vy =g 3
. cosdd =1-8sin A cos _
s3x=cosdxcos2x

L cos26
poobele

. Prove that sin(F—¢ )sin (F+9)=

: 3n
sin®( ©+ B]tan[-z—-t- B)
wot® (%~ ) cos* (7~ 8)cosec (2~ 6)
2

cos(90° +'B}sec(-6)tﬁn(180“ -8)
H ‘sec(360°-6)sin(180° +8)c?1(9[}° )

,l 9, Prove that i)

(SR SE e

=cosh

NHZmMmocoC Hun
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Solve right angled triangle when measures of

two sides are given,

one side and one angle are given.
Define an oblique triangle and prove

the law of cosines,

the law of sines, !

the law of tangents, and deduce respective half angle formulae,
Apply above laws to solve oblique triangles.

Derive the formulae to find the area of a triangle in terms of the
measures of '

two sides and their included angle,
one side and two angles,
three sides (Hero's formula)
Define circum-circle, in-circle and escribed-circle.
Derive the formulae to find
circum-radius,
in-radius,
escribed-radii, and apply them to deduce different identities.
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Unit }]':.-\]uﬂil:-.tlilnl

s il'lfl'ﬂd““u:;: variet th:rpﬂiizznsc
: i 7 t ’
Tngﬂﬂﬁm:f"y demic fields primarily ma . the measurement of hei
in a number of a¢ _ n used in the clghts
in ancient times: therwise measured. For example,
ars from the earth. Even today, in

Trigonometry, i could not be ©
-otances of objects W : of st :

and distan find the distance trigonometry is often used for

ghts and distance of far-off

on. It is used extensively
ience and engineering,

; ed t0 e
trigonometry Was U thods being available, 10
£ te me 0as 3

A ::J?c[f: :Jc-:iuzmpls calculations regarding het
objects. : . i solving triangles. Every triang],
- onometry 18 $ gle

One of the important usclis of \:’Ei o called the clements {OF Parts) of the

has three sides and three ang™ss, jved when all six elements are known and

iangle is SO . i :
at a triangl hich one is side, will be given and it will

J ; ments, in W ; ; .
listed. Typically three TE: other threc elements using trigonometric laws and

be our task to find
definitions.

As shown in figu
angles of a right triangle.
B, where a and b are the legs,
the right angle.

A triangle i

ndard lettering for naming the sides and
angle A, side b is opposite to angle
is opposite to angle C,

re 11.1 we use sta

side a is opposite 0
and side ¢, the hypolenuse,

s usually labeled as shown in figure 11.1

Figure 11.]

The vertices are labeled A, B, C with sides opposite to these vertices aré

denoted by a,b,c respectively and the measure of three angles are usually denoted
by o, B and y respectively.

, We begin Wi!_h. using the trigonometric functions to solve righ

triangles. Later we will learn how to solve triangles that are not necessarily

angled triangles. We wi . _
h‘ifn egles. angles. We will also derive formulae for finding the areas of

t angled
right
such

nit 11 I Application of Trigonomeqry

11.1.1 Solution of Right Angleq Triangles
We can solve a right angled triangle provided

(i) two sides are given or hat either measure of

(i) one ac

a . ute ﬂ_nglg and
one side are given. We consider the cases as o]

i When measure of twe e

Case-12 : c=J7
sides are given

Example 1: Solve the right angled triangle ABC
in which @ = 15, ¢ = 17 and y = 90°, J

Solution: From figure 11.2, we have Y
sina =2 =12 _ g8 & e
e 17 : Figure 11.2°

=5 @ = sin"'(0.882) = 61.89°

since a+ fi= 90° o

= B=00"-a , The side b can also be

=90°-61.89° = 28.11° found hy Using

Pythagorean Theorem

ct=a*+bor

br=ct—gt= 7P - (159

sothatb = 8.

b
Now cosar=—
[ &

= 17cos (61.89°)
=17(0.471)
=3

= b = ccosex

Case-11: VWhen measure of one angle and one side are given
Example 2: Solve the right angled triangle ABC,
in which b = 12, @=70" and Y= 90 §
Solution: From'figure 11.3, we have
a
13’ /
or a = 12 tan70° &
=12 (2.747)
= 32.97 ft. k- e
To find the length ¢ of the ladder we have
i % 12 ft
cos = - Figure 11.3
or ¢ =12sec 70°
=12(2.92)
=35.088 ft.
Example 3: The angle of elevation of a tree

its base is 33'. Find the height of the tree?

313
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of elevation = e

Solution: Let the angle #
and height of thetreé = :

3 ft

Then tan 6= .4% = tan33® = 22
= h = 42 tan 33° i
%2728 _ 4 om
The tree is 27m tall. Figure 11.4

Example 4: From point B, the top of a light house 1_20 ft above the sea, the angle
of depression of a boat at point A 1S 5°. How far is it from the light house to the
boat? ‘ "
Solution: Since the angle of depression 5
is the acute angle formed by the line of sight  qz20n e

ne passing through the | B,

and the horizontal li
position of sighting. Figure 11
situation. The angle A must
measure. We have

5 indicates the
also be 5° in

Figure 11.5

B b
cot A=— cot 5° = —
st 120

= b =120 (1143) = 1372 ft, approx.
Example 5: From the two successive
positions on a straight road 1000 meter
apart, a man observes that the angle of
elevation of the top of a building directly
ahead of him is 12°10° and 42°35". How
high is the building?

Solution: Let A and B be the two successive positions of 2 man on the road

such that | 48| = 1000m. CD denote the height h of the building and let BC =x

A 1000m B x
Figure 11.6

o AKCD i Kive b 1010 e ek B
AC  AB+BC x+1000
or x+1000 =hcot 12°10' =4.6382h (1)
In ABCD we have  tan 42°35' =h
X
=x =hcot42°35 =1.088 h (2)

From (1),2) 1.088h+1000= 4.6382h

= h=281.6Tm~282 m
¥ =3068 ~ 307m s L R

Not For Sale _
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Solve the following right triangles

(i)
’/fitﬂ (1) 4
6~ |a 12§ __+F W) 3
- | 26— ¢
& | A"‘:::'J‘—F \
A A_ 2 ___r_:ic ""-—-...__L_m,y"\a bl \\‘.“
A5 _ BTl [
. Solve right triangles ABC inwhich 7 =90" anq c".l__ "5;:\-3
1 = = 78" =5 5 o d
(ha=14, pg=28 (i) b=89, B=215 (iii) b 14
5 (i) b=14,c=450

The angle of elevation of the
: 5 : top of a post f; ]
away is 33.23". Find the height of the P[:m rom a point on level ground 38m

A masjid minar 82 meters hi
: igh casts a
angle of elevation of the sun at that mom;:ta TR S TR,

The angle of depression of
; a boat .
How high s the cliff? at 65.7m from the base of a cliff is 28.9°. -

. Fro i i
s ;5 [n:) ;1:11: ;opscgz a cliff qum high the angles of depression of two ships due
re and 24° respectively. Find the distance between the ships

. IWO maslts are 20[I'I Hi i o e {I[}S u]ilkes an
"'d I.Zm hlgh If T.he lil‘lE i ini i
: ; - o (J:lﬂ.'.l:'i:I th 1r 1

8. Th
e measure of the angle of elevation of a kite is 35°. The string of the

10. An isosceles triangle has a vertical angle of 108 and a base 2

kite is 340 meters 1 i ing i :
o s rs long. If the sag in the string is 10 meters, find the height

How far does the parachutist fall as. -
to 30° which is observed from a
hutist where he Lpuches the ground.

: ',A' PiffachutiSI is_'_descﬁnding vertically.
the angle of elevation changes from 500
point 100m away from-the feet of a parac

0 cm long.

Calculate its altitude.

315
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Trigonometry
ication of Trigonol

Unit (1]A02

s richt 3[|ng.
le is IE lique Lrlanglc_s-

le of a triang o b

f the ang :
Lf-i:nugrli:.;ﬁgﬂm 1.7 both triangles

abtuse angle
Figure 11.7 . (b)
(@
We see that an obligué riangle has either
i) three acute angles (figure 11.7(a)) o
?.) two acute angles and one obtuse angle (figure 11.7(b))
1]

; iangles, however, in th;
. we solved right angled triang | , in this
i s !as;v:c::ﬁgue triangles. Given three elements of a triangle we wij
ﬁmﬂ i:ltlil:ﬁo the remaining three elements. Thus; we have the following
as
five possibilities:
When three parts of a triangle including at least one side are kno
uniquely determined. The five cases of oblique triangles are

wn, the triangle js

1. A.A.S: Given two angles and the side opposite to one of them
2. A.S.A: Given two angles and the included side

3.8.5.A: Given two sides and the angle opposite to one of them
4. 5.A.S: Given two sides and the included angle
5. 8.5.5: Given the three sides

In case of (5.5.A) there is not always a unique solution. It is possible to have no
solution for the angle, one solution for the angle, or two solutions——an angle and
its supplement. :
mamamI:ﬁz::er tln solve the above cases of oblique triangles, we develop special
tools called the law of cosines, the Jaw of sines the law of tangents.
(a) The Law of Cosines
In this section, we

case 5 of oblique triang]é:sWlll derive the law of cosines and we use it to solve e

Not For Sale
Maihcffﬁ

the triangle is called oblique :

Unit 11] Application Of Trigonumetry
Theorem (Law of Cosines) 1 an
(i}_ azzbz-rrz—-%ccu's:z
(ii) b2=c2+a2—2mcos,3
qil)  ef=at +bz—-2abcus}'
Proof: Case 1: All the angles
acute angle in figure | 1.8. If h

Y triangle with usyg] labc.]ljng

are acute, g is an
1s the altityge of

vertex B, then in ABCD, we have, A P
a* z}iz-f—{r-"‘ﬂz (1) -
In ABAD we have 1 Figure 11.8
CUS:Z:-E_
[ &
S X =008 y, i
: h§

Put (2) and (3) in (1)
a? =(r2—x2]+{b2—2bx+xz)
= b1+c1-2.‘)ccastz

Case2: One angle is obtuse. « is obtuse R
In ABCD ({2‘—‘flz+l:-b+x)2

giving a® =h?+b% 4 5% 4 2y (1)

2 15 obtuse
Figure 11.9

InABAD,  cos(80°-g)= £
[

S x=C CO05 (180°~g)=—¢ cos @@ (2)

and ; ¢ p2yy? (3)

Put (2) and (3) into (1)

2 _ el 2 2
a=(c" =)+ + 2+ (x) =5+ +2(-c COS @ y=b?+¢* ~2be cos &

- Inboth the triangles, we obtained a® =% +¢* - 2bc cosar.

¥ considering angles B and C in a similar manner, wé can prove that

2
b =a* +¢* - 2accos B

e =a* +b* - 2abcosy

By rearranging the formula we can express the cosine of the angles in terms of-
three lengths sides of the triangle.

*Mathematics-X1 317
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%.5.5. and S.A.S,
possibilities could be
tackled by using cosing”
law. However in S.AS,,
where two sides and
included angle is given,
it is necessary that the
given angle must be
less than 180°.

gle of triangle whose sides measure

Example 6: (S88): Wht is the smallest an

25, 18 and 21117

S If 7 represent n ¢ (the side opposite) 7 must be
olution:

the smallest angle, the
dabi=c @+ U9 _ o
Bl G o 0.
the smallest side, s0 ¢ = 18. Then cosy=—"r, 25 ED

= y=cos ' (0.707)=45°
Example 7: (S.A.5.): Findc wherea=352,b= 28.3, y=38.5°
Solution: ¥ is the angle included between a and b.
ot = a® +b* —2abcos ¥
= (52)* +(28.3)* ~2(52)(28.3)cos 38.5"

=c*= 918.355

=¢ - 30.30 unit
Example 8: A body is acted upon by the forces 10N
25°35" with each other. Find the magnitude of the resultant of the forces.

and 20N making an angle

Solution:

The forces of 10N and 20N are represen _
ted by sides of parall -
elogram,

U,Ilit 11_{ Application of Trigonomerry

D

ol 10N 4 ,
Figure 11.10 (b)

The resultant R is the diagonal of parallelogram ABCD. Hence
R = (10) +(20)* —2x10% 20cos(180°- 25° 35)

=860.78 N* =R =203 N.
Example 9: An equilateral triangle is inscribed in a circle of radius Scm.
Find the perimeter of the triangle. A
Solution: Let O be the centre of the circle. Join O
with vertices B and C.
In the equilateral triangle ABC, we have

LBOC = ZAOC = £AOB =-%(360")=120’
8]0 - o8] 5n

Using cosine law
| B[ =|0B[ +|oc|" -2x| 08| oC]cos 280C Figure 11.11

c

=52 +5% ~2x5x5c0s120°
= J'E .Each side is ¥75cm.

Hence perimeter of ABC =475 +475 +75 =375=15\3cm

(B)  The Law of sines
e In the last section we disc
angles S : 2e
X In gl?; ge.:gon we will consider the fourth case ASA or A{tS which is one*
case because knowing any two angles and one side means knowing all the three
angles and one side. The law of cosine does not work where at least two sides are.
needed. We state and prove the law of sines for this purpose-

ussed the two possibilities of solving oblique

Alathematics-N1
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s shown in f'g'-"'e 11.12

(ii) 7 is obluse

e ) Figure 11.12(b)
Figure 11.12(2 2 s A
':hmf the triangle with base CA. Then 1n figure 11.12 (a]
Let = height ¢
h ook (Solving forh)
ing=—andsin}=
sin@r =" .
h=csinoand h=asiny .
a_siny
Thus ¢ sina=asiny = ﬂ%— =L

i h=csin&
In figure 11. 12(b) h=a sin (180°—y) =asin ¥ and
Hence ¢ sina =a siny

draw perpendiculars from the other two vertices on opposite sides

ISimj]aﬂy if we
of AABC we get -
sing _sinf @
a b
wi . Sep_say 3)
b c

Combining (1), (2) and (3) we have
sing _sinf _ sm;v

Unit L1} Application of Trigonomeiry

Example 10: For a triangle ABC, b

Solution: Using law of sine
sing _ sin 8
R

g AEo sin85°
= ERERIX TR TR g=1ess

=30,b=70 § =85°. Find @.

Example 11: Fror:n a point P. t]‘n: angle of elevation of the top C of a tower is 28°.
From a chcnd point B.’ which is 2200 ft closer to the base of the tower, the angle
of elevation oé the top is 66°. What is the height h of the tower?

D B 2200 ft
Figure 11.13

Solution: For AABC, AB =2200, £ ABC = 180°-66° = 114° and £ BCA=38"°,
Applying the law of sines to A ABC, we have

sin338°  sin28°

200 a
Thus a= 1678 ft, approximately.
Now for ABDC, we have '

$in 66° = —=—
a

Thus  h = 1678 sin 66° = 1533 ft, approximately.

Using The Law eof Sines for SAA Triangles
85°

A =180 - (85 ¢+ 50)
A=45 7 @
50°

AMathematics=l
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nwhjl:h
d a= 20

Unit 11| Applic
Solve the triangle i

Example 12: s
a=38,p=121

Solution: A
y=180°-121°-38

Bir e A

. = sing

sin sin sin121°
= E';Tm_a." = sin38°

Use the law of sines again but this time using & , 7 10 get
0% 52 o 11
sin 38°

a .
o B c= — X siny =
siny sin & 1

(c) The Law of Tangents
triangle ABC, show that

Theorem: In any :
tan (@ +f) 1 b+e
@) atb _ :1’- iy, e
a-b t&ﬂ'i(a" B

1
tan—(y+a)
(iii) ota _ _f__
cod ta.nE(J‘-ﬂ')

Proof: By the law of sines in any triangle lABC

a b [4
sing@ ¥ m P m =D(Saﬂ
We have
a=Dsin@and b=Dsin g
a+b=D(sin& +sin f) (1)
a-b=D(sin& —sin ) _ (2)
From (1) and (2)

at+b _ sina+sin§
a-b  sina-sinf
Using the formulae

sin + sin § = 2sin E;—ﬁcmgg_ﬁ

£ =18'U'
Since a+p+7 _21° Use the law of sines to getb

b =20 x =—— = 28 approximately.

6 =12 approximatcly.

1
“tana(ﬂﬂﬂ

R 7 .
Ianziﬁ 7

a/ ¢

i

Figure 11.14

122
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and sin@ —sin g = Qcos-':%ﬁ sinZ=8

we get

1
tan—
Similarly bic Wn00+n L

Sl
tan=(f-n

: These three relations are known as the law of tangents. Note that the
interchange of lengths a, b result in the interchange of angles &, §. Hence if

b>a then it is better to use the tangent formula in the form,

1
b+a _ lani(ﬁﬂzj

i ‘““%(ﬂ—a}
Example 13: Use the law of tangents to solve the triangle ABC in whi
a=925 c=432and § =42°%0. 8 in which

1
tan — (@ —
a-c "3( n

Solution:
a+c 1
tan -i(cH- ¥)

But o + 5 =180°— § = 137°30' = ;—(a +7)=68°45

1
525432 Wz (@-)

Hence =
_ 925+432 tan(68° 45"
. | vl Y
Therefore tan(a-7) = —2 x 2.5715 = 0.93=> L(a-7) =43°F = a-r=86°6
2 1357 2
Now @& +y=137°30
a —y =866
By addition 24 =223°3¢
@ =111°48"
By subtraction 2y=51°24'
: y =25°42

Mathematics-X1




\pplicanot! of Trigoneme

To find b, W€ use the 1aw -_:nf sines
g
S'Il'lv_ﬁI 5':?' E fa ____‘1_3_'_2____. 55.11420 301 =6T3
B ';1;-?: sinf = i 25047 :

; Angle Formulae useful to solve @ triangle when the
@ The half angle fcnnul:;, M‘Tc":g given and 10 angle is known. These

sid :
?e::ﬁ:: c(:)ul;ﬂ;: derived using the law of cosines:
cosine of Half the Angle in Terms of Sides <
Theorem: In any wriangle ABC: shov;}mal \ﬁ}\
& _ 5(5-4a) ] S[-‘;é . 3
5Ty be -2 . X
1 1
}S':s'ﬂ =—(atb+c)
cns% = T where $ ?.l:a
1 /
proof: Let S=E{a+b+c) G.L;@—” P A i
: _ g

Using the law of cosines % T

E’.fﬁil“i Figure 11.15

cosa = 2be

o
Butcns.:r=2 cnsi-id -

%) 2 0 l_-bz"’ci-ﬂi
Hence 2cos - g T

. ?yct-at b+c)2-—a1
g W HE = o S
= 2 cos 2_______-—-— e

" - s
The numerator being difference of two squares, can be written &

%= [®+c)+a] [® +c)-a]
2 2be
Since a+b+c=28 .
and b+c-a=23-zﬂ=2(5_a)_

L _ AS)XAS-a)
3 ke

2 @ S(S—ﬂ) o
cos —= —0r .
72 be cos 2

Unit 11 E Application of Trigonomeiry

As a £ 180°, — is a measure ,
Z of acute angle, the v
e alue of cos o will be 2
: TR positive.

Hence. [cosZ = S(S-a) ) :
2 be M
gimilarly we can prove

i) The sines of Half the Angle in T
: e
Theoren: In any triangle ABC, show thatrms of Sides

sinZ= (S—b)S—c)
2 be

i B 8 NS =)
2 o

inZ= [E=akS-0)

2 ab

8 .whcre,sz.;_(_a_,_bﬂ)

B
&
Proof: cos@ = 1-2sin* £
a \ c
3 \
i
P

Hence 2 sin’ % = l-cos&

=]- b2+{,‘1-.—a'z= ﬂz—[:b—fﬂa CL’.D . E!\‘
2be e
_ (a=b+c)a+b-c) Figure 11.16
: 2be
S]'I'ICC a+b +C=ZS
S0 %
a b+C=2:S—2-b=2(S—b) and a4+ b-c=258-2c=2(5-c)

S s .
ubstituting these values in the above equation

2 gin2 & _ AS-b)XAS-0) . a _ , [s-biS=9)
e e =sin - =&

Arain sin &
£4ain sin T is measure of an acute angle sin % is always positive.

Hence L2 f(Sa-b)(S—c] :
. Sm2 L be (2)

Vlathematics-Al
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Unit 11} \pplication o (S e
al‘ld sm ab .
Si-’i 2 d(-'
Similarly 2 M —
Tangent of Half the Angle in Terms
: at
iy Th In any triang€ ABC, show thi
pap 5 -b)S -c)
tan—=55(5-a) /
)i E-ofS-a) ;
e )
= -b)
o L a)(s 3 i
2

Figure 11.17

(by (1) and (2))

(S—b)S-¢) (3)

Similarly a

: —a) weget
Now if we multiply and divide the right hand side of (3) by J(5-9

&0 AT fES-a){S—b)(S-t‘)

"3 = G-aV 5

Hence y=180°-(a + 8 )=180°-138°12 =41°4¢

L. Solve the Mangles with dimensions.

Denoting 1‘% by r, we get

Uﬂ“ 11 i Application ::-i“.rri;;unnmcn-}

= S R

-a

where 5='2-':ﬂ+b+0)andr= M_S_—_E'Ls_;g_
S

Example 14: Solve the triangle ABC with
a=75,b=55andc =50

1 1
S= E(ﬂ+b+c]=—2..(?5+55+50)

gimilarly

usual notation for its sides given that
Solution:
=90

So 3._,a=90~'.-'5=15

S5-b=90-55=35
S—C=9€|—-50=4ﬂ

Using half anglc formula
['5(3 a) _ [9005)
G)s0) 0700649
= % =453 or a=91°Y
B_ [SG-b) _ {mxzs =
Also cos z — st 0.9165
Jij

= ?=23°35“,'-ﬁ =47°10°

EXERCISET20

() a=209,b=120,c=241
(i) @ =100°c=3457=564° (iv) a=245,c=438, f=112°
V) b =16 c=32a=1002¢ (vi) §=39°30",y=34°10",a=240
Vi) @ =35°, g =70°,c =115 b=124, f =72°

(i) a=120,b=240, y=32°

(viil) a=375,

(i) b=125c=23,2=38°20 (x) a=168,c=319, f=110"22

2. Find the angle of largest measure (Using half sine law).
M a=74, b=52 and c =47

327
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Unit 1 | Application r;j"['rigﬁlfnn‘-clr!'

(i) a=T, b=9 . andc=7
(i) a=23, l -f " .;.,.'h::: l]a.';:gth of t]:rne: zi:ei-;rc given.(Using half cosine
- 3. Solve the triangle 10 :
]?i‘:)a=9. b=T" andc=35
(i) a=1.2, b=9 andc=10
(iii)a =6, b=8 andc=12
4: One diagonal of a parallelogram is 20cm long and at one end forms angles 20°
and 40° with the sides of the parallelogram. Find the length of the sides.

Two planes start from Karachi International Airport at the same time and fly

in directions that make an angle of 127° with each other. Their speeds are

525km/h. How far apart they are at the end of 2 hours of flying ime?
6. A city blﬁcl: is bounded by three streets. If the measure of the sides of the

block are 285,375 and 396 meters, find the measure of the angles of the street

make with each other.
7. The diagonal of a parallelogram meets the sides at angle of 30° and 40°, If the

length of the diagonél is 30.0cm, then find the perimeter of the parallelogram.

8. Use the law of cosines to prove

(b+c+a)b+c—a)
2be
(a-b+c)la+b—c)
. 2be
11.2  Areas of Triangular Regions
To find the area of a triangle ABC
we discuss three cases SAS, SAA and SSS
separately as follow
(a) Area of a triangle when two sides //
and their included angle is given, /J o o RS
From elementary geometrywe know A C B
that the area of a triangle is equal to Figure 11.18

(i) 1+cosa =

(i)  I-cose=

Unit 11 |I Application of Trigonomerry

one half the product of measure of the base and measure of altitude. In figure

11.18 for the triangle ABC.Let h be the measure of altitude.

Then area A is given by A = % (AB)(h)

. L .
But since AB = ¢ and E! =sin & orh=bsip &

1
A= Ec(bsm&)——bcsma (1)

. % h i
Also h can be written as 3 =sing orh=g4 sin g

So that A becomes, A = %(p) (@asing) = -;—q’(; sin g

Similarly by taking other sides of the triangle ABC as base
We have A= %ﬂb sin ¥

Hence the area A can be found by either formula
A= E ab sin y = % acsmﬂ ——br:sintz

This shows that the area of a l.nangle is .

“One half the product Df the mensure of two sides and lﬂe a’slf
measure of the a.ngle included between ﬂwm." .

(b)  Area of a triangle when the measure of one side and measure of two
angles is given (SAA)

If in the formula = ac sin f of the area of a triangle one of the sides say c is not

known we can replace it from the law of sines.

We have :

a b c asin
- oo asiny

sin sinf siny sina
So that the area is now given by

A =L gesin B = la[a?iny}x sin g
2 : 2 sinex
s sin,:{?sin;}-‘ 2
2 sing

= ¥
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Similarly we have ES2 : ; ; .
measures of all the sides of a triangle are given,
triangle when
(clil!eaﬁfa A lsg]\"ﬂﬂby o L %
Weknowmaiﬂwm mszlngmz =bCSlI'lEC()52

Using half mgll‘lf;’J’_“:’:s/ﬂ JEE/::- _ fe-a6-bs-a Q)
b4

tively known as i
Hero's formula (alterna y Heron's

This formula i known a5

formula). he above mentioned formula.

using t
We now find the m":;ﬂ?:ﬁleﬁwasc ® here @=18.4°,b=154ft and ¢ =2115,
le 15: Fin B
o ! pesin@ = —(154}(211)(5151 18.4°) = 5128.349
Solution: A = &
28.35 square feet.

¢ with angles 20°, 50° and 110° if the side

decimal places the ared is 51
area of a triangl

To two
ample 16: Find the
?pposie the 50° angle is 24 inches long.

o e o
Solution: Let « =20°% p =50 y =110
Now b is given which is 24 inches

Hence the area A is
o 1. sin frs'mf

2 sinf

1 . .2sin20%in110° _ 120 83 square inches.

s= N —

2 sin50°
Example 17: Find the area of a triang
Solution: Since three sides (but none of the angles) are know
formula to find area.

Let a=43,b=289andc=120, then

§= %(43+39+120] =126

le having sides of 43ft, 89ft and 120ft.
n, we need Hero's

A = 126(126-43)(126-89)(126-120) ~1523.70
To two decimal places the area is 1523 sﬁuare ft.

Unit 11/} Application of Trigonometry

Example 18: What is the vertex al'lgie .

are 131t long if the area is 50 fi*. isosceles triangle whose equal sides

Solution: Area A ABC= —iab sin ¢ 2
50 = % (13)(13)(sin ¢)
13 13
sinc= — =0.5917
¢ = sin” (0.5917) = 36.3° .
=36°18' Figure 11.19
1. Find the area of the triangle ABC in each case .
iy a=15 b=80 y=138°
L (i) b=14 c=12 o=82°
(iiiy a=30 - g =50° ¥=100°
(iv) b=40 a=50° ¥=60°
vy a=70 b=8.0 c=20
{vi) a=l11 b=90 c=8.0
(vii) b=414 c =485 a=49°47
(viii) a=32 B=47°24 y=70°16"
(ix) b=47 Ca=60°25 y=41°35
x =57 c=23°24 B=171°36
(xi) @=925 c=433 B=42°1T
i) a=92  b=T y=56°44’

" 2.The areaof a triangle is 121.34. [f@=32°25, f=6565" then find c and angle 7.

. : 125
3. One side of a triangular garden is 30 m. If its two comer angles areZl—ignd
! .]?-‘1.‘.' , find the cost of planting the grass at the rate of Rs. 5 per square meter.

4. A new home ownet: hias a triangular-shaped back yard. Two of the three slides

Measure 53 ft and 42 ft and form an included angle of 135°. To determine the
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el

the owner has to kno
square foot. o

to 'he pur¢h
yard to the nearest

th Triangles

413 Circles Connected Wi : .
111:3-! (2) Circumeircle: A circle passing through the vertices of any triangle
: The measure of radius of this circle called

is called the circumcirele.

is denoted by R. The center of this circle is called

* circumeenter. ; .
bisectors of its sides meet each

The circumcenter is
other.
) Incircle: A circle drawn inside a triangle
the incircle associated with the triangle. Its radius i
is called incenter. '
: The student know
which internal bisectors of the ang
() Escribed Circles: A circle, W
extertially, and the other two sides internally when

circle or ex-circle or  e-circle.
There are three such circles, touching the sides a, b and ¢ externally. Each
uches externally- The measure

circle is associated with the side of the triangle it to :
of the radius of the circle opposite o the vertex (touching side externally) 18

denoted by rand measures of the radius of the circles opposi

and C are denoted by r,and r, respectively. The centres of t

the point where the right

and touching its sides is called
¢ called inradius and its center

s from elementary geometry that incenter is the point at
t each other.

Jes of a triangle MEE
hich touches one side of a triangle
produced is called escribed

ex-centres are similarly denoted by I, , I;and L.
is the point of inte

The ex-centrel, with respect to the vertex A
gle A-

the external bisectors of angles B and C and internal bisector of an

te to the vertices B

hese circles called

rsection of

[/nit ]ll-Ap]:lIiE:]timl of Trigonome
) ctry

11.3.2 (a)To find circumra
. dius for any tri
any triangle ABC

(i) To find R, the ci
) ] circumradiug
a side and its opposite R oL A
site angle, angle ABC in terms
of measure of

Let O be the circumcenter of the trj
! an

meet the circle at D. Join C and D, gle ABC. Join B and O and produce it to

'\l
-__r?‘:}.
_.._-':; a

Figure 11.20

Figure 11.20 (1), (ii) and (iii i
g 0, (iii) depicts th
;Ibtuse S ol s mspemingly e cases where measure of angle & is acute
ow BD i i ‘ |
measure of BD is the diameter of circumci
i mcircle. Hence
mac =a
In figure (i) m £ZBDC = a<Z
2

BBLdUSe o a".d Z B n lhﬁ same arca o e = I'I| *

/ Henc @_— ;
e =sin £BDC =sin &

mBD

So -,;T;'r-sin o
(1)

§ I" ﬁGU"e (HJ £ and rd ;
ol BDC
Sup lemenf
‘ : a are ‘ p "‘-‘fry alt%l;ﬁibecause ﬂ]ﬂy are madﬂ
} L]Ie same C]lo[d BC 1n two OPPOS“C arcs BA.C aﬂd BDC.

Hence

JHE e

—— =sin Z BDC=sin (n—-&)
, =sin a (2)
n figure (iii) a==Z-

Not For Sale
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Unit 11

Hence in this case 4 "
BC a8 _gnd
E.'EE =1=sin %ssin aie 3z = sin
o oniclusion that
jtuati ead to the cuncl_usl
Hencca]ltheﬂlreesmauansa d o
m=—2— o [EEGRER AT
sin& R -
dius in terms of the measurements of sides of a triangje
i radius

i Circum
(@) We have almad}' pm?@d thats-b}(s-ﬂ} 5 fS(S—a)
=2 sin 2 cos o = e be

sing = 2 2
SE-a)S-BS—C) -
e

R= 2sin@ T 4A

o A = SE-DE-DS0) _ _
::;:ple 19: Find the circumscribing radius for a triangle whose sides are 3,5 and 6,

: Solution: 4psc _3+5+6_4

i g S
abc . _3xsx6 . %0 _ % _- 3(approx)
k= 55 -a)5-b)S—O) TN M6 2456
®)  Tofind inradius r for any triangle ABC - |
_ . A b.
We shall prove r= ﬁw_‘l /’1\
‘where S = %(“bafc) is the half perimeter. y \

. Let the internal bisectors of a triangle ABC meet

at the point O which is the incenter. Join O with
vertices A, B and C, We obtain three triangles
OAB, OBC and OCA. The altitude OF, OD and
OE respectively of these triangles is a radius of
the inscribed circle. The bases of these triangles
are sides of the original triangle. Then from

figure 11.21 _
Area A ABC = Area A AOB + Area' A BOC + Area A AOC

Py
i
]

Figur-;?; 1121 -

are perpendiculars to the side. B¢ and sides AB, AC

l_'-l]“ 11 | \pplication of Trigono
DE I ef ey

If we write A for the areg of triangle ABC th
&
r=2- Y6 -a§ b5 g s
s __-_"‘3—-—-—_._

= [B-a)S-b)s-g
L -aNS-b)XS-c)
s

Example 20: Find
7,24 and 25,

Solution: We must first calculate the

half peri
S= %ﬂ‘ﬁz T+24+72 56, perimeter S,

T —é'-=23
Then r= %, 2Ux4x3
; \ 23 SR Jo=3

Example 21: Prove that in any triangle ABC r=4R sin & gin B s ¥
Solution: RH.S =4Rsin £ s £ g, 7 2 2 g
: ar 2 n =

_ 2
_ 4abe) [(S=p)s— [G—axs—o)
Bk __:i "_xv” a5 —¢) , |(S-a)S-b)
ac ab

=4 ’(S—af(s-b*s- 2 -
A @bc) \ a2 :Iz Lz =—(abc)x ________[5-—::}{5—5)(5-_1-)
< abe

L
] A
= 52 X SE-a)S-b)S-0)= Ly = A -
A 2 @B sy
as A= S(S-a)S-b)(5-c).
(L':] To find the Radius of e-circle of a triangle
het 0O I?e the e-center opposite to the vertex A as
Shown in Figure 11,22
LetL,M and N be the points at which the e-circle

t ; it
ouches the side BC externally and touches the sides

*AB, AC when produced respectively.

Then from elementary geometry OL, OM and ON
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n of Trigonometry

L nit 11} Applicatio

produced) res;uecuvel

ith A, B and C,

y. Join the e-center O W
Area of the triangle js given by

(when
=m ON = ,
Clearly mOL =m oM = Mea aAOC Area ABOC Oy N T ’
“ABC = Area A AOB.* - V=== e & ]
Area AAB 1 _].ap=-r1(c+b —a) 3 T -—2-><.__=~‘Ecz f
=lepe=bhi=3 =l R = abc A 87" —re f
2 2 a+b+c : *'E-=;T__= c l
_ 1, @s-20)whereS= "7 : His ,
2
Cis g A 2
Thus the area & of triangle AB ' P = ‘Eﬂ xgz‘ =_c
] a0 )
A=n(S-3)0r ) 5. 3
Now h=s == 4 = 362 Jif

if the e-circle touches side b directly but sides a, ¢ ype, | 4
- Similarly . . S-a 33{ 5 2 :: T

pmdlIDErd‘ 4 ¥ CD . € N0
: : iated with vertex C is given b | Hence, r:Rip=-=_:.%.¥k
The e-radius ; of escribed circle associate & ¥ | 23 3’ 3
Example 22: Find R, ry 11 12 and r, for the A0l S AeAmmea ot fhe s | # :r Xlﬁ'ix 2 Y3, l 2 -.
3 , | 23 ¢ e 3 Xo=3:1li=123 ‘
5,12 and 13. Example 24: Fi b e 8 |
P : m’::z;:f:e '3? 8' Féngd th_e area of the inscribed circle of the triangle wh : |
G, i , 8 and 9 unit. gle whose sides f
et a=5.b=12an IS . Solution: Here § = ?_"'g.ﬂ =12 !:
5-_.(5+12+]3]-— | 2
J__Tr. m e . Area oftriangle with sides 7, 8 and 9.
A = JS(S-a) SE-a)S-b)S-¢) = VI2x5xax3 =26.83 unir®
: 5x12x13 i _A_ 2683
R= (frbfl _:;50_. =6.5 ! e ik 2.24 unit
0 Area of i i i ool 3
r:r?—?: 2. : of inscribed circle = s = (3.1416)(2.24)* = 15.76 unir®
a3 r e
L il | o ' i
= r | . Compute the in-radius (r) and circum- radlus ol
; f
» S 53012 7 l Sides afe given -.'R} the tnan,:les whose
sA—a |13; 4 (i) 3,5,6 (i) 21,20,29
pm = =15 , . 2, Emd the area of the inscribed circle of the triangle with measures of the
e i sides 55m, 25m and 70m.
= | 3. The measures of the sides of a triangle are 20, 25 and 30 decimeter. Find

Example 23: Prove that for any equilateral triangle 1: R oy
Solution: Let the measure of each side of the triangle be denote y
. S ctete _ 3¢

2 2

the radius of the described circles
(ii) Opposite to smaller side

(i) Opposite to larger side

Mathematics-X1
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Unit e (iiy abe(sin @ +sin B+sin V) =44, (vi) If the angle of depregs; : ;
i i3 = " - ion of an’ ok

4. Show that {1?) R then the distance of the abjecan object from a 75 m high tower is 30°,

(iii) V2 = ;

(F)50 3 m (€75 3 m

>
th
&
B

correct option. vi)e =136, =30°24', 8 =72°¢'

BC, find b
(h)3

n a departme
g esca

ifa_-:z'(;=5, and l‘=900
V21 529

nt store makes an anglé of 45 with the
Jator if it carries people a vertical distance

, Choose the
(i) Inr.ightI"."i:ﬂ'lghf“3L

(@7

fii) An escalator in @
: und. How long s th

of 24 feet?
@ 12426t~ 242 ft ) 8B & 5
he length of the base and ‘b’ the

3. Find the measure of the smallest angle

lengths of the triangle whose sides have

43,51 and 6.3 13,42 and 3.8

. C
s Prove that f:]rany +r,—r=4R (if) R +1afs + 13 = 87 (vii) The point of Concurrency of the ri : (€150 m
B n+nthT ' ‘“alnglels called e right bisectors of the sides of a
11 L i (2) In-Centre 10 ,
s 1 — ! D 71 Orthocenter 1 ¢
e B : i With usual notations rry,y, =r Circumcentre  {¢) Centroid
. Show that. - s p =Stan= i n=StanZ | |
r ok (i) :‘,:Staﬂ% @ 5 =34 e g I a LT, S . A
s idngle Are in the ratio 3:7:8. The_radius of the inscribe q ! 2. Solve the triangles. A e : \
e o Lo SI.dES .1 the sides of the triangle.. | (' a=07, c=08, f=141°30 (i) g = .'
circle is 2m. Find © . S | (iila=156, b= ' Aty D25, £25
BTV TE RCISEALL | R A A (ivia=48 ;
~REVIE = " b=35c= , b BSAk, ST
e LSV i =35,c=37,a=23°25 (viya=584, §=3720
i ? = o L] ? e 1000

]
|
i
!
|

*. Find the measure of the largest angle of the triangle whose sides have lengths
() 48 ft 29,33and4.1  6.0,8and94

The sides of a parallelogram are 25c¢m and 35c¢m

a=3 meters,b = 5 meters, andc = 6 :
formula? . .

|
ol i ‘a’ is t
iy Ifin an isosceles triangle, " 15 : 3 ;
(ifi length of one of the equal sides, then its arca 15 _ long and one of its angles is 36°. Find the length A K
L )5_1_-1-_b._ e a—b Pd of its diagonals. " 3
(a) %_ a2 (b) T 4b—a’ 4 |a-b 4 I som
‘ find the area of triangle ABC having ; - ‘:ri?an, 4 S e T, Mo ws dnt ot AV ot
(iv) If Heron’s formula is used to 1in hich of the following & LEy N he notices that the string makes an angle i /g0 X
meters, wWhi : of 60° with the ground. How high is the kite? 3 P
|
|

shows the correct way to setup the R ‘
- A robin on a branch 40ft up in a tree spots a worm at an angle of depression of

(hy A= 2)(1 - > .
(a) ﬁ:?,’l(lﬂ}(ﬂ){ﬂ} (b} A \j[ﬁ}( )(1) &/ 14°, From a branch 15ft above the robin, a crow spots the same worm at an
(d) angle of depression of 19°. How far is each bird from the worm?
(c) A=7(3)(5)(6) |[.;ﬁ=,’l7(4)(2]{1] _

(v)" In the adjoining figure, the length of BC 1S
(a) 243 cm ('n‘|3-\.6 cm A 30 — 3
(c) 443 cm

“. The angle of elevation of a building is 48° from A and 61° from B. If AB is
20m, find the height of the building. '




