veclor.
resentation of a vector.
amental definitions us

@ Define ascalarand a
e Give gec:metrical rep
@ Give the following fund
« magnitude of a vector,
o equal vectors,
o negative of a vector, .
o unit vector,
o zerofnull vector,
o position vector,
i m:;mbtr tion of vectors,
ition and subtrac : »
: :‘:‘;nlgl,?: parallelogram and polygon laws of addition,
o scalar multiplication.
@ Represent a vectorna

vectorsjand j. ) ¥ :
Recognize all above definitions using analytical representation.

i i irecti i LOr.
Find a unit vector in the direction of an-::-thgr_gwen vee a0
F:nd the position vector of a point which divides the line segment JOIMINg

two points in a given ratio. Wy
Use vectors to prove simple theorems afdlcscnplwe geometry.
Recognize rectangular coordinate system in space.
Define unit vectors i, jand k.
Recognize components of a vector.
Give analytic representation of a vector.
Find magnitude of a vector.
Repeat all fundamental definitions for vectors in space which, in the plane,
have already been discussed.
@ State and prove
« commutative law for vector addition.
e associative law for vector addition.

ing geoméiﬁcal representation.

Cartesian plane by defining fundamental unit
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Prove that:

o 0 as the identity for vector addition.

e —A as the inverse for A .

State and prove:

e commutative law for scalar multiplication,

e associative law for scalar multiplication,

o distributive laws for scalar multiplication.

Define dot or scalar product of two vectors and give its geometrical interpretation.
Prove that. -

e Qi=jj=kk=1,

e jj=jik=ki=0

Express dot product in terms of components.

Find the condition for orthogonality of two vectors.

Prove the commutative and distributive laws for dot product.

Explain direction cosines and direction ratios of a vector.

Prove that the sum of the squares of direction cosines is unity.

Use dot product to find the angle between two vectors.

Find the projection of a vector along another vector.

Find the work done by a constant force in moving an object along a given vector.
Define cross or vector product of two vectors and give its geometrical interpretation.
Prove that:

o Ixi=jxj=kxk=10,
o IXj=—jxi=k 4
o jxk=—kxj=i,

o kxi=—ixk =]

Express cross product in terms of components.

Prove that the magnitude of A x B represents the area of a parallelogram with
adjacent sides A and B .

Find the condition for parallelism of two non-zero vectors.

Prove that AX B=-B x A.

Prove the distributive laws for cross product.

Use cross product to find the angle between two vectors.

Find the vector moment of a given force about a given point.

Define scalar triple product of vectors. ’

Express scalar triple product of vectors in terms of components (determinantal form).
Prove that:

o ifXk=jkxi=kixj=1,

o ikxj=jixk=kjixi=—I.

Prove that dot and cross are inter-changeable in scalar triple product.

Find the volume of

e aparallelepiped,

e  atetrahedron, determined by three given vectors.

Define coplanar vectors and find the condition for coplanarity of three vectors.




3.1 Introduction
Physical quan

re and work are measured by
alled scalars. Scalars
plied and divided by

tities such as mass, temperatu
ome chosen unit. These pumbers are ¢
an therefore be added, subtracted, multi

f elementary algebra. . :
ch as displacement, velocity, acceleration and .

numbers referred L0 §
being just pumbers, €
using the fundamental laws ©

Other quantities exist su

i ire for their complete specification 2 11 as a scald
mé‘;miﬁum called vectors and may be reprssenled by a straight line with

ipli divided by ordinary

not be added, subtracted, multiplied or _
a a:ornws;ﬁ::ic‘:urlsegagu? we use methods of vector addition (13'1:11'.‘31& rule or
?:rtalfe'lngram rule) or other analytical methods for their multiplication, for this
purpose. . Fny
Vectors have many applications

We begin with geometrical interpretation 0
shall apply vector methods to prove some fundamental resu

geometry.
3.1.1 Scalar and Vector -
Scalar Quantity: A quantity which has only magnitud

a scalar quantity or simply a scalar. :
Examples of scalar are mass, temperature, volume, work etc.

direction as well as a scalar.

in Geometry, Physics and Engineering.
f a vector. However, in the sequel we
Its of descriptive

e and no direction is called

* Vector Quantity: A guantity which has magnitude as well as direction 18 called a

vector quantity or simply 2 vector. -
Examples of vector are displacement, velocity, acceleration, force etc.
‘ H
i
3.1.2 Geometrical representation of 2 vector
A vector is geometrically represented by an
direction of the vector and the length of the
he vector. The tail end O
head (tip) P 18 called the

arrow or directed line segment

say OF , where the arrow indicates the
arrow specifies, on appropriate scale, the magnitude of t

 of the arrow is called its origin or initial point and the
terminal point or terminus (Figure 3.1)

Terminal Point e

In printed work, it is usual to denote all vectors by P
bold faced letters @, b, v etc. In hand written work, the
vectors are denoted by @, b, v etc. The other notation  <nitial point
used for vector is a, b, v etc. 0 Figure 3.1

3.1.3 Fundamentals of a vector

(i) Magnitude of a vector = A
The magnitude or modulus of a vector OA or a is the opP :
length of the line segment representing the vector to ¥

the scale used. The magnitude -of the vector oL O Figure 3
is denoted by 041, lal, lal or a. kg

(ii) Equal veetor

Two vectors a and b are said to be equal if they have
the same magnitude and direction regardless of the I S
position of their initial point. Symbolically, we write b

a= b (Figure 3.3)
(iiiy  MNegative of a vector g
A vector ha_wil}g the same magnitude as another
vector & bu-l opposite in direction is called negative of a a
vector and is denoted by —a as shown in (Figure 3.4)
" ) =
(iv)  Zero vector or null vector Figure 3.4

A vector which has zero magni i
agnitude and arbitrary direction i
vector or null vector. Zero vector is denoted by O 5 orQ SRR

(v) Unit vector
Av i i i
- dimctiut:lcgc;ra\n;hose magmlfude is one is called unit vector. It is used to represent
o s ector. A unit vector is denoted by a letter with a hat over it, such
] * L4 o i i :
elc. Any vector a can be written in terms of unit vector as a = lala

Hence unit vector in the direction of a is obtained as a = i
- . ¥ i ﬂ I
1.e. unit vector in a direction = Vool et dueotis

Modulus of the vector

(vi)  Parallel vectors
i /
WO vectors @ and b are parallel if and only ifa = ab, p

where & is scalar. See for example (Figure 3.5) z

For Your Info P g
Chor You normation ) o

{ The magnitude lal of a ; '
. of a vector a is a positive scalar ity ‘and
can be added, subtratted, multiplied and divided like all m@gw@-'wf



3 ition Vector
(vii) Pesition : P
ich joins a given point P 10

A vector which ] o denot

position vector of the point P and

the plane or space with the origin is called
ed by 0P (Figure3.0).

&Y
i th
The magnitude of the position vector 15 _equal mh e SR
' igi 05€
distance between the given point and the ongin and w or
stan @
irecti i m the origin. .
direction is the direction of the point fro b .
‘ O! Figure 3.6
I ctors.
Example 1: Using graph paper, draWw the ve : | T
3 -
(a) 2a (b) —a (c) 4& : t; ‘
where a is given in (Figure 3.7) ‘
=1 = =
from its EESREE 4
- (a) The head of the vector & - o
es:;n:a::t is( j squares to the right and i square: - HI
i i are
up. Hence 2a is 8 squares to the right and 4 squ LELLL
5 a. Hence —a is 4 squares to

(b) —a is the negative of @, s0 its di!-:cﬁon is pppusitc to
the left and 2 squares down from its end point.

: in (Figure 3.7).
(© 2ais3 squares to the right and 1and a half squares up as shown in (Fig
4

; s are
Example 2: In Figure 3.8, vectors &, p, , 7
shﬁwn?State each of the vectors p, g, r and 5 in the

form ka.. . : .

Solution: The direction of a is 2 squares to the right 7

and 4 squares up. : = ;, ,
" Hence p=-a,q=§a 7 i

|

i1

r=32a,s =%“ i Figure“ié
Example 3: What type of quadrilateral is ABCD, if (i) AB=CD  ii. A= 3 ‘_f"

Solution: (i) AB=CD means that AB and CD are >

equal in length i.e. IABI=ICDI and AB Il CD. Hence

ABCD is a parallelogram as shown in (Figure 3.9.) /
T

Figure 3.9 B

(i)  AB=3CD means
IABI=3ICDI and AB || CD.
Hence ABCD is a trapezium as shown in (Figure 3.10.)

(viii) Addition and subtraction of vectors -
(a) Addition of vectors Figure 3.10 B

Any two vectors can be added by the following two laws.

e Head - to - tail or Triangle law of addition
To add two vectors & and

b that is, to combine them into / a+b

one vector, we draw them in such b
a way that the head of the first

vector coincides with the tail of a > =

the second vector. The sum or Figure 3.11
resultant vector a+b is obtained by joining the tail of the first vector with the head

- of the second vector as shown in (Figure 3.11),

We call this way of adding the vectors as Head—to—Tail or Triangle law of addition.
e Parallelogram Law of Addition ool .o D
If the two adjacent sides AB and AC of a 4
parallelogram represent the vectors @ and b as
shown in' (Figure 3.12), then the diagonal AD
represents the vector sum or resultant @ + & of
vectors & and b. Thys E:E+E:a+b A
We call this way of adding the vectors as the
Parallelogram law of addition.
* Polygon Law of Addition of Vectors
The method of vector addition of two vectors can be extended to more than two
vectors. Leta, b, ¢, d be four given vectors. g c
L_“_’f O be any point and let us draw the vectors
OA = a. From the terminal point A of the
vector a, draw AR 1o represent vector b.
From the terminal point B, draw BC to

fepresent vector ¢. From the terminal point

C, draw CD 1o represent vector d. Join OD. g
Then, from (Figure 3.13),

Hb*ﬁd
m




. we have a+b+c+d g
: = OB + BC +CD e o2
oc +CD [~0A+AB=0B]
oD [-.-6_3+E=55]

tor OD joini L1 of the first vector a and the terminal

vector OD joining the initial point of th :
.m; t:: the last vector d represents sum of the given vectors. This method of
ﬁditicn is called the polygon law of addition. 4

[ ]
———
(b Subtraction of two veclors . £
The difference of two vectors @ an_d b, .
denoted by a— b, is the vector ¢ obtained

i d the negative of b,
< o : Figure 3.14

that is c=a-b=a+(-b) ] b
i b is equal to a vector
us, the difference a — b of vectors a and ‘ Vet
when a:;{lhcd to b yields the vector @. The difference a — b is shown in (Figure 3.14.)
(%)  Scalar multiplication
In dealing with vectors, we re
and a is a vector, then the multiplicatio
magnitude is k times that of a. Thus, if
(i) k=0, then ka is the zero vector 1 -
(i) k > 0, then a and ka are in the same direction //a ,f;:;
(iii) k < 0, then a and ka are in the opposite direction

For illustration, see (Figure 3.15).
Example 4: For the vectors a and b given in (Figure 3.16 @) ,draw the vector

we refer to real numbers as scala{s. If k is a scalar
n of a by k, denoted as ka, is a vector whose

Figure 3.15

() 2a+h (ii)a-b (iii) a-2b mEm
Solution: The vectors are shown in aEm
(Figure 3.16 ().) ne 48

b el E§

a : ]
D% : ariicans

-~ j e

Figure 3.16 @) Figure 3.16 (b

—— o T b 1

Draw vector 2a and from the head of 2a draw b. Then use head—to—tail rule to f
obtain 2a + b.

(i) Draw a followed by -b, use triangle law of addition of vectors to obtain q — .
(ii) Draw a followed by —2b, use triangle law of addition of vectors to obtain a-2b.

Example5: In AABC, AB=a, AC = b and D is the midpoint of AB

(Figure3.17), State in terms of @, b. (i) AD Gi)y DC (i) CD
Solution:

i A=l gl o
2 2 b
() DC=AC -AD=s-1a : - \
z = ] B
(i) CDwm-D a=ab e ——
: Figure 3.17

’]‘Imnl'wn, For any vector a,
F}) "1]:]?]1& zero vector o has the property thato +a =g +0 =g
(i € negative vector —a of a has the propert + =a-a=
Proof, () easy, i A
If OA = a._ we have, according to the definition of the multiplication of vectors
by scalars, A0 = (- 1) a Thus, a+(-1)a=0A + A0 =00 =0
(ii) On account of this property, the vector (—

1) a is called the negati
vector a, and we write — g = (-1 a gative of the

So that the relation a+(—1)a=0 : ’
:
may also be re-written as a + (—a)=0 % 1 :
—
Figure 3.18
A o’
Vector Zero vector




— P C = b
AB =&, B
. xagon
ABCDEF is 2 reE'J::: ]:2110 wing vectors a5 scalar

and -,C._D' =0 state S
itipleof s Bore- __ —= . BE
::T %E (i) EF (iii) FA (w)_ﬂg ag(o:al 5
. In a regular hexagon Main ©-%
Hint: Ina BC and parallel to 1t

is double the side draw the vectors:
Given the vectors (iii), 3a - 2b
(i a +2b

agandbasin Figure,

(i) 2a-b _ =

gF=p.00=4 R is the midpoiit of op; REEEEE:

In: gifs; 5:Q su;;h that 105! = 3I5QI. State in terms O : —0
an

2 — . am— - —s—

p';ndgﬁ (i) PO (iii) OS (iv) R i»

(i parallelogram with Zi-a and OB=Db,ACisextendedtoD
isa

3':3 :ACI —2|CDI. Find in terms of ijnd b

(i) AD @yop . (i) BD

_ . : idpoint of OA and G
e .+ DA =a, OB =b. M is the mi
OAB is a triangle with O

—_— 1 =% Q
Ties on MB such that IMGI = = 1GBI. State in b
@ oM @) MB (i) MG (iv) 0G

terms of a and b

In A OPR, the mid-point of PR is M. ,
If OP =p and OR =r, find in terms of pand . i
@ PR (i) PM i) OM - 2

ABCDEF is a regular hexagon and O is its centre.
The vectors x and y are such that AB =x and BC =Y.
Express in terms of x and y the vectors

AC. A0, CD and BF o

3.1.4 Representation of a vector in a cartesian plane
We recall from our previous class that a. rectangular
coordinate system consists of two lines xx' and yy' drawn at
right angle to each other as shown in(Figure 3.20),are known as
coordinate axes. Their point of intersection is called origin ¥——————»=x
and is denoted by O. The rectangular coordinate system is also
called as Cartesian coordinate system.

The horizontal line is called x-axis with positive
direction to the right and the vertical line is called y—axis with y
positive direction upward. If P is a point in plane, it has two  +  Figure 3.20
coordinates, one along x~axis and the other along y-axis. If the

distances along x-axis and y-axis are determined by a 2y

and b respectively, then the point P is assigned an ordered pair i

of real numbers as (a,b) or P (a,b) as shown in(Figure 3.21 ).We | Plak)
call a and b the x~coordinate and y~coordinate of P. : ¥ " ’"_E x

|

The set IR* = {(a.b): a,be IR} is called the Carteslan !
plane. Thus an element (a,b) e IR? represents a point Pfa,b) I
which is uniquely determined by its coordinates a and b. |

In this section, we use rectangular coordinate system to ;.
represent a vector in the plane.

Let i denote the unit vector whose direction is along the Peusal
positive x-axis and let j denote the unit vector whose direction is along the positive

y-axis. Then every vector §P in the plane can be written uniquely in terms of the

vectorsiandjas OP = r = xi + yj where x and y are scalar. See (Figure 3.22).

0e

W

4 ¥
F :
1 FPixy)
_Jl "
B g X
(a)




of the point P. Thuys, the

— . called the — hose initial point is the orje;
ot o vedor OF .0 it votor O ¥ o
int P(%,
stion vector of any PO~ . .
'O'Iand whose terminal point 1 P e,
of a Vector f the position vector to any p 5 ‘f i diis:
3P . o
In the representation o and y ar¢ called the wm?ope?recﬂon ?Svector r
asOP=r=x+ yj, the scﬁlxlxs gt e sipeseting nfld :
oY in j—directi , the vector r represented by e
4 pﬂlnm;l:?; —4)bea point in the plane. Then
ample, ifP—4 7 3
gi:iﬁn vpactor to the point P(5 ~hi
r=.ti+_‘if=5l'+{'r4],l'.

and the j—direction component is -4,

5 ;
S rs of points A and B respectively,

AR
Thus, the i—direction COMPE™
Theorem: If a and b are position vecto

then E =b-a . d B respectively, then
i f the points A an
. If @ and b are position vectors 0 B
l"mo;l';ll'a e e =
a=0A andb=0B (Figure

Using triangle law of vector additions, we bave

OA +AB =0B = AB =0B -OA

Q a ¥ |

> AB=b-c Figure 3.23

Example 6: Find the vector AB from the point A (—4,6) to the point B (6,8).
Solution: The position vectors of A and B are OA =—4i + Gjand OB =060 + §.

Therefore by the above theorem

Vectors with initial point not at the origin

We defined the component of a vector to be the coordinates O
point when its initial point is at the origin. Now we will find the compone
vector whose initial point is not at the origin. —
Suppose P (x,,y;) and Py(x;,,) are two points in the plane. Suppose OP1 27
be the position vectors of P, and P, as shown in (Figure 3.24).

£ its termind

4 OP:

pts of @

Then PP, ={_),'52 -"g_ﬁ;
=(xi+ni) —(x, i+ yj)

=(xX-x i +(,=-y)l 5 _': Bixx)
Thus the i~component is x, — x, and the j—~component is 3 =
3,1.5 Algebra of Vectors
In this section we define addition, subtraction, O ; %
scalar multiplication, and so on, for vectors in plane.
Figure 3.24
Equal Vectors

Two vectors u = xi +,j and v = x,i + y, j are said to be equal if and only
if they have the same components that is

w=vifandonly if x, = x, and y,=y,
Example7: Ifu =2i+ yjandv =x -}, then find x and y.

Solution: u=vor2i+y=xi—j
By comparison we have x=2 and y = -]
Addition of Vectors

If u = x)i+y,j and v = x;i+y; fare two vectors, then their addition, denoted by u + v,
isdefinedas u + v = (x,+x) i + (y +3, Jf
Thus, to add two vectors, we add their corresponding components.
Scalar Multiplication
The multiplication of the vector u = xi + yj by a scalar k, that is ku is defined as
ku = k(xi + yj) = (kx)i + (ky)j
Negative of a Vector
If u = xi + yj is a vector, then negative of u, denoted by —u, is defined as
=U = —~(xi+ yf) = —xi — yj
"_l'hus, if we take k = —1 in the definition of scalar multiplication. we obtain
—# that is the negative of the vector u.
Subtraction of Vector
Ifu=xi+yjandy = X + y,j are two vectors, then their difference,
denoted by u-v, is defined asy — y = (X, = xo) i + (v, — ¥, )f
Thus, to subtract two vectors, we subtract their cor['es;n{:nding components.
Example8: Ifu=3i+4jandv = 4i— 5, %
Sl Find (i) u + v (i) 2u (iii) —v (iv) 2u = 3v
) w+v=(3i+4) + (4= 5)) = (34 4)i +[4 +(=5))j = 7i - j
(JI) 2u=2(3i + 4f) = (2-3)i + (2-4) = 6i + &
(W) v =—(di - 5j) == di- (~5)j =—di + 5
(V) 2u-3v=203 + )= 3(4i - 5)) = 6i + & - 12i + 15 ==6i + 23j




d otcdhyﬂandisdeﬁnedas0=o;+qj
5 den

1 or Null Vecto
orm or length is denoted by lul

r "
: 'Ymc zero vector of null vector 1
by t;:-r its magnitude or B

Eu:;ﬂﬁisavec

and is defined s -
lul=y/%" +Y :
; _ 3, then find lul.
le9; Wu=2i-3 _J/B
sE;:ﬁm i@ +(3 = V4+0 Vi3 =
Unit Vector ¢ the given vector =3 yiis 1, it is called a unit vector. Tha
If the magnitude © gl A

i i if lul =
is, u is a unit vector if -
i Ifu —Iﬂey?li’: a‘:re,clor and k is a scalar, then

mrﬁl >0 i) lul=0 if and only if u = 0 (zero vector)
Egi) bal=ll (V) Nl =1kl

Proof.
) =X+ y? >0forall xandy.

Gi) ll=yx+y =0 if and only ifx =.0 an-dy =0
if and only if & = 0i + 0j

if and only if u = o (zero vector)
(iii) Hl:kﬁ—ﬂ[:@z + (-y:lz :.\rxi + yi =lul
(iv) lal=l(o)i+(y)l = JU) + (ky)* = JEGE+9Y)
= Ve +yt =1k lul

31,6 A Unit Vector In the direction of another Vector . ‘ i
If u = xi + yj is a vector with magnitude lu| # 0, then i is a unit vec

. i i in the
whose direction is the same as that of u. It is usual to denote a unit vector 1

direction of vector u by ii. : :
Clearly any vector u can be written in terms of unit vector as u = lul i/
Hence a unit vector in the direction of u is given by

y= ‘n.+2ii__ X . ¥y

e h: = j
i = u f+}- f-g-y"H- Py
T - S

Example 10: Find a unit vector in the same direction as the vector 3i-2f

Solution:  Letu =3i-2j Note
= JO? +-27 =0+4 =413

Then lul = {(3)" +(-2) e ;r— g The vector # is in facta

. A u A I=4] . . 1 .
Since w=—,s0 u==-==2 ;_ 2 ; unit vector, because by

lul’ Y3 iz i3 property (iv) of magnitude
Notation for Vectors in Coordinate System g vﬂ:m lul
lal=l—l=—= 1

Sometimes we use the notation [x,y] or <x,y> for the TG
vector r = xi + yf which has its initial point at the
origin of the rectangular coordinate system. The terminal point of r will have
coordinates of the form (x,y). We call these coordinates the components of r.
In this notation, the unit vectors i and j are given by i =[1,0),j =[0,11.1f r,= [x,y]
and r; =[x,,),] are vectors and k any scalar, then addition and scalar multiplication
are defined as ry + 7, = [x,y)] + [, ] =[x + X, ¥ + ) and kr, =k[x,y]=[kx,, ky;]
Using the definition of addition and scalar multiplication, the vector r = xi + ¥j can
be written as

r=xi+y =x[1,0] +y[0,1]= [x0] + [0,y] = [xy]
Thus r=xi+y = [xy]
3.1.7 Ratio Formula
Thwt_’el_m Let a and b be the position vectors of the points A and B respectively.
If C divides AB internally in the ratio p:gq, then the position vector ¢ of C is given

qtp

Proof: If C divides the line scgment AB internally in the ratio p:q, then £_£=-§
as shown in the (Figure 3.25). l{:.‘;E‘B

Hence g AC=pCH = gle—a)=p(b-c) \qc
b
= gc - qa = pb - pe = gc¢ +pc=ga +ph P \P
= (g4 pomgaseph = g= BEH O a %
qa+pb = ¢ T Figure 3.25

Corollary: Ifp: q=1:1, then Cis the midpoint of AB and its position vector ¢ is

given by ¢ = a;b




g the join of point A with
in the ratio 4
A and B are @ and b

iti he point dividing |
gxample i osition vector of the e
=1 s gﬂﬂiﬂ point B with position ntr-ecthgr :;int';
o m;f: ose that the position veclors 03-t+ A

vely. l%pen a =2-3 agd b= t4

he segment AB in

reswli .
i des t

Suppose that ¢ is the position yector of the point C that divide
ratio 4:3. urt

by ratio theorem (theorem @ b s Y e
Thﬂng.g)-'rdb 3(2:‘4‘31‘]+4(3i+2j) =6:~9;+12:+8; X 18i=J -2 & ;FJ
s -ﬁ e T 7 G

+

o e pomserr some basic theorems of geometry.
I this section, We shall use vectors tohpnr:}';ining asis forst w s feiaenl .

:  Provethat the stra@ght
triangle is arallel to the third side an
= :gbal ISAB be a triangle and D.E be the

Proof: )
respectively (see Figure 3.26)
Let 0A =a, OB =b, then .
oz D E
oD == . a‘f:% . D & E are the mid-points of OA N
. %

A" Figure3.26

d equal to one half of it.

midpoints of sides OA and OB

& OB respectively
Now DE =D0 +0E --0D +OE

=:2£+% =£:2.f- (1)
15 A0 +0B =-0A +0B =-a+b=b-a @)

Therefore from (1) and (2), we have

DE =-12— AB Hence DE | AB and DE is equal to one half of AB
Theorem: The diagonals of a parallelogram bisect

each other.
Proof: Let the vertices of the parallelogram b

be 0,A,B and C (See Figure 3.27)
Let a, b be the position vectors of A and B c

respectively. O » A
kpecs o . a

Then OA =a, OB =b. Figure 3.27

By addition of vectors, we have OC =0A + OB =a+b

EHT ek m
Again by addition of vectors, we have AR wDB -0k mb<a

" The midpoint of the diagonal AB has the position vector

AB b—a _2a+b-a _a+b
2 2 A (2)
From (1) and (2), we have e=d.

This shows that the midpoints of the diagonal OC and AB are the same

— AB
d=0A +—2— =a +

“Thus the diagonals of the parallelogram bisect each other.

3.2 Vectors in Space
In section 3.1.4 we discussed vectors in the plane.

Inthis section, we again consider vectors, but vectors inspace

1,21 Rectangular coordinate system in space >y

,[“ space, a rectangular coordinate system (or

Cartesian coordinate system) consists of three
mutually perpendicular lines through a common point = L
0. The lpoint O is called origin and the mutually F
perpendicular coordinate lines xox, yoy' and zoz' are 3 e
res]?e:.t:lwely x—, y— and z-axis (Figure 3.28). The
positive x—axis points towards the reader, the y-axis
to the right and z—axis points upwards.
The coordinate axes, taken in pair, determine three
coordinate planes namely the xy-plane, the xz-
plane and the yz-plane. If the distances along x—, y—
and z— axes are denoted by a, b, ¢, then the point Pis
assigned an ordered triple of real numbers as (a, b, ¢)
El't:f a b, c) as'shown in Figure 3.29. We call a, b and
S Pe IJ:Ic;—(:‘tv:mrl:hnsi.t_.e, y—coordinate and z—coordinate
o .unt??mf: the point P whose coordinates are (4, 5, 6)
¥ &15 rom O in the direction of oX. 5 units from
s e direction of oy. 6 units from O in the
nrccuon u}’ oz as shown in (Figure 3.30).
th:esﬂld{R = {.(a, b, ¢): a, b, ce IR} is called the

e~ dimensional space (or 3-dimensional space). *




as shown i | R
P(x, y, 2) is any point in the
P can be written in

If

position vector P of the point

the form.
OF =r

Thus, a position vect
whose initial point
terminal pointis P.
3,23 Component
In the representation of
any point P(x, ¥,
the scalars X, ¥ and z are ¢a
of r. The unit vectors i,j an
vectors for this coordinate system. —
rdinatesystem 1 FiF:

=xl'+xf+5k as shown

or of the p

of a Vector

z) in the spac

3.2.4 Notation for vectors in coo!

As in plane, we use the n
or <x, y, z> for the vector r =

space.

k are given by

In this notation, the unit vectors i, j and

i=[1,00],j=[010], k= [0,0,1]

Ifr,=[x,y,z] and ;=[5 ¥» & Jare vectors

space
utually Pﬂmmdm“lar -

space, then the

in Figure 3.32.
oint P is a vector JP

is at the origin O and whose.

the position vector to
cas OP=r=xi+y +2k

nit vectors in the direction
‘L E

x

lled the components
d k are the unit base

otation [x, ¥, 2/
xi wy + zk in

( Did You Know E )

is a vector in space with

initial point Pr(x, ¥ z,) and
terminal point Py(x, Y Zh

Then Pl_P; = (XX Ji+ (- i+
(z-z,)k. So the components of

PP, ini,jand k directions ar

(x=% ) (=Y b (% 2) respectively.

and @ any scalar, thenaddition and scalar multiplication is defined as
r+n =0 ) + 6 ) = [x+%, Yi+Yn +2) and

ar=alx,y, 2] = [ax, ay, az)]

Using these -:‘i!eﬁr}itions, the vector r = xi+yj+zk can be written as
r =xi+yji+zk =x[1,0,0] + y[0,1,0] + z[0,0,]]
= [x0,0] + [0,5,0] + [0,0,z] = [xy.2]

Thus

r=x+y+zk=[xy1]

Not For $El_e

Thatis u = v i
cAhatis w=vifandonlyifx, =%, y =y andz =z
=z

3,2.5 Magnitude of a Vector
The magnitude or norm or length lul of a vector u = xi + yj + zk in th
: e space

is the distance of the point Py P
p (x, , z) from the origin. That is lul= [, 42

Unit Vector
If the magnitude of ok e :
gnitude of the vector u = xi + yj + zk is 1, it is called a unit vector. That is

lul=1

Example 12: Ifu = 2i-j+ 3k, v=1i +j -k, then find
(i) u+2v (ii) 3u-2v (i) 3(u—2v)

(iv) lutvl ™) il i) L
Solution: ful

(i) u+2y = (2= +3k)+2(i+j-k)= 2i— [ 427
. B B j—k)= 2ij 43k +2i+2j-2k = 4i+j~

(ii) 3u-2v = 3(2i~j +3k)-2(4 ~k) = 6i-3j +9k-2£-2j+2;: : :' 5+
(i) Hu-2v) = 3[4 +300)2(i4j-H)) = 3243k 20 42K] e
i = 3(0i-3j+5k) = 9j+1 5k il

(iv) syl = 1(2ijo+ 3+ (k)| = |2ij+ 3k tisj-k) = |3i+0j+2K]

= J(_3)3+(U)’_+ (2° =+9+4 =413

O el = Q2P+ (1P + 3+ +)7 + (1)
=4+1+9 +/1+1+1 =14 ++3

iy vy, Mg 2n, T,
Il Ji3 NG *—EJ +E
3.2.6 Algebra of Vectors ) )

In this sectio i
n w )
vectors. Our definitions zrge;;l:i addition, subtraction scalar multiplication etc of
; same as giv
case we consider vectors in space given for plane vectors except that in this

Equal Vectors

T'wo vectors u = x,i + y,j
. i+yj+g5kand v = xi +y,j .
a d i nd v -
nd only if they have the same co [:wncms Xi +Y,J + 2,k are said to be equal if

?;]Jdilion of Vectors
¢ addition [
of two vectors u = x,i +y,j +z,k and v =x,i +y,j + .k is defined as

Uty = [ r
ey (X + )i + (3 + Rl + (2, + )k
8, 10 ¢
» 10 add two vectors, we add their corresponding components
- 5 s




u=ﬁ+y‘+zk by a scalar & is defined as

a vector

{a}"y + (&‘Z)k

b ar multplication & ¥ OF

N A Gl
Vector

stive of 8 _xdi+y

sve of a vector ¥ A
negatl =+ Y+ F)=

zk is defined as
iy —&

Yector . i i i
The dﬂm!’“ e of two vectors & = i + i/ % gl andy =i +2 +5KS

T Sl )i+ (z -2k
as u=-v=[% x)i+ (=l (4 .
;d ® ubtract two Vectors, we subtract their corresponding components.

Vector or Null Vector
The zero vector of null vector O is defined as

rties of Vectors . .
The following properties hold for vectors in plane as well as in space.

v and w be vectors and let o and g be scalars, then

(corruﬂutative property for addition)
(Associative property for addition)
(Identity for vector addition)
(Inverse for vector addition)

- (Associative property for scalar multiplication)
(Distributive property of scalar multiplication over
vector addition)
(Distributive property of v
scalar Addition)

0= 0i + Qj + 0k

uty=v+u
(uvyrw=uHv+w)
u+o=0+tu=0
uH-u)=0

a (Pu) = (aB)u

o (u+v)= au +av

(a+) u =au+pu ector multiplication over

lu=u
cation to Geometry
1ce between two points in Space

Let A(x,, ¥, %) and B(x, Yo z,) be any two =

in space. Let OA4 and OB be the position
: A v 05 )
s of A and B (Figure 3.33). Then
i+y,j+z,k, OB =%+, j+k
j+zk OB = B(x, )22,/
OA+ AB = OB AR
AB=0B-0A
= (x-x) i + (yy )i + (-2 )k : o i
NABI= (-2 + (-0 + (g -z ¥
 is called the distance formula.

Figure 3.33

points in space. The coordinate of point C which
divides :LE-‘ in the ratio m;:m, are
mx, tX MYy, tmy, mz, +m,z
» § 2>
m, +n, m, +m, m, +m,

Proof. Let C(x, y, z) divides EE i

! A b ; in the rati :

mtemall)_-' (Figure :.’:._34). If a is the position \l:;c[::;?tz‘

A and b is the position vector of B, then the positi 5 Fi

vector ¢ of C already found in Ratio theorem is = L
_ mb+ma

n, +m,

xi+y+zk= Y §
n, + m, [m, (x,i+y j+z.k)+m,(x i+y,j+z k)]

m,x ' .
_ (myx, +mox, Ji+(myy, +m,y, )j +(m,z, +myz, k

m,+m,
- max, +myx, . gy, My, . Iz, +m,z
m, +m e X ¥ = N k
, Hm, m, +m, m, + 1,

Comparing the corresponding components on both sides
el

mx, +
.= % X, = ny, +m,y, mz, +mz
m, +m, m + P o Gl
A L+ m, m, +m, :

If A is negative,

Thus C(x,y,z) = C (nr] X, +1,x, ’ my,+m,y, mz,+nz :
m, +m, m, +m, : P %E::tut (i;lﬁvides
Corollary: If 5 o Ay iy L
: . = - then the point C divides AB in the the i Ag)
ratio A: 1 and
. . C .Y, 20
I:M r_alyg"'_')’, ﬂ,lz +7 2
2 R R T
st 1+4 1+ . M
i f rove that the coordinates of the
o z? a triangle ABC with vertices G
J:|+Il 175 {le ¥a Z]j, (xj, }'3: zj_‘} are
(= Lt y+yn+ty z+5,+7 A,y B, y.o
3 : 3 ’ 3 X Figure 3.35

Theorem: Let A(x;, y;, z;) and B(x,, y,, z,) be any two ;
A



+% Nth +33) .
i wd;;d:nm{ of BC has the coordinates MEZS 25 e =
| : rdinates
i Gdiv:'djngAMin the ratio AG:GM = 2:1 has the coordl
point
X T (- )
25 +5) 41y, ________2{:\@; J’3JI+1-J.'[ ____.3_22 +1-z,
gy S
2+1

2+1 : 2+l

[,r:-l*x +x Ntrhth _z_li'_z?.ii:‘—}
= . ¥ L 3

3
; ; hrough O of the triangle OAB, where

Find the length of the median t

Example 13: : )
i i 7,-1)and B is the point (4, 1, 2).
gg;::gamt (lz.et OA}B be a triangle as shown in (Figure 3_36),
The coordinates of M the midpoint of AB are_ i
(24,74, 7142) 0 ]y
2 2 2

So the length of OM is
101

s 2 _]_2 ol
|OMI= (3)f+(4) e

: Af2.7-1,
° Figure 3.36 ks

EXERCISE 3.2
If a = 3i - 5j and b ==2i + 3, then find

1- ~ "

() a+2b (i) 3a-2b (iii) 2(a=b)

o el

(iv) la+bl  (v) lak-1bl (v) - : 3

2. Find the unit vector having the same direction as the vector given below.
Ak : o e

(i) 3i (i1) 31— 4j (i) i+j-2k (iv) —2—1- EJ

3. Ifr=i-9j, a=i+2jand b = 5i - j, determine the real numbers p and 4

such that r=pa + gb. -
4: If p = 2i - j and ¢ = xi + 3, then find the value of x such that Ip+ ¢ I=5-

5. Find the length of the vector AB from the point A(-3,5) to B (7,9). Also

; find a unit vector in the direction of AB .

6.  If ABCD is a parallelogram such that the coordinates of the vertices A, B
and C are respectively given by (-2,-3), (1, 4) and (0, 5). Find the
coordinates of the vertex D.

7. Find the components and the magnitude of FQ
i P:(=1,2), Q(_Z, -1). ii. P(-2),Q(2,3).
Il.[. P ':: _1!]!2]l Q(?'s _1:3)- v, P(2,4,6:|1. Q(l =2 3]
g, Find the initial point P or the terminal point Q whichex;er i; m.issing'
i. PO=[-2,3],P(l,-2). ii. PO=[4,-5], Q(~1, 1).
iii. PQT [—},3,:2], P2,-1,-3). iv. PG=2, -3, 4, Q@G3, =14)
9. If d=itj+k , b=41-27+3f ande={-2]+F, find a vector of
magnitude 6 units which is parallel to the vector 2d-b +3C

10.  Find the position vector of a point R which divid e _
fE . es the line jo i

?vhose positionvectors are P(f + 2f — k) and Q14+ .Iﬁ;riun:];1 the po:n.ts

internally and externally. n the ratio 2:1

(11. Find the position vectors of the point of division of the line segments joining

(i) Point C with position vector 5 j and point D with positi
oint ( : : osition ve
" 4i+jin the ratio 2 : 5 internally. e E v{.c@
(ii) Point £ with position vector 2i-3j and point 'F wi it
oint £ _ with
3i+27 in the ratio 4 : 3 externally. H R

12.  Find @, so that |at + (a + 1)f + 2k| =3

13. Ifrr'=2.-' +3j+4k, V=={+3] -k and W= 46+ zk represent the sides of
a triangle. Find the value of z.

14. The position vectors of the points A, B, C and D are2; —j+k, 3i+]
2i+4j-2kand—i -2j+k respectively. Show that AB is parallel to CD .

3.5 Dot or Scalar Product

351 The dot or scalar preduct of two vectors a, b denoted by

a ‘i_is defined as a-b=lallbl cos © where 6 is the angle

between the vectors a and b (Figure 3.37). b-
For-example, if lal = 2, bl = 4, 6 = 60°, )
then a-b=3x4c0s60° = 12x L = 6. ;

: 2 Figure 3.37

Sy . . .
This will be negative if 5 <0< mascosd is negative, and lal, Il are always
Positive,




Dot Prodtlct_._q___)

I
- 1lel vectors : direction as b
() [Para parallel but in the same di Figure 3.38

If @ and b art a=0°.
i lEure 3.35)! then I
el = lalllcost” = 7% direction as shown in Figure (3.39)

In this case a-b . 9
t in Oppo b

e a?ﬁﬁ%ﬁiﬂ T;s; a-b =lallbl cos 180° = ~lallbl

then &= .

ase when @ = b, then
aa = lallalcos(® = lallal = lal? g b =

Figure 3:39
Henliﬁe lal= -J'Ee-r
(i) Orthogonal vectors

—a

In the sp&Cial C

If @ and b are orthogonal vectors, then € =90°and cos 90°=10

- a-b=k cos 90°=0
ality of two vectors is a-b = 0

Hence the condition for orthogon ;

3,53 Scalar product of unit vectors i, j and k

iii= i} cos 0°= 1,5 = il il cos 90°=°0
iU cos0°= 1ik= W cos90°=0
kek = |k [ cos0°=1,ki= k|| cos90°=0

—

a

Z

Figure 3.40

—

The dot product is always a num_bt'.r
(scalar). We sometimes refer to it ast
the scalar product or inner product.

Remember

. be two vectors in space. Then using the properties of

F 3 | Vectors N Lrill ;
. % 4-' :i-—b— ':!--.' :l._:. il -.I ".'. I'i1 -:

3.54 Expression of Dot Product in Terms of Components
LEIG:—‘I]I“F)’JJ‘"{'Z]k and b=x1i+y2j+12k

Remember

Ifa=xi +y,,r'an!j b=xi+yf
-are vectors in the plane,
then  ab=xx, +yy,

¥

dot product, we have

ab

(i+ni+zk)-(xi+y,j+z,k)

X)X, ff-!} + x, Ya ﬁ*_ﬂ +.x; 2, (l-k) + ¥ix, Gi} _|_ylJJZ U‘.ﬂ i y|23§-k,i
+ 2, xo (ki) + 2.y, (kf) + 2,2, (kk) = x,x, F2 V2,2,

& ab=xx, +yy,+2zz,

Thus, dot product of two vectors is the sum of the product of their corresponding

components. |

Example 14:  Ifa = 2i-3j + 4k and b = i+3j-2k, then find a.b in term$ of their

components.
Solution: ab

= (20 -3 +4k). (i + 3f - 2k)
- (2)(1) +(-3)(3) + (4) (-2)= - 15
3.55 Commutative and Distributive Properties of Dot Product
Theorem: If a, b, and ¢ are vectors and « any scalar, then
(a) Dot product is commutative i.e. a-b = b-a
(b) Dot product is distributive over vector addition i.e. ab+cl=ab+ac

Y nll's
Proof: y

@ Leta=xi+yj+zk andb=x,i+y,j+z,k

Using the properties of dot product and scalars, we have

abh = 1",1‘,!'+}'|j+z|k).['.1'31'+}’=j+22k)
= YX N n+ 0,5 =nx+yy+5
= b-a

Thus, g-b=p-q

() Let ¢ = Xyi+y,j + 7,k then
a-(bre)=(x\i+yj+2,k). [(x,0 + 3,0 + 2, k) x,0 + 3 +2,K)]

(xyd +y,j+zk). [(xy4x, )i+ (y,+ ¥, Ji+ (2,42, k]

X (X3 4X3) + (Vo +¥3) + 2,(2,+ 2,)

XX+ X X+ Y Yo+ Y Y+ 32,4+ 5,3

(X)X, + 3,024 2,2,) (X, X, 4+ ¥, ¥, +2,2,)= ab+ac

¢ Thus, a-(b+c)=a-b+ac :

—

T ——————— SR
. ' ==
3 ke i

"




f Vectors :
o ?ufr:: :r /3 and ¥ be the angles which
or. o .
i d:::ctiuns of the coordinate axes where each
itive

ies betw
ansjcsncsbe el

yect
ese
;:wmangles ¢, j§ and yaré call
i 1.42). - ' Z
ijaﬁﬁfme figure, we have three right triangles ‘C
AP, OBP nd OCP.Then

' * in right triangle OAP
LB
o

=2l =
cosx = Tl Fx;+yz+zi o

Y in right triangle OBP _,~&

= =
cwsf =i = ey e7 Figure 3.42
_ Figure 3.

z in right triangle OCP

e 2N 2y i
cos¥ Irl ;i;‘ +y + z

The numbers cos&, cos § and cos Y are ¢ :
r. The directi on cosines cos &, COS f and cosy are usually

respectively.

Thvepeent:If ¢, fand
cos?a +cos? fHcos?y =1.

Hirwdt: By the definition of direction cos

z

= = Y and cosy =————=

05X = — ,ﬂﬂﬁﬂw— = - = 2 2 5

- L+y+r Xy tz JE Yy FZ
z ¥ z

Pay.2)

*y

alled the direction cosines of the vector
denoted by 1, m and n

v are the direction angles of a vector r, then

ines of the vector r, we have.

y
a ey
S ttasalionyy < Py +x2+;-;’!+z2 ¥y +z
R EA e g
Ly +T

124 mi+n2= 1

Using symhoi',sf,m and i, we may write the above result in the form
' 1,62)

Examplécl55: Find the direction cosines of the vector from P(4,8,-3) to Q-
Sediéen: W e know that for any two points P and Q we have pQ=00-0F

Here OQ . =-i+6j+2k OP =4i+8j-3k
PO = (-i+6j+2k)(4i+8j-3k) = —5i-2j+5k

sincelPQ | =P +yieg
So 1PQ1 =(=5'+(27+(5) = 57 =305

[—

Hence direction cosines of the vector PQ are

cosa = i-» =.__Ji— , 505:3=___}_.I_ =% andcow:——z— =9
|PQI  3V6 1PoI 36 1PoI 36

3.5.7 Direction Numbers or Direction Ratios

The position vector OP of the point P(x,p.z) i
/ J.Z)in term i if
W ) of unit vectors ij and &
OP =r=xi+y+zk
K coser, cos f and cosy are the direction cosines of r, and p is a-pusitive
constant, then the numbers Pcose | Pcos i and Pcosy are called the direction

numbers or direction ratios of the vector r. The directi
: dire . The direction number
specify the direction of the vector r. T -

Since x =lIrlcoscx, y = IWleos f and z = Irlcosy where Irl is the length of the
vector r, s0 x, y and z are direction numbers of the vect
r [ or r. The
coordinates of P(x,y,z) may be written as (IFlcos e, Irlcos IFlcosy) i
Hence OP =r =Irlcos @i + Irlcos B + Irlcosr k
= OP=lrl(cosai + cos S + cosyk) or
OP = Irl (li+mj+nk)

{Did Yoo Hnow ﬂ)

l&'xamplﬂ 16: Find the direction numbers and direction . From the above. we
cosines of the point P(2,-3,6). gbtain fhe componées of
E o 2 r from the directi
Sdlution: The direction numbers are 2,-3, 6. msim::t muliiplﬁgug;
Since QP = F=2i—3j : OP 2
_ =r=2i- 3+ 6k 10P|=7, ivi

direction cosines are * A RAE E;;;EMI{; :I“:'Iing‘ s

; nents oy brl gives
the direction cosines.

X

ey

0P|

~1|r2

’m_—_-—_}_——-’:_-_—‘?' andn=—r = u
opi lop1 7
Ex *17: Fi i oP
f_n:mt 17: Find the coordinates of P, if 0P is of length 6 units in the direction
of OR where R is the point (2, -1, 4)
Solution; We have OR = 2i -J+%& 10k 1= Va1




The direction cosines of OR are

2 -1 4
f=—— m=—= ,n= Pleys)
NE V21 J21
The coordinates of P are (Irl#, Irlm, Irin)
where Irl=| OF | = 6. Figure 3.43

Therefore Irl e:%, It =:,.'i . Irin =%

24
Hence the coordinates of P are ( T % :r"

Example 18: A vector v has inclination 60° to o, 45° to 0y -
Find its inclination to 3z If vl=12, express » as xi + )j + K.

E o 0 5 og -
Solution: Here [ =cos 60"’—5 , m=cos 45 =
Let n = cosy, where ¥ is inclination to 0z .
Since P+m?+n? =1
So n? =1-0P-m? = ¥ =l-—=-_-=-

1
= n =+
T2

This shows that v is inclined to oz either at 60° or 120°.
3l ok 4 el 1i. 0 .1
N ] i k f 5 = o
ow i, mj, n arecompanerrusn v,s50 ¢ 2:+_:E-_;+ zk .
Buty =My =12 (2i +—=j+ ~k)=6i + 642 + 6k
2 o 2

3.58 Angle between two Vectors
One use of the dot product is to calculate the angle between two vectors.
(i) Let a and b be the two vectors. Then h:,v definition of dot product
= |a|b| cos & where 0 sg<x

a:Fﬂ

i.e. the cosine of the angle between two

ivi vec i i
divided by the product of their moduli. tors is their dot product

£ B Bl g i

AT I N g S Y

(iii) @b = |a|lp| cos @

(ii) ifg = 'ti‘l')'l.l‘l‘z o
a-b= xx’-+yl}'2'|'z|?,z

bl =y + 3 +z' and |-bl=\;'x§+y§+z.§ since by (i) above

x;x2+y,}-?+zl% b
2
Vi +J’|z+z.1\fx§+y:+z: /

cosf =22

b=x=£+ylj+zzk

cos = ab Sonat
“HH s8=

A A a o

| el = =

Example 19: Find the angle between the vectors 3% and 83 where G = 2i 4},
00 =-3i + 2j

Solufion: Let O be the angle between

the vectors OF and 00

Then cos @ = OP OQ Jﬁ%‘
OP“OQ . A — "2isj
3 : d [+)

_ (34 25).(204)

33+22 2% 412

Figure 3.45

= Cosf= =-0.4961

oF
= 8=119.74°
Example 20: Find the value of t such that the vectors 2i —j + 2k and 3i + 2( are

-

~ orthogonal.

Solution: Leta = 2i~j + 2k and b =3i+2¢j. If @ and b are orthogonal, then a-b=0

) zm + =120 +2(0)=0 = -2t=-6orr=3
3.5.9 Projection of one Vector on another
Let @ and b be two vectors and & be the angle between them as shown in

(Figure 3.46) ,0<@s7

R.‘. is perpendicular to E)Té . Then a’."‘ is called the projection of @ on b.




IR AL

e
5

=

— I0C1 =104 | cos 8 = lalcos & (1)
By definition of angle between vectors
o ab @
lallhl :
—= ab
Using (1) and (2), we have Iqm o

B s gt M
This gives that the projection of a on b is %r_I' Similarly the projection of b onais

Example 21: Find the projection of the vector @ =i~2j+k to the vector b= 4i - 4j+7k.
Solution:  The projection of a on b = %
Now a-b = (i-2j+k). (4i—4j+7k)= (1) (4) + (=2) (—4) + (1) (7) = 19
Andlbl = J(@) (4P +(7P =V16+16+49 =Bl =9
ab _19
b
3.5.10 Work done by a constant force
If a constant force F acts on an object during any interval of time and: the

object undergoes a displacement S, then the work done on the object by the force
F is defined as

W= F.§
or W= F5 Cos 8, where 8 is the angle between

the directions of F and 3, as in (Figure 3.47)
Example 22: Find the work done in moving an object”

the projection of @ on b =

along a vector 9i - j + k if the applied force is 3i + 2 + k. >
Solution: Here F =3+ G+k " Figure 3.47
S=9%-j+k :

W=FS$=(3i+2+k) (9%i-j+k)
= 3(9) + 3r~u +11)
=27-24%
=26

Hence work done = 2¢ units

If a=3i+45- k,b—z—_; + 3k and ¢ = 2i 4 j — 5k then find
(i) ab : . (i) ac (i) a-(b+¢)
(iv) (2a+3b)c (V) (a-b).c
2. Write a unit vector in the direction of the sum of the vectors
d=20+2]-5k andb= 20+ ]-7k.

Find the anfgl&:s between the following pairs of vectors:
@) i-j+k, <i+j+2k - (i)3i+4,2j-5k Gi)2i-3ki+j+k

b

B

. Show thati + 7 + 3k is perpendicular to both i - j + 2k and 2i + j —3k.

Leta =i+2j+kandb =2i #j-k Find a vector that is orthogonal to
both a and b.

6. Leta =i+ 3_;—4kandb 2: 3j + 5k. Find the value of m so that a+rnb
is orthogonal to Ma (Db .

LA

7. Given the vectors @ and b as follows:
@ a= —%j+%k, b=i-2j-2k" (ia=—3i+j+2kb=rig+5k
Find in each case the projection of aon b and of b on a.

8. What is the cosine of the angle which the vector /2§ + j+k makes with
y—axis?

9. A force F = 2i + 3j + k acts through a displacement §=2i +j - k.

Find the work done.

10. Find the work done by the force #=2i + 3j + k in the displacement of an
object from a point A(-2,1,2) to the point B(5.0.3).

11. (i) Show that the vectors 3i-2j +k, i= ~3j + 5k and 2i + j—4k form a right
triangle.(ii) Show that the set of points P =(1,0.1), 0=(1,1,1) and R=(.1 [:i)

form a right isosceles triangle.

12. Prove that the angle in a semicircle is a right angle.
13: Prove that perpendicular bisectors of the sides of a triangle are concurrent.




3.6 The Cross or Vector Product of two Vectors
In section 3.5 we noticed that dot product

of two vectors in plane or in space gives a scalar.
However, in this section we shall see that there 1S
ariother product known as ¢ross or vector product,
which. gives the result as vector 1n three

dimensional space.

3.6.1 Let @ and b be two non-zero vectors. The ~—

cross or vector product of @ and b, denoted asa xb, b L‘""-\._:w}

is defined by J »
axb=lallblsinfii . ks C -

where 7 is a unit vector perpendicular tothe plane | Figure 3.48(b)

determined by a and b (See Figure 3.48 (a))

The direction of n is determined by the right hand rule % .
“Join the tails of a, b, stretch the fingers of your right hand along the direction of
first vectora and curl them towards the second vector & through smaller angle &
between a and b (0<@<180°), then the erected thumb will show the direction of n
ora xb."

If @ and b are as shown in (Figure 3.48 (2)). and the plane containing a, b
represents upper surface of a table then a x b is directed above the table.

Clearly, the direction of b » a by stretching fingers along b and curling

towards a gives the direction of the thumb of right hand downwards (under the
table) direction from the plane (see Figure 3.48(b)). i

Hence b xa=-[bl lalsind n

. where i is a unit vector perpendicular to the plane directed upward.

In Figure 3.48(b) b x a is the scalar multiple of — 7 .

- Ifa and b are’two vectors, then the length of @ x b is given by la x bl = lal bl sing

362 Inpmediate consequences of the definition of Cross Product
(i) Sincea x b =-bx a, hence vector product is not commutative i.e.

axbh#bxa
(ii) Paral!e] Vectors. Ifa and b are parallel but in the a
opposite direction as shown in Figure 3.49(a),
then &= 180°. —
b

In this case a xb:hllblSiHIBU”A= -
(.. sin 180°=0) == Figure 3.49(a)

e — : : ______Not For Sale
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shown in Figure 3.49(b), then 8=0°

In this case @ x b=lal bl sin 0°/=0 (--sin0°= 0)

Hence in either caseax b=0

If @ x b = 0, then either at least one of the vectors a, b
zero or a and b are parallel.

In particular @ x 0 =0 for all vectors a.

3.6.3 Expressing Cross Product in terms of components

If a and b are parallel but in the same direction as

is

a
—

—

b

Figure 3.49(b)

Let a = x;i+y,j+z,k and b=x,i+y, j+z,k be two vectors in space. Then using

the properties of cross product, we have -
axb = (xi+yj+ k)= (it y,j+ k)

= XXy (ixr'}-!-x,y, [ix j)+xlz= [ixk}-ry,& (jxr‘]"')'ll':(ij]"' )‘@:U.xkl

+z,x, (ke xi)+ 2y, (k% j)+ .2, (k xk)

=x% (0)+ %, {k)"'xlzt (-j)‘*')'l"": (“k)"' 02 (0)+ 0z () +2x5, (/) + 2y, (<) + 3,2 (0)

=(y2, — Y i (%2, — 2,0,) J+ (), — wx )k

The expansion of 3 x3 determinant :

i ok

XY 2| =002 =2y - (xze2)J + (xyyixJk

¥ T £ o

d R R -

From (1) and (2), we have g x b=lx, ¥ gz
- ) X Y2 %4

3.6.4 Application to Geometry

Theorem: Prove that the magnitude of ax b
represents the area of a parallelogram with adjacent
sides a and b.

Proof: Let @ and b be two non-zero vectors
representing the two adjacent sides of the
parallelogram and & be the angle between them as

shown in Figure 3.50. We know from geometry that ¢

Area of parallelogram = base x altitude
5 " = lal bl sin@ = la x bl

Thus Area of parallelogram = la x bl

(1)
(2
R W :
B/ i
L |blsird =
A . =
= a




........
____________________________

heorem: Prove that the area of a triangle bg:
equals = laxbl
Proof: From Figure 3,51, we have that
L I
i = = f parallelogram). e
area of triangle = 5 (area of P 2 5y
By above theorem . Figee 2,51

: : 1
Area of parallelogram = la x b1 Area of triangle = & 1&%@1

whérc a and b are vectors along the two adjacent sides of the triangle.

Example 23: Find the area of the triangle whose vertices are A(2,2,0),

B(=1,0,2) and C(0,4,3).

Solution: Let AB and AC be the adjacent sides of the parallelogram determined,

so the required area of the triangle is half the area of the parallelogram, that is

— -
ABx AC

Area of the triangle = %

Since AB- = (-102)—(22,0)=(-3,-2,2) and
AC = (04.3)- 22.0)=(-2.23),

— — f 4 k g
s0 AB x AC = |-3 =2 2| =-10i + 5j -i0k
R
={Exﬁ|= JE10+ (5°+ (-10) =225 =15
Area of the triangle = %IATB’XAE = %

3.6.5. Su_:lnr triple product of i,j and k ;
By applying the definition of cross product to unit vectors
i, j and k, we have
(@  ixi=lillilsin0°n =0
Fxi=llhl sin0®n =0
o kx k=K sin0°n =0
() i xj=lilljl sin90% = k
J ok =il Ikl 5in90% = §
‘ k> i =kl lil sin90°% = j

jxi_:..(,'xﬂz_-k
’f"-”c == xk)=~i
tAk=—(k i) = s
Thus h% et
- t:x':=j"‘.f=kxk=ﬂ
'_"J_=kﬁj"‘k=l}kxi=j
Jx :=—k,k,xj_—._,',;xk=_:i

For convenience we i
; arrange u L ik i
clockwise order as shown in Figugn: 31;; ﬁzmmf'k 5
product c_>f any two Fonsccutive vectors is the mmainingct;?i; % ]
vector with a Elus $1n or a minus sign according as the order
of the product is clockwise or anticlockwise, ' /
Property

3.6.6 Anticommutative .
Theorem: Ifa, b are vectors, th

axb=<bxa e ey
Proof: -

This prope ' ) ) :
fo]lblgs. perty has already been proved geometrically. Analytically we prove it as

Leta = xi +y,j+ 2k b = x,i+ y,j+ 7,k
R -

axb=lx, y g === % z (by interchanging the rows of the determinant)
X, ¥ 5 RS
=-bxa
Thus axbh =-bxa

Ifa=0o0rb=0o0rsinf=0, thenclearlya xb =0
3.6.7 Distributive Property
Theorem: If a, b and ¢ are vectors, then
(i) (a+b)xc=axc+bxe (i) ax(b+ec)=axb+axc

Proof:
(i) Leta =xi+yj+zgk b=xi+%j +z.k and ¢ =xd + %j + 2k, then
@+b=(x,+x, )i+(y; +), Jji+(z,+2,)k and so :

i j ke &/l ek
(@+b)xc=lx+x, w+y. atz|=lx ¥ |+ ¥ zl=Faxc+bxe

X3 i 20 Ly X; N o Xy M O
Thus (a + b)x c=a xc +b x¢
(ii)  Proof is similar to (i) above
Not For Sale
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; n two vectors
368 Angle betwes culate the angle between two vectors.

One use of the cross product is to cal gl
(i) Let a and b be the two vectors. Then by definition of cross product

la x bl = lal Bl singwhere 0 =@=n

5 osinf= g b ie. the sine of the angle between
[t

the two vectors is the modulus of their cross product

divided by the product of their moduli. .
a x b - Figure 3.54
Hence #=sin™ I
Jafle]

Example 24: For the vectors a = 2i + 57

find :

(i) (a-b)x(c-a) :

(i)  aunit vector perpendicular to both @ and b

(iii) sing where @ is the angle between a and b.

Solution: (i) a-b =(2i+5 +3k)- (3i+3j+6k) =—i + 2j - 3k
c—a =(2i+7+4k)-(2i+ 5+ 3k) =2+k

P &
s@-bxe-a)=|-1 2 -3 =2+6)i-(-1-0)j+(~-2-0k=8i+j-2k
B3 "
(i), Let f be the required unit vector orthogonal to both a and b, tﬁen
A~ axh
rl=I::n-<.bll M
i j k
axb={2 5 3 =(30-9)i-(12-9)j+(6-15)k=21i-3- 9%,
3 3¢ 4

la x bl =V 21H=3)+(=9) = V531 =359
Putting in (1), we have
A i=-3j-9%  Ti-j-3%k

W59 T J59
(i)  Since la x bl = lal bl sin@ where 8 is the angle between @, b, we have
Cin@=eXbl g 3 35 _ 35 V59

T

V38454 m'—%fﬁ 331“6'=E

Mathematics-XI f

+ 3k, b = 3i + 3j + 6k, and c=2i+ 7j+k,

3.6.9 Moment of Foree

The moment: M of a force F about a point P is defin
M= |F| d, where dis the (perpendicular) distance between P
of action L of F as shown in (Figure 3.55) -

If r is the vector from P to any point Q on L, then
~ d=||sine |
M= |FP =HF|§1H€

Since @ is the angle between r and F,s0 M= rxF .
The vector M=r x F is called the moment vector or vector moment of F aboutQ
Example 25: Find the moment about a point A(2,1,1) of the force F=7i + 4 :
1dy F=7 — I
applied at (1,-2,3) ‘. : MRSk
So!utlon: Ifr is the position vector of the point P of application relative to the
point A about which the moment is calculated, then moment M is given byM=rxF

where r= AP =(2i+j+k) - (i-2j+3k) =—(i+3j-2k).  Hence,

ed as the product
andtheline -

Figure 3.55.

i j k
M=rxF =[1 3 -2 =—-{(—9+8)i+{—}4+3§+|'4—21,Ik}=i+Hj+ 17k
7 4 -3 '

1. Find the following cross products.  *
() Jjx(@2ji+3k (i) (2i-3/) xk (i) (2i= 3/ + 5K) x (6i+ 2j—3k)

2. Show in two different ways that the vectors & and b are parallel:
(i) &=-i+2J-3k,b =2i-4j+6k (ii}'a'=3i+61-9k, b =i +2J-3k

3. Find a unit vector that is orthogonal to the given two vectors:

() = i-2j+3k,b=2i+J-k (il) T=3i—J + 6k, b=i+4J+k
4. % =3i—6+5k b=2i—Jj+4kC=i+Jj-k, computc _
HaFxb . () bx < (iii) (+b ) x(q-b)
5.  Use the vector product to compute the area of the triangle with the given
vertices: @) P: (2,3),Q:(3.2), K (-1,-8)
(if) P: (-2,-13), Q: (1.2, -1, R: (4.3, -3)
6. A force F =3i-2J+5k actsona particle at (1, =2, 2). Find the moment or
torque of the force about (i) the origin: (ii) the point (1,2,1).

7. If A+B + C=0, show that AXB=BxC=CXxA.



- 8. (i) Find.aunit vector perpendicular to both @ =i+/+2k, ::;5'— 2 +J -3k
(ii) Find a vector of magnitude 10 and perpendicular 10
1 =203 +4k b =4i-2J-4k. : .
9.  Find the area of a parallelogram whose diagonals are:
()@ =4i+] -2k and B=-21+3/+dk
(ii) @ =31+ 2J-2k and B=i-3/+4k

37  Scalar Triple Product of Vectors

- 3.1 Leta, b and ¢ be three vectors. The scalar triple product of the vectors a, b
and ¢ is defined by  a-(b x¢) orfaxh):¢ .
The use of parenthesis with @ x b is not important, a the only other alternative
given to the expression a x b-c, namely @ x (b-¢) is meaningless. The scalar triple
product a-b x ¢ is usually denoted by (a bc). :
3.7.2 Expression of Scalar Triple Product in Terms of Components

Let a=x,i+yj+z,k b=xi+yj+z,k and c=x,i+y, j+z,k be vectors, then

o
bxe =lx, y, 7| = bxe=(nYu)i-(xuxnl+HX)—x%yk
B Y 4 E
a-(b % e)= x,(y3z; = Yi%a) = Yil%2-X:2)+ 21 (X)5%3)2)
Hoh
o T
R T S TS
H Nn g
Thusa-(b x c) =l 3 b
R TS LR 1

:rluch is called the determinantal form for scalar triple product of vectors a, b and c.
heorem: For any vectors a, b and ¢, a-(b x c)=b(cxa)=c (axbh)
Proof: Leta=x,i+y,j+zk, b=x,i+y, j+z,k and e=x,i+yi+z,

' ; k, then b i
form for scalar triple product of vectors a, b and ¢, we hay y determinantal

e
N N g

abxe) =ix, y, z, (1)
EET SR A !

Z; ; X N
similarly (e X @) =X "y, | ==[x y 3z
x. oy -T. Ya
N g
= bfexa)=|x, y, 2, 2
R TP £ T
BT T n N o
and claxb)=x ¥ 4| ==% ¥ 4
X, J’:I 2 X ¥ o
Xon %
= claxh)=|x, ¥ (3) From (1), (2) and (3), we have _
RS ) -

a-(bxc)=b(cxa)=c(axb)
By virtue of above theorem [a b ¢] = [bcal=[cab]
3.7.3. Scalar triple product of ij and k
Theorem: Let i, j and k be the unit vectors. Prove that
(@) ijxk =jkxi=kixj=Iand (b) ikxj =jixk=kjxi=-I
Proof: The proof is simple, so it is left for students. ;
3.7.4 Dot and cross are inter-changeable in scalar triple product
Theorem: The positions of dot and cross in the scalar triple product can be
interchanged.

‘Proof: Let a= x,i+y,j+z,k, and b=xi+y,j+z:k and c=x;i+yi+zk be any three

vectors. Then

: n »
-ﬂ\{b KC}: e s 1 g . (1]
X N 4 '

By definition

i j ok
h g|= f}'rzz'zr)’zJ‘f—f-frzz“ztx:y vk

X, ) o .
@xbye = (yz—ay—{xzzx)yHExy %) )




zIaY|zl

; %
% » u |h abe g B
=% N 4 =-l » b .

x: ¥ % |x, 'ﬁ

=(axb)c :
a(bx f;ln ; T::ss{n the scalar triple product can be

x ¥ A
From (1) and (2), we ha\:c.
This shows that the position of dot
interchanged.
375 (s) The Volume of the Parallclepiped
Let us consider the pm]]ﬂlepl.pe‘d with g, :
as co—terminal edges are shown in (Figure 3.56).
Thena =04, b= 0B, ¢=0C
Leta x b = d. Then by definition of ¢rC
d is perpendicular to the plane containing @ and b
and geometrically represents the area of the J _
parallelogram OAFB  given by laxbl. The Figure 3.56
parallelogram is regarded as base for the L
parallelepiped. If @ is the angle between the vectors d and ¢, then | 0D = el cos @
being the projection of ¢ on d represents the height of the para]lclepiyed. 'icn from
elementary geometry, we know that the volume v of the parallelepiped is the area

of the base multiplied by height.

of cross product

Hence volume of parallelepiped = (Area of parallelogram) (Height)
= v = lax bllelcos®
= Vv = (axh)c

The scalar triple product will be positive if & is acute and ¢ lies on the same side

of the plane which contains a and b.

As |b x cl represents the area of the other side OCGB of parallelepiped, hence
v=a(bxc)

Thf.:refme v=a-(bxc)=(axh)c

E&s cs:so the f:h::::gi;a?;rggx b)¢ is the volume of the parallelepiped with @, b,

3.75 (b) Volume of Tetrahedron- A tetrahedron is determined by three edge
vectors a, b, ¢ as shown in (Figure 3,57).

The volume of a tetrahedron with a, b, ¢ as its ¢ i :
given by O-terminal edges is

T T %{a-(bxc)]

1
6

3"‘1'6 &
(i)  ab x c being the volume of a parallelepiped with a, b, ¢ as co-terminal

Properties of Scalar Triple Product

edges, hence the evaluation of the determinant
SR T
X, ¥, 2| givesthe volume of the parallelepiped as discussed earlier.
X ¥ G '

(i)  If two of the three vectors are equal, then the value of the scalar triple
product is zero because for any two identical rows, the determinant

vanishes.
(iii) [abec]=0ifand only if the three vectors a, b, ¢ are coplanar.’
Example 26: Find the volume of the parallelepiped determined by
a=2i+3k b=6G-2k and c=-3i+3f

Solution: Let v be the volume of the given parallelepiped.
: 2 0 3
Then V=abxe =|0 6 =2 =2(0+6)-0(0-6)+3(0+18)
-3 3 0|
=12-0+354=66

Example 27: Find the volume of tetrahedron with a, b, ¢ as adjacent edges where
a=i+2k b=4i+6+2k and c=3i+3j-6k
Solution: Let V be the volume of tetrahedron.

Then

I
4
3

= 2

V= = é [(=36-6)-0(=24-6)+2(12-18)]

o | —

w oo o

_GL

( Did You Know ﬁ)

We ignore the minus sign, because volume is always Two or more vectors are
said to be coplanar if they

non-negative. lie in h I
EI& le 29:5 < A4, =21 .B 5.1.6). e in the same plane or
mple how that the points A(4 ).B(5,1.6) caraIalto AR A

CR.2 =
5(11 2 5), D(3, 5, 0) are coplanar. e
olution: : Non—coplanar vectors lie
Let @ = AB = (5-4)i+(1+2)+(6-1)k=i+3j+5k in three—dimensional space.
b= BC = (2-5)i+(2-1)j+(-5-6)k==3i+j-11k
¢ = CD = (3-2)i+(5=-2)j+(0+5)k=i+3j+5k
The four points are coplanar if the vectors AB , BC, CD are coplanar. We have

1 =34
6( 2 6




y

7 | ren v
be= _13 ? il = 15539 3-15#10-59-D) S
135

Hence the four points are coplanar.

EXERCISE 3.5
47 Find E[ExE}.if§=zf+i+a‘k.5=-f+2?+"‘"“d°=3'+’7*2"

2, Find the volume of the parallelepipec: whose edges are rep_resemcd by
a=314 -k b=2i-3+k, c=i-3- -

3. Porthe'{ectors a=3i+2k b=;+2j+kl c= J+4._k .
verify that 2 hxc=biexa=c-axh buta-bxc=-cxb-a

i i, J= " k-iis zero.
ify that the triple product of i=j, J=F anq
‘5‘- ]‘:’;r::ia?l-f-ajjfa; and b = bji + b,j + b,k. Find ax b and prove that

(i) axb is orthogonal to both @ and b (use dot product) (if) Find (ax b)*
2 7
(iii) Find (a-B)}, [af'» [o]
(iv) Show that |axB[ = (a-a) (b-b)-(a:b)
6. Do the points (4,-2,1), (5, 1, 6), (2, 2,-5) and (3, 5, 0) lie in a plane?
7. For what values of c the following vectors are coplanar?
G) u=i+2i+3k  v=2i-3+4k w=3i+j+ck
(i) u=i+j-k v=i-2j+k w=ci+j-ck
(i) u=i+j+2k v=2i+3+k w=ci+2f+0k
8.  Find the volume of tetrahedron with the following
(i) Vectors as coterminous edges a=i +2j +3k, b = 4i +5j + 6k, c=7j+8k
(ii) Points A(23,1), B(-1-2,0), C(0,2,-5), D(0, 1,-2) as vertices.
9. (i) Writethe value of (Tx ). k+1.] (ii) Write the value of ( x ). i + j

REVIEW EXERCISE 3

"1. Choose the correct option.
@ The value of i+ (xK) +/:(ixE) +F{ix])

e e @l @ 3

()  The vector 37 + 5] + 2k, 27— 3] — 5% and 57 4 27— 27, :
a triangle which is ) =Sk and S+ 2 ~ 3F form the sides of
(a) Equilateral (b) isosceles, but not right-angled

(c) Right-angled, but not isosceles

(d)right-angled and isosceles

(iv)

)

(vi)

(vii)

(viii)

The two vectors & =2i + J +3k b =47 -

; AJ+6Kk are parallel if A=
Wos T s ©3 P
If |ﬁ'+b‘ =|ﬁ'-b| , then -

(2) @isparallel toh (b) 7 L5

(c) ‘Hl=ﬁ;l
The projection of the vector 27 +37-2F on the vector T+ 27+3% is
IS N (02
V14 V14 N
Find non-zero sca_l.ars o, Bforwhich er(7+2b) - Ba+(4b -a) =0 for
all vectors @ andb .

(d) None of these

|
|
i
(d) None of these 'i
I
f
|

(a) g=-2,0=-3 by =2, B==3"
(c) g¢=1, f=-3 (d) a=-2, =3

If a, b, ¢ are position vectors of the vertices of a A ABC, then
AB+BC+CA= :
(a) 0 (b) 2a (c)2b (d) 3¢ -

If & be the angle between any two vector @ and b, then|a -5]=|a x Bl,
when @ is equal to
@0 OF ©F @m
Find Aand p if (T+37+9% ) x (37— 4] + ;:E) =0.
If =97 - +k andb =27 —27-F , then find a unit vector parallel to the
vector T +b.
If F=xi+yj+zk, find(Fxi).(7Fx])+x.
If @=7i+j-4k and b =2{+6]+3k, then find the projection of @ onb. '
Find A, if the vectors a=i+3]+k, b= 2i-j-kand F=Aj+3k are
coplanar, - _ gy e s ;
Vector @ and b are such that |@| =3, |b| = 3 wd (@xB) is aunit
vector. Write the angle between @ and b.
Find the area of a triangle whose vertices are (0.0,2), (-1,3,2), (1,0,4).
Find the area of the parallelogram with vertices A(l .2,-3), B(5,8,1),
C (4,-2,2),D(0,-8,-2).
Prove that in any triangle ABC
(i)a? = b? + ¢*—2be cos A (Cosine Law)
(ii)a = b cosC + ¢ cosB (Projection Law)




