Exercise 2.1 (Selutlons)page 50
Calculus and Analytic Geometry, MATHEMATICS 12

Find the defmltlon1 tlpd darlvatlves WLt x' of the following functions defined as:
N 1 1
IERVAES i) 2-+x i) — iv) —
(1) (i1) (ii1) P (iv) 7
1 : L. 2 =
(V) (vi) x(x-=3) (vi) — (vii)) (x+4)3
xX—a X
2 1
(ix) 2 x) x" (xi) x".meN (xii) — ,me N
X
(xiii) x* (xiv) x "
Solution

(1) Let y= I 41

= y+5y:2(x+5x)2+1 =" 5y:2(x+5x)2+1—y
= Sy =2(x"+2x0x+6x")+1-2x"—1 y-2); +1
=% §y =2x* + 4x0x+ 205 2x O :) §y 29( +4X§X/+ 2577 —
= 5x(4x+ 26x )
Dividing b}/ Icf?q’ H N A
= 4x+20x
5x

Taking limit when ox — 0

lim a3 = lim (4x+ 2Jx)
ox—0 §x ox—0

= D _4x1200)
dx

~ D4y e i(2x2+1):4x
dx dx

(i) Let y=2-+x
= y+0y=2—-+x+dx = §y 2 \/x+§x—~y \
l

= Jy=2- \/x+§x 2+\/— 5y )c2 (x+5x)_

1 1-
= SymifR 1+ﬁj

X

I 1(1_1 2
= Sy=x?—x2 1+%-5x+2(2 )(&Cj +J

x 4
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N\ 2\
1
ﬂ:_xa(L_w_;u....)
ox 2x 8 «x
Taking limit as
1
lim Q =—x2 lim (i —la—f + )
0x—0 O x sx—0\ 2x 8 x
1
= dy =—x2( ! -0+0—- J
dx 2x
1 1 1
2 b 1t |y 15
2% 2 dx
W\
Y GD@\‘ S\

1 . ARC A
(iii) Let y=ﬁ = y=x % A m\ \\\\ (\XX / (O/\)O\-/
\ dw

Q" \\\/«61&?@ ' @_’ as above

= y+O6y=(x+ é'x)_3
= Sy=(x+06x)" —x7

3
=] 6y:x‘3|:(1+ﬁj —1:|
X

_ o [1_3§x _3(_3— 1)(&) +....J—1}
X 21 X
_x3|1-39% _3(_4)(5’CJ B —1}
i X 2

X
_ 35x —3(—4 _ 2N
=x"| - (=) E T e o)\ \\\
[ C\U/ju -
x 2 x AR
" \ { I‘._ { —\‘Il \ I\ t_, A

A s b\
\ [\L ISR
.t " \ _i:\(_. v \,‘ I‘-l U' e\ . \

Dividing both mdﬁ:sW 6xvl".‘vib"‘»gaét"'
WN N




A A \\f k, A\
IL4 5x
Ny
%wgﬁg [ 3+6[ & j ..... }
= Q—x4[—3+0—0+ ..... ]
dx
= ﬂ——3x4 or Q__%
dx dx ¥
(V) Let y=
X—d
= y = (_x —_ a)_l
= y+0y=(x+Jdx-a)"
= dy=(a+d0)" - o
= Oy= (X—a + §x)_1 _ (x a)_l SR \ \| | //j \ (\: J/\_ LU\
X U H,_ \ W t’__/l
=(x— a)( >|:E1 +m}\ii}/\;‘ '™
AN T sy
NI UNDY R g ( s j oo | —1
\QN'\%&J 3 X—a 21 x—a
= -1(-1-1 2
== 5y=(x—a)l R~ ox + ( )( = j ey |
X—a 2! F—g
- —1(=2 2
=(x—a) [— . s ( )( i +}
X—a 2 x—a
= (x—a) -2 [—H( ox j—
xr—a X—a i
Dividing by ox
oy _ (x— a)—l—l [_1 +( ox )_}
ox xX—a
Taking limit when ox — 0, we have A
lim 9 = tim ()™ [—1 * ( o ) - 1 NIC el
8x—=0 ox  6x—0 x__ 7RI 7_)"
dy A l"\ e dy 1
= 4 0 = C) NS = | ZX =
dx (x a) [ l w dx (X—a)z
\l ‘ \ J. I |

\ J’\“ J’
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) <\ /___‘; \
\ AT A N | l/ O \o=
(vi) Let y = x(x—3) 0. / \\ ’I'. (ol

( /

.‘_‘_) ‘.‘ ‘.‘ ‘.y' ;

Do yourself \\ |

g /-“\7\'\1-\\:{ ) Ilv“ I"‘,"I",,_.‘} \_)
RN NV o |
Al y = —=2x

(vii) \

= y+J8y = 2(x+J5x)™*
Do yourself

1
(viii) Let y = (x+4)3

1

= y+dy=(x+0x+4)3
1

= Jdy=(x+dx+4)3 -y

1 1

=(x+4+0x)3 —(x+4)3

1 -
i Sx )3 A0
= (x| (1425 ) -1 B AYCON

Dividing by ox

Q=(1c+4)%_1 l—l( s j+
ox 3 9\ x+4

Taking limit when dx — 0
2
firn 0% — firn (e )8 | 2 k| 22 )
Ix—0 5x Ix—0 3 9\ x+4

2
= Q:(x+4)_5B—O+O—...} =

;
\ =\ M\ \
(ix) Let y S ‘{“'%T/“ \\ \ DA
= y+dy=frirdx)a\ V-



3 3

\JI\INI =)

Dividing by dx

Sy _ ——1 - 3(
2 8

Taking limit when dx — 0

M x2 \(_l\, —6;—%.;'%)"‘.‘ "'..:i\' 1}_ -
VRO

P

Sx ix}'"}
g((

1 5‘))— 1 % 3 5 "-‘,_ \ T\-\\ (W\
Ly AT T LA
O\ VA ‘\'\l%—‘ﬁ\"”" 1
dy 3 \\ WS Tdy 3 -
= —=x2 ——Qﬂ-\ T = | = ==x?
‘\g dx 2
\\ll\\
(x) Let y = x
Do yourself as above.
(xi) Let y = x"
= y+0y = (x+5x)m

= (x+x)" —x"

4
= X 1+ﬁj —1}

= Oy

X

1+m-
5 2!

X

5x+m(m—1)(5x :

m_mé'x m(m—l)(&cj -
+ ool

1/ \

y [ [~
—\/_\ \I l’ 1/0 \
-

/

/ \ \|" \'\I Il‘
AS
(’\\\f/\_ g

ES;;—I]?/ Ex-2.1-5

\ \—\
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P .’\\\
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5 _ m m—l 5_}: ,,___i': - . \\l [ "

Taking limit when 5x ~—~é 0

_ J e .
y _“ = m(m 1) ox
I;% ) ﬁiir%)x {m+ > ( . )+}

= ﬂ— "m+0+0..] = BE_ mx™!
dx dx
.. 1 .
(xi1) Lety = — =x

i
Do yourself as above, just change the m by —m in above question.

(xiii) Let y = x*
= y+dy = (x+5x)40

:>§y: +§x -

- [(O)+ (V) () rosse feldey
= (1) x‘lﬁ» (49 j 396&*\( }?\85 +.. ot (j:gj&x — x*0
\\J|\,\J§ \ﬁ‘\l@‘j ?’95x+ [2] B At (jgj&c“"

Dividing by ox

5}7 _ 40 39 40 38 40 39
5 ( ] jx + (2jx Ox+....+ (40)§x

Taking limit as dx — 0

limﬂ = lim ) [ B i xXBOx+....+ 45 ox>°
5x—0 O x Ix—0 1 2 40

& _ {(40)x39+ 0+ 0 +...+ O}

dx 1
— B _ (40jx39 or |2 = 40x®
dx 1 dx
(xiv) Let y=x" N\ (C

Do yourself Questlom # ] (xn) Replace m by —100

Q\ “
J’“ j’ll “



Duestion £2 % @@@W@

Find =X from the first pri im
) )
1

Solution
1
6)) Let y = Vx+2 = (x+2)2
Now do yourself as Question # 1(ix)
1 _1
(ii) Let y = = (x+a) 2

B Vvx+a B

Now do vourself as Ouestion # 1 (ix)

NN " e
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Find from first prlﬂqp es the derlvatlves of the following expensions w.r.t. their
respective mgiepen ent variables:

@) (ax+b)’ (i)  (2x+3) i) (3t+2)”
: 5 1
(iv) (ax+b) (V) m
Solution
(i) Let y = (ax+b)
= y+0y = (Ut(x+5x)+b)3
= 8y = (ax+b+adx) —y

((ax+b)+ a5x)3 —(ax+b)’
[ (ax+b)’ +3(ax +b)* (adx) +3(ax+ b) (a5x} ¥ (adx) } (ax+b)’

= 3a(ax+b)’ 5x+3a (ax+b)§x P’ 53@ 'I' A

1 o

= 5x(3a(ﬂx+b) ;+-3a (%—H})ﬁx—kagﬁx )
Dividing by dx

4\»—. ‘.y". \

H;f“:’ga(aerb) +3a’ (ax+b)Ox+a’6x’

5
Taking limit as ox — 0
limﬂ = 1im[3a(ax+b)2 +3a2(ax+b)5x+a35x2]
dx—0 5x dx—0
= % = 3a(ax+b)* +3a*(ax+b)(0) +a’ (0)?
— ﬂ = 3alax+b)* +0+0 = ﬂ = 3a(ax +b)*
dx dx

(i) Let y = (2x+3)

= y+38y = (2(x+6x)+3)
(2x+20x+3) -y, O |
(2x+3)+25x) »..+(2x\+3)

= 0y

= {
AR { Mbad'3)" +( )(2x+3) (26x) + @j(zx+3)3(25x)2+.---

+ G]Qﬁx)s} —(2x+3)°




Vel £ e -2 TR

—_ (“\
— i

{( )(2x+3) +2( j(23€+3) 5364—4( j(2x+3) 5xl 7+

S\SA= R ...+32(§)5x5}—(2x+3)5
=Ry

Dividing by dx
5)7 _ 5 4 5 B 5 4
e = 2(J(2x+3) + 4(2)(2x+3) Ox+..+ 32(5j5x

Taking limit as 0x — 0

. 5_)’ T 5 4 5 3 5 4
}1%5 = (}jlcr_glo[2(lj(2x+3) - 4(2j(2x+3) Ox+...+ 32(5j5x }

s B _ 2(5j(2x+3)4+ 0+0+.+0
dx 1
dy 4 dy 4 i
= — = 2(5)(2x+3 or — = 102x+3 e\
A (3X ) A ( ) PAYGO) O\
: 2 \\ \| | /O o=
(iii) Let y=(3r+ 2) 7\ QO \/

J \\ v ",\N) )
= y+dy= (3(t+5t)+2) \\ 2

:>\ ‘XTV\J NF\*IQ&*Z _y

IV VA (Gr+2)+361) 2 - (3r+2)"

=(3t+2)” (1+ 3‘:’?2)_ ~(3t+2)” :(3t+2)_2|:(1+ 3??2}2—1}

:(3t+2)2H1+( 2)3tf2 _2(_22!_1)(33?2) +....]—1}
—2(-3
{1 ¥+2 2 (3t+2j }
3

3t+2 6& j
3t+2 3 +2

=2y 2 [— [ j+ }

= 8y=(3r+2)

3t+2 3t+2

Dividing by ¢ (
‘2’ _3(3r+ 272 {—2{ 3&\}“ }‘

3t+2
Taking; llW}t Wﬂbh é’t Y 0, we have



BT

iy gy =l 2 g@ @

B _—3 . = =—6(3t+2)"

(iv) Lety = (““b)
Do yourself

1
(az —b)’
= y+8y =(a(z+82)-b)"

= 6y = ((az—b)+adz) " ~(az=b)"

= 5y = (az—”)_{[”(azg—ZbJ ) } o
©

(v) Let 2 = = (az=b)"




Exercise 2.3 (Solutions)
Calculus and FhalyHe GEPIEH(E MATHEMATICS 12

\ U \\L) “

Differentiate w.r.t. 'x' | | | SO~
Question #1_ R3] L1
X+ 20N
Solution Let y = x*+2x" +x°
Differentiating w.r.t. x
LS = i(x4+2x3+xz)
dx dx

= ix“ i Zix3 +ix2
dx dx dx

= 4x*1 4+ 2(3x3 - ) + 2x*

= 4x° +6x° +2x

Question # 2

3 . { :‘I". e ’.‘: A\ \".\\ \ '|' ( '.,/)\ _‘L\ s
3 \ AN VW (VN
A~ I'. o~ /;:—\‘.‘ (VA ", y'-_'.\ \_/ ! L
Diff. w.r.t x LATA O U

k;

dy 1 1
or 52_3[F+Wj

Question # 3
a+x

a—x

Solution Let y= LR

T\ 2 \\ Y\l LV L) ] |
W\ ~7\ \ \ \\\ ) \\ ) { )
‘l = X ~ \\/ /vty A
7\ \ \ —_ o \ \ v 4 \ \ \ ~r \ ~
(II\\—~"Y A\
-,

" (a—x)(0+1)—(a+x)(0-1)

(a2
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_(a=x)(1)—(a+ x)( 1)
O (Cl 9&) WU \\ O~ L

a—% + a + x 'Qa -
- 2
QAN Hj‘ ‘M“ X ) (a —x)

Answer

Question # 4
2x-3
2x+1

_2x—3
2x+1

Now ﬂzi 2x-3
dx dx\ 2x+1

(2x+1)%(2x—3)—(2x—3)%(2x+1)

Solution Let

(2x+1)°
_(2x+1)(2-0)-(2x-3)(2+0) |
l (2x+1)° ) VO
_(2x+1)(2)- (22 3) @, Ao \ KCACH
O (R \.. ﬁ 3N
2(2x 41 -OA 3)
N NN )
A __2(4) 8

7 = > Answer
(2x+1) (2x+1)

Question # 5
(x—5)(3—x)
Solution  Let y=(x—5)(3—x)
=3x—x"—-15+5x
=—x>+8x-15

=27 +8(1)—0 =—2x+8, Answer\|\\\'/(Z20
Question # 6 \ A SRR

(\/;_\/IITIH U“

N




. ESe i Ex- 2.3 - 3

( W\ \Y
| ‘II ‘.\I\ ) "..\_\_(:/ J
PR RN

\ N | O \O~~
\ G

o\l AN

\INF*(‘\’F;)‘\*[ \f—z(\/})(%)

=x+l—2 :x+x_1_2
X

Jx

l| )

| \

Now diff. w.r.t x

D L) =L -2
= 1+(-1x"™)-0= 1-x7

2_.
:1_%:x21
X X

Answer

Question # 7
(1+\/;)(x—x3/2)
\/; o\

( v

1+\/_ 3/2 /—‘\ 77 )/ \\ I\ ‘-,'5
Solution Consider y = ( 2/(_‘)‘: j ) c ~( \.\ \l '//,‘ oD O
x:'" Vo) /

W\ \\ D
\ { L. |

\ \\ \\ |\ ’
\ oL 1

X

\SY(o8}
-
Mo

Since x

Now
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Question # 8 O - 0\ \ |
) = "‘.‘ I"-I 7 "-I ,"/ :’_\I‘ I‘.‘y I".‘ '\ “I‘. y'.___ I""' L__J"
(x + 1) ~ ) l/_,\/""‘ "'\ - J sl

x—]

R u“ ( ;'i)z

Solution J ’\IL&

Differentiating w.r.t. x
dy d (x2+1)2
dx  dx| -1
(x-1) £ (2 +1)" - (2 +1) £ -1)
(x-1)
(x =1) 2(x +1)" L (2 1) = (2 +1)} (2x)

dx
dx (x - 1)2 r,,-\/,;\‘

S (
,.&; \ @O\

(x2 1) 2(x +1)(%x (x -k-lll (2@/ \\ /O‘_mx/

/(le \1 \ \."\ )\ U
2x (x +1)[ (.%L‘L) IEH)]
W N\' (@)
_ 2« (2*+1)[ 2% =2 x* —1]
(¥ -1)
2x(x2+1)(x2—3)

= Answer

(x*-1)

Question # 9
1
x* =3

x2+1

x> =3
Differentiating w.r.t. x e

dy d .x +1 . ‘I-‘"‘.II . A\ 1‘-‘\/(_\ \.:\ \\\’ ,|' './ ':./‘/\ ",L‘»:}\_\__',_/ -

(-3 A A (7 -3)

Solution Let =




FS@-II / Wi 2.3 - 5

(-3) @) (+ *4)(2x)‘112x6x%%3xrx 2
~7\2 o\ VI (x2—3)
Answer
Question # 10
Y1+ %
V1-x
o 1+x 1+x /2
Solution Let y =
1—x 1—x
1/2
dx\1—x
_ 1( +xj51i(1+x)
2\1-x dx\1—x )
- d i SEN0
_ l(1+xj‘§ (l—x)a(1+x)—(1+x)fa(\1lygg sOM
L \\ \\,\f/*-j
= %wx ? 0 x)(l) (1+x)( 1)
\\J| \| '\'lx (1 x

l 4
_ 1(-x 2{1 X+1+x] _ (1-x)2 [ 2 J
2(1+x)2( (1-x) T (T
} Ll T - 1 T Answer
(1+920-9"2  Jiex (1-9)°
Question # 11
Zx—1
J¥ +1
Solution  Let y = 2x—1
X’ +1
Differentiating w.r.t. x B
dy _ d| 2x-1 5 Nantal /e
dx dx (xz i 1)1/2 O \\ y
=1\ ’
2 41 1/2 )
- (x \ |’fil'jv-..1)y-:f-l el (2
NNV
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i (#+1)" (2)-(2x-1) %( 2+1)_l/2%(x2+1)
B (x2+1)
1/2 1
\ 2(x +1) —(2x—1)2(xz+1)1/2(2x)
- (x2+1)
_ 1 5 2 2 —x
= (x2+1) 2(x +1) —(x2+1)1/2
_ 1 22 =25 +X
(X2+1) (x2+1)1/2
= ke or LZM Answer
(¥ +1)Vx* +1 (x*+1)
Question # 12
Nva—X
a+x
Solution

Do yourself as Question # 10

Question # 13

NESES|

Vx'—1
2,
Solution Let y = &+l
x> -1
1
(X412
x*—1

Differentiating w.r.t x.

1
dy _ d(x"+1)?
dx  dx\ x* -1

1

2




" \ o=
(x = 1)(2x) (éc +1)(2x)
A\ (le)
NALP 2x — 2x 2x° —2x
2
(x*=1)
_1Vx -1 Ax
2 \/JC2 +1 (x2 —1)2
241 _ =
2 2 2) - 1
(x —1) x +1 (xz 1)22 [ +1
= _32 Answer
(x = 1)5 Vx®+1
P
e\
Questons 2 Lo A\anrN G
Solution te =\
Q@NW‘F\N VI+x++1—-x
- Vil g .\/1+x—\/1—x Rationalizin
J+x+Jl—x Vl+x—-1-x 8

(VI+x—Vi-x)
() ()
(M)2+(m)2—2(\/1+x)(x/l—x)

l+x-1+x
I+ x+1-x=2(1+x)(1-x)

2x

\ J’\
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Question # 15
— . \\J N\ | j‘ I\
mm N l\\J‘J\IJ\J\ ,
\J X\/m _ ( a+ xj 5
Ja—x

Solution Let y =

Diff. w.r.t. x
dy —ix(aerj%
dx dx \a—x
d (a+x /2 a+x )2 d )
= x— + e A (1)
dx\a—x a—x dx

a+x)}é _ 1[a+xj}éld [a+x

Now i(
dx

2

a—Xx 8




o~ EselfEx- 2.3 -9

( 2a J
1 (a—x)2

GANE—E o
:i i i) (a+X) (a—x)" 2 (a+x)%(a—x)2
Using in eq. (1)

y G [a+x)%
dx +

e (a+x)%(a—x)7 a—x
1
st ax (a + x) 2
(a+x)%(a_x)% (a—5)2
_ 2 2
B ax+(a4;X)(a )36) e > Answer
(a+x)2(a—x)2 \/m(a_x)j
Question # 16
I ® dx A N DA

T\ -\ - \ N [ ( C \ ON=
i /"‘ -.I ". ". -_‘ -,I -.I y'. \ I‘. .|

. . 1 -,-~“~,\ > '
SOIutlon Slnce y :.~~'»\/ x —_ B ly I"t, l‘/r”‘;;‘ "‘.l n‘.‘ ( llf‘ 1\‘ "‘.I \ ‘.\ /\/__'j "l.__} ) :“J

ARRN \] S\ E 2
Diff. w.RGN Y

dy = i(x% _x_%j
dx  dx

X
dx 2 e
1 _1
dx

2x——+ y= 2M2 \ o\ 0% &

Questlon#l’l7 ]‘ 1, l!
I\
Ify = xl"+2x +2 provethat% dxfy—1
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solut:'von ) Sincz y = f@u@@ @@@W@o

Xyl

= 4x’ +4x
dy 2 .
= — = 41 x"+1)] csniains i
- (= +1) (0
Now y = x*+2x7+2
= y—-1= x"+2x*+2-1
= x*+2x* +1 = (x2+1)2

:>\/y—1=(x2+1) 18, (x2+1): y—1

Using it in eq. (1), we have




B Jgﬁﬁﬁﬁcﬂ/Ex24-l
,7’ 2\ (€ )\

Exe‘rCIse 2 4 (SOIUtlonS)Page 70
r‘,_ C’alculus\and Analytlc Geometry, MATHEMATICS 12

Questlon # J 4 \I) J K
Find by mak 1ng Sultable substltutlon in the
following functions defined as:

. 1—

M y=
1+x

G) vy = Jx++/x

Gi) y = x]25E
a—Xx

(v) y=(3-2x+7)

(v)

Solution

(i)

F =gl

Put u =

\\\J}i H\““ I1>
So y TS o= g

Now diff. u w.r.t. x
@ _ i(l—x}
dx dx\ 1+ x
d d
1 —((1=x)—(1—x)—
(14+x)4(1-2)-(1-2)-2

B (1+x)2

_ (L4 x)(=1)-(1-x)(1)
(1+x)2
-] —x—1+x

(1+x)

du -2
= — = 5
dx  (1+x)
Now diff. y w.r.t. u

1

1 1 1(1-x)2
= —U = — —-
o 2\1+x

4
dy 1(1+sz
= = = —| ——
du 2\ 1-x
Now by chain rule
o _ @

dx du dx

_1(1+x)5_ 3
2\1-x) (1+x)’

(i1)

= P o=

du d( %j
— = —| &TX
dx dx

1 -2 1
=1+=—x? =1+—&
N
PA "*.'.-.,.NOW dlff y W SR
(O \ay M%
du du
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ﬂ _ dy_du

dx du dx

|

2x +1

2\/x+\/}.
2Wx+1

24/x

(iii)

O\ —
So 5 o= X\/L—l = x(u')‘ré y' ( , \

Answer

Diff. w.r.t. x U

Q _ \\ul\l'\J ¥
dx x(u )2

= x—(u) 7__,_(”)%

o B
dx 2]

Now diff. u w.r.t. x
du _ i(a+xj
dx dx\ a—x

(a=x)-

= dx

(a+x)—(a+x)

d
P

1 - /’A
a_ﬂm _ _2a
| (a- x) (a—x)2

Using value of u# and % in eq. (i)

) 1

dy _ 1(a+x]‘2 2 +(a+x)2
dx 2 a— X (a_x)Z o

Q
+
-
— | N
=] o=

N
|
=

(a-

x)2

L)

(a=x)(0+1)—(a+x)(0-1)

(iv)
Do yourself as above
(v)
Do yourself as above
Question # 2

Find — aij ik
dx
)3x+4y+7 =0
(ixy+y* = 2
(iii) x* — 4xy Sy= O e \f-.f'f{if

’(1V)4x -A2hxy+by +2gx+2fy+c =
'a,j(v) X ‘l—l-»y —l—y\/1+x =0
\ M(Vl) y(x —1) xm
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f ‘,/ O
Solution A O ANGEDW\\\NY [
AT\~ / \\- - Do yourself
(1) [\ R\EARERN
3x+4y+7j\:fl \BR @iv)
Diff. wr\t\“\m ji“ 4x* +2hxy +by* +2gx+2fy+c = 0
d A et Ay 4T Y= d_ (0) Ddifferentiating w.r.t. x ]
p * p (457 +2hxy + by + 2gx+ 2 fy + ¢)=—(0)
- 3(l)+45y+0= 0 d_yz _3 dx ) ) ) dx
% 2 2
= 4L )+ 20 () + b2
& . dx( ) dx(xy) dx(y)
= |—==-=
dx 4

d d. . d. .
+Zga(x)+2fd—x(y)+a(0) =

(i) xy+y" =2 = 4(2x)+2h(xﬂ+y(1)j+b-2yﬂ
Differentiating w.r.t. x dx dx
+2g1)+2 —+0 =0
g+2f &

= 8x+ 214%4?% R zby@i

dy
+2g+2f— =0
e
= 2(hx+by+f)%+2(4x+hy++g)=0
= 2(hx+by+f)?:—2(4x+hy++g)
X

= (hx+by+f)%:—(4x+hy++g)

dy _  4x+thyt++g
dx hx+by+ f

(v)

1
I+ y+yWl+x =0 = x(1+y)2+y(1+x)? =
Differentiating w.r.t. x

=
SR
—) O
N\ \

— xi(1+y)% 4;"(.,1
4 N
W \V\¥ha
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= zeifle ) z;g (1+y) (1) +y —(1+x) 2(1)+(1+x)%% 0
g (L 19t = 0
»%@"TTQMQ—' 2(1+x)?2
X 3|y 3 y
= r+(1+x)2 | = =—|(1+y)2+ -
2(1+y)?2 dx 2(1+x)2
| 220402 (45)? |y _ | 20407 (14 3) 4y
I 2(1+y)? dx 2(1+x)?
_ x+ 20+ 0+ y) [dy _ [2JA+0A+y) +y
| 2J1+y dx 21+ x
_ dy _ 2JU+x0)0+y)+y 21+ y
dx 21+ x x+2JA+x)(1+y)
oy _ Iy (2J+ 0+ ) +y) Anmm oM
- | / o\ \¢ 3,\_\;_
dx \/1+x(x+ 2J(1+x)(1+/y)) (N &
(vi) m Ve \\»\ |

D1ffereq‘a]a’txl\\hgJ R}V'f’[ % o

= 3L (2 -1)+( 2_1)%:x_(x2+4)5+(x2+4)%%
=% y(2x)+(x2—1)d—=x%(x2+4) %(Zx)+(x +4) (D
2 _ ﬂ_ xZ 2 %
= 2xy+(x l)dx (x2+4)5+(x +4)
dy r 3
= -1 = +(x*+4)* —2xy
( )dx (x2+4)% ( )
= ()R X (s af 2y O\
F(#+a)? o Doy C
_ (xz—l)dy %.+‘J,C(,,+4 2@1(_)5 +4) . dy _22° +4=2xyJx’ +4
\]‘({)f“ AR\ (x +4) dx (x2_1)\/x2 +4




functions: ~

(1) x

the following parametric _

Find ﬂ of
dx [\

9+% and y = 6+1

a(l—tz)

1+1¢°

_2bt
144

9

Solution

6’+l
e

(i) Since x

= x = 0+6"

Differentiating x w.r.t.
d

Diff. w.r.t. @
L i(6?+1
do dé

Now by chain rule
dy _ dy do

deé dx

dx
dy dé 6’

= S8 2 1
2,
_ | _ 8
dx 8> —1

a(l—tz)

Since x =

(i1)

Diff. w.r.t. ¢
dx

~EN e\ 3%

ay

N\ )
) v

N\
AN O\
\ V= {

\ WA

(1+t2)(_2f)—(1—t2)(2t)
’ (1+t2)2

2t =28 =2t +2¢
’ (1+t2)2

—4at

E B (1+t2)2 E a —4at

1+1¢°

Diff. w.tt. I~ ~@\0oW
~ [T\ (C\U) )
SN\JICA
bt

J

d d
(1+t2)52bt—2b15(1+t2)

dr\ 1+12

) (1+t2)2
~(1+22)2b01) - 261 (21)

) (1+t2)2

_ 2b+2b1° —4bt* _ 2b—2b1"
_ (1”2)2 (1+t2)2
_2p(1-7%)

(1+7° )2
Now by chain rule
dy _ dy dr

\ B

—4at
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Question # 4 »;
Prove that y% +x= 0 1f . V
YTy tg
) . 1—¢*
Solution Since x = z
1+¢

Differentiating w.r.t. t, we get (solve
yourself as above)

o —u_a_(+r)
dr (th)z dx  —41
Now y = 1?:2

Differentiating w.r.t. 1, we get (solve
yourself as above)

dy 2(1-1%)
dt (1+12)2
Now by chain rule \
dy dy dt
\\J|\|\df\lw )
2(1-#%) (1+t2)
- (1+zr2)2 —4t
42
N dy _ _1-t
dx 2t
Multiplying both sides by y
dy 1-¢
= y— = —y-
ydx # 2t
_  Hm d-r
1+ 2t
dy 1
= y— = —
Y 1+

Questlon # 5
D1fferent1ate

(1) F=—wrt 1"
2
¥

() (1+2*) wrt x°

Gl =t g, T
=1 x+l

) ax+b ax’ +b

(1v) W.r 5
cx+d ax“+d
x*+1

A% w.r.t. x

) x* -1

Solution

(i)  Suppose y = xz—i2 and u=x"
%

Diff. y w.r.t x

= 2

dx

Now diff. u w.rt x
d d
- L)
dx dx
du =4y
dx

Now by chain rule
dy _ dy dx

— ,\-“\ |
— N -t T | 7/
LB \ “\\ ~ \ N\ N |
. \ e L VL (0 D
AN (U U T ™ A T W
dx 1+t A\ )
- \ 1\ \ Y.
\\ \
\ \ T
\ \ \, y




o . AR\
(i) Let y=(1+x) and, wzx VAP e dx du
D1fferent1at10n W W,rt PR _ A (x+1)
2
g ﬁd“( ) (xz—l) 2
4 = - x+1)
n—1 - 2
= n(l1+ —(1+x° 1) (x+1
n( x) dx( X) (x=1)" (x+1)
= n(1+x2)n_1(2x) = |2 - —2x2
- & ()
= 2nx(1+x )
Now differentiating u w.r.t x o ax+b s at+b
i et y= and u=
du :if ) Y cx+d ax”+d
dx  dx Diff. y w.rt. x
= 9y = ;ﬂ:% dy d (ax+bj
u 2x .
Now by chain rule i du\exta o~ m;’*"i;
v _ @ & (cxnt/d)w(awb)ﬂawb) (ex+d)
du dx du Q A \FTir ,v'
y ' y\CAL - U (cx+ d)
s AR NS (et d)(@) (ar+p)(c)
dy (N \Hl (ex+ d)2
= [ A @INRINY
du\\\Tl\\&W(~'| - D\ _acx+ad —acx—bc
(ex+d)
2 —
(i) Let y:x2+i and u = x—i dy _ ad—bc
X — X+ d 2
Diff. y w.r.t x ol e
2 Now diff. u w.r.t x
ﬂ:i(xz-ﬂj du _ d ax*+b
@ B s —l i dx dx\ ax* +d
= Solve yourself = ; x 5 (" +d) G (ax” +b)—(ax” +b) G (ax’ + d)
2 (w2t}
Now diff. u w.rt x . "
du i(x_lj _ (ax +d)(2ax)—(ax +b)(2fl)€)
de  dx\ x+1 (ax +d)
= Solve yourself = = e O ‘[""‘-.."'-Zax(ax& RGN b)
(x+15\ ~70\(0 \ 5 T
s o0 WV By
de _ (x+1)
= _ 2ax(d-b)

Now by clmaih ﬂrﬁ V'
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(ax2+d)2
2ax(d-b) O

dx

du

ad —bc (ax +d)2

AN \TA (
NOW by Chal ru!% \J | \ L)\
du

(C.X+d)2 zax(d_b)
o (ad_bc)(ax2+d)2
— | B _ 2
dx  2ax(cx+d) (d-b)
2
(v) Let y_x +1 o
-1
Diff, y wit x
dy _d[x+1
e 7ol P
= SOlVe yourSelf
el
g0
o dlfww

(o

R

”J‘@ﬁm%
/’_7?{"‘\ '/.f:“. \ \ / @_ \’J_ﬁLx
NN O
‘.\\ B! ) 3x2
dx _ 1
du  3x*
Now by chain rule
by dy dx
du o dn
_—4x 1
- 1
(x-1) 3x
4 -4
= | B A

4 \/ \

. \ O\

/ \ ' = ‘/ \ \ \\ U
\\\/Q\\_{



Exercise 2.5 (Solutmns)page 70 “
Calculus and Analvtlc Geometl:y, MATHEMATICS 12

Some Important Derlvatwe Formulas )

d

* - &H NN [Wheré ¢ is constant

dx J|

d
o —x"=nx""

dx

. iSlnx = cosx oitanx sec? x oicscx——cscxcotx
dx dx dx
d ——¢i ° d = 2 ° d —
* - C0sx=—sinx acotx— cschx o seex= secxtan x
d | 1 . 1 d -1 1
o — Sin"'x= o " Tan'x= o —Sec x=
< dx 1— 3 dx a 14 x2 dx xwx' -1
d 4 ~1 d -1 -1 d 5 -1
o —( = ° — o —( =
5, Cos % — dXCOt X o2 ol e
Question # 1
Difference the following trigonometric functions from the first prlnc;ples\
(1) sin2x (11) tan3x (111) SN2 %;cosﬁlx (1V) cos 12
(v) tan®x (Vu) cos\;ﬁ
Solution (
(i) Suppose y—§u} 2x '
AWy =sin 2(x+5x)
T = Oy=sin2(x+0x)—y
=sin2(x+0x)—sin2x
Dividing both sides by dx
oy _sin(2x+ 20x)—sin2x
0x 0x
) 2x+20x+2x) . (2x+20x—2x
oS sin
B 2 2
B ox
_ 2cos(2x+0x)sin(dx)
B ox
Taking limit as dx — 0
fim 2% = i ZCOS(2x+5,x) S?n.(é),c). :~:r:i;=if¥;
0x—0 5 X 0x—0 5' x A 7
dy Sln (5.?()
—= = 1 2 le
i ; 2 1m cos( x+ } 5
~ AR JM‘ NJ o = i sm(§x)
NNN = =2 hm cos(2x+ ox)- Jim =
= 2 cos(2x+0)-(1) im0

6-0 @
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=

(ii) Let y

:>34+]§
:>5y:

= tg}]"l x \ W2
\ ‘z kanB(x+ 5x)
tan (3x+30x) —tan3x

sin(3x+35x) _ sin3x

_ sin(3x+36x)cos3x—cos(3x+3dx)sin3x

- cos(3x+39x) cos3x
sin(3x+35x—3x)
 cos(3x+35x)cos3x

cos(3x+39x)cos3x
sin(3Jx)

~ cos(3x+38x)cos3x

Dividing by ox

oy 1 sin(3Jx)

Sx  Ox cos (3x+30x)cos3x
Taking limit as 0x — 0

. sin(38x) »
50 8x cos(3x+35x)cos3x A\ @0 (
- \I [ 7o \o
30 /,/ \O
sm( x) 1o 1 - E \ \(n\gand —1ng30nRHS
5)9\.5-.,1 COSJ(3x + 35;6)003. 33< S/ B R
sin(38) 1\ NS
) _\ ’ ﬁv‘\-f?\w,i\iﬁcix \= 850 cos (3x +39x)cos3x
NN 0
e 1
cos(3x+3(0))cos3x
3 3

cos3x cos3x cos’3x

ﬂ =3gsec’ 3x

(111) Let y = sin2x+cos2x
= y+Jy = sin2(x+x)+cos2(x+x)
= sin2(x+6x)+cos2(x+3x)—y
sin2(x+ 0x)+cos2(x+dx)—sin2x—cos2x
[sm 2x+25x)—sm2x] [cos (2x+ 2§x) Qos2x}

2x+20x+2x \( 2x+ 25x 2x \ OO~
2cos = S.m ‘
+| —2sin > Sifi °

= Oy

RN oV
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= 2cos(2x+ 5x)sm(5x) 25}_11(2x h 52) Sln(éx)

.\./' .'. '..'__v (W) l

Dividing by 5x \ \ \
gi; [2005(2x+5x sm éx 5éin(2x+5x)sin(5x):|
Taking. hnlnt ;}sl 155& Uso
3y = Tim— 2¢0s(2x+ &x)sin(8x) — 2sin (2x + &x)sin (5x) |

lim— =
ox—0 5x Sx—0 5x
(5 ™
@ — 2 lim cos(2x+8x) lim $i1(%) _ 5 jim sin(2x + &x) lim sin} §x}
dx Ox—0 Sr—0 5)C Bt . §x
= 2cos(2x+0)- () - 2sin(2x+0)-()  Since lim sinf _ |
= Q = 2cos2x—2sin2x
dx
(iv)  Let y = cosx’
= y+dJy = cos(x+3Jx)’ -
= Jy = cos(x+Jx)’ —cosx’ A\ (C © WO
\i ' /(/ ) ‘\'\_.f;.\_./ E

sif} (x +/3>;I x\ j AL

[ P\ HARXX +\5J>l\+x X+ 2x0x+ 0x* — x*
= A oo sin =
il

VA 2x* +2x0x + Ox* j . sin[ 2x0x+ O0x* J

= —2s8in
2 2

2
= —2gin| x* + x0x+ 6; j-sin(x+%j5x

Dividing by ox

2
_5y = —L-Zsin x>+ x0x + o1 -sin(x+éj§x
ox ox 2 2

xing and +ing (x+%j on R.H.S

2 |l X +_

= — 251n x +x5x+
ox
(x+7)5x

J RS
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Taking limit as dx — 0 o D\ AatA ' Voo~

sin(x+—5x)5x
2
—3% ﬂ=—2ﬁmsin(x2+x5x+5x ]-hm 2 - Iim x+ﬁ
dx dx—0 2 Ix—0 ( 6){) Ix—0 2
x+7 5)(:

= —2sin(x” +(0) +(0))- (D) - (x+ (0))

= ﬂ = —2xsinx’
dx

(v) Let y = tan’x
= y+Jy = tan’(x+5x)

0\

~
—~ 1\
— 7~ O
~( RIRRE RS

= Oy = tan’(xr+5x)~tan’x O
= (tan('x+ J_X)'f" tanx) (Fa]rl(X’*'é.XE) *mx\zl " /// lz'T-\}:i;'\\\:'// -

/ Sln(\xﬁé*x) -5in X
= (t (Jaé‘ 12
(an(x x}anx) éds(x+5x cosx]
WIALSSE :
N sin (x+ dx)cos x — sin xcos (x + 5x)
A \:Jll +5 +t
\J| J i (-t} ame] cos(x+ dx)cosx

sin(x+dx—x)

cos(x+dx)cosx

= (tan(x+Jx)+tanx)-

sinox

= (tan(x+ 5x)+tanx)-

cos(x+ 8x)cosx
Dividing by Jdx
oy
55~ o\
Taking limit when dx — 0

lim 2% = fim L(tan()c+ dx)+tanx)- it o7 e
630 §x 6150 Sy cos(x+ 5x)cosx ~0 0

tan (x+ dx)+ tanx)-[ Sy j

cos(x+ dx)cosx

tan (x + &x) + tan )4 gm sin 5@5 ' TCA! \ oo~
|-k | e
cos(x + 5x) cos x &HO /5x U

B ﬁtan(x+0)+tanx] (1)_ ~tan x + tan x 2tan x
,,H N

= — = lim
dx ox—0

dos|(a'+ 0) cos x cosx-cosx  cos’x
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=% Q = 2tanx sec’x
dx 4

(vi) Let F‘J Wean k-
:>J|)JLF$)’ tan (x + 0x)
= 8y = \fJtan(x+6x) - Vianx

= (\/tan(x+ Ox) _\/tanx)_(\/wn(x—+5x)+\/m]

tan(x+ Ox) ++/tan x

tan (x+ 0x) —tanx
\/tan(x+ Ox) ++/tan x

3 1 .[Sin(x+5x)_sinx]

Jtan(x+3x) ++/tanx (cos(x+dx) cosx

Now do yourself as above.

P . -~ / \ \ (“.‘ ‘,Il. \ i\)
(Vll) Let y = COS\/_ i - '.«-,&/ \ G \\\
~ \'-,I— y',l — {‘"_\‘ 1‘: (‘\‘I g‘ N / \
: y + 5y = COS V x + 5 x ’(\‘._._/_] \ /'; l‘l "“ \'\I "\‘ y'-" \I‘I\ ‘y“, \'\I :I:‘,\, 'l
= Oy = cos 094— é‘x/ —/gos \/— : R

N Rsin [ i
\J N \J|§] '\ ':%
D1V1d1ng by Ox

2sin [\/x+5x+\/_J {x/x+5x—\/;j
Jy

2
ox ox

Taking limit as dx — 0
Sin[\/x+5x +\/;J sin[\/x+5x —\/;j
2 2

lim Q = —21lim
Oox—0 5x ox—0 §x

As 5x=(\/x+ ox +\/;)(\/x+5x—\/;), putting in above
Sin[\/x+5x +\/;J Sin[\/x+5x—\/;J

o = im
T a T T e Ve ar il
[m +»f J sfn(

1

O\ R \\

P
— /,..‘. \,] \

*/;J

M=
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—ul Iv. .'..\. = - 2 \/;
Question # ]1 H T
Differentia tfle followmg w.r.t. the variable involved.
(i) x*secdx (i) tan’ @ sec’& (iii) (sin28 — cos 36’)2 (iv) cos/x ++/sinx
Solution

(i) Assume y = x’secdx
Differentiating w.r.t x

D _ 8 eecix
dx  dx

= x* isec4x + sec 4xix2
dx dx

= x’sec4xtan 4xdi(4x) +secdx (2x)
X

= x“sec4xtan4x(4)+ 2xsecdx A\
N (NN
- —~ 12\ (CLONV
= 2xsec4x(2xtandx+1) NS
= A\ T OV \ A

(ii) Lety = tan’6 S@C &~ v\ \(0.
Diff. W rt @ 0 SRAR\BIS

i 4' ‘Sec 3 \ VU T
7‘%\ A ects

= tan’ Giseczé’+sec2 Qitan%?
de de

= tan’ 0(2 sec Oisec 9) +sec? 8(3 tan> Hitan 6?)
dé dé

= tan’ @(2sec -secOtan §) +sec” §(3tan’ - sec’ 0)
= sec”@tan’ #(2tan’ 6 +3sec’ )

(iii) Let y = (sin26—cos36)
Diff. w.r.t 6

dy - i(sinZH—cos3g)2
d6 ~ de -

2(sin26 — 00536) d (s1n(26’ 00536 | (C

v
N
(

= 2(sin 26?[-1 QOS%)(COS 29\——(29) Tsin 30 d—(38)]
j—- %(]s,uidg cos39)(cos29 (2)+sin36-(3))



= 2(sin26 —cos36)(2cos 26+ 3sin 30 ) - ' TCA o

(iv) Let ¥y = COS\/_ ‘1‘ \ Slﬁx

\ii R j’ q),s(tﬂl & (smx)
Diff, WA

1 1
% = %(cos(x)2 +(sinx)2j
1
LW +%(sinx)

1
2

[SIE

= —sin(x) (sinx)

d
dx
11 -1\ 1 1
- _sin(x)z(—x 2j+—(sinx) 2(cos x)
2 2
_ l( COS X sin\/;J

v \/sinx - \/;

Question # 3
Hm%ﬁ A

e

= A\ ( (\\

/ \\ — \ U
\

(i) y = xcosy (11) ey ycos;g \\Q\I , I/,,/}-.L \\v\

Solution C ‘ W) |

(1) Since y = xcosy\
dy

KIQW[RP y

X
= X—COSy+CoSsy—
dx ’ * dx

. dy
= x(—sin y)— +cos y(1
( y)ak y()

dy . dy } dy
- —4+ XxSInmy— = COS f— 1+]C S1n — = COS
e > & ( s d

d
Y _ Cos.y
dx I+ xsiny

(11) Do yourself as above

Question # 4
Find the derivative w.r.t. “x”

1+x TR § £ .5 AR
(i1) sin WO

1) cos
® 1+2x

Solution

(i) Since y = cos

. AR olE
Diff. W]i’xtlfol“ YN\
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(

dx\ 1+

dy _ d 1+ NICA R
— = —COS ) |

V132 dx

N|—

1
2,
ZxJ

— _gin f1+x _l(l+xj_ i( 1+xj
1+2x 2\1+2x dx\ 14+ 2x
d d
 [T+x 1(1+2xj5 (1+2x) - (1+x) = (1+x)_~(1+2x)
= —S1n " —_— >
1+2x 2\ 1+ x (1+2x)
_ g A (1+2x) 2 ( (1+2x) (1) - (1+ x)(2)
1-+2x 2(1+x)% (1+2x)°
Ly
_ g [Tx (1420)° 1+2x—2—2xJ
- _ , - :
1+2x o(14+x)2( (1+2x) I
1 — [ \". :/./_\' '\.\_\,‘ /: "-L"\ uv
2 = \r —‘//’-:\".\ \\I |‘| |/C-/-" \ 4'}'\-\:-'-7\-_/
= —sin 16 2x ) D L QNN [
(1E2x e - U

| PN

=
'F‘;_’L
N
&
\®}
—_
p—
+ ——=")
N—
D=
—_
[a—
+
N
>
N—
T
=

dy 1 ) 1+ x
= | —=—= 3 Sin
dx  o1+x(1+2x)2 VI+2x
(i1) Do yourself as above.
Question # 5
Differentiate
6)) sinx w.r.t. cotx (i)  sin’x w.r.t. cos’x
Solution

(1) Let y = sinx and u
Diff. y wr.t x
dy
dx

—sinx

cos x ‘
Now diff. u wrt x 7\~




dx 1 N[\
:> _— - 2 \1 'I' \”
du csc x
= —sin’x ‘7:"" '
Now by chain rule;
|\\ \
,Jﬂ ﬁ
du\ dx du
= (cosx)(—sin’x) = —sin’x cosx

(ii) Lety = sinx and u = cos*x

Diff. y w.r.t x
o = isinzx
dx dx
= 2sinxi(sinx) = 2sinx cosx
dx
Now diff. u w.r.t x
du d 4
— = —C0S X
dx dx K/ \\. SO
d N ?,’ \ Qo=
= 4cos’ x—(cosx) = os32 ‘rSmx{ (&30
2208 = rosTH I \

— ‘y\ \u / ‘\. \ .I‘ .\ g8 ‘-,—--
= _4SIIYJ(‘:QS“/_X\/ \ v \ U

\!\@&chos '
Now bwd\ha\ml rule
dy _ dy dx
du dx du

:(2sinxcosx)(— | 3j

4sin xcos™ x

1
= ——sec’x
| 2
Question # 6
If tan y(1+tanx) = 1—tanx, show that % = -1
X
Solution
Since tan y(1+tanx) = 1—tanx
I—-tanx
— tany = ———
I+tanx

1 tanx
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Diff. w.r.t x A ANV o \on

ANN “ “ J’

Questlon #7

If y = \/tanx+\/tanx+\/tanx+...oo , Prove that (2y—1)% = e’ .

Solution
Since y = \/tanx+\/tanx+\/tanx+...oo

Taking square on both sides

¥ = tan x+ / tan x + vtan x + .00
= tanx+\/tanx+\/tanx+x/tanx+...oo

= y2 = tanx+ Yy

Diff. w.r.t x
: :

—y = —(tanx+ )’) N on
dx dx \\\::/'

= (25-1)2 et

Q] \JJ@%

Questlon ¥'8

If x = acos’ @, = bsin’ @, Show that a% +btan@ = 0

Solution
X = acos’@, y = bsin’@
Diff. x w.r.t &
ﬂ = i(acos36?)
dé dé
= a'300829%(C089) = 3acos’ (—sin8)

de —1

s B Pt E = = . .
do dx  3asin@cos” @

Now diff. y w.r.t @ Pen W oy
L (bs n 9) C_;}_ ANV WAVLVN

= b-3sin’ 9;%( m&?) —\Sbsm Hcosﬁ

Now by gl('lapjnl tnile
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P
LQ\
\

~1 \\\ \\} V2~ 3asin&cos” &

AN N Ojja O\
N N an

Question #9
’ dy ’ _ ’ _ .
Find —= if x = a(cost+sint) and y = a(sinz—zcost)

Solution
x = a(cost+sint) and y = a(sint—rcost)

Do yourself

Derivative of inverse trigonometric formulas
. d 1

1y —Sinx=
1) o Sinx

V1-x°

See proof on book page 76

" d .
11 —Cos™ x=
Let y=cos™ x| | wherexe [0,z

= CO\SJNM

Diff. w.rit x

— —siny% =1

icos =
e b4

dy 1
dx siny

e T Since sin y is positive for xe [0, 7]
J1—cos®y

=

V1-x°

1
142

i) é%Ian4x=

) d _ -1
(iv) I Cot 'x= w2 of)

Proof
Let y

= GRN oL

Cotly L
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Diff. wr.t x . D\ )\

Let y = sec'x = secy =
Diff. w.r.t x
dy |

d d

—secy = —x = secytany—

I k x ytany Ee -
& _ 1 \

dx secytany

[ ( J\)
A ™

*secy =
dx +

1

) d ]
(vi) —Csc x=———F——
dx xVx' =1

See on book at page 77

Question # 10

Differentiate w.r.t. "x"

G) Cos'Z Gi) cot' X @ 82
da

a
2
(iv) Sin'V1—-x7 (v) Sec™ ( = +1j (vi) Cot™ (1 =L 2]

=3
vii) Cos™
( ) (1 + 2 j B B /_.-7—\

Solution .~

(i) Let y = COS—‘f
D1ff W.It X

\‘J ‘£1&<J£+1 X
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. 1.—\/':":f;\\| ,. i O 0, \f AN
\A f
-1
Ans
a®>—x°
.. = x
(i) Let y = cot™' =
a
Diff w.r.t x
d _
_y = —cCot =
dx dx a
-1 d(x -1 1d
= s | — | T __(x)
X dx\ a a +x° adx
1+| — 2
- a
—a N
e -3\ @
a+x’ a el ¥ a - /;\——\l | /{3 \ m‘w\u/ )
. l‘\q \ \ \ {\\". \ | >
1 (o \Bave U
(iii) Let y = —Sl”l @* /( Q f\\‘\\} '
\ \ L
Diff. wrt x \ J|Q A\
% \R @ J
a dx X
11 d (a) 1L 220
a & a [x>—q* dx
1 —

( g ) ;(_%) _—; Ans

(iv) Let y = Sin'\1—x*
Diff. wr.t x

b _ dism'1 J1—x°

dx
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2 v/ I' "K/( -
4f x°+1 [ (0
(v) Let y = Sec 1[ . j A M {
Diff. w.r.t x ["‘f-’-l‘. "':“/.f “ \\ -

dy _ N o
\_, @&M ‘{x —lj

1 1x2+12 i(izilj
£ CE
(
1

x* -1 x -1

(5 =1)-2 (2 +1)=(x*+1)-2 (1)

(2 -1) | (#-1)
(

1
1
x* +1 x2+1)2—
% —] (" —1¥
2

{(x _1)(2X)—(x2+1)(2x)}
[x2+1)\/(x4+2x2+1 —(x* +2x* +1) (P =1V

x2 - | P s 1) '.';"' ot _\/ \ \| | /(/ \ \\,f«\
\ ".‘ ql""-\ \ v ‘. (N
( _Q/ .\_3

Zx( 122 I x* )
(x +1) \/x H-\Qx\z—«%l—fx +§x -1 (x —1)
_ N il\\' 2 " —4x —3

W) vae F) = e T ey

(vi) Do yourself as above.

(vii) Do yourself as above.

Question # 11
Show that % Y if L=t E

- x y
Solution
Since 2 = Tan" X = y= xTan' 2
X y y
Diff. wr.t x -
b _ 4 xTan™' = )z D=
dx o
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Question # 12 PP 4(\\
fy= tan(pTan—lx) , show that (1 + X ) 1*/’?& Uo \\v\ )
Solution 0\ ).‘ / \ )

Since y = tan(pTaﬁD‘x) ‘£> Tcm\y /\pTan X
leferentlatmg ﬂ \

\I ) ) I
&Tc’l>i Y= PiTan X
dx

1 d 1 d
1+yZEy =rne = A = pli+y?)
= (1+x2)y1—p(1+y2) =0 Since%:y1




Exercise 2.6, (Solutlons)
Calculus and Analytlc Geometry, MATHEMATICS 12

—
— =

2.10 Derivative of ({weneral Exponentlal Functlon (Page 80)
A functlon geﬁﬂe by
f(x)=a* where a>0, a#1

is called general exponential function.

Suppose y=a*
= y+5y:ax+5x = 5y:ax+5x—y
= Sy=a**% —g* Since y=a"

= Sy=a*(a’* -1)
Dividing by 6x
Sy _a*(@* -1

Sx  Ox
Taking limit as dx— 0
5)7 _ — O o= AI(\
},%E‘og— Jirm,~ IS\
\ L \dy B *—1
t;‘xueo ox l d =a }QO 5 X
]tg i(aX) a\ {lna Since lim*—=Ing
—\l““'\u‘nli“-{ N O dx =0 x

Derivative of Natural Exponential Function
The exponential function f(x)=e", where e=2.71828..., is called Natural

Exponential Function.

Suppose y =¢"
Do yourself ... Just Change a by e in above article. You’ll get
iex = ¢
dx

2.11 Derivative of General Logarithmic Function (page 81)
If a>0,a+#1 and x=a’, then the function defined by y=Ilog,x (x>0) is

called General Logarithmic Function. ) _ R
Suppose =log, x 1\ (CO)
= y+ §y =log, (¥+0%) , :> é'y loga (x+ 5x) y
= 5)/ = loga(x-k&{) logd

1\ \\ 1ega (x+ Ox J Since log, m—log, n=log,
JI-MJl‘-- X )

D1V1d1ng both sides by dx
oy 1 o [x+ 5x]

ﬁxﬁ_x
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Taking limitas x—0 A\l 7\ 0 ’ (G0
oy x+5x U
})lcg ‘c}‘x t )1?:930 §x10g§[ j
BB T Ox
N &L i L iog, (1422
lf?‘ijl N dx 5)162105x Og“( Xx
= lim E-Llog 1+5_x +ing and Xing by x
0x—>0 x Ox & X
dy : ox
— =— —1 1+—
= dx  xorSx Og“( x J
= Lt A lim log 1+5_x B Since mlog, x=log, x
dx X 6x—0 a X g a
dy . X s
= dx—loga[ }I’_I’)IO[I-FT] ]
dy 1 : . 2
= Case log, e Since &g%(ltg?ﬂ—e
d 1 1 A\ 2ON\N\LY
—(1 =— . Since log, b=
= dx( 0g, x) % o | ~Q\ imnce log; g

= %(lﬁgax):/ l \/\\ = “Since log, a=Ina

Derlvatlve £\ t{iﬁ:ﬂl L()garlthmlc Function
Th& Lg\al'fthmlc function f(x)=Ilog, x where ¢=2.71828...1s called Natural

Logarithmic Function. And we write In x instead of log, x for our ease.

Suppose y=Inx
= y+d0y=In(x+dx) = Jdy=In(x+dx)—y
= Ooy=In(x+dx)—Inx
=2 5y:1n(x+5xJ Since = lnm—lnnzln%
%
—ln[1+§—xj
X

Dividing both sides by Jdx

oy 1 ox
ox - Ox 1(”7}

Taking limit as dx — 0 o \ (C\O

[ )
/

J
1’“ ,’“ J.
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<\ ~\ \
W\ \/| | / A\
\ ¥/ ( ¢ \O

) )+ing and xing by x

Since mIn x=In x™

|
Since lim(1+x)*=e
x—0

=

-1 Since Ine=log,e=1

Exercise 2.6 (Questions) B /ﬁ\\q\ﬁ;—;f;-]‘\.n
3 N (WU
—~ [\ (/v Vv
Question # 1 ‘ N[ B\ o=
\\ ¢ \ \ \»\: B,

Find f'(x) if oo AN/ &

() f(x)=e"" O (wiquf/@g).\"‘\:‘?.?xf_(_»;\,{‘;(»x& 0) (iii) f(x) = e*(1+1Inx)
. _ \ ) eax _ e—ax
< f(x')\\Jy-\\lll\éT\‘+' e +e ™
(vii) f(x) = \/ln(e2x+e_2x) Vi) f(x) = In(e> +e>)

Solution

() f@x) = e
Diff. w.r.t x

%f(x) = %e‘/;’l

= £ = e L(fx-1)

X
,— E N

J o) 70 = In(er +e7) (vi) f(x) =

(i) f(x) = x’e*
Diff. w.r.t x

NNNE e

\ \J A\ \ \J
\\\| \ \ -
\ \ ’ \ \

\' | \J
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NI
— \ \} \ \ \ ".‘ N )
= x3€; i[l) +€; (3x2)
dx\ x
1 1
= e (_%j il (3x2) %[éj:%x_l =—X
1 l l
= —xe* +3x’e* = xe* (3x—1) A
(i) f(x) = ¢'(1+Inx)
Diff. w.r.t x
d d
—f(x) = —€e'(1+Inx
el = ( )
g d J .
= (x) = ex_ 1+lnx 1+lnx _ex ‘ N
f 7 )+( ) -\ €O i

X(°+lj*‘1+§22§73§§\/ﬁcﬂ§§j

1+Inx)

= f0 _Mnﬁlgi\;\@\ﬂ\ ar (X)) = & (1"‘)‘(

W

av) f(x) =
Diff. w.r.t x

d d ex
Ef(x) = a[e"%lj

x d . .d/ _,
—, f'(x) _ (e +1)Ee —e a(e +1)

(e_’C +1)2

X

T +1

X

J

(e—x—l-l)ex_ex(e—x(_l)_'_()) ex(e_x+1+€_x)

(e‘x +1)2 (e"

= f(x) = D a0 Dan (ol
@ﬁﬁﬂ WA \BAW Y U

NN NN s

\\J

X —Xx — [\ (( U )
e (26 + 1) “ o //:\\-.\ \\| :r , >\ {\;\:)\_/
{ \ = \ ll .‘ vl ll \ \ \ [



{ A WVAR!
-~ - \ \\ /]
T\ A WAN
~—~ \ ~ \ \\ "
rad N\ \ | | /7 O\ AN/
s N0

N ".I—-‘.II‘ . 7__-\\ { ~N VY 'I { A
¢y P = (e ol e—x) a O ANOWWNY Y
Diff. w.r.t x oD\~ 0\ o3

= ) == _e_x or f'(x) = tanhx tanhx:ex_e
+ e +e
. ax_e—ax
Vi) f(x) = ———
e +e

Diff. w.r.t x

d(e"—e
f( A = dx[e +eaxj AR

— ( " " \
‘\ / )/ \

e

(e‘”‘+e" ) (ew —g ) (e Af:“
() A \((?“xﬂaeﬂ@) s
(ef +e ‘“)(e*"(ai e (@)= (e =) (" @+ e (-a))
WN '\”\ﬁ\ (e +e)
(e +e “x)(e"x+e_“")—a(e“"—e‘“")(e“x_e—wf)
(e“’“+e_“")2
a—(e“x + e‘“x)2 —(e‘”‘ — = )2}
T (e +e=)
al (€™ + e +2¢“e ™) — (" + e — Ze”xe““)]

T (e“x+e_”"‘)2

| @ —2 2 -2
ale®+e " +2—e“—e ‘”+2} w0
= 5 e = =]
— e 1’0 ()
—~[1& (C\OL
A\ "‘. \ "‘. \ |
\J S )

- BSE) Ex-26-5
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(vii)  f(x)
= %f (x)

1 1 2x —2x
- ) +e {2}
2\/ln(ezx +e zx) (e +e_2x)(e ) )
2% _ —2x 2x _ —2%
_ 1 2(6 e ) B (e e ) Ans

2\/1n(ez"+e_2"). (€2x+€_2x) - e e \/ln e “t+e 2’“

5% & 2% —2x
(viii)) f(x) = In (e +e ) R\
/'—"\ /"‘ / \ \ (‘\‘ y", I“.‘i‘,

— 1n(e2x+e_2x)% = f(x)_ﬁz- 1n(e~/+ \4”)//, \\v\f-‘ Inx" =mln x

Now dlff W.I.t X ,f‘}’ T\ Q) \/ SAER)
g\' (ﬂ/_};/‘ 2x \ '\ > R
— — ——ln 4 5 )
dxf (x) = 2dx. ( et )
\]| “\'\ Now do yourself
Questlonﬂ\Z
Find Q if
dx
i) y = X*In'x (i) y = xvInx (i) y = li
nx
2 —
i 3 = Pind @y = In X2 (vi) y = 1n(x+\/x2+1)
X x +1
(vii) y = In(9-x")  (vii) y = ¢ *sin2x (ix) y = e (¥’ +2x> +1)
(X) y = sin x (Xi) y — Se3x—4 (Xil) y — (x+1)x
- Vat =1 (x+1
(xiii) y = (Inx)’ (xiv) y = ~= (f/z )
Solution ( [ (8o~

iy = len\/}

H Hl‘ J'“



,y*«—/;l—x ln \ lnx =mln x

2 W22

P . ~ \
,-—~/ R\ | 4\ A
1\ \ /‘\‘ \'.\ \I / |./C/ \C ,'\

= y = x’In(x)

)
2

1 (x i1nx+1nxixzj
dx dx

1 1 1 1
x-—+Inx(2x)| = =x+xlnx or —x+2xIn/x Ans.
2 X 2 2

(11) y = xvInx

Diff. w.r.t x

L. ix(lnx)%
dx dx
- x—(lnx)%+(lnx)%i(x)
X dx /\
= X —(lnx)_%%(lnx)+(lnx)%(l} é@@&@i@

l
dy i(ij
dx dx\ Inx
lnx@—xilnx lnx(l)—x-l Ty ]
= dx ?'.x = —L = < Answer
(lnx) (lnx) (lnx)
1
(1v) y = x*In—
b
= y=xInx' = y=-xlnx
Now do yourselyf.
: AR
X _1 — / \ (- -'\, o
(v) y=In Fzi A \\"/0_; Ot

’ AN\ N
SRR
". \ ". l‘.‘ \ ’I
\WW )
\ L

o~ )ﬁscmn Y Ex- 2.6 - 7
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2

:>y—lnx
x—|+"D

Now diff. w.r.t x

%U_‘\'l\il 56 -1
[ 2dx {x*+1

_ 1 _ (x2+1)(2x)—(x2—1)(2x)J

2(x* 1) (2 +1)

1 _ 2x (x +1—x +1) N ,‘ \ \\""ﬂ-. WY, s
= T Ceies)

= e ) = (12 () L (1)

1

= 14 (2x) | = R
x+vx*+1 2(x2+1)% ( )J x+\/x2+1( \/x2+1j
1 Vi +1+x

— = —— Answer
x+\/x2+1 \/x2+1 J

(Vii) y = ln (9 e xz) B &/.___\ y P ’/‘-,“j ,I‘-,"(.‘\".‘
. 1A\ (—\ U lL" \
—~ N\ | | — AN
Diff. w.r.t x ~ Nantany /el

A J “
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1 d 1
= —(9—-x*) /= (—2x
9—x" dx( ) 9—x° ( )
ﬂ w2
dx 9 I\
(viii) —y = e **sin2x
—% Q = ie_z’c sin 2x
dx dx
= ¢ isin 2x +sin 2xi Foda
dx dx
= €7 cos2x (2)+sin2x e (=2) = 2¢**(cos2x —sin2x) Answer
(ix) y =¢e" (x3 + 227 +1)
Diff. w.r.t x
D _ ie"‘(x3 +2x° +1)
dx dx
= e"ci(x3 3 2x> +1) +(x3 2" +1)ie_““
dx dx
= (327 +4x+0) (> +2x7 1) - (D)
= ¢ *(3x’ +4x) —(x3 7%’ +1) et = e‘"(3x2 +4x—x —2x° —1)
=lle™=x" + x> +4x —1) Answer
(X) y — xesinx
Diff w.r.t x
Q — ixesinx
dx dx
d sin.x sin x d
= x—e"+eMM —x
dx dx
sin x d . sin x sin x sinx
= x-e"" —sinx+e (1) = x-€" " cosx+e
dx
= ™ (xcosx+1) Answer
(xi) Do yourself
(xii) y = (x+1)

Taking log on both sides
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Iny = 1n(x+1) ( :> lny len(xir)”

Diff w.r.t x (‘) (" \ \\

q&w 2

MR RN 1dy d

’ ) _ x—ln(x+1)+ln(x+1)—
y dx o
= x-L—(x"‘l)*'ln(x_'_l)(D
x+1
2 ()
dx x+1

= (x+1)x[—+ln(x+1)j Answer
x+1
(xiii) y = (Inx)""
Taking log on both sides

Iny = ln(lnx)]nx = Iny = (Inx)- ln(lnx) (A A\

Diff w.r.t x A \\ N | //, \ \\U\

%&J\ﬁ (h*lx)iln(lnx)+1n(lnx)—(1nx)
\\J\l\%\ I
(lnx)-ma(lnx)+ln(lnx)-;
l_i_ln(lnx) _ 1+In(Inx)
B X X N X
Ay _ y[l+ln(1nX)j oy _ (lnx)lnx[1+ln(lnx)]
dx ks, dx x
[ = 1
wivy oy =Xt (cerDe DR (x+])
(x +1) [(x+1)(x2—x+1)]2
P (x+1)%(x—1)%(x+l) (x+1)2(x 1)%

S|

(x+ 1)% (x*—x +1)% L

(x+1)2 (x —x+1)




~ ; ;'K;’( \(: _;\\:
3 O\ \ Y /| // ) N—
o (»7,], / W\ %’ .
= ¥ (x\ 2 7 VAR N\ AR =
(x? ‘56-HI)”2 AN
Takmg log an tmth Sldes
ll i !
(x —x+ 1)2

= ln(x—l)%—ln(xz—erl)%

= lny = %ln(x—l)—gln(xz—x+1)

Now diff. w.r.t x

d 1 d 3 d
4, ~ 2 D) -2 (5 —x+1
b e Ll Gl et
ldy 11 301 dy,
EL. LN L S N S...E Y|
~ ydr | Zx— 1dx( ) 2(x2—x+1)dx(x w+)
1 —‘\ /)/3:(\2?*\)
- 2x-1) _=fo)
2()(,'—1)( )C —%Zji—l L . \" m ,\%(?C/}\) \\ )C x+1)
dy (jﬁ‘*‘l-/}(z”*\l)(:x\"/l) )
= = =y ;
dx Nt Z(X—xllfx f—x+1)

x* —x+1—3(2x2—x—2x+1)

:(xz_m)a'{ o[+ }

X —x+1—-6x"+3x+6x—3 —5x2 +8x—2

-1 34 N 1
2(x—1) 2(xz—x+l)2 Z(x—l)z(xz—x+1)

dy _ 5x> —8x+2

(N[

Ans.

dx 2\/x—1(x2—x+1)%

AT Ex-2.6- 11
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(x = 2)2 x—1 , 1 Gl I ‘;

Now diff. w. L.t x

,,11 ﬂ 'd
dx

dx

= y =

Do yourself

2.1.3 Derivative of Hyperbolic Function (page 85)
The hyperbolic functions are define by

X —X X
e —e e+ e
, XER ; coshx=— , xeR

—X

sinh x =

and tanhx= =——— , x€R
coshx e +e

The reciprocal of these functions are defined as;

1 2 1 2
csch x=— = — , xe R—{0}; sech x= = — , X€R
sinhx e'—e” coshx ex+e *
1 e+e 1)
and cothx= N R— 15 )
tanhx _ € — ei"/(: \a’c'g/ o\ { }\“

and there derivatives are + O ‘,/--51 LU\

(i) —(smh fc) ) effgl’ix

(11) —(cosh x) =sinh x

\\Emﬁwjtéhﬂ x) = sec:h2 (iv)%(coth x)=—csch® x

(V)di(sech x) = —sech xtanh x (Vi)%(csch x) =— cschx coth x
&

Proof:
. d , . d(e" —e” d(1, . _, 1ad; o
0 )=t o e o) | e o)

=l(iex—ie_x)=l(ex—e‘x/ e_x)
dx dx

:(e Lh choshx
2

(i) Similar as above.
(ii1) See the below (iv) proof.

(IV) —COth X=— — I \§ “‘.\’ | “/{'; \ _ Qe

g —g™ ¢

J
1’“ ,’“ J.



_ond o A WAL AN Y &) _
(e —e )i dere Dlerme ) (e —e)

—

QARRN :‘iﬁij-:"\':\ij»-' (ex—e & J(e" +e (D) (e +e)(e —e (=)

(e" —e_’c)2 —(ex -i—e_x)2

(ex —e " )2

(¥ +e =2efe )= (e + e +2e"e™)

(o)

a (ex +e_x)(ex +e_x) a (ex +e"‘) (ex +e_x)
= —sech xtanh x

(vi) Do yourself as above (v).

o AselijEx- 2.6 - 13

2.14 Derivative of Inverse Hyperbolic Function (page 86)
) isinh_l x= 1
dx

N1+ X2

1

d
ii) —cosh™' x=
(i1) I

.o d 1
i11) —tanh™ x=
Gif) - tanh " oy

PN NAR
N A
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Proof: 0\ \ \\L
(i) Le.t“ “)M:smh Y = s1nhy x
WN N khfferentlate w.I.t. X.

1
ismhy:ix = coshyﬂzl ﬂz
dx dx dx dx coshy
—  BF 1 "+ cosh’ x—sinh*x=1
dx \[1+sinh®y
dy 1

E_m > sinhy=x
(11) Do yourself as above.

(111) Do yourself as (iv) below or see book at page 88.
(iv) Let y=coth’'x = cothy=x

differentiate w.r.t. x

d d
— cothy=—x = —csch?
Ze 0 & ¥

x —\ .
dx —(c y _1.} \\ oA
= N : 5
\ ,_y;]\] '\ﬁ-[\ bth y+1 1 coth y
\ J
" rcothy=x
dx X
(v)  Suppose y=sech'x = sechy=x
differentiate w.r.t. x
1
isechy:ix = —sechytanhyﬂzl = Qz
dx dx dx dx —sechytanhy
— ﬂ= 1 + 1—tanh® y =sech’ y
dx  sech y\/l —tanh’ y
dy -1

— rsechy=x
dx  x1-x*

(vi) Do yourself as above
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\:(:\\ "' | ( \_, A\
Question # 3 ""'-‘\\\ (el
Find ﬂ if A e
(1) y= CQS}‘J.;ZJ.)@]";\{\'J_.‘}QJ‘| (11) y: sinh3x (iii) y = tanh'(sin x),—£< g
VA 2 2
(iv) y = —sinh_l(x3) (V)y:(lntanhx) (v1) ¥ o= sinh™! (.g.j
Solution
(1) y= cosh2x
Diff. w.r.t x
ﬂ B iCOSh 2x = Q: sinh 2xi(2x) = Q = 2sinh2x
dx dx dx dx dx
(i1) Do yourself
(iii) y = tanh'(sin x) = tanhy = sinx
Diff. w.r.t x ,v(—\\c;,\
\r'—“'&;“\\'\ /"j/ \\ W\ D \ U
‘Tﬂ'\ “\ ’-,"\/1 \ e O (’\\/ -

70 @95 oL
N\ dx\\ sech2
| - cosh®@—sinh* @ =1
. 1—tanh”> @ =sech” @
* sinx=tanhy

(iv)

¥ coshzy smh/zy*\i

T\ (<2 \ AN
W\ ' A ". € \.\q /
\ | o/ \ ‘7_, -

A\ R
VWO | \ N
\ \ A\ |
\ |\ |
\\ S
vl -
J/

J
L/
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VoXe\
WO
f% \)(V@@’\
3x2 3@ W W\ <\ -
el R O o
G
\_ \
W) %VN\NN T Bagenlf
vi = sinh™'| > = sinhy =
(vi) y [2) 772
Now diff w.r.t x
isinhy = i(fj = coshyﬂ = .
dx &\ 2 o2
LAy
dx 2coshy "+ cosh? y—sinh? y=1
- 1 <. cosh® y=1+sinh” y
2|/1+sinh’ y

1 ) L
_ _ — Ans
2\/1 +(x/2) 2\/(4 :—\x )[ﬁ/\‘&ff/%\ @

P O
o T

0
<\ RONLL
o A\r Q\‘r/ @ko@@M )
\/\ﬂ/\m\ \\\\/‘f"
) YZARRSA\ 2L
AR
N BB
[ j\J o
W
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Question # 1 AR L
Find y, 1f_ J .'%.f\:},j!
J|

\»...J A\

@Dy = 2% —3x £45° 4 x—~2 (il) y = (2x+5)% (iii) y = \/}+L
Jx

Solution
(1) y = 2% =3x* +4x° +x-2
Diff. w.r.t x
dy i(Zx
dx
=y = 2(5x")-3(4x") +4(3x°) +1-0
= 10x* —12x" +12x* +1
Again diff. w.r.t x

5—3x4+4x3+x—2)

i 4 o~ ~E00
L = _(10 1207 +12x° + 1) o~V &/;"',j--«, \ o=
dx dx ‘e T\ (_ I"'.‘\\]\ [N b

=y = 10(4x)12(3¢° )+12(2x)-b0\
= 40)1c “ 36x +24x Ans
VR VN 3
(i1) y = (2x+5)2
Diff. w.r.t x

3
dx d

2 4

X
=y = %(2x+5)5_ %(2x+5)

. %(2“5)]5(2): 3(2x+5)>

Again diff. w.r.t x

1
D~ 34 0pes)p
dx dx

= %= 3%(2“ ) 2<2> T

LIRYS \ﬂwl

o=

1 _
=y = ( )? +(x)
Diff. w.r.t x
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. NV ZARCE
d d o N\an0tn W (a0
poals [(x)z +(x)] 77T R )
Agmndﬁfwuw;xlﬁx”' 0O\ B
d% [ 2 2}
= pr) Bhy 0
ln ! W ¥ (
1 3 3, .5
= . 4 P 2
= 3, = 5|50 200
_ 3] _af=xe3] 5, = 37X
4 x% x% 4 x% i 3
Question # 2
Find y, if
i) p = 26" (i) y = h{ij:;j
Solution
(1) y — x2 e—x
Diff. wr.t x S\ (P (O
dy _ d , A A \I 4 //, v\
a B Ex ¢ T\:-"‘. ‘4/(7_-'-\/—‘\ ‘/ -‘!1‘ ‘Il“-‘q"-‘:ql\".‘ \l \'«, "-\ y".l ‘I'-‘ "5 ) |y /\V—
a-\ VU '\ S
= = é\)x +é(\ -\ ‘ \ "
M x° dx | dxm \\
w\ xf*i‘Kal)+e (2x)
VN ( x-+2x)
Again diff. w.r.t x
i ie‘"(—x2 +2x)
dx dx
Y, = é“é%(—x2+2x)+(—x2+2x)§&éﬂ
= ¢ (-2x+2)+(—x" +2x)e (=D
= é“02x+2+x2—2ﬂ
= e_"(x2 —4x+ 2)
2x+3 N
i =1 A0
o g n[3x T 2j e\ VB
=y ==ln(2x4—3)—ln(3x+§gljfy~-vaf}l\\fifQ .

Diff. w.r.t x

\\ V \ \ ™~ \
A~ N\

/-\ . \ \
i1n(2.x:+ 3) —ﬁln(sx - 2)

It PSS e

2x+3

1
3x+2
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D _ o dioh] ‘3-')’ B3 50y
AR NN dx
By, = 22043 @ -3 -(3x+2) 7 B
= Py = — 4 + s Ans.

(2x+3)"  (3x+2)°
_ —4(3x+2) +9(3x+2)

(2x+3)*(3x+2)°
—4(9x% +12x+4) +9(4x> +12x+9)°
- (2x+3)’ (3x+2)
| —36x%—48x—16+36x> +108x+81 60x + 65 .
(2x+3)" (3x+2)’ (2x+3)" (3x+2)’ '
N
1- 1—«/‘_:‘(:\'_\\;- ;'KI;' o\ \v\
Diff. w.r.t x o\ (m.;-f ﬁ \\\ e
dy _ 1\?1_4
l N ﬁl + x}
By solv g, you will get (differentiate here)
— _3
= 5 = A _-xP(+x)7
(1-x)2 (1+x)2
Again diff. w.r.t x
B L
5 -
= = —(1—x)_%%(1+x)_% —(1+x) 2%(1-@ 2
_3 _3 -3
_ _(1-x) (—%(1 )3 (1>j _(1+x)3 (_%(1 ) <_1>j
3 1
= 1 5 3 E A\
2(1—x)2 (1+x)2 2(1 +x)2(1- x)2 B WO

L x) Ad+x) _ 3 3x—&1 x CAL o

2(1- ,x) (1+x)2"‘

A WS,
E|RAgee: ;s

H ‘i“m %) (1+X)2 (1-x)2 (1+x)
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Question # 3 ~ o A\ nin \\ [ (©307
Find y, if . \\ 70 (Q\BIV Y U
G x*+y? = \BR (iii) x =acos@,y = asiné
(iv) x\vcﬁ‘\},,&l— bf4 V) X*+y*+2gx+2fy+c=0
Solutwﬁ\l INANA
(1) x° + y = &
Diff. w.r.t x
i(JCz-i-yz) = ia2 = 2x+2yﬂ =0
dx dx dx
X

= 2yy» = -2 = n»n = y

Again diff. w.r.t x

g _ D
:ﬂ:_iﬁ =y, = — dxzdx
dx dx\ y :

W’\\Nﬂg}q’l y +x
W32 (22
y* -
\
X +y2j
- 3 Ans
¥y
a o |
h yzz_? Xty =a
(ii) Fm g g8
lef. W.I.t X
i —y?) = i 3
dx (x y ) dx P <0
(G

Again d1ff \ Wi NR' \\ )\

AN R



= asinf

X = acos@ , y

(iii)
Diff. ;xw.r.t Hd Diff y wort 6
= a——cos@ dy d .
de de — = a——siné
= —asinéd deo dé p
= acos
_, 40 _ __1
dx asin @
Now by chain rule
& _ & e
dx deé dx
= acosf __1 PRGN
asin@ AN L
(._):\“\:)\__,

Now diff. y, w.r.t 6
dy, d.
— = —ycote N\ Vv

RN RN
=y F jkeosec? o=
w'N}\\",IX@W\ =
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\/’_f \f IJ? 2 \:\1:
= cosec H — an
~\ ( \asin 6’)
O\\rA \\
l ”\j. R; "asin’® @
(1V) ® = g , Wy = b
Diff. x w.r.t r Diff. y w.r.t z
dx dad »
— = a—t1t dy & .
dr dt s = b;(t )
= 22qat J t3
ar 1 = 4br
dx 2at
Now by chain rule
day _ dy _ar
dx dr dx
— AR .t e g e 2”2
2at /—\‘. —/\\a
Now diff. y, w.r.t x o \\ \\| ,KI/',/ \U\
dyl_2bd(2,) \,2')”
dx [\ -2\ K& O acﬁ
AW\ 2B 1 2b
AR 22y =y, = =
. |\\\| NN'\l\ a 2at a
v) ‘ X+ 3y’ +2gx+2fH+c=0

d 2 2 d
= —(x" + +2ox+ 2 +c)=—(0
l( y g Jy ) x,()
dy dy
— 2x+2y—+2o(D+2F—+0=0
yZ g Vi =

(2y+2f)il—‘;+(2x+2g)

(2y+2f)% — —{Zx+3g)

2 2
W (2x+2eg) . xtg
dx (2y+2f) y+J,5 A

Again diff. w.r.t x

(y+ f)°
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\\—\x+g
y+f

) NOLPY +(x+) 2 2
_ y+f _ b+ f)+(x+g) e
B o 3
(y+£) (y+1)
OR v, = Y2+ X+ 2xg+ g0
2 (y+f)
3 (x2+y2+2gx+2j‘y+c)—c+f2+g2
(y+f)
2 2
— _O—(c++ff)4;g v FF P Dert D=0
y
B__ .9
— 2 Y 5 = c f g_ Al’ls s PN
(y " f) (] &i;——; \ (~ ./‘(T\'\ \:I\I"‘E,“"‘- }3 I“':I-"
Question # 4 (_\ "‘lﬂ?-“‘-\\"-. N | (/} oo~
(i) y = sin3x A (iﬂyJ“:COs\kx 27 i) y = In(x*—9)

’\ J' \“ ,". '-,._‘
Solutton\\ J |\J N N
(i) AN NJ o
Diff. w.r.t x

& . i(sin 3x)
dx dx

= y, = cos3x(3) = y, = 3cos3x
Again diff. w.r.t x
dy,
dx
Again diff. w.r.t x

LI
dx dx
= y; =—9cos3x(3) = y, = —27cos3x
Again diff. w.r.t x
D _
dx A\ \ ,.__,.
= |y, = 8lsin 3x ‘ 7 “ \\\ '-j”‘"l

= 3%00s3x = y, =3(-sin3x(3)) = y, = —9sin3x

A )
B 'I .

27%cos3x =3 y4 :‘_27(*Sln3x (3))' \,/,

:\J “
) oblke

Diff w.r.t x
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Q = i( cos’ x)

s

( /x- \ ¥ \\

= ¥y = 3(c?ls lx\)ﬁéwsxl

iN,:Q*i’ jé(cos x)( sin x)

= y = 3(1—sm x)(—smx) = y, = —3sinx+3sin’x

Again diff. w.r.t x

B —Sisinx+ SisinE’ X
dx dx dx

: d .
= y, = —3cosx+9sin® x—sinx
? dx

= y, = —3(:osx+9(1—coszx)cosx

= —3cosx+9cosx—9cos’x = 6cosx—9cos’x
Again diff. w.r.t x

d d d
D2~ 62 cosx—9-% cos® x ﬁ;—sf;-f.,\.l
dx dx dx 3 ,/,- (ON\LY

& - 1"‘/_ \\ \d, ,/// A\ s
= y, = 6(—s1nx)—9( 3sm)(r+3s ) ‘\ (Cos’ x)——3smx+3s1n x

\
\
|\ \ \ )

= —6s1n)x+2/:/‘§(mm \EQS %) = 21sin x—27sin’ x

Again diff. w.r.t x

&P\@—U\Zi\ sin x — 27%sm X

= ¥ = 21(c0sx)—27(3sin2x)%sinx

= 2lcosx—81sin’ x(cosx) = 2lcosx—81(1—cos’ x)(cosx)

= 2lcosx—8lcosx+8lcos’x = —60cosx+54cos® x
Alternative:
y = cos’ x

Since cos3x = 4cos’x—3cosx

1
= cos3x—3cosx = 4cos’x = cos’x = Z(cos3x—3cosx)

Therefore
1 rarlal
y = Z(COS 3)C— 3COS -x) ,\T\ \ P :/(':.‘ : , , I,
P ’;“\\J‘ |'. / \ "_'."/"\.:f' L
Now diff. w.r.t x o N\an i€
dy 1 d )\ ‘d ‘\'. ,v’(-"," ._.- \ I". \ L ¢ ,-._,Ii' ".‘__y - l‘— |
= —| =008 3x~3rCosx\\ -
dx 4(7 SR T TR

VR J' “ B\B\= R Do yourself
lc NN '



'
(iii) y = In(x*-9) O AN TWONY
= ln[ X r‘F'x3) .(.”“”3)] ’ In(x+3)+ln( x— 3)

Diff. wrtx o \BARAS

dyl N NEEA J]l K d

3\ £ 3 +—1In 3
%Ct ¥ n(x ) i (x—3)
I S
N x+3 x-3

= (x+3)" +(x=3)"
Again diff w.r.t x

A, o e R ey
dx dx dx

= y,= —(x+3)" —(x-3)"
Again diff. w.r.t x

= ) )T = = 2(x3) 4 2(x-3)”
Again diff. w.r.t x . /_/A\y\

dy, d =3 d -3 ™ \I 'K/f\ \/\-7\\:// =

— = 2—(x+3) +2— (@0~

dx rasl agx(x )/ \ [

= 3, = 2(-3( xaﬁ) )%2( 3 \,.*\3)?)

\ *@\l ! 1 ns
\”\m;;g) (x+3) 6|:(x+3)4+(x+3)4:| e

Question # 5
If x=sin®, y=sinmé@, Show that (1-x*)y,—xy, + m’y = 0
Solution % = S o sns i), y = sinmé ........ (i1)

From (i) @=sin"' x , putting in (i1)
y = sin(msin_1 x)
Diff. w.r.t x

Do isinm(sin‘l x)
dx  dx
= y = c:os(msin_l x)imsin_lx
= cos(msin”!x) - AN eON
1_/4;._(2 \ A\ /‘./:'.\\".\\:\\’ ‘.' (/, ) o
= yl-x’= mcos(msm (0 \SR\NARR)
Taking square on both Sldf{S AN
B (1 ]‘x”)h: m? dols (msm x)

NN

‘Iyl (1 X ) m’ (1 sin*(msin” x)) + cos’x=1-sin’x
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= (=)= (1-7) omhrp)| 1\
Now again diff. w.r.. "\ —“ | fsoaess

yf(—2x)+(1—x2)2yl%—
—2xy) +(1-%%)2y,y, = —2m’yy,

23 (o +(1=%)3) = 231 (')

— Xy, +(1—x2)y2 = —m’y
(1—x2)yz—xy1 +m’y = 0 Proved

b4 4 U

U

Question # 6
If y = e'sinx, show that

Solution y = e'sinx
Diff. w.r.t x

dy d Q\\
b _d 5 31

AT It\fﬁﬂ
\\\JI\QI’\J \ smx+smx%e

= e‘cosx+sinx e’ = € (cosx+sinx)
Again diff. w.r.t x

d [dyj d . .
—| — | = —e"(cosx+sinx)
dx\ dx dx

2
=> dgj = exi(cosx+sinx)+(cosx+sinx)iex
dx dx dx
= " (—sinx+cosx)+(cosx+sinx)e® = e*(—sinx+cosx+ cosx+sinx)
= ¢"(2cosx) = 2e*cosx
Now

2
LHS = 92 oD o,
dx® dx

= 2e"cosx—2¢e" (cosx+slnx)+2e gmx

= 2¢" (cos,x cosx—smx+81nx)

Proved

Questlon # 7
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\\‘1 ‘:‘r&‘;\; ) i
If y = e"sinbx, show that ¥ -. 2‘[1—2;*( 3 ﬁbz)y IO
Solution y = e » \\
Diff. w.r lt XA j»‘~:_\:._V.J'..‘_-\:‘:‘J AR
A @ =—e" sinbx
dx

= isin bx +sin bxi e = e“ cosbx(b)+sinbxe“ (a)

= ™ (bcosbx+asinbx)
Again diff. w.r.t x
i(ﬂ) _ e (bcosbx +asinbx)

dx\ dx dx
dZ d d
= —= = ™ — (bcosbx+asinbx)+(bcosbx+ asinbx)aeax

bsmbx(b) +acosbx(b) )+ (bcosbx+ asinbx )e“x (@)

2sinbx + abcosbx+ abcosbx + a smbx )

i u& ~ \‘. (
--\,\_'f\

e (-

e (=b

(2abcosbx+a smbx bzsﬁfbx)\\ [ (e)o

( abco§m+ ) S;nbxvaf $inbx'=b? smbx)
= [Za(boosbx+asmbx) (a +b2)smbx}

\\J\IN\I' J'\Za’;e *(beosbx +asinbx)—(a” +b” ) e sinbx
d’ d d’ d
— dxf - 282 (a +b2)y —% dxg—2a£y+(a2+b2)y =

Question # 8
Ify = (Cos‘lx)z, prove that (1— xz)y2 —xy,—2=0

. ~1_7\2
Solution y= (Cos x)
Diff. wrt x
ﬂ = %(Cos‘lx)2 = y = 2(Cos_1x)%Cos_1x

=
~= 3 = 2(C0s_1x)‘ ! > = yl-x° =—2(Cos_1x)
1—x%
On squaring both sides e\ 20

2 ) \
2 2 =i C—~ NN /7 \~
Vi (1 - ) = 4(Cos x) A~ anlo W/ (Eae

Agaln diff. w.r.t x ! \\L) N

W u—wzéﬁ x) vy
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2 . . d *Wfﬁ,
= (1-2*)—n +Ay dx qu} "43}1 RS,

\ ,
= (1 Xz) 2?7 Zéyxjf)ﬁ (_2x) —4y1 = 2y1|:(1 X )yz_xyl] =4y
3,(1@&5 xy,—2 =0

Question # 9

If y = acos(Inx)+bsin(Inx),

2 dzy dy
dx’
Solution y = acos(Inx)+bsin(Inx)
Diff. w.r.t x
dy

= aicos(ln x)+ 52 _sin (Inx)
dx dx dx

= a[—sin(ln x)]di(lnx) + bcos(lnx)%(lnx)
x

= —azsin(lnx)l+bcos(lnx)l
x

—~ A0
o | 1A _=xf 2 (Cdies
= X P i asin(Inx)+ bco s gln x) ; Q (o=
Again diff. w.r.t x O\ (,ﬁ/—‘/:x,_"‘\,l V[ \\ } "\\_ AV - U
i[ e d Sm (lni’l‘c)"'bxl—ICOS(ln x)
N
= X%ﬁﬁij flx [Zﬁj —acos(lnx)%(ln x) +b(_Sin(lnx))%(lnx)
2
= d—f+ﬂ . (1) = —acos(lnx) 'l—bSin(lnx) l
* x
: 2
= sz +% = —%(acos(lnx) +bsin(lnx)) s ccl;xg) " x% _
2 d7y dy
2
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~‘ / .‘ .. .g -_..J ||

Taylor Series Expans‘lon of F unctlo\l
{4 WD+ 2 0+ 2 0o

Maclaurin Series

2 3
f(x)= £(0)+ x£(0) +% £7(0) + % FTO)+ ...

Question # 1
Apply the Maclaurin series expansion to prove that:

i) Ind+x)= x—>+2 %X, .

2 4 6
X X X

(i) eosx= 1-=—F=——4qt
24l 6!

3

(i) Vl+x=1 RIS A\ RONLY

8 16 Y N IZARE
7\ Al 'l'. ) \ ‘I‘. ( \'. \_ i

(v) &~ :
\\ NN
A\ \ \

Solutwﬁ
@) Let f(x) = In(0l+x)
= f(0) = Ind+0) =

iz = %ln(1+x) _—
b
1+0

e = (1)
= f70) = -(1+0)"= -1
f(x) = i[_(prx)‘z} = +2(1+x)"
= 70) = 2(1+0)° = ' I (
f(tv)( ) — diz 1+_x) §1+X) =

= ") rJ%(14—0) T = -6
By Madauﬂn series

= f(0) = =1

-1

= —(1+x)”
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N TN
fO= f(0)+xf (O)-E——f\(ﬂ)+—af (0)+ ......
3 4
= ln(lwl— w) I\ '0+x(1) +—( 1 +—!(2) +Z(—6) T

B x x3 5 z
= 17320 T a2 O

x2 x3 x4
= X— =t

2 3 4

(1) Let f(x) = cosx = f(0) = cos(0) =

Flx) = icosx = —sinx = f/(0) = —sin(0) =

dx
X)) = di(—sinx) = —cosx — F(0) = —cos(O)
X ~2)
f7(x) = i(—cosx) = +singe~,, \\{'”CQK) —R\:‘S\Hﬁ’(ﬁ)
dx o /_:u
FEN, = %smx\ CQ&y f(“’)(x) = cos(0) =
(wﬁa}\li&”\v—cosx - —sinx = f"(x) = —sin(0) =
0 = di(—sinx) = —cosx = f"7(0) = —cos(0) = —
X
Now by Maclaurin series
2 3
f )= f(0)+xf(0) +% F70)+ % FrO)+ ...
2 3 4 5 6
— cosx = 1+x(0)+%(—1)+%(O)+Z—!(l)+%(0)+2—!(—l)+
2 4 6
= 1+0- 2 +0+2+0-2+
T X

Il
[E
|

(iii) Let f(x) = V1+x

'l

0 0\

' e
FRY ) Q(ler)%

_ %(1+x)_2(1) _ %(1”)“%
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- ( \\JU /U W«
\ ~ \ \\ =/~
\ \’ | / ("", \ ;’\‘\___./
\\ N || -./\ 1O
\ [\ S
J
|
J
f

= f7(0) = 2(1+0)3 =2

Now by Maclaurin series

—~\ ¢ \
s / \\ V/(‘:) I/(_\‘ \l I\I‘ lI\I I‘I ') I',J‘
12 (1), #3, ~N][3Z\ O
1+x = 1+x- 5 + ? . W w (ﬂ \".I \ | '\C}\,JU -

o) f“( j (P
= 1+ x SRR B ==+
2 _'2‘- X 4 6 8

W N O
QJ '\J \’\ x3

2816

F(x)= £(0)+ x£'(0) + %f”(O) +%f”’(0) +

(iv) Let f(x) =¢e' = f(0) =€ =1
f(x) = —(e)=¢ = f(0)=¢€ =1
Fx) = L(e) = = f(0) =& =1
f7(x) = E(e”) =g = =¥ =1

By Maclaurin series

F(x)= F(O)+xf'(0) + %f”(O) +%f”(0) "

— —
x2 .x3 M\ 1\ 1'—\/':7-‘\:;;: \\\; |'| &.’;’CJ/‘ ‘I \‘.\\I:: ’.\\#
= ¢ = L+a+Z O+ \0 ()N [

) =€ = f0) = &0 =€ =1

(er) — 9

S
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= f(0) = 267 = 2(1) SRR
f(x )J 1,2;[;( i );:2(2& ) o
N
SNR) < 4 = 4q) -
m _ d 2x\ _ 2x) _ Q2%
f7(x) = 4E(e ) —4(26 )—86
= f7(0) =8 =38
By Maclaurin series
N R
f(x) = f0)+xf (O)+§f (0)+§f 0)+......
2 3
2% _ & X
= e = 1+x2)+ 2!(4)+ 3!(8)+ .....
_ 4x*  8x°
= 1+2x+ 7 T ? T s 50 . A
Question # 2 A A 15«//17:j(’\\n"-;"?;g},:"'-.5 \g\“ L
Show that O & e \ |
3 \
cos(x+h) = cosx hsmxH*—éo\Ser—smx—l— ......
(x+h) ars 3
and eva@q}ﬂtj&l bg\é
Solution  Let f(x) = cosx
‘(x) = —cosx = —sinx
Flx) = 4
» d .
f7(x) = ——sinx = —cosx
dx
f7(x) = ——cosx = —(-sinx) = sinx
dx
By Taylor series
n n
f(x+h)=f(x)+hf (x)+§f (x)+§f (x)+....
| K . X1
= cos(x+h) = cosx+h(—sinx)+?( cosx) 3 (S1nx)+ ......
= cos(x+h cosx hs +—oosx+—smx+ ......
( ) 2 ST m P 3
Put x5 601 WARASD _@ = 0.01745 rad
0.01745)’ 0.01745)’
cos(60+1):cos6()—(0.0l745)sin60—(—)cos60+¥sin60+ ......

2 3
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Increasing and Decreaslng Functlon (Page 104)
Let f bey d@ﬂmed on an‘interval (a,b) and let x,,x,€ (a,b). Then

1. f‘isincreasing on the interval (a,b) if f(x,)> f(x) whenever x, > x,

2. f is decreasing on the interval (a,b) if f(x,)< f(x) whenever x, > x,

Theorem (Page 105)
Let f be differentiable on the open interval (a,b).

1- f is increasing on (a,b) if £(x)>0 for each xe (a,b).
2- f is decreasing on (a,b) if f'(x)<0 for each xe (a,b).

First Derivative Test (Page 109)
Let f be differentiable in neighbourhood of ¢, where

fc) =0.

1. The function has relative maxima at x=c if f (x) > O_, AN

before x=c and f'(x)<0 afterx ) \' ( «::7“5-‘:-'5”‘*"" I | )
2. The function has relative mlnrma at x X c 1f f (x) <0
before x=c¢ and f (x)>0 aft&\x Tl

Second Derlvallfl\qg (est. (Page 111)
Let f\ bé‘dlfferentml function in a neighbourhood of ¢, where f'(¢)=0. Then

1- f has relative maxima at ¢ if f"(¢)<0.
2- f has relative minima at ¢ if f7(c)>0.

Question # 1
Determine the intervals in which f is increasing or decreasing for the domain

mentioned in each case.

(1) f(x) = sinx ; X€E [—7r,7r]
(if) f(x)=cosx ; (—%%} )

_ 2 cosx < 0 cosx > 0
(111) f(-x) = 4 —X 3 xXe [—2, 2] 2ndquad z lstqued.
) F() = £e3re2s welad] o |
Solution o NN @I ,

WAV -7
@  f) =sinx T\ 3 0\ xe[%z] 3rd quad. 2
= fF cméx cosx < 0 c;‘iqf%
Put f(x) = 0= cosx=0 \
= x=-Z %
272
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So we have sub- mtervals 2 ‘7[ 17 ”,E —7?— 7 |
Fx)= cosxﬁ OJW]peneVer xe (—71’ ~%)
H
So f is decreasmg on the interval (—7[ —%)
f'(x) =cosx>0 whenever xe( 72[ 72[]
V4
So f is increasing on the interval [_E 5)
f’(x)=cosx>0 whenever xe ( j
So f is decreasing on the interval ( > j
T 7 a0
(i) f(x)=cosx ; (—5,5) B NGO
A NN | 7o \oo~
B oo AN\ E-C
= f(x)=-sinx A A~ WA WAV Y
Put f'(x)=0 = sife=0 :> s\i p =0 x =0
‘ \ \".. _.\ O

So we have subﬂ]m]?wal@j ( )z
QNN NN
Now f (x) =—sinx >0 whenever xe ( %,0)

So f isincreasing on (—%,Oj

f’(x) =—sinx <0 whenever xe (O,%)

So f is decreasing on [O,%).
Gi) f=4-x* ;  xe[-2.2]
= f(x) = =2x
Put f'(x)=0 = -2x=0 = x=0
So we have subintervals (—2,0) and (0, 2) e O
- f(x)=-2x>0 whenever X€ (42 O) NN YA
. f is increasing om the 1merval (—\
Also f'(x)=-2x: 0 whenever e (0, 2)

s F IS dquﬁémg o1 (0,2)
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i{-;" &;; ot

iv) f(x) = X + 3332 |

= f(x) = 2x+ R\R\S)S

Put f(gd)—ib :> 2x+3 0 = x=-— ;

So we have sub-intervals (—4,—%) and (—%,1)

Now f’(x)=2x+3<0 whenever xe (—4,—%)

: : 3

So f is decreasing on [—4,—5)

Also f’(x)>0 whenever xe (—%,1)

Therefore f is increasing on (—%,1).
Question # 2 S—— (\
Ind the extreme values of the followmg funcuons defmed \axs‘ 75\ ‘,:;-\‘5;_5-\1?’/" o
(i) f=1-% ) S W ﬂM\ -
(iii) f(x) = 5x° —6x+2 : ",\GKV) f (x} =3y
v) f(x) =3x° —4x@5 ) (vi) f(x) = 2x° —2x* —36x+3
(vii) f(JQ ‘#ﬁ\)&ﬁ‘“ i (viil) f(x) = (x—2) (x—l)
(ix) f(x) = 5+3x—-x°
Solution

(i) fx)=1-x
Diff. w.r.t x
f(x) =-3x" ....... (1)
For stationary points, put f'(x) = 0
= 3 =0 = zg=0
Diff (i) w.r.t x

f(x)=—6x .......... (i)
Now put x=0 in (i1)

f7(0)=-6(0)=0
So second derivative test fails to determinate the extreme pomts ONLY
Put x=0—-&=-¢ in (i) ' /- '

' (x)=-3(-&)* = 35 <O A\ YA\ Y )
Put x=0+¢&=¢€ in (z’) \

f)==3)? & ~—38 <O
As f’ (gc) qlpe@i tnért éhange its sign before and afterx=0.




FSc-1I / Ex- 2.9 - 4 o~ A
«/""‘ :‘-;_\ l' "K;; ;/ \::7\T’/
Since atx=0, f (x) 1 therefore (O 1} 1g Ihe pomt of mﬂexmn
(i) F) = x? L j
D1ff Wﬁ\t \ﬁ B
i\ f (x) = 2 —1 . (i)
For stationary points, put f'(x) =
= 2x—1=0 = 2x=1 = xzé
Diff (i) w.r.t x
d
Fix) = (2x 1)
As Flo|l=2518
S f'(zj
Thus f(x) is minimum at x :%
1 1Y 1 1 1 9
— — — _—— = ———— 2 = —— -
NOW f ( 2) ( 2) 2 2 4 2 _4<_ﬂ r.—](/:\ \". Y= I/(_\ \

(iii) f(x) =
Diff. wr.t. x A\ \Th O\ NS
f(x 1())(—*6 s(l)
For stxwﬁw&ﬁts Jput f(x) =

= 10x-6=0 = 10x=6 Ex Xe=— £ X=

Diff (i) w.r.t x
() =

As f(%) —10 > 0

2 (10x-6) = 10

Thus f(x) is minimum at x :%

3y (3) (3 9 18 1

iv) f(x) =

Diff. w.r.t % 1O
f(x) = 6x ........ (i) o NNt \ [ &
For stationary p01nts put f (x) = O >

Diff. (1) w.r.t x, \J .' ‘. \ L A
J \Hﬁy(lx) .i'* 6



At x=0 gﬂggfgwr“
@ = 6 >0 o~V (0=
= f has mlmmum Value at x ()

And f(O? R J?)tm% Lo

V) Do yourself

i) f(x) = 2x° = 2x* —36x+3
Diff. w.r.t x
fix) = %(2;8 —2x" =36x+3) = 6x"—4x-36 ......... (i)
For stationary points, put f'(x) =
= 6x*—4x-36 = 0
= 3x*-2x-12 =0 +ing by 2
2+ \4-4(3)(-18)

-t 20) 0
_ 2+\4+216 _ 2+«/22 o~ Q\mﬁg \&“\H\/#
=% f\?icﬁ 6
Diff. (i) w.r.t x O\ ~~ =\ \\ 3

f(x) Ji(éix“ '4x" 36) 12x—4
\\
Now yf'”'i?) j 12(”;/_}4
= 4(1++/55)-4 = 4+4J55-4 = 455 > 0
1+\/5.

3

1+\/§J:2[1+\/§j_2(1+\/§T_36(1+\/§j+3
3 3 3 .

= f(x) has relative minima at x =

And f(
—2—27(1+\/§)3—%(1+\/5)2—12(1+\/§)+3
:2—27(1+3 55+3-55+55\/§)—3(1+2 55+55)—12(1+\/§)+3
2(166+58J_)——(56+2J_) 12(1+J_)+3

27
332 116 ez D2 4 N
.\ 27J_ & —\/? o155 +3

“2477 ”2204— :__(247+220J_ )
‘ J

,,H ‘il
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Also f”(l_;/%]

l t

=> f (x) has relatlve maxima at x =

And Since f[1+;/§] - —i(247+220\/_)

27

Therefore by replacing +/55 by —/55, we have

f(l—\/gj Z_L(247 2204/55)

3 27
(vii) fix) = i —4x°
Diff. w.r.t. x
f(x) = 4x -8x ........(Q)
/ \ /"‘ / \ \\ ‘(“'. "l, I",_‘i‘,

For critical points put f'(x)=0
= 4x’-8x=0 =_ 4x(@2 2);«0’ \ \ |
= dp= 0(\01‘ 5;2 2 0\ CA =
:> x— d xzzz — x=12

For x——\/—

F(—J2) = 12(—/2)*-8 = 24-8 = 16 >0
= f has relative minima at x = —

4 2

And f(—2) = (—V2) -4(—2) = 4-8 = -4
For x=0

f7(0) = 12(0)-8 = -8 < 0
— f has relative maxima at x=0

And £(0) = (0)'-4(0) = 0

\
\
Vo

\\o~~

For x=+/2 o~
f”(\/i j = 12(\/5 > —8=24-8 =16 >0 ;\ﬁ /_i~ NIV

= f hasrelative minima at x=+2 O L \(\ ||\ (\\\ [~

And £(V2) = (VEPru(ea) | dads ==

"\

-~ M1 \ \ ", ", \ -
<\ \ B R
~ AN ‘\~ '\ Ov
S JINIRVAS
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i) fO) = (x=2)(x=1) 0\ 70 (0 LIS L
= (# —4x+4)(x—-“1) :e\x3i A +dx— 2 +4x—4
SR RSk 8 =4
Diﬁﬁ wtjt x
f(x) = 3x*—10x+8
For critical (stationary) points, put f'(x) =

= 3x*—-10x+8=0 = 3x°-6x—4x+8=0
= 3x(x-2)-4(x-2)=0 = (x-2)(3x-4)=0
= (x—2)=0 or (3x—4)=0

—% x= 2 01rx=i

3
Now diff. (i) w.r.t x
f(x) = 6x-10
Forx = 2
f2) = 6(2)-10 = 2 >0 - _/
— f has relative minima at x =2 A ea ' \
And f(2) = (2-2) (2 1) = g(‘).,“ ( o \RSR\BAS

~ 2\ VWA L
FOI' X = i (\ \ ",‘ "‘. f\ “.‘ ".\ "\, ".‘ “.\\\_xl"«-j‘ -

( j %l &?Nﬂg— 8— 10_—2 <0

i . 4
— f has relative maxima at x = 3

o (8) - (2180 - (309 - B9 -

Diff. w.r.t x

f(x) = 3=-3x" ....... (1)
For stationary points, put f'(x)=0

= 3-3x’=0 = 3x’=3 = x’=1 = x=+l1

Diff. (i) w.r.t x &R
fix) = —6x N AN (@Ol
For x=1 O A\ T\ QN [T

)= -6 =6 < 0 .
= f has relative ma'x],ma at x *1\\
And f(1) = ;—W@ WP 54+3-1= 7
For x—\-Hll‘
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FD) = -6(-) =6 >0 o 2
= f has relative mlmma at x—» —1 \and /
FD = 5+3( 1) DN2 5341 = 3

Question,| 13 N J A
Find the maximum and minimum values of the function defined by the following

equation occurring in the interval [0,27]
f(x) = sinx+cosx
Solution f(x) = sinx+cosx where xe [0,27]
Diff. w.r.t x
f(x) = cosx—sinx ......... (i)
For stationary points, put f'(x) =
cosx—sinx = 0

= —sinx = —COSX

= x=tan (1)

Now diff. (i) w.r.t x o
f”(x) = —Sinx—coggg /:: , (

72’. Y .'.-‘-"v
For x=— L_,_' \
4 \

f! (‘gﬂ) AN lsﬂ{

— f hasrelative maxima at x =

wad (5) = s (3]

Sx
F P
or x= T

) -l ol

— f has relative minima at x =

SN

And f(STﬂj = sin (STEJ+COS(_1 H= I % ."‘ =

Question # 4

ln |
Show that y = TV ﬁlas maxlmum value at x=e

J’J‘



: In
Solution y = i A\ /7S

ld)}! N .ti’ (lnxj; x-%—lnx-(l)

Diff. w.r.t x

< dx dx x?
dy 1-Inx .
« ~ha —xz ........ (1)
For critical points, put % =0
1_12nx=O:>1—lnx=0:> Inx =1
&
= Inx =Ine = x=e * Ine=1

Diff. (1) w.r.t x

d(dy) _ d(l-Inx
dx\dx) — dx\ »?

2 1 -
i =— [=|]=] 2
= d’y _ % ( XJ (I-Inx)-( x? . — 24§4-.Q/x1nx/ \U“Sx:f'lenx
& (=" ) (’ A T O W\ (&7 7
il e - VZARIRSR\ A

d2 L 3 —3e+ée 1II
N NERS
Tﬁ,\'” —3e+2e-(1) e o —L <0

e’ e e
— y has a maximum value at x=¢.
Question # 5
Show that y = x* has maximum value at x = l
e
Solution v = 3
Taking log on both sides
Iny = Inx* = Iny = xlnx
Diff. w.r.t x
d d
a(ln y) = a]{flnx

o~ \ \ —— [\
\ o\ \ \\)
l ) U N \
-/

= l+lnx (1)
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1A\ (c\U)\e -
~ N\ N\ | 7o \ oo~
—\ l:_l /__": \BRRY ( \ I“".\ ’|'| N\ _..//‘
For critical point, ut \\ 70\ () A s = 1)
P P dx o /,;‘ W\ AN \j\ \\—
=% & (1+1nx) 0 ::> l-klﬂx 0 as x*#0
:(q:]ﬁ\h\“:& lnx——lne * Ine=1
|\
| 1
[nx ne! = x =e - x = —
e

Diff. 1) w.r.t x

d(dy) _ d .
dx(dxj o (1+1Inx)

2
= LY = v (1) + (1+Inx) S

dx* dx
= xx~%+(1+1nx)-xx(1+lnx) from (i)

= x"(l+(1+lnx)2)

- 1
= y has a minimum value at x=—
e




Exercise 2.10 (Solutlons)
Calculus and Analytlc Geometry, MATHEMATICS 12

=1l

Question # 1 \ \
Find two posmye uﬁegers whose sum is
30 and theﬁr product will be maximum.
Solution
Let x and 30—x be two positive
integers and P denotes product integers
then
P = 330—x)
= 30x—x
Diff. w.r.t. x
dP
dx
Again diff. w.r.t x
d*P
dx2
For critical points, put —=0

= 30-2x=q |\
= -2x=-30 R \¥f 5
Putting value Qf ”xj pn (1i) =
—ﬁl' = —2 < 0
dx’ -
= P is maximum at x=15
Other +tive integer = 30—x
= 3013 = 15
Hence 15 and 15 are the required
positive numbers.

Question # 2
Divide 20 into two parts so that the sum
of their squares will be minimum.
Solution
Let x be the part of 20 then other
1S 20—x.
Let Sdenotes sum of squares then

§ = x+(20 x)

2);2 —} 40x + 400
Diff, wﬂn NMNAS
ds
r 4x—-40 ...... (1)

Again diff. w.r.t x

\ \ / J\ \ \ \ \\\
N o\ L \ ‘,’ =

d*s ..
=1 J— 11
72 (ii)
. . das
For stationary points put F 0
= 4x-40=0 = dx=4{)
= =10
Putting value of x in (i1)
2
d f =4 >0
dx x=10

= S 1S minimum at x=10
Other integer = 20—x = 20-10 = 10
Hence 10, 10 are the two parts of 20.

Question # 3
Find two positive integers;whose sum is
12 and the producf of one \With the

~;.j"=square of thexo%her will be maximum.
1\ olution -

Let x and 12-x be two +tive
integers and P denotes product of one
with square of the other then

P = x(12—x)2
= P = x(144-24x+x*)

= X —=24x*+144x
Diff. w.r.t x
dP
dx
Again diff. w.r.t x

dP

= 3x°—48x+144 ... (i)

= 6x—48 ... (ii)

For critical points put % =0

3x —48x+144 =3 0
—16x+48-—‘0
x ~4x—12x+48 =0
x(x—4)-12(x-4) =0
(x—4)(x—12) =0
¥=4 or x=12
We can not take x=12 as sum of
integers is 12. So put x=4 in (i1)

Ly uu

U
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2
an . 6(4)-48
dx =4 ~ \ .A"‘
= Pis max1mpma]nx '4 U
So the oﬂn& integer = 124 = 8
Hence 4, 8 are the required integers.

Alternative Method: (by Irfan
Mehmood: Fazaia Degree College
Risalpur)

Let x and 12—x be two positive integers

and P denotes product of one with
square of the other then
P = x*(12—x)
= P = 124" -%
Diff. w.r.t x
dP

Again diff. w.r.t x
d’pP
2
For crltlcal p(?uﬁg pﬂt dx
\ 476 3x =0
= 3x(x-8) =0

= x=0 or x=8§

We cannot take x=0 as given integers

are positive. So put x=8 in (ii)
d*P

— = 24-6(8)
dx2 x=8

= 24-48 = -24 < 0
= P 1S maximum at x=8.
So the other integer = 12-8 = 4
Hence 4, 8 are the required integers.

Question # 4
The perimeter of a triangle is 16cm . If
one side is of length 6¢m, What are

length of the other sides, for maxm}um

area of the triangle.
Solution AU
Let }He ﬂerhalnmg 31des of the
triangles are x and y
Perimeter = 16
= 6+x+y = 16

' Now suppose A denotes the square of

the area of triangle then
A = s(s—a)(s-b)(s—c)
Where S:a+b+c:6+x+y
2 2
_6tx+10—x
B 2
16

E e

So A =8(8-6)(8-x)(8-Y)
= 8(2)(8-x)(8-10+x)
= 16(8-x)(-2+x)
= 16(-16+2x+8x—x")
= A =16(-16+10x-x")
lef W.I.t X -.& =% /{ O\

dA-. +—\16(10’ 2x) ..... '

from (1)

.I \'.' ‘I‘. d,x \
A\gfﬁn diff. wrt x
d’A
= 16(=2) = -3
For critical points put Z—i =
16(10-2x) = 0
= (10-2x) = 0 = —2x = -10
= x=35
Putting value of x in (i)
2
d’:‘ = =32 <0
dx

x=5
= A 1s maximum at x=35
Putting value of x in (1)
= 10-5 =5
Hence length of remaining sides of
triangles are 5cm and Sem., \

Question#35\ 2 pE
—Find the dlmensaons ofa rectangle of
Iargest area hang perimeter 120cm.
~Solution

Let x and y

be the length and
breadth of rectangle,
then

Area =A=xy..... (1) z



Perimeter = 120

= x+x+y+y =120  _ —
= 2x+2y = 120 B\KeRt
= ¥ty = 6 J J j, W
= y = 6(,)‘—lx" (11)
Putting in (i)

A = X(60—X)
= A = 60x—x?
Diff. w.r.t x
A
= = 60—2X .oivrnnnn. (111)
Again diff. w.r.t x
dZA 0
7 e = A @iv)
N . dA
For critical points put —-=0
60-2x = 0 = -2x = —60
= x =30

Putting value of x in (iv)

‘ Agam diff. w.r.t x

E‘SC—H/ EX 2.10-3
\ &) 2(1—36x ) . (i)

d*P
dx?

= 2(0-36(-2x7))
144

= (72x 7

For critical points put % =0
36

2(1-36x72)=0 = 1-==0
x
=5 1=¥ = ¥ =3 = =26
X

Since length can not be negative
therefore
x=h
Putting value of x in (ii)
d P 144 e

>ﬁ(0 \ \
~ NN &‘56 (@\‘ -

L\ Hﬁnce P ,1s minimum at x=6.

\ 70\ € ) \\“Putting if eq. (i)

= A iS rnax1mum t\x 2 30

Putting-y a];pelphﬂbc‘m (11)
vy = 60-30 = 30

Hence d1mens10n of rectangle is 30cm,

30cm.

Question # 6
Find the lengths of
the sides of a
variable rectangle
having area 36¢m’
when its perimeter
1S minimum.
Solution
Let x and y be the length and
breadth of the rectangle then
Area = xy
= 36 = xy

oy =3,

Now perlmeter = 21);+2y
SN ANPIIE /)
= 2(x+36x7")
Diff. P w.rt x

36
)’—?—6

Hence 6¢m and 6¢m are the lengths of
the sides of the rectangle.

Question # 7

A box with a square base and open top
is to have a volume of 4 cubic dm. Find
the dimensions of the box which will
require the least material.

Solution

Let x be the
lengths of the sides of |
the base and y be the |
height of the box. |
Then Volume ~a o

»\_ =

o = XX SEWANS X
Y \ I".'l ;‘?:". .\x;z}‘) ~ X
O\~ 7 .
- = )y = 5 e (1)
X

Suppose S denotes the surface area of
the box, then

S = x*+4xy
= § = x2+4x(ij

2
X
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% § = 165 A O
Diff. S wrtx  ~0 o —~\V\\
‘f—di = 2x— 16x“2 .‘
Again. dtff W,l“t
iy S ”
T = 2- 16(—2x3)
= 2+— .. (1i1)
. : ds
For critical points, put = 0
2 16
2x=16x"=0 = 2x—— =0
X
3_
Ak 2 16 _ 0
X
= 2xX-16=0 = 2x’' =16
> =l = z=32
Putting in (ii)
2
S| _ 5032 -
dx” |, (2) A O,
— S is min. when x=2\ .\ V|

Putting value of x ;ﬂn (1) AV
o NNR oV
WY oy

Hence 2dm, 2dm and 1dm are the

dimensions of the box.

Question # 8
Find the dimensions of a rectangular
garden having perimeter 80 meters if its
area 1s to be maximum.
Solution

Do yourself as question # 5.

Question #9

X IReSk
An open: tqﬂk ijsqltlare base of side x
and vertical sides is to be constructed to
contain a given quantity of water. Find
the depth in terms of x if the expense of

- VJ 116’-""". -

a"lmmg the ‘msmle of the tank with lead
P\ will'be Teast.
- Solution

Let y be the height of the open
tank.
Then Volume = x-x-y
=V =

X
If S denotes the surface area the open
tank, then
S = X +4xy

= X +4x[£2)
x

= § = x*+4Vx"!
Diff. w.rt x

fixg :2.x 4V)L/1\

Agﬁm dif(fn W{J »2

2

dx SILL 5 4V (-2x7)

TR LA (i)
x
ds
For critical points, put — =0
2x—4Vx> =0 — 2x—£ = 0
X
3_
uﬂ) — 2 -4V =0
X
= =4V = =23
1
= x= (2V)?
Putting in (i1)
d’s _s 8V
2 S&be— oF
dx 4 1
x={2V]3 ((2V)3 )
8V

‘ 2 =

el 1s fnmlmumwhen x= (2V)

3

Pl oyt

2
Putting in (1)
3
y o
¥ 2

Hence height of the open tank is % :



Question # 10

of maximum ared: Whu:h fits'inside the
semi-circlg of thdits 8cm

X X
Solution

Let 2x & y be dimension of

rectangle.
Then from figure, using Pythagoras
theorem

x2+y2=82
:>y =64—x> iirnnn.. (1)

A= 2x: y
Squaring both ﬁl\dféhl
4> Nplty?
= 4x°(64-x7)

= 256x* —4x*
Now suppose
f= A% = 256x% —4x* ........... (ii)
Diff. w.rt x

% = 512%—16X 1oven.. (iii)

Again diff. wr.t x

2
TS 512482 ..., (iv)

dx*
For critical points, put ' 0

= 512x-16x> =0 _
= 16x(32 X ) = 0 | L LU
= 163 p,,er J 32 s S
= X = O or = 32

— x = +4+/2

FSC-II | Ex-2.10- 5

q"rr\ A\
[

Smce x ¢an not be Zero or —ive,

Find the dimensions of fhe recrangular\‘""

X = 4\/5
Putting in (iv)

2 ;]
] = 512-48(42)
dx” | _aa

=

= 512-48(32) = 512-1536
= —1024 < 0

— Areais max. for x = 4\/5

Hence length = 2x = 2(4\/5)

Breadth= y = \/64—(4\6)2
=J64-32 =32 = 42

Hence dlmensmn is, 8x/_ rcm and

-+ / \I «' / \ \L /'\_

Now Area of the recpangle ;saglven l{y \ " Question # 11

Find the point on the curve y=x"—1
that is closest to the point (3,—1)

Solution
Let P(x,y) be point and let

A(3-1).

Then d = | AP| = (x=3) +(y+1)’
S = (=3 (3 +1)
= (95—3)2+(xz—1+1)2
+ y=x"—1 (given)
=, dz _ (x_3)2+x4
Let f = d2 - (x_3/7)7\227_\*_x4
Diff. Wrt _x

“;ﬂ.df. (- 3)+4x ............ @)
LA Agaln diff. w.rt x
i F i .
= 2 L2E caiiinans 11
2 (i1)
. | df
For stationary points, put —- = 0

2(x=3)+4x’ =0
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= 2x—6+4x =0
= 41’ +2x-6 = 0‘

= 20 +x- 3\\”\@

By synﬂ&h Ndlivision

= x=1 or 2xX°4+2x+3=0

_ 2£4-40)0)

7\ VL LD
1\ \ W\
\'\\.‘.‘ j A\ ‘ ) ’a\V‘ \.J
\J

This is complex and not acceptable.
Now put x=1 1in (i)

2
% = 2412(1)* = 14> 0
dx =
= d is minimum at x=1.
Also y=1"-1=0.

Hence (1,0) is the required point.

Question # 12

Find the point on the curve y=x"+1
that is closest to the point (18,1)

Solution
DD yourse,{f 45 Q # 11




