B 4 =
A T Y] B m;
Since m,=m, or m=m A
Hence A,B,C and D are vertices of trapezium.

Now suppose &, 5,7 and J are angels of N /_/if
quadrilateral at vertices A,B,C and D respectwel:y “{hen/ o\ o
Now do yoursglf a& above i Queﬁtion # 12
Question # 14 ‘,,_‘ % (\.' ; \\
Find the area of thiregion bounded by the trlangle whose sides are
[-v\y\ﬂlﬁ 0;-10x+y—41=0; 3x+2y+3=0
Solutw‘ﬁ'

Let [: 7x—y-10=0
l,: 10x+y—41=0
ki 3z+2y+3=0
For intersection of /, and [,

g —y ) "

41+10 —287+100 7+10

£ =, A1

51 —187 17

X 1 g 21

Al 17 187 17

= X= 2 =3 and y= 187 =11 e o

17 17 4\ €

= (3,11) is the point of intersection of ll and lz.?"x.

\,/ .‘ \ ) /

Now for point of 1ntersect10n af l and l

Jljlla-rsz 304123 20-3
WW 1
85 153 17
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x_ =y _ |
15;3
— and
R Jﬁ”'gs 17
= x—8—5 5
17
= (5,-9) is the point of intersection of Z, and ;.
For point of intersection of /, and [,
x v 1
-3+20 21430 14+3
)
17 51 17
.i — i. and 2 — .L
17 17 51 17
== X= 1—7 =1 and = —ﬂ =3
17 17 N o ’/—,j\:\.f.;{l\u“‘;‘) _I,

= (1,=3) is the point of intersection of /and Jo \\l , //,i \oo~=""
Now area of triangle havmg Vertlces (3/11 (5 —v9) arﬂd ( —3) is given by:

\

1 13\ (1T ﬂ1 \
A\ H!
\,,\\;,Ji H"z"f -3 1

3(-9+3)—-11(5-1)+1(-15+9)|

1
2
% 3(-6)—11(4)+1(-6)| =%|—18—44—6|

1 1
=—|—68] =—(68) =34 sqg. unit
2\ | 5(68) q

Question # 15
The vertices of a triangle are A(—2,3), B(—4,1) and C(3,5). Find the centre of the

circum centre of the triangle?
Solution Same Question # 7(c)

Question # 16
Express the given system of equations in matrix form Fmd in each case whether in

lines are concurrent. N\ e
(@) x+3y—-2=0 ; 2x— y+4-=0’i x~—lly+14 O
() 2x+3y+4=0; 0"\ x*zy—'z\o BxFy—-8=0

(¢) 3x—4y—-2= OJ *-,l'.,x.—1—2y =4=0; 3x-2y+5=0
AN H )

“U N
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Solution

(a)

- j “7~(ﬁj‘-~ \
In ﬁlétrlx form

1 3 2||=x 0

2 -1 4 ||ly|=|0

1 —11 141 0
Coefficient matrix of the system is

1 3 -2
A=|2 -1 4
1 —11 14

= |A|=1(-14+44)-3(28-4) - 2(-22+1)
=1(30) —3(24) — 2(-21)

Hence given lines are concurrent. .
WO
(b) 2x+3y+4 ,Q @

A X2y R\3=50 ";;‘.,) '\/ \RRS
O\ 3x + Xy W 8\\0

Coefficient matrix of the system is

2 3 4
A=|1 2 3
3 1 -8

= |A|=2016+3)-3(-8+9)+4(1+6)
=2(19)-3(1)+4(7) =38-3+28 =63+#0
Hence given lines are not concurrent.

(©) Do yourself as above

Question # 17 o
Find a system of linear equations corresponding to the. glven matrxx fOI‘Hl .Check

whether the lines responded by the system are Concurrent

11 277« [o
®|2 4 =3||y|=|0
36 -5|[1] |0
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\ N ‘<\_ A\

Solution
(a)
[ x+0-1 0] x—1 0
= [2x+0+1|=|0 = | 2x+1 (=|0
| O—y+2 0 —yefe 2 0
Equating the elements
x—1=0
2x+1=0
—y4+2=0

are the required equation of lines.

Coefficients matrix of the system
0 -1

1
A=|2 0 1
0 -1 2 & IR
g ClOILBH
= detA=1(0+1)— 0—4\( U N/ [ \o~
_1+Q \\I\\\\\\\l “4 e
\) & oS Ll

Hence system is not ﬁQanﬂ?fe t g N
(\ \\ \\ \

- W\ “5 U Do yourself as above.

(b) = Rlx\ljl_:_'.)"

J

VA




Exercise 4.5 (Solutu:ms)me 28
Calculus and Analytlc Geometry, MATHEMATICS 12

Homogenous; 21“‘ Degree Equatlon
Evefry thfnegenous second degree equation
ax* +2hxy +by* = 0
represents straight lines through the origin.

Consider the equations are y=mx and y=m,x

= mx—y=0 and mx—-y=0
Taking product

(mt=){mz=3) = 0
= mmx’ —mxy—mxy+y’ = 0
= mmx’ —(m +m)xy+y’ = 0

.......... (i)
Also we have PPN
@ +Umyrby’ =0 ac\ cOWY
a, 2h e @ A\ O (207
= b e | ‘\9 \(Q 3T
>l it o
CQmBar ng 1t with (i), we have
a 2h
mm, = 3 and mtm, = —-
Let @ be the angles between the lines then
tang = 1
1+ mm,
_ N m2 \/ml +m —2mm,
1+ mm, 1+ mm,

_ \/mf+m22+2mlm2—4n71m2 _ \/(m1+”72)2_4mlm2

2Nk —ab

a+b

tanf =

Find the lines represented by each of the following and also find measure of the angle
between them (problem 1-6)
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Question # 1 (‘;-} %
10x* —23xy — SJy“j,
Solutwm J;
Y ox? —23xy =5y = 0 .evuvrernnn. (i)

= 10x*—25xy+2xy—5y> = 0

= 5x(2x-5y)+y(2x—5y) = 0 = (2x-5y)(5x+y) = 0

= 2x—-5y = 0 and 5x+y = 0

are the required lines.

Comparing eq. (i) with
ax* +2hxy +by* = 0
23

So a=10 , 2h=-23 = h-—; » b==5

Let @ be angle between lines then

2 .
2Nh" —ab _ o200
—— s N a1 RN I‘. ",

< | -\ )

tanH —
ke s aNIC
2 10 —5 A 5
| “ ‘ 16 5
\ “\' 729 -
WV M _ (_4) _z
& 5 5

= 08 = tan_l(%j = 79°31

Hence acute angle between the lines = 79731

Question # 2

X +7xy+2y° = 0

Solution Do yourself as above

Question # 3

Ox®> +24xy+16y> = 0

Solution Do yourself as above
Quegtion # 4
232 +3xy—=5y% = 0 Nn ' (elo~=—"

Solution 2x* +3xy— —3 y = Q

= 2z +5xy——2xy Sy \\=
X2 y(2x+5y)

=>‘ (2x+5y)(x-y) =

:>2x+5y:0andx y =0
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% R /% \\‘;\' [
—  (are-the tequired lines:”

Comparing eq @) with -\
ax® + 2hxy+ byz r-— 0 NN

0 an ““2h 3 o h—% Y

Let & be angle between lines then

2\ h* —ab

a+b

2\/(3j ~@E 22410
2 _ V4

2=3 3

tan@ =

SEN

7
3 ,w,—«,:\,
I = % tan(180—/93~<|'—r'8[/a,r)16\~ QLY

= 180-6 = —l{ j—g@ q\sﬁ—ﬂ\-"'6648

= 6 = ISQJ @67 = 11312
Hence aélﬁle\éngle between the lines = 180—-113"12" = 66748

Question # 5
6x> —19xy+15y* = 0
Solution
Do yourself as above

Question # 6
x> —2xyseca+y> = 0
Solution
x*=2xyseca+y* = 0 .......... (1)
+ing by y*
x> 2xyseca y’

_2—_2

{
y . 1&) (K
—~S \ | ~

— [— —23600{ +1§",l=/ YZR\RR\RRE RS

This is quadrlc equratloh '1h *; w1th a= 1 b=-2secx , c=1

\

b 2seca'+\/(—25eca) —4H Q)
¥ 2(1)
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7 [\ 2k f(rec @ 1)

1+tan’ @ =sec’ &

j J!
I\ 2seca t2tana

2
X
= — = secattana
y
_ 1 +sina _ lxsinox
 cosa cosax @ cosd
X l+sina X 1—sina
Z =—=——" and = = ———
y cosa y cosa
= xcosa = (l+sin)y and xcose = (l-sina)y

= xcosa—(l+sinx)y = 0 and xcosa—(l-sina)y = 0

These are required equations of lines.

Now comparing (i) with ~ (@ A
a e 2y +by’ =0 o N[\ EFF
a=1 , 2h=-2seca "_";> h = _Seca ( E :': Ib )
If @ is angle betwaen hm{hen A\ :\:,/»_3 \ F I\

N 2 22 -
\I'\J’Eh\ F -a+b
2\/8602 a—1)D) 2sec’ a—1 2
= = = tan" @
1+1 2
= tanf@ = tana —= 8 = .

Note:
If one wish to get the answer similar to given at the end of textbook, then follow the
solution as follows after getting:
xcosa@—(1+sin)y = 0 and xcosa—(l-sina)y = 0
I+sinex

Multiplying equation at left with 1~ S and equation at right with e to get
1-sin’a 1-sin*a
x(l—sin(x)—gy = 0 and x(l+sina)—gy = 0
cosa cos

= x(l-sina)—ycosa = 0 and x(l+sina)—ycosa_= 0

Questlon #7 ~ \\ T\ .
Flnd a joint equatlon of the hnes through the orlgln and perpendlcular to the lines:

x° —2xytana—y> = 0 AR\ QN
Solution vaq:p )c2 — 2xy tana—y* = 0
Suppos@ 'm{ ‘and m2 are slopes of given lines then
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~ |\ \\‘\\\; 0: \., :"l \.._5 O~
I“'J‘ \\ll ‘I‘ = a : 1 s
2h=-2tanx
= h=—tana
b=-1

= mm, = —1

. a g 1 1 : :
Now slopes of lines L ar to given lines are _E and R then their equations are
2

y = —%x & y = —x (Passing through origin)
2

= my = —X & my = —x
= x+my = 0 & x+my =0
Their joint equation:
(x+my)(x+m,y) = 0

= X' +(m +my) xy+mm,y* = 0

= X’ +(2@na)y+hy* =0 50 /\:

= X - 2xy tano —y* T Q / TN ¢ =
Question # 8 o\ el ~\ V) \ SR\ -

Fmd a joint equatlon of the lines through the origin and perpendicular to the lines:
ax +2h\ “\\F@“ \\J' |0
Solution'\.

Given: ax*+2hxy+by> = 0

Suppose m, and m, are slopes of given lines then

2h a
m+m, = — 5 & mm, = &
y . : 1 1 : ;
Now slopes of lines _Lar to given lines are o and e then their equations
1 2
are
1 1 . -
¥ = ——3% & y = ——x (Passing through origin)
L) ity
= my = —x & my = —Xx
= x+my = 0 & x+my =0
Their joint equation:

= X+t (ml T mz)xy F/ nymzy = “0_":- By

m‘_ »' \\ %
= W( M)’W(Hj k.
AN

11 I\ 5 bx* —2hxy+ay* = 0




Question # 9
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- W&@@m
Find the area of the region bou @Q‘L\

10x> — xy %@ x+y+1=0

Solutionw\gw xy—21y? =

0
X —15xy+14xy—21y* = 0
= 5x(2x-3y)+7y(2x—-3y) = 0
= (2x-3y)(5x+7y) = 0
= 2x-3y = 0 or 5x+7y =0
So we have equation of lines
L: 2x—3y = 0
L2 3%+Ty = @ cscocomsns (11)
L: x+y+1 = 0 ......... (iii)
Now do yourselfas Q # 14 (Ex. 4.4)

, Xx+y+1=0




