Exercise 1.10
CALCULUS AND ANALYT‘IG‘ GEOMETRY MATHEMATICS 12

RN Farctior ard bimits

Concept of Functions:

Historically, the term function was first used by German
mathematician Leibnitz (1646-1716) in 1673 to denote the dependence of one quantity on
anothere.g. .

1) The area “A” of a square of side “x” is given by the formula A=x".
As area depends on its side x, so we say that A 1s a function ofx. x x

CC bl

2) The area “A” of a circular disc of radius 1s given by the fonnula\
A=7 #* As area depends on its radius 7, so we say that A 1 1sa funct;mn ofr[r"

~ N\ \/
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3) The volume “V” ;nf a sphe{e of{a@us “PIS g1ven by the formula
V—imﬂ As VOPAI}‘IG{V of a slahere depends on its radius 7, so we say that
Visa ﬁm&ué)n of r.

The Swiss mathematician, Leonard Euler conceived the idea of denoting function
written as y=f(x) and read as y 1s equal to f of x. f{x) is called the value of f at x or image
ofx under f.

The variable x 1s called independent variable and the variable y 1s called
dependent variable of /-

If x and y are real numbers then fis called real valued function of real numbers.

Domain of the function:

If the independent variable of a function 1s restricted to lie
m some set, then this set 1s called the domain of the function e.g.
Dom of f= {0< x< 5}

Range of the function; ~ 12\ \
The set of aﬂ posslble values of ﬂx) as'x varies over the
domain offls called the range offe \8\ 57 100\ 4x

As x varies over the domam [0 5] the vahles of’ y= 100 4x vary between y=0 (when
x=5) and y = 100 (when x~0)

Range o;ﬁfT {Qﬁly‘< 100}

Defimtlon
A function is a rule by which we relate two sets A and B (say) in such a
way that each element of A 1is assigned with one and only one element of B. For example

1s a function from A to B.
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its Domain = {1,2,3} and Range = {4,5} r\ / (

In general:
A function f from a set ‘X’ to a set ‘Y’ 1s a rule that assigns to each
element x in X one and only one element y in Y.(a unique element y in Y)

If an elemen “ly bblﬂY(Jls assomated with an element “x, of X, then we write y=f (x) &read
asy’ 1s equa“l to fof x. Here f(x) is called image of fat x or value of fat x .

Or if a quantity y depends on a quantity x in such a way that each value of x determines
exactly one value of y. Then we say that y is a function of x.

The set x 1s called Domain of /. The set of corresponding elements y in y is called
Range of /. we say that y 1s a function ofx.

Exercise 1.1

Ql. (a) Given that f{x) =x" —x
i AD=(2-(2)=4+2=6

i. A0)=(0)"-(0)=0 o
il 1) = 1 - o) = - T 0 ey _

iv.  fx'+4)=(" +4) (x +

td +s§~2+16 P 4=+ TP+ 12

l
(b) valen that f(x) \/x+
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i) £(0) =~/0 + 4 f =2

iii) f(x—1) = \/x‘ 1+2l\/x+3
v) f(x* +fl\)| ;Jﬁc\j'+4+4 N o

Q2.  Giventhat

i) f(x)=6x-9

fla+h)=6(a+h)—9=6a+6h—-9

f(a)=6a-9

fa+h)—f(a) (6a+6h—-9)—(6a-9)
h h

_6a+6h—-9—-6a+9 6h

- h ok

i) f(x)=sinx given o

Now

=6

— ( |2 \
» = 9 + = Q‘IH(_-' ™ Tﬂ?\n \"\ \I l|' l/CJ »:3 O
sin@ —sin@ = 2 cosL—.——(e Sin ——£ WA\VY [

f(a+h)=sin(a+h and j(a) > sma

J&(Q J%NN (a) Slﬂ(a +h)—sina
h h

5
2

:sin(a + h)—sin a]

= = |-
N

2a h) . (h 2 hY . (h
2cos| —+—|sin| — | |=—cos| a +— |sin| —
2 2 2 h 2 2

M\ \\\.J N AL -
- [N ' \'|\J ¥
QNN WY
A\ \ \J
\ \J
\.J
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iif) Giventhat Fl@=x" +2%" —1 A e ,"",-“”' o A\
fla+h)=(a+h) +2(a+h)2 l=at +h +3ah(a+}r)\+2(a r|-261h+h )—1
=@+ 1 +3a2h4~3¢1h2 71*221 +4E»h+2h*" 1
fla)=a' +2a’ —1 \J ]y
Now  f(d¥h) 'ﬁ
a +h +3a*h+3ah’ +2a* + 4ah +2h° —1—(a’ +2a° 1)
h

:l[cf + 1 +3a*h+3ah” +2a% +dah+2h* —1—-a° —24° +1]

= —[lf +3a’h +3ah’ +4ah+2h2] = [hz +3a” +3ah+4a +2h]

=h* +3a’ +3ah+4a+2h="h +3ah+2h+3a2 +4a=h" +Ba+2)h+3a’ +4a
iv) Giventhat f(x)=cosx
50 f(a+h)=cos(a+h)

and  f(a)=cosa A
Now L@t - 1@ . Wbt
_cos(a+h)—cosa _1[ % \ Iz@w‘h“} m1<'h' SR h

NN N N o\
Q3. (a) \\\J !T%‘ }J unit be the side of square. x
Then its perimeter P=x+x+x+x=4x ... ... .......... (1)
A=Area=x.X=%  eereeeennnn. 2)

X

From (2) x= J4 putting in (1)

P4f

P is expressed as Area

(b)  Letx units be the radius of circle

Then Atea =A= TE® = coccssisssssssssss (1)
Cireumferenge =C= IHF  csuesasszsrsssaraca (2)
From (2) x= L] Putting in (1)
2r
4 - 2 N oA
A=r L T = = .2 A~ ,"J,-“;Jf-;’{i, \ (O
2r 4r 4r 0o A\l W G0

" v. ‘. ‘:’-. d -l j‘ ".“_E. ",-L /‘I
A= :— +Areaisa funcﬂonof C‘zroumg(élgence/ Jas

v/ \

| Ve x
(c)  Letxx ﬁ;bééach His of cube

The Volume o Cube SX X HTE eeeeeamemeone s (1) x X
Areaofbase=A=x> .. 2)

From (2) x=+4 Putting in (1)
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05.  f(x)=x’-ax’ +—Z”C+1

v @Rl W22 gna f(=1)=0

(2)° —a(2)? '¢b(2)+1_ (=0 = gf=1)" & (=) +:1=0
8—4a+2b+1=-3 —l-a-b+1=0
9—-4a+2b=-3 —-a—-b=0

12—4a+2b=0 a+b=0 (2)
Dividing by—2

— Bt Tt — B =B s (1)

a=2 and ((2)=> b=-a

06.  h(x)=40—10x 20

(a) X = lsecf |

’\\ ﬁ

}J\d 10(1)2
=30m

(b) x=1.5sec
h(1.5)=40-10(1.5)
=40-10(2.25)=40-22.5=17.5m

(c) x=1.7sec

h(1.7)=40-10(1.7)*
=40-10(2.89)=40-289=11.1m

11) Does the stone strike the ground = ?

h(x) — 0 A\ c /_’\:\‘;:\\ |’-:,'K(;:"'\;,,‘ ‘ \‘ (/ I:_.':/ ’
40—10x> =0 % \ \
~10x* =40 = x* _41>'~. \ e~ N\

X2 V-
Stone stnkq the fgijéuﬁd af’ter 26 sec.

Graphs of Function

Definition:
Ex# 1.1 — FSc Part 2
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The graph of a function fis the graph of the equa(uon )z f(x) It c0n51sts
of the points in the Cartesian plane chose co- ordlnates (x y) "are mput -output pairs for f

Note that not every curve w draw m the graph of a ﬁmctlon A function f'can have only
one value f{x) for each Jp. m|1 domain.

J

Vertical Line Test
No vertical line can intersect the graph of a function more than once. Thus, a circle
cannot be the graph of a function. Since some vertical lines intersect the circle Twice. If
a’ 1s the domam of'the function £, then the vertical line x = a will intersect tt I
n the single point (a , f{a)).

¥

i

- ——
o -

11 & quaph of ction Iz mul a_graph ol lunclivn

ALGEBRAIC FUNCTIONS =
Those functmn ﬂ;] lare defined by algebraic expressions.
1) Polwiothldl unctions:

P(x)=a,x" +a, x"" +....... +ax+a,Isa
Polynomial Function for all x where a,,q,,a, ....... a, are real numbers, and
exponents are non-negative integer . a, is called leading coefft of p(x) of degree n,

Where a, #0

= Degree of polynomial function is the max imum power of x in equation
P(x)=2x*-3x" +2x~1 deg ree = 4
2) Linear Function: if the degree of polynomial fn is ‘1,_is called linear function

J.e. p(x)=ax+b

or = Degree of polynomial function is one.
f(x)=ax+b a#0

y=5x+b QO

3) Identity Function: For any set X, a funr]:uon I X ——) X ofthe fonn y X or
f{x) = x. Domain and range of Iis x. Note T (x K)* ax +b be'a linear fn if a=1,b=0 then
I(x)=x or y=x is called 1dent1ty fn O\
4) Constant Functmn (] \ WV - or

\7'-Ij*-i'i'-.,J @ S y deﬁnedby f:X > ylff(x)=c, (const)then fis
called constant fi1
Clxy=a VxeXandaey

eg. C:R—>R egy=>

Cx)=2o0or y=2 VxeR
Ex # 1.1 — FSc Part 2




5)  Rational Function: \‘:\' I \S
( R(x) =5
Q(x) N
Both  P(x)and Q(JC)J KR polynomzal and O(x) # 0
eg. R(x)_ _B& +4x+1

5% +2x° 41
Domain of rational function is the set of all real numbers for which Q(x)== 0

6) Exponential Function:
A function in which the variable appears as

exponent (power) is called an exponential function.
i) y=a .. xeR a>0

i) y=e .. xeRand e=2.178

i) y=2" or p=g?

are someexp onential functions.

7) Logarithmic Function:

a>0 a=l O\ 2R ,
'a'is called thebaseof Lag|arxfthémlc funcl‘zon
Then = logfl | \\JI\ >£0garlthmlc functionof base'a'
i) Ifbase 10theny =log,,"

is called common Logarithmof x
if) If base=¢e=2.718

=log,” =Inx is called naturallog
8) Hyperbolic Function:
We define as
i) y =sinh(x) = % Sine hyperbolic function or hyperbolic sine function

Dom ={x/x € R} and  Range={y/ye R}

ir) y =cosh(x) = = is called hyperboliccosine functlon :>

._1k
\A

i) =Tl =% = e _ sinhx o N A y C¢th 2 Ceshx
e" +e* coshx \\ 77 sinhx
1 [-—:; :“I \llll : 7~ 0\ \ \; -
V) y=sechx = = \x = R
cosha el 4
NN
Vi) Pe= c@g\-:@hx&- . = Dom={x#0:xeR

smhx e"—e”
9) Inverse Hyperbolic Function: (Study 1n B.Sc level)

Ex# 1.1 — FSc Part 2
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) for ek 72 (OO
i) —fé)(VXE R and x>1
i) and |x <1

NNA :
. MMy 1 1—x
iv) y=sech x=In —+ 0<x<1

' X
L{x+1
v =coth™ x = —|— o 1
: * 2|%~1 ‘ |
/ 2
vi) y =cosech 'x = ln[l + 1’+_|x] x£0
x %

10) Trigonometric Function:

Functions Domain(x)
i)y =sinx All real numbers

o< X+

ii)y =cosx All real numbfglrs o A

A+ E . 'R'all real numbers
R
/

V) y =secx xeR—(2k+l)5 R—(-1,1)

keZ or R—(-1<y<l)
Vi) y = cosecx xeR—(km) R—(-1<y<l)

keZ
11) Inverse Trigonometric Functions:
Function Dom(x) Range(y).
y=sin'x< x=siny 12225l _~Q\ 7 ;, —ggys“%

U o<y<n

Ex# 1.1 —FSc Part 2



y=Tan'x & x=Tany

y =Sec™ XS x= ? o V'J‘c'}ewR—(—l,l) ye[O,ﬂ]—{%}
N) W
’ T
y= Cosec X < x =cosecy xeR-(-1,1) ye ~5ty —{O}
y=Cot 'x < x=coty xeR O<y<m

12)  Explicit Function:

Ify is easily expressed in terms of x, then y is called an
explicit function ofx.

>y=f(x) eg y=x+x+1 et

13)  Implicit Function:

If x and y are so mixed up and y cannot be expressed in
term of the independent variable x, Then y 1s called an implicit functlo;u)f X. It gan ‘fm
written as. f(x y)=0 A e \// ( / R Y\ )\
eg. X xy 4 ¥ =2etc. D AN\ \ [ ="

14)  Parametric Functlon'“ ' =
{1\ For - ﬁmctlon y f (x) 1fboth x& y are expressed in
another \%W“lel %ﬁf\ﬂ\or 0 which is called a parameter of the given curve.
Such as:
1) r=at Parametric parabola
y = 2at i

" . : . 2
ii) x=acost  Parametric equationof circle y-da
y =asint

x2+y2:aZ

iiiy x=acos@  Parametricequationof Ellipse ¥

y=>bsin6

2 2
x—2+y2:1
a b )

Vi) x=asect Parametric [eqqatioanh;}péﬁ@dj\ ) ANC
y=btan0 \ \ yLo

Ex# 1.1 — FSc Part 2



10

Q7.  Parabola =

X \“ J ‘\ \
Toeliminating BX H)'lr"om (ll)

2 2 2
X=a[lj = X=a y2 =1 r=2
2a 4a 4a

= y* =4dax whichis sameas (1)

whichis equation of parabola.

ir) x=acosf, y=bsinf
=% X —cosf......... (i) and % =smnfO........... (ii) Toelminating 0 from (i) and (ii)
a
Squaring and adding (i) and (ii)
2 5 o\

21 #j2-|=1 represent a Ellipse A O\

a b A ~ XV [ 7o \oo~
iii) x=asecl, y=bhtan 0 5},."
Squarm o and Si

2 2 2 2

(f = x—z—y—2:1+tan29—tan29 = x—z—y—zzl

a a b a b

\\"' J !,P . . -
: 5 . Which is equation of hyperbola

08. () sinh 2x = 2sinh x cosh x
£ —-X % —X 2x —2x 2x —2x
R.H.S:ZSinhxcoshx:Z(e ze ](e +e JzZ[e ¢ j:e ¢

=smh2x=LH.S
if) sec’ hx =1—tan” hx

& —g"

R.H.S.:l—tanzhle—[ —
e +e

B G s G e g

Ex # 1.1 — FSc Part 2



= 12 —sech’x=LHS
cosh” x

iii) coseh’x = coth” x -1

RH.S =coth’>x—1 i@\%@} = e 3 (e - ) _(e TE +2) (e tTe

\\JI\T

@)

=cosech2x =L HS

g7 b g 40 gD

(¢ -e)
09.  f(x)=x"+x
replace x by — x
F(0)=(5) +(3) == —x =] +3] =~/ (3
=5 f(x)=x"+x isodd function
ii) f(x):(x+ 2)2
replace x by — x “)@@5

2 1>\ (C\O
f(=x)=(—x+2) 2/ (x) \-4.\(\\”?\\\'(/ A

\ Q s IRRRIRR \
f (x ) :(x+2)2 is neither evgﬂ ng\%\\f’/ﬂ \\(O \;\Bl‘\"/\ .y,
i) f(x)=xl 5 \\ AN
replace xby— x \N \J\,‘

£(=x)=(-x)y :)+5——[xm]=—f(x) £ (x)isodd function.
M fx)=T 1

replacexby—x
—x-1 —(x+1) X+

f(—x)= —x+1 B —(x—l) _x 1¢+f( )

Fd (x) is neither even nor odd function.
V) f (x) =X +6
replace x by — x

3 : AN\ R(ON \

I (x)is aneven function.

\J\\”

Ex# 1.1 —FSc Part 2



Q\ I w) Bladis
“J| ]' {”(\U )18 nuthu cven nor odd function.
v) f(x) = x"+6
fi—x) = (-x)"" +6
= 11" + 6
= )" +6
= x"+6
= f(x)
f(x) 1s an even function.
k)

. X =X
o)1) = 1y
]
(=x) - (=Xx)
fl-x) = —t g 60
(_X) L l P ~7/r\ 'v‘ \\U
= ' '&/\ \‘I / \ (W8}
—X3 + X \V/‘." Al f—~/ \ \| |l l/// \5'\\ -~/ -

Composition of Functmns:
Let f be a function from set X to set Y and g be a function from set Y to set Z.
The composition of fand g 1s a function, denoted by gof, from X to Z and is defined by.
(gof)(x) = g(f(x)) = gfix)forallxe X
Inverse of a Function:
Let f be one-one function from X onto Y. The inverse function of f, denoted by
f~', is a function from Y onto X and is defined by.
x = {7 (y) , Vye Yifand onlyif y=1(x), ¥ xe X

EXERCISE 1. 2 _

Q.1



Mol
2 SRy
j%@kﬂ x #0

(i)  f(x =ﬁ sox £ 1; gx) = (P41

(i) f(x) =

I R U
Solution:

(i) f(x) =2x+1 ; g(x) =ﬁ , x # 1
(a)  fog(x)= flgx))

- i)
B V' |
3

s
2

Il

2
=
o=
2
<2
5

(b)  gof(x) = g(f(x))
= g(2x+1)
3 3
2x+1-1
(c)  fof(x) = f(f(x))
= f(2x+1)
= 22x+D+1
= 4x+2+1
= 4x+3 Ans,

) g(g) m m @Q&@W@O




(ii)

(a)

(b)

(c)

(d)

(iii)
(a)

f(x)=\}x+1 ;o g(x) =x% , X # 0
fog(x) = f(g(x))

fof(x) = f(f(x))

gog(x) = g(g(x))

| |
2R Ans
?J X

fl(x” ©

fm:ﬁ pox 2 15 gx) = (P+1) W@O
fog(x) = flgtx) m@@@




(b)

(d)

(iv)
(a)

|

= = Ans.
\/xz(x2+2) 2 e

gof(x) = g(f(x))

) g( xl—l)

fof(x) = f(f(x)) @ @@@W@

gog(x) = g(g(x))
= g(x*+1))
= &+ 1P +1P
= [+ 1)+ 17 Ans.

f(x) = 3x - 2x? ;og(x) = % , x # 0

fog(x) = f(g(x))

) f%] 0 @W@
: 3(@&%@@@



(b)

(c)

(d)

Q.2
(a)

(b)

\/)_c Ans.

For the real valued function, f defined below, find:
f~'(x)

£7'(~1) and verify f(f"(x)) £ (f(x =x ( @@m
i) f(x) = -2x+8 (La %) = 3x +7
(m) f(x) = P m (-v) f0 =2




Solution:

S
y = f(x)

(i)
(a)

(b)

=x = f(y)
Now,
flx) = -2x+8
y = -2x+8
2x = 8-y

-

‘-
- 8-
= 57

Replacing y by x
8-x

= Ty

Replacing y by X

N[ \J ™
Xx = -1

R

=

=
f (1) ) ?

5

(" (x)

-8+x+8

f(f)= f1(2x+8)

_8-(1)_8+1_9

8-x
‘2( 2 )*8



(i) f(x) 3x’ Oxm
(@) Si &K
= f(y)
Now
f(x) 3+ 7
y 3 +7
3%’ y-17
s _y=1
X1 —_ 3
)|
_(y=7
- (57
1
e (Y=1)3
£ (y)= [ 3 )3

Replaciniy by_x - ) @O@@m
X ;n (x); E SEQ mK“@QQ@W

f(f'w) =



f (f "(x)) =f! (f(x)) =x  Hence proved.
(i) fx) = (x+9)°
(@)  Since y = f(x)

x = f(y)

Now

flx) = (-x+9)

A

1

3

y = -x+9

1 @@\Y@

X =9y} @O
Replacing y by x 2 @QQ@W

f(x) = mm“

o st i

f1 = 9—(—1)
(') = f(‘9—x-%)
= [—(9—)(§)+9]3
= (—9+x%+9)3

() -s
f(fx)) = ((—x+9)3)

9-[(-x+9)’ ]
g + ;_ ){9Jr ’ R\)&m@@@W

=X  Hence proved.

Vel

%
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Q
" Y
(a) nee 'y = f(x)
x = f(y)
Now
2x+1
= 3o
 xtl
y ox-1
yx-1) = 2x+1
yx-y = 2x+1
yx-2x = l+y
x(y-2) = y+tl
+1
X = @@@

=



m&@@w@ o

1=x+2
2x + 1
1 {6 el EAT L
' (fe) = f [x_l)
2x+1
+]
_ x-1
2x+1 )
x—1
2x+1+x-1
B x—1
x4 1-2x-1)
x-1 m
- 2x+1 2x+2 @@W@@
- Bk
f(f] 2\ ) =x Hence proved.
Q3 thout finding the inverse, state the domain and range of ',
-1
(i) f(x) = \x+2 (i) f(x) = —4 JX#4
> @ 1 ,
(iii) f(x) = x+3 s X#=3 (iv) f(x) =(x-5) s XED
Solution:
(i) f(x) = \Vx+2
Domain of f(x) = [-2, tx)
Range of f(x) = [0, +0)
Domain of f '(x) = Rangeoff(x) = [0, +)

Range of '(x) = Domain of f(x)

) ) =27 xxd @3:§§§g

Domain of fx) = R~ !?S\%& @@@W@o

Range of f(x) O
R—11}

Domain of l(%%
Y~ = Domainof f(x) = R- {4}

[
N
e

+
X
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(iii)  f(x) FQ*.,\ /\\/ |\
Q&E@ﬁfw = R— {8}
Range of f(x) = R-{0}
Domain of '(x) = Rangeoff(x) = R- {0}
Range of f'(x) = Domainoff(x) = R-{-3}

(iv) f(x) =(x- 5)2 ,X25  (Gujranwala Board 2007)
Domain of f(x) = [5, )
Range of f(x) [0, +0)
Domain of f '(x) Range of f(x) = [0, +o0)
Range of (x) [5, +o0)
Limit of a Function:

Let a function f(x) be defined in an open interval near the number ‘a’ (need not.at a)
if, as X approaches ‘a’ from both left and right 51de of ‘a’, f(x) appre

ache a@@ ber
: i' as.

Domain of f(x)

The limit of the sum of two functions is equal to the sum of their limits.
Lim [f(x) + g(x)] = Lim f(x) + Lim g(x)
X—d X—a X—a

=L+M
Theorem 2: The limit of the difference of two functions is equal to the difference of
their limits.

Lim [f(x) — g(x)] = Lim f(x) £ Lim g(x)
X—»a X—a X—rd
=L-M
Theorem 3: If K is any real numbers, then.
Lim [kf(x)] = KLim f(x) = kL

Theorem 4: The limit of the product of the functions is equal to the product Hhelr
limits.

WA f\
I;LT [f(x). g(x)] = [le f@)] l?m %(W\K “p\ ng o O

Theorem 5: The llmltoﬁh;,qum\ép\t/ Xtil f/xlmoﬁﬁ is equalj to the quotient of their

limits pmyi c@ lﬁ\‘dl lit OFthe denominator is non-zero.

w”\\”%&‘ o\’



o
- 4 ﬁ@w@o@@

= Limex) ~ M 8X) # 0. M=z0

Theorem 6: Limit of [f(x)]", where n is an integer.
Lim [fx)]" = [Lim f(x)]"= L"
X—a X—a

The Sandwitch Theorem:

Let f, g and h be functions such that f(x) < g(x) < h(x) for all number x in some
open interval containing “C”, except possibly at C itself.

If, Limf(x)= L and Lim h(x) = L, thenLim g(x)=L

X—=C X—(C X—=C
Prove that
If O is measured in radian, then
ind
Lin 5~ -
—
Proof: @ %@@
Take 0 a positive acute central a@lc a_cir W A-OAB represents
the sector of the circle. “
s
B

|OA| = |OC| = 1 (radii of unit circle)
From right angle AODC

, DC S \

Sinf = {&} = [DC| (- |0C|=1)
From right angle AOAB

|AB| o W@O@@D

Tanf = 0Al = As @@&ﬁ

In terms of 0, \-.c are ¢ as
- | 1 : 1,

WW@ = 7 [OA ICD| = E(l)sm() = ismﬂ



o
@@@W@ -

Area of AOAB = 2 IOA| |AB|= 2 (1)tanf = 1tan@

From figure

Area of AOAB > Area of sector OAC > Area of AOAC
| 1 |
Etane >§0 >§sin9
1 sinf B sin0

2
2 cosh 2
As sin0 is positive, so on division by 3 sin0, we get.

e > o >1 (0<8<n/2)

cos®  sind

L. @ m
sind W @
cosh <—— <1 ;X \@
0
When, 0 50, KKX
sinf

Since —_~ etween 1 and a quantity approaching 1 itself.

So\by-the sandwitch theorem it must also approach 1.
Le.
. sinf
Lim —— =1
00 0

Theorem: Prove that

Lim [1 +l) = ¢
n—+w n
Taking

1Y 1) nn-1) (1Y n@n-1)n- 2)0
(1 +n) 1 +n(n)+ 2[ (ﬂ) + 3| gl T eemerxas
= 1+1+l( —l)+l (1—1)(1—Z + oo
2! n/ 3! n r
Taking Lim on both sides. O i \@@ o

Proof:

n—+x

Lim + X:X —+ .........
n— +m
WNWO +1+05+0.166667 +0.0416667 +.........



oM
g QO
bt - 7

Lim (1 +—j =¢
n— +oe n
Deduction: |
Lim (1+x)'* = ¢
x—0
We know that.
l n
. 43 _
n[jr{le‘ [1 I‘l) g
1 1
Put x—nthcnx—n
As n—o>+o  , x—0

Prove that: Q

. : Ix _
: B 007 =] @ W@
Theorem: % m“ \ \§ 5; & A

Proof
Taking,
oa -1
Lim
X—a X
Let a'-1l=y
at= l+y
X = log, (1+y)
As, x—a , y—0
oa-1 y
MmO T M s (T +y)

1
= Lim 0/ = Lim

1
=2t %loga(l+)f) e 10—1 @o@©m
| r;}@:@@@@@m



Deduction

Lﬁn N ﬂc

We know that

Solution:
Lim (2x +4)

Lim (3x* = 2x + 4)
=1

) Limy

‘.logee =1

= log.a

loge =1

Important results to remember

(i) Lim (¢) = Lim

X=>-2 X=>-20

= 0 , where a is any real number.

EXERCISE 1.3 |

i

Evaluate each- ium"t BY usmg¥%0rems of llmlts

(l)‘ N ,\IIN?\@X £y

\%m) le X" +x+4

(ii) le (3x - 2x +4)

(iv) Lim xy/x '

=2

2x° + 5x

Lim (\/x’+1 = \/x’+5) (iv) Lim ~3
x—2 —2 x—-2

le (2x) + Lim (4)

x=3
2Lm;1x+4
23)+4=6+4 =10 Ans.

Lim (3xz) — Lim (2x) + Lim (4)
x=1 =1 =1

3 Lim x° — 2 Lim x + 4

x—1 x—

}( 1 ) = ?(1 ) + 4 o \,\-\—\—\\\\ \ - ’:‘ y -:: \

‘IIle (x +x+ 4)]”2
3
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Important leltﬁ J| ) J. 1 N e
XL
L lim> - ’Z =na"", where n is integer and a > 0.
\/x +a— \/_ 1
II. "
x—>0 2\/a_
I11I. lim(l + lj =e.
n—0 n
1
IV. lim(l+x) =e.
.a -1
V. hn;n S =Ina, where a >0.
VL m® s —lme—1. 2 CONEE
x—0 X ) ( | SR\ReR (
sm@ LCR\BR S,
VIL.  If @ is measured lrhradlan /Lhen lu%*«—f— =1"
Question # 1 \H\ N I’
(1) 11rr31(2x+ ﬁ{) = 11m(2x) + hm(4) = 211m(x) +4 =23)+4 =10.
(ii) 1mll(3x —2x+4) =312 =2(1)+4 =3-2+4=5.
(iii) 111131\/x +x+4 =3P +B)+4 =9+3+4 =.16=4.
(iv) lirrzlx\/xz —4 =2J2°-4=0.
v) 1irr21(\/x3 1P+ 5) = 1ir121(\/x3 +1)—lin’21(\/x2 +5)
x> x—> x—>
-(Vor+1)-(Jor +3)
=8+1-v4+5 =99 =0.
3 ~
Gi) lim 25T 2 2)° +5( 2) 16-10 _ —26“ 13 (¢
x>2 3x—2 3(-2)-2 O —6 200\ T\28 ) 4
Question # 2 A \ |
() im x(x+1)(x-1)
x—>-1 x+1
= lim x(x D =C-DE1-1) =2
3 2 2
GG [ind 3x2+4x _ limx(3x—+4) :lim3x +4 :3(O)+4 4
-0l x°+x =0 x(x+1) =0 x+1 0+1
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111 | a 9 2\ ‘. WY
( ) XI_I;I; x2 +x—6 O\ \ ~—
Ctim =@ [VQ (x—é)(x +2x+4)
x>2 x% + 3 “'HQW PSSy x(x+3)—2(x+3)
(e )6x +2x+4) (x* +2x+4)
=2 (x+3)(x—2) 28 (x+3)
_@+20+4) 12
(2+3) 5
: . X —3x+3x—1
() lxl—rfll x—x
1% 13
= x(x® —1) 1 x(x =1 (x+1)
~1)° 1-1’
= limu = 1imu ()
x—1 x(x + 1) x—1 (1) (1 + 1) o
3 2 2 1 I /(—:)’:/'Q .: ‘.“‘L.}I \
(V) lim a 2+ N = lim (x r ) o = =
x—>-1{ x*—1 x> 1(x+1)(?€‘ 1
SN \ (C3=
(DR 2
\\J ' \J .
(vi) Mng?iﬁgg _Jm;%___EQ
x—>4 x 4x x—>4 x ()C 4)
2 4 -4
— lim (x“: )(x—4) i 2(x;L4)
x—4 X (x — 4) x—4 X
_ 24+4) 16
7 16
T Y e
(vii) lim =lim
x—2 5 — x—>2 x=2 \/; oy \/5

() -2
32 (o z)(J; +J§)
R ewe N/,z el
\/x +h—[x 3 Nx n h e s
0 o0\ ‘{x ‘ J x+h+ \/—
) julﬂ’ (Jx+hf-{J§f _ ot

N =lim =lim

(viii) 1

h—>

h—0 h(\/m-l-\/;) h—’oh(\/x+h +\/;)



o/
N

N\ |
A |
\ 8

h+\/;

a! 0"'\/x L

;\4:1._9

-5 2 — a)(x’"_1 g g gt . a”’_l)

m—1 m 3.2

Y ek R I BRI,
L s g L e e

n—1

Law of Sine ) ’\\J"|"\\'\‘\J_|QQU ARRIS

NN AVAS R i
. \\J \\| ' \\_J \" . . . 9
If @ is hqjéasured in radian, then llgm(} e =1
_)

See proof on book at page 25

Question # 3

(i) Tires sin7x
x—0 X
4
Pat f=7x = 7 =X
When x—>0 then r—0 ,so
sin7x sinf

Im—— = Iim

x—0 X t—0 %
7

. sint )\ PO\
= 7 1111(’)1 =7() =7~ _ ~\.Bylawofsine.
1—> ! () \ A\ \ AN

(i) lim

Since »%sg?‘;%t;%?;‘fédf"""" s T = % el % e lX_fr -
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(111)

(1v)

(vi)

(vii)

180 . ©

When x—0 then*;

JL Sll’ll )

1;1—>018Ot
T
TN by law of sine
180 x>0 ¢ 180 180
. 1—cos@ . 1—cos@ 1+cos@
Im———— =lm— .
60 sin@ 60 sin@ 1+cosd
1—cos*@ ) sin? @
=lim =lim—
6—0 sIn 6(1 + cos 6’) -0 s1n 6?(1 + Ccos 6’)
_lim sin @ _ sin(0) _ 0 _0
0-0(1+cos@)  1+cos(0) 1+1
. sinhx
Iim
X—=>7 g — X

Put l=mr—Xx = X=m—1
When x—rx then

. sinx
Iim
1\ lgmt - : . T g
\”\\ \“h'r}l v sin(z—¢)=sin| 2-=—¢ | =sint
t—0 2
= ] By law of sine.
. sinax . )
lim — = limsinax-—
x—0 sin bx x—0 sin bx
’ " ax 1 . sinax 1
= limsinax-| — = llm— - ax——
x—0 ax . bx x>0  gx S1n bx
sinbx -| — —-bx
bx bx
a .. sinax 1 a )
=Zhn;)1 - T = 3 () T =3 by law of sine
— 2
* ax |im>== (D
=0  px
i X ) X . X
Iim = lim = lim— -COS X
x—0 tan x x—0 Slnx x>0 sInx _
COS X ' [ (<
= lim—— COSX = ——*——v———— lim cosx
x—0 SINn X _"- \ \ A\ Y
1= cos2 I\ “)f’
11 Jql N A
w0 A & 1—cos2x
- W sSm r=-—
. 2sin’x 2
— hm—2 ,
»=>0 X 2sin" x=1—-cos2x
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. 2 - 2 -

— 9lim n [ Sin xj _ 2[1 - Sin .X] '_,
x> b’ 202\ Y\ \\

() \ ¢ ~ \

(vi1) Do yourself by Vatmnallzmg
. sin’ @ . bmﬁ
(viil) lim ‘.\.j, #“hﬂn -sin &
0—0 9 |
. sin¢9 i )
=lim -limsind = (1)-(0) =
00 @ 6—0
. SEecX—cosx
(x) lim
x—0 X
1 1—cos® x
—COSX —_—
— hm COS X — hm COS X
x—0 X7 x—0 X
. 1—cos’x . sin’x . sinx sinx
= lim——— = lim = lim .
*=0  xXCcosx x>0 xXCOS x =0 x cCOS X
. sinx .. SInx sin(0
= lim -lim = (1) (0) = ( ) - = 4;;.,
x~>0 x x>0 CcOosSX cos(0) . "\., % / LY
1 —cos p@ N\ 0 —\\\I ' /” o o=
(xi) lim——2P7 A 2 AN LY

=0 1 —cosqgb

sin” —
2
(%)
= lim szP 1 =lim sin P k2 5 L 3
x—0 Sinz q x—0 (p_@) (q_g)
2 . 2q0 \ 2
gin~—— 5
* (%)
2
sinzp—e sin-p—g : P292/
_ 2 (PO 1 o 3 1 4
=Iim %] - =lim . T
0 (Pﬁ) sin? 29 0 | pO oY q°6 /
2 2 (q6)2 2 4
)2 & &
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- . tan@ —sin@ A A\ 0\
(x11) lim — O\ A/ \
6—0  sin’ & A —~\ VAU NS
sin A\ \sin @ sin @ cos &
= 1im 98 QN I\ lim cos &
=Y i"‘.ill, J \$in” @ & sin” &
'sin@ —sin @ cos @ . sin@(1—cosB)
= lim — = Ilm———
-0  sin” @cos @ 6—0  sin” @cos O
. l—cos@ : l1—cos@ 1+cosé
= llm? = llm > -
-0 sin“ & cosf 0->0smn” @cosf 1+ cosé
. 1—cos* 0 .
= lim—— = lim——
9-0sin* & cos O(1+cos ) -0 sin” @ cos &(1+ cos O)
1 ) 1
= 1mm = 11m
00 cos (1 +cosb) x>0 cos @(1+cos b))
_ 1 _ 1 _1
cos(1)(1+cos(1)) 1-(1+1) 2
Note: - I /_ AL () N
2) lim(l + 1) O\ R\ AN
b lp(Nek)i=e  where e=2.718281..
) See proof of (a) and (b) on book at page 23
C) lim & -1 = log,a or Ina
x—0 X
Proof:
Pt =& —1 .....ee (7)
When x—>0 then y—0
Also from (7) l+y=a"
Taking log on both sides
In(1+ y)=Ina* = In(l+y)=xlna Inx" = mInx

Now Ilim

x—0 X




1\ (7
p— \ | —~ \ AA
NN\ | 74 | o=
y ~ \\ Y/ ( & VO™
\\ | T m
A A . o
winl c Inx" =mlnx
|
{¥5

1
“ lim(1+x)x =e

x—0

* lne=1

Question # 4
1 2n 1 7 2
(1) lim [1+—) ={lim (1+—) } = &
n—>+00 n n—+oo n
1

(11) lim

3
J
+
8
[
+
X |
N
| =
[l
 —
=
e
+
4=
VR
[a—
+
S | =
3
|
Il
Q
N | =

(iv)

(
i) lim [
wa

(v) lim(1+ij = lim(l+ij4 = lim[1+ﬂ
n—>+00 n N—>+o0 n N—>to0

2
(vi) £1_r>r01(1 +3x)x

x—0 x—0

6
= lim(1+3x)§ = |:

1

(vii) lim(1+2x%)< = lim(1+2x )2i = [lim(l +2x2 )2L | <

x—0 x—0 x—0

111
(V ) h—0

\ (

(ix) lm L }U“ L

\/

= lim(H—xJ = lim[l +£) = lim(l +1
X—>0 X x—>o\ X x x>\ x

1 6
lim(1+3x)§} _

lim(1-2A)s = lim(1 26) 20\ TIE( Y 2h) 5

Py
. P\
N 20\

(..—\ (“]’\/__‘_\; \ (CAL) 3
— | A\ A LN\
! //‘\ \ \I | |/C/ \QO ™ ~

\ ( \ [ \_ A~

_FSedl / Ex- 1.3-7



=0 X [/_/ \ —~ ~ \
/ —1 “ \R\B)E
(x) hrrol ’~ W) NN ¢'2'0
Put x=— where >0
When x —0 then 7—0, so
hm———— y_l = lm—— _y_l = _e_%—l
0 % 41 i e/ 41
= _1 — E y e—oo _ i-: l _ O
e“°° +1 0+1 o

(x1)
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Exercise 1.4 (Solatiors)

CALCULUS AND ANALYTiCG‘EéMETRY, ‘MATHEMATICS 12

Question # 1: ~ANTR LS
() rzpe

lim £ (x) Siim (23> + x—5) =2(1)’ +1-5=2+1-5=—2

3 x>
o _1: 2 _ _ 2 g _ -
lim £ (x) = lim (2" +x~5) =2(1)" +1-5=2+1-5=-2

= lirlnf1 f(x) = lirgf(x) =-2 limf(x) =-2

.. _x2—9
(1) S()=E=

3 lim (x* -9 3y _ =
i ) Hiom = 9:H_3( ):( 3)-9 9-9_10 _
X3 >3 x—3 lim (x—3) 33 -6 -6

x—>-3"

=3

3 lim (x* -9 a1 _
Now limf(x)=lim)C 9=’H_3+( )=( 3) 9=9 et
x—>-3" »>3 x=3  lim (x-3) —3-3 -6 -6

x—>-3*

M ki it S TN AN O
T\ A+ \\Y [ (&0~

\ '\
AN |
\ U\ ]

[ ]

(iiil)  f(x)=]x-5] C=54 O )
\ V |x —5| = ( x— 5)

i /(x)= liml=5) o\~

- N —(x-95) +(x-95)

~ RN \J | \Ji\" —0o0 5 ~+00
N\ |\| N\

= lim[~(x~5)]=~lim(x~5)=~(5-5)=0

X35
lim f (x) = lim |x = 5| = lim (x=5) =5-5=0
e Burfsl=tm =0
lim /(x)=0

x—5

Question # 2:
Discuss the continuity of f(x) ar x=c

2x+5 if x<2
(l') f(x)= 4x+1 if x>2

c=2 s N

We haveto discuss the continuity of f ( x) O K
(a)  f(2)=2(2)+5=4+5=9-\V/
@ o=z T
JoF(x)=2x+5 f(x)=4x+1

UM

- —o0 2 +00
J}ig}f(x):£iL121(2x+5)=2(2)+5=4+5=9
and J}ig}f(x)=£i£r21(4x+1)=4(2)+1=8+1=9

limf(x) = | - S— (2)

x—2
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=l (0 \‘ \
(¢) Sfrom (1) and Lt s 12
lim £ (x) = f(2) '
f(x) is continoig_g 7
.\\ ]\\I' jl"-‘l
(i) NE
i fle)=r(2)
is not defined so given function is discontinous
(ii ) Correction
3x—1 if x<1
S (x)=14 if x=1
2x if x>1
c=1 (correction)
S(1)=4
—00 1 400
f(x)=3x—1 (x):2x
(a) f(l)—4 (given) @m
() tim/(x)=? 17\C
lim £ (x) = tim (3 -1) =3(1) -1 =2 \/\@@L A
and 11mf(x) = hm( \ &/
= llrgf
; 11 .............................
(c) From (1) and (2)  weget
im /() = 7 (1)
! (x) is discontinous at x=1
3x—1 if x<l1
(7ii) f(x)= c=1
2x if x>1
(a) S (1) isnot defined
: f(x) isdiscontinousat x =1
Question # 3:
Giventhat
3% if xL-—2 o~ oA qv‘??-‘\,z‘lj
f(x)=9x"-1 ¥ 2<x<2 ) N /ﬂ\\\| ,|'|K.;2: \O\
3 x22 o A OV [~
—0o0 \ \ —~ ~ A\ ~
Flx)=3x -2 A x) xk‘l

(7) Weche % ittéwar)é 2
(a) 7(2 \lg i




FSc-1I/Ex 1.4-3
(6)  lims(x)=7 .
3 i 2 1\ _ 2 N\ (F"‘- /;ﬂ ~." \
e el =DglarLf=(a) <1=8 ATV (O |

\ \ \\ U\
\ ", I‘ 9 A
\ \\\\_" 3~ e

N\

tim £ (x) =tim(3)=3 2,
= lim fosiml) =3
1iﬁi[9\xjd§1)'>‘3 [ (2)

(c) From (1)and(2), we get

lim £ (x) = f(2)

f(x) is continuous at x=2

(i) At x=-2

(@)  f(2)=3(2)=—6 .. (1)
() lim f(x)=7?

x—>2

x—>—2
i /()= (6 =3(2)=
. T > B 2 . .
and - lim f(x)= lim (x* ~1) = (-2)’ ~1=4-1=3
= xl_l)r_rzlff(x) —= xI_l)r_r; iz} —> }g{lzf(x) does not exist

f(x) isdiscontinuousar  x=-2

oM

Question # 4:

Given that /Q (\ m%g@o
=1 %@1@%\@ L

Y\ e
_ +oo
f(x)=x+2 -1 f(x)=e+2
}i_{{llf(x) exists

lirirfif(x) = li{r}+f(x)

= Dmleea)=Tlmlaes)
= -1+2 = ¢+2
i 1l =¢c+2
= c=1—2 — c=—1
Question # 5:
@
mx if x<3
f(x)=qn if ¥=19 A
—2x+9if x>3 - /; \\) LU
RN
here f(3)=n (given ) Q.
f(x) is continu?‘yﬁpq[ H/—\/;‘\\Bﬁ? g/ { \
tim £ (x) = tim /() SR LD
= lim (

\

(IRREE )

A
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(0
= (m)(3)=—2(3)+9=n =
—
—
—
=>
(i)
here  f(4)=(4)" =16
. f(x) is continuous at x =4
o 7ix)=Tmg 7 x)=1(4)
. e 8%
—% }gr}(mx)—}rlg}(x )—16
=N 4m=(4)" =16
=  4m=16=16 =  4m=16
= m=4
Question # 6:
Given that ) . @>K§\\/§\\d
V2x+5—x+7 S \’\W (\\f/@o@
O 72 A\ LY
K -~ / O \ -
AR\ RS
K=2 x\\\ \Q\ﬂ/ N
here 2)= ] I
rEE
j@ is'continuous at X=2
lim 7' (x) = /(2)
limJ2x+5—Jx+7_K - lim\/2x+5—‘\/x+7 J2x+5+Jx+7_K
x—>2 x—2 N x—2 x—2 \/2x+5+\/x+7_
2. Z
~ s vmes] (x+3)-(+7) o
=2 (x=2)(V2x+5+/x+7 (x—2)(V2x+5+/x+7)
2x+5—x—7 (x—2)
— =K — =K
(x-2)(V2x+5+Vx+7) (x—2)(Vax 5 +vx17)
1 1
=  lim —E = _K
2\ 2x+5 +/x+7 lirrzl[\/2x+5+\/x+7]
1 1
= =K = —=K e~
J2(2)+5+2+7 Jo ++/o N
1 ‘v'ﬂ//'::-\\(fi—\:\' PEAT
— (‘\] \ ~\ I". \.‘ | \_
~ 343 W\ )
= K = 1
6
WY
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Q.1  Draw the graphs of the following equations.

2 2
i) xX+y =9 @ e+ =1
(i) vy = e ivy y=3%
Solution:
i Ky =
.
y =

Its domain is —

X

]
" X2 ;
(11) 16 +% = 1

Y _

4

yz

y =

y —

Its d()del’r u;‘ ﬁ<'x S 4 YL
\} |\l ' -



3 4|
4 | =L2]| 2 | =1
+19 ]zl
1.7 | £l
+13( 0




Q.2 Grapht V(Me parametric equations given below.
i , y =t , =35t<3 where ‘t’ is a parameter
( X =t=1, y = 2t=1, =1<t<5 where ‘t’ is a parameter

(iii) x = sec® , y = tan where ‘@’ is a parameter
Solution:
(1) x =t , y=t, —3<t<3 where‘t’isaparameter
t -3 -2 —1 0 1 2 3
X =t -3 -2 -1 0 1 2 3

y=t 9 4 [ 0 1 4 9

—><




(ii)

a parameter

o
oL

TG0
Xﬁdﬁ“; -1,
1

-1 <t <5 where ‘U is
2

tQ@WjUwFOV 3 4
x=t-1 - | 0 1 2 3
y=2t-1 - i 3 5 7

(1i1) x = sech , y = tan®  where ‘0’ is a parameter

x> = sec’®, yz = tan’®
X y2 = sec’d — tan’®
X" — y2 = 1 (*c 1+tan’0 =sec’® => | = sec’0 — tan’0)

V= x-1

y = % Xt -1

o
x il e mh\\E AES
y=\-1 | #28 | §W?\(@Y\§N@ 1617 | £238
AN
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Q.3  Draw the graphs, of th @&m find whether they are
continuous.
x<3 x'—4
WNHIEPS @ y=,3 »x#12
X

[x+3 , x#3 -16

i)y =, =3 V) y="_4 » x=4
Solution:
, _x=1 if x<3
(@) Y = l2x+1 if x23
y =x-1 , x<3
X -2 -1 0 1 2
y=x-1 -3 -2 -1 0 |
y =2x+1 , x23 s m@@@
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Break Paint

e

R ——

Since there is a break in a graph. So this function is not continuous.
-4
x-2 7

x+2)(x-2)
X—-2 :

X# 2

—_

5

et
Il

X#2

x+2,

X#2

-2

0




Break Point

X < : : : ; > X
-5 o - 4
\\ :
e} |
WW 24 !
|
|
|
|
I
|
3\ |
yf
Since there is a break in a graph so this function is not continuous.
[x+3 if x=# 3
@ y=1; " i x=3
y = ¥+ it x=3
% -3 -2 -1 0 1 3
y 0 1 2 3 -




Break Point

X' € t t — T(\) T t : > X
SRR R R
eI
|
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Since there is a break in a graph. So this function is not continuous at x = 3.
2
-16
(iv) vy =xx_4 , X #4
_ (x+4)(x—-4 3 2d
x—4
§
x | =3 | =2 -1] 0 <\/73%9 6
N AR
1 2 \ 6 7 9 10
: SN

PRl




Break Point

v
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Since there is a break in a graph. So this function is not continuous at x = 4.

Q.4  Find the graphical solution of the following equations.
@ x = sin2x (i) 5 = cosx Gii) 2x= tanx
Solution:
(i) Let y = x = sin2x @ @@m
Therefore y = x and y = su@lx/f\(\ (\N B
X —90° | —6pt | 300/ \[ e\ 050 600 90°
y=x |-m2=- -n@\ﬁ\g\&é@\{ 0 n6= | n3= |n2=16
_ ARN b 0.52 052 | 105

NNAVAS




%&\\E § |
ym:f\ in
\{J \ O\) 0 o o o (4 o
xoNNRO N 2600 | -30 0 30 60 90
0

y=sin 2x_ —087 | —087 0 0.87 0.87 0

The graphical solution is the points of intersection of two graphs, i.e. x = 0°, 54°
AY

Therefore vy = % and y = cosx

_ X
y = 2
X -90° - 60° -30° 0° 30° 60° 90°
g X — /4 —~1/6 -7/12 0 /6 /6 /4
2 |=-79|=-052|=-026 =026 | =052 | =0.79
y = cosX
X -90° - 60° -30° 0° 30° 60° W\@Q"
y = C0S X 0 0.5 0.87/\ 0 lm A {\W /&%AQ;%?\’ "0
int \is}, ich %J Just below the point of

The graphical solution is th
intersection of two graph

o



-;o° 0 60" 90°
y=2 “
W
(i)  Let = 2x= tanx
Therefore =2x and y = tanx
= IR
X - 90° - 60° -30° 0° 30° 60° 90°
y=2x —m=-314 | -213=-209 | -n3=-105 | 0 | w3=105 wA=209 | n=3.14
y = tanx
X ~90° | -60° | -30° | 0 30 680) {00\90°
y=tanx | o | -173 | -058, J\PW\J(\W/C/AQ o

The graphical sogﬁl ﬁm

" 5.5

n@

f\ﬁvéjgraphs ie. x=0°




