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subject to the constraints & |
x+2y> 120
x+ y=>60 ;
x-2y >0 |
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Use distance formula to establish fundamental law of trigonometry
| o cos(o=—f) = cosacosf + sinasinf, and deduce that
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. lil Define allied angles
N Use Tundamental law and its deductions to derive trigonometric
-i(‘,;; ratios of allied angles
0 Lixpress o sin@ + b cost in the form r sin(0 +¢ ) where a = rcos ¢
1k and b= rsing
E, Derive double angle, hall angle and triple angle identities from
0 fundamental. law and its deductions.
M Lxpress the product (of sines and cosines) as sums or differences
. = i 3 (of sines and cosines)
b S : g .
: i «  Lxpress the sums or differences (of sines and cosines) as products
x . u 1
i (of sines and cosines) . \ e ] e
e
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10.1 Introduction ey
In the previous class some basic trigonometric identities have been proveq

and applied to show different trigonorietric relations. This unit is a continuation
o} dextvations of different trigonomietric identities. These identities play an
important role in calculus, the physical and life sciences and economics, where

these identities are used to simplify complicated expressions.

We shall first establish the fundamental law of trigonometry so as to be.
able to deduce other trigonometric identities. ]
10.1.1 Fundamental law of trigonometry
cos(e— /) =008 (£C0S ﬁ +sin asin il

Alcos :1. sin a)
Bcos B, sin

Consider the given unit circle with
centerat O. 3
To establish the identity (1), we use the unit
circle shown in Figure 10.1. The angles a
- and B are drawn in standard position, with
04 and OB as the terminal sides of a and [3,
respectively.
‘The coordinates of A are (cosa, sinc),
The coordinates of B are(cosf, sinf3). o
The angle (a—p) is formed by the terminal sidés of the angles o and . An angle
equal in measure to angle (a—f) is placed in standard position in the same figure
(«£cop).
From geometry, if two central angles of a circle have the same measure, then the

respec_ﬁvc chords are also equal in measure. Thus the chords AB and CD are
equal in length. Using the distance formula, we can calculate the lengths of the

chords AB and CD.

The length of a line segment with end points (x AR o v i fhe
following distance formula P 1Y) and (xz, y2) is g y

d=|RB|= (-5l +(n-y) .
We apply this formula to the chords AB and CD .

X' Q

Figure 10.1

<..

‘As |AB|=]¢€D], so by distance formula, "

\f(cos a—cos f) +(sin @—sin B = V@s(fz;ﬂ}_l]z - [sin(a—ﬁ)lz

Squaring each side of the equation and simplifying, we obtain

(coset—cos B + (sina—sin B = E:‘gs(a_'ﬂ) _]]2+ [.ﬂ'n(o: _ﬁ]]z
= cos’@—2 cosacos B+ cos’ B+ sin*a~2sinasin B+ sin’ B

_ cos* (@~ f)=2 cos(@- ) +1+ sin' (&~ f)

= cos’ e+ sin" @+ cos B+ sin® - 2cosarcos f— 2sinarsin B

= cos’(@ - B)+sin’ (@~ B) +1-2cos(c— B

Simplifying by using sin’@ + cos’8 = 1, we have

2—2sinarsin ff—2cosacos f=2-2cos(c— f3).

Solving for cos(o-p), it gives us

cos(er— 3) =cos arcos f+sinarsin 8

We refer to (1) as fundamental law of trigonometry.

10.1.2, Deduetions from the fundamental law of trigonometry

The following can be deduced from the fundamental law of trigonometry
which are useful and play a significant role in proving the other trigonometry

identities.

(i) cos(—ff)=cos

By Fundamental Law of Trigonometry,
cos(er— ff) =cos xxcos f+sinarsin f
Letting a=0, we get

cos(0— B) =cosOcos f+sinOsin
cos(—fF) =1-cos f+0-sin 8

cos(—f) =cos f§

(ii) cos(-’zi— B)=sin B

By Fundamental Law of Trigonometry,
cos(a— f3) =cos excos ff+sin arsin 4

; Fis
Letting o = E' we get

T B
CDS(-Z——ﬁ) =cos%cos B+sin ;smﬁ




: o
:mﬂ%—ﬂ?:ﬂ-coﬁﬁﬂ'sinﬂ ('.'cosi—ﬂ.smz IJ
oos(%— B)=sin

P, 1 :
(iid) sm(E+a]=cas:z
i e gD ; '
By identity (ii), :m(E— B)=sin f
Letting B=g+u, we get

cos(%—[% HIJ) =sin (%+ aJ = cos(—a) =sin [i;— + a’J
= cosa =sin(§+ cz] (- cos(—a) =cos )

o
5111(5 +a)=cosa

e cm{§+a] SR (iv) {b) sin(-@)= ~sina

By Fundamertal Law of Trigonometry, By identity (ii)

cos(a— ) =cosacos f+sinasin f ws(f _ﬁ)z sin 3
Letting ﬁ=—§.wege! ;
Setting f=-a
T Hiles by oediy 2 oE
cos(a—(—=)) =cos @cos(—=) +sin asin(——) fid
2 b 2 cc—s(? +afJ = sin(-&)
=> cos(@+2) =cos ar-0+sin (~1) 2
By using(iv) (a)

8 T L 2 T B
(. cos(ﬁEJ—D._Sln(—EJ——IJ -sina = sin(-&)

E = : .
o COS(E + (’x] =—sing

(v)  cos(@+f)=cosacos f—sin gsin yi]
By Fundamental law of trigonometry,
cos(a— ff) =cos acos f+sin arsin Ji)

Not For Sale

Replacing Bby-f, we get
cos{a—(—ﬂ)) =cos acus("ﬁ}‘*‘-ﬁin{xsin(_ﬁ]

ok CDS(GE + ﬁ:’ =COsorcos lB —sin ¢sin ,‘5‘ ('_' COS(—,’S} - COSﬁ,Sin(—ﬁ] e ——sin'ﬁ)

(vi) sin(er + ) =sin ezcos f+cos arsin 8
By identity (), cos(er+ ) =cos ercos B -sinesin
Replacing a_b)f-‘g-+a‘. we get
cos[[%a— a’)+ﬁ)=cos[%+aJcosﬁ—sin[%+a]sinﬁ
= cos(—g+(a+ﬁ)] =cos[i;-+£x]ccsﬁ—sin[%+a]sin B
By using identities (iii) and (jv), we get .
sin (@ + ) =sin acos f +cos arsin § '
(vii)  sin(e— ) =sincrcos f—cos@sin
By identity (vi), sin (& + ) =singcos ff + cos @sin §
Replacing fby—f, we get
sin(a+(~/)) =sin & cos(—f) +cos asin(~)
= sin (@ — ) =sin & (cos f)+cos &(—sin )
(- cos(— ) = cos B,sin(—F) = —sin )
5 sin(e — f) =sin xcos f—cosarsin
(viii)  tan(-@)=—tané
sin () _ —siné _
cos(—-#) cos#

tan ¢ +tan f§
1-tan &r tan
sin(a+f) _sinacos f+cosasin B
cos(a+fB) cosacosf-sinasinf

—tan @

tan(-8)

() tan(e+p)=

tan (e + ) =

Dividing numerator and denominator of R.H.S bycosacos 3,




; COS & si
: openp - Encosd coodsing
sinarcos B cosacos B coscrcos 3

T eosaesl = f_sinasin§
i — Fan COSTERL _~—— NP
tan(a@+8)="ggsacos f S“jﬁ s cosacos f  cosacos §

cos.:rcus
sind+ﬂﬂ£
cosd cos S
= sina_sinf
“cosax cosf

tana‘Hﬂ"ﬁ
an(@+ )= naan

_ tang-tanf
® mn(g_'g}riﬂanman,ﬁ
[ana'-i-lal‘l,g
By identity (), tan(ar+f)=1" g
Replacing fby—/,we get
_ tan a+tan(-f) -
tan(a+(—ﬁ)) " 1-tanatan(-f)
tan oz +(~tan f) ' ;
_py= @=L (- tan(—f) =—tan B
= tan(a-p) I—t:ma{—tanﬁ]{ )
3 _ tang—tan f}
G ﬂ)_lﬂanmanﬁ
Example 1: Find tan15°exactly.
Solution: We rewrite 15° as 45°~30° and using the identity
tan oz~ tan
tan(@—f) = ———
n(@=F) I+tanatan § 1
o a 1-_ it
tan15" = tan (45° - 37 = S045 —an30° 3 A1 32
1+tan 45° tan 30° 1-—1— J3 +1 3+J§

NG

Example 2: Find the exact value of: sin 42°cos12° — cos 42°sin12°.
Solutlon:  Using the identity sin(e/~ ) =sin acos 3 — cos ersin

sin42°cos12°-c0s42°5in12° = i {42°= 12°)

I+

1
=sin30°=—.
; 2

et 12 3
Example 3: Given sina=2% and cos ﬁ=§‘ where & and B are in the first quadrant.

Find in which quadrant does (& + §) lie.

Solution: Given thata, # are both in the first quadrant. Since cosine is positive in
the first quadrant and negative in the second quadrant, therefore, cos (e + ) will
decide the quadrant in which (a + 8) lies?

Cos(a_!_ﬁ):cosacosﬁ—sin asin § ‘ )

2
As cos’e=1-sin’a, puttingsin’ & = {%] - 1;;%

T l_l_di = 169-144 o 25
169 169 169

cosa = 115—3. But cos e is +ve in the 1st quadrant,

5
SCOSE = +—
13
A 1 3 = ] L Be 9
As sin® g=1-cos” g8, putting in it cos ,B—-z-s—
T Y o _25-9 _16_ %
B Pl a3 &

But sin # is +ve in the 1st quadrant,

|

~.8inf=
Putting values of sin a, cosa, sin # and cos § in (1)

5)(3)_(12)(4 r_li)_ﬁ _15-48_ -33

cos(a+ﬁ):[ﬁ}[§]‘[ﬁ 5)7 ) \6s) 65 65

it follows that ( &+ f) is in the second guadrant.

Since cos(+ #) is negative,




10.2.1 The angles of measure =

102 Trigonometric ratios of allied angles

T 40,756, _23"'-’19,2,1-19 are called allied angles,

Thus the angles which are connected with basic angles of measure & by a righ

angle or its multiple are known

as allied angles.
tric ratios of allied angles

10.2.2 Derivation of trigonome :
All the following trigonometric ratios of allied angles can be derived from the
fundamental theorem of trigonometry and thus has been left for the students as 5y,

exercise.
i. sin (%-5}.:1:059 3

ii. cos(-;!—s):sina :

i, m(%-s) =cot @

iv. sin(x-8)=sing |,
V. sin(x+8) =-sin & ,
vi. tan(z-8)=—tan g |,

Vil Sﬁlfz—fw):—cos&' i

viii.  sin f%—i—ﬂ]:_ﬂ]sg -

- 3
-IX. tﬂ-ﬂ(—;ifﬁ'}= cotd
X sin(2r-8)=-sin g ,

xi. sin (2;’(1'9} =3in & :
Xii.  tan(2r-@)=—tan g ,

Note: 1. The above results also ap

sin (gﬂ?] =cosd
cos (%m}:—sin g

tan{%+ﬂ) =—cot &

cos(z-8) =—cosé
cos{x+8) =-cosd
tan (x+&) =tan &

m(sz_g} =—sin @
3r :
ms{;m):sm g

3
tan(?'rw):—cm ]

cos (27-6) = cos @
cos (2z+8) =cos@
tan (27+8) =tan @

Ply to the reciprocals of sine, cosine and tangent.

These results are to be applied f i :
! ' Irequently in the study of trigonometry.
2. They can be obtained by using the following Iwo-steps pfoacdurefy

a)

1adrant
quadrant
Third quadrant
Fourth quadrani

All are +ve
sin is +ve
tan is +ve
cos is +ve

3z
have — or — i
b) If we 2 > in the formula, the formula changes sine 6o costne And

cosine to sine, tangent to cotangent and cotan ent to tan :

cosecant to secant. If we have 1 or 21 in the t%mu]uhﬂ?:az‘:ic::ﬁ:{f;c;;:;:

Example 4:.Simp1i_fy each expression, given that 0 < x <m/2.
(i) sin(n2+x) (i) cos(/2 +x) (iii) tan(31/2 + x)
(iv) cot(Zm-x) (v) sin(m + x) (vi) cos(2m +x)

Solution: (i) (/2 + x) is in the second quadrant, so sin (/2 + x) = cosx

(i) (W2 +x) is in the second quadrant, so cos(m/2 +x) =—sinx

(iii)  (31/2 + x) is in the fourth quadrant, so tan(31/2 + x) = —cotx

(iv)  (2m—x) is in the fourth quadrant, so cot(2m—-x) = —sinx

(v)  (m+x) is in the third quadrant, so sin(m+ x) = —cotx

(vi) (2w + x) is in the first quadrant, so cos(2 + x) = cosx

cos(90°+x) + sin(270°-x ) + 5in(180°~x)

cos(—x)—cos (360°—x) + 5in(90°+x )

Example 5: Simplify

Solution: c0s(90°+x) +sin (270°~x) + sin (13'3°—I)
cos(—x)—cos(360° —x)+ sin(90° +x)
_ —sinx—cosx+sinx _ —cosx
 COSX—cOSX+cOSX  COsx =
Example 6: If a, B, y are the angles of A ABC. Prove that
1) tanct + tanf + tany = tana tanBtany

ii) tan = ta.::.ﬁﬂanE tant+tan Ltan L =1
2 2 2 2z

Solution: Asa, B, y are the angles of AABC = + B +y = 180°
i) a+B=180"-y

t
tan (a + B) = tan (180° - y) Aotk

1-tana tanf

= tana + tanP = —tany + tano tanf tany

- tane + tanf + tany = tana tanf tany
i po By,
= = += 42 ="90°
i)  Asa+p+y=180 St
By = tan [9o° -l]
2

tan(E +=
2

a P o ¥
So— +==90"-=
Y ] 2 2




z -ﬁ Z: -t E —'8.
o :mn%lan%-kmn—z-lmz ! anztanz

&g 2 ¥

tan2
Eai=
mn%tan-gﬂanglangﬂanitan2 1
10.2.3 Writing a sin@ + beosé in the form rsin(8+¢) where a = rcos ¢

and b=r sin ¢ . I
Writing a sin 8+ bcos #in the Form rsin(8+¢). Plach)
Let P(a, b) be a coordinate point in the planc-and let é k
be the angle with initial side x-axis and terminal side .
the ray OP as shown in Figure 10.2. 4
—
Figure 10,2

We can express a siné + b cosé in the form rsin(@+¢)
where r = Jar+5? and ¢ is given by the equations rcos¢ =a and rsing = b.
The method is explained through the following example.

Example 7: Express Ssin# + 12cos # in the form rsin (8+¢), where the terminal
side of the angle of measure ¢ is in the 1st quadrant, .

" Solution: Identifying 5sin@ + 12cos @ with rsin (6+¢) gives

5sind + 12 cosd = rcos@ sind + rsingcoséd (1

50 5=mos¢'and 12 =rsing
r=Ja+b = 57 +(12)} =

V25+144 = 4169 = 13

and rcosg = 5 = 13cosg =35

= cos¢=

rsing = 12
Thus, from (1) we get

5sind + 12 cos@= 13(1—53sin9+£msﬂ]
b B

E;
= 13sing =12 = siné:%.
1

13(sin 0>+ cos 912 :
S[mnﬂn-r cosﬂﬁ]= r (sin #cos ¢ + cos A sin ¢)

rsin(8+¢) where sing = %_cgs¢=% and r=13

e e

6.

Write each of the following as a tr
(i)sin37° cos 22° +cos37° 5in 22°
(1ii) cos19° cos 5° —sin19° sin 5°
v) tan 20° + tan 32‘:
1—tan 20° tan 32

gonometric function of a single angle.
(i1) cos83° cos 53° +5in83° 5in 53°
(iv)sin40” cos15° —cos 40° sin15°
) tan 35" —tan12°
1+ tan 35° tan12°

(vi
Evaluate each of the following exactly.

i il e o 5 ;
(i) smﬁ (i1} tan75% (iii) tan105 {w)lan—l% ‘(v)coslS5® u-:]sin-':—z

; 3 : 4
If sinu= E and sinv =§ and u and v are between 0 and g , evaluate

each of the following exactly.

(iyeos(u+v)  (iytan(u—v) (ii)sin(u-v) (iv)cos(u—v)

If sina = —% and cos f = -%, o in Quadrant Il and 4 in Quadrant II,

find the exact value of:

(i) sin(e¢—-8) (i)

If tan & =§1 ,sec fi= l;—. and neither the terminal side of the angle of

cos(e+f8) (iii) tan(a+g)

et ———

measure e nor f in the first quadrant, then find:

(i) sin(a+8) (i) cos(e+g) (i) tan(a+p)
Show that:
(i) cose=2cos* % ~1=1-2sin* 2
(i) sin(a+B)sin (a—-B)=cos® f —cos’ a
T )
S : (i = coeotfl iy, Sn@P) gy an
how that: (i) cot (a+5) cota+cot § ¥ cosareos § b
iyt (Eeg)= S80SOy (X _g) - Lotn®
Prove that; u}tan{~4—+6)_ = { (4 ) s

1-tan@tang _ cos(8+4)

.. tan(a+f) _ an’a-tn’f a0 -
- 1+tanftang cos(6—¢)

) col(@-f)  1-tan’@tan’ B
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- o

e A

--'.—_'F:.__"-- - ;
—SI) e
n(180°=a)oosFT0°=2) g
Show that: . sinﬂsﬂ"*-ﬂ)ﬂm(z'm”“:'
Ifa, B ymmemzﬁofama}glehﬁ
£ 3 1] a
T ot B Ecot=
cot§+cctg+oot5-cm 2cl-::-e‘ 2 2
: =180°, show ﬂlatmtacutﬁ+00tﬂcot'r+mwcom=l
I.'lg:p;fs:c-h of-tt:a following in the form 7 sin (8+¢) where termina i
of @ and ¢ are in the first guadrant.
(@) 4sing+3cosf.
- (i) ~2'sin 8 —5cos8.

C, show that

(ii) 15sin & + 8 coss,
(iv) siné +cosé.

103 Double, Half and Triple Angle Identities
In this section we derive formulae/identities for sin28, cos2 @ and tan2¢

_1_.9 and tan %5’ and for sin3 @, cos3 & and tan3 @ called
2 - .
double angle, half angle and triple angle formulae respectively.
10.3.1 Double Angle Identities
We know that. sin (&+ /) =sinacos f+ cosasin f (1)
(2) Putting f=e in(1).

il
fi —8, cos
or sin 2 C

and  cos (a+/f)=cosacos f-sinasin §
sin (@+a)=sinacose + cose sina
[sin2e =2sinacosa @
Now putting f=g in (2)
cos(a+a)=cosecosa -sinesina

e T T T

Ry )
Potting cos” @ =1-sin’ g in(4) (. gin2y 4 cos’a = 1)
cos2 @ =1-sin’ g —sjp? ,
|cos2a =1=25in? ]

3)

Now putting sin® & = 1 —¢os? ¢ in (4)

cos 2 =cos” & - (1 - cos? q)

cos 2a =cos® — 1 4+cos? o

cos2a =2cos’a—1 ©)
We also know that tan (a4 g) = ‘an@+tanf ; -
B) S Putting g = &
tan (a+g) = Sn&tane
I—tan e tan e
; 2taner |
tan 2 = e o)

Example 8: Given that tan 8= —%amf 8is in the quadrant IT, find each of the

following.

i) cos 26 if) cos26

i)  tan28 iv)  The quadrant in which 28 lies
Soultion: By drawing a refernce triangle as shown,

we find that

sinﬁ'z% And ::t:-t=.:‘,5'=i
N )
Thus we have the following. i
. ' X
i) sin29=Zsinﬁcosﬂ=2-é-[—i]=—2—4
5\ Bl 25 :
Figure 10.3
2 2
i) | cos20=cos* 9—sin*a=[_4 -(E] I
5 5 25 25 25

el
iii] tan 28 = Zmnf = 3 = 2 = 3-16“—‘2—4
1-tan® @ ]_(_3] g b, R O




S e,

d
Note that tan28 could have been foun
following: B
sin28 __ 25 _ F_Z_i
2= con & 1
23

i iti th 26 is -[;
Si i 25 is negaliw.: and -::0529 15 pOS]t] e, WE know i
i'“} ince sin . W a

quadrant IV. .
10.3.2 Half Angle Identities- g
We have cos2a =1-2sn a=

. 2 1-cos2a
= sIn” &= -—-2—'“

!_.- s, - [—6.052.5 i (8)
sing = £. e

Now putting & = 52- in (8).

rsinfa=1-cos2 a

)

If g lies in the first or second quadraﬁt then we will write the identity (9)

with the positive signie.  sin "_: s 1_2059

If g lies in the 3rd or 4th quadrant, we will write the identity (9) with the

" negative sign i.e.

P a8 ‘l-msa )
SIN—"= —_ [~ L
|‘- 2 ' .2_ ____.L

Also we- know that *

= z
Pakeap Rl = 2cos’a =1+cos2a
o cos?aq = Moosla

cosq=+Jm
-

E #
Putting @ = 3

"‘”%“\,E;m—a (10)
: s'm-'?-
From (9) and (10), we ha\'ctangz 2 = ’I"CGSB ,
2 1+cosé

tang=i 1-cos@

11
5, 1+coséd (11)

Example 9: Find tan (7/8) exactly.

1
"z _'J\E—l “Jﬁ(ﬁ_n . -2

Solution: (7

e > ) i
lang—tan 5 HL orr NI P uzhﬁ
2
B T 2—J§_\(4—N§—2J5+2_ 6—42 _ R
_\(2+J§‘2—J§ = . N

The identities that we have developed are also useful for simplifying
trigonometric expressions.
Example 10: Simplify each of the following.

sin xcos x it
L) ——— b) 231n'—2~+cosx

—~c08 2x

2 ®

sinxcosx 2 sinxcosx _ 2sinXcosx
2 cos 2x

Solution: a)

—cos2x lcosh
a N 2

S tan2x  (usingsin2x=2sin xcosx)
cos2x

—, orsin°—

o N e
b) 2sin® % +cosx= 2(1—‘—;;—5{] + ms.r[usmg sin>= + :

=]-cosx+cosx=1.

l—cosx . 2Xx _l-cosx

)




sine
)sinee (BY () and (5) )

10.3.3. Triple Angle [dentiﬁ
We have sin3a= il (2até
= Zsinacos

2 2o =
nzrx;li-sma—-zsmsa o it enopiasl)

in3
_2sin*a=3sina —4sin°e

(12)

=2sina(l =8
s zsiﬂﬂ' __zsmsa +$1I’lﬂ'

cos3a=cos (2a+a)
i —sin2asin@
:;::;f f} cos — 2sinacosasing (by (3) and (6) )

= 2cos}a— cosa — — 2sintacos o

T 2 oy
o Ao -2 (1 -cos?a)cos & (- sin? + cosa=1)
= 2costa — cosa - Jcosa + 2008 0= 4cos’ e — 3cosa
(13)
2tan g
Bl T T
i tan2z+tan@ _ _1—tan’e (By (7))
tan3 @ =tﬂ.ﬂ( ata _l-—taniatana' fo 2 tan o i
1-tan?a
2'taua:+tana(l—1an‘a} :
G 1—tan2a _3tang—tan” &
1-tan’ @-2tan’ & 1-3tan2a
I-tan?ax
(14)
Example 11: Prove the identity ~ 502X _©082% _
sinx cosx
Solution: szx msz,r M cos® x—sin? x ! ble =
sinx cosx e { uuing donbk )
b angle idnetities

Seisify
cos % (simplifying)

=2cosx—

s 2c0s” x—cos® x+sin? x :
o (taking LCM and simplifying)

_cos’x+sin’x 1

T =sec
cos x cos x &

We started with the left side and obtained the nght side, so the proof is complete.
Example 12: Prove the identity

sin’x tan*x =tan® x—sin® x.

Solution: For this proof, we are going to work with each side sepa:ately
We try to obtain the same expression on each side.

= . . 5 (sin®x) sin*x
sin“x tan“x=sin" x| —— |=

= [ X )
cos’x) cos’x
sin® x sinx
tan® x—sin® x =————sin’ x s tan x=——
i COs8™ X COsX
<2 . 2 2
sin® x—sin® xcos® x :
= 3 (Taking LCM) -
cos® x
sin® x(1-cos” x) 3
=——————— (Factoring)
cos’ x
“sin® xsin® x 2 2
=————— (Recalling the identity 1-cos x=sin"x)
cos® x
. 4
sin® x
==—=....0Q
cos® x

We have obtained the same expression from each side, so the proof is complete.
Example 13: Find the exact value of cos 105°.

Solution: Because 105° :%(21{]“} we can find cos 105° by using the half-angle

identity for cos /2 with o= 210°. The angle a/2=105°lies in Quadrant II, and the
cosine function is negative in Quadrant II. Thus cos 105°< 0, and we must select
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=25inlcos ()

= &in 20
(ii) sin 40 = Buin 0 cos™ O Asin O cos o
L8 = sin 40 = sin[ 2(20) |

=25 200520 (Use sin2u = Leinacma, with «=20)

=2 2sin ﬂt:-‘mﬁ'}f?,rm? - 1) = 4sin Ouend|2un 0-1) !
= tsinfcos' O Asinfleend) - gy
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i 7. * Prove the following Idﬂﬂ"“es 1} Bl 2
- (ii) t,an—2-+¢‘0f—=——

& (i) cos'@-sin 9*_@29 2 sind
b (iv) cosec20—cot20 = tanf

|| R i J4cos 2 0 dn36 , 30
e 5
' . & : e
4 (vii) cos9—sin’ =r_--—-—-2+sm2EI {wu)-—————f'ms % =72 ¢os 0+sin 20
2 W, os8—sind 2 sin
i -‘. 1
{ix) cot26=—[oot€-a§]

ing—Ccosa
) sma+cosa+sma : 0.0
cosa—sing cosa-+sind

! '-. d i ... cosec@—cotB

i (xi) tmf—sﬂ (xii) ————=C05ecﬁtanzﬂ
{ 2 l4cosa 1+cos B 2

t o

1-tan®—

1 i
('ml}coszﬂ 1=cos® {xiv) 2 = coso
2 2-2cosb 1+an*Z
2

(xv) sin20—4 sin’ cosf =sin26 cos20

8. Write cos'® in terms of the first power of one or more cosine functions,

9. Prove the following identities: 2
e et : 1-tan’26
(i) sind@ =8sin @ cos’@—4sinfcosd (i) cot4f="7an28
= 3
§ i), cotag= 2t f-300t0
g 3cot? -1

10.4 Sum, Difference and Product of sine and cosine
10.4.1. Converting Product to Sums or Differences

We know that

sin (0+ ) = sin ot cos f + cosat sin § (1)
and  sin (0-#) = sin o cos § - coso sm;:i' (2)

Adding (1) and (2) we get

- -Mathematics'XI

Y 104

[ nltll)l mxmmetrie ldi.-ntlliem p

P o PR

sin (0 B) + sin (0-8) =2 sinoeos g

2 2 sin0cos # = sin (o ) + sin (653

Now Subtracting (2) from (1) {3)

sin (04 #) — sin (0= §) = 2 cosgy sin f§

~.2 cosot sin ff =sin (a-t-,&)-sin(uum @)
We also know that;

cos (o:+ B) = coseicos B~ sinasin g (5)
and  cos (0—f) = cosowcos § + sinasin g (6)

Adding (5) and (6) we have,

2.2 cosoieos f = cos (o ) + cos (o- §) N
Subtracting (6) from (5) we get, '

. ~2 sinosin # = cos (0+ ) — cos (0~ 5)
-~ 2sinat sin § = cos (- §) - cos'(o+ §) (8)

So, by converting products into sums or differences we get the following four

identities:
2 sinoicos § = sin (o+ 8) + sin (o-8)
2 coso sin f = sin (o ) - sin (0 8)
2 cosucos § = cos (o F) + cos (o—fF)
2 sinosin § = cos (o) — cos (c+ f)

These identities are usually called the Product-to-Sum formulae.
Example 16 Wmc the product 2 sin 5@ cos 38 as a sum or difference of sine

and cosine.
Solution: Using the identity 2 sincicos § = sin (0:+5) + sin (e~ 8)
We have,

2 sin S@cos 3 @ =sin (56 +36) +sin (36-36)=sin 86 +sin 28
Exampie 17: Express sinl0#cos 46 as a sum or difference.
Solution:  Using the id:zmil;r 2 sinccos # = sin (o+ §) +sin (&= B)
We have, sinocosfg = - [sm (cc+ f)+sin (- F }]

sinl0@cos 49 = % [sin (109 +48)+sin (108 - 45‘)]- - (sm 14 8 +5in 68)
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. 45° cos 15° as a sum Or d'}ffercnce_
08
2c  cosocosf = cos (o B) + cos (a-g)

8 Write the produCl

Using the identity

o o
15° = cos (45"+15°) + cos (45° — 15%)

45° cos =
S = cos 60° + €08 30°

Sums or Differences 0 Products

.......... (1
(@)

1042 Converting
Leto+f =

'ﬂ-",ﬁ = ¢

Adding (1) and (2), we have

= G+¢' :
ID:' =
;ubira;ung (2) from (1), we have
o &-‘#
ﬂ- :
= -—-g in the four identities of section 10.4.1,we gét
Subsututmg o= T ? and B =

E g s 9-¢ -
t-‘éﬁsﬂ—eow:-mn—— .5in —2-'

[T

+ formulae.
These identities are usually called the sum-to—producl formu

Example 19: Convert the sum sin16° + sin12° into pmduct-
o+¢ 09
2

cos -—""

Solution: .

We know that, sin 8 + sin ¢= zsin

g 16°-12°

sin ]6° +sin lzn e 2 Sil‘[ ]ﬁo+11¢ .
1 ___2__' sin Tcgs?

=2sin 14° cos 4°
Example 20: Express cos48.- ¢0s20 as a product,

Solution: We have cos B —cos ¢ =-2 gin fiﬂsinﬂ'_ﬁ'
2 2
COS‘I-B‘—COSlG =2 gip ——=¥ 46"'29 .412_9
2
. 68 .
=-2sin —z—sm % =-2 sin 30 sinf

sxample 21: Show that $8¢=¢0s8 _ .01 oo
Examp St since+sin g m 2 (5-#) - .

' @B a-f . a-f
Solution: L.H.S= O(lJSﬂ'—cf}gﬁ aa Slll'h 2_sm = sin 3 =_‘mﬂ

sinar+sin § isina+‘3cosa—ﬁ cos %2 %
2 2 2

=—tan % (a-g)=RHS
Example 22: Show thatsin 58 + 2 sin36 +siné =4 sin30cos® @
Solution: ' '

LHS=sin56 +2sin36 +sinf =(sin56 +sin38) + (sin 38 +siné)
_ [ 50438 56-36 36+8 [z.a—s)
= Zsm[ 5 ]ccs[ = J+2 ll‘l[ = ]cos 5

=2 Sl“iqcosl—g + 2 sin 522 cos? =2sindfcosd + 2 sin2fcosd
2 2

. (46+28 48-28
=2 cos# (sin 48 + sin 23):2-:053[2@[ ; ]:05[-2—-]]

=2 cos@ (2sin 3#cos @) = 4 sin 3gcos” §-=RHS.

sin 36 +sin a}(M]:-cm’ P

Example 23: {(UE ks L
i S (sin39—sin8 cos38-cosd

Solution:

sin3@+sin 9][cos§9+ cos 9] =(23in Zﬂcusﬂ][ 2cos28cosf

LH'SZ[sinw-sing o330 —cos@) \2sinfcos28 )\ ~2sin26sin

)




3 U nit 10] Trigonometric Identities of Sym And Difference ¢

s20

) (vi) cos f + cos 2 L
L 36+6 cos["‘{“] sl : f B +cos58 = cog 28 (142 cos 3 ) ,
y 8 HEs 2c08) = = ———= et ? 3 i . -
' 8 2sin 3}_;_5 cos| =3 C 392+9 : (39— '-"] sin?g ot . 5. Provethat (i)cos20°cos40’cos600 cosgqe = L : ~4
i g 22T  |sin] = 16 5 -
i B = —(36-9) || 2sin ) 2 > - :
1B 36+0 ,{,,H—] [ 2 . i) sinZXsin 2 ginZ sjn 3% _ 3 i) sl 0P ot -
?: ZEOS[T] 5 0° cos40’ c6330° =1/8 ' e e S e 9 16 () inlF sin30P s 21_16- |
| [§ 0 '
| B . show that cos20" € e :
B ey 20° cosd0° cos8O'] _ REVIEW EXERCISE10
! p Solution: 0 osd0” s80" = 14[4 cos 0 20% 2 80° = A
i & LH.S. = cos20° cos40" €0 i g0") = ¥ [(cos60” + cos ) 2cos 807 (. Choose the correct option
| BN e [ 0 :
¥ | =14 [2 cosd” c020') 50?) =V4 [cos80° + 20580 cos 20°] (i) cos50° 50'cos9” 10/~ sin 50° 50/sin9® 10/ =
: =1 [(1/12+ cos20°) 208 0=t cos80° + cos(180° = 80") + cos 607} (a) 0 O B |
0° + cos100° + cos 60 1= (a) (b) — (c)1 33 |
_—:W[COSS + 0 5ok “8[:.“. G}:—- cosB : 5!
, = Y4 [cos 80" -cos80° +%2] ~ (i) Iftan15°=2 —+/3,, then the value of cot®75%is
! s — RHS o
; =u[12]=18 @ 7+¥3  (B)7-243 (©)T-43 (@) 7+4+3 ]
; I_., : IO s (iii} If tan (e + B) =1/2 and tan a = 1/3, then tanfp =
4 : the following products as St (2) 1/6 () 117 : L I
5 |.  Express iy  sirss” c0s123° (2) ) eyl d) 76 |
(i) 2sin 6’:51“': s P+Q o P-0 . (iv) sinBcos(90° - 8) + cosB sin(90° - 6) = : !
B (iii) sini}'gcﬂs-—i—' sy Ty 2 (a) -1 (b32 (©0 (@1 ;
. : 5 Convert the following sums or differences to products: v} Simplified expression of (secO + tan®) (1 - sinB) is !
] = , o « aq* Len AT i cos 36° —cos82° (a) sin“@ (b) cos*8 (c)tan’0 (dicos B
. E (i)  sin37 +sin43 (i1) H : |
' o S PED L BER ey ol 2 COS% . sin[x—i]:? : | |
| B ‘(m'l Sln——l— 2 2 i 2 : : i o
| b the follow p e | {(a) sinx (h)—sinx (c)cosx 1| —cosx :
| I Prove the following. ’ ! - - : . .
B cosT5" +cosls® . 5in38°— cos68” _ Fgpge | (vi) A point i in Quadrant-IIl and on the unt circle. it x-coordinae s~
' r’,. e A (i) cGs68° + sin38° - ! what is the y-coordinate of the point?
. , | @315 (b)-3/5 (c)-215 (373
b : 4. Prove the following identities: 5 . (viii) Which of the following is an identity?
' : ; ; +cos3f+cos3P _ o 3f ' ich of the following 1s an S :
: L Lol b e o (n)ff’ifz—-_—-gw : (a) sin (a) cos (a) = (1/2) sin(2a) ~ (b)sina+cosa=1
' c080:+0089 - sin f+in 3P+ (©) sin(-a)= sin a (d)tana = cosa sina
(iii) sin26+sin46+sin 68 = 4cos Hcos 20sin 36 . Prove the following identities: ;
: ; J 25inBsin20 sinl0a—sinda _cos/a
: - 2 9 <SnBsin26 s e
{iv) sin56 +siné# +2 sin3#=4 sin 38cos ¢ COSQ+Cos3@ =tn2frang St sinda+sin2a  cosd

(v) sin38 +5in56 +sin7e +sin 99 = 4 cosg sin 68




