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Question # 1 2\ \ T O\ ¢
Find dy and dy in th followmg cases

(i) y=x¢ —IIWhlﬁh i'changes from 3 to 3.02

(ii) y=x>+2xwhen x changes from 2 to 1.8

(iii) y =x when x changes from 4 to 4.41
Solution

@D y=x*-1.... (i)
x=3 & 6x=3.02-3=0.02

y+5y=(x+5x)2—1
= Sy=(x+06x) —1-x*+1
=(x+6x) -
Put x=3 & 0x=0.02
5y=(3+0.02)" - (3)?

- O 1\
= |0y=0.1204 A\ 70\ O ‘-.\‘Takmg dlffdrentlal on both sides

Taking differential of (i) O

= dy XM‘W:J"\?.X-- oL
dy = 2(3)(0.02)

0.12

= |dy=

(i1) Do yourself as above.

1
(i) y=+x = x2 ....... @)
x=4 & Sx=441-4=041

y+0y :(x+5x)%

Bop—

1
= dy=(x+dx)2—x
Put x=4 & 0x=0.41

1 1

Sy =(4+041)2 —(4)2
=2.1-2 A O
= [dy=0.1 !
Taking differential of (L)

dyzj ;jﬁ—[ 5)&

N
2x2
Put x=4 & dx=56x=0.41
dy = A —(0.41)
2(4)?
0.41
4
=0.1025

= |dy

Question # 2

Using differentials find i and e in the
dx dy
following equations.

@) xy+x = 4 (i) X +2y> = 16

(1i1) x4+y2 = xy (iV) : xy—\ln o s g
_ SOIutlon ( 10 / LU
T\ TN x_y+x AN

d(xy)+dx = d(4)
xdy+ydx+dx = 0
xdy+(y+1)dx = 0
xdy = —(y+1)dx
dy _ _y+l
dx X

dx _ X
dy y+1

u 04y

(i1) Do yourself as above

x4+y2 = xy2

Taking differential
d(x*)+d(y?) = d(x?)
= 4x3dx+2ydy = X 2ydy+y dx
= Zydy—2xydy B\ yzdx 4xdx
:> \,Zy(l x)dy = ( —4x )dx

(1i1)

Q Yy —4x
T 2y(i-x)
o & _ 2y(1-x)
dy y?: —4x®

@iv) xy—Inx = ¢
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Taking differential
d(xy)—d(In x) :

N Xdy+)fdx14 g— dx =O \ ) UL

NN
— xdy = %dx—ydx

[t

= My = [l_xyjdx

X
dy _ l-xy
= E xz

& _ ¥

dy  1-xy
Question # 3
Using differentials to approximate the values of

1

i 97 (i) (31)3 ]

(i11) cos 29° (iv) sin 61°

Solution Y1\ ’ -/

i) Let y= f(x)—J \f% \RiSLs
where x= fJ |aﬁko§x =1
Taking)diff rﬁ rential of above

dy = d(¥x)
= d(x)*
= L
T4
— l x_%dx
4
1
= ——dx
Az
Put x=16 and dx=1
1
dy = = ()
4(16)*
_ 1
- 3 ()
= =003125
Now f (¥ rl-ldxj)z “y+dy
= f(x)+dy
" y=f

— #16+1 = 4/_+003125

= Y17 = (2*)* +0.03125

\\_—/

V) = 240.03125
= 203125

1

i) Lety = f(x) = x°
Where x=32 & Oox=dx=-—
Try yourself as above.

(i) Let y= f(x)=cosx
a o e e—
-1"= 130 rad

=-0.01745rad

Where x=30° & ox=

Now dy = d(cosx)
= —sinx dx
Put x=30" and dx=dJdx=-0.01745
dy = —sin30°(—0.01745)
= —(05)(-001745), = 0.008725

(PR ng+Jx) = 35+a*y

S\0ReR) = F(x)+dy

= cos(30—1) = ¢0s30°+0.008725
= c0s29° = 0.866+0.008725
= 0.8747

(iv) Let y= f(x)=sinx

Where x=60" & JOx= l—mrad

=0.01745rad
Now dy = d(sinx)
= cosx dx
Put x=60" and dx=9Jx=0.01745
dy = cos60" (0.01745)
= (0.5)(0.01745) = 0.008725
Now f(x+6x) = y+dy
= ERK dy
= S1n(;60+1) (in(60" +0.008725

G\ :; singl° = 0.866+0.008725

= 0.8747

Question # 4
Find the approximate increase in the volume of
a cube if the length of its each edge changes
from 5 to 5.02...
Solution

Let x be the length of side of cube where

x=5 & 6x=5.02-5=0.02
Assume V' denotes the volume of the cube.



@@.«\I/E 3.1-3

Then %ﬂ&ﬁ av = 3(5)(0.02)
A N
Taking diffe ffww Hence increase in volume is 1.5 cubic unit.
dv dx

Put x=5 & dx=0x=0.02
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Theorem on Anti- DerlvaIWes f.j RO
1) _[ ¢f (N)dx = J £ (x)jdx where & is constant.

n)ﬂf&@*goﬂ — [ F(0dxt [ g(xdx

Important Integral

LaFo (n+1)x"

dx
Taking integral w.r.t x

J.ax"”dx: j(n+1)x”dx
=(n+1)_[x”dx

Since

— xn+l

n+l
where n# -1

=

.[x dx—n+1

If n=-1 then
jx‘ldxzj.ldx (herex#0)
X

~lnx=— ~\ _~\\ V)
Since Ir nx P o\ 2% .

Therefore

Note: Smce o, g of zero and negative numbers
does not exist therefore in above formula mod
assure that we are taking a log of +ive quantity.

jm@WMH+CMﬂw»A=

Question # 1
Evaluate the following indefinite integrals.

(i) j(3x2—2x+1)dx

(ii) J‘[\/;+%)dx,(x>0)
(iii) j ( x+1)dx,(x>0)

(iv) J.(2x+3)l2dx

(x) ——dx, (x>0

e (e>0)

() J~e Tt

Solution

(i)'[(3x2—2x+1)dx=3Ix2dx—2jxdx+J.dx
B x2+1 xl+l
B TT e T R
i T
—3'?—2'7+X+C

=X —xX+x+c

» 1 1
(11)_[ Jx+—— |dx :J' 357 |d
P \\\ [ (,( \ ,;\j’\li\‘./\“ /) X

Important Integral

Since i(ax+b)"+] =(n+1)(ax+b)" -a

dx
Taking integral
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»[d ax+b J‘(n+1)(cix'+b)\“adxr I‘/ \\ \/_); y+1
= (ax+b)"+1_(n+1) a.[(a 4l--bj“ dx\\ I
J|(uzx b)"” _ \/_y+1) (y+1)
= IW%JM"HJA e I( o7 j\/; d
7! = dv = % _% d
V) [(2x+3)7 dx =(2f+—3)2+c I[( \/—J y f[y 3 Jy
[§+1)~2 =fy5dy+j'y_5dy
(2x+3)%
+c

1 3
=§(2x+3)2 +c

o I(‘/;“)de = (/) +2Vx +1)dx

= J.(x+2(x)% +1)dx2,_x‘ O

= x‘l”?{(x)“fdxqﬁjdx\'\:‘f b i 8

N
WN l\*—*#%%”m
2

+x+c

X2
+x+cC

3
2
/
8
4x?
3

(vi) J.(\/;—%szx :J.(x+%—2jdx

= [xdv+ [+dv—2[dx

2
X

+Xx+cC

5 +1n’x’—2x+c

3x+2

X~gcdal

3x+2

x1/2

(vii) j
“x \uiBAhe
Haf 3)9/2+2x_l/2)dx

=3[ xVdx+2[ xdx
Now do yourself.

Jo Vo f]‘”
[(92 2+6?_2jd6

—l+l

62

1—




1 3

=2x2 —2x+%x5+c An_s

Taking inte gral

J-ae dx:J.a.e“xdx
= Y%= aJ' e dx
— Igﬂh:%;
Also note that Ie(ax+b)dx= (ax+b)
a

(xi) je te dxzj.(e;:+2—:)dx

= _[(ex + 1) dx

= [e"dx+ [ dx

=e¢"+x+c  Ans \
Question #2 N2 \ A 0\ I‘
Evaluate " "

x>0,a>0)

@ | et
(iv) I a-— 2x)% dx

v) j

(vi) Ism(a+b)xdx
(vii) I\/I—COS 2x dx,(1—cos2x>0)

(viii) [In xx% dx,(x>0)

1+e

(ix) Isinz x dx

x) |

1+cosxdx’(_§<x<@;

ax+b \
e Iax +2bxrcﬁi 'l
(xii) J‘cos3x3ih ix dx
cos2x—1

T oosx dx,(1+cos2x#0)

(xiii) j

e
\/x-l-a S b )

Py :C—II V/ Ex-3.2-3

o x1v) Itan \2\ PGS
N Soiz{tfton -
. dx
i
o “-\/x+a T

ZJ' dx Nx+ta—-~x+b
Jx+a+Jx+b Jx+a—-~Jx+b

NN

x+axb

dx

_J~ x+a)2— x+b)

:a—b _[(x+a)2 j(x+b)%dx}

1 1
1 ()c+az)§+1 (x+b)?

= - +c
a—b 1 1
i E+1 §+l
(x/+~a be)\Z e
; l [ /3 \w -
N2 2
2" 3 3
=3(a=0) [(x+a)2 —(x+b)2}+c Ans.

Important Integral
1

1+x

. -1
Since an x= 5

Also

o
d
a( Cot™ X) 1-|—_x2

~dx=Tan"'x or —Cot'x

Therefore j 1+
x?

e

Cos'x

Similarly |

dx=Sec™'x or —Csc™'x

=—x+2Tan'x+c

(iii) j—dx
Jxvra+x
=J~ dx _\/x+a—\/;
Jx+a+Vx Jx+a-+Jx
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\ AN\ _/\

R\ Also <Esmax =a-cosax

sin ax
J. cosaxdx =
a

Similarly

tan ax
a

jseczax dx =

cotax
a

jcosccz ax dx= —

s€C ax
a

jsec axtanax dx =

cscax
_"csc axcotax dx= —
a

Also note that

jsin(ax+b)dx: _—cos(ax+b)

a
+b
jcos ax+b)dx %)—\ and so on.
.‘ 1 ‘\/\ \\\>|y. 'K//:/ ‘Il" ’\/\‘7\‘7/ “ —yl o
W\l ) |' - _cos(a+b)x
Do yourself

(vii) j J1—cos 2x dx

= [Va2sin® xax sinzx:%
Zﬁfsinxdx =2 (~cosx)+c
=—J2cosx+c
1+¢*) 1+3e* +3e* +e* Important Formula
(V) J.( x) dx:‘[( e )dx d ntl nd
. @] =(n+)[f @] - F )
=J. L+£+£+ezx dx d n+l n
et e e e = %[f(x)] =(”+1)[f(x)] (%
I(e +3+3e* +e2")dx Taking integral
—x x d n+l _ n ’
= _1 +3x+3e"+e; +c Ia fx] dx—j n+1)[f O] f/(x)dx
" ¢ I & = [f (x)]’”1 —£n+1)j AT o
=—e  +3x+3e +§e +c = |, —
Important Integrals O Al J'[ 7 (}c)] I f ( )dx % ; n#z—1
We know % cosax=—a smax;/ Sl
Taking integral “ Also —ln\f( )l_ f( )

I e C\Oﬁ'dxdhf JJ —f a sm;v; dx

= cosax——aj.smaxdx

) cosax

= J-smaxdx:——
a

Taking integral
In|f(x)|= j E) -




f(x)

(e
Put f(x)—lnx = o
So I =j[f(x)]f (x)aix

(vii) Let |

[f( )]1+1 _[f(x)]z
iy 95 & ¥
RLLL

(ix) Isinz % di= I(#j dx

ie. If (%) dx—ln| f( x)|+"_¢: O A

A

al Put f(x)=ax*+2bx+c

= f/(x)=2ax+2b
= f[(x)=2(ax+b) = %f’(x):ax+b

=%ln’a)c2+2bx+c|+c1
Review
e 2singcos f=sin(a+ f)+sin(a—f)
e 2cosasinf=sin(a+ f)-sin(a- )
J 2cosacos,3—cos(a+ﬁ)+cos(a—,6’)

. —2s1nas1n,@—cosia+ﬁ) cos(a' B)
= «/\\\\l l/,/y.‘ \\‘7\*/

N T

(xn)) j €os! 3\)5 sﬁn 2% dx

|
\ ,)‘ \\ N

\ \\ - ‘
\ 2_[20053xs1n2xdx

) 1+cosx
_ 1 e coszﬁ_H_COSX
2cos> 2 2
2
tanE
=%Iseczgdx :% y2+c=tan%+c
2
Alternative
:J- 1—cosx
1+cosx 1+cosx 1—cosx
_j‘ 1- cosx
1—cos®
_J-l cosxdx
sin” x

- I (sm X
= I(coseé?{ )

\8in - sin x

J ], Jcogec xdx Icosecxcotxdx

=—cotx—(—cosecx)+c
=cosecx—cotx+c

_cosx
)dx Ii.' e /
$1n x: \\/

cO8x \j}x

= %I[Sm(3x+ 2x) —sin(3x—2x)] dx

=%I[Sin5x—sinx] dx
o [— COZSX—(—cosx)]ﬂ-c
1 [cosSx

2] 5

2

—COS)Ci|+C

cos2x—1
14+cos2x
1—cos 2x

1+cos2x " | o TR
=_J‘251n b dx ——2

2cos’ x
——J-tan xdx

(xiii)

o 1—cos2x
vosinT x=——m—

A GEL S

N\ =€ I -§ec x d)q -f-«_fdx

)

\_‘—/{an x + x +c

(xiv) jtanz 1dx = I(secz x—l) dx
:Isec2x dx—jdx

=tanx—x+c¢




ince =
= EIHWZP
On Integrati

=% 1n|ax+b|=a_fﬁdx

1

_ln|ax+b|




ExerC|se 3 3 (SO]utlonS)Page 137
Calculus and AnaIytlc Geometry, 'MATHEMATICS 12

.‘_/ .‘ w2

Evaluate the followmg uiltegralé :

Question # 1. l; U\ JI NN
BN
IV4 5
Solution
Let Iz_[ 2% dx
Va4—x’
Put t=4-x* = di=-"2xdx
So I= j I 2dt
—5+1 %
t t
=( )1 +c —(1) +C
__+1 =
2 2

| (x+2)° =]

Put t—x+2 = Ji=dx
So I= I

x+2

t +32
= %Tarfl %+c

_ 1 4 x+2

= 3Tan 3 +c
Question # 3

2
oz

4+x

Solution

Important Integrals

By Integraﬂﬁl f WEvaavé
Tanl(ij =_[ = > dx
a a’ +x =
1
=ifg- dx
J‘c12+x2
1 1 g &
= dx = —T —
J.az+x2 T (a]
Similarly
J. zdx _ - Sin! % Questmn#lt4
a4 —X dx
= 1 -[ xInx
o o v
B = = Solution
=
Suppose I J
Question # 2 o Af [ (O]
_[ dx I L l
2 +4x+13 g %
Solution Put t=lhx = dtzldx
‘
Let 1=\:j___1~x

dx

_Ix +2(x)(2)+(2) —-(2)* +13

= (x+2)’—4+13

So I=[di =ln|t]+c

=ln|1nx|+c
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Question # 5 O
[ N
e +3 )
Solution .
Suppogg.-".\.& =

Put r=¢"+3

1=j%

ex+3|+c

= dr=e"dx

=ln|t|+c

=In

Question # 6

x+b dx

(x2 +2bx+ c) =
Solution

Let =] wok

dx

(x2 +2bx+ c);

Put r=x*+2bx+c
= dt=(2x+2b)dx = dt 2(x+b)¢lx

= la- (x+b)dx A
2 {\\R\J |‘ I
126 (TN |\ NJ O
@R NIN M
So J- \,\U NL P
2
1y L
27 1 21 !
—§+1 0

= (x2 + 2bx + c)2 +¢

=x*+2bx+c+c

¢ )

Question # 7
J- sec? X o

\/tanx

Solution

sec? x
s/tan x

Put r=tanx = dr=sec’xdx

Let I=I

= 2VJtanx + ¢

\RRBY ," 1
A\="2(tanx)? + ¢

) Important Integral
sec @ (sec &+ tan8)
secf +tan @

=J-seczt9+sec9tan9
sec@d+tan @
:J-secetan6’+seczo9
sec@+tan @
Take ¢=secO@+tané

= dr= (SCC2 @ +secftan 6?) de

de

Isec@ do =I

ae

de

So jsece dezf%dt
=]11|t|+c

=1n|sec9+tan6’|+c

= Isec@ d9—1n|sect9+tan49|+c

Slmllarly | & /’:’;\3 WY
fCOSéEQ bf@ﬁ ln\ cosec@—cot 8 |+c
\ \ l'ilx— e See proof at page 133
Question # 8
(a) Show that
L:In‘x+ i |8
N
(b) Show that
2
Ja*-x* :a—Sin_li + £m+c
2 a 2
Solution
) Lt F=— =

2 2
VX —a
Put x=asecl = dx=asec@tan@ do
asecBtan@ do

\/(asec 6)’ —a’

asec@tan 8 dé

\/a Scc 6 1) _

uld Secﬁ‘tan 6 d¢9

\)a tan’ @

* l+tan® @ =sec’ @

So I=_f

:J-asecﬁtanﬂ de
atan @
:ln‘se:ct5’+tan6’|+c1

=1n’ sec@++/sec’ 8 —1 |+c1

= J-secH de



xz ., NX —a
=In|=+ + &

a a

x+x* —a?
=In iy

a

=In|x++vx’ —a* |-Ina+c
=In|x+Vx’—a’ |+c

where c=—Ina+¢

(b) Let I =+a®>—x*dx

Put x=asind = dx=acos8dO

So I=J-\/az—a2 sin*@-acos @ dé
—j,/ 1 —sin” @ 'a/bosﬁ/ﬂﬁ{

= J.«/a CQS \?\ﬂ\\dd)w dﬁ l—Jsm O=0s" O
NN
j \QB acos@ de
:azjcoszﬁdﬁ g 00329=M
2

- J-1+c0829d9

-5 (¢

2
a2 _[(1+cos26’)d6

&nZB)

a2 [ 251n6005 6)

— | 8+ +C

-

aZ
:7(9+sm6 1—sin 6’)+C x=asin@

s 2 £=Si119
e | o W Xy E s a

2 a a a’

—1

—~ FFSCJI/ Ex-3.3-3

N O/ \C
| \ S

H ,_1)6

'—Sm = 2 E\Iaz—f +c
Evaluate the following integrals:
Question # 9

_[ dx
3

(1+ x2)2
Solution

Let I= .f

l +Xx )
Put x=tané = dx=sec’0db
2
sec” @ do
I= j — ==
(1+tan” @)2
2
= w *+ 1+tan’ @ =sec’ @
(sec’ )2
2 g 48(0
r/sec 0de.\ D
ﬁ ' > N, A\,
\ ‘. I ‘\\ ( SetB

-

ec O J.cosﬂdé? =sin@+c

sin @
= -cosd + ¢ =tan@- g5
coséd — i = ] secd .
=tan6-;+c
\J1+tan’ @
= ¥ ia x=tan@
N1+ %2
Question # 10
1
j 2 -1 dx
(A+x") Tan 'x
Solution
Let I:I 21 ——ilx
(1+x") Tan ' x

_ 1
—I —— = dX
Tan x (1+x°)

= (@S o

:ln|Tan_1x|+c

Question # 11

I,fﬁ—idx
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Solution

Let F= j,/tx

Put x=sinf _ ‘in dx&GQSBdB -
NS

So I=_[ 1_Sin0-cosﬁd6
_ [1+sin@ 1+sin@
_J.\/l—sin6"1+sint9 O8Edli
1+s1n6’
j .cos 8d8
1—sin?
1+s1n6
j .cos 0dO

0s0d6 = (1+sin8)de

:J- 1+s1nt9'C
0s 6@
=@-cos@+c

=@—-+1-sin’@+c
= Sin'x=J1-x* +c¢

| x=sinf

. sintx=6

Question # 12

[0 g9 O
1+cos” @
Solution

Put 7=cosé
= dt=-sin@df8 = —dt=sin8d8

—dt __J' dt
1412 1422
=—tan ' t+c

So =

=—tan"' (cos@)+c

Question # 13

ek

Solution
Tet [= j BX __ ds
g —x
X
—aj — dx

:—Sm_l[ At
a
:%Sin‘l(
Question # 14
J‘ dx
Solution
:J‘ dx
\/—(xz -+ 6x—7)
_ dx
=6+ 2(; m+(3)? (3)* -7
\ "m/‘\. \\ \| :{/ O \c @ )
\ I. [\ /‘dx
\/—((x+3) ~16)
_ IL
J16—(x+3)°
Put r=x+3 = dx=dt
V16172 J@—@)
= Sin™' (%)+ c
= Sin™! (_XZ3J+C
Question # 15
J- COS X
sin x-Insin x
Solution
s1nx lnsmx — AN
s cosxu )
f 1nsmx 'sin x Wy 2
P Pii/t"";t"&lnsmx =% dt= .1 -cos x dx
) sSin x

So I:J-%dt =In|z|+c

:ln|lnsinx|+c




Question # 16

J‘ COsx[ln.sm x)dx
sin x

Solution

Iet I= jcos [h;smxjdx

mux

COS X

—J- Insin x-
inx

Put r=Insinx = dr=

mx

No do yourself

W NN AN\B\Eh

-cos x dx

Question # 17
J‘ xdx

442x+x°
Solution
xdx

’:fm
J- 2x dx
2

x> +2x+4
+ing and —1ng 21in numeratQT
(2x+ 2)— 2 %

Let

= [=

PN

dx
ZJ‘(X M 2x+d o +2x+4)

J‘ 2x+2 __J~
5 x +2x+4 2 x2+2x+4
(x +2x+4) i
=5 0l Famees
=51n|x2+2x+4y— -
(x+1)>+(~3)
1 2 1 ax+1
=—In|x"+2x+4 |——=Tan~ —=+c¢
Question # 18
X
— .
J'x4+2x2+5 .
Solution
Let = j 5 3

X +2x°+5 A1)

Put t=x" then £ =x"¢ AU
dt = 2x dj"? ,|$b A Pl dy
1dt
So

1
_It +2t+5 ZEI

2+ 3+1+4

dt

Question # 19

[o{-g )

Solution

Let =] [cos[\/} _gﬂx(ﬁ_

Put 7= )c—ﬁ

1] dx

2
fL -z 1 1
= dt—(zx 2de :f dzi
:> de/_\_f '_l/L dx\\d7\7/ U

lSG’“ : g jcost 2dt

=2J.cost dr
=2sint+c
Question # 20
.[ x+2
vx+3
Solution
x+2
Let = dx
‘[\/x+3
Put ¢t=x+3 then t—-3=x
= dt=dx
r—3+2
So I= dx
Jt
dx
- L2 L
®»* @»*? (r)2 (r)2
1 I 3 /
3
2
2(3“3“3) LY
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.[ sin x-+cos x
Solution

_ N= O dx

.[ sin x+cos x
J dx

sm X+ cos x)

=J 1 : 1 “
—sin x+—=cos x
NG 2
z 1 :
Put COSZ—ﬁ_SmZ
o 1= 1 dx

. T .
Sm_.s1nx+COSZ COS.%

4
1
=J—,z‘b‘@7~

COoS x__

—1i ’S@{M} tan x——j

e

- Question #22 |

NP J‘ 1

dx

\\ "

V3

~sinx+ Y2 cos x

2 2
Solution
Let I= _[ =
Fint S cosa
T 1 L, £
COSg—E & Slng—T
L I=] =
T . L
e b

_ L:J‘ COS@C(-X—F”] dx
3
S1n(x+ j

COSCC x+
\ (\ 4

“\ \r‘\/ :\\. \I 4’ /O \ (F\'\\: \ B
T\ O\ / A
\ IY I\ I‘v lI\
YA\ "-) '|
2\ -

=In

“\
\ \. -
\ ¥\

\

\\

\
\ \

"\)I ‘\I". \
A

\
\

\

\




Exercise 3.4, (Solutlons)
Calculus and Analytlc Geometry, MATHEMATICS 12

Integration by Parts
If u and v ar]e funthumJ bf ¥, then

juvdx u]vdx j(jvdx) W dx

Question # 1

Evaluate the following integrals by
parts add a word representing all
the functions are defined.

(i) [xsinxdx
(iii) J.xlnx dx

(v) jx3 In xdx
(vii) _[tan’1 x dx
(ix) Ixz tan~ xdx
(x1) Ix3 tan™' x dx
(xiii) j sin” xdx

=X
y=sinx

(if) [Inxdx

(iv) I x% In xdx
(vi) [x*Inxex
(viii) [ x” sin x dx
(x) jxtarf1 xdx
(xii) _fx3 cos xdx
(x1v) Ix sinT" ¥ dx‘
(xv)_[ e" sin xcos x dx
(xvil) | xcos~ x. \R “ (owln) xsin® x dx
(xix) J'J.(ln xﬁadxdﬂ > I

xsin~ x
XX1) _[

N

Solution
(i) Let I= Ixsinxdx
Integration by parts
I =x-(—cosx) —j(—cos x)-(Ddx
=—XCOS X +jcosxdx

=—xcosx+sinx+c

(i) Let 1= [Inxdx T
= [Inx-1dx v=1
Integrating by parts Q

I=Inx- x—.[ x.l e O
_xlnx—.[d;ql ,‘

= xInw™ x+c

(iii) Let I = jxlnx dx
Integrating by parts

u=Inx
Y=

(xx) Iln(tan x)sec” xdx

z 2

_ x x 1
I=lnx 5 > xdx

2

X 1
—TIHX—EJ'.XCZX
—x—zlnx—l'x—2+c
T3 2 2

2

X 1
—7(lnx—5J+C

(iv) Do yourself

(v) Do yourself

(vi) Do yourself

(*w) stm xCO”s}dx DA

Integratmg by parts

1
1+)c2

[=tan™ x-x—J‘x- dx

=Xxtan_ x——j
1+x

—(1+x)
dx
=ytan " p——| B —
2-[ 1+x°

=xtan'1x—§ln|1+x2’+c

(viii)  Let I = _[ X’ sinx dx uw=x2
Integrating by parts y=sinx
I= xz(—cosx)—J.(—cosx)-Zx dx
=—% cosx+2_[x cosxdx u=x
V=COSX

1. Agam mtegratmg by parts )

)

y W:.—x cosx+2x sin x—2(—cos x)+c

‘-—x cosx+ 2(x smx—jsmx () dx)

=—x>cosx+2x sin x+2cosx+c¢

(ix) Let I = Ixz tan~" x dx SR
Integrating by parts p=z
3 3
X g 1
I=tan ' x-=—= | =- 6L
3 3 1+4?

9

X |
=X fan "y d
3 an x 3I1+x2 X
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1A\
e \\\’ 'l‘ I,/;_'} l'-,‘ \\_‘3 —
3 \ 4 AN oy
% . 1 X ) ) (I 1 |
== —= - HtanTxH———+—x—— +
3 tan x 3 (x 1+x2 « g 4»_,t‘_z_m X[ 173 4x ] tan x+c
_X_Stan-lx_l xdy+ _ ctx o =x—4tan x—x—3+ x—ltan e 3
=X taﬁ“%} ‘x-'—‘i 2 B A idx (xii) Do yourself as Question # 1(viii).
3 3 2 3 2 1452
I I %(H ) (xiii) 1= [sin" xdx NS
=—tan x——+——| =———dx - v=1
3 6 6 1+ x? :_..sm x-1dx
= x?}tan‘l x_x_62+_%ln‘ 1+ x2’+ - Integrating by parts 1
I=sin_1x-x—.fx- zdx
1-x
(x) Let I =j‘xtan*1xdx 1
. u=tan'x =xsin' x—[(1—-x%) 2(x)dx
Integrating by parts e .[

_1
=xsin—1x+lj(1—x2) 2(—2x) dx

= xsin~ x+2i\(1 x) 2«-»4(*1 x*)dx

l&/

T o ~N \I [ \ ,\\2/ S=
:x‘sin\x \lﬂ Sl
S 1y
2
1
1 (1-x°)?

=xsin' x+v1—-x2 +¢

2

tan~ x——_[dx+ 2_[

"2 1+ x> (xiv)  Let I:J-x sin”! x dx
2
=x7tan"]x—%x+%tan"1x+c Ans. Integrating by parts
1
I-:Sil’ldlx ; __Ix_—dx
(xi) Let I=_[x3 tan”' x dx » 2 J1-x
Inteeratine by part u=tan  x . 1 1[ g
MiEErAfnE T Rn I =X gin x+ o [———dx
1 2 2 2 \/1—x2
I=tan'x - ——I4 dx x -1 5

1+X 2\ _4 _ X .X —1
1+x 5x ="—sin" x+= _[
2 /
dx .




2 ) O
= I:%sin_1x+%ll—%s_m x )\

Where [, —I\/l % dx

= I —J-\“\\]l—sm /2] cosé’ dé

=J-\/cos @ cos@ do

=J.coszt9 de =J‘(%) de

1
:EI(1+00529) de
sin 29}

+c

9+2

1

2
l_9+25in6’cosl9 L

2| 2

% 6+sin Ox/1—sin> 6 }+c
1
2

sin™' x+ xv1—x? ]+c

Using value of I, in (i)
2

I=% sin" x+ 1 l(smo_x \cAS x"+“c
2 2|2 A

k\l ' ‘—\I ) I\,_‘__'« (W
\J \J |\\J J '\ " - ;‘Sin—l X
2

X° . 1 . _ 1 1
=Zsin x+—sin ' x+—xv1—-x* +=c

2 4 4 2

—lsin‘1 X
2

2

e D, 1o 1L
:>I—251n X 4sm x+4xl x+20

(xv) Let 1 :jex sin x cos x dx

:%Iex -2sin xcos x dx

:%J.ex sin2x dx - sin2x = 2sin xcos x
Integrating by parts
1| . —cos2x —COS2X
I‘E[‘f S edx} -

S cos2x+zfe ﬁQSQxflx

Again integrating by parts, | |
i n 2x '

I=- 16 CQSIZ*'\%(\\M i

4

e e’ cost+l e
B 4

=—l e’ cos2x+le" sin2x—%l+c

4 8
= 1'+11——l e"c052x+le"sin2x+c
47 4 8
e e L 1 .
= ZI_ T e 0052x+86 sin2x+c

1 1 4
=3 I——ge COSZX+E€ sm2x+§c

(xvi) Let I = Ixsin xcos xdx

=lj-x~2sinxcosx dx

|§ ) ".

e (ypar@&-
P L;ZXJ— [ (%m)(l)dx}

(xvii)Let I = I xcos® xdx

o \/ .
= _[ XS 2x ,dx/* O\

:J-x(1+0352x)dx
1
_ij(1+cos2x)dx -
1 1 V=co082x
_dex+§jx0052xdx
1 x 1 sin 2x s1n2x
7 7*5[)“ >~ (Dd"]
2
X 1 ) 1¢.
=t ZX'SIHZX—ZJSIH2de
_x—2+1x s1n2x—l —RasiE t+c
44 4 2
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J
|

J ‘.\\ .\ u :x
dex——jxcosbcdx v=cos2x
Integratlng by parts

1 x 1 s1n2x sin2x
1=3 % - g| ST
:x_ - lxsin2x+ljsin2xdx

4 4 4
_x_2 — l)csin2)c+l o8 Ak +&

4 4 4 2

2z

X 1 . 1
_T = szm2x—§<:052x+c

(xix) Let I = j (In x)*dx
= [(Inx)*-1dx
Integrating by parts
I= (lnx) P X— Ix 2( lnx)b—
= x(Inx) —ZJ(?q‘P{]dx
Again 1ntegﬁ$\éihé )y parts
1
sz(lnx) —2[lnx-x—_|.x-; dx}
:x(lnx)2—2xlnx+2_‘.dx

= x(lnx)2 —2xInx+2x+e

(xx) Let I= Iln(tan x) sec” xdx
Integrating by parts

-sec’ x dx

1
=In(tan x)-tan x — I tan x-
tan x

= tan x1n (tan x)—..'sec2 x dx

=tanxIn(tan x)—tan x+c

xsin~ )C

e

(xxi) Let I = j

:J'sin‘lx-

=~ s Ly r(v‘—{.z-x)dx

_1 1 \/l—x2
1
__ i a x2)2
-
2
. 1

=% 1
_ . dx
I i N

2

_ 1 2 L |
_—5[2(1—x )? sin x~2_[dx

|

=—v1- x sm ae+J-/d9c/

A\\_/ .
= Bt I* x Slh(l ‘jw XFc

Questlon #2
Evaluate the following integrals.

(i) Itan4 xdx (ii) Isec4 x dx
(iii) Ie" sin2x cosxdx  (iv) Itan3 X-secx dx
v) _[x3 e dx

(vii) I > -cos3xdx

(iv) Itan3 x-secx dx
(vi) j.e”‘ sin2xdx
(viii) J-cosec3 xdx
Solution

(i) Let I= Itan“ xdx

:J‘tan2 x-tan? x dx
=Itan2x(sec2x—1) dx

—J- tan” xsec” x —tan x)dx

—J.(sec2x—1) dx

] —Iseczx dx+_‘-dx

1
:§tan3 x—tanx+x+c



(i) Let 1= Isec x dx AT\
= I (sec” x) - (sec’ x)‘dx
_J'(1+tfn jf‘fbl (k!ejdz X dx .
—jse(‘: x dx-i-J-tan xsec” x dx

= tan x+ I (tan x)2 o (tan x) dx

n’x

3

ta
=tan x + +cC

(iii) Let I = _[ex sin 2x cos xdx

| T .

=§J'e (2sin2x cos x)dx

- % [ e (sin@x+x) +sin(2x— 1)) dx
| O "

=5.fe (sin3x+sin x)dx
1¢ . . 1

:Eje sin3x a’x+ije s1nxabi_" _
1 1 \ !

:§Il+512 e @

Where 1, ~Ie sin3xdx_ nd I».,l—r‘fe smxdx

Solve I, and 3 'a}s’\\fi|&¥k|\(xv) and put value of
I, and I, in (i):

@av) I=Itan3x-secx dx
=_|.tan2 Xx-tan x-secx dx

:I(seczx—l)-secxtanx dx
Put r=secx = dt=secxtanxdx
So I=[(r*—1)ar

3

t
=L _t+e
3
sec’ x
= —sec+c

(v) Let I= J.x365*dx
Integrating by parts

_ 3 5% 3 2 5% 5x
—Sxe 25xe +25Ixe dx
Again integrating by parts
_l 3 5x_i 2. .5
I—Sx e 25x e 5 ;
6 e e
+2_5[x'?_ ?'ﬂ)‘b‘}

1 3 Sx 3 2 _S5x 6 6 Sk
= —_— + — —_—

FrE —pg¥ e tppe —ps | dr
_Llas 3 25, 6 s 6 €
=3XE T e s re — e e
_& P30, 6.

5 5 25 125
(vi) Let I= J. e s1n2xdx .
o u=e
Integratmgbxpar;s ./w\ ,' = v=sin2x
AU AL 'x —cos2x cost o
1_ Sl 5 5 (=1 dx
1 _ 1¢ -
=——¢ " 2x——= x 2
26 Ccos2x zje cos2x dx
Again integrating by parts
1 _. 1 _x.sin2x
I——Ee cos2x 2[6 —
_J-stx (1) dle
=—%e‘*cost—%e‘xsian—%_[e‘xsinzxdx

1 I = . 1
= I——Ee cost—Ze sin 2x 4I+c

1 1 _. 1 . .
ZI__Ee cos2x Ze sin2x+c¢

I+
5 1 _, 1 . .

= ZI__Ee cos2x 4e sin2x+c
1

=—ge CQSQX—%e:x ;sfm 2x+ g'c

‘.e , ,(ZCOS 3% +sin 2x)+ Z_Lc

) (vii) Do yourself as above

3
viil) [ =Icosec xdx
(viii) U = COSEC X

v =cosec” x
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= Icosec x-cosec’ x dx |
Integrating by parts O\ ~~2 \ !
I =cscx(—cotx)i I( cotﬂx)?ﬂ' XCo
= —cosecxcqt\x” Iloéééc xcot X dx
— T Icoscc x(cosec x— 1) dx
= —cosec xcot x—_[ cosec’ x—cosec x) dx

=—cosec )ccot)c—.[cosec3 xdx+jcosecxdx

=—cosec xcot x— I +In| cosec x—cot x|+ ¢
— [+1=-cosecxcotx+In|cosecx—cotx+c

= 2I =—cosecxcot x+In| cosec x—cotx|+c

= I——lcscxcotx+lln|cscx—cotx|+lc
- g 2 9

Question # 3
Show that

fe‘“ sinbx dx = S ™ sin (bx— tan~' 2) +c
a2 + b2 - ~

Solution
Let I:.[e’” sinbx dx
Integrating by parts

-t

%:be + Z e™ cosbx dx
Again integrating by parts
[=— e™ cosbx a[ « Sinbx sinbx

B B|l° B 4 B

-e®a dx}

e“cosbx a . a’ )
———f smbx——z_[e‘” sin bx dx
b b b
e cosbx a ) a’
—T+Fe“" s,mbx—?1+c1
2 ax
a e“cosbx a ]
= I+—J=—"—""4+—¥sinbx+c
b’ b b :

2 2 ax
=" (b +2a )Ize—z(—bcosbx+asinbx)+cl
b b N ¥

b _ rsin @ Q
a rcosé@ a

So
(b2 +a2)1 =g (rcosﬁsinbx—rsin @ cosbx)
+b’q
(6> +a*) I =e“r(sinbxcos & —cosbxsin #)
+b’¢,
=" (a2 +b2)l =e“rsin(bx—8)+b’c,
Putting value of r and @

(a2 +b2)I =e“a® +b* sin [b)c—t:an_l §)+b2c1
[ 2 2

&
(a +b ),V a2+b2 !
) ‘_“/ ™~ \\ \| : ,/ ) II‘-‘.;‘ 9 \ \
\ \e‘“sm(bx tan 12]+c
2
Where c=———rc¢,
)
Question # 4
Evaluate the following indefinite integrals.
1) J‘\/czz—)c2 dx (i1) I\/xz—az dx
(iii) [v4—5x dx (v) [V3-4x* dx
(v) I\/ % L4 de (vi) Ixze“xdx
Solution
() Let I=[va’-x" dx JCR-

:J'\/az—x2 1dx

Integrating by parts
2 2 1 2 2 -
I=+a" —x 'x—_[x-i(a —x ) 2.(=2x) dx

= (b2 + az)l =e™ (asinbx~ :bcosb@+b%\l QSR -

Put a=rcosfd & b— rsm@
Squaring and addmg I J‘

a +b2i‘i‘3(c0£26+sm 6)




= xd® i—FJcFJJ“\fa —x dx+.[

= I=xVa*—x* —I+a2I

\/az—x2

\/a —x

dx

. X
= I+I=xva®-x*+ad’Sin'Z+c¢
a

= 2l =xva*—x* +a*Sin”!
= I=lm/az—x2 +la2Sin_1§+lc

2 2
Review

dx
-
.Idx
N

:ln‘x+ =

=ln‘ x4 +d’

X
~+c
a
2

+cC

e C

(i)Let I= I Nx*—a? dx O .

x—a

Integratin \l? w |\\J

I=+l5*- J.x—x

Jf;

Nl el

-a ) 2 -(2x) dx

(x —azﬁ

2

dx

(x —a2)2

2
a

+ dx

2 2
/ X —a
=X xz—az—_[ 1

(F-a)f (2-a’):

=)C\/)c2—a2 —J'\/xz—a2 dx—J.

= Jepr—ag —F— aJ.

(’\"\,
= I+I1=xJx*—a*—-a*

2
a
/2 de

Vs *a"‘\]\ac - X

+c

A~ /j’/;lli"S”(E\-ni\I_'/ Ex- 3.4 - 7

12\ (CAY)
{ P ‘;'“/:-TA\ \'.\\ \\’ : |'/'(_>./-" v". \\——’: el
) \|\ -;"-*,‘ \ i'\ ".' \ .‘.‘ ‘I'. \\\ [\ i
=\ ;;-.,‘21‘,:__;x‘);2—a2—a21n’x+ x—a® [+c
B 1 2 2 a’ 2 2 1
=% I=§x\/x —-a —71n xX+Nx —a +§c

(iii) Let 1=j\/4—5x2 dx
= [V4-5x" -1 dx

Integrating by parts

1
[=+/4-5x -x—jx%(4—5x2) 2.(—10x) dx
2
=\4-5x% -x— &

—dx
(4-5x7)
2
=«/4—5x2-x—IL)C;4dx
(4-5x7)

=v4-5x"- x—L{ 4_§)f i“\/\ = de
,__,/\\\\..;;1 ({&@stz)’f @—sx2y?

[\ A7
{4—5x" )2 Ll dx
(4—5x7)2

Ja—5x% x— j\/4 5x dx+4j.\/7
= I=+4-5x*-x— 1+4j dx

S(S—x)
= I+1= 4—5x2-x+4j-;dx

J5 2o
3

= 2[ =+4-5x7 -x+%f+
5

[ a2 . IR
e o
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X J4_5x2 2 w1

==V4-5x"+—F=Sin

2 5
'H N

(iv) Same as above

) Same as Q# 4(ii)

Use ln‘x+ x*+4 ‘+c
i

(vi) Do yourself as Question # 2(v)

\E; I»e’“(ln X+

Important Formula
Since %(e“xf(x)) = e“"%f(x)ﬂ—f(x)%e‘“
=e“ f'(x0)+ f(x)-e(a)
=e"[afO+f 0]

On integrating

[4(e () dx= [
= e f(x)= j”[af/@mf/ix)]

[af)+f (x)] gzg

= |Je

“[a s @l s G e

1II‘I'

TN

ollowmg integrals.

(1)I ( +1nxjdx (ii)_‘-ex (cosx+sinx)dx

_ 1

(iii) | e™ | asec 1x+—}ix
I { wxi—1

(iV)J‘e3"(3Sin_x_Cosxjdx

Sll’l2 X

Question #
Evaluate the

(vii) I e (cos x—sin x) dx
mtan~ x
Y .
(viii) I Tz o dx (1x)j' T
) .[ e“(1+x) o i )j- 1—sinx erdx O
2+ x)* 1 mcosx )\ \( ¢
Solution - Q 0 \

(i) Let I=[e .1, AR | dic)

1)dx
1

Put f(x)=Inx = f'(x)=—
So I=[e"(f0)+ f'(x))dx

=e"f(x)+c =e'lnx+c

Isz(

= J.e‘ (sin x+cos x)dx

(i) Let oS X+ sin x) dx
Put f(x)=sinx = f'(x)=cosx
So Iz_[ex(f(x)+f'(x))dx

=e" f(x)+c

=e sinx+c

(i) Let I= J. [a sec_lxj-,(-‘\{.;l ‘y

=l

A " >0\ U/ -
4 1
Pllt f(jc)—v q' '\x/‘:> f)=——
\ \ “ l\ T \S§ xm
\\NPso 1= j af<x>+f<x)]

=e" f(x)+c

=e%sec x+c

g Tt - ;(__)dx

sin® x
X 3sm X _ Ccosx
>— |dx
sin?x sinx
& COS X
13 : dx
sinx sinx-sinx

=Ie3x(3cscx—cscxcotx)dx
Put f(x)=cscx = f'(x)=—cscxcotx
= I=[e*(3f(0)+f'(x))dx
=& f(xX)+c

= cse x+"c.
N -
— ‘\\\ \! " '. O

—sin x+2cos x)dx

3 v) ,Lat S I e
—j **(2cos x—sin x)dx
Put f(x)=cosx = f'(x)
So 1=[e(2f(x)+ f'(x))dx

=—sin Xx



=¥ f(xX)+c

=e* cosx+c O\ ~2\\ !

—[ & 1+ x B 1 7
+5F +x°

J o1
_Ie[(lﬂc) (1+x)2}dx

Put f(x)= ﬁ =(1+x)"

; § 1
= fW==0? =
So I=je"(f(x)+f'(x))dx

=e' f(x)+c

=e"[% +

\ ((=Dsin x+cos x) dx
Put f(x)=sinx = f'(x)=cosx

So I=[e ™ ((=Df(x)+ f'(x))dx

(vii) Let I= f{\’] &kﬂkx@iﬁx
J

=e " f(x)+c
=¢ “sinx+c
mtan lx
(vii)  Let I=[< S
1+x
:J'emtanflx. 1 . dx
1+x
Put r=tan'x = dr= lzdx
1+x
So I=_[e’"’dt
emt
=——+c
m

Put t=cosx = dt=-sinxdx
= —dt=sinxdx

So I=J._Tdt =—J‘%

=—In|t|+c
=—In|cosx|+c

=ln[cosx|_1+c - gy =l

=In

‘+c =ln|secx|+c
COS X

= _[tanxdlen]secx|+c

Similarly, we have

Icotx dx=1n|sinx

+cC|

N /:vr/;\ \\ L
JT2 )\ (G T
T\ T "_‘\//:\\\\ '| |/2) \\HA/ =
L)) Eet‘-\ Ve |
A\ U W\ YW l—sinx
\_) "\, \,_/‘"'y -
[ _ J~ 2x  l4sinx
1—sinx 1+sinx

_J- 2x(1+smx)dx

1—sin® x
_J- 2x+2xsmx)dx
cos’ x

_J-( 2x 2xs12nx)dx
cos’x cos’x

ZJ- 2)2c dx+I 2xsin x i

CcOS” x COSX-COSX

=2J‘ xseczxdx+2fxsecxtanxdx

Integrating by parts
I=2[x-tanx—_[tanx-1dx}
+2[x-secx—jsecx(1)dx]

—2[x tan x — ln|secx|]
o 2[x sec x —JHJ[rsec X+ tan x |] +c

0= Zx tan x —\2 Irx\ set x{
i\ +2xsecx 21n|sccx+tanx|+c

\ A
J_/

e (1+x)

(x) Let = j o
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=~

eR+x— 1)
2+ z) \
S \!\ \ (\\\\

E %W \i(@\#\hﬁ }&%

- +x)—«2+w ?)ax

Put f(X)=2+x" = f(x
So I=[e'(f(0)+f(x))dx
=e f(x)+c
=" 2+x) " +c

X

e
= +cC
2+Xx

(%1} Let I = I(l Sin X

i

)C

)e"dx

« X X
]—2Sln§COS§
2 X

2 =
sin )

Dot AT

( N\ \(\) J
MiCae
U 1 2sm%cos§

X
2sin? =

2
1 2x X X
5 cosec” 5 cotaje dx
[ cot= + 5 cosec ;)dx

= f(x)=cosec

\ \ /
L\
<2\ \ \U \\ <\

\

\X

e’ dx

. 2.X
2sin >

Put f(x)= —C0t§ %
= fx)= %cosec2
So I=[ e (f)+f)

=& 1)+

= ex —'Coti +c
2

=—¢" cot +C.

2

| &= [\_)|>—-




EXERCISE 3.5

3x+1
'[x—x—6dx
Solution:
3x + 1
J.x—x—6dx
_ 3x+1 dx
x> -3x+2x -6
_ J’ 3x +1
x(x—3)+2(x—3)
_ j 3x+ 1
x+2)(x— 3)

cO

i ooy DN
3x+1 A B (O
stan, artia s ic

h are to be determined.
2) (5 O oth sides in (1)
) +B(x+2) e (2)

Put x+2=0

x=-21n(2)
3-2)+1= A(-2-3)
—-6+1 = A(5)
-5 = -5A
=5
£ =5
A =1

To find B
Put x—3=0




From eq. (1)

3x + 1 1,2
x+2)(x-3) x+2 x-3

3x + 1 dx
‘[(x+2)(x—3)dx = x+2 I
= | mx+2[+2m[x-3]+c | Ans.

Sx+ 8
22 I c+3)ex-1) &
Solution:

I 5x + 8
(x+3)(2x—])

Let m
(x+53);(;x8— T xé3 o w@ @©

Where A & B are constant be determined.

Multiplying (X

S5x+8 = A

To find A [ﬁ [§ '
3 in (2)

5(=3)+8= A[2(=3)-1]
~15+8 = A(-6-1)

=7 = —TA
-7
A =3
A = 1
To find B
Put 2x—-1 =20
2x =1



n
wl#

o+
I
(ST
o SR
os}

Il

From eq. (1)

S5x +8 _ 1 n 3
x+3)2x-1) x+3 2x-1
Integrate

5x+8 dx dx 3 | 2dx

x+3)2x-1) ~ x+3 "2 9xa1

nfl- 3y TR0

Ve o
\‘;L Guj. Board 2006)

Ix2+3x—34 d
X+2x-15 ¥
I x—19 1
B (1+X2+2X—15]dx x2+2x - 15+/x%> + 3x — 34
J‘ j x-19 X2, 2x_15
_ £ 73
) T ox—3x- 15 &
x—19

x—19
X+‘[x(x+5)—3(x+5) &

x— 19
= x+'[—(x—3)(x+5) dx




Hou
o @Qﬁw@o@@

Let
x—-19 A B

x—3)(x+5) x-3 Tx+5 2)

Where A & B are constant of potential fractions which are to be determined.

Multiplying (x — 3) (x + 5) on both sides in (2)

X-19= Ax+5+B(x-3) ——— (3)
To find A

Put x-3=0

x = 3in(3)
3-19=A3+5)
-16=8 A

A =

o
PR

-16
8

Put x+ 3>

Fromeq. (2)
x—-19 _ -2 N 3
x-3)(x*+5) x-3 x+5
Integrate
x-19 dx dx
'[(x—3)(x+5) ix = 2'[;+3J‘x+5
I = 2mh|x-3|+3Mm|x+5]| +c
Fromeq. (1)

= [ x-2m[x-3[+3m|x+5+c | Ans. 5 @©m




Let

I (a-b)x d
(x—a)(x-b)

X

(a—b)x A B
(x—a)(x—b) x—-a x—b (1)
Where A & B are constant of partial fractions which are to be determined.
Multiplying (x — a) (x — b) on both sides in (1)

(a-b)x = A(x-b)+B(x-a) (2)
To find A
Put x—a =0
X = ain(2)
(a-b)a = A(a—-b)
a—b)a
2Rt
To find B .\
Put %
—Ob ineq. (2)
(a-b)b = B(b-a)
(a-b)b = R
b-a
—(b-a)b
u = b-a
Fromeq. (1)
(a—b)x a —b

(x—a)(x—b) ~ x-a "x-b

Integrate

I(x(—aa_)lzx)ib) = a‘[xd—xa _bjxdz(b

- CRESERRESE] av oy (o)
%@@@W@




3-x

J.l—x—6)(2dx
3-x

- I 1-3x+2x— 6 &
_ I 3-x d
- (1-3x)+2x(1-3x) &
_ I 3—-x d
- (1+2x)(1-3x) &

Let
3-X% __A N B
(1+2x)(1-3x) 1+2x 1-3x

1)

Where A and B are constant of partial fractions which are to be determined

Multiplying (1 + 2x) (1 — 3x) on both sides in (1)
3-x = A(1-3x)+B (1 +2x) (2)

3—7=A

1ok <)
3 - a0
L
s A
-3

o
g A



P

o
|
el
I
=
F
—_—
+
]
U | —
e
p

=]
|

3 =B(l+%)
s -
G

o i

3-x E
(1+2x) (1 - 142 3

—% dx-z dx +§ dx
(1+2x)(1-3x) ~ 5°71+2x 57 1-3x

7 2dx 8 -3

= 529T+2x Sx391-3x &
7 8
- ﬁln|l+2x|—§ln|l—3x|+c Ans.
2x
Q.6 xz_azdx
Solution:
2x
)(2—a2dx

2x
- (x+a)(x—a) &



W& 0
ere A and B are constant of partial fractions which are to be determined

Multiplying (x + a) (x — a) on both sides in (1)

2x = A(x—a)+B(x+a) (2)
To find A
Put X+a =0
X = —a in(2)
2(—-a)= A(-a-—a)
—2a = 2aA
—2a
A T 2a
A=1
To find B

= -
(x+a)(x—a) X+ta x-a
Integrate

2Xx dx
J.()s:+a)(x-a) dx = x+a '[

| ln|x+a|+ln|x—a|+c| Ans.

j‘ 1
Q7 J o —_s5x —49X

Solution:

|



1
2x (3x+4)-1 3x+4) dx

J‘ 1
2x-1)0Gx+4) &

Let
1 __A_ _B |
2x-1)0Bx+4) 2x—1 "3x+4 M)
Where A and B are constant of partial fractions which are to be determined.
Multiplying (2x — 1) (3x + 4) on both sides in (1)
1 = AGx+4H)+B(2x-1) 2)
To find A
Put 2x-1 =10
2x =1
1.
X = 5 ineq.(2) @©m
;) )
=G % o
Wa )
2
& =71
To find B
Put 3x+4 =0
3z = 4
4



N o\ A5 ]
WP

o
iSO

Fromeq. (1)
2 -3
1 11 11

2x-1)(3x+4) ~ 2x—1 "3x+4

J' dx _LJ'de LJ 3 d
2x-1)(3x+4) 11 72x-1 11 3x+4 &

1 1
ﬁ1n|2x—1|—ﬁln|3x+4|+c Ans.

3 2
08 J'sz 3x"—-x 7dx

o — Fx—1

Solution:

oot

dx

2% —4x+x-2

x-7
+-[ nx-2t 1x-2) &
I#d
x+1)(x-2) ¥

(1

Il
lew lew lew
+

+
ot

_ j‘x;7dx
2x+1)(x-2)

X—7 A B

2x+ D(x-2)  2x+1 "x-2

Where A & B are constant of partial fractions which are to be determined.
Multiplying (2x + 1) (x — 2) on both sides in (2)

m@@mﬂ@ e

— (2



— 3
To fi o)
2x+1 =0
2x = -1
X =7in(3)
-1 -1
-1-14 A[—1—4)
2 - 2
—15 -5
2 =A(2)
ﬁx% - A
= 3
To find B

N3
5
B = -1
Fromeq. (2)
X -7 3 —1

Cx+Dx-2) _ 2x+1 Tx—

2
jx—’/ dx 3 [ 2dx Idx
@x+1)(x-2) 27 2x+1 " "x-2

3
= 5!n]2x+1|—¢'n|x—2|+c Ans.

3 - 12x + 11
os | x-1)@x-2)x-3) %

Solution: m
oI

WW i%m




oM
i @K@X@@W@ @O

x-1)(x-2) (x=3) x—l -2 Tx- 3 — D

Where A, B and C are constant of partial fractions which are to be determined.

Multiplying (x — 1) (x — 2) (x — 3) on both sides in (1)

3 - 12x+11 = AX-2)(x-3)+BE-1DE-3)+Cx-1)(x-2)—(2)
To find A

Putt x-1=20

x = 1 in(2)
3P-12(D)+11 = A(1-2)(1-3)
3-12+11 = A(-1)(=2)

2 = 2A

o
s 2 AN -

Put X — 2@%@
M2)+11 B2-1)(2-3)

3(4)-24+11 = B()-1)
12-24+11 = -B
-1 =-B
To find C
From eq. (1)
3x* - 12x + 11 1 1 1
x—D(x-2)(x-3) T ox-—1 Tx-2 * x—-3
Integrate
3 —12x+11  dx dx dx jdx

x-Dx-2)(x-3) *x-1"



Q g ] x(x-l)(x-3)

@@7

Solution:

Let

_2x-1

J‘X(X—])(X—B)dx

_ x-1 A B C :
xx-1)x-3)_x x-1tx-3 —— D

Where A, B and C are constant of partial fractions which are to be determined.
Multiplying x(x — 1) (x — 3) on both sides in (1)
2x-1= Axx-1)(x-3)+Bx(x-3)+Cx(x-1)——2)

To find A

Put x 0 ineq(2)

2=1 = A0-0i0- m
T
A%

To O\)U\/
P x-1=0
x =1 in(2)
2(H)-1 = B(l)(1-3)
2-1 = B(-2)
1 = -2B
-1
B =
To find C
Put x-3=20
X = 3 in(2)
23)-1 =C3)A3-1

6-1 = C(3) )



el

0
JJN\J
.‘.Wl:\r{)m eq. (1)
ol . § 3
2x — 1 _i+ 2 o 6
x(x-1)(x-3) X x-1 x-3
2x -1 -1 | dx 1 dx S dx
Integrate ".x(x—l)(x—S) dx 3 J’x 27 x—-1 "6” x-3
- ?lnlxl Inlx—l|+ Injx-3] + ¢ | Ans.
5% +9x + 6
QI Ve Hex+ ™
Solution:
5x*+9x + 6

- 1) 2x +3) %

o
(X 0 IS)X(?:L—Q;()jZ26 m@ @W@ @

5x° +9ﬂ

Let

x 1t 2x +3 M
, B and C are constant of partlal fractions which are to be determined.
Multiplying (x + 1) (x—1)(2x + 3) on both sides in (1)
SXM+9x+6 = Ax-1)(2x+3)+B(x+1)(2x+3) +C(x - 1) (x - 1)—(2)
To find A
Put x +1 =20

X = 1in(2)
5(-1F+9(-1)+6= A(-1-1)(-2+3)
5-9+6 = A(-2)(1)

2 = =2A

_ 2

)

A = -l
To find B

Pt x-1 =0
’ xx = 1inQ) @@m



m@mﬂ@ =

5(1) +9(1)
(5)
= IOB
B = 10
To find C
Put 2x+3 =20
2x = =3

“‘I
5x*+9x+6 _ -t ,2 3
x+DE-1D@x+3)  x+1 x-1 2x+3
Integrate
5+ 9x +6 dx dx 3 2
I(x+])(x—l)(2x+3) dx=-J 3371 +1 2‘[2x+3dx

3
= In|x+1|+21n|x—1|+51n|2x+3| + ¢ | Ans.

4+ 7x
Q.12 I A+x 2+39 %

Solution:




J 447

4+ 7x A B C
(2+3x)(1 +x)2: 2+3x T1+x +(1 txf T M
Where A, B and C are constant of partial fractions which are to be determined.
Multiplying (2 + 3x) (1 + x)* on both sides in (1)
4+7x = A(1+x)°+B@2+3x)(1+x)+C(2+3x)—(2)
4+7x = A(1+x>+2x)+B(2+5x +3x%) + 2C + 3Cx
4+7x = (A+3B)x*+(2A+5B+3C)x+(A+2B+2C) — (3)
To find A
Put 2 + 3x=

To find C
Put 1+x=20
X —1in (2)
4+7(-1) Cc@2-3)
4-7 = C(-1)
-3 = _(C
C =3
To find B comparing the coefficient of x> in (3)

A+3B =0 m@ﬁ@wﬁo

Il



Exercise 3.6 (SOIUth"S)PagelGEI
Calculusland Analvt|c Geometrv, MATHEMATICS 12

Definite Integral T\ 4 1
Let [ 14 Rt =[] +(1-61)
Then _[ f(x)dx ‘(a(x)‘ or [(/)(x)] 3|
4 4
=p(b)-9p(a) =%((l)3—(—1) ] (1+1)
Also
b a 3
o [F@) de=—]fx) dx =3(-1)+2 =2
Z Cb b Question # 3
o [0 de=[Fx) dr+[fix)dx T !
a a (& 2X—1)2
_ where a<c<b =)
Evaluate the following definite integrals:
Question # 1
2
I(x2+1)dx A\
1 (3, \ ~—~" N\
Solutwn \!
I(x MWH (2x-1)"" 0
2 ) (-2+1)-2
= [ d+ [ dx 0‘2
! 1 (2x-1)"
3 2 3043 B
=2 | +xf (2——1—J+(2—1) = 2
3 L 3 3 g P
! (2000-1) " (2(=2)-1)
8 1 10 = = =
= 4] =— 2 2
— (-1’
Questn:)n#1 2 =T 5 T 5
j[x3+1]dx ()
=1 _2_;' N\ _255:3
Solution '1 5 \ oo
(1 IR eV R VAR vy Ty
T A BT 2710 5
Jlgc’gjdxﬁj | o Question # 4
e S R 2
11 1 j\/3—xdx
o %
|| 4l
=]
X




FSc-II / Ex- 3.6 - 2

Solution

dex

1 (| “
- mix%x :

2

Question # 5

f\/(Zt—lf dt

Solutlon

f( )

3 - 5\/§
(2t-1)2" (2t-1)2
%+1 2 (%)2

e g
ez (251 em-)
- 5 - 5 5
(2‘/5‘1)% 1
- 5 5
sy

5

Question # 7
%

X
'!-x2+2dx

Solution

::ﬁlié"{———’h1|x +2|‘




Solution
3 1 2 3 |
I(x——) dx :I(x2+—2—2j dx
2 * 2 X
3 3 3
= [ x> dx+ [ x> dx—2[ dx
2 2 2
Now do yourself
Question # 9

1

1
Solution

"3

| (x+%j\/m dx

FSc-1I / Ex- 3.6 - 3

Question # 10

j’-dx

2
o +8

Solution

Question # 11
A
I cos tdt
%

Solution Do yourself

Question # 12

(23

Solution Do yourself

Question # 13
2

Ilnx dx

Solution

Letl pnxdx, —/j.lnx{iastr '

1\1/

A0\ ( Integrating by parts

\N_A~

I=|Inx x| —_[x o i

:|x1nx|12—J.dx
1

(2:In2-1-In1)~| x|}
(2-In2-1-(0))—(2-1)



FSc-1I / Ex- 3.6 - 4

=(2-In2-0)-1 =2In2-1

Question # 14

Solution

x 2 x
= ezdx—J.ezdx
0
2 2
i3 i
e | _|.¢€ — 2
I _y 2le +2
2 2, 0

f[e“e J.Jcm _

ff'»—’In| Sect9+tana9||/‘ +—| sect9|/
1
5[11‘1

4

see . 44amn % ’ —In ] sec(0) + tan(0) 0

1 T
+§(secz — sec(O))

(in] V2 +1]~1n] 1+0])+5(v2 1)
(ln V2 +1 —0)+l(x/§—1)

2

In \/5+1 +\/§—1) Ans.

Question #i?t

T,
J~4 cos@+sind

cos20+1 de

Solution

7T,
4 .
cos@+sind
Let I = -
et ! cos26+1
:f cos@+sin @
0 2cos’ @

dé

de

=J- COSZQ = smf’ )d&
o \2cos”“ @ 2cos” @
A %4

= [ 5 do+ j-« :
. 2cosd 260

| % N
1(; §¢GH JH+ 2

7/
(

s1n [

L
2
1
2
1
2
n

Question # 16

7%
_[ cos’> 8 do
0
Solution ﬁ
%f — [ % uj:l‘u.- :
O\ Chex 39 {5 \fcos 8-cosf do
) 0

= I (l—sin2 9)c0s9 dé
0

% s
= _[ cos@ dé— j sin? @cos @ dO

0
3

6
:| sin0|;% - j sin> eisinﬁ de
0

T
= sinz—sin(O) — sin” 6 f
B 6 3,

f1_ ol B E i
—[2 O) 3(sm 3 sin (O)j

de

Solution



" Sall;tmn

I cos’@-cot> 8 do () g/ A
7 J j cos* ¢ dt J‘ (cos t)
AR\S 0
Z N ) o 7,
= [ cos™ B NN 1) a6 _ I4(1+cos2tj 2
%
% %
= I (cos2¢9cosec2 8 —cos’ 9) ae = I4(1+20032t+cos 2t]dt
% 4
% 1 %
= I(cosze — —00529) de :—I(1+20052t+cos 2t)d
% Sin
7 Yy A 1+ cos 4t
= Icotze dé Icos 8 de -z .[(1+2C052t+ 2 ]dt
% % 2
7 A o f‘(2+4c052t+1+99§4z)dt
= j (cosec2 9—1) de— ( 5 ) de 4 —~ 5 2 A\
lg ) \ B > S
% % -."‘\ I 7."\. -, \\| / ./ o _" \\d7\7/
A A ’7 ’7 \) """.,*‘H J: 3'+4cos 2t +cos 4t) dt
= [ esc?0d6- Id&——&d@ ﬁf cosZH{@ PJ
7 % ) % \ _1 3t+4s1n2t sin4z 74
AN l 8 2 4 |,
=|~cot8 Qy\h\ﬁx{?ﬁd\e / :
‘277 R 7/ 1 P ' = sm4(%)
i 7[6 ”/ —g 3(2)4‘251112(4)4‘*
=| —cot=+cot— [-=| 6|,
cot -+ otz 2| |% 3(0)—25in2(0) sin4(0))
. . = — 4ZS81n —————
_l[sm2 %)_sm2(%) 4
2 2 2 1(3x 0 0y 1(3=
() 2(zom) 11 s L) e
2{4 6) 2(2 2 8\ 4 32
Question # 19
:(—1+\f3)_§[£)_l(1_£] zy
2\12) 2{2 4 j cos’ @sin @ db
z 1.3 597 7 0 .
=+ B-g-zt% =1sV | Soh_ff{qg , ‘
9v3-10- A - AT L
Question # 18 o Put t=cos@ = dr=-sin@ df
4 NI -l;}J oW\ = —dt=sinf db
.\.4.'\u‘- j |~,\-J l \\_‘| -
_[ CORVAY NN When 8=0 then =1
h



FSc-II / Ex- 3.6 - 6

Question # 20
%
_[ (1+cos2 9)tan2 6 do
0

Solution

(1+cos2 9) tan’ 6 d@

!

T '-\_/_I' '
D )
= I 1+cos’ 6 51\11,‘ & do

N

\

RN
VAR

J 5
szg + sin? 6’} ae
1]

(@]
o
»

(tan” 6+sin> ) d6

(sec2 -1+

1—cos29) 40

S S PN L N N

2 —— ==
2sec” @ 22+1 00529] 46

74

f(zsec g1~ 00529) de
0

%

_1

NI

1

=§‘ 2tan6’—6’—M

:—(2(1)—£———2(0)+0+0j

4
:l g_g :l 6—7 :6—7z
22 4 20 4 8

2(0)

sin
—2tan(0)+0+ >

|

Question # 21

T,
f sec @
o sin @ +cos 8

Solution
T,

A secd
Let I = j

sin@ +cos @
N\ /{_\: W

“//4\\ \ '/S@C@\ -

ol gn)”

sec’ @
(tan@+1)

Put t=tan@+1 = dr=sec’8d6
When x=0 then r=1

Also when x:% then t=2
2
So ]:J'g
1
1
:|1n1‘|12

=In2-Inl =In2-0 =In2

Review
g(x) as<x<b
If =
F(x) {h(x) . b<x<c
Then L A\

Cw-'\

ff(x}dx f g<x>+fh<x>
b

Questlon # 22

I|x—3|dx



., FSeill/ Ex-3.6-7

Solution A A AW\ _3 27 125) 91
AT\~ VL P AN 3 04 3
Question # 24
I I—1
if x-320 = x>3 Ix+1 x+1)x* -2
. 1
4 2 —x-2
So “x 3|dx = [ [-(x=3)] dx+ [ (x—3) ax gl
2 3 . N
=

=—j(x 3)dx+j x—3) dx
-1

=3[ | @-3y
2 _1+ 2|,

_ (B3 1-3)) (-3 (3-3)°
Bl 2 2

Question # 25
3

3x% —2x+1 d
I ()c—l)(x2 +1)

Solution

3x2 —2x+1

(x—l)(x2 +1)

dx

2
s dt:%x Sdx = 3dt=x 3dx

1 5
When x—§ then t—a

And when x=1 then =3
3 3

2 t

So 1:[ (1) 3dt :3J§__

(
—

MELRIRINE R —In|27-943—1|-In|8—4+2-1
EZA AN L il
g VT =In20-In5 =l =4

ANE sl
‘1 \33 P 43— 1‘ 1n]23 s 1\
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Question # 26

T,
/ sinx—1
_[ 5 dx

Solution <[ \||\ l
T '-.\ J \J
f sin x — 1 f ( sin x 1
0

j dx
0 COS X COS X COS X
_J- sin x 1 i

COS X - COS.X COS x

A

= I (secxtan)c—sec2 x) dx
0

=|secx—tanx]:)%1

- Z_eon® | _
—(sec4 tan4] (sec(0)—tan(0))

9-1-140 =+2-2
Question # 27
/5
74 1
1+sin x ‘
0 P I'\
Solution NN
NI\ \J YN\
ANV
e -([ 1+sinx =
T,
_ f 1 l=sinx
1+sinx 1—-sinx
_ J- —s1nx fl smx
1—sin? x 9 cos’
Now same as Question # 24
Question # 28
I \/ 4— 3x
Solutzon
¢ 3x
Lét I= dx
!). V4-3x

Put t=4-3x = 3x— )

Also dt——3dx :> (~
When x = O\

And when x = 1 then r=1

1 i 1
=+=| |4t 2-¢2
3 t t ]dt
Now do yourself
Question # 29
%
j- COS X
sin x(2+sin x
5, Sinx(2+sinx)
Solution
7 cos X
Let = dx

sin x(2+sin x
g oA
Put 7=sinx =" dtr:-cfosmdx U

«/ \\ ll/,/ \

’when S l;h‘en”f—\—k/ 7

{ '\ \ o
'_,) \ /‘-

thn ng then =1
1
dt
So I:I
2+t
}1+1)
Now consider
1 A B
—=_+—
t(2+1) t 2+t
= 1=A(2+¢)+Bt ...... )
Put t=0 in (i)

1=A2+0)+B0) = 1=2A = A=
Put 24+f=0= #t=-2 ineq. ({)

1=0+B(-2) = 1=—2B = B:_%

g



[ In|1]~In| 2 ‘ }
Hﬁ[ Whﬁqﬁh H 1|2 ;

1 1 5
—E|:—ln§—ln3+ln§}

“ul o) =4(3)

Question # 30
T
| 72 sin x dx
o (1+cos x)(2+cos x)
Solution
et T= sin x dx

I(1+COSX)(2+C0sx)
Put r=cosx = dt—_ﬁﬁxdx\/ﬂ/\ | \
= —dt=sinxdx \ A\ LN

When x=0 J
\ Jﬁ\\ﬂ
And when

then t=0

T —a
20 I:-!‘(1+t)(;+t)

0 1
- Jl‘(1+r 2+1) E[ 1+t) 2+t)

N (7 /ESQ&)\—I—I\_/ Ex-3.6-9

Now consider
1 _ A + B
(1+2)(2+1) 1+t 2+t
= 1=AC+)+Bl+1) .... 1)
Put1+r=0 = f=-1in(Q)
1=A(2-1)+0 = A=1
Put 24t=0 = t=-2in(i)

1=0+B(1-2) = 1=-B ie. B=-1
So
1 _"1\/\
(1“\)(\%”70 Mf QH
1 \ [ N 1 1
\'[{/I-I-t) 2+tl) dt_-[1+t = IZ g

0
=|1n|1+t||0—|ln|2+t||0
=(In|1+1|-In|1+0])

—(In|2+1|-1n|2+0])
=In2-0-1In3+1n2

-+(5%) =4(3)
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A -

Example 4 A\REARERIBES
Find the area boundegl by the turve -
f(@l»: v —2x +1
and the x-axis in the first quadrant.

Solution

_ 2
y =x+l ;o ox=1tox=2

y20 whenever xe[l,2]

Solution ;
ik 14 =0 Area = [(x*+1)dx
= ¥-2x+1=0 |
By synthetic division L . T
111 =2 0 1 = Ix dx+J.dx
1
l 1 -1 4 .
I =T -1 [0 _ % Hx [
= -D*-a-D=0 !
3
= x-1=0 or x*—x-1=0 e @ A
B (=D -40)-D) : W
= x=1 or x= 77__.\8 GO\
2(D) . N % “\\ N= .j §—§}+1
1;@ O HRF AN UL )

N

2
Since wa Are ta{(mg area in the first quad. only

1+\/§. ) 1—\/5
1gnoring )

Thus the curve cHtSJ FH¢ x+aX13“'at E= 1

as it 1s

—1ve.

Intervals in 1 quad. are [0,1] & {1,

1+\/§
2
Since f(x)>0 whenever xe [0,1]

and f(x) <0 whenever xe {1, #}

1

- Area in 1" quad. = I(x3 -2 +1)dx

Question # 1
Find the area between the x-asis and the curve

.2
y=x+l from x=1to x=2.

N
N\ \ ,—-, = \\';_ \g \ ."'/‘.‘ \ N
¢ LA N T
C \ |\ \ ‘.' \ i

i 10 ;
= §+1— 3 Sq. unit.

Question # 2
Find the area above the x-asis and under the

curve y = 5—x” from x=-1to x=2.
Solution

y=5-x* ; x=-1tox=2

y>0 whenever xe (—1,2)

2
Area = f (5—x%)dx
=]

=1

3
- [s0)- (2) } [5( o l)j
(8o
L o 8) (s, 1
10 3) ( 5+3)

22 (_1a) _ 22 14
3 3) 3 3
= ? = 12 sq. unit

Question # 3
Find the area below the curve y = 3Jx
and above the x-axis between x=1 to x=4.
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Solution

Smce y>O \rvhenjwézl[jﬂ ]
. Area = .[3\/_ dx

:J.3x%dx =3]£x%dx
1. TF 3 |4

2 2
=8&F | =glX

%+1 %

1 1

N 303
= 2((4)2—(1)"}
1

8 opr o >
_ Z[(@B—(lﬁ] = 2[@2)2—1}

= 2(8-1) = 14 sg.f,unit

=%E § E= Lto X 1SNl

——25 unit
= 3 q. :

Question # 4 T\ \ | N
Find the area bounde lﬂz jqos funntlon from

NI\
=2 0% \w

Solution

Z K

y = Cosx | X=- 0O X=

2
T
wh ——
y>0 eneverxe( > 2]

%
o, Area = Icosxdx
=%

- g ()

= = 2 sq. unit

Question # 5

Find the area between the x-asis and the curve( y

y = 4x— X
Solution 210
y = 4x— x? . i'
Putting y = O ‘wq l}ﬂa\z’é
4x— xj =0
= x(4-x) =0
= =0 or x =4

Question # 6
Determine the area bounded by the parabola

y = x?+2x—3 and the x-axis.
Solution
Yy = HEX-F O\ Y

Puttirfg y\% @ Owehave

\ W\ 2y—3 = 0

it B=10
x(x+3)-1(x+3) =0

(x+3)(x-1) =0

x=-3 or x=1

\\

TR u*

Now y<0 whenever xe[-3,1]

» Arga = —i(x2+2x—3)dx

© 2x? 1
= —|—+——
3 > 3x

= —[(D () —3(1)j

N +.[f oy {3y —3( 3)}

s
e

32 :
= §+9— 3 s unit




Question # 7

Find the area bounded by the, c;urve y 2\

the x-axis and line x= 2
Solution

NN

¥ = x3+f" .
Putting y =0, we have
X+1=0

()c+1)(x2 —x+1) = B

or x>—x+1=0

_ 1+4J(=D? -4

= x+1=0

= x=-1 or 20)

1£V1-4

s
1£/-3
2
Which is not possible.
Now y>0 when xe[-1,2]

= X=

. Area = J%(x +1) .

x‘%ﬁ“é

ji\“

Il
N
[a—
'Plox
+
)
N7
|
N ST
N N
|
—_
Nee A

or Xx=

2+ /(=2)” —4(1)(2)
2

_ R#o4-8
B 2
_ 2+-4

This is imaginary.
Now y>0 when xe[-2,1]

s. Area = j (x3—2x+4)dx
2

= i x3dx—2jxdx+4_i- dx
2

4! )1l
X X 1
= T - 2 7 + 4’ X |_2
C \\\\2\N I,l ( /CfL\, .;-;{g_‘_/ - 5
e +4(1-(-2)

Question # 8
Find the area bounded by the curve

y = x> —2x+4 and the x-axis.
Solution

y = x’-2x+4 ;
Putting y =0, we have

X=2x+4 =10 .
By synthetic lelSlOl’l ‘/»,_\' \

x=1

2|1 0 2.
Lol J|4 J) —'4'
N [0

= (x+2)(»? —2x+2) =0

= x+2=0 or x*-2x+2 =0

L = z;(x‘+2 (x ) (£

Question # 9
Find the area between the curve
Solution

y = x —4x
Putting y =0, we have

X=4x =0

= x(x2—4) = 0

—

\D)
&
-

=\0) [of =8 a=

\N6w y>0 whenever xe[-2,0]

And y<0 whenever xe[0,2]

. Area = Tydx—j.ydx
—2 (0]
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0

4
16
- (0_0)_ 7—8)
—(%—s}u(o 0)
= 444 = 8 sq. unit e
Question # 9 0 \

Find the area between the cur

\ \ N\

P = E5LL x+l)j Fi}fi]ﬂw x—axr;*

Solution \\ J\ |\J|\
y = x(x 1)(x+1)
Putting y = 0, we have
x(x=1)(x+1) =0
= x=0 or x=1 or x=-1
Now y =0 whenever xe[—1,0]

And y <0 whenever xe [0,1]

. Area = Iya'x Iydx
= Ix(x—l)(x+1)dx

1

—Ix(x—l)(x+1)dx

o

Il
—
—_

o t—_— —
() W

Do 02) (e @2

4 2 4 2
(O ®),(© ©
4 2 4 2
— (0-0)—(L1_1
= (0-0)-{33

(373)+0-0
(D

l+l —ls unit
474 T 2%

Question # 11
Find the area between the x-asis and the curve

2
Solution N~

1
y=cos—x from x=—7 to x=7x

l- | \ {7\ \ AR
‘ \ (&
g,(,)o)\ X co x _gas\»—‘;-/ “X=—7 t0 X=7

-\e;.g(x) 2 10/ when xe -7, 7]

V2

1
. Area = _"coszx dx

—T
T

sinE s

= 1—2 2 Si.l'l£
e 2

-

\‘/ﬁ»_y>0 \a.;hen xe[O }

Question # 12
Find the area between the x-asis and the curve

y = sin2x from x=0 to ng

Solution

y = sin2e, (Cx0(@Ea g

N | (O ; —

7

.. Area = J.sin2xdx

_ |_cos 2x
2

2%:1(

cos 2?” — cos(O))

0



Question # 13
Find the ar&_. ’bq

y = 2ax
Solution

\/2ax x2

Puttmg y =0, we have

A 2ax— x

On squaring

~x* when a>0

=0
0

2ax—

= x(2a-x)=

= X=0 or

y20 when xe[0,24]
2a

Area = I Dax—x* dx

17‘ éeﬁ the X-asis and the curve

2a—-x =0 > x=2a

I\/a ~-a’ +2ax—

Q

\”_‘
\

/ﬂ//_\\
\ ) (LS
\ N
I‘y

W I\M N(ﬁ\f W

I\[a —a x

Put a—x = asmB
= —dx = acos@ db
= dx = —acos@d@

When x=0

a—0 = gsin@ = asinfd=a
= sinf=1 = 6 =—
When x=2a

a—2a = asinf =

BT x ) 'dx

V4
2

—a = asind

—/—FSCH/ Ex-3.7-5

= —1 =sinf —= O6=—=

So area

2

7

a’® —a® sin

4/ 1 sin’ 9 cos@ do
Va®cos? 8 cos@ db

29 (—acos8do)

—-a I acos@-cos@ db
%

7
it I cos’ @ db

JE N
\ \l -
\ T[’1+cgs20j d0

2‘”/2

= -5 [ (1+cos26) do
7[2

a sin 26 L

= —7 o+ >
7

2
., & & B
= 2( 2+sm( ) 5 s1niz)

2
= ——(-7-0-0)

2 2

a :
= —7(—75) —5— sq. unit
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‘_/ |

Question # 1 A O\ DNV~ dy _ 2x _ 2
Check each of the foll; ‘wmg equatmns wr1tten = ) dx L& = ydy = (1+ € )dx
against the d}Lf;fc;;réntlal -equation is its solution. On integrating

d 2x

i dy = |{1+e™" )dx
6)) xdx 1+y , y=cx-1 I)’y I( )

d 1 )’ e ¢ 2 2x

(i1) x2(2y+1)d—z—1:0 , y2+y:c—; — e X+ 7 +§ = ¥ =25+ dp

2 2%
= 2x+e” +
(iii) ya—e =1, y* = 2x+e¥+c =¥ rre we

.y 1ldy _ - : l@_ =
(IV)XdX 2y =, y = ce (iv) ~ 2y =0

dy _ y'+1 _ x ldy _ dy _
(V)d—— e y—Tan(e+c) :>xdx_2 jdx_zxy
Solution
: dy
§)) ¥ =l

= xdy=(l+y)dx =

Integrating both sides l_

\R\s S 2-—+Inc
Il H N o\ = P +Inc
— ln(lll—y)—lnx+lnc = *Ine+lnc “ Ine=1
=lnex = Ine* +Inc
= l+y=ex

= y=cx—-1  Proved = Iny = Ince

2
= y =ce" Proved

(ii) x2(2y+1)%—1=0

d *+1 d 2
B dy 2 V) Ey:y*x - 2)’ = G
= 2 (2y+1) =1 = & (2y+1)dy=dx e y +l
1 Integratin g both sides
y +1

On integrating

1 :>Tany—e+chf
J.(2y+1)dy=J.?dx

B N Tan(e +c) :

B dx (O \ Sbieithd Bliowing diferential squations:

5 yz T ' Question # 2
= e tYs ——2+1 dy _
- J' -
—5 ¥ +b{ —:.—1—‘+c Solution
dy dy
2 _ _l —_ = — > — = _dx
= y+y=c " Proved dx 4 Yy
On integrating
a’y 2x _ ﬂ — —
(iii) ya—e =1 .[ y Idx
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Iny = —x+Inc

= —xlne +t[nc P s |

Questlon ) 3
ydx+xdy = 0
Solution
vdx+xdy = 0 = ydx = —xdy

X y
On integrating
Inx = —Iny+Inc

= lnx = ln£

i
- X = — — = C
y Xy
Question # 4
dy 1-—x
dx y 0\
Solution Do ya@ﬁé‘!ff‘ﬁ/ .
Questlon #5 J AR
'\:U—‘)gfi >£
Solutwn
dy _ Yy dy 3
0 L o dx
dx x2 y o
Integrating
J.EZX = J.x_zdx
¥y
—2+1
= Iny = _2+1+lnc
=1l
= Iny = )i—l+lnc
= Iny = —l+lnc
o X
1
= Iny = —;1ne+1nc
1
=Ine *+Inc

= Iny = Ince ~*

E‘On mtegrﬁtmg

Question # 6
N\ J' JS;
smfy«l:bsecx— =

Salutzon |

LAy _
sin ycosecxa =1
= sinydy = o
cosec X
= siny dy = sinxdx
Integrating
Isiny dy = Isinxdx
—> —COSy = —COSX—C
= CcOsy = cosx+c
Question # 7
xdy+y(x—=1)dx = 0
Solution
xdy+y(x—1)dx = 0

= xdy = —y(x—1)dx

On integrating

J'Q = _J' 1—L)
y X
= Iny = —x+Inx+Inc
= —xlne+Inx+Inc
= lne*+Inx+Inc
= Iny =lncxe " = y = cxe™™
Question # 8
2
x“+1 x dy
= ——= >
71 ydx’(x’y 0)
Solution
x=+1
y+1
2
x+1 9!'32,‘




— %lne+lnx+lnc = ylne+Iny

xZ

= Ine? +Inx+Inc = Ine’ +Iny

2
X

= Incxe? = Inye’
— cxe? = ye' ie. ye’ = cxe?
Question # 9
1d 1
1dy 1,y
xdx 2
Solution Do yourself
Question # 10 .
d
2x°y |
dx O\ \¢
Solution Do yourse‘lf .l a
Question # 1 \\J\“ J| U
dy \\JB« I
dx 2y+1
Solution
& 2y _
dx 2y+1
dy _ _ 2xy
= T T 2y+d
_ 2y
- ’{1 2y+1)
e 2y+1-2y
B 2y+1
—y dy _ X = (2y+1)dy = xdx
dx 2y+1
Now do yourself

SG-H / Ex-3.8-3

Now do yourself

Question # 13

sec” xtan ydx+sec” ytanxdy = 0

Solution

sec’ x tan ydx+seczytanxdy =0

— sec’xtan ydx = —sec’ ytan xdy

2

2
S€C X S€C
dx = 2

tan x
On integrating

tan y

J'steczx _ Isec yd
anx P ian)r
D tan y
I B, g,
tainx tan y
Intanx = —Intan y+Inc

= 1ntanx+1ntany = Inc

= In(tanxtany) =

= tanxtany = ¢

Inc

Question # 12

(x2 _ yxl )% + y2 iny 0 /“

Solution

Question # 14

Y _ (.
[y xdx)‘z(y +dx]

Solution
dy) _
(%) -
d —

—

| On mte gratmg

dy

-[2+x - Iy(l

Now consider
1 A

—_— = ee——
y(1-2y) ¥
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= 1= A(1-2y)+By

Put y=0 in (i) o\
] = A(l 2J(0))\M0 g A+1
NN o
Put 1— Zyt:fb B Yy=1 = y—%in(ii)
e o+36j — B=2
1 1 2
By o gt
y(1-2y) y 1-2y
Using in (1) —
dx 1 2
vt I(§+1—2y]dy
1 2
= ;dy+f1_2ydy
= L4 —f_—zd
= y Y 1—2y y
d
—(1-2y)
L dx—
= 2+x_j 2y dy a
= In(2+x) =Iny- ln,(l Zy) lnc
= In(2+x)+Inc = fn -—lﬁ(l Zy)
\Jwﬂl N
=5 1nc€2an} D\ (1—2y)
Y
2 =
= c(2+x) =2)
= y = c(2+x)(1-2y)
Alternative (< *)
de (1, 2
Jais = I(y+1—2yjdx
1 2
= ;dy+f1_2ydy
- 11, _.“Ld
= v Yy 2y—1 34
d
2 (2v-1)
I2+x I_ 1T a

In(2+x) =
In(2+x)+Inc = lny 1n(2y )71

Iny—In(2y— l)—lnc ~

b vy J

dle ——(2yy_1) = c(2+x)

Review
° Itanxdx = 1n|secx| = —1n|cosx|
o Icotxdx = 1n|sinx| = —1n‘cscx|
o Isecxdx = 1n|secx+tanx|

o jcscxdx = In|cscx—cot x|

Question # 15

dy
1+ t — =90
cosxtan y
Solution

1+cos xtan yil—‘g; = )

= cosxtany% = —1

(O \_On rﬁtegrating

J.tan vdy = —J.secxdx

— —In|cosy| = —In|secx+tanx|-Inc
= In|cosy| = +In|secx+tanx|+Inc
= In|cosy| = ln’c(secx+tanx)‘

— cosy = c(secx+tanx)

Question # 16

@ _ dy
y xdx—3[l+xdx]

Solution
y—x% = 3[1+x%}
= y—x2 = 3432

Now do yourself
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Question # 17 ‘i‘:quest;on # 20 -
sec x + tan y% = O\ I Solve the differential equation % 2x given
Solution o J"‘?{"‘-«{‘Qﬁil 1\ WL that x =4 when =0
ey g_g \Ng ™~ Solution
“dx dx dx
— = 2y = — = 2di
dy dt x
= tan y—= = —secXx
o = [ = ofar
= tan ydy = —secxdx %
Now do yourself as Question # 15 = Inx = 2t+ne
Question # 18 = Ine* +Inc w» hef=x
(ex+e )ﬂ = e _e_x = ll‘lx = lnce2t
dx .
Solution = x =ce* ...... )
dy When =0 then x=4, putting in (i)
(ex+e_x)a = B 4= g = 4= g
& —e " = 4 =c() = c =4
e e Putting in (i)
On integrating = &= 4€ \ (1
[dy = J' o 3 -;;’Quest' bn #ﬁll\ C,’»fl o
X — \ \ I\
¢ te L\ "Sglve the differential equation %+ 25t = 0.
— y = j‘ dx Also find the perpendicular solution if s =4e ,
j\\Tlg\ ' o\ when =0
= —dm\tl NN x)_,_c Solution
ds
Question # 19 E+ 2st = 0
Find the general solution of the equation
dy " = L. —25t = - —2tdt
=~ _x = xy>. Also find the perpendicular ) dt ) &
dx On integrating
solution if y =1 when x=0. ds 2Itdr
Solution s
dy 2 dy 2 1*
= X = Xy x X+ Xy = Ins 2 > +Inc
/A
= % :x(1+y2) — dyz = xdx = —t"+Inc
r 1+ =Ine’ +lnc - Ine*=x
= .[1+);2 - Ide = Ins = Ince”
2 = § = ce?ﬁ—~ P /(1)
= Tan 'y = —+c ) thn T 0 then S \40) usmg in (1)
2 é'z \=}_,"6e G = 4e = c(D)
= y = Tan 7+c ) b il
Putting in (1)
=de-e"
— 5 = 4"
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Question # 22
In a culture, bacteria increases at the rate
proportional to the number of bacteria presep5 If

bacteria are 200 initially and are doubled-in 2 A\ |\

\

hours, find the number of l’B}ictc,na p’reSﬁnt\f@{lr \ ‘iﬁ»

hours later.

Solutwn \ WU
;f\df Uae teria 1n1t1a11y =200
No. of bac eria after two hours = 2(200)
= 400
No. of bacteria after four hours = 2(400)
=800 Ans.

Question # 23
A ball is thrown vertically upward with a

velocity of 2450cm / sec. Neglecting air
resistance, find

(1) velocity of ball at any time 7

(ii) distance travelled in any time 7

(iii))  maximum height attained by the ball.
Solution

i) When a body is projected upward its
acceleration is —g . (where g =980 cm/sec?)

) ; av
i.e. acceleration = — = —

dt g v

dv

= E=—980

= dy = —980dt N
On 1ntegrat1n% Jl H
[E Logo [ it
= v =-980t+¢
Initially, when =0 then v=2450cm/sec
2450 = —980(0)+¢,
= ¢ = 2450
Putting in (1)

--------

| v = —980r+2450 |

where v is Velocipx of ball,. \ )

\ /25"@ = 0807+ 2450
dr

= dx =
Integrating

[dx = [(-9801+2450) dr

(9807 +2450) dt

2
~980 %+2450t+02

= X

—490¢* +2450t + ¢,

Initially, when # =0 then x=0
0 = —490 (0)+2450(0) +c,

= ¢ =0

= X

Putting value of ¢, in (ii)
= x = —490¢* +2450t+0
x = 24501 —490¢>

—

iif)
© v = —080r+2450 -

When body isatmax: Tie1ght then v=0

o 980i+24,50 =10

_ 2450

\ :> 9802‘ = 2450 930

=t

= t = 2.5sec
Since x = 24501 — 49807’
When 1 =2.5sec
2450(2.5)—490(2.5)
6125-3062.5
= 3062.5
Hence ball attains max. height of 3062.5 cm.

X

Il




