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Prove the "C, =(”1=__n_!__:’an
r riin=ry!

Define the following:
statistical experiment,

M= ZmocC—wm

sample space and an event,
mutually exclusive events,
equally likely events,

dents will be abletos

After reading this unit; the st

¢ Know Kramp's factorial notation to express the product of first n natural

s Explain the meaning of permutation of n different obj

and know the notation °P,,
® vacthm’P,:n(n—l](n-l)...
n!
(n—r)! A8

(n- r+1) and hence deduce that A Sl AT

Define the conditional probability

L
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HR =
P(AUB)= P(A) +P(B)-P(ANB),
Events.,

r of arrangements Recognize multiplication theor

o Apply "P; to solve relevant problems of finding the numbe
nt and when some

of n objects taken r.at a time (when all n objects are differe
of them are alike).
» Find the arrangement of different objects around a circle.
e Define combination of n different objects taken r at a time.

are conditional probabilities.

Use theorem of addition and multip
problems

Recognize the addition theorem ( or law) of probabi
where A and B are mutually exclusive

em (or law) of probability

P(ANB) = P(A) P(BIA) or P(ANB) = P(B) P(AIB) where P(

Deduce that P(ANB) = P(A) P(B) where A and B

d deduce that

Solve problems involving combination,

dependent and independent events,
simple and compound events.
Recognize the formula for probability of occurrence of an event E, that

numbers by nl. : R

inci i te this principle ; _

0 Recagn.'m‘-[h-eﬁ.lndamenlal pnnc1plc of counting and illustrate this P p s PE)= n(E) e
_ using tree diagram. : X —”(S)

ects taken r at a tilme " Apply the formula for finding probability in simple cases.

Use Venn diagrams and tree diagrams 0 find the probability for the

ility

BlA) and P(AIB)

are independent events.

lication of probability t© solve related




art to count

tal skills. People st
count

amen
most fund ! ven earlier. But how to

arten OF

in kind
on their fingers when ey &€ 1% .o o lifelong course-
cally i9 8 ifeloS ut combinatorics, the

quickly, correctly: and s%.rs'ten'{at! :
1n order to study probability, 1t 15 1
theory of counting. ! e
is uni i clop techniques a0 or .
© numbe! 1;1:: Sgclismli‘n\? 5\::]] '?‘;:s:?onnulae are used 10 t_:{_)rrnpulcr Sli:lenj::e to
:naiyz:; igorifhms. They are also used to determine P the likelihood
that a certain outcome of 8 random experiment will occur.
6.1.1 Kramp’s Factorial notation to express the product of first n natural
pumbers by n! :

Factorial Notation
If n is a positive integer, the notation

m n down through 1.

counting the

n!(read “n factorial”) is the product of all

positive integers fro
! =n(n—1) (n-2)—(3) @ D)

- 0!(zero factorial), by definition, 0l'=1

Technology q1)

Most calculators have factorial

keys. To find 5!, most calculators
- use one of the following:

Many Scientific Calculators

Many Graphing Calculators
5@

( Note The Difference !=! )

1231 =2(32) =12
: Qﬁ)l=6]=6:5'4'3'2'1=720

prample 1: Simplify the following exprez-asfon
. B

{6 | Permutation, Combination And pro

! |
ﬂ-% ;— o A S L
| 2131 2041 313 Py e
3187 = e
solution: ¢ TI=T=B
51 _543! 54

" 2131 2131 21 0

ol s
20417 3130 21413 31313 32141 31431
L
3141 341 341 14
(n+1)! _ (n+1).n! i
. _— =n

n! n! 32
n! n.(n=1.(n-2).(n=3)!
€. = - } H
TS TR S— )
. = n(n=1).(n-2)=n’-3n*+2 Evaluate each factorial
Example 2: Write the following in factorial fnrmf P
®1317_ G (n=3)(n-2)(n-1) oo 1l i
9-8-75 n(n—4) 212! (n-1)!

317 _17:16:1514:13:12!  136:4!
875 9-8-7-6-54!  16-15-14-13-12!
_171 6514113121 _ 1711346!4!
) , 91" 16150120 1611219151
(ii) n—=3)(n-2)(n-1) 2 (n=D(n-2)(n-3) _ (n=1)(n—2)n-3)n-4)!
n(n—4) n(n—4) n(n—4)(n—4)!
; (n=1)(n-1)(n—2)n=3)n-5)"
n(n—1)n-2)n-3) -4 (-5 n-4)"
_ (=Di=5)! (@=Din-2n=3n=d
T -4 (n=4)!
_ (@=DY (n=3)"

_ (=Din=5)! (-2
nl(n—4)! (n—4)! n!({n_“m]z

Solution: (-]
(i) 5




| 5 v, H 1
41 Evaluate the follo¥in6 - - (i) EI':Q-I @) '15%
PO B g:'t:'- U8 (D! 3
I,  — = H
313141 g -
O RO, terms of factol‘lali; 2.4_' 68:10-12
S 19.18-17-16:15:14 A a(n+(n+2)
" s -3 -
(iii) ﬂ{”?'ll
3  Prove the following. .
3 75 {1} M=n1+9n+20
a ¥ 3!

(i) E-!+.':T!+-3_E-r 3!

4. Find the value of n, when
~ nn) _ 12(n!) .
W =5 (-9

5.  Show that (i).@= 2" (1:3-5-(2n -1)

n!

1 (D .
(ii) ___n__--——:——|=91
(n—4)! (n—9!

‘the

(ii) E:_’[l—]!= 2" (1-3-5-+(2n— 1)(2n+1))

6.2 Permutation

As we know that counting plays a vital role in many areas, -such as
probability, statistics and computer science. In this section and in the next, ‘fv‘“i
shall look at special types of counting problems and develop general formulae 10

solving them.
The following principle of cou

6.2.1 Fundamental Principle of Counting

Let Ey, Ey, . . . ,Ex be a sequence of k events. If for each i,
different ways, then the total number of ways the events may
product mymz. . . M.
This principle is also known as the multiplication principle.

nting will be helpful and basic to all our work.

E, can occur in
take place is the

| p&.ﬁﬁmﬁnn, Com_hlh;ﬂén_An'd»p ' h!l'lif':t B
pata e i o5 males ol S
. B
ple % How many dlfferlent 6-place vehicle numper plates are &
first 3 places are 10 be occupied by letters and the final 3 by “Umbe::s&ble if
golution: Since the first three places are to be oceupied by the letters A B ElaZ
g he final 3 places by the numbers 0,1,2, g P

Hence each event B, i=1,2,3 occurs in m; = 26, i=1, 2, 3 gi
nd cach Bi, = 4, 5, 6 oceurs in m; = 10, i= 4, 5, 6 different éaysl;iﬁlwﬁs
fun Jamental counting principle the total number of vehicle number piates is s |
f i

g MM = 26:26:26-10:10-10 = 17576000
grample 4 How many functions defined on n points is possible if each /
value is either 0 or 17 £ )

Solution: Letthe pointsbe 1,2,3,...,n.

gincef (i) = 0 or 1 foreach i=1, 2, 3, . ..,n. Hence each event E,i=1,2,3,...,n
hasm; =2,i=1,2,3,...,npossibilities. Thus by the fundamental counting

principle the total numbers of possible functions is

rnl;nzndlg. n1}|:= 2:.2.2...2 =30
Example 5: There are 5 roads joining A to B and 3 roads joining B to C. Find
how many different routes there are from A to C via B.

fnctional

Solution:  There are two operations to be performed in succession.
AtoB
BtoC

5 ways
3 ways
B Number of routes from A to C =5x3=15
Xample 6: How many 3-letter code symbols can be formed with the letters A, B,

C "
Without repetition? [ | ]
Solutigy. i
iom: Consider placing the letters in these boxes.




e i bol. Once

the first letter In the sym On
cted from the 2 remaining

o possibility is

d, since only 1p
the first box, either of the
letter in the third

hown below.

Jetters for
econd must D€
... already determine
ers 1n
left. That is, we ¢an place any g ]51“ only remaining
eft. 11 ‘nthesemﬂdbﬂxrand e . .
remaining 2 letters 1 e amrived at using a tree diagram, a5

box. The possihilities can
' OUTCOMES
B— [&] ﬁcBC

A<C.._-—-B ACDH Each putcome
np:tseﬁls one

B <“'°‘ c BAC permutation of the
c—A BCA - [etters A,B,C.
A—B CAB

C<B—'—A CBA

We see that there are 6 possibilities. The set of all the possibilities is

[ABC, ACB, BAC, BCA, CAB, CBA}.
Example 7: How many 3-letter code symbols can be formed with the letters A, B,
C, D, and E with repetition (that is, allowing letters to be repeated)?

Solution: Since repetition is allowed, there are 5 choices for the first letter, 5
choices for the second, and 5 for the third. Thus . there are 5-5-5, or 125 code

symbols.
Example 8: How many 5-letter code symbols can be formed with the letters A, B,

C, and D if we allow a letter to occur more than once?
Solution: We can select each of the 5 letters in 4 ways. That is, we can select the
first letter in 4 ways, the second in 4 ways, and so on. Thus there are 4°, or 1024

arrangements.
6.2.2 Explaining the meaning of permutation

An ordered arrangement of a finite number of elements taken some Orf all’

at a time is called a permutation of these elements.
:;r’e use the notation ."J“r or P(n,r) to denote the number of permutations of n
exqen; taken r at a time, where r is a positive integer such thatr <n .
ow, we develop general formula for th i I
' e solut s of
counting problems. . R

623 ‘7,
Theor€ |
f,;,]]owingi 0]

proof:
ordered art angement of n elements in which only r<p of them 3

epetitions, requires making 1 selections. Therefore, for the f; are usefi without
are n choices; for the second selection, there are (- 1) zh 5t anXoton, tiére
there are (n — 2) choices; and so on. Hence the events: oices; for the third

=n(n-1(n- 2)"'(""?"?1_3 |

m:Prove that - "F, =n(n=1)(n-2)..(n~r41)

and hence deduce the

(i) 01=1

NPr —_
(n—r)!

To find a formula for "p | we
. note that the task of o
obtaining an

@ "P=m

" 1
E; occurs in m; = n ways
E; occurs in my = (n—1) ways

Es occurs in ms3 = (n—2) ways

-
.

and E; occurs in m; = {n—(r—l)) =(n-r+1) ways
Thus by the Fundamental Counting Principle
"P. = mmyemy-m, =n(n=1)(n=2)-(n-r+1)

(i) Since "P. =n(n-1)(n-2)-(n—-r+1)

"R = -'1("-1)(n—2}.++{n_r+1)_(n—'r)!
{n—r)!
= n(n=1)(n=2)-(n—r+Dn-r)! _ n! )

(n—r)! _(n—r)!

(i)  Since "P.=n(n-1)(n-2)-(n—r+l)
Now, putting r'= n in the above, we obtain:
"P, = n(n-1)(n-2)-(n—n+1) =a@-Hn=2r"1
=n(n-1)(n-2)+3-2:1 =n! :
n: 1

—_—=fl

(i) Since "P =n! then by using (i), We obtain: )

1
ora-!=1 =0!=1
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o

ed from the integers

fo

each number We have to

g, this is a problem

;
find, consists of six digit
of permufation. ., ’
. The required number of six digit pumbers = Fe

9-3-'?-6-5-4-3! 9.8-7-6:543!
e =———
T - 31
=0.87654 =60480 l
made out of the letters of the

i t words can be
GHASE nd with e?

Example 10: How many n be
13 »9 How many of these will begin with t and e

word “triangle
Solution:
(i) There are g different lett

ers in the word “triangle”. Therefore, the number of

8! _ 8! _g =40320

. =t l = .
different words.= "R= -—-—-(8_ YT |
(ii) If ‘t’ and ‘e’ occupy the first and last places, then we are left only with 6 I

different letters. Thus the number of different wcr_ds in this ca:

p=6!=720
11: How many different arrangements of 10 objects taken 4 at a time |

can be made with one particular object (i) never occurs (i) always?
Solution:  There are 10 different objects and we are taking 4 at a time. Then
10!

(0

p=——=135
|

¥ . 10
e possible arrangements aré £, = ")
(i)  Since one of the objects never occurs, so we are left with 9 objects. Thus
a1 |
= 3024 @

the possible arrangements taking 4 at a time = *P; =
(9-4)!

s 18

rs is

(ii}‘ The possib]re arrangements that the particular object always occu
obtained by subtracting (2) from (1), i.e. 5040 — 3024 = 2016

6.2.4. P_ermutaﬂons with Repeated Elements
Consider the example of findin i igi
: g the number of different 9 digit numerals
that can be formed from the digits: 6, 6, 6, 6, 5, 5, 5, 4, 3 and consider one such

numeral: 665566543 (i)

Not For Sale
Mathematics-X1

permutation; Combination And P

-
= e

with this ordering of the 9 digits, there are 41 5 .t
; = ’ 1p i

| Permutations -::f Ehe digits 5 which have no eff:g:l:;at;:ns of the digits 6

thete e 4!-31 arrangements of digits in the numcratl # abﬂ?t numeral,

Jtina fi|§tlngy15hable permutation of the given nin ﬁ!w_zn in (i) which

¢ number of distinguishable permutations of the given 9 dig.izts ltghlts. j{'e;ce if X

» then 41:31-X=91,

is i
1 is the number of permutations isti
ohere 9 ; of 9 distinct elements taken 9 at a time
s w500 '
41-3!
The above example shows that in case of re
he ab ated el
jons is reduced. Hencc‘we have the fo]low!::g resulte ARG, Ve themghen bl
The number of distinguishable it
' \ permutations of n elem
n which my are alike, m; are alike, . . . and my aree:ltisk;aii(: :

and =
Therefl]fe:

utat
Theorem:
gl at a time, 1
n!
L
Ly Lty !
proof: Let X b; the required number of distinguishable permutations. Now, if we
replace My alike cle_mf:nts by my different elements, then the numl:llei- of
permutations of m, distinct elements taken all at a time is m;!. Similarly the
replacement of Tnz, ... .my alike elements by different elements give rise to m;!
.. mg! permutations respectively. et
\ Thus the simultaneous replacement of alike elements by different elements
increases the number of permutations to X, my!. mal. . .omy!
3 i 2 !
ince n = m; + my + . . . + my, then the number of permutations of n

distinct elements is n!
n!
g ey o Remember
my Ly Ly | ;

SKalmlm l=n! =X =
{ n } We usually omit those digits.

Whi .
ere X is generally denoted by, which AT '

My My ey Py

Thus [ n n!
m.; o
pily, ity |y iy Lamy |

Exam b
e lelgl:sg: Find the number of different arrangements that can
the word “assassination” taken all together.

be made out of

Soluti.
¥ 0mn; ) =
iand 2 :rc The total number of letters is 13, out of which 4 are s, 3 are & 2 are
Th i n130n=13,m|:4,m2=37m3=27n =2
1S the requi 13 13!
quired number of per i A3 n = 3 ] I 1
mutations = =
3 P P 1 4322 4v3r2r2!

=10810800




fi num;aers are possible using all of
ifferen

= > _ digit @
. How many eight
Example 13: How 47 3 ’ 1§ and two are 2%.
g 2ol 3|;-c ulaf digit is 8 out of which four are
r i
Solutlon; The total num ,
Sohsren:s.m:=4-m2"‘2' i b 8 5 8! _ 840
oht digit number = =|42) 42!

thus the total eight digi s :

: le i
ents Round A cire 4el "
ments of Distinct Eleni¢ d have seen that 4 elements
6.2.5 Arrange s 1 a row an Suppose We arrange these

arranging elements ;

We ave been in 41 = 24 different WayS: SWR R amange A, B,
can be arranged etric circular pattern. For e Eaure 6.1 and others
same 4 EIB[TMS 'Tclisyé?-nr: <uch arrangement is shown. if FIgnrD:

C, D asound a Gircle

in Figl.ll‘c 6.2, A B
D G
Figure 6.1.
Bg~ @t
A ?L___J.x' D

Figure 6.2

low to check, whether these four arrangements

are different or not. Let us ignore

the positions of A, B, C, D and consider only their relative order as we go around

the circle in a specific direction. We see that these four arrangements are the
same. For example if we begin at A and move clockwise around any of the circles
we get the same arrangement, ABCD and then back to A again. Thus the four
different arrangements ABCD, BCDA, CDAB and DABC are not distinguishable
in a circular arrangement.

In general, if there are X distinct circular arrangements o
there would be 4-X amangements of these elements along a row. But since the

number of arrangements along a row is 4!,
then we have 4-X =4! = X'?['_'j!

f four elements,

s, we have the following: %

o of disi ingoishable circular perm .
The num?;g keys on a ring or differemFbeadslgl,:lgtﬁ;;i'i‘a:fniiﬂ:u I (n=1)1,
ements are t!.::c same if one arrangement can be Ublair:ed ﬁ;gret;d that two
ing over the ring (or the necklace) is reflection of one another The other by
nple 15 of four elements A, B, C, D, the following two 'am“S in case
under such conditions (reflection of one another), ngements

of the ExaI
qre the same

/_—__—'“‘1.:.3 B

A S i e A

Figure 6.3

" Consequently, there are three different arrangements of four different keys on a

ring {or four different beads on a necklace), that is, the number of different
4-n! 3N
( ) :i=3
2
More generally, the number of different arrangements of keys on a ring (or

ndifferent beads on a necklace) is (n_D! ’
2

arrangements is

Example 14: In how many ways can six people be se‘atcd around a circular table?

g‘ ':,:.I“ 1,“"" In this case n = 6, so that six people can be seated around a circular

: le in 6-D1=351=120 ways.

h:lllnple 15: How many different necklaces can be forme
ads of djf ferent colors?

d .hy stringing eight

n=1)!

Sol i
Wtlon:  The number of different necklaces is 2

§
Oforn=g we haiié (B8-D!_T7! _5520 different necklaces.




b

W

10.

1.

12.

13.

14.

15.

i) "Ps

o WP .
5 Evatene R O e —o-ipy (i) =600
Solve for n ). "B, =36C"R) () B=%"% _
ndamental Principle of counting

Prove the following bY Fu
(.=
In how many ways can a police department arrange eight suspect :
In how many ways can letters of the word «Fasting’ be z.u'fange.d !

How many 4 digit numhers- can be formed with the digits qz, 4:5,7, 9.
(Repetitions not being allowed). How many of these are even’

How many three digit numbers can be formed from the digits 1,2,3,4and
5 if repetitions (i) are allowed (ii) are not allowed. |

How many different arrangements can be formed of the word “equation”

if all the vowels are to be kept together?
How many signals can be given by six
number of them are used at a time?
In how many ways can five students be seated in a row
certain two students (i) insist on sitting next to each other?

(ii) refuse to sit next 1o each other?
How many numbers each lying between 10 and 1000 can be formed with
digits 2, 3, 4, 0, 8, 9 using only once?
How many different words can be formed from the letters of the following
words if the letters are taken all at a time?
(i) Bookworm (i) Bookkeeper- (ii1) Abbottabad  (iv) Letter
Find the number of permutations of the word ‘EXCELLENCE'.
many of these permutations (i) begin with E (ii) begin with E and end with
C (iii) begin with E and end with E (iv) do not begin with E. (v) contain
two 2L’s together (vi) do not contain 2L’s together.

+1p 4 r(*™'P.)

@)", =n(""F) .
s inaline up?

flags of different colors when any

of eight seats if a

How

If five distinct keys are placed on a key ring, how many different orders .

are possible?
In h_nw many ways can 7 people be arranged at a round table sO that 2
particular persons always sit together?

% mt 6 | Permutation, Combination And pry,

“ 3 Combination

So for, we have been concermeq v
arrangements O.f elements of a set. N wit
in which order is not important that is, S:ubsct
6.3.1 Let S be a set containing n elemen s of a set,
such that r=n .Then any subset of S c:n?:-d‘s
combination of n elements takeri r at 3 iy ini

i ; :
: p;pcz]s.e I'15 a positive integer
BT distinct elements js called a

tation: The notation,
No we use for the number of combinations ¢
of n elements

. & ] " n
taken r at a time is "C, or .
r "

Example 16: Suppose S =
3 [etters at a time.

Solution:  The subsets of S taken three elements at a ti
{a,b,c}),{a,b,d),{acd}bec d} i
Therefore,  °C, =4 '
The distinction between permutations and combinations i
i L s 1 i
;:]cii p;l:;tps]:tisft Elﬁ:{ri%cnts gives a different permutation but thcssat.lhni:: E:]:u]l;l‘:pgi::ﬁiie
o r ey ove example there are four subsets of {a.b,c.d), taken three
2 ammgéd s ;:f'c? =4, But_ the elements of each one of the four subsets can
e ey ll]lt? order in 3! or 6 different ways. Thus the total number of
_ ngements in a definite order in all four subsets is

{a, b, i
¢, d}.Find the number of combinations by taking

64="P or 3LC,="B,

or'c. =B ot i -
) 31 { 2-3)! and we have the following important formula.
6.3.2 Theare | '
2 Theorem; Prove that "= L And hence deduce that
rliin—r)!

. n
(@) [n]'_—:l J (i) [E]:l , (i) [?]q V) [”n-l]:,;,m (’:]{n’_’_ r]

Proof:
oof: To find"c_, we must find the total number of subsets of r elements each
ements. Since each of these

0

cf th‘}l can be obtained from a set of n el

tomb‘“‘“mns (subsets) contains r elements, which can be permuted among
I'lEH'ISel\fes in r! ways. Thus "C, such combinations will give ..l
Permutations, But we know that the number of permutations of n elements




: y O rl="0 =)
::akenraialllmls'-pr (n—r) rli(n—py
gl - Al - 0l=1
PRI, | -
@ Hr=mten G ogon O

3 : - A :ﬁ:l

i ] (i) I r=0,then "Co=0!("-g.)[ !
| i D!

i) Hr=l.then "CERETH (n-D)!
n! _ n(n-=1! -
- n e 2 e S
i () 1f r=n-1,then C"'r(n-l)!(u—m-l)! (n-DL1!
. o) Poting - forr,wehave s

Cor = (,..-r_]_!fn-n+r).’ = (n-r)fr! i

Example 17: Prove that °C, 0. =

Solutlon:
n! n!

T rlin—r)! +-(r—l)!(n—r+1)]

n! n!

Taking LHS="C,+'C,

* (Did You Know 12)
e ;
The number of combinations

n!, {1 1 ]
= -+
(r=DYn-r)!lr n-r+1] -

o n! n=r+l+r
(r=DYn=n!| rin=r+1)

¥ (n+1)n!

' Fr=Dn=r+1)(n-r)!

DL (e

rir=1)l(n-r)! A (r=Dn-r+1){n-r)!

rl=r D! e s C=RHS

of n things r at a time is cqpal
to the number of combinations
of n things n — r at a time i.€.
"C' :" Cn—:

Such combinations are called
complementary.

Put r=n, then "Co="Ca =1

Not For Sale
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Example

it 6 | Permutation, Combination And Probability

Un
18: From 12 books in how many ways can a selection of 5 be made,
(i) when one specified book is always included, (ii) when one specified book -
s always excluded? ;
golution: (i) Since the specified book is to be included in every selection, we
have only to choose 4 out of the remaining 11.
Hence the number of ways =''C,
11x10x9x8
T 1x2x3x4 b
(i1) Since the specified book is always to be excluded, we have to
choose the 5 books out of the remaining 11.
11x10x9x8x7 _
1X2x3x4x5
Example 19: Out of 14 men in how many ways can an eleven be chosen?

The required number = I-lcnz HCJ-= 141312 =364,

Hence the number of ways="'C, = 462.

Solution:

1. Solve the following for n.

(i) "C, =36 (i ™c, =6"C, iy ", =30."C,
2. Findnandrif "F, =840 and "C, =35
3. Find nwhen *'C; : "C, =36 :3
4 Provethat(i) “'C +™'C_="C iy v"C. =a."C_,
5. How many (1) straight lines (1i) triangles are determined by 12 points,
no three of which lie on the same straight line.
6. Find the total number of diagonals of a hexagon.
7. Consider a group of 20 people. If everyone shakes hands with everyone
: else, how many handshakes take place?
+ A student is to answer 7 out of 10 questions in an examination. How many
: choices has he, if he must answer the first 3 questions?

An 8-person committee is to be formed from a group of 6 women and .7
men. In how many ways can the committee be chosen if (i’ the committee
‘ﬂllst contain four men and four women? (11! there must be at least two men?
(iid) there must be at least two women? (i) there must be more women than men?
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6410 Statistical Experiment

Intuitively by an experiment one pictures a procedure being carried gy
ntuitive

e an be repeated any numbers of
i onditions. The procedure C _
gnderac;r;amj’;;;iﬂm of conditions and upon completion of the procedure
es un :
ul::nnain'msull.s are observed. The experiments are of two types

: iment An experiment is deterministic if, given the
Deterministic experimen ; ;
gidilions under which the experiment is carried out, the outcome is completely

(4]
determined. For examiple if pure water is brought to a temperature gf IU_() C and
760 mm Hg of atmospheric pressure the outcome is that the water will boil.

(b) Random experiment An experiment for which tl}e outcome cannot be
predicied except that it is known to be one of a set of possible outcomes. 15 called

arandom experiment.

For example (i) Tossing a coin (ii) Rolling a die.

Since our interest lies in the random experiment, so in this text by experiment ¥¢
mean random experiment.

(i)  Sample space and an event

The set of all possible outcomes of a random experiment is Ca—"cdu;:
sample space and is donated by S. The elements of S are called sample point®
outcomes.

For example (3)  Tossing a coin once, then.
S={H,T)  where Hand T are the possible outcomes-

(b)  Tossing a coin twice, then (he possible outcomes in the sample space i
& "HHF [{Tq TH, 'IT_

it 6 | Permutation, Combination And Probability

Rolling a pair of dice, then we have the following sample space

s= {Gi:i.J = 1,2,3,4,556)

(L) (L2) (1,3) (1,4) L5 ,6))

(2D (22) 23) (24 @5 2,6
_JBD G2 (B3 (34 (35 (36)
“l@D @2 @3 @a) @45 @e|

G 52 53 59 (55 (5.6

(6,1) (6,2) (6,3) (6,4) (6,5 (6,6)

Event: Let S be the sample space of an experiment. Any subset E of S is called
an event associated with the experiment. For example E = {HH, TT} is an event
associated with the experiment of tossing a coin twice.

(i) Mutually Exclusive events
Two events are said to be mutually exclusive if they cannot both occur at
the same time. Mathematically, it is expressed as:
If AnB=¢,then A andB are mutually exclusive events,
_ For example rolling a die, let A be the event that even number has shown up
while B be the event that odd number has shown up and C be the event that a
number less than 4 has occurred.

Here §={(1,2,3,4,5,6}

Let A = {even number has shown up } = {2, 4, 6)
B = {odd number has shown up } =11, 3,5}

and  C = {a number less than 4 has occurred}= {1, 2, 3)

5 Now ANB=¢=A and B are mutually exclusive while AnC={2} and
AC={13 } showing that A, C and B, C are not mutually exclusive.

(iv) Equally likely events

- Two events are said to be equally likely if they have equal chances of
exam I;mg- In other words, each event is as likely to occur as the other. For
j={p,ff rolling a die we have S=1{1,2,3.4,5, 6} and each simple event
“fquall; lIijk:| ;sci;::;:, 5,6} is as likely to appear as the other. Hence they are




. relative to 8y fads fozoccur.

e

simple events, while an event containing

Eveats of the for™ I::a;}-zllsd sompound event. For example E; = (HH) i
at least two SamPle Pom:rs;{H T }isa comPO'-‘“d wneih Amsoclfiec wiih e
a simple event 419 ks 1 twice.

ing a col gse A, we say that the event A occurs or

experiment of toss ;

random experiment gl e f { i j )
If the - uA oceurs if at least one of ('Did You Know ?

ns. The

i all Aj occur. Favorable or f{ucceas[‘u]

m:tcomes '

Tt R [complemﬂﬂt of A The outcomes which entail
the happening of an event are
said to be favorable (successful)
to the event.
For example rolling a die, the
number of outcomes
favorable (successful) to the

If the event ﬁDDc"Is

be the sample space of a random
an event. The probability

cur, denoted by P(E) is

642 Let 8
expcnmﬂl'll-aﬂd E be
that an event E will o¢

iven b
g happening of event of even
E - -
P(E) = 1[__:' 1ntcgers are three, ie 2.4 and 6._
n(§)
the number of favorable (successful) outcome

the total number of outcomes
_ o of elements in the event E
no.of elementsinthe sample space S

Since E is a subset of S, then obviously
0 n(E)<n(S) Dividing by n (S), we obtain

N . B . nE)
n(s) n(s) n(s)
Hence the probability of an event is always a number between 0 an

‘ B:!’ the above definition, it is quite clear that P (¢) = 0 and P (§)=1t
= :;hy ¢is called an impossible event while S is called sure or certain event I B
and F are two events such that P(E)< P(F) , then we say that F is more

t i '
0 occur than E and if P (E) = P (F), the events E and F are equally likely-

Or0 < P(E) < 1

dl mcluswe

likely

Solution:

E“mple 20' (a) If a coin is ﬂ'PPEd find the Pl'obahﬂlt}' that a head will I:IJP

(b) If a fair die s tossed, fi
has shown up. ind the probability that an even number

(a) HereS={H,T)
Let A = { head has shownup } = { H }
gince, the outcomes are equally likely, then using the formula:

pay=222 1
n(S) 2
() Here §=(1,2,3,4,56)
Let B ={ even number has shownup }={ 2,4, 6 )
Since, the outcomes are equally likely, then we have P (B)=2-2) (B 3 17
= n(8) 6 3

In a three child family what is the ili

1 probability of havin
(1) three boys? (ii) at most one boy ? o
(iii) at least one boy (iv) exactly one boy ?

Example 21:

Solution: Sometimes a tree dia i ; .
oy - gram is very helpful in constructing a sample
Fu:st Second Third OQutcomes

child child child _
< B BBB
G BBG
< B BGB
BGG
< B GBB
G GBG
- B GGB

G {:::;

G GGG

Hence g =
{ BBB, BBG, BGB, BGG, GBB,
Ouicomes gare equally likely. s aii ol St
@ LetA= { having three boys } = { BBB } then P(A):M =_
n(s) 8




: boy |}
-  having 3 55 6G,GBB, GBG, GGB )

1 g Let D:{BBB. BBG.

i} Bt @)y _1

g then P{ =5S) 8 i o
i v Let E = { having exactly one boy )= BAG. OBE,
;} ; o 5 n(E) s_%
[ & then P( “n(s) 8

3 4,5, 6} be the sample space of rolling a die. What is the

59 (ii) Rolling 8 pumber less than one?

L LetS=(L2

probability of (i)Rolling 2 : |
(iii) Rolling 2 number greater than 0?7 (iv) Rolling a multiple of 37

) Rolling a number greater than of equal to 47
6 green balls. 3 balls are drawn at

) All are green (ii) All are white.

v
A bag contains 4 white, 5 red and

random, What is the probability that (i
A true or false test contains eight questions. If a student guesses the

answer for each question, find the probability:
(i) 8 answers are correct. (i) 7 answers are correct and 1 is incorrect.

(iii) 6 answers are correct and 2 are incorrect.

(iv) at least 6 answers are correct.

Three unbiased coins are tossed. What is the probability of obtaining
(ii) two heads (iii) one head

(i) all heads
(v) at least two heads

{iv) at least one head
A committee of 5 person is to be selected at random from 6 men and 4 wometl.
Find the probability that the committee will consist of
.[’jj .3 men and 2 women (ii} 2 men and 3 women.

(viy All tails.

~ Mathematics-XI
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~ . If one card is drawn at random froi & iR
shu

Then find the probability of each of the followi
ng.

0] Drawing an ace card, (i) Drawing e
i Do : ppei 5 ing either spade or hearts,
(v) Not drawing an ace of hearts, s wd |

o dice are thrown si :
7 ;:]l';.-.r doublet of even :usr::E::;a];;?L;S;iﬁizgsﬂtragrg?z?;liL:,r of getting:
(ixil a sum greater than 10 (V) a sum at least 10 n—nzis::lfm than 7
(?m] an cve:sn number as the sum i a: 1ircu:lw:t
(ix) a multiple of 3 as lhe.sum ) i num;::lm |
643 Laws of Probability o |
.I.l : is easiér to compute the probability of an event from known P18
probabilities of other events. This is true if the event can be expressed as the ' A
ullill'.'ll or intersection of two other events or as the Sk S ot S '
basic elementary laws of probability are given below in the form of theorcrr;s
644 Use Venn diagrams to find the probability for the occurrence of an e:unt

If4 and B If 4 and B
are disjoint are overlapping IfBcA
4 A

£ & ¢

We know that i

: at if A and . :
%l:gra;n i ot B are two sets, then the shaded parts in the following

e above dige skl ,
Probabiliies grams help us in understanding the formulae about the sum of two
f"’ know that:

(E) is o

s am;f;:.pmhabﬂny of the occurrence of an event E. |
PUymcs are two events, then i
: ¢ probability of the occurrence of event A; i




<1 of the pecurre
£ probabilitics s

4 and Bare disjoint.

on 0
+ P{B}. when

i) P(AUB)=P&)
: +P(®)-P(ANB)

ii) P(AUB)=PA)

when A and B ar¢ overlapping of BcA

F’a s n
A a.tld B are any two B'.FGIIIS ma SalllPiE space S the

Theorem: If
P[Auﬂ)=P(A)+P[B}"P[”‘”B}‘

Proof: From the Venn diagram, it is clear that

—

> ;

s B

n[AuB)=n[A]+n(B)-ﬂ{AmB]
andn( AnB ) has been subtracted simply because it has been considered twice.
Now, by definition we have i

n(AuBJ_n[:AJ-i-n{B)—ﬂ(Ar‘\B]
n(8) n(S)

_n(4) 3 n(B) n(AnB)

n(s)  n(S) n(S)

=P(A) + P(B) - P(AnB)
This law is generally called, addition law of probability.

P(AUB)=

~ Mathematics-XI

o m-utﬂﬂﬁll,:(fomﬁi;dnﬁﬂﬁ-im
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Haﬂ'l: e

Pl'ﬂ'“f: gince A and B are mutually exclusive events, then

AnB=¢ and P{AﬁB)=P(¢]=0
Hence P(AUB)=P(A)+P(B)-P(ANB)reduces to
P(AUB)=P(A)+P(B)
Nows generalizing the above, we have the following;

Corollary 2:1f Ay, Az, ..., Aq are mutually exclusive events, then

P(A1UA2U"'UA,,J=P( A=)+P(A1)+"‘+P(A,,]

Example 22: One integer is chosen at random from the numbers 1, 2, 3, ..., 50.

What is the probability that the chosen number is divisible by 6 or 8 ?
Solution: Here §={1,2,3,---,50} and n(§)=50
Let A = { number is divisible by 6 }={ 6, 12, 18, 24, 30, 36,42, 48 }

and B = { number is divisible by 8 }

= {8, 16,24, 32,40, 48 } then Aha={34.4é}

Now, substitutin PlA)= —8 P(B ——6 d P(ANB :
inthe following, we obtain

P(AUB)=P( A +P. B)-P(AnB =-8—+—6—41=E=£
RALAHPLE)E( )=55%50 "% 50 2
Example 23: If two dice are rolled, find the probability of obtaining a total

of 7or 11,
Solution:  Here S= {(i,j):i,j = 123456} and n(5)=36
Let A = { atotal of 7 occurs }
= { (6,1, (5,2), (4.3), (3,4). (2.5). (1.6 }
and B = { atotal of 11 occurs 1

and B a
are  mutvally  exclusive events, then

— PR, B P




2
and P(B)=35

50 WE have

¢ clusive,
Since A and B are mutually eX Fi +
P[AUBJ=P(A}+P(B] T T

Complementary events
vide a sample space S into two

@ EnE=¢and

subsets (events) E and E’ such that

di r
Suppose We i FUE =S

Then E’ is called the compl

complementary events. .
' Theorem: IfE and E’ are complementary events, then P(E')=1-P(E)
/ Proof: Since EUE'=S Then P (EL.JE’]:P(S}

y or P(E)+P(E)=1, = EnE'=¢
| o P(E)=1-P(E)

Example 24: A coin is tossed 6 times in succession. What is the probability that
at least one head occurs?
Solution: Tossing a coin 6 times in succession, we have n $)= 2°=64

Let E={atleast]Hoccurs) then E = { noH occurs }

= 1
and P(E')= 7k “"there is only one outcome event , where all tails ocCur.

ement of E relative to S and E and E’ are called

it 6 | Permutation, Combination And Bropangyyy

.urrence of another event is given, Fg g

dom from certain population, the pmbahl: example, if an adult is selected at
would not be too high. However, if information that the i
smoker is provided, then one would certainly want to ;:zrvs_on S8k hearey
upwal'd. c 15¢ the probabﬁ]ly

Let A= { An adult hag lung cancer )
and B ={ An adult is a heavy smoker }

Then the probability of an event A given the ocey
st b5 J rrence of :
called a conditional probability and is denoted by P( AIB ) another event B, is

For events A and B in an arbitrary sample space S, we define the conditional

probability of A given Bby P( AIB) =.P_(_‘4_rlﬂ P(B)>0

P(B)

P{Bm}:‘“(PfE";f[

Similarly,

A)>0.

Example 25: What is the probability of rolli i in tossing
given that an odd number has turned zp?? o Gie. ks
Solution:  Here S={1,2,3,4,5,6)

Let A= { a prime number has rolled }={2,3,5}

and B= { an odd number has turned wp }={1,35})

then AﬁB:{g,,s}

We have P(B}:E and P(Aﬁﬂ):g—
6 6

Now, yei

OW, using the formula P[AIB)=P(—Ar%qs P(B)#0
Pl B
2

p(,qm):%:% Since P(BIA)=%% :

6
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(n
Solutlom Totitl number ol Dl = 10
o A=l e 1 Dl i Bl |
= t e .."'"I|'HI||I[III'.‘.'II.1H1I'|| |

il
S0 el e luiplicative thecrem,
f‘l peed o ovid )= 1A W= .“t A e

A : o
Subsstituting 1{.-H=.-m ad PLDIA) 5
o

.

Weoltan, — P( red and red )=~
Y 15

(i) Let  C=( the 1" ball drawn is red |

and D = [ the 2" ball drawn is preen |

So using the multiplicative theorem again.
P( red and green )= P( CnD)=P(C)P(DIC)

Tnit 6 | vermutation, Combinniion Ang pro

Substitnting - P (") = i : .
(') m il "{““':I-":

!.'F |
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pl 6 Depondent il Bdbepenilent Byonty

I pesmerad P ALY '
| i (A}l PLAY e opinl, Flowaver, (hera |
' O DT
fpontnt el ol event Tor whioh )y
W, 11 Allt) T
=PCA) then the
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L epepilent

al A Phas twi evendy
Al T e tinldl fo b ||||l4\|]4\|"!|,|"| i e oeonien
2 [ [

(o o veceene sl o ome dosi oot atleot e probability of the o
LR TR TR

ol Dt -
(i e ek of e otbe, oforwise ey we caled iependont
dnilont,

Ilstawtboas By D (hie i
. i o ! '
ol e cotin, pettog w head® o st

(Rl NS |
Dl et ot on e secoid cotn e Idepesndent evonis
e b i B i pack o well shintiled cads il

Mhostentlon d Wlhien o o
peplieed bl (e e
e secomd e b drwn, B sl of secoml diaw i tnlepusnilen
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e Indlopenidont eyonts
Thomem 1 ;

WOrene A w1 e independent events, then P{ Ayl J=P(A)P(H)
II A i

YOO Since inltiplicative theorem gives hal

POAAB)=P(A)P(BIA) (i)

=P(B)P(AIB) (i)
Further, A and B are independent, then we have P(B1A )=P(B) and

P(AIg)=
( IB)=P(A) substituting in (i) and (i ) we get the required result:




The above theorem can
events. If A1 » TV

Example 27
the probability ©
failure of all four systems 7

Solution: Let

following.
P(EinE,nEjr‘nE.

- Suppo

of n_mlually independent
dent events, then

p(anm A0 ﬂe)f’[“s)"'f’(&,}

A space shuttle
f failure of any one §

inde 1 systems. If
¢ independent computer contro en
ephios yswmp is 0.001, what 18 the probability of

ure of system £, = 1,2,3.4}

E; = [ fail
12,3,4 are given (0 be independent, s0 using the

Since the events E;. i=,

):pw,)p(s,)p{mp(m, i=1,2,3,4
=(0001)’ ~0.000000000001

- EAERCISE B
se events A and B are such that _p[:;q ]___

and P(Au3)=l2.1=ind P(ANB).

_ If A and B are 2 events in a sample space S such that

p(4)=L P(B)=3 P(40B) =5 Fin ()P(arB) ) P(An)

. Given P(A)=0.5and P( AUB)=0.6, find P(B) if A and B are

mutually exclusive.

. A bag contains 30 tickets numbered from 1 to 30. One ticket is selected at
random. Find the probability that its number is cither odd or the square of
an integer.

. A student finds that the probability of passing an algebra test is 5 what
is the probability of failing the test? T

. In the two dice experiment, given that the first dic shows 4, w
probability that the second die shows a number greater than 4 7

. One card is Fra.wn from a pack of 52 cards, what is the probabilit
card drawn is neither red nor king.

hat is the

y that the

i

e 11
200
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If a pair of dice is thrown, find th o
neither 7 nor 11. e probability that the sum of digits is

Ajmal and Bushra appear in an interview fi
or 2 vacancies. The ili
: 2 probability

of their selection being 1 and 1 s :
T 5 pectively. Find the probability that

(i) both will be selected (i) only one is selected

(iii) none will be selected {iv) at least one of them will be selected
ected.

10. A basket contains 20 apples and 10 oranges out of which 5 apples and 3
es an

oranges are defective. If a person tak
probability that akes out 2 at random what is the

either both are apples or both are good?

e S e TS T e

1.. Choose the correct option y
(1)

{ii)

(iii)

(iv)

)

(vi)

In how many ways can we name th i
- : e vert i

five of the letters O, P, Q, R, S, T, Uin an;c::dg:-‘?a P ag
(1) 2520 (k) 9040 (c) 5140 (d) 4880

How many two-digit odd numbers
: can be formed from the digi
{ 172_, 3,4,5,6,7) if repeated digits are allowed? Z
{a) 14 (h)42 (c)28 (d)21

:";“:; r:ﬂgy six-digit numbers can be formed from the digits
, 3, 4,6,7, 8} without repetition if the digits 3 and 7 must be together?

{a) 120 (b) 180 (c) 144 (d) 96
Evaluate (”_"M
(n+1)(n=1)! ;
(a) (n=3) (B) (n-1) (c]% (d) %l—t%

I ;
n how many different ways can 5 couples be seated around a circular

tab]c‘if the couples must not be separated?
(a) 768 () 724 (c) 844 () 696

A - :

ch:’;zm]r-muec of 4 people will be selected from 8 girls an

by Tow many different selections are possible if at
ust be selected?

(a) 2865

d 12 boysina
least one boy

(b) 3755 (c) 4225 (d) 4775
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