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MISCELLANEOUS SERIES

/ the formula for
’/' the nth term

5

sigma for
summation

e
£
k is the index *
(It's like a counter.
Some books use i.)

Recognize sigma (T ) notation.
¢ Find sum of ;

= the first n natural numbers ( X n),

« the squares of the first n natural numbers ( £ n?),

« the cubes of the first n natural numbers ( Zn3).
¢ Define arithmetico-geometric series.
¢ Find sum to n terms of the arithmetico-geometric series.
Define method of differences. Use this method to find the sum of n
terms of the series whose differences of the consecutive terms are
either in arithmetic or in geometric sequence.
Use partial fractions to find the sum to n terms and to infinity the

1 1

a(a+d) ' (@a+dya+ad)

series of the type -

' Cance], | ; p :
e 0 the second sum, Jet k=j+2 and in the first sum, let k = J. then we

51 Introduction

In the previous chapter, we com
eometric sequences. In this chapter, we

computing sums of some other sequences, Since we are already familiar with the

standard notation, called the sigma notation () anq its rules. However here we
properly define it with a few examples of Summation notation,

51,1 Sigma Notation

The Icttcr_ E of the Greek alphabet (pronounced as sigma) is used to
denote the sum of a given series. The letter X is placed bef,

: ore the rth term, say,a,.
We, thus write ¥ a, to denote the sum of terms of the type a . If we want to sum
up terms a, for values of r corresponding to r =1, 2,3..

-1, we denote the sum by
E_ a, or b_}' Z“r
[ ]

=l

Example 1:  Find the following sum.
4

3 '
i K (k-3) iy 2
) Z: @y o

k=0

]
i) 3 (-1Vk
k=2

Solution: (i) >’ k*(k-3) =1%(1 - 3) +2(2-3)433-3) 447 (4 =3)
k=l =D+ (4)+0+16 =10

3 & a 1 . s

. 2
2 G+ ©0+) T @+ ) T @e) Yo

=]+ +i +2=E
6 3 3

11 S Y 5 )
k=2 ;

= (D2 + -I'VB + (1A + (1’5 +(=D*V6
=~f5—\f§ +2—\E + V6

10 g
Example 2:  Simpiify Y sayteds
Solugj 2 J G J+2
Ution: P
n It can be seen that most terms are common to both sums and will

10 1 3 1 10 1 10 1
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Unit 5 | Miscellaneous Scries

o = 7
erics zz "' ¥ Z 1= n'g +2n
Jul =1

ts Aliscellaneolts S

=
0 | =

Uni

0
1
=E+Zk E

l‘-] . . 1 L ;
how changing the index can slmplify expressiofit ZZ Jtn=n*424
This example illustrates | “'
: 3 sums. [l
e atonof umof e - 2} j=n420n :
i, Natural numbers . e
. i Squares of natural PUMDEES _ .' ;
i  iii. Cubes of na;:rﬂlafll’l::e mentioned sums, here we discuss a general ; -ZZ J=nten
; BFf“‘_;]::]-‘:f:':E;ﬂajT:w uz to compute a wide variety of sums. | =
i ]
SIE:;JPOSCIJ[, bz, ----hnl jsgsoqucﬂl:e Hen(;c Z J-= "l:i'?+l}
and  a;,=b, -b; 2 : : < -———-——2
- = .an iy
then >a, =2 (b,—b) iy let b=j 5
o =35 ' then b, —b =(j+]) =P
=(b,-b) + b,=b) +..+ b, b)) I o ({H} J
=—b +(b, —b)+ (b, =b)+..+ (6, =b)+b,, =372 4341
s T . thusherea, =3 +3j41
Thus if : a;=b;,, =4, : Now, using the following Z a, =b,, b
[hcﬂ Zd = bﬁH-I" bl . i J=1 ]
/ - =2 s . 1
= | 2 GR+3j+1) = (n+1y’=p by (2) i
=l . 2 |

This statement seems very simple, yet in practice it can be very powerful.,

=l

3% s +i I =(n+1)" -1 [
J=l :

Suppose we want to compute Z“;" If we can find a sequence by, by,... such that

J=l
b;,,—b; =a, , then we can write down the answer immediately, that is b, = b, . 32 i +3(”(-‘?+ I)J FnE@eDy -1
(i) Let b, = j? , (1) J1 2
then b, ~b, = (j+1)*-j* 32 P= (n+1)° _113[:1(» + 1)]_ :
=2j+1 i 2

ﬂmu_s here, we take a,=2j+1 =(n+1) _(n+l)=--%n(n+l)

' n . _h+l s
Now using gﬂﬁfa.;-h &t % [Z(ri+i) —2-3::] | ; ]
! ' n+l 1 i
b =——[2n?+2+4n-2-3n] = 231152
Z Q4= (ra 1 - ity 5 [n +4n 3n] 3 [2;: +nJ
Jal ' = n(n+1)(2n+1)

2
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risecll e Serics
e 3L [aa+0@1+D)]

=%
2 _ &

Hence “
b= .f' ] 2 ;
@)  Let _ it =4p+67+4j+]
dai *h 'b.'"('”-:‘ I
A46j 214+l

we take 4T 4
- Now, using the following

3 a,=b.,h
Jel

3> @ +624j+D =+ =1 oY)
el

42; +6ZJ- +4E J+Zl {ﬂ'i’])d_l

J,'.r J=1 Jmi J=l

g n(ﬂ+!}(2n+1,'9 4( (n+ll)+ et
i peofmsimen). o),

4y 7=t D) ~1=n(n+ )2+ =2n(a+1)~n

it
=(n+1) =(n+1)—n(n+1)(2n+1)—2n(n+1)

=m+D[(n+1)*-1-2n* —n—2n]
=+’ +30° +3n+1-1-2n" =3n] =(n+1) [0’ +n’]
=,-:’(n+1)2

. 2
. 4

S g | n(n+]) g
Z"{ 2 J

j=
Example 3; Find the sum of the n terms of the series.
; ¢ I-2+23 +34 +...
Solution:  Let T} be the general term of the given series, then

= j(j+1)
and §ﬂ=ZU”ﬁ
£ _f=|

Y (2
Mathematics-NI1 10z
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-ZJJFZ;

J=l
2

_n(n+1) [2ﬂ+l+3]

6

+1
= "iﬂﬁ T i

_n(n+1)(n+2)
_,—__5____

Find the sum of the n terms of the series
1224232 4+3.42 4

Solution: Here T, = j(j+1)*
then 3 7, '=Z (’+27%+ j)
Ji=1 i

"ZJ+2ZJ’+ZJ

J=l
=£(n+1) +2n(n+l}(2n+l}+u(n+l)

4 6 2

nin+1 e
= (12 }[3n'+3n+8n+4+6]

_n(n+1)

Example 4:

[3n* +11n+10]

—'Ii n(n+1)(n+2)(3n+5)

E L 5
Xample 5:  Find the sum of n terms of the series whose nth term is
& 2" +8n° —6n°.
Olution: Given that = 2" 1 8n° —6n®
then T,=2"+8;" -6

Z T,= Z (27 +8;°-6j)

—Z 2”+sz j -ez 7P

. =l =l
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laneaus Series

yiscel

; . _ 3%

! i =0 ],s n’{n‘f-l)z:r'_ﬁ[n(n+1)6(2u+ )}
e i AT .
5 . ﬁ2"—-1+u{n+l)[2n=+2u—2rr—l]
E =2"_-{+_w(1|:+1}1:2n2 -1)

B
.. y

ing seri rms
1. Sum the following series up ton te

() Pagtesteriee @ Pr@E2)FE 2+

::.".': L (i), 224464 (V) P+3+5+ MP+5+9 4
: 2. Find the sum 12423+ 34+ .-+ 99-100

- 3. Find the sum P43 450+ 7 4+ 997

4. Find the sum 2+ (2+3) + (2 + 5 + 8)+--- o n terms

5. Sum 245+ 10 +17+ ton terms .

6. Sum tonterms. 1:2:3+2:34+ 345+
7. Sum ton terms 159 4 2:6-10 + 3-7-11+--

8. - Find the sﬁm to 2n terms of the series whose nth term is 4n*+5n+1

s

9. Find the sum of n terms of the series whose nth term is:
B () n’@2n+3) (i) 34"+2n%) - 40’

5.2 Arithmetico-Geometric series

Since we are already familiar with the arithmetic arid geometric sequences
and their related series. Now, we discuss here another important sequence and its
related series, which we obtain from arithmetic and geometric sequences.
£2.1 A series which is obtained by multiplying the corresponding terms of an
arithmetic series and a geometric series is called Arithmetico-Geometric series.

For example,

[a+@+d)+a+2d)+ + @+ =] [14r+ 7+ 7"

TR ]

=at{atd)r+(@+2d)r’ +.t @+ (n=1)d) r
which is arithmetico-geometric series.

Mathematics-X15/2

P \-1iseclla:;l_cuus_5¢ri£;s
pnit 517 o

pth term of Arithme_ticq-{}mmetriésmes
A series which is formed by multiplying the corresponding terms of an

1 G. P. is called an arithmetico.- A
A P.anda Ico-geometric series, Th erin
series has the form [a +(n=1)d| x p! . Jume nth n of such

5.2.2 Sum of n terms of Arithmetico-Geometric Series
Let S, =a+(a+d)r+(a+2d)r’ +..t|a+(n ~Dd] 7~ m
then rS" = ar+ (a'l-d]r'l +...+[ﬂ'+ {H—z)d] r! + [ﬂ'+(i‘| —])d] " (2)
subtracting (2) from (1) we obtain
(1-r)8, =q+ (dr+dr® +..+dr"™) ‘—[a+(n—l)d] o
a 1 [dr(ﬁ—r"'l)
+

~8, =
I-r

p— 1 n
1-r 1-r r_':[dﬂ"_l)d] 5

a dr dr”- ; [a + [u -1) ,j] r @

I=r A=r® a-rf  (1-7)

which is the required sum of the n terms of arithmetico-geometric series.

e ——

Ty ; ; 4 7
Lxdmplc 0: Sum the series l+§+-5—2+5—+ ..... to n terms. i

Solution: Let S=1+i+__7_+ﬂ+ _____ +3nt2 ( Note Q

o R L =
o SR R RS 3n-5_3n-2 A
"§S=§+7+‘T _____ R Arithmetico-Geometric
55715 ) 2 Series
R - 3 3\ -2 Lt [IS]
5 +(3—+-_—;+—3+ ......... 'STT]_ 5 Then lﬁ—iﬂ as n—reoa -
- Equation (3) reduces to
e B 1 1 | 3n-2
~l+§ bt = e fiins =l
55 5 b Ee e
oA which is the required sum
=143 8 [ 3m-2 to infinity of arithmetico—
ol T geometric serics :
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i,.-._-ll.:m'lrn

- X =2 .~1._,.1-_T[3 3:15 2)

: .-2. 514";1"':1""5_;—-'__ 5" 4 5

. " 7 ¢35 12n+7
7 1 15+12nﬂ3]5'-’;lr2_{i§%_ #EE To5
’i A :

Example 7: Sum the senes. _

a 3 2.1+4-316° 9+8-27+10- .81+...to nterms. .
.: =2 i
i' Solution: Let §=2-1+4' 346-9+...+(2n— ~2)-3" +2n 3"
| mmon ratio of the geometric series, We gct

(ii)

/ Multiplying by 3, the co
3-S=2-3+4-9+6-2‘?+...+
Subtracting (ii) from (i), we get

{1-3)s=2-1+[3(4-z}+9(6r4
f‘zj-s=2-1+{2(3+9+ 2?+...'Eo(n-l]icrms)}—-2n- 3".

3 -1
=2+2'j3.{____]_ij[—2{"$

(2:1-—2}-3“'1 +2n-3"

]+27{8—-6}+...+3"" (2n ~2n-2)}-2n-3"

3_.
=243"-3-213" =-1-3 (2n-1).

——[1+3 (2n-1)]

Example 8: If x<I, sum the series
14+2x+3x% +4x° +.....to infinity

@
(i)

§ =1+2x+3%" +4x° +.....
x8= x+232 432 +......
Subtracting (ii) from (i), we get
~8(1-x)= I+ x+ 242+
The RH-S is an inﬁnite geometric series with a; =1 and r=x<1

S(1-x) =

Solution: Let

=X
1

= z
(1-x)

— "
Mathematics-XL/ 166
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1 1
Let x=24% 48 1

Solution:
' 1 1

1 1
log x =—lo: + = 1

Example 92 Show that 2°x 48 x S it s
ve 00 =

L 1
816 3 lﬁﬁx

log x =log2* +log4® +lng8‘“5+loglﬁﬁ HTr

1 .00
Y ogle+..

1 1
log x=—log 2+~ log 2 + log2* +
4 g g +16[0g2 +£]Ugf-i:___m

8

1 2
|c.g_r-_—;}0g2+—-10g2+—3—10g2+i]og2+ o0
32

8

logx[ Ll

. Now, l+ -2—+i+-4—+,“
: 4 8 :

Let S=_+§+—+—+...m

1 | G S O
+—+—+
: 2 8 16 32 64
On subtracting Eq(iii) from Eq(ii), we get
1 1 l 1
_S —
2 4 8 16 32
1 1 | A K |
=—S8S=—+—
2 21 4 23 24 =8 s 25 +e

ls='l
2.2

S=1
s () =logx=1xlog2
logx=1log2

Sx=2

L -
—— k. .0

16

~°°] log2 (i)

(i)

—+ ... (i1i)
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'\lnscellan eous Scrlcs

L [2 6+(n—2)-4]

= a, -, =
| 2 a,— % - P] [I2+4n—8]=
. L L n=1
& e following 57 Sy 54 [4n+4] (n-1)(2
85 1. Sumtnntenﬂs s 24102+ e
o 0 1242 232 +4 2+ . (i) 1+Zx+;x- g | aﬂ=l+2{n-l)(n.+1] i =+ (n-1)(2n-2)
! i -—--i'--'+'-"'+ e o 1
(i) 1425438 HAE @) 1+3%47 8 | a2 I
v) 1- Tx+13x 1195+ | na=2r -;I
: um to infinity 0“‘"’ follpwing sevics BT “ n(n+1)(2
e 9,18, 2 ‘z.:ﬂ _Z‘, Z“z' }; ntl)  _ n(n+))@2n+1) 2
() P+3x+5x 2L PP+ X <1 (i) 1 §+§2'+ ; 34 e 3 f
tric series _n(+D@n+)=3n_n(n+2)@n-1)
3 Find the nth term of the following anthmehco—gcﬂme ric series ] : o
o iz, 3.04.3 : ey _ 3
. T+;+—J+§+I—g+a—2-+... . ~.therequired sum - _n(n+2)2n-1)
f the followin Arithmetico-geumetric series . R, 3
Cageren SL]IT sepeii= - Example 11: flnd the nth term and the sum to n te; g
; 5+3+1+—-4+ S 34+ 549417531+ rnnrnns rms of the series
44 olution: S :
5 J’.fthe sum to infinity of the series 3 +5r+ TP 4o @ 18— ,—ay =2
2 ; —dy =4
We have a,-a,=8 .

find the value ofr.
terms form an c
1, —a,_,=(n-1)th termof thesequence2.4,8,..

53 TheMethod of Differences -
In the case of some series in which the difference of successive
AP, or G.P,, the following method can be employed to find the nth term. The sum Which i )
then be obtained. s a G.P. Adding column-wise, we get
a—g =
=@ =24+4+8+...... to(n—1)rerms,

of such a series to n terms may
Example 10: Find the ath term and the sum to n terms of the series
17+ 17431 +4%% e ; 2 22" 1

Sulutiqn: a,-a,=6 ; ,—a, = 5 )=2"-2

a,-a,=10 | 0, =2-2+3 [+ a,=3]
We have a,—a, =14 a4,=2"+1 I

a,=2+1

ﬂu—a,._1={n-1)thtennuf the sequence 6,10,14,... : 22" _ | TR bl ]"'Zl

== ‘n
3oy tA=2+n-2

Adding column-wise, we get
\‘t me -
fequiredsum=2"" +n-2.

a —a =6+_10+l4+18+ ...... to(n—1)terms,

Mathematics-XI /
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£ 349421+ s ;
E?* ) emesaHIszeERte : |
e '.‘. e = - 3 ﬁﬂns I
ummation b, the method of partial Frac .
?fm ‘::nz:lal irm of a series consists of the products of the rccthcal:s of
mori%:nnsccmive terms. of an AP., then the term can _be split up into
;t:-‘:r[:i:]rfractions and the series ¢an be summed. The method 18 illustrated in the ,
: |
following examples. 1 i 2 |
SR o o A T L4 ..tonterms
ExampIeIZ:Sumthesenes 3"?-'!' -:r,“+ 11.15+ 15-19 . {
ors are the products of two successive

_ Solution: Here, the factors in the denominat

terms of an A P37, 1L 1_5* 19, :
" 3 1 - -___________-—-—"
- rth term of the given series, d, (4r_1](4r+3}

Expressing @, 38 the difference of jts partial fractions, we have
1 [ 1 :
a == e e e—
: r=4|4r-1 4r+3
By putting 7= 1,2,3,...(n=1),n in succession, we g€t

170

Mathematics-X1 7
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aﬂ_1=-]—|: 1 o 1
.4 4n-5 4n-1

a .—_~_1-1: 1 1
" 4l 4n-1 4_,1_'_3:1

Adding column-wise, we get

iﬂ :l[.!.._ ] _ n
i 413 4n+3 __3[4n+3]

- The required SI:lITI =

£ el o
3(4n+3)

Example 13: Find the sum of the series:
1

L
1-4 4.?+m+...t0inﬁnit)'.

1

Here T, = —————
(3n-2)3n+1)

Solution:

Breaking it into Partial Fractions, we have
1 ks A B
(Bn-2)(3n+1) 3n-2 g 3n+1

Multiplying both sides by (3n-2)(3n+1) , we have
1=A@3r+1)+B(3n-2)

C 3 :
omparing the coefficient of n and the constants both sides, we get

0=3A+3B Q)
w2l (i)
Solving (i) and (ii) we get ,-1:1 : Bzﬁl
3 3
o R rl[ 11 }




1. Find the
1
wo
(® 1.2+1-3 34

Jlowing:
('1] .l-+_-l—-+-—!—-+.,. to n terms. .
i) 13735 57

sum of the fo
1, tonterms:
; : o A L infinity.
1-. 1 ;.10 infinity. (iv) d-]3+ 13-2‘2+ 22-31

A A
(i) 7.5*55 Bl i
5. Find sum of the series: :Z: o+ %k T3k-2
L] 1
- e P
3. Find sum of the series: 2 {k’-k}
4. Find sum aof the seres: : .--*--"'kz PCTHTT)
RWIE%FE?EE.E.!’-L'_§E‘-:. :

1. Choose the correct 0

)

© (i)

(iii)

(iv)

v)

(vi)

(vii)

@n+2™ @@+t ©@n*

ption

(d) 6n-5

Ift, =6n+3, then tas1 =

(a) 60-1 m)6n+1l  (©) 6n +6

The sum to infinity of the series 1 +%~+ 5’?‘;‘*‘ %"Q+ laﬂ

(a) 6 (b) 2 @3 . (d) 4

Sum the peries: 1 #22+ 32 # o ¥ 1002

@ 992'° () 1002'° (¢ 992" %+ 1 (@) 10002'°

The nth term of the series 12+2:3+34+..108

(@) (@*-n) (b (@*+n) () o2 (d)None of these
term is 1+ 5

The sum of n terms of the series whose nth
these

2 (2P-1) (d) None of
10

(d) 1052
What is the nth term of the series 1+(H22)+£1—T%—t§-)-+---?

n(n+1) (n+1)(2ﬂ.+ 3)
2

Evaluate Y(3 +2°), where r = 123, s
(a) 2051 (b) 2049 (c) 2076

() n® - (n+1) (d)

n+l
(a) 2 (b) 5

Uit 5, | Miscellaneous Series

L

10.

(\?iii) sum of n terms of the series 1°
e series | +34'+53+.?3+ ,

18

R P
(a) n°(2n"-1) (b) 20" +3n? (o) n?
n(n-)  (d)n’+8n+ 4

Sum the series to n terms 1.24.2.343
: 3434400

Sum the series 1-3.5+
2-4.6+3.5.

| g A +S ?;'tﬁ.n.tf:n_ns,
‘ : 710... 1043 &
Sum the series 5+12x+19x2 +26x} +- to
: -+ t0 n terms.
Sum the series: L~|._l_+_]_

| ].2 73 3.4"'"‘ to n terms.

Find the sum of n terms of the series

Sum the series

(i) Sum the series: 122+3:32+5:42 4+ ¢

(ii) Sum the series: 3'124+5:2247-32+-. tz::erms.

\ : erms.
Find the sum of n terms of the series whose nth term i

o L o= 5

{_1) n’ +3 (i) 2n243n (i) n(n+l)(n+4) (iv) (2nd)?
Find the sum of the first n terms of the series <
F(.L} HTHB2ABL () 245HI4HAI

ind t!uz n® term and the sum to n terms of the series

1+(1+ -2—} +(1+L+L}+(l+l+ 1,1

2 el B P
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