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Unit 12 Graph of Trigonometric and Taverse Trigone

@
-]

e Define even and odd functions.

| using periodic, even/odd and translation properties.

metric Funetions and Solutions of Trignomotri, Equau.;
L]

Graph of Trigonometric ang

* Inverse Trigonometric Functigyg

And Solutions of Trignomotjc -
Equations

Sin ©
| Generg
—1 solution

Principal
solution

Find the domain and range of the trigonometric functions.

Discuss the periodicity of trigonometric funculnns. ,
Find the maximum and minimum value of a given function of the type:

e a+bsinf,
« a+bcos0,
o a+bsin(cO+d),
¢ a+hcos(ch+d),

o the reciprocals of above, where a, b, ¢ and d are real nu_mhers.
Recognize the shapes of the graphs of sine, cosine ar.nd tan}:-lenll for all ang_[cS.
Draw the graphs of the six basic trigonometric functions within the domain
from—2nx to 2m. .
Guess the graphs of sin 26, cos 26, sin 8/2,cos 0/2 etc.without actually drawing

them. . f sinf
Define periodic, even/odd and translation properties of the grap ho ol BIEy

cosf and tanf , i.e., sin 6 has

« periodic property sin(f = 2nt) =sin 0,

¢ odd property sin(—0) =—sin @,

_ sin(@-7) =—siné

= translation property § . i
sin(z-6) = sin@
' Deduce sin( + 2kn) =sin 8 where k is an integer. it
 Solve trigonometric equations of the type sin § = k ,cos 8 =k and tan =2

B L P —

s sinf=gp2, riBonometrig “quations of the type; P rres

© cosf=g,

®  tan 0 =20 whep
»  Define the inverse t i g
Y rwpiat il mnag(:; IIertnc functions and their domain and range.

o Prin;cipa] trigonome;

® inverse trigonom

“M2<0<qp
om

tric functions,
etric functions,

NVerse trigonometric functions.

] Appl} addi ‘|IIL L ¥
ti and Sl.lbl[‘a_cnon fmu]ﬂc ri A 5 =
erse “1EOI|0:II1'BE1: fll'llClIBl'lS

to verify related identities,

" S:::.Iw: i{igﬂnmn'etric equations and cf,

- given trigonometric Equations so

e Use the perilods of trigonometric
' trigonometric equations,

eck their roots by substitution in the
as 1o discard €xtraneous roots.

functions to find the solution of general

12 Introduction

Trigonometric functions are usually

circle or right angled triangles. We will also study their properties with a special

emphasis on their graphs. Rest of the unit is concerned with inverse trigonometric
functions and solutions of trigonometric equations i

defined either with the help of a unit

12.1 Trignuometric functions

. We know that the domain of the function defined by the equation y=f (x)
15 the set of all those values of x for which the function atains finite :;cﬁnite
values, and the range is the set of all those values which y attains. So far the
functions we have studied all had subsets of real numbers as their domain and
range. But the domains of trigonometric functions are the set of angles, rather
than real numbers. We can however, make the domains of the trigonometric
function, subsets of real numbers, by defining them on the unit circle, that is a
circle whose radius is 1.

Let & be a central angle of the unit circle and P(x. y) be the point as

shown in the Figure 12.1 then r = OP = 1 = {x*+)* . and the six trigonometric

fatios also called trigonometric functions or circular functions of @ are defined
as follows: '
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cosecant@ = % (y=0) -

secant@ = % (x#0)

cotangent & = -;- (y#0)

The trigonometric functions are ab
(i) Sine & as sin &
(ii)  Cosine @ ascosd
(i) Tangent & as tan & .
(iv) -~ Cosecant® as cosec
(v)  Secant @-as sec (7]
(vi) Cotangent 8 as cotf

It can be seen that

breviated as follows:

y' Figure 12,1

P(x, ]
t> n}

' t

] —x
o / Gl1.0)

1':. Figure 12.2

i cos &
:an|9=—SEEandculB= e
cos & sin & : ‘
Since any real number can represent the length of exactly one Arc on the unit
Y

circle. If t is a positive number, we can find the
Arc of length t by measuring a distance t in
counter clockwise direction along an Arc of the
Junit circle beginning at C(1,0). So we get
ArcCP of length t.
If t is a negative number, ‘we can find
the Arc of length t, by measuring a distance t
in a clockwise direction along an Arc of the
unit circle beginning at the point C(I,O'}
" In each case, we get a.unique point

A

Unit 12 |G"P" of Trigonometric ang [y
Trigonometric Funcrigny

P(x.y) that corresponds to the real nympe; LW

which s.u_blcnds aq angle @ at the centre ofciI:c,l : :‘ﬂso k’_“’“’ that if s is an Arc
(@ in radians). € with radius.r, we have s=r@
Lets=tand r=1 then above €quation req
Thus we obtain  sin @ = gin ¢

cosfé =cost

UCes to t=0 or =,
y COSECH = cosec t g

s S€C @ = sect
: tané = tan ¢ » COL @ =cory, ;
where @ is the angle measured in radjans andtisa

real number. .
Thus we can think of each trigonometric  **
expression as being either a trigonometric function
of an angle measured in radians or as a
trigonometric function of a real number t.
Thus the trigonometric functions can be

Rl
y  Figure 12.4 "
thought of as functions that have domains and ranges that are r;ubsets of real
numbers. .

12.1.1 Domain and Range of Trigonometric Functions

(a)  Domain and Range of Sine and Cosine Functions

Refer to Figure 12.1, sin @ =y cosf =x
Domain of sine and cosine is the set of real numbers R. Since point P(x,y)

_is on the unit circle

-12y<1 and -1<x<l or -1<sin #<1 and—l<cosf<I.
Thus the range of sine and cosine functions are [-1, 1]. )
(b)  Domain and range of tangent and cotangent functions

Refer to Figure 12.1. tan@ = 2 x#0.

x
When x#0, then terminal side OP cannot coincide with OY or OY’; in

other words

grtZ 4 O
L

Therefore for the tangent function.

D{]main = R—{I| t= (2[1 + l]E, ne Z} “nd Range =R I:Ihc set of I‘eﬂ] numbel's)
2

or 8% (2n+l) %;nEZ

pramana
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ctrie Functions and Solutions of Trignomotric Equationg

" Ui 2ot

Since cot & = — y#0.
when y#0 then terminal side OP does not coincide with OX or OX’ in othe,
words

g2 0 27, L2,
Hence in case of cotangent function Domain =

Range = R (The set of real numbers)
(¢  Domainand Range of Secant and Cosecant functions

1
Refer to Figure.12.1. cnsecé:a}:' y#0

or @# N, nez
‘R-{tit=n 7 ;ne Z}

If y# 0 then as seen in the case of cot@, & # N7, neZ

Domain of cosec function = R-{tlt= nz;neZ}.

Since | y | = V{?S\szi-yz:l

1
Hence |yl < 1. or I-;?_'l.

(Figure 12.1)

Thus either l:_>1 or 1 < _1 that is cosec 82 1 orcosec <— 1.
y y A
That is cosec @ attains all values except those which lie between —1 and 1.

1
Hence Range of cosec function = R— {t1-1 <t< 1}.Now secf= = x# 0. Then

3
as seen in the case of tand. @ # (2n+1) E ne Z.

Domain of secant function =R - {tlt =(2n+1) }:— neZ}.

Also i = \l{:ljsa.fx1+y1=l
Il €1 nr—zl
l+ '
1 1 I
Thus either ;2 1 or ;S— 1 that is sec 821 or sec<- l.
That is sec @ attains all values except those which lie between —1 and 1.

Range of secant function=R- {t|-1<t<1}.

Mathematics-XI

ain and
i range of. lngﬂnﬂmemc functions;
Ymbuhc notations:

All real numbcrs. —5 < X oa

-1= realnumhe:rs 5‘1.. =¥
=) Sy<li e
~1< real numbers <1
“1gy<] &

=tan X | All real £ - -
y numbers except (25 + I}E -neZ. | all real numbers; -

y=cosx | All real numbers; —co < ye o

i

B (2n+1)-’2‘_5,nez.

=<y <eo
y=cotx | All real numbers exceptn,ne 7. i all real numbers: |
—eo<X<eo 3+ X# NT,neZ. —eagy<es | : s |

y=secx | All real numbers E :
except(2n+1) 5 *N€Z. | all real numbers<-1 or21
5 T J
—ea < X<oo 5 x¢(2n+1}a,nez. y=lory< -1 5

y=cosec x| All real numbers except n7,neZ. all real numbers<-1 or=1

—so y<ee + X# N, NEZ. yzlorys-1

Example 1: Find the domain of each of the following functions.

(i) sec 3x (ii) tan—; x (i) cosec % x

Solution (i) We know that the domain of sec tis —es < t <eo 1% (2n41) -g- neZ.

If t=3x, then dom sec 3x is —ee<3x< o0+ 3x # (2n+1) ?ﬂ » neZ
or ~oo< x<eo, x#(2n+l) % , neZ

Dom sec 3x = R-{xl x = (2n+1) £: neZ)

neZ

(ii) Domain tantis —se<t<es, t# (2n+l)

=~.‘r|‘:‘-1
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1 1.
ift= gxthen dom tan Exls

1 vz @oa1) 2 neZ
5 2

—m{:j-x{bﬂ'
I ] B % (2n+1). 7w e Z-
1 s z.neZ}
dom [an-gx =R~ xlx= 2 (2n+1)
Gii) Domcosectis —=< (<o, t#DT,DEZ
1
L 5 2 2
Let t=rl-x then dom cosec Exls —wf-’.EI‘C Y x# nNT.ne”
1
. ek xies, XE Jnx, neZ . dom COSCC Ex = R-{xlx = 2n7, nez)
Example 2: Find the range of each function.
1
(i) cos3x (ii) 3 tan 2x (iii) 2 cosec é-x
Solution: ()  We know that for all t € dom cos &, _1<cost £1
Let t=3r then -1Scos3x<l.
Hence range cos 3x is the closed interval [=1, 1]
(i)  Since forallt edomtant, —ee<tant<ee
Let t=2xthen —ca< tan 2x< e _
Hence —eo< 3 tan 2x<ee. Thus Range of 3 tan 2x is R.
(iii)  Since forallte dom cosec t

cosect < 1 orcosect 2 1

Let t= 11
3
1 1
Then cosec 5 x< =1 or cosec 5 xz 1.
S 1
Hence 2 cosec -5 x<-2 or 2cosec é— x= 2.

Hence range of 2 cosec -;; x=R-{pl-2<p<2}.
Not For Sale
‘Mathematics-X1
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12.1.2 Even and Odd
Even Functions : Fnctiong

E)|5L f““‘:‘mn f s even if for every x in the domaj f

ven functions . in, f(x)= f(-x).

S : are symmetric about the y-axis. For Jf( .

graph, the point (‘x.)‘}is also on the graph : cickipotat (s} ou the

The following are the graphs of eyen functio
ns,
yJ

(-x. :”%A'\‘x: }')
X

Ik

Figure 12.5 Figure 12.6 Figure 12.7

Notice that for any point (x, y) on each graph, the point (—x, y)also li

graph. Therefore, for any x value in the domain, f(x)= £ (—,i) G
Odd Functions |

A function f is odd if for every x in the domain, —f (x) = f(-x)

Odd functions are symmetric about the origin. For each point {.: ;.) on the
graph, the point (—x,—¥)is also on the graph. ,

The following are the graphs of odd functions.

Y Vi ya

et L g
(_x‘_:N' """" (X,=¥) o T |

Figure 12.8 Figure 12.9
Notice that for any point (x,y) on each graph , the point (—x,—y)also lies on the
graph. Therefore, for any x value in the domain, f(x)=-f(-x) or cquival‘ently

=f(x)= f(~x).

Figure 12.10
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ons and
2 miﬁ]mdwmmhmmwnuﬂ ns
+2is an even function. :
Example 3: Prove that: () flx)=x1 o
(i) f(x)= © is an odd function. g
2
Solution: (1) f (x)=x - ¥
A= (‘_x)z I 10-
. = 12 1 i
=f(x) p—— 2. L TN T g -
= f(x) is even. 0s — h .
(i) f(0)= x z :
fEn=(-2)
=A;f{ ) | Figure 12.12
=—f(x
= f(x)isodd

perties of the trigonometric functions is that of being
i ant pro
One of the import

either even or odd.

We know from trigonometry that: —
sin(=4) = —sin &, Bs{-) = 06, cot(—8) = —cot & |
cos ec(~8) = —cosech, sec(—8) = sect, —

h S 51n9, cosech, d 5 [+

functions. ;
Example 4: Is the function f(x) = sinx —

fx) =sin(-x) - cos(—x)

—sinx — Cosx B
Remember

= — (sinx) + cosx

i 7
cosx even, odd, or neither?’

: The sum of an odd
Because —(sinx+ cosx) #—(sinx —c0sx) function and an even

function is neither even

nd —(sinx + cosx) # sinx — cosx _
A : nor odd.

the function is neither even nor odd.

Mathematicsﬂ}(l
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12.1.3 Periodicity of Trigonometric Functions

Periodic Function

A function fis said to be periodic if there exists a positive constant p such
that. fix+p)= fix) for all x in the .domain of S The smallest such positive
number p is called the period of the function..

All the six trigonometric functions are periodic functions, because they

repeat their values after their periods. This behavior of trigonometric functions is
called periodicity.

\Noke ] S,
If fix) is a periodic function then affx) and fix) + b are also periodic fanctions |
and the periods of all these functions are the same. Can you saywhy?

Theorem 1: Show that the period of sin® is 21.
Proof: If p is the period of sin®, then

_ s8in (8 + p) = sind (1)

for all 8e dom sin#.

Since Oe dom sin 8 =R, put © = 0 in (1), we have
sinp=sin0=0
Thus possible values ofpare0,+n, +2n,.......
The first smallest positive value of p=r, for which sin(6+7) = — sin®
which contradicts (1). Therefore 7 is not the period of sind
Next put p = 27 then sin (0+27) = sin®
Hence 2z is the period of sin.
Theorem 2: Show that the period of cos@ is 2x.
Proof: If p is the period of cos@, then
cos (0 + p) = cosb (1)
for all 6e domcos®
Since Oe domcos® = R, put 8 = 0 in (1), we have’
cosp=cos0=0
Thus possible values of p are 0, £2x, H4x........ .
The first smallest positive value of p = 2, for which cos (8+2m) = cosb.

Hence 27 is the period of cos.

Not For Sale |
s Mathematics-X1
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LS| I Example 7: Fipg period
! .,: _;Jé;&éﬂ'j’_'-ﬁhd out for ﬂ-le'i N ) 1

-

Theorem 3: Show that the period of tan

of each function, -
Proof: If p is the period of tan6, then I

i T 1 - o 3 (i) 3sec X
tan (8 + p) = tan® @ Heciprocals of 5in6, cost ang | ; 3
anB. i.e.cosech, secO an ; | :
for all 6 dom tanf 5 tﬁ‘e{cm LR ' Solution: (i) Pperjog of% tan 3 x = Feriodof tany
Put6=0 iﬂﬂ(l}é}we have _.j mis the period of cosech’ ': ’
tan p=tan &= 2L, s \(i))2m is the period of secq - = (- period of tanx is )
g fpﬂre{}o:tn’ s TR 3 3
Thus possible values 0

fﬁ;}ﬂ is the period of cotp

=5 fp=m, it ;- I
The first smallest pGSlllVEB\'ajue P o J ) (i) Period of 3 sec g = Period o qu__scc__'t 5T
5 = tan ©.
for which tan fe*"iﬂ o A . i aase 3
Hence n is the period of ta;ﬁ ’ x : i ( i i
: Find period of 5 sin x. ‘ S T 4 - = = * period of sec x is 2x)
Exlal:l’]‘-' SWc kngw that period of sine function 1s . ' i %
Solution: s
sin x = sin (x + 27) f ; . =3 (27) = 6m. .
e e ! 12.14 Maxunum and minimum values of certain trigonometrie functions
=  5sinx=3S§ i by 2, values of 5 sin x repeats, hence ] - In this Seclion we are concerned with finding the maximum and minimum
It means that when x is increased by 27, i value of a function of the type:
period of Ssin x is the same s that of sin x. ) @ a+bsing (i) a+beosd
TS if £ i a trigonometric function, period of cf (c constant) is the same as | () a+bsin(co+d) (iv) a+bcos(c8+d) "
;ﬂmt?) ;‘ s : | J, : and the rcf:iprocals of the above, where a, b, ¢ and d are rea] numbers.
jmatorl, P 5 : _ Bcft:r_re fiomg $0, we recall that the term a in the above functions allows for
Example 6: Find period of cos » T | a vcrpcal Shlf! in the graph of the functions. The term b in the functions allows for
Solution: We know that period of cosine fun : : . amplitude variation of the functions.
5 cos 6 x = cos (6x+27) Now to find the maximum and minimum for sine and cosine functions we only
e | need to remember that the maximum and minimum for both sin@ and cos@are | |
=cos 6(x+?,'l. : and ~1 respectively, il
\ | Consider types (i) and (ii) above. These functi i ‘ '
. z ce period of _ : ¥p ©. these functions reach its maximum
when x is increased by 26_;5’ value of cos 6x remains the same; hence p when both sing and cos@are at the maximum i o SiRfl=] S cos gt |
T So the maximum of 445 siné=a+b| (maximum of sin@) i
COS-0x is = or —. : :
5 3 7 : =a+b|(1) : |
Thus period of cos 6x is equal to the period of cosx divided by 6. _ i - =a+p| - i
s i i i 1 | F : -
This result holds for o.mer‘tngo.rfometnc ferc;;ons-a sc-then R | Similarly, the maximum of a +bcos@=aq +[b) 2 i
Thus, if £ is a trigonometric 1.1ct10n, These functions reach its minimum when both sin€ and cos@are at the minimum
constant k, period of f{kx) = Penudoff(_x} i.e.sinf=-1and cos@=~1.Sothe minimum of a +bsin@ =g +|&] (minimum of sin@) !
Mathematics-XI #&E|
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Functions and Solutions of Trignomotric Equatigp,
“Trigomometric
Trigonometric and Inverse

=a +lbi{—‘.'l)
=a-pl|
Similarly, the minimum

Consider types (
matter because they don

(3)

of a+bc05€=a~lbl i , 4) " :
H In these types the val LIFS oI ¢ an do not
"c;:; :nrt‘ic(::li.e :mplitudc of the function, so we treat these

in simi i) and (ii).

es in similar way as (1) an : ”
tSw-::;ath[)'e:pn'-m:irrmrn value of a+bsin(cé +d)=a+p| A
and the maximum value of a+bcos(cO+d)=a +p| . ®
The minimum value of a+b it (co+d)=a [} 0

a+b sin (C9+dl="_lb|
at, if M and m respectivd)' denote the maximum
y then we have the following formulas,

and the minimum value of
Thus, we conclude th
value and minimum value of th

e
BEEE
Let M’ and m'be the maximu

reciprocals of
m<0, M<0

e function,

m value and minimum value of the

the above functions, then clearly for m>0, M>0 and

e e |
|

kS
1

and :
Example 8: Find maximum and minimum values of the functions. :
(@)  y=l+2sin@  (ii) y.=3+2cos(30-2) (iii) ¥ =73 35m(20-15)

Solution: (i) Herea= landb=2

- the maximum value of y =M =a+}|
~142]=142=3

and the minimum value of y =m =a-|
=1-|2|=1-2=-1

(ii)Herea=3and b =2
oM =a+|bl=3+[2|=5
(iii) Let

and m =a—|b[=3—[2t =1
¥'=1+3sin(28-15)

Mathematics-XI
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Then u =143 =4 and m=1-p ==2

If M" and m' i o~
nd m" are the maximum value and minimum value of y respectively, then

i ol =k 1 1
Mi=—=_ e O
M 3 and m _;__2

Sincem<0and M >0

L pmoserzn.
: |
1. Find the domain, range and period of each of the following function: » I
(i)  3sin3x G) mn%x (iii) cosec2x ! !
(iv) cosdx (v) G6sec2x (vi) % cot ? :
O o 5
(vii) - tanx (viii) %cmecx (ix) secfx 1

2. Find maximum and minimum of each of the following functions:

ST - . :

(i) y..—‘2+Es|n[-3—9+2] (11)}-=5—4sm(|9+30_-:| i
T T e S S AR =
19—10sin (36— 45) 4cos 276 5
i fa ]

12.2  Graphs of Trigonometric Functions

The graph of a real valued function is the set of points in the cartesian
plane, whose co-ordinates are the ordered pairs, belonging to the given function.
For example to graph a function y=f(x), we give a number of values to x, which
belong to the domain of the function, and find the corresponding values of y,
which satisfy the equation y=f(x). We plot these ordered pairs (x, y). join them by
smooth curves or line segments, the diagram so formed is the graph of the
function. &

In case of trigonometric functions the points are joined by smooth curves.
Since trigonometric functions are periodic, it is sufficient to draw graph over a
period. This information can be used to extend the graph to the right and the left,

because the graph will be identical over those values of x which form the period.
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. of sine, cosine and tangen ‘
12_1;i1n'l'he ?;Pﬁc:‘;?mk pretty cjmilar; in fact the main difference is that the
=sgin xand y= !

sine graph starts at (0,0) and the cosine at (0,1)-

a
Both of these graphs repeat every 360 ngﬁi; x
a transformation of the sin graph—it's been s
degrees. Thinking about the fact that sin X = c
= tan x crosses the x-axis at 0, and has an asymplto
every 180 degrees.
¥

nd the cosine graph is essentially
ated along the x-axis by 90

(90 - x) and cos x = sin (90 —x)
te at 90. This graph l‘t:p-catsT

y=sinx

y=CcosX
|
90 180" 270" 3600 *
: -1
y=tanx

b

o’ 180 z-.r 360 %

i Figure 12.13

12.2.2 Graphs of six basic trigonometric functions
(a) Graph of y=sinx,- r<x<lx
Since sinx is periodic function of period 27, whos
sufficient to draw a detailed graph over the interval [0, 2x]; port
over the intervals [=27,0], [0,2], [2x, 4x] and so on will be identical.
Suitable values of x, and the corresponding values of y, satis
are given below in the form of a table. ' .
Values of y for different angles x, can be found by use of [rigonomctrjé identities-

¢ domain is R, it is
ions x of the graph

f}'il‘lg :,r:Sit'lI

Unit 12 ]Gr:ph of Tri
gonometr
¢ 10 Inverse Trigonomctric Functians and Solutions of Trignomotric Equations

Take a set of recta
ngular axes, choosing a convenient length for 30° on the

x—axis and a convenient len.
£th as a unit on the i
; —axis. W i
get the following graph of y=sin x in the imm; (0,2m) R i

¥

14

¥ y=sinx on [0,277]

Figure 12.14

We note for all values of x, =1 < sinx< 1.

: We often call the graph of y = sin x, a sine wave and the graph in the
mu.rv:ﬂ [0,27] a cycle. Extended graph of sin x which is the repetition of the
graph in figure 12.14is given in figure 12.15.

Y

3

1+
X ) /f"_'\!\
-2n -~__° S e »X

-1+

8 L Figure 12.15

(b) Graph of y = Cos x, - 2r<x<2m.
The cosine function also has a period of 27, and its range is [-1.1].
Values of (x, y), satisfying y=cosy are given below in the form of a table.

Mathematics-X1
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) 3 ): the gr&ph of )’=’ngx on the interval [0, Z?j'r']. is shown in
Plotting the points (% ¥): ;

' figure 12.16.

.

Lt §

1
T

1200 150° 180° 210° 240° A270° 300° 330" 360°

Figurc 12.16

"

)‘ B
Extended graph of y=cosx is shown 1

n figure 12.17.

P
=

¥ ¥ =GOS x Figure 12.17
Y .

(¢) Graph of y=tanx, 0sxs 7 .
The period of tan x is 7 and the domain is the set R*{xlx=(2n+l)—2— ,neZ}-

: ion is 1°
When .r=(2n+1)%. neZ or x=%90°, +270°...... : the tangent function

and Solutions of Trignomotric Equatien;

Unit 12 IGrlpll of Trigonometric and Inverse Trigonometric h“um;“ Selutions ¢f Triguemotric Equations

defined, at the§c values of x,it becomes very large,in other words it approachesoe.
In ’Eh‘e interval (0, 77 Jas we approach 90° from the left, the e
larger positively, that is, it tends to +eo: and when we approach 90° from the

right, it becomes larger negatively, that is it tends to —ee. Table of values (x, ¥)

satisfying y=tan x on [0, 7] are given in the below table. The graph is shown in
figure 12.18.  ° : .

1
X : ' i . i iR x
: 0 60" 900 120° 1505-7130°
_1- P
Y Figure 12.18
v

y =tan x on [0, 2x]
Extended graph of y = tan x is given in figure 12.19.
¥

i 'y t ! 1
E i G
Xt | | .
= = | fum |
' : i Figure 12.19
¥ y=tanx

(d)  Graph of y=cot x ,- TSXST.
The period of cotangent is also -

Mathematics-XI JiRET)
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Table of values (x, y=cot x on [0, 71

shown i

Extended graph of y=cot
of the graph given in figare 12.20.

y) satisfying

P —————

]
1
1
1
1
1
1
1
1
1
1
[}

y = cotx on [0,7]

x is given below in figure 12.21, which is the repetition

metrke Functhons and Splutions of Trignomotric Equations

is given below, while graph is

Figure 12.20

' { | i\ |
i ! A i.
i 21 1 i 1
1 ] 1 |
| d 1 I
| | | |
| 3 ] ! !
i 1 1 i
i | ! i
: ! : ! X

P n 2m I
I i i i
i T I i 1
i 1 I I
i | I |
' | | |
H T2 1 i I
! | I |
| I | |

y = cotx Figure 12.21
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(e) Graphofy=secx,-2r<x<2n,

We know that period of ;
secant is 2m, table of valu -
[0, 27] is given below. Graph is shown in ﬁgun: 12 22‘ es (x, y) for y=sec x on

i i
. :\
24 ': ',r :
| : \
; 1
1 ! 1 e Y 1
A )
1 i
: 1
X — I
30" 60° 80" 120" 150° 180° 210% 240° z?u* 300° 330° 3807 :
I
e : i
i : y==1
i i
5 a =
1
) 1
) 1
1 )
; : :
¥ :
_ y=sec x on [0,2x] Figure 12.22
Extended graph of y=sec x
Y
1 i 1
[ 1 L]
] T ] 1
1 1 i
P\ 2t : ; i
1 I 1 i
1 ] i k
1 i 1 i
-~ : ‘| | I
K z : ] i
o H \ 4 ] 2‘: ' 3n %
H 1 \ i
i 1 ] ]
) , 1 '
| ] 1
T I ! )
1 ' : »
1 i i I
: b i 1 1
I ' L .
Y y=sec x Figure 12.23
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ra © L y
_2xsxs2A

Gl'a h O'[ = COSeC X,
y ’ : 27, table of values (x,

Peniod of cosec 15
is as follow

y) satisfying y=c0s€C X on [0, 2x)

¥ " y=cosec x on [0,27] Figure 12.24

Repeating the graph in figure.12.24, the extended graph of y=cosec X is obtained
as given in the figure below ‘1f

U]lit 12 1cﬂph of Trigonometric and Tnverse Trig o

and tians of Trignomotric Equations

12.2.3 Graphs of sinAB and cosA® where A is a positive constant.
In figure 12.26 the graph of y = sin® is shown.

AT Vo 5 O
wzfe ;\/z 3\-/

Figure 12.26
We see that the graph of y = sin has period 27, so the constant A in

y = sin A indicates the number of periods in the interval of length 2x. If y = sin@,
we notice that A = 1. This means that there is only 1 period in that interval.
For example, if A =2, then

y =sin20
means that there are 2 periods in an interval of length 27 as shown in figure 12.27.
The graph of y = sin2@ is the compressed version of the graph of y = sin@ in the
x—direction. :

Ak AAABRARART T
JUVUTTVTFV Y |

If A = 3, then y = sin30 indicates that there are 3 periods in the interval of length
21t as shown in figure 12.28. The graph of y = sin38 is more compressed version | !
of the graph of y = sin 6 as compared to the graph of y = sin26. i

ANAAARAAANDAA.
fvvvvyvvuwvwvkum

Figure 12.28

Mathematics-X1
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On the other band, if 4=+
in the interval of length 2
is the expanded version

period

1
y=é& 2

Figure 12.29
ive constant has

fy =cos@ in the x—direction.

-Similarly, multiplying 8 by @ posit
compressing or expanding the graph o
Thus, multiplying 6 by 2 number g
cosB in the x-direction and shortens

number less than 1 expands the graph

period is given by .
; A

Example 8: Without drawing, guess the graph of ¢

frequency and amplitude.

Solution: Here A = ia <1, so the graph of cos—

graph of cosf.Also in an interval of
length 2m, there is one third of a period.

We have Period = 27"’
i : | 2
2 Period of Cns—s-& = 6= 6
0
F!.'Bqul:l'l.ﬁy = i
r
-~ Frequency of g
3 6

Amplitude of ms—;-ﬂ =1

rse Trigonametric Functe

hen ¥ = 5in—;£—9 me
x as.shown in figure 12.

of the graph of ¥

reater

a5 and Solutians of Trignomotric Equations

ans that there is only half a
29, The graph of

= sing inthe x—direction.

¥

the geometric effect of

than 1 compresses the graph of sind or
its period. Multiplying @ by a positive
and lengthens its period. In this case the

0""}3_9' Also find its period,

! 4 is an expanded version of the

—
Did You Know B
(i) - The periodis also called the wave length-

(i)  The reciprocal of the period is called
the frequency of the functions. Thus

Frequency = 3‘%!

(ifi) The maximum distance between the-

graph of the sine orcosine and the horizontd
axis is called the amplitude of the function
Thas, the functions y = sind and y = cosd have
_amplitude 1. In general, the amplitude of &

i Uni[‘ 12—10‘11»11 of Trigonometric and Inverse Trigo

" periodic function is half of the difference.
 between the maximum and minimum values.

ie Fanctlons and Salutions of Trigno -‘!qlﬂh-

12.2.4 Periodic, Even/Od . .
d and Trans)
cos@ and tane ation Properties of the Graphs of siné,

Insection 12.2
aile i Ay ,fwc_ draw the graphs of all six trigonometric functions. If we
s of siné, cosgand tane, we observe that they have many

~ symimetry properties.

* In this sections we are con ] l
ks : cerned with the periodic, even/odd i
properties of the graphs of sing, cos¢ and tang. e st
1.  Symmetry properties of the graph of Sin#
The,graph of sin# is reproduced in figure 12.30.

SO AT A
R N o

Figure 12.30
=} Periodic Propertics
We see that the graph of sing keeps repeating itself after a period of 21

f(@)=sind
N E
3\-/111:

units. Therefore .
sin(@£2x) = sind

This property possessing by sing is called the periodic property.

by Even/Odd Properly
The graph sing is symmetrical about the origin. This means that if we

replace & by -4, the graph is changed. Therefore
sin(-#) = —sin &
This shows that singis an odd function whj-:ﬁ is in conformity with the
results in theorem of section 12.1.2. This property possessing by sing is called the i
odd property.
(&) Transtation Property
If in figure 12.30, ¢ is decreased or increased by 7, then the sign of f(#) is

changed. Therefore o
sin (@-#) = =sin@

Mathematics-X1
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This property possessing bY

S owing properiies:

Tl TR

i.e. jsin (EZE) i
Thus, the graph of siné
. Periodic property:

A Odd Property:

possesses the foll
Gn(@x2m) =00

sin(-&) = -sinf

<{sin e-m)

= Jsinﬂ
sin(x—8) = sin ¢

Graphs of cos @
ed in figure 123L

Translation Property:

Symmetry Properties of the
The graph of cos 8 is reproduc
f(8)

flé)=cosB

Figure 12.31

(a) Periodic Properties
Like sing, the graph of cosé al
leos(@2m) = cos

so repeats itself after a period of 27

‘Therefore :

This property possessing by cosd is called the periodic pmpcri}'.

(h) Even/Odd Property
The graph of cosé is sy

the graph is unchanged. Therefore

mmetrical about the y—axis.
replace 8 by —¢, _cus(—-ﬂ) = cos®
This shows that cos@ is an even function which is

the results in theorem of section 12.12. This property possessing by
called the even property.
(e Translation Property

If in figure 12.31, @ is decreased or increased by T un
f(@) is changed. Therefore qCEE

it, then the sign of

Mathemmics-}(i

This means that if we

also in conformity wn._h
cosd B

Unit 12 |Graph of Trigonometric ana Inverse Triganometric Functions and Solutions of Trignomotric Equations
. tric Equa
This property possessi
ng by cosé is called the translati
tion property.
Also cos(m—8) = cos|-(7-8)] = cos(r-8) = —cos@ o
je. cos(m—8)=—cosd

Thus, the graph of cos# possesses the following properties:

cos(8+27) =cosf

cos(—#) = cos @

. Periodic property:
. Even Property:

. Translation Property: {Cos (8-7) = —cosd
‘|cos(m—6) = —cos@

Symmetry properties of the graph of tan®
The graph of tan® is shown in Figure 12.32.

AT
f(@)=tand
ix :'2;{_ x T ] = - " =
] - 7 =
Figure 12.32

The symmetry properties of the graph of tanf can be obtained in similar
fashion as in the case of sin and cosf. However, it is pertinent to note that in the’

present case the period of tand is m. Therefore, the translation property of the

graph of tan@ equals its periodic property.

Not For Sale
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wh-lemﬂﬂnuasoluﬁnﬂ ﬂl'molrk Equatiog,
verse
Unit 12 |Gupn of Trigonometric aad 19 Trige® -

0 are
The properties of-?i_g"f'_a?h..?f,_.tm (E:i:#] Vol
e CRET TR S AN = 2
r.' Pﬂﬂﬂdlﬂltnpﬂt} 4 v (_9) £t ——ﬁ.ﬂg
s R S an (0~ = 1200
"« Translation Property (7= 0) = —tan?

; o 1 i ﬂies Df {he Cosinc.tﬂ) Stablis'
C[ric and pﬂﬂﬂdlc Plﬂpe e
E)l:ample 9: Use the 5)’1'!1]11 h

: T
the following identity. cus[—z- 6] sin

Solution:
By translating the graph of co

the graph of cos® becomes the graph of sin
“That is co{ﬁ'—-%] = siné

4 F 3
1 1 ol = 5| @——
But the cosine is an even function, 5O cn{ = ES’] co ( 2]

T units i . action of the positive 8-axi
s8 by — units in the direc P 5

; Thus, cc{% —3) =sinf

EXERCISE12:2

l 1. Draw the graph of the following functions in the indicated interval.

@). y=2sinx  0sx2m (i), y=cos 2x 0Sx<2%
(iii) y=-44sinx = 0sxsm (iv) y=-cotx -MSXST

: r :
(v) - y=2cosec2x O0<x<2m (v) y=sec n<x<ln

2. . Without drawing, guess the graph of each of the following function
find its period, frequency and amplitude.
0

(if), Ey 2o I (i)

y = c0s 28 . (i) y=sin60

y= cosg—.’?

Mathematics-XI 360
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Unit 12 |Graphorm _
: I p ronometric and Inverse Trigonometric Funetions and Solutions of mp;mmegqm

e Use the s ; —_ . .
ymmetric and periodic properties of the sine, cosine and tangent

functions to establish the following identities.

(i) sin[%-ﬂ-l‘?] = cosd (i) cm{%q-ﬁ') = —sinf
(iii)  sinlr-@) = sing (iv)  cos(z-8) = —cos@
(v) tn(z-8) = —tan@ (vi)  tan(2r—8) = —tan@
4. For any integer k, deduce that
(i) sin(0 4 2kx) = sing _ i cos(8+2kn) = cos@
(i1l tan(@+2%x) = wne (iv) cot(g+2kx) = cotd
(v) scc(#+ k) = seed i\'l'n cogec(9+2.i:ﬁ:| = c.-:;secﬂ

12.3  Solution/graphical solution of trigonometric equations
An equation involving trigonometric functions is called a trigonometric
equation.

There is no general procedure for solving all trigonometric equations.
However, we can solve many trigonometric equations by means of algebraic
methods such as rearranging equations, factoring, squaring and taking roots and
by using the basic trigonometric identities already proved in earlier units.

12.3.1 Solution of trigonometrie functions of the type sin8 =k, cos@=k and

tanf =k
The simplest trigonometric equations are of the form
sinf = k (1) Did You Know 2
cos®= k @ An identity is an equation i.
tan = k (3 which is true for all values of
' the variable. |

where k is a constant.

In this section, we are concerned with to solve these equations, using
periodic, even/odd and translation properties.

In section 12.1.3, we noticed that the sine functions and cosine functions
are periodic and both have period 2, i.e. they repeat their values every 2T units.
Thus, if we want to find all solutions of (1) and (2) then we simply add and
subtract integer multiple of 27 to the solutions in the interval 0 <6< 2. We also

Mathematics-X1 10
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Unit 12| Graph of Trigonometrc . 1o having T 25 its period. Thus to find

¢ function s 219 £ d subtract integer multiple of T to the

ticed that tangen
no 3, e o

i tion

all solutions of equatl |
‘ : i ns, first of all
solutions in the interval 0 <f<n S u‘igclnﬂ-mel.l'lc equanz o dﬁ?d
lutions : . neriods and then find the
gt o 3111 = al whose length 15 equa'l. woits p |

i he interv

the solution over 1 ;
1 pquations-

formula for all solutions of the ed 1

Example 110 Solve the equationsin o=
: PN
Solution: We have sin—" =
itive i d quadrant IL, § :
tive in quadrant 1 an o
?GSI << 2m, one in quadrant 1 and the other 10 q
interval 0 << 2m, s
E?=-%— s ER——= T,

ation, we add and subtract integer multiples of
:]

ngle is 8= Z  Since sine is
o ttie reference 2 6

o the equation has two solutions in the
adrant 11 i.e.

Now to find all solutions of the equ
5¢

e

o T
2m to the s::vluucms —(,rur =

T T
R —:E--—ZJI.-—-+4.?‘I,~—--4.’!. ..........
TR 6 6

gt 2L 5t
58 % _5.'1_2#_ .5_#-.‘.4;':, BT | JE SRS
oFs T RERINE 6 6

These solutions can be written compactly as follows:

= f--i-er n or 3=~5—?£-+2ﬂ' n forn =0,x1, D, ienernsane
6 6
. 1
Example 12 Solve the equationcosf = =
3 x s, the
Solution: ~ We have cos% = —12- <o the reference angle is @ =57 Thus
' ; : d the
equation has two solutions in the interval 0 <6< 2, one 1n quadrant I an
: ST
other in quadrant IT ie 6= i;. or 8= M_i;_ =5

: . s 1oe of 28
To find all solutions of the equation, we add and subtract integer multiples

3 k7 4
to the solutions -:— or T

Not For Sale
Mathcmaticsﬁ){l

r X
i - _?I —_—
8 33 +2r, —=2r, 3 +dx, ——4r
Sk 5Sm 5
o ] T S x
s = _.3 +2r, __3 -2, T...q.ﬁ_ — 4

Thus g=X _5m
hus, 3 ToFD Or (G=silea for n =0,£1, £ 2ccrees are all

solutions of the equation.

Example 13: Solve the equation tan 8 = - £ ;
3

3 i 4 3
Solution: We have tan = ‘{_T, so the reference angle is 6 = -%, The tan®

is negative in the quadrant II and quadrant'[\f, 'Iiowcver. in the interval 0 <B<m,

the equation has one solution in the quadrant [Ti.e. 8 = rr-—:- = i:—
Thus, all solutions of the equation are given by

5_

= 4+2xnforn=0xL£2,......

6

12.3.2 Graphical Solution of some Trigonometric Equations
Recall that the graph of a function is the set of all points whose

coordinates satisfy that function. If the graph of two functions intersects, then the
coordinates of their intersection.points represent a pair of numbers which satisfy
both functions. The points of intersection are called the solutions of the given
functions. These facts can be used to solve trigonometric equations by graphing.
In this section, however, we are concerned with the graphical solution of
trigonometric equation of the type:

. sind = —3—

. cos =0

# tan @ = 26 i
3 . 4

in the interval —i:- $0S—-

The method of graphical solution of such equations is illustrated through the

following example.
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E : aation €050 — 8 =0 in th,
hto find the solution of the ed .
- ap
xample 14: Use gr

"
n L. i =
interval = s8s as cosB=0

Solution: The equatio”

= g et of coordinate ;
Lety=cosd and Y= 9 functions on the same S€ € axes,

must be the 50
two functions as follows:

these WO jution of the given equation.

Figure 12.33

in i : betweel
We see that the graphs intersect at point A. The point lies about midway

0 and -‘%. Thus, we estimate this solution as 0= -";—.

Verification. Substituting the value of 8 in the original equ ation, we o1&

T T
c—as(“]—j =0

Mathematics-xl

" | as accurately as desired.
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of Trignomatric Equations

=% D.’?I—B'iz[)
4

o 22
(' E=_?‘=3'14{Appmx.j]
= 0.71-079 =0 s

= 008 =0
This agreement seems quite good for a graphical approximation.
( Note i )

(1) If the graphs intersect at more than one point, the other solutions of the
equation may similarly be estimated. '

(2) We could have estimated the solution as coordinate pair (g,y). However, the
variable y does not appear in the original equation. Hence, we are .
interested only in values of the angle that satisfy the equation.

(3) A process of successive trial and error with use of trigonometric tables or
scientific calculator would give the x—coordinate of the intersecting point

P

f. Find all solutions of the trigonometric functions graphically.
2 3 ;
(i) sinﬁ':iz_— (ii) c059=--\]—;— (iii) tan6=ﬁ \

(iv) cos @ = (v) tan® = -1 (vi) sinﬂ:.—_é-

|~

124 Inverse Trigonometric Functions

12.4.1 Inverse trigonometric functions and their domain and range

We know that if f: x—y is one to one and onto, then there exists a unique
function g: y — x such that g(y) =% where x € X is such that y =/(x). Thus, the
domain of g = range of f and range of g = domain of f. The function g is called the
inverse of f and is denoted by f".

Thus, fx)y=y=f'=x




Unit

(a) The
Repro

- S ——

. Functions 27 sotutions of Trignomotric Equation,

12| Graphor e Sl

jon e
faverse SIn¢ Fugc;f the sine functior

ducing the grap 3
() | =505

3

v

Figure 12.34
tal line test that any line y
- sin x infinitely many times. Hence the function

strict the domain of y=sin x to the Interval

It follows from the horizon = b, where b lies between -1
and,+1 intersects the graph of ¥

is not one 1o ONE. However, if we Ie

& A1 the restricted function y = §i

l_"“.-' 1]

nx -ZS<x gi; represented by bold

rve in Figure 12.34 is one-to-one an

n with domain [-—%,%] and range [-
and is denoted by Sinx (with capital S).
I is the inverse of the

portion of the cu
1, 1] is sometimes called

This new functio
principal sine function
The inverse sine function denoted by Sin’
function and defined by:

y = Sin”'x if and only ifx=Siny, -1 x£ 1, -—% <ys g
That graph of y = Sin"'x can'be obtained by reflecting
the restricted portion of y = Sin x about the line y = x.
The reflected graph of y = Sin~'x is illustrated

in bold portion.
Note [ ) Y— =

principal sine

I l};"".yijsriﬁqxnwmw.ﬂm-y'- 1s the'angle between -
—and E (both inclusive) whose sine is x.

72
P'MSUPB[“ﬁPt I that appears iny =Sinlyisnot! ‘ a2l Figure 123

an exponent ie. Sinlx# —. 2
[ S~ Sinx. l‘

PL b
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d hence will have an inverse.

Unit 12 crep

Inverse Relation of Gener.
eral Sine Fun
ctions

Generally y = sinly iy ¥
¥ SNk pives (he relation defi d b
ine

y = sin"'x if and only if x = gip
= jl"

for-1<x<1,yem

hl:— ari 3 i P
VArious Vﬂ!ues Cll)llll'led fU-I d paﬂifular] ¢
| represent

the angles for which :
X =5in y and
- are called \h
inverse va i : ¥
; rse values of general sine functions, Since I:g o] =3
Gk ) s iy
omain of sinx is not restricted, sin'x is not ; : >

This can be proved by vertical line test el e i U
Example 15: Find the values of G

(@ sin (%} L) sin'd)
- - " 2
Solution (i): Figure 12.36 shows the graph of
y = sin”"x for y € R. The line x=1 cuts the
graph at more than one point shmzving that sin”'x
is not a function. However the infersection of y = sin~\x

P e ovi v values of sin™ (=
and x — pr = jari i
p ides the various valu 5l 1 .IJ )

Hence from the graph in Figure 1236 the solutions

of y=sin™ (]_)are
2
i
L st
b 6 +2kw,keZ or )r=?+2krr.kez
: s
Le.ye [—6-+2krr,ke z} U {%ﬂﬂk}r.ke Z}
(i)  Only one of the above numerous values satisfies the equation

]. Looking at

]

) 1
= Sin-1¢ Ly, dhot 4 ot
¥=Sin"'(); that s, the value which lies in the interval [—

@_1'*1“”;‘

i e, R 2 1
the graph again A is such a value. Hence y=Sin~' (= )=¥y=
?
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lllgolwtﬂk ﬂwmw”mﬁw-eﬂnﬂmd Solutions of Trign
| L
: ' Ull'-t lz-lﬂrlptd

n (with cap? ital A

d for Sin™"-
g inverse functior

is som.etlmfrs use

ponding inverse re‘lauons

after evaluating {heir COITES
(1), we seek

(i) Lety= Sin

Solution: 2
is 1. The}'ﬂIﬂ{"+ <n

the values of ¥ whose sine 1

e values , the solution of

a.,neZ}

_"v:--:..}*m e e

_ 6l e
e e

Out of thes
T ol ?_‘..E]
y=Sin"'(1) s 3 el-33

i =sin” (é) are
(i)  Similarly the solutions of ¥ =51 2

1U {2%+2n:z, ne Z)

[i;-+2n.rr.nez

However, y=Sm"{£) where ye [-

e 1
' (iii) The general solutions of y=sin L(—E) are

ye {—% +2n7m,neZ} U {—?—gf- +2n7}
iaqrs Tera i
However y=Sin"'(-5)yields y=—"¢
Important Results. The relationship f ) =yandff &
every inverse functions gives us the following important results.

. . g Fid
Sin ™" (Si =y if-—<gys—
in” (Siny)=y if-—<y< -

Sin(Sin~'x)=x if -1<x<1

omotric Equations

15

The notation A si i the followin

act values of U
| Example 161 Find (1¢¢ 3 i) Sin" =)
@sin"@ 6 sin” (7 2

for the general sine function sin(y),

i
——'—]1sonly y==-

3

— x that hold fof

Unit 12 |G"ph of Trigonemetric ang Inverse Trigomom
ﬂﬂ:hm“'m -
o of Trignomatric Equations

Example 17:  Find (i) -1[ 3
In-jtan (—) (i) Sir
Sin?| tan ™
] in [tan : ]

Solution; (i) We know that tanl"r__ : A
s

Let y=Sin"|tan 3%
[ 4 Jthen y =Sin™ (-1)

By definition Siny=-1,if-Z < <ys

(=]
::u m[::i

Thus y is an angle in the interval -E RN
al [ > '?-] whose sine is—1, it follows y = _%

i) Let y=Sin"|tan = B
( y = Sin [tan 3 -‘ Astan; =3 and 3¢ -1, 1
Hence no values of y exist which satisfies y = Sin™ (+/3)

J : i
Thus the solution set of y = Sin™"| tan E] is empty.

() The Inverse Cosine Function

In figure 12.37 we reproduce the graph of the function e

{(r,y) | y=cosx,xelR-1<y<1) 1

Because every horizontal line y = b, where b lies between -1 and +1 intersects the
g_mph of y = cosx at infinitely many points, it follows that cosine function is not

one-to-aone. ¥
| /_\ _— |
) " o% = is I
2 2 ]

Figure 12.37

However if we restrict the domain of y = COSX 1o the interval [0, 7] as illustrated
by the bold portion of the curve in figure 12.37, we obtain a decreasing function i
that takes on all the values of the cosine function one and only once. This new {
function is called the principal Cosine function and is denoted by Cosx(capital C).

Mathematics-XI




T

mm,,dsmm; of Trignomoirie Equatigns
Fui

B

Groph metric and 19VEPE i
Unit 12|ropb ot Tsen i .
aq Ve
The principal cosine function 1S I l:c;md i
i -1 is
The inverse cosine function 5 L :
y= Cos™'¥ if and ouly if [ i
_] gx$ 1,an0 = = . o
s e sine function. Using g.cm.r.ﬂ propertics of inverse
Arc €0
This is also referred 10
1 biain o st
functions, W¢ OC (Cos -1 gy = Cos (ArC cosy) =X if |
as (Cos ™
=y if0SYy ST
Cos™ (Cosy) = Arc €0 (CosY) =Y if 0 =Y s
: : (Capital A) is sometimes used m.a‘leu‘d of Cos 1
N '-‘0“ rﬂ:: cosine function can e found by reflecting the bold
7 o 'm;‘_ the line y = The resulting curve of y= Cos™ x is show
i i 21381n y=2X
portion of Figure 12. : ;
in Figure 1239 in bold portion-
y
A
=14 i ,
—
1+ _b'* " e
G -3_¢ gsxsn

Graph of Cosx and Arc Cos x

Figure 12.38 v Graphof Cos=
‘Example 18: Find the exact values of : -ﬁ
- =1 us -1 1 - __.1_ £id | (___,_._]

(i) Cos™ 0 (ii) Cos (ﬁl (iiiy Cos™ ( 2 ) (V) Cos 2

Solution: (i) Let :.'=Cos'10. we know that
y = Arc cos (0) if and only if

cosy=0and ye(0, 7]

Conseque.nlly, y= % and Arc cos (0-} i %

p
Mathemalics-}ﬂ 316

Figure 12.39

g

Thus  Cos™' ¢ 1

(i) Lety = Cos™ (-

y = Cos (—5 ), we seek the angle whose cosi !
reference point in the first quadrant js £ i . e
Hence for negative sine w X

e Sine we go to Il quadrant by finding supplementary angle

oot - 2
)-JT—E'-—E—E[{L,T]
Hence Cosy.—._l g é\r_

g v= 3

Thus Cos~'(-Lyo 2%
( 2) 3

(iv) By definition,

ot

y = Cos ™' (-X2), if and only if
NE]

CUS}'=~?randUsy <r

.
The reference angle (Ist quadrant) is 5 But for negative cosine, y lies in the

second quadrant (as 0 <y £ 7).

Thus .‘l’zﬂ:—E:EE

AR R
Hence Cps™! (—ﬁ) = o7
2 6

Example 19: Find (i) Arccos (Cos2) (i) Cos (Arc cos 0.5)
(iii) Arccos(Cosd) (iv) Sin(Arcsin2463) (v) Arccos (cos 4)

Wwhere the angles are measured in radians.
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gt P

mus[ Pay atte
ctions.
eise function and 2 radians

Unit 12'|chptdw-vrrﬁnmmn r
l these values We
and their inverse fun
are inv

gtion to the ranges of

Solution: When finding
inci . nometric functions :

?Slnupasli:-l:g:.:rc cosine and Cosine (pl'iﬁCIPaU
is between 0 and T Hence
: Arc cos (Cos2) = 2 radians
(i) Let 8=Arc (Cos 0.5), then

Cos 8 =0.5 and by substitution

Cos (Arc cos 0.3) = Cos (8)=05

Giiy For Arc cos (cos 4), we see that cosd (gene : :
radians in the third quadrant and therefore cos4 15 negative. The Arc

n) of a negative value will be a second quadrant

ral function) has the angle 4

cosine (inverse functio
angle.
Hence Arc cos (cos4) = Arc COS (-0.653644)
' = 2.2832 radians.
(iv) (Arcsin2463)isnot defined, since 2.463 is not between —1 and +1.
(v) Principal function Cosd is not defined as 4 does not lie between 0 and 7 .
Hence Arc cos (cos 4) does not exist.

(¢) The Inverse Tangent function
The graph of tangent function shows that every horizontal line intersects

the graph infinitely many times, it follows that tangent function is not one-lo—one.
Yy

!

1 L
e .
1 : ! ’
| | | ‘
1l 1 [] i
1 ' : ‘
s 3::1 . l! l II =
- T 0 1==:: }11;!. n
Vilva
} !
! 1
| [
b ' i
Figure 12.40
- Not For Sale
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leads to the defi

nition of iny
: Crse tangent .
The inverse tangent function Taq-! gent function

is defined b

s _}'j’:'[‘an—l . :

x=Tany, where —o< < <o g *if and only if
L y‘:_

The or: 7
graph of Tan ™ x can be obtained as before by refl

b : ectin inci
function in the line y = x as shown below: y g the principal Tangent
EKI 20: i ‘
ample 20: Find the exact values of et
. =1 L : 3 :
(1) Tan (31} [:1[) Tan =] (_Jg) . = '_,-' iy = Tan"'x
(iii)Tan (—2’5 ) , . ,.-"V ST
Solution: Let - s i
H y=Tan 1 (0. ZEH /_/3'-‘? ik
We seek the angle y, LI y< = /L,:-
: 2 - ,ff 3]
whose tangent equals'1, i.e., ¥
¥=x =
Tany =1 .fﬂl'—%{}'ﬂ:-i ;: Figure 12.41
= y= ir.. = 2
4

Therefore y =Tan™ (1)=

N

(i) Let y="Tan ™"
y=Tan (—*f-’: ). We seek Ihea.ngieywhere—g <y<Z
PR

whose tangent —/3, that is

Tﬂn }':_ﬁ . _';1{)"{%

Th g . r
e reference angle in the first quadrant is = Since tan (- 8) = - tanB.
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—
Uit 12| amenarmssomec =7

T
Tan™ (”‘76} 58

Hence Y=

(i) Tan 5
l -"-an
the angles in the tange between = 5
37 . ;s not defined-
Hence Tan { —i-} is no

e21: Find the exact value of

mpl :
e g -1 _"E} (ii) Cos [Tan ' (-1l
(@) Sin (Cos™

1
iy Sec (Sin“l) (iv) cos [Tan (=]
5 y gle, ¥ € [0, 71 such that

2 Weﬁmlﬁndﬂlﬂﬂn
Jution: ()
Solu ? 5
s
3 =Zc0 )
or :,I':CUS_I (_'_} = y- GE[

Now Sin IIC:L';S'1 —‘Zr} = Sin(y)

x T
=sm(—-)=%

Tr

_2 Zfor which

(i) Lety=Tan" 1(~1). We first seek the angciye( ,2}
LAY

Tan}*:—.l :y=—4-e( )

is the
g LW d because Cos 15 t
Nov{;\ Cos (Tan™ (-1)) = Cos {:,r? = Cos (- 4) is not define
principal Cosine function whose an gle must be in the interval O to 7.
Since —1:- [0, ], hence Cos (—%} is not defined .

jtion ¥
Gii)  For Sec (Sin™ 12) ,let y = Sin ™ lz::smy= ]5' then by defin

Mathematics-X1

Unit 12 | Graph of Trigonometric ang :Inwm‘l'ﬂw.mmlel?unmuu:ud Solations of '
. - Trignomatric Equations

is the angle in the closed ing, Fe fF .
erval [-E' —2-] such that

Hence Seo(Sin™ 1)< se0(%) 2 _ 205
3

ﬁr:
iy e
-1) by

Here cos® is the general cosine function,

- (iv) Asinpart (i) Tan™

Hence cos [Tan (=1)] =cos ( ) = _:f?;,
J3 2
(d) The Remaining inverse tr:gnnumetric functions

The inverse cotangent, inverse secant and inverse cosecant are not used
very widely. However; we list their definition as follows:

(i) y =Cot x, where 0 <x< 7 is called Principal Cotangent Function
which is one—to-one and has an inverse.

y = Cot ™' x means x = Cot y , where 0 <y <r and
xe (—-:-r.", +w)

(i)  y = Sec.x, where 0<x<z, x= % is called the Principal Secant
Function which is dne—to—qnc and has an inverse.

y =Sec™ x means x = Sec y where

O<sy=<n, y#% and |x| 21

(i) y = Cosec x where -—';-s.r < %. x#0 is called the Principal
Cosecant Function, which is one-to—one and has an inverse.
n n
y = Cosec ™' x = Csc ™ x means x = Cscy where, -— <y < 7 and |x| 21

12.4.2 Domains and ranges of principal trigonometric function and inverse
trigonometric functions
For - convenience, the domains and ranges of principal trigonometric
functions and their inverses are listed in the following table.
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S —— |

L ——— : yS—l,)’ 3 |
e | e -, Z1-(0)

D, o %
. ek i1
o B xé-1,x21 ye [—E, E]_{O}
L ENT
].=sec“'x x<-1,x21 ye [0, ?3']'-{5}
y=Colx l_;E(':" ), yeR
:y:'{':‘-.'nt-"'.r xeR : ye (0, )

Example 22: Evaluate: (i) Arc sec 2 (ii) Arc sec (—2)
(iii) Arctan(3.5) (iv) Arctan (-2.3)
Solution: (i) Let @ = Arc sec2, which is an inverse function. By definition.
4
(=

Sech = 2, where 0 [0,7] - > }
We Know that  Sec 53!_ Dishiele [0, #]

e % i [} (5)
(&) Let 6 = Arc sec(-2). This is an inverse relation not a function. Theref

Pl pele
there are infinitely many values for 6. Since secd i negative, the referen® e
lies both in the quadrants (II) and (I whichare ©,=7 _i;. = —;
4

ez—_-;r+-—:‘§”‘

Mathematic

Unit 12] Graph of Trigonametric ang =
Ly l'hﬁmm&mmlm- =
Muuwm

Hence, adding the mu]tj :
PIES Of Il -
0eZiomz 12 periods of secie. 27n, we got
Tl —__ 3
3 ' 3 T, nisany integer,

(iti)  Arc Tan (3.5) is an inverse function whose solution must e in (_” T

Ty

: e ‘
Since exact values for Arc tan(3.5) are not known, we put a calculator in radian

mode, to get
Arc tan (3.5) ~ 1.2925 rad.

(iv) By definition of inverse tangent function —£< Arc Tan <= Using a
calculator we have, Are tan (-2.3) ~ —1.16

Example 23: Evaluate: (i) tan [cus“L(—lz]] @) L'm[Cos"(—l]]
2

(iii) Tan [cos ™! (-é)] (iv) Tan [f:os-'(..%;.]
Solution: (i)  For cos™ (--%J, we sec.k an angle whose cosine is {—}5}.
The reference point is % But cosine is negative in the II and ITI quadrants.
Hence the required angles are (H—%} and {:r+%), Adding the period

2nz we get, cos"'(—%]e [%ﬂnﬂ}l}{%’ﬂnn},nez

Now tan(%+znﬁ)=tan(%?5>=—ﬁand m(%’fﬂnn):m{%)ﬁﬁ

L lan(cos"‘(—%))ﬁan -235 U {tan %}: {—wﬁ.*’\ﬁ}

: 2
(&) CUS_I(—';':I=AFC Cos(—%]=2;ﬁre [0, 7] But ran(-?)=-1‘§ ‘

Therefore tan (Cos"t{}%)) = {Jﬁ} only
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(jii)  Again cos™ i:-")- ['——"’2“"” U{ = 4207)
T
2z At o

But since 5 and also = v ).

53

3K f principal tangent function. Thus
. Neither —3— nor == could l:ue the argument of princip .

Tan (cos™ (—«)) does not exist.
(iv) Similarly Tan [Arc cos (——-)] =Tan (—-—’Jls not defined.

Example 24: Evaluate

. o |28
(i) Arc sin(sin]—?'sﬁ) (ii) Arc_ sin (sm-s—)

; 297
(i) Arc cos (cos E%?{} (iv) Arccos (cos 7)

o
Solution: (i) As 1—2—3 3 [~% ,E] , it follows that

=5
oo ARk, %
Arc Sin (sin 5 ) # 5

12 g m., . 2m
However, since sin ( Tﬂ y=sin 27 +? ]=sin —5—

and-zie [_E +— ] we find that

5

2
Arc sin (sin Eﬂ--) =8in™ (sm—)F ?ﬂ
(ii) By definition of inverse relation of sine function
Agc sin (sin 12—”]: %

(iii) . Arc Cos(cosz—ﬂ) ;2'3

7

becausc% [0, 7.

Mathematics-X1
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But

Hence Arc cos (cusg—?i) =i
7

@ lies between —n/2 and 0. If angle @ is constructed
in standard position, as shown in F:g\m 12.42, then 5inf is found to be —

chce

Evaluate the following inverse relations of general trigonometric unction

cos 2= are n T
)§——— =CO8§ L 8 :
7 ( -31'-]- 7 ) _ms? and—_;e I{Lﬂ]_

(iv) = By definition of inverse relation

i s of general sine function, we see -
29 Y
Arc cos {cn:hs.-—_:'E ) exists when 1
Arc cos (cosgﬁ )= s 1

: : 7 7 oMe T X

Example 25 Find the value of sin[Tan™ (-x)], x being -

a positive number i :
~ Solution: Let Tan™ (-x) = 0. Then tan 6 = -x, and ' Figure 12.42

sin[Tan™' (=x)]=

V1 +.1:z -
1+ x s

EXERCISE 12.4

arc cos (—-J—:) (iii)
Compute the foliowmg expressions

(i) arc.cos [tan %1 (ii)

(). arc ‘iiﬁ{ 1.) (ii) arc tan(—

3 r 1 ‘:__ : :
Sin[Tan (‘_fin o

= . -4 o
(iii) Sr‘n[.arc. cos[%ﬂ (iv) tan [arc ws(-s-)]
Find the exact value of each expression.
(i) Cos [Sin“%] (i)) Tan [Cas"%]

() Cosec [Tan™ ()] () Sin [Tc;n"(—l.}]_ |



12,43 Graphs of Inverse trigonom

” ric Identities :
m?“ﬂmm Arc secant, Arc cosecant, or Arc cotangent functions,
thl o5 : ct values are not known, since most of the calculators or computers
when their exa

ed for these functions. For this purpose we introduce the inverse
31::: gcr;gmﬂzlﬁuncﬁons The procedure is summarized by the following inverse
of t )

identifies:

A 1
= [ T e
i o S (%),x;eﬂ 2. Sec”'x = Cos (xLx?t(}

1
= P I 1
3, Cgt"_r:’['an"l (-}__—) ,x=0 4. Cot™ x = n+Tan (x) , X<0

5. Sin'(~x)=-Sin" (x) 6. Cos™\(—x) = n—Cos™'(x)

7. Tan'(-x) =—-Tan™'(x) 8. Sin"'(x) = % —Cos'(x)

Proof. (1) Let y=Siﬂ_1i. x#0 D

1
Siny

= s‘m}r=l 20 = =X
X
= COSEC}’=I = }-=Cosec"x (H)

From (I) and (I) Sr‘n‘l(-l—]=Cosec'1x
X

Similarly (2) can be proved.
y= Cot”'x  where x>0 (1IT)

= y=Cot'x, O<y<ap =Cotx=y,0<y<m/2
= UTax=y, Ocy<al2  =Tanx =1y, 0<y <2

" Mathematics-X1 L

Un

it 12 |Graph of Trigonometeic lndlmwmmmmm&mw { Trignomotric Equations
a

= x=Tan"'(1ly) where x>0 (Iv)
From (II1) and (IV)

To prove.(5), let
= -Sin~" (x) . V)
= y=SinT@® = x=sin (-
= xr==S8in(y) = Siny =—x
= y=8Sin"(=x) (VD)
From (V) and (VI)s Sin™! (=x) == Sin ' (x)
Similarly (6) and (7) can be proved. Finally to prove (8)

= .1
Cot™'x = Tap™ (%),x>0

T o sl
lct9—2 Cos ™ x (VI

. = F
ie. Cos™'x = 5 -0=x =Cos(% - @), for 05%_953

o "SIy NS SR '
Now 0 EE- —08< 7 implies —ESEIS-Z— and in this range for 6, Sin0 exists.

Hence from (5) x= Cos(f——B]=Sin 8, where Be [--E £]
; 2 gt

Now x=Sin8=0=Sin"'x (VII)

Substituting 6 from (VIII) in (VII), we have Sin~'x = 2 Cos”'x

Example 26: Solve the equation  2Sin~"x — Cos ' x =
Solution: The given equation can be written as
T

28in'x~Cos'x + LG +—=x
2 259

2| &

ie. 28in'x 4 SinTx= 7 ['.'sin" .r=§-ccs'li

or 3Sin"'x=m

A
= Sin~'x =£ = = Sm£= ﬁ
3 3 2
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% 4 2 ot
Example 27: Evaluate Cos (Sin™ 5" Cos™ %) without tables or a calculator. |

g -3 :
Solution: ‘Let x =Sin“’% and y =Cos ™ r then

Sinx:é4 and Cos y =% Where x and y are in 1st quadrant.
We have C‘os-(x +y)=CosxCosy-Sinx Siny.
We know Sin x, but need to find Cos x, where

Cosx = y1-Sin’x ,as Cos xis +ve in Ist quadrant
16 3

3 -8
Again we know Cos y but need to find Sin y, where

Siny= 1-Cos? y, Siny is +ve in Quadrant 1

9 4

) 25 5
Therefore Cos {Sin 5+Cos E] Cos (x+y)

=Cosx Cos y - Sinx Sin y

i 5.3 4.4 7
= e K == B = ——

i TR T 25

N

Example 28: Evaluate Sin(Arc tan % — Arc COSE )

4 ;
Soluﬂongt u=_Arctan% and v=Arccos§, =

=

then Tanu = l and Cosv =i
2 5

T s
As Tan u is +ve, and u.e [_E'_Z_] hence u must be positive L.e.

ue [0, E]. Similarly Cosv being positive means v € [0, % ].

We wish to find Sin (u — v). Since u and v are in the interval Figure 1243

- - . Mathematics-XI

and we may construct right

angled triang| :
These triangles show that gles for u and v as shown in fig 12.43.

Si“l_l: ] .Sinv—i
V5 =3

2
Cosus=
Tg.etc.
Hence,
Sin(u - v]:SinuCosv—CusuSin v
1 & 231 4-6_ -2 _2f5

‘\[_5\’-_5 5J§=3_E= 25

"Example 29:  Write (i) Cos (Sin™' x)

(i) Cos (sin™ x) as an algebraic expression.

Solution: (i) To simplify, lety = Sin~'x Then Siny =x for ye [ﬁgr_ i’_]
279

We wish to find an algebraic expression for Cos (Sin™'x) = Cos y

. T
Since ye [-—E,-Z—J, it follows that

Cosy= +41-Sin'y =
Consequently, Cos (Sin™'x) = 1-x*

(i) Let y=sin™x, —1<x<1 which is an inverse relation
=& = sin y is not a principal function. Hence its argument y is any real

number of the set IR . Consequently. Cosy = i\h -sin*y = +y1-2

or Cos (sin"'x) =++1-x*

Example 30: Express tan (Arc sin x) as an algebraic expression in x if -1 <x< L.

Solution: Let y =Arcsinx = x =Siny, ye[- E %]

Since tan (—%) and tan (%) are not defined, we seek to find

Mathematics-XI
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T T : 4y Py)
—— = —-—, =] forwhich —-1=x=1
m?fm’:"Efz‘z);[zzj _
,; LT
@i  If xis positive then ye (0, 5) . Y
: . ¥ o =0 1
Figure 12.44 (i) shows the triangle for y. 0 i
(li) If xis negati\"'e, then (i) .
ye (-g,-:]] and the triangle for y is shown in Figure 12.44 (ii) 0
. i r L'
; e Figure 12.44
From each of the triangles, 4 y’j =r? {sm}' = }4‘? =X ]
2 _ L2 o2 o222 yf2
S cis Sl bl e e 1)

=  x=ryl-x?as x is positive in
both the cases whether

ye (0, £) or y E‘l:—izr', 0) negauva 1fx15 negatwe
2 o
y PR i e N
tany== = i.e. tan (Arc sin x) = =
o : 7 -4 rl-x* 1—x"
Example 31: Verify the identify
1 Cos™x= Tan™ Lok Y |x|-=:1
1+x
1 I-x
= =l 1 —y=T o i [Dt o
Solution: Let y = Cos ™' x, we wish to show 7 an Virx

. ‘ y 1-Cosy’
By half angle formula ~ Tan = = f-—
4 % 2 1+Cosy
Since y = Cos ™ x and | x| <1, it follows that | Cosy|< 1 and ye (0, 7 )

Consequently % e [0, %] and thus Tan %.‘: 0

We may drop the absolute value, obtaining Phi e 1-Cosy = 1-x
: 2 1+Cosy l+x

Mathematics-XI .391-} ;

_ tan(Arc sinx) itself is|
posmve if x is positive and

e [Sm".ﬁlr-l-Sm"B:' i

2 -Sm ‘A Sm"B Sm"(Axl'l Ag'_.:B.

3 Co.s' 'A+Cos 'H li'?.r:r.';'I (AB—

1-x

; Prove some i Ty
formulae of inverse trlgonomemc funcho mportant addition ang subtraction

e ——

_— S

Let x=SinT'A * = S
=4 3 = i1
nd ¥ Sin B = sf"y =B

Since Cos”x +Sin’x =1, 50 Cosx = 4= Siny = 4. A2
For Sinx = A, domainis |-Z, Z| iy whi ine i

main is { > 7| in which Cosine is positive, so
Cosx=1-A%. Similarly Cosy = +1-B* . We have
Sin(x +y) =Sinx Cosy +Cosx Sin y '
Sin(x+ y) =Sin xCos y+ Cos xSin y
= Sin(x+y)=AVI-A* + BVI-B® = x4 y = Sin- Y(a1-4% + BVi- B*]

= Sin"'A+Sin"'B = Sin” {A 1-A

——

313’)

1

- e

Pmof of thiS formula 1s similar to (1), so is left as an exercise

LC[ x= Cos A= Cosx=Aand -COS'IB = Cos y=B

We have sinx=+\1- Cos’x =1 - A? :
For Cos x= A, domain is [0, 7] in which Sine is positive,

S0 Sin x=+1-A% Similarly Sin x=+1-5
Now Cos( x+ ¥)= - Cos xCos yaSr'u xSiny

| = Cos(x+y)= AB_JI_ T I-B' = x+y=Cos" (AB--JI —A1- B‘]
= Cos"'A+Cos™'B= Cos“l(AE—u' -A*V1-B )
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4.
5
Let x=Tan'A=Tanx=Aand ¥y =Tan™' B = Tany=B. We have
Tan x+Tan y A+B B ip ot AT E
Tan(.r+y]-—-——-———-.—_bi"a::(x+ y]_ —5 = Tan™' A+ Tan™' B =Tan —

1 Tan.r Tm: ¥

e e

ET “A-.;'mrls = Ta" 1‘1 . ;.
Proof is left as an exercise. '
Example 32: Show that 2 Tan™A=Tan™ - f’; -
Solution: Put B = A in the inverse trigonometric formula

: " .
Tan™'A+Tan'B=Tan™ it , we have
1-AB

A
Tan"'A+Tan'A=Tan™ =Tan L-z-—-;
-A-A 1-"A
: 8
Example 33: Show that Tan™ % +Tan™ % ~Tan™ 5 =§

" Solution: Using addition and subtraction formulae for tan™ , we have

Tan™ 2+ Tan™ 3 e [Tan" 3 +Tan” 3) _ran L
4 5 19 4 5 19

33
— =
=| Tan™ ~Tan' —
l—=x-—
15+12
=| Tan™ 20 —~Tan '-3;
o2 19
20

gnomotric Equations

Find x, if
< sl L
!) S = = —— : e
( e (i)
-'Show that
et - Fin :
(1} Sln X+ Cos™x= 5 . ﬁ,i) Tan™ x+ Tan™ L _T
Tl

Evaluate. (i = —Cos i i e
valuate (1) Sm[ COSIS ) Sm[Arccns%Ht}'r

© Equationy
; 27 ’
e 27 8
=Tan' 20 _ ———
[ Tan™ Z=1g, 11 19
20 Lol
51— 33 11 19

‘-Tﬂ' |‘————g,i___

, 425
29+216 1 e =Tan1= 2
200 4

Gi) sec(Arctanx)=vl+2 GV tan(Sin7'x) = —=

4

Show that (i) Cos (Sif'x - Smy}— (1-x0- }']+I}'
(i) Cos (2 Sin™"x) = 1-22, “1<x<+1

{iii) 2 Arc Cos x = Arc Cos (2x>-1),0=x<1

{(iv) Cos (Arc tan x) = for x=0

1
_-»J'].+.'«:1

Express the following in terms of Tan™'(x)

@) Sin"'x (i) Arccosx (i) Arccotx
Verify that:

@) 2Tan"'( ) + Tan™ (——] = %

-

o 15
( el _ e r2y=Cos M (—
i) Sin (85 )—Sin~ ( 5) Cos (1?)
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v
Tan’ N #_%.'C-b' "(1—“-{] ;

I+ x

HCox a3 )T (o)

{_‘!‘"]:_-J. X+ ‘t"}’z.q'zle

gonometric Equations
contain trigonometric . functions are called

have an infinite number of solutions
n. For example the equation sin8=0

12.5 — Solutions of General Tri
Recall equations that

trigonometric equations: These will generally

due to periodicity of the trigonometric functio

has the solutions: 8 = 0, &7, +2, #3m,... which can be written as: 0 = k7,
where k is an integer. In a trigonometric equation, the unknown may not be the
angle itself. For example in cos(2x+1) = 0, the unknown is x while the angle is
(2x+ 1).and the function is cosine. We first use the definition of inverse

~ . trigonometric function to get the angle (2x + 1) and then solve for x to arrive at I
the solution of the equati.on* B '
When a trigonometric equation contains more than one trigonometric function,
trigonometric identities and algebraic formulae are used to transform such

trigonometric equation to- an equivalent equation that contains only one

trigonometric function.

12.5.1 Techniques for Solving Trigonometric Equations
Many trigonometric equations can be solved by methods already known. The |

" following examples illustrate by these methods.
1. Using Factorization. [
Example 9: Solve tan’x + secx- 1 =0 in [0, 2n)
Solution: We have, tan’x+ secx—1=0
Sec’x— 1+ secx—1=0 using id&ty 1 + tan’x = sec’, '
or tan’x=sec’y -1 i
— Not For Sale
B - . Mathematics-X1 JREG

(secx +2) (secx — D=9 B
secx=-2" or gec actorizing
X = . "

1 Pnnciplg of zero prodcks

cosx = — 1/2
Using the identity cosx =1/secy-

5 or cosx = |
x=2m3,4n/3 orx=q .

> ;
All these values check. The solutions in [0, 27) are 0. 2
2 ' EIG and 41'&’3

Example 34z Solve . 2 sinxcosx— siny= ()
Solution: 2 sinxcosx- sinx= () _
= sinx[2 cosx— 1] =0 (l)

Equating each factor to zero, we get (ii)

sinx= {j

(ii)
or COSX = — )

2 ‘ (iv)

The equation (iii) sinx= 0 is satisfied b el
2K Y 0and 7 giving the soluti
{2k} U {2k, ?T-_IEJI],wherckl,szZ. s o

Thi.s is all even multiples of 7 {2k;7 } and odd multiples of 7 {(2K
which can be simplified to (k7 , ke Z). 2+ )

The values of the x satisfying (iv) in the interval [0, 7] are: 2 and (27 E) 2L
3 o

v 05x= T

k T 3
(k7 ) U {(2k7 + E}U{—;ﬁ +2k7 ), where ke Z

2. Using trigonometric identities

[‘l‘ : e 11 ¥
“Ximple 35: - Solve 4 cos? x + 4 sinx—5=0,0<x<27
Solution; ' Z s
? luﬂll- We cannot factor and solve this quadratic equation until each term
Vo . an cos” x in the first term
ves the same trigonometric function. If we change the s* x in the firstt

to 1 - gjp2 , : =
sin® x, we will obtain an equation that involves the sine function only.




Unit 12| Graph of rigonometric and Javerse Trigonometric Functions and Solations of Trignomolric Equations '

4coszx+45inx‘5=0 1 at
4-:1—sin=x)+4sinx—5=u . cos’x=1-sin'x

4 — 4 sin’x + 4 sinx — 5=0 Distributive property

_4sinx+4sinx-1=0 - Add.fland—s :
multiply each side by -1

5, 4sin"‘x-4slnx+l=0
(2 sinx — 1)* =0 Factor
2sinx-1=0 set factor to 0
sinx =2
x = /6, S1/6

: ; 1
Example 36: Solve sin2x cosx + cOS2X SINX =775

mplify the left side by using the formula for sin(A+B)

Solution: We can si

sin2x cosx + cos2x sinx = %
sin(2x + X) = ;%
sin(:ax) = %

First we find all possible solutions for x:

X 4+ 2kn or 3x =3!Tn +2kn

+2—l3{3 or x:L—l-’r%’Eﬂ .. Divide by 3

*3x= k is any integer

EREN

x=7

]

=1,if0<0<2n

posite sides of the equal sign, and then
to write the

Example 37: Solve sinf — cosd
Solution: If we separte sinf.— cos0 on op
square both sides of the equation, we will be able to use an identity
equation in terms of one trigonometric function only. '
sinf —cosb =1
sinf = 1 + cosf
sin’0 = (1+ cosf)’
sin%0 = 1 + 2cosB + cos’f
1—c0s?0 = 1 + 2cosd + cos 0
0=2cosd +2 cos*®
0=2cosf (1 + cosb)
2¢c0s0=0 orl+cosf=0

Add cosf to each side
Square each side
Expand (1 + cos0)’
sin’@ = 1 — cos’®
Standard form
Factorize

Set factors to 0

- Mathematics-X1

cosf=0 or

: 0 =mn/2, 3n/2
we have three possible solutions, some b

: s =

i : hich
squared both sides of the equation in step 2. Any Tay be extraneous because we
. lime we raise both

cosfl=_ |
o f=q

tion to an even :
Bqluz:‘l o i ok hpowe'r' we ha\r"E'- ihc WSSlblllly of i sides of an
solutions. 1st check each possible solution in gur o lplmducing extraneous
Checking 8 =n2 Checking 8= ur original equation.
sinm/2 - cosm/2 =1 sin - cosx = | : Checking § = 3n/2
1- ? = ; 0- (—-1} =l ; sin3m/2 =cos3n/2=1
=1,tru » -1-0=
= is i i i I=1 true - :
g=m/2 is a solution 6.= 7 is a solutio, =1=1  fike
n ¥

0=3n2i _
3. Using Quadratic Formula 3n/2 is not a solution

Example 38: Solve cos2x = 3(sinx-1 ) for all eal values of x.

Solution: c0s2x =3 (sinx - 1) gi
1 -2 sin’x =3 sinx - e
o X ' sinx—3 double angle formula
- 2sin"x+3sinx-4=0 quadratic equation
i _‘-3& O-@R=4
e i use quadratic formula

Si['lJ‘.'::?’-—l-T\'_'I'ﬁ

sin x=-2.351 or D.SS—I 8
The first answer, — 2.351, is not a solution, since the sine function must range’
between — 1 and 1. The second answer, 0.8508, is a valid value.
X=sin” 0.8508 + 2km,  x=m—sin" 0.8505 +2kn
In radian form,
X=1-0175+2kn x=2.124 +2kn
Example 39: Find the general solution of the equation.
S i sinz.x + 3 sinx —2=0
: quation is quadratic in sin x, we get

i =3O8 _ =355

Not For Sale
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- d A Reduction Identity

" functioni.e. acosd + bsind =c¢

mumemwmﬁmu;ﬁﬂmhm of Trignomotrie Equations

: 1
= sinx = E.-—Z.
1 i 1 —
1,1], it follows that sinx= 2 has a solution but sin x = — 2

1,1].

sinx € [—
has no soluuan because -2 € [~

T S .
et is sausf‘ed by the reference angles s and T in the

The equation sin x =

interval [0,2r]. Thus the general solution set of the given equation is

{E +2nm) U{%’i + 2nm}, where ne Z

Applications of inverse trigonol
graphing to study the behavior of some wave functions and also in calculus and

space sciences. It involves an identity to reduce the form of a trigonometric linear

where a,b,c are constants, either a = 0 and b#0

Example 40: Solve the equation.

ﬁcos& sin@ =0 (i)

Solution: Compare the given equation with the expression

a 5sin @+ beos € we get, a=-1, b= J_

(ii).
a N b
Wolknow that r=aP+ B2, cosdt = i SN = T
NE]

I b
= r=2, cosot=—— ,5In0L = —
2 2

Let —siné + J3cosf =rsin (6 +0)

The reference angle for o is 3 but since sin o is positive and coso. negauve, the

angle x lies in II quadrant.

T 2 . :
Thus @ =(z-7)+2n7= ?’Hzm, neZ (iii)

Substituting (iii) in (ii) gives
=  —sin@ +4/3 cos@ = 2sin (6 +0)

metric functions are very useful in

- 1. Solve each cquauon giving general solutions,

12 i Graph of Trigonometric and Inyerse

F'"“"mlndsﬁmh“m 3 i

—'231n(9+___) S
= 0+o=kz s kez

= =k __23
E T'znﬁ.nez

or 6=_2%
3 +m’rtmEZ

e e
aBml= PMEOZ PR TS nr e

CEXERCISE 12,6

: 3

e, e @ sinx=2
‘(i) tanx =—f3 ) (iv) cos(20-"Fy=_1

2
(v) sa:cE =-2 :
5 (vi) 4dcos’x-1=0
2. Solve gach equation. Use exact values in the given interval.

(i)  (sinx)(cosx)=0 ,  0=x<360°

(i)  (sinx)(cotx)=10 2 ; Osx<2rm

(iii) (secx—2)(2sinx-1)=0 . 0<x<2rm

(iv) (cosecx-2)(2cosx-1)=0 0<x=2x

3. Find the solution sets of the following equations.

@) cosO=sind (ii)tand=2sind (i sind = cosecd

(iv) 40032(%] =3=0 _(v)sinx cosx = g (T Ch Rh 2.2
4.Solve the following equations. _ .
(i) 2sin’x-3sinx+1=0 () oot =

2 2 2
(i) cos’x—sin'x=sinx (iv) cos 2x + cosx +1 = D

: 3
(v) 1-sinx=2cos*x (vi) tan’ = Esec_x

(viii)sin6 + coso=1 -
Not For Sale

Mathematics-XI

(vii) 3 - sinx = cos 2x




('} Solvc sin 4x cosx + cos 4x sinx=—1 for all radian solutions.

@ §+~25—" ® e Ze @ 2+ Tk @ T+ 3k
4 -'...:(u) Tan 1/3 —Sec™! (-2) is equal to
i ‘) n (b) —n/3 (c) n/3 (d) 2n/3
¥ IfSi'x =y, then '

(a) O<y<n (b)—n2=y <w/2 (c)0O<y<n (d) -n/2<y < n/2

_ sin (Tani' x), | x| < 1is equal to
»r i x 1 : X

hotpls [ -~ {b} c = ! (d} =
. [a? V1= x? N/ ( }\1'1+ % m afl al

(v} Tan™ {i)- Tan"(x_yj is equal to
! Y x+y

1a) X T L 3
@ 3 ®) 3 ()7 - (@ =3

2. Find the period of each function. ;
FEIAE : : o 3
(1) —2cosecm x (ij) 6tanmx (i) gcos[-—"_?—_a_—]

g, 4

3. Solve the following equations.
(ii) sin‘x+cosx=1

- (i) sim2x=cosx
“ 4. Prove the following.

- S

(iii) coecx= \;'3_‘+cor,=:

() 2Taill§ S_'% (ii) Tan-ﬁ—+Tan%~Tdf{%=7j
. -1 ] 35 mot 1 =1 1
(iv) Tanﬁ+Tan6—Tan 3 Ta 3

Not For Sale
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‘,\|]H\"'('I'-";
ey =

B @i D

NRAETE 5T i L e AN i S 5 .
b % i . 2 = d
—_ — 4b i Q i :

== @ V2+)+(2+1)

@z-ﬁqﬁi
i-m—f oo D 1+

) -

EE o 4.1 4 19
Y —+—i, Real part x=—,Imaginary party =

— 29 29 29 29

& 3 1. 3 I inary party = =—
L “E—;I, Real part = maginary part ) 2

S

= F4

. 1] 2t tias
"ﬁ\ ﬁE—E:‘, Real part .\:—E,huagmar} |l

Alathemates Nl 401




2_p?

g & - dabi e Aa __—4ab
< » Real part= —and imaginary part = ————
B Arry @y aby S P

g , ~ 1, Real part x=—land imaginary part y =0

_ Q = +308i Realpart = 5 andimag:‘narypar:=3—08-

169 . 169 169 169

I:‘XERCISE ik

g z=-2490, w=2-6i @ z=d—jw=1-j @z= 1, w=3=2i

Q(‘z+2}|"z }+31)(z 1=3i) @ (\r¢+w”_z)(ﬁz-—\f¢j
Q (2 + 2i) (2:—2:')
-Yes, it is-a solution @ —-21-— f‘} %
R RENE A o @+—+ i3 @) -21£i5
@ 0, Eiii«f?_: @ 1, —Z—i-i—i\@

@fr (2=2) (z+0) (z=1)

ijﬁ
2

In-: BE: B %+%:‘ 7. Ny WERET

@ x- [g i :ﬂ Qx:[s s 3]

} Au=—4,A,=
B A, 9=6An=6Ay=2A,=1,A,=51A1=_14

B @—12 ng @ 21 Q-il EQ—ZQG
@ @ Singular 0 Non-singular Q Singular E A=0,%t2

% %x=—l Q}::U,-—l @x:ﬂ,—g
' [1

15 =10 =2

R

1 =% . 53

R
= 2 2
| 8 8 8]

EXERCISE 2.3




Answers sinehnt -
St A ] [ 2. 4 5 Sl
2 2 “hant SRR g oy A S
Q2 S | @plo 2 o/ @1 1 0 S
s < 7% 1 LR s i
. 3 5 .
1”274 T4 3 3
3 5.
gt T3P
1
> b @H-z—b
% 11
ety L &_
2 SR yk=b
L3-8 Ll
2 2773

Q::;:-—?., y=1, z=3 ﬁ x=2, y=-2, z=3
x, ==, X, = "'t, X, =1 e >
BN @ ivia couion @ - : : | UEXERCISE!312)
1 - E E - - - - = - !
I=1, m=3t =t %=t 0 @ +7 € 15121 & 100167 @ 5 & i
|

: & Fasls M T
> : 3- 4-
G EBOT O3 QT
Ll PEUSTIRN . e
Length of AB =2~J'2_9,unit vectorin the direction of AB= _5_,'+ _\% j

L -4 BB Q components; 3, —3, magnitude 3v/2

@ components; 4, 2, magnitude 25 @ components;3-2, L, mﬂgﬂimdﬁﬂh_d:

5y

ﬁ . Q 2b @ 2¢ | Q components; — 1, —6,—3 ,magnitude 46 Q QU=1: 1)

Mathematics-X1 405




Answers _ _
@ = 56)9@(12—5)0 P(.2.8) I. 27— 4]+AE

s
10 Dnema_lly--jH-s-Jr +§k' Externally—3i+3k (11,

‘lﬁﬂi‘fu No real value of & n z=-3

-9 915 QIIQ-IZQ?.Q
P
-. i I—B‘J—EI’C
Ex 9 90° ‘ 73" (approximately) Q
_26 0 27
. Qm"f}' h. el

mo; 0
EXERCISE 3.4

m o 2 g Q _i+367+22% -
. = ]
B —=(=i+7j+5k) ——(-25i+3j+13k
254‘3 0 F_gog,( i+3j+13k)

QY v @ ivin @ 38i+4j-18k
mO: 05

@ i Quiii € S-iF
S5T+6]+2k B -
Ol MY @ =

(approximately)

T*—fu mwurk 6 units m 12 units

Mathemalic

RO —— __

@.3@%

[ A :REVIEW EXEHCISE 3 (LA _
m0.0. 0.0 8 8.9.9.
mi—-gﬂ 27 - ‘Ilr—3J' . BB o n =

W -1

Esq:mre units. (I V3336 square units.

"EXCERCISE 4.1

% % Finite @Inﬂmtﬁ 9 Infinite 9 Finite
@--@wssm D isn @ llL
- 9 27

B @m - €3.2.3.2.3€ 33%%%

8 € 15101051000

0 1,8,28,56,70,56,28,8,1,0,0,0

- 2 2
® .0
T 2
1,6,15,20,15,6,1,0,0,0,-

_Iv‘l'.llhcm'utius-}{l 407

& o014

- —— T

2 ®w1+1+3+5+7+9° -1+2-4+8- 1602 23 +...




15
-920,23,25.29 15 0 6——?5- m 8

Qﬂnes nmem“& 16 515 182‘?&_:;, ,_%,%,;l 1

l-‘” E;g nn=26 4.
ﬂ k:l , the sequence is 13, 19,24, ..one “ '37‘2’ i

el 3m Misus [l 45 hours $ 18500 @ 15
Q @—III Qa +b2 BB 014 23 32- :

. EXCERCISE 430 :
s -

m 920‘1’131111: -29 , sum: -200 Q 11" term: = , sum: o

Qaﬂ=50 ; S, =442 0%1 =60 ; d=5;n=21

——

2
ang; :19:5?- Q n=15 ;d:; LA = 12375
o 6. 12.16:16,12,8 [ 2.4,6,8:8.6.4,2 B -2

B Gn-4) 21078 - Rs.280, Rs.260, Rs.240, Rs.220
O 576 feet Rs.465 340 EEE f: T; El%
EXERCISE/4/4
1-951545 135, 405 Qs _4,2,- 2
Q;-l——— Bl -2 B 2% m 1
B =13 20005 B ) 20200292 @ 36036 &

=

._3(2w_.]) 55 @ um

-------

64 463
Q = QF 4+222 P15,
6,5, =511 @ a,=3,n=6

11 - 8 18 97 41
B 421-,—; 5=8 O € - — — -
@: 51 I"“}_ ﬁ%n Ds P
s 1-— [ 18.12,80r8,12,18 [EE 2 N7
24 1. 24 24 27
F g =— == —+—+ B 20— fr
12 RS = 1 2

EEE  Rs. 16384; Rs. 1073741823 3

== mu@?

T S L /‘_\ = #“:‘?‘*1 T e PR N
=26 £ 13 == gt 51 7§ ll 13

B < A=2925H=291,6=29 € A=-111H=-1168,G=136

16, 24

a

-y
X

QF A=x,G=%|x*-y H=-
5433 3§35

2373173947

190 0 0 0:0: 0 O
{ ‘@rﬂ:?—n

D ti=-1 @s ——m n), Sy =35

Mathemaﬁcg—}ﬂ /109



o
B =180 19 o 517

| 2

_ and nth term is 6n-1 - 156375
and 18 (o) 18, 6 and 2 B 25 B 196.575 feet

o O O
n[n+l] (n+2)° @ 271(ﬂ+1;(2n+1)

9 [4;11—1
L Q ,;(2;13—”} Qn(]ﬁn’—lﬁn _on+3) [ 33x100x101

o n
- 50% 3333 - ?i(?l;'U “ E(2J11+3H+7)

(n+1)(2n+1)(n+3) A m—ﬂ___(rf}{ﬂ SO +54n+25)

n
.
n‘—(nﬂ](n +3n+l) 0 4"” 4-n( n+1)[n —u—l]

1-(3n-2)x" ! 3x[l_— x""}

i+l
mG: -1 @ —— T
- 1-(6n-35)(—
22 @ ra-L-2 @O0

147x 8% 9 = i
.-___(I_x)i (1“3)3 n n2 n 9 m 4

_Gafl- (-x)""]
(1+x)

sxmnsm‘ 3
IE '3r12+l;%-.n(2n2+3n+3} B 312+ nn(n+1)?
B 35 L n(nt ) nes) [ 3 +2;Ei15{3" ~D+2n
. 32" -1);32™ -n-2) u 5+ +27, ii‘_f—l+2'fn

n H :
EA 65 O oL
- 2(3;;4-2)

n-1
- 4(n+4)
ﬂiﬁﬂ EWIEXERCIS

—P NN N ' @a@a

B W - SUCHEDCDN . F1- B2 'ut? 7
-z (l=2)

-% n(n® +4n® +4n -1 @ nin -+-])(3n +5n+1}
n+l

: #%:-. n (u+1} (3,. 1) @ n(n+1)(4n+11)
T 4 . T

& --n(n+1)[3n  23n434] & %(4;5 _1) o %(n1+3n+5}

——

1
» 2An~ ”"'TF

2(1—?—)

——  (n+Dn @252 Qﬁ

6. - &? (n+D)! (n+2)!
@’2 6l G0 i 82 3, D! _2@6 @Jg

5 g ey 1‘ '. b LE 5 ~U 5
B 20 30 %3;60 -ﬁn & & s
n 40320 m ‘5040- 120, number of even numbers is 43 - 0125

c- T Rt B —



A 3360 Q e
150 [ 37800 szn

5 Ea
’m . ,ﬂ'??l- :

e

-

T

o e A

REVIEW/EXERCISEL6) ]

mﬁacﬁaﬁ

......

@'b 1+ 7xy+21x%y? +352°y +35x%y* +21°y* + 7255 + 57y
@ —1~1:y3+5y2 +10y+10+i+%}
@56%3 @ -C, 25 .2y @ 6x° & 2268 Qams
2 e 2"
ﬁ;& =G 9—1140 Q p kel @ ‘gC"E
B %ma‘b’ @ 15";0? » and 5:23 a @ -252x"y°
There is no constant term. Q'}‘Qd Q 242

@ 24° +20a°b? +10ab® T, = -885735 To=—"c,12°4"
€ (EXERCISE 7.3

5 o Q 1- 1.‘r+ix1+i"} e
: 9 g 16




B ooy Bl —sssi0 [ 2+
EXCERCISE 8.1

QDomamf R Ra_ngef R

Q Domain f=R— (—4,4) Range £=[0,) 5.4 Q
Q3x+15 Qz 5xgl{x_4]*- Q f"{x):ﬁ @%ﬂﬁ

Dom(f)=R-{3} Dom('f":-;_R {1}
Range(f)=R—{1} Range(f}:R*{S}

x+3

@
®

I s T I ]
mn |
mEL 1
___I__u
- L
iy E
1
e L -
% | T |
b ;,d ’-III‘11I| |||IrI
— 1 1 1
! I L |'r‘l
SEES3maE=aams
JlIT'IIIl_{TH
0 Y
1 T ol N O |
T I T P O
| N N o o Y O Y

_ By changing the values of b in the quadratic function, the axis of symmetry of the

graph moves in the x-direction

m /_‘-:',e‘:?»\fcncx: (0, 0), y — intercept: 0, x — intercept : 0, Axis : 0, opens upward

ﬁ‘ Vertex: (0, 8), y — intercept: 8, x — intercepts: £2, Axis: 0, opens
“ downward

@A Vertex: (3, 4), y — intercept: — 5, x — intercepts: 5 and 1, Axis: 3,
— opens downward

@ Vertex: (- 1, -= }, — intercept: -3, x — intercept: 1, Axis: 1, -3,
—~ opens upward 2

B0 D -oH-oH-o H--oH-o




Answers

B = —p e EEE e e e S

M

: |
= | &

cun ‘ -

N R 1 s
L] i i 5 =

SEEERNERES By - pe

I
i
mEm mmm o] : | 'l
R EEmESEE ‘ L G \i
= 1SR O : SE=s H &
nam :——5--—|:r' 1 " ik EEJ:F_/.-_— I' ;1 I I i 1
HiHE i S E
T nBLEE 48 o qmm e = |
- g = H+1H =1 ; - ImE . !
L - [ [ 1 .
: - gSsss HH . SSSEEEESSEsiSEcia: e
u Fi ] R 15 g {1, 3), (=2, 0) Ay (==
j H i I #1321

T % T +T
Bl -1 -7+12 ERSESEEEELS
‘ Tt o
n 0}:—1.{2—‘1’""1_5 0 },=r1x3+-§)—x+§ :Htj:.?-?—lﬁ.qj:rij:- .
2 = FH e
& ] rEmH
p 1] : : I_E ll :
___L___.J:i:f_tEEE
: - (2.2}
‘ o e B  Airspeed = 5 km/min, vel-:}cil.y of the wind = 1 knx.-"mi.\'l.
HaoH @ H
¥ anai == R
WO« Dy f&*\wﬁ%&b% @b® @c
&2 | v

(30 (0 -3)

nDnmuin _f':[—lﬁ,—ﬁ] [ 35 ] Hf(x] 3x*-2x+5
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n o 3 .4

2,b=—2y

J.l
e
=l 2 3
‘ 3 2 L0 o
%_1.___31 ; .\{._1.3]
== (2-iyd 10 °(2-12)
=20
3-2Me %627
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Answers

(6,-2), (3,0), (4,0); unbounded

Fhei=1= =l g

||.|||||:£:?
Y
Pt

F

&

o N 8 E} : bounded
5T [E' 3]‘ (2 2

[EE] (-6,8), (5, - 3); bounded
Ty

ANSWETS

s it

(0,0), (2, 0), (1,4, 0, 6)

i

—

(0.6)

5 m’ X
(5] {3.0%%;{ o 4 ?}a
[3. l} [E. 3]. (0, 4), (0, 3)
_ . 2 2 5 5§

B @ Maximum value is 12 at the corner point (6, 0).
B @ Maximum value is 20 at the corner point (0, 4).

- @ Maximum valuye is 50 at the corner point (10, 0).
—— Minimum value is 4 at the corner point (0,2).

Maximum value is 84 at the corner point (0, 4).

== Minimum value is 7 at the corner point (1, 0).

. Maximum profit of R, 1140

if 16 bicycles of model A and 10 bicycles
of model B are produced. :

Maximum profit of Rs. 14000 if 200 units of
Product B are produced.
T —

product A and 400 units of -



Answers
Maximum profit of RS- 1760 if 8 lam

- ofmadellaal'ﬁi’md uced
REVIEW EKERCISE 9 S5

mo: O OO0

] 24
24 at two different corner points [T

ps of mudel LI and 24 lamps

- Maximum value of zis
[ Rs: 112, when x=2kg
- Maxlmum value of zis 600 at A (120

y=4kg

,0) and R (60,30}

nso® € ° @cc—s?flﬁ ‘b sin25° & s
I € sins9° € cos30" T7 <« «»

4
-2?—] and (5,% P

: @tanzsﬂ A_‘@:_"@$2+J§ ‘ﬁ?‘Z—J?_’ f:*x 243
2 T & 24
6\!--&«,"- erh.r"“o *_——2;‘_‘%_‘*—5 o2

063656 -ASB@_—S&A@Q—SS

--65 —_ 65 —— 65 N
4

“Q‘Yﬂn(9+¢]wharesin¢=3§.Cﬂs¢=g and r=5

“ . 2 8 15 2

i ys:n(6+¢)wh¢resm¢=ﬁ.cos¢ = and r=17

2

05 ¢ = —— and r=+29
cos ¢ /5]

stin(6'+¢)whercsin¢=%,
1
in (6 here sin ¢ = —, = — and y=+2
@’ysm( + ¢ ) where sin ¢ = cos ¢ \Ean ¥

EXERCISE 10.2

-5 12 -3 -120 119 -120 g A
13’13 12 2169 _ﬁ!ﬁg ﬁ 119 -

: @ o " cos5x—cosTx /% [sm 1?8"—%]:166”] @ — (sin A + sinB)

&nswers -

4P 3 CcosProosQ  25in40° cos3® € 25in50° sin2
.
ESIHE "‘%ZC{)S—CO

27 = -"“Wm'{a""- Ty :
s b

ll 2=3,b = 3\!_,3 60"6‘%}3—57? ¢=136.6, a=22.7°

@'a*Swf—b 52, 0= 450 m«ﬂ\a 62°,b=7.44,c =156
@a_essm«zzsgc 2423@#*»5:_332“ B=178°

ERE 24.30m ¢ 52.9° BB 353m453m-1143m
- 189, 3m% 61.4 fect IR 7.265cm

. XERCISE 11.2
Il@m =60°, B=30°, y=90° Aa 25°, B=123% c=152

@a =408,b =166, 8 = :%OAQ 90, e A S

yad= 449?8




RN S { _5573° a-—..106“20’,b=159.c=140
; o . - 5-3
Qa “3‘83-16"2 357 5

° No triangle possible
oo B
@ :- 1551, p=3°%" yo 1A
' °37"
Qb=409.0{], a=22°39, 7=46° 59' “Qa 96
50.7°, o
Qﬁ=8ﬂ°(}'38'97=3?°55 o AT g

o s & A= o 1
ﬁ a=4.0°, f=316° y=1444 Q o el =P P :!
' ]

Rl 7.9cm, 14.8cm il 1879km apart |
26, y=12°17 ﬂ 72.9cm _‘
EXERCISE 113 : 3

The answers are in square units.

m O - i A & O 5o 74P 64 & s gﬁﬁ_&»?eﬁs_z :
® s & & o & 137365 @ 27307

Pl =224, y=82%’ B &s.1125 N 787 ¢ e :
EXERCISE11.4 e

mo :- SUI—IOTQR 145, r—ﬁ-r-ﬂlém Area = 209m’

n Q33,0?dm O 1:.v0n B 35.7V3 843
REVIEW EXERCISE11

T XXX

a=43°17, f=64°

53 Answers

Bl Q-1 -2 y=2% Q No triangle possible.

S e S T e T 4 R Ml P e

@a459°43 f=857,c= 104 Qc 40.68, a=81°4Y, f=41°17
@ a=1474, f=70°39, y=85°56 € o = 42.8°, b=s2, c =847

& 7=17.5%a=1705,b=133 -642?@43? O s

«@%— 33.03% 57.1cm, 20.84 cm 253m i 165.3ft: ‘Blls78m

11_‘ =

é‘% R—{xlx:n%;ne Z}.R—(—l,li,ﬂ' @ R,{}rl—liyil, J?ER}o'E'
4@9H—{xl.xz{2n+l]%;neZ},R—{yl-—ﬁSyiﬁ.yeR}qr
& R- {xlx"s—; nEZ} @R {xix {2n+1}£2',nez},R,:r

1:%:;‘ R-{x\x=nm neZz},R- [—— _),2;;

«%ﬂﬂ} R—{xlx=4n+2, neZ},R-(-11),8

@3‘ 91 %ﬁ l, '1— ! l. a2
—— P9 29 - 4 4

m, i
& | & |
i 1 i. F'f\ sl | {\
‘:-Il kY |
X - —--;"l._-—l._\<f--1_.g{f._~_.x X II\ ;: IF 35 2 _ox
A7 R\t R
1! 1t . ‘
“ 1
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Answers

ﬁ 9—-—+2m’r nez @ =3—;E+R'ﬂ‘,nez

—

I She . 05 TEXERCISE12.4
- P | et
3+ | San i +2INT REZ p \Ie—=2nm.ne?
_4m ¥ | e - 2
!r " . % A% {%+2m,mez} u{%-{—?mﬁ,mez}
y |
¥ ! H Q !. \r @ {—£+2m‘r.nez} U{S—ﬂvfnrr,nez}
0 31 i e ok { ! ? 6

! @ T . .
- A i QW o=F+2n7 or 5,=1%+2nm neZ
X o 1 i
] ,
'I|

Tt )i : a : : : '
ﬂ_ﬁ_j,ﬁ__i;_——»x Pl i | -ﬁ;ﬁzm.nez @.ﬁi @ {_%%} Q ? .
TEFEE | PP
4 1l Inl 1
. 1 itude 1 ——— .
@ reict 7, Fregeney . AT XERCISE 125
§ Period % ,  Frequency %‘ Amptitade 1 m A&\h‘ % ‘r . *‘%4 'ﬁDoes not exist.
Q Period2,  Frequency —;— Amplitude 1 -/f'“* Sinx = Tan™ J__ up s
9 Period4,  Frequency %' " #mplitade 1 ' @‘ Cos™'x'=Tan™ m , 0<x<1
EXERCISE 12.3 7 Tdiaii e - @Cm *=Tan [i) O<xes R T3

P 3 : ‘
LA, Y 9_=—+2nrr nez .
e - o 0=

?r .
Q €=—Sé£+2mr or =%+ 2nminel @ 9=§'+”n"”52

E}U{l—éﬁ+2m} keZ
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= i =k =
o T S L T A R S5 ES Sttt -\nf-'w' =50

".Q{%”’k”}u{%”‘”} kis any integer. @ { +krr} keZ Q {3"'2’"”} U,{ 3 +2nﬂ}U{%+2m}, s
) -:-. d : ; - . . E '
: Q g %’r”ﬁ PRIy ISR : Q {-2— +2m}r}U{lg+2m;r}U{l 16’“»'4. zm,;} m is any integer.

% 4z 4 bz, 4 o |
s Q ge{g +§k;r,k EZ}U{ 5 +3_kmk EZ} @{E +2k;rr}'U{-5-§- +2k:z}, k‘isany integer.

: Q {%’.FZ,W' ﬂez} U{'s?+ 2n, HEZ}U{——+ nm, ne z} { +2nm, ne ?} @ No real ‘solution. @ {E+2kﬁr}U{ 2k ], k isany integer.
5 i
6

-0 o o0, 1800, 2700 € 2 2 @ £ 2. = B @ REVIEWEXERCISE12

a2 ; m@ @wﬂ@ & O-m
.” L4 EO’{ *””} {‘4_."”’_’} }U{+2kn}U{5—%2kﬂ§EzQ

3 Q {M}u{%+zm}u{-’f+zkr}. keZ .
: 3 2%kn +-—}u Qkn ), ke z@ {uﬁz—“} keZ
Q {f+ 2kg}u{-§+ 21:::} k any integer St 2 3ufie
; 2
i C(z 117 [57 L6 keZ h
Q {_4_4;”, U s e Uy 5+ Ak U Hdkap, keZ The Authors
3 . : d
Q {E—ﬂm} U{_{I_ } neZ ' E Prof. Dr. Gulzar Ali Khan (Retired)
: ! 6 3 : 3 Gulzar Ali Khan received his B.Sc. from Government Postgraduate College,
- yr 4 Bannu in 1975, and M.Sc. from Gomal University, Dera Ismail Khan and Leeds
e — is any integer. : : N ;
Q { ”""r { +2m?r}U{ +2m:r} i y g University, U.K. in 1977 and 1981 respectively, and his Ph.D. from Birmingham
University, U.K. in 1986 all in mathematics. '
_Q{ +2kﬂ} {?+ Zkﬂ:}U{E*‘ ch.’f}, k is any integer. : Dr. Khan taught at Gomal University from 1986 to 2000. He joined the
University of Peshawar in 2001, He remained Chairman of the Department of
Q e <G T ; A Mathematics. He has published many research papers in his field of interest. Dr.
— Khan has been a member of the Advisory Committee, Ministry of Education,
Q {£+ Zmr} U{S_x-'- 2””} U{3_ﬂ'+ 2nm } , nisany integer. Government of Pakistan, Islamabad in the subject of Mathematics. He has also been
= |6 6 2 . amember of the National Review Committee (N‘RC} on mathematics, Dr. Khan
d 1sn0w retired.

Not For Sale




Khyber Pakhtunkhwa Textbook Board
Phase - V, Hayatabad Peshawar

Phone: 091-9217714-15 Fax: 091-9217163, Website: kptbb.gov.phk

Prof, Dr. Islam Noor (Retired)

> 18 ; ot o
i< a retired Professor of Mathematics of the Unwers:t_y o
wilrgaitisgety a; degree from the same University in 1972. He received TEXTBOOK FEEDBACK FORM

Peshawar. He obtained M.S from : .
M.S & Ph.D degrées from Temple University (U.S.4) in 1982 & 1984 respectively. = s :
emarks —]

Dr. Noor has published numerous papers in. ati nal
journals. He was a member of HEC curriculum committee for revising B.Sc, 4 years

B.S and M.Sc. programs. He remained Chairman of the Department of Mathematics
twice. He has organized seminars at Bara Gali campus, University of Peshawar for PRI TP P Do

college teachers to cope with the changes madeinthe

reputed national & internal .
- | Overall the book is interesting and user friendly,
e

2. | The language and content of the book is age / grade

syllabus of F.5c. &B.Sc. | punctuation errors.

3. | Content is supported with examples from real life / culture,

Prof. Dr. Muhammad Shah .
Dr. Muhammad Shah did his M.Sc from University of Pe:::hawar in 19_98. He did his % | Coments 7 1oxts are suthende and Udated.
Ph.D in 2012 from Quaid-i-Azam University Islamabad in computational Algebra. : __ ;
In2010, he was awarded IRSIP scholarship of HEC for Birmingham University, UK. J 5. | Pictures / diagrams / graphs / illustrations are informative, |
Dr. Shah has been teaching Mathematics at postgraduate level since 2002 in relevant and clear if not, then identify them.
different colleges of Khyber Pakhtunkhwa. He has been the Subject Specialist of ? B. | Activities, projects and additional work is suggested for
Mathematics and Computer Science of Khyber Pakhtunkhwa Textbook Board since reinforcement of concepts |
2014 to 2017. He is the editor and reviewer of several textbooks of Mathematics : : .
and Computer Science. : 7. | Assessment achievements are thought provoking and |
e C comprise cognitive, psychomotor and effective skills, i
a'.’ Y - | 8. | The textbook is easy to be covered within academic year. |

Pa . i
| Page No Observation/comments Suggested amendment along with rationale
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