f order 3x3 with each entry 0 and

rof all possible matrices !
@1 ( ) 81
. (c) 512 (¢
- o many b i figure of 8 sides?
i diagonals can be drawn In a plane figw <0
m"} (50;{ ag[h) 20 ) 35 (d) 81

ix) IfP(A) 2

(x) IfAandB

10.

11.

-1 p(B)=0,then P(AIB) is
(a) 0 (b) A {c) not defined (4 1
' 2 5
are events such that P(AIB)= P(B1A) then
(@) Ac BbutA#B () A=B ©AnB=p ©@ P(A)=P(B)
1 MGG, fdr | (DIFSCR "Gt B0’
gp it TR S ; s 5 B ;
Pr+6:_ Pr+3-l3l].300.]. find 7. 5

In how many distinct ways can x‘y’zs be expressed without exponents?

In how many different ways can be six children seated at a round table if a
certain two children (i) refuse to sit next to each other? (i) insist on sitting
next to each other?

Six people including Fais
table. Find the probability
other. i

i P(A) =0.8,P(B)=05,P(B14)=04,

find ()P(ANB) @)P(aIB)  (GiP(AUB).
How many 6-digited telephone numbers can be constructed with the digits
0, 1,2 345,67 8,09, if each number starts with 35 and no digits

appears more than once.
How many numbers greater than a million can
2,3,0,3,4,2,3?

A party of n men is to be seated round a circu
that two particular men sit together.

Given the following spinner, determine the probability:
P (Orange) -

P (Red or Green)

P (Not Red)

P (Pink)

al and Saima are to be seated around a circular
that Faisal and Saima are seated next to each

be formed with the digits

lar table. Find the probability

w—ZmocC v

‘Use Pascal’s triangle to find the expansion of (x+7y)* where mis a small

_ rational values of n.

MATHEMATI T l-
% \T'ICAL INDU
AND BINOMIAL THEOCI:{FIIHT}I?’IN

Part 1

TR BARE iE y
tun-ﬁ';_-;‘h&-_g]udiﬂ_ﬂs will beable to:

]

Describe the principle of mathematical induction.
Apply the principle to prove the statements, identities or formulae.

positive integer,
F;tmc and prove binomial theorem for positive integral index
l"-pﬂud (x+ y)" using binomial theorem and find its general term.
Find the specified term in the expansion of (x+y)"
E QY . i
xpand (1 + x)* where n is a positive integer and extend this result for all

Expand (1 + x)" in ascending powers of x and explain its validity/
convergence for |x| < 1 where n is a rational number.

gt‘:m}i“c the approximate values of the binomial expansion
-ve integers or fractions. _

s having indices




of mathematical induction, suppose ,

b m the basmpggﬁfig:e:hown in the following Figure (7.1),
iles arc
in rectangular &
set of thin rec

“Figure 7.1

.
I 4] m a.h.s(] u ¥

ile falls, and _
E:; E&Efﬁ:n: that any tile falls its successor necessarily falls.

i inci ical induction.
isi lying principle of mathematica _ g
TJ:S!clzouu.lre 1:1111: Z.;:’ ofgnzi::mlpnumbcm Nisa spa;nalfolliderft:ligs;l:{:;: r?yf the
' i owl .
N is the smallest subset of R with the fo i
numbel‘i ?stfasﬂi's s;id to be an inductive set if 1€S and x +1€ S wheneverx

Since N is the smallest subset of R which is an ir“ductive set, it follows that
any subset of R that is an inductive set must contain N. e of in the
Mathematical induction is one of the developed techniques of P tcomes of
history of mathematics. It is used to checkconjectures about the ou
processes that occur repeatedly and according to definite patterns.

For example:
Toh T reisruniansi +(2n-1) =n? (1)
dF2F 3+ i +n ='-“_"2’ﬂ (2)

42743 4o 4 n? = MOHDQ20AD)

are all propositions, statements which involve the natural number n. Equation (1)

above asserts that the sum of first n positive odq integers is
n. We see that the L.H.S. of (1) reduces simply to: 8Ers 15 equal to the square of

I=1 if n=}
l1+3=4 =2? if n=2
J43+5=2=3" if na3amdsmen,

It is impossible t_c verify (1) for each n e N, because it involves infinitely many -
calculations which never end. To avoid such: situations, the principle of
mathematical induction is applied. .

7.1.1. The Principle of Mathematical Induction
The principle of mathematical induction is stated as follows,
Let P(n) be a property that is defined for integers n, and let a be a fixed integer.
Suppose the following two statements are true.
1. P(a) is true.
2. For all integers k> a, if P(k) is true then P(k+1) is true.
Then the statement for all integers n> a; P(n)is true.

The principle of mathematical induction is explained through the following
examples.

Example 1:  Prove that for everyneN, I+2+3+...+n= ﬂ(n;l)

Solution: Step 1. For n=1, the statement becomes

- basis (p(1))

Thus the statement is true for n=1
Step2.  Letus assume that the statement be true for n=k€ N, that is, we assume

142+, 4= %ﬂ — inductive hypothesis (P(k))

Step3.  Letn=kel and consider

(U+2+. 4+ B+ (k+1) =___-m‘;”+(k+1}
(adding k+1 to both sides of P(k))




g

Lt PR E(."‘.f—l—) Fﬁi-!i}_;_?ﬁ‘_ﬂ Step 3. ]e“":k"'laﬂdmnsider
+
ot o kD) 2243 et KDY (Adding (k+1) to
¥ &M g A 6 both sides of (i))
= T hen n = k+1. So the aboy k{k+1)(2k 2
by the proposition ¥ e o = SEPEEHD 464 4y
{ Which is just the :Om_;:ff!;njmus by the principle of mathematical induction, | 5 = k+ Hk(%;l):‘-ﬁ(“lﬂ
Bl : jtion is true for 1= ' 2
bl B e for all positive integers : = LLDEE+k+6k+6)} | (k+ D22+ Tk+6)
i : e Find 2+4.|..5+ ...... +500 6 L 6
i) Example 2: (1) - g, 2 _ (k+D(k+2)(2k +3)
| (i) Find 5464 T+8+uenne WA _ _____6______
ciood >2, find 1+2+3+....+(h— T | _
(iif) Find an integer h=2 Which is just the form taken by the proposition for n = k + 1. So the above
ol _ .propos‘mmr _IS true for n = k+1 and hence by the principle of mathematical
(i) 24446+-+500= 2. (14243+-+250) induction, it is true for all positive integer n.
1 e - i .
250251 (by applying the formula It I'IJI._ISl‘bﬁ noted that the application of the principle of mathematical i ion i
B [__2_—] for the S‘;?U‘;f the firstn ot l].m;",e'd only to IP':“] stated by means of an eqfation. The :l:ﬂci‘:pallelzsr:l?lls?l;:
with n =2 applied 1n cases where no equation is involved i s
=62.750 examples, q volved as we shall see in the following

Example 4: Show that a-b is a factor of a" - b" f, .311 itivei
e = e 450) = (14243+4) ; ing the formula X : — @ lorall positive integer n.
(ii) 5+6+T+8+-:- +50 = (14243+--+50) “. (by applying Solution:  To show that a — b is a factor of a” — b”

for the sum of the firstn » we will use induction on n.

=50'§51~10 with n =50) Step 1. Letn=1,thena"-b"=g—band since a — b divides a- b, so a- b
(b'y applying the formula ; is a factor of a—b. Therefore the above statement is true forn = |
=1265 f the firstn . Step2,  .Letth : E s
£ Bl sl ¢ P 2. et the above statement is true for n = k then a—b is a factor of a*~b*
| withn=h— 1) I| = a-bdivides a*-b* and as such we can write
PO W_IL (h=1).h 1 3 a*-b*=(a-b)Q.......(1) whereQis the quotient.
: 2 : il)(z,w 4 -‘_ Step 3. Let n =k + 1 and consider a**'— b**'. We can write
n(n ! + i
Example 3: Prove that 12422 43% ... 4n? = s a*™ _pM= gt g _prp (Adding and subtracting the term ab')
Solution: Step 1.  Forn = 1, the proposition becomes ' SEah e = % .
12212 MADQ@I+D) 123 | o citis true forn=! : =a(a"-b*) +b" (a-b)=ala-b) Q + b* (a~b) (Using 1)
_ - e =(a-b)[aQ +b"]
Step 2. Suppose the proposition is true for n = k, then 0 = a - b divides a*"'-b**" with quatient.aQ +b"
12422432 4 ... 4 g2 = KEHD2K+T) =  a-bisafactorof a**'-b*"

6

= i g

* Mathematies XL




H S0 We can write
.';wen to be a positive odd '"“’EBT;&'_H_ % .
i L]
Solution: Since n 18 gt re x"+y =X ¥
R ; jtive integer. There : 3
2m-] where m is 8 POS method of induction on m,
n= 1

=1

ill use the
To prove the above statem::’: ""e:;'_, e 2H g y?f-f = x + y and since x 4+ y
& =
= n P
Step 1. Letm = 1, ﬂ“’ « factor of x + y. Therefore the above statement s true for
s +yis
divides x +Y, S0 %
= k then x + ¥ is a factor of
Ill‘—'l- ie true fm m= k
tatement is .
Step 2. Let the above S
ep xu_l+yn-| B
=  x+ydividesx™ +y"

Snwet:anm'ite.r”"+yu" =(x+y)Q
Step 3. Now let m=k+1 and consider L.
- 2-1_ .2k -l¥ +y
11 Dl Gy yzu _
i +ym* 4 2k-1,,2

-1 2
Ll e v e e

= xz{xzm__l_yn-l} +yn-| {yzrxtJ

=x? (x4y)Q + y ™ (y-x)(y+x)

2
=2 (x4)Q + Y2 (yx)(xty)= (x+y) [X* Q +Y

or X2HHIH 4 2RI - (eiy) O; where Q) = x* Q@ +y ™ (yx)
= x+y is a factor of P _ keI

4 s e true
So the above statement is true for m = k+1 and hence by induction 1t 15

positive integral values of m.
Therefore x+y is factor of x" +y" where n is a positive odd integer.

(1) where Q is the quotient.

k-1 2

k-142 _ xzr—: ¢ _xz +y B

(Using 1)

kL )]

forall

on
7.1.2  General (extended) form of principle of Mathematical lnfiucﬂ i*
Sometimes it happens that a given statement and proposition do€s

for first few positive integral values of n but after those values of 1 1
true;  For example let us consider the statement n’>n+3

t beco™

; hich is false,
Whenn=2 then 225243an44 > 5 which is again false.

5 s
When n = 3 then 3 >3 + 3 0r 9 > 6 which is trye, That is, the above statement is
false for n = 1mdzbutlsn'ucfora]lvaluesofngxeamrmanz.

gimilarly if we consider the statement >4 pne]

then this statement is not true for n = J, 2,3,4 but it becomes true i a5 s
higher values. '

In such situations the principle of mathematical induction is defined as under:
Let P(n) is a given statement or proposition such that.
@ P(n) is true for n = m, where m is the least positive integer,
(ii) If P(n) is true for n = k where & > m then p(n) is also true for n = k+1 -
We then say that P(n) is true for all integral values of n > m,
This is called general (extended) form of the principle of mathematical induction.
Example 6: Prove that n’> dn’+n 4+ Ilforn=5
We are to prove that n’>4n* +n+l  forns
Solution: In this case our induction will start from n=5
Stepl. Let n=5, thenn® =5 = 125 and
'+l =4(5)° + 54+ 1=100+5+ 1 =106
Clearly 125 > 106 so the above statement is true for n = 5
Step 2. Let us assume that the above statement is true for n = k> 5 then,
Bdkz+k+1 . (1)

.Step 3.Now let n = k+1, then n? = (k+1)®

andso (k+1)* = k> 43k +3k+ 1> 4k 2 4kt 143k +3k+1

= (k+1)°> 4k* +3k? +4k+2 (using (1))

SOED™> 42 4 3kkedir2 = (41)°> 47 43k5+4k62 ask2S

= (k+1)*> dk? 41 5kadka2 = (k+1)'> 4k + ke Gkedke2
= (k+1)*> 4k + k4 10k+2 = (k+1)*> 4k* + %k+6k+dk+2
= (k+1)°> 4k2 4 9k+6 (as 6k+4k+2>6)

= (k+1)°> gk 4 Bkv kv de2 = (k+1)°> 4k* +8k+4+k+2
= (k1) > 4 4204 1) 4kt 41 = (k+1)°> 4(k+1)? +(k+1)+1

ich is of the form (1) for n = k + 1, so the given proposition is true for p=k+1,

thus by induction it i true fopall n > 5.




T T ——_ L

Prove that 2 4( ] forn>1

Example 7 aid 2"' forn>l... M
Solution: We are to prove that 2°< : |

L A S
Sm}hz mcn2"+2’=4"*“d[2ﬂ]=[2]#[2] de=al A
Letn 3

is true forn =2

Therefore <6 and once 2" <[ }
he above assemon is true for n=k*

Step 2. Let us suppose foat tzk Py 8
2<[] o o %S k1(2k—k)!

for k>1, then

k
2! @)

Step 3. Letn = k+1 and consrder 2! we can write
2k!-2 3)

...................

_2“'=2"-2<
(2k+2)(2k+1) _ Ak +D(k+k+D _
D = v D k+l

= 2[_k_+1:|: _z.k—+ 2>2ask> 1
- LE+] k+1

Now

=12< QRN+ ' From (3), we have

Tk
Q2 2k (k+2k+D) zu.{(zn:z)mu)zm

NI k+1)* . ’ ENk+1) k(K +1)

i (2k+2)! w2k
KWk +1) k'k+1) (k+1)! (k +1)!

k+l ‘.’.fc+2 . 4
2 ‘:[ E§1 ] which is of the form (1) when n is replaced by k+1.

So the given statement is true for n =k+1 and hence it is true for all n > 1.

Thus 2" <[2") forn>1.
n

Ak+k+D) [ k +k'+l].
k+1 k+l

Establish the ]_‘gnnulas given below by mathematical induction.

1. 2+4+6+-+2n=n(n+1)

2 1+5+9+..... +4n-3) = n@2n-1)
3 8+6+9 4 30 = NOE])

2
4, 3+47+11+--+(@n-1)=n@2n+1)

5. P+2+3 +4n® = [—-___n(" L DT
2
6. 10D + 22D + 3BD +-4n(nl) = (n +1)1
7. 12+23+434+.......+0(n+]) = HtDn+2)
3

8. 1+242%42%4.......42= 201

1 1 1 1
=t =t iiiib— = = 1
9" 27 AT ["‘3?]

11.

EJ SRR

3 1 g i PR

"
12. Show by mathematical induction that -

O ol (SR 1 _gp-

(i) T34 1saninteger. (ii) w is an integer.
13_ 1 n A

() 2">n VneN. (i) n!>n® forevery integern 4

4. : 1
(i) Show that 5 is a factor of 32*'+2*'where n is any positive integer.

i (i) Prove that 2 ~1 is a multiple of 3 for all positive integers.
+ Show thata + b is a factor of a"b" for all even positive integer n.




called a binomial. The binopy;,;

Binomial mﬁm is
m S'llch as a + h! hinomial (a i b)l'l., fDr

72
In ﬂ:,lg{!bil'ﬂ 4 sum Df tw:mste-;:ol:' e Powersd I;]f a
jves an €X] bers a and D

:Z;mp?sigi integern and all :Emwl theorem

7.2.1 Statement and Pro" of ﬂ]’:i[ corm is stated as under.

The binomial theorem in 1S e:‘g real numbers and 1 is a positive integer, thep

Theorem: If a and b are any : nY gergr n 3
- .bp 3 n a"'lbl +[ﬂ] an-ibi +..00t i a b +...+ : a“b .

(a+b)= [ ]a I 2

- ; ' .o in summation form as:
which more compactly can be written 10

{a+b)"=§ [:] 54

Proof: Mathematical in
validity of the binomial theorem. .
)
a
n

: n R=rpr
{a+h)" =[z] a"b"+[r] "' +[:] P +...+[r] a” e+t
Stép 1.Ifn=1, then frﬁm (i), we obtain

(a+b)'= [:J a‘b°+[:] ad=a+b

which is true. Thus the statement is true for n = 1
Step 2.Suppose that the statement is true for n=4k, then

(a+b)* =[:] %% + [f] a* ! +[;] a2 ++..+(k] T [:] faPBE et (i)
r ’

Step 3. We now prove that the Lheofem is true for n = k + 1. Multiplying both
sides of equation (ii) by (a +b), we have

(;1+b:l(d +b)t=(a+b) [[;]n"b%[k]a"lbl-l-[i]a*"zbz + ____+[‘-']axnrbr. St [i},ﬂm]

1 r

= (a+ b)™ = |[¥] grorp0 . [* k k|
et (e () ) oat) o (P

2
k k
+[[u] a'b +[1] a2 +[:] AN

k)o
[k] ak—rbr+l ok (k)a b
¢ :

duction provides us the best way for confirming the

+

o o (e +[[+;=]] e

[RS8 T

We know that [;J={k:]=l and (*]= k) (& k) _[k+1
k) \k+1)(r=t) ¥ )7, |for 0s sk,

therefore:

ket _ [R+D) puno  (R+D) k+1
fa+b) —[ 0 Ja b+ ; ]a b+[ 5 ]ak-lbz+‘..+[k+l] ahl"b"+.--+{k+1] a0t
r +1 v

which is of the form (i) forn =k + 1

So the given statement is true for n = f + 1 and : A

ko rie ok all posifive Sty . nd thus by the method of induction it
7.2.2 Properties of the Binomial Expansion

The expansion of (a + b)" has the following properties,

(i) The number of terms in the e i .
] Xpansion of {a+b)" are n+1 i
terms are one more than the exponent n. } PN o ek

Thus the expansion of (@ + b)® will contain 8+1 =9 terms;
(i) In the expansion of (q + b)" the first term is 4"5° . the second term is
n g™p! . - nn-1) ,_ '
;e and the third term is=—a ** and'so on . In each term the exponent of
@ decreases progressively by 1 and the ex i i
ponent of b increases progress
but the sum of the exponents of @ and b in each terms is alwayf eqﬁ;st::ly i

(i)  In the expansion of (a + b)" the terms [:] a"’b" and [ ]a’b"" are
n

-F
equidistant from the_beg'mning and the end. For [:) a""'b" is preceeded by r terms

n

a
nd followed by n - r terms while ( J a"b""is preceded by n — r terms and

n=r r

g 5 (n=r)tr!  rlin—r)!
ot :
he coefficients of terms equidistant from the beginning and end are equal.

(iv A
thez-e wI]n the expansion of (a + )", if n is even, the number of terms are odd and
Ul be only one middle term. If n is odd, the number of terms are even and

ere will be two middle terms.

Not For Sale .




H*z]th term is the only one middle tery, ang
+b)", the [T
m ] rms are the two middle terms.

th te

() Fornevenin 3
+
Oddme[_'lﬂ]ﬂ?a“d (nz n expansion Oftﬁcf
forn 2 il _bthen (a—b)" has exp orm
: b)" if b is replac )" "] a%"
(vi) In(a+b)"ifb +H-1)" | o

n a0 R] an-lb + [;] a”'i_bzvf .........
fa=b)" = [IJ'J a '

nl a-l "]a
or(a-5b)" = a‘“—{]]a b +[?.
We note that in the expansion of (a -

-

b)" the terms are alternately positive g

negative. e
ii the expansion
{:JIIIZd l.h[: genemlp term and is denoted by Tr1.

C

ﬁn—rlb"

n
r

(a +.b)" the (r+1)th term which is [ ] a""b"is usually
a-,

n B I
‘ﬂmsT@F[]" s r(n-r)!

r

for using binomial formula for given value of n, in the expansion of
. Z()m ﬂ:hlsatm(:mu;mpgnrtam tﬁsk is to find the binomial coefficients
{a+b)",

()2t

o Con:ide:r the f:Ilowing expanded powers of (a + b)’, where a + b is any
. binomial and n is a whole number. Look for patterns.
' (@a+b)=1
@a+b)=a+b
(a+ by = a® + 2ab + p?
(@+ By =& + 3% + 3ab? + b
(a+b) =a*+ 4a°b + 6a%? + dab® + p*
(@+bY = a® + 5a% + 100%? + 10a%? + 5q° + b®
Each expansion is a polynomial, There are some patterns to be H_OIEd-' %
(i) There is one more term than the power of the exponent, n. That is, there @
n+ 1 terms in the expansion of (a+b). ) . amial
(ii) In each term, the sum of the eXponents is n, the power to which the bino
is raised. A
(iif) The exponents of a start with 1, the power of the binomial, and decrease g;sﬂ.
The last term has no factor of 4, The first term has no factor of b, 50 pOW
b start with 0 angd increase to n,

|

(iv)The coefficients start at 1 and increase through certain values about “half-way
and then decrease (hiough these same values back to 1. -

The above binomial expansions can pe written in the following triangular form

farl (_Did You Know EEI
ca+h

a’ + 2ab + p? Pascal’s triangle is most
93 + 3a%h 4+ Jab? + b3 Wﬂweﬂtwohﬁn the
5 ;,4: dab : fazbz +24253 + b: ﬁg‘;ﬁ"::ﬁ; .
a’ + 5a"h + 10a°b® + 1042 + Sab* + 35 (a+B)"when nisa -
For each of the above expansions, we write down the small number.
binomial coefficients in the following fashion

n Values of binomial coefficients
0 1

1 1 1

2 1 2 1

3 L 33 3

4 I 6 4

5 1: 5 10 10 5 1
The above configuration of numbers is called Pascal’s Triangle.

Example 8: Find the expansion of (x+y)°.
Solution: By the formula, -
(x+y)°=x+ ‘Cx’y+°Cox'y + Cy +5C,x% + ‘Coy’ +°C,5°
=x° 462"y +15x'y? +202°y’ +15x%y* +62° :FJ’S-
On calculating the value of § i o

Example 9: Find the 6¢h term in the expansion of (3x +2y)",
Solution; Let Tyth term be the sixth term of the expansion (3x+2y)"’. We

: s el " I " A=y
Tmember that the Tesith term for the expansion of (a + b)"is Tﬁl-(r] a"'h
So, for the given expansion (3x +2y)" '

M I . s
TI+I‘-‘~[’_2](3.‘I:)12-’ (2y)". Here we have n =12 ,a=3xand b=2y




the 6th term i.e. Ts' so choosing r = 5 i!nd

are interested in finding

ult , we have, 121
= 5

== Ts 5'7' x?z J’j

= Tg = 11-9-82187-32¢)3

Since we
puumg in the last res
T,, =T¢= [12][,31}1:-5 (2’

=T, = ___———‘2"2‘;:'::;“ %2187 x32x"y*
=T,= 55427328 oy’ : :
* Example 10: Find the coefficient of x* in the expansion of (2x*— = )

Let Ty of (2.r L )m be the pmcula; terms containing 37

1]

Now for the given expansion (2.1:’ = 25
i

m.:[:"}(zr’;-"“ 2= [i"]z“” T 1
: (10 e & Ay
& (-1}'[1“]2’“" L3 T = () [r Jz’““ .37, x 202
To= (—n'ﬂ"]z‘“ 3 )

But this term contains x° and this s only possible if x**~*"= x* and thus 20-3r =5
=3r=20-5  or3r=15 = r=5 Putting this value of r=5 in (1) we get.

TM=T6={-I)’(;UJ honlle Lo ST, =D’ (;0] 2% 385"
So the required coefficient is (-n’{“’jz’. 3 =-1% 3503

Reaui it 10987651
equired cﬂﬂfﬁﬂeﬂl_ T 32: 243 that is the requlred coefficient of
x* =- 1959552

Example 11: :Fmd the term mdependent of ¥ in {-xe__]_]y
i 2

———— e S——

o =~
BT, Il B B i
T (-1 {’IE] e R A (-1)'[31_3 ;lr_ 82
PR L i s |
= (=D (rIE] 7 (1)

But T, thterm is free of x and this is 18
; possible if x183r_ Lo _. .
=3r=18andsor=6 T =x"giving 18-3r=0

Thus Tev1 =Teur =T i.e. 7th term of the given expansion is independent of x

6 e o 3
=] 2 L T I 3 1
e )[6] [2] g 61312 361

9876/ 1 1 _ 987 1 | 7

e

" Thus the 7" term of ion [25a- L Vi
the expansion > x!-;x- 1s independent of x and its value is% :

Example 12: Find the middle term in the expansion of (3+5)w.

X a

10
Solution: Since ip (4. * = ich i
Since in x+a .n—I[]thchzsevcn so that total number of terms in

the above ExPaﬂsmn = 10+1 = 11. Thus it has only one middle term which is

[”‘"’2 thiﬁ 1042 th
m = 5 ]thlenn = 6th term.i.e. 6 term is the middle term

Now T _ for ( L ) " is given by

THI‘[ ]{ )m'{ )". Putting r=S5

We get Tg = [10) (aY(x)_ 10! (a%)(*) _ 1098768 _ .., .
d = ol S| EEECOS: & 50y
5)\x)\a) " 51517 [F)F) T Sr23as

S th :
© the 6" term of (£+2)" js the middle term and it is 252.




.1+z)=f. ﬁﬁ)l [‘[;+7L;Js

4
- i : I iﬁns.
1 the indicated term in the €xpans 10 .
& : . (x_3) ()3 term i TP
e e DRt enn, | o ) VS R | g
(i)4® term in (2+2) (V2 \2 _ Jx
B T i ki dent of x in the following expansions.
3; ; z ; 10 32
: 9 il = 3 [ _-l_
- owd el ol

‘4. Find ﬁmﬂicient of - A >
L G 1 - 1 &3 - |" ’
(i) x”in(xi-x}mll (ii) Fm(z—;) (iii) a°b in kz”'gj

5. . Find the middle term in the expansion uf:

21 5f 8 ; 2y ( A 16
(i) [‘Eﬁb.t) " (i) [31—%) (iii) _kf{l—" ,..3_.]
. 1 ’ " 3 ~ 23
-6.  Find the constant term in the expansion of [24'_ ——J :
7, Find

8. Find the numerically greatest term in (3-20)"°, when x = -f; .

9. Find the numerically greatest term in the expansion of (x—)"’
when x=12 andy =4,

10. Prove that su.m of Binomial coefﬁéients of order n = 2". Also prove the
sum of odd binomial coefficients = sum of even Binomial coefficients=

11. Consider (1+x)" and take (’:]z C.

 Show et C,42€, x 43¢ 50 400

0 {2+48) +(2-+B)' @)(1+v2)' -(1-v2)" Giid)(a+5)° +(a=b)

7.3

Binomial Series

7.3.1 Expansion of (1 + x)" where n is a positive integer

By Binomial theorem, for any two real numbers g and b and for a PtlJSEIt.ivc

. integer n o
+b)" =a" +na" b+ mn=1) ..., nn=1n-2y .
(a+b) 51 9 b +___‘_3TL—EH ... +b" (i)
 and this expansion contains (n + 1) terms, Now in particular if g = 1 and b=x
then the above expansion becomes
B An=D) o n(n=1)n-2
(]+x} 1+ nx + 21 X +'___37!—-‘—:::3 +oreiin x® {11)

Thes we'obecrvo that whenis & positivs integer then the binomial expansion
(a+b)"or (1+x)" terminates after (n + Dth term, .

7.3.2 Expansion of (1 + x)" wh B 13

fraction _p )" Where n, the €xXponent, is a negative integer or a

If n is a negative integer or a fraetion, then the expansion (ii) never ends and thus
in such a case the expansion becomes

Wiyt (iif)

When n is a negative integer or a fraction then the series as. given in (iif) is
convergent if — l<x<l or Ixl<1 and it is divergent if lxl>1.

Since at.t!us level we will be interested only in those series which are convergent
so we will say that if n is a negative integer or a fraction then the series

(14+x) "= 1+ nx + iuz_:.ﬂx2+’=(ﬂ—l)(!r—2)x3
¥ k]l

(1+%)" = 14 nx + B%T—le%ﬂ_l%’illx’t..... is vlaﬁdonlyiflxld.

1)(n-2)
.

The series of the type 1+ nx + "(”r'nz%”(”‘ s is called the
2! .

binomial serjes. .
The general term of the binomial series is

T __ nn—1)n-2)...n-r+l) 'cr

r+l =

r!

Nt For Sale




1 1 31 S
- —|x* 71
: +x) 2 51 [ 2]
A, 2,
! A x x 6
a0 =137 2 1
135 i
1 (313 12— e
a+n’ =1"';"’E'E"§x 2226
- 3 a2+
(1+I)"-'1"+sxz 1 :

i 4112 4
in the expansion of (9+-) for Ixl>=. .
o i first four terms in p: :
Example 14: Find the

2 2 3 64
=3 14+4—= + s ST TR
{ 9x 81x* 8x6 ?29x3+ ]

icuamaphe 13 Compmre ’\E t0 an accuracy of at least four decimal places using
pinomial expansion \

Splution:

[z]%=[.+1)%=1+§.§+%[%2!“]&T+%[%-‘}%-2]GT+13[%-11-;:1;-3_)[1].+

: 5 i R
By 1(2J 1[_3 ot 1{_31_21_5]
N P N P L T I G R
ar [E] —i+12+ ) |ﬁ+ 3 54+ Y] 2SE+
SO 0 e LR U R
12 916 33 3 664 33 3 32
5 5
]+_i.“_.l_ et

=1 + 0.08333-0.00694 + 0.00096 — 0.0000164.......cccevnven
Taking only these five terms and neglecting the other we can write

-

ﬁ =1.00000 + 0.08333 — 0.00694 +0.00096 —0.000016.

Where= stands for ‘approximately equal to’. We have used here the symbol =
because we have omittcd all the terms after the first five terms. So we cannot
expect even think for exactness.
ﬁ = 1.07719=1.0772

Example 16; Evaluate 35 by Binomial theorem
Solution:

55 = (3617 = [36{!—%}]1 =60 {l'ﬂﬁ
! 11 %[é")( 1]2,,_12(_%:1]_[_;;?]_[--1—]2;&1@%—-1(-52 '''''




r.' :
5

ST T ey B T e, w2

-

T —

L

LT 1[1+.5£]

— —
o W
-

= 6[ -%-ﬁlﬁ_';éﬁ "21;9?;‘:239]

‘6[1-0013888-0 5 i
755 ~6l0s860142 : &
{35 = 59160852
J35 = 5.9161 onall that its square and higher powers may be “?Elﬁcted
e 422 i

R @) (1+x)216- fx]i
g -4"%‘ _(9+ 2x)?

Solution: i

11
11-2{5—1]"1 st ]

l — ——— " ansssssszaianEe
e il T | (4] 4 12 144

i o 1i1P s ]
i L e e oo | | Tm—t ——F cisanaaenees

2[“3 22276 ][ 12 144

TR : i

=3 U+E+E+ Ignoring terms containing . ey

=l[1+2x+3x] = 1 l+i£
. 2 24 2 2%

4% 2
K]

an

24

.whe:-exris s0 small such that x2 ang higher powers are neglected.

1 1 l
= 1 = 1 5 \;
{1'!'-")1(16—‘53]’1 (1+x}1(16)2_[1_ﬁx)

" Now taking = _
(i) 3 1 1 .
(9+2x) 92(“__25]: S
1 1 9 ' :
-4(1+x}5!1-ix)’ : i ; 7
16 4 = 3 ) X
= —— = S+ e 1+ Y7 '¥
2 0 3 16 9 5 o
£ ;
{+3) _
l[l_l]
ol gl 15 1 2
T TP 7 PR | WYL D v, T e
3l 20, 2 ][ 216" ]x[l 279 ]
- = = l+—+ ][l-—ﬂ ] [1—£+..,.....,...]
4. x x 5 51
= = e 2 [ ) B o el TR
bl ][ 9 R 29 ]
4 X 32x+45x i o 4
= 2l1+Z]|1- Ignoring terms containing X, X°, x*,...
3{ 2][ 9%32 } e & D _
4[ x][ m,]_ 4[ T7x x] Again ignoring term  °
= Rl s P L ] o
3 T2 0 Tox32) T 3 T2 2 containing x2
! 1 s 5
_ A+0206-597 _4(, x_ Tz \_ 4(,. 9x16;—m}= j[HI"ﬁﬂ]
s ’ _3[”2 9:«32] 3\t oxaz 3 288

(9+2x)2
1 1
= . (+02(16-592 _ 4[1 ﬁ?x}

288

[
(9+2z_}1

74 Application of the Binomial Theorem '
Approximations: We have seen in the particular cases of the expansion of
(1+x)" that the power of x go on increasing in each expansion. Since Jd<1,s0

i <|x| for 2,3,4...

This fact shows that terms in each expansion go on
if |:|:I <].

decreasing numerically

gh for determini

Thus some initial terms of the binomial series aré er}uu




‘
!

apsios having indices as negative integerg fie
p

mial series are conveniently ugeq oY

s bino : : ;
fractiome o of infinite smﬁ} 56;35 (whose sum 5 required) is compared wiy,
Summ& . coite i
summation of infint n(n"mn—l) o huss

Then the sum ié calculated by putting the Values

21,231 298 1
1+§,:_£+3'6 22 3~6-g 23.-......;,_,,

Solution:

2}_+?’:.5--1 25.8+13+ ........ (ii)
g = 1.+ 3373622 3692
Comparing (i) and (i)We &¢ )
21 n(n-l)x,_g‘f___l_
w=33 ad =31 36 2
P e so that
Squaring n‘xf:;mf = = .
n(n=1) 5
2! ﬂ_;@ an-1) 1 _5 9 :_3:_1=§:1—_=§_
w1 2 m 36 1 n 4 ® 2
9

= 5n=2-2 = Sn-2n=-2

Putting this value of nin nx = -i-%

i T e | 1
We get L P SO = e
€ EC L 3 = =2x=1=x 5
S 12 T 1 T
°*S=(1+I~= 1-=)?% = il - = = E: 3
) l-3) [2] ;== =4
1 [l)" 5
ie. S = 4and sofrom (ii) 2 23

21 251 2581 1
ppaid 25 1 s
32736 7 3gg gt =43

e

3,35, 357,
atas T aay e ; Show that y? +2y — 7=0

Solution: Giventhaty ==+22 4

328 4—3—]—2-'1-..

3. 35 5357

+Il=]+-+—=4—

=y & + 28 + 3512 +..(1}

et the series on the R.H.S. of (1) be identical with the expansion (1 + x)".
Wwe have» |

n(n=1) o n(n—l)fn—Z) 3.

”-:-x}":f'*"x* = X T (2)
Comparing right hand sides of (1) and (2), we have ,
. 8 n(n=1) , 35 : ; :
PX= e (3) and == ¥ =@ Squaring equation (3)
9 Lol :
iyt = T ....(5)  Dividing equation (4) by equation (5)
n(n—1)x* 5
= ; 2 ;
R T, | PERN ) . P
nx 9 2 n’x 48 9
16

:n(n-l) =£ g, n—1 =_5_

n* 6 n 3 :
or n-1)=5n=3n-3=5n=>-3=5n-3n=2=-3

3 . S 3 L T . |
—n=-2 Puttinen=-= innx= =, we get |-= |x=—=—7=—
2 g a el [ z]I el

x=-—zor x= 1
4 a7 :
So + = L 3 3_'5'.+_3i'7_+ oot esen e DECOIMES
ks | {1+ x) 1+4+4-B e T

y+1._112 1 2 12___1_—3
={ —5)2 or y+l=(-2-:.1 =({y+1) —l’z)

or (y+1)=—— =

y? 42y + jufim0=sy w27 =0

L]




to3 decimal places.
to four s1gmﬂcant figures.
£ 126 correct to five decimal places,

(11) E\'ﬂlﬂm r[ 508)

SO
CSETRC B T theny® +2y-1=0

= 13- 1 135 1
Ifz _i. 2! 2‘+ a -Eé--l'..,..........‘...ﬂ'leﬂ4}'!4'4)"'1=ﬂ

If x is s0 small that x’ and highgr powers of x can be 'lg;lmred. Show that

the nth root of 1 + x is equal to 22+ (1+Dx
n+(n-Dx

i) Find the U0 o

If x is nearly equal to unity then show that px? - q.x" =(p- q) P

S REVIEW EXERCISE 7

Sis ol 2 owers may be neglected, then show ﬂm_
If x i such that x” aad BIgher P

If x is s0 small that its square and higher powers can be neglected, then
X 15

- i valte |

If x is large and if -:? may be neglected, then find the approximate !
1

|

If x* and higher pow&s are neglected such that

(1+x}"'+(1 -x) ! : =a-bx?. 'F'md'aandb :
If x is of such a size that ns values are conmdered up

Show that: “*f‘ as39 i

Find the co-efficients of x” in [1—

Find the sum of the follomng

5
8 31?. 31216

(i) ‘What is the middle term in the expansion of {2x+5y]‘?
(a) 600 ¥y*  (5)120xy*  (c)5000 xy’ (d) 6 Xy*

(' What is the coefficient of the term containing x'*y° in the
expansion of (x* -2y A =
(a) 84 (b) -280 (c) 560 (d) 448
(iiiy  The expansion of {x-bm]s +[.vc—~!'.1c’——1]5 is a polynomial of
degree
(a) 5 (b 6 ()7 (@8
(iv;  Number of terms in expansion of [q'_ x+y ] (J_ -I )
(a) 6 (b 11 . ()20 (d)5
w (E4) (B = "
(a) 58 ®) 582 (©-58 - (@-582
(vi) LHIIJ+(R;1)+ ............ + (n:i = n>1
il e P — e g =l
Wr-1 mT (©2" -1 (@27
(vii) Sum of coefficients of last 15 terms in expansion of (1"'-*)3 15
(a) 2° ®2* O 2° @2"
piey 10 10 10 4 100y = e Y
i (a(): ;1-2 = (f,; 1024 (c)2048 (d)1023




