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Real part  Imaginary part

Recall complex number z represented by an expression of the form z=a+ib or of

the form (a, &) where @ and b are real numbers and i =-f—_1
. Recognize a as real part of zand b as imaginary part of z
Know the condition for eguality of complex numbers
Carry out basic operations on complex numbers

Define T =a-ib as the complex conjugate of z=a+ib

Define |z| =a® + b as the absolute value or modulus of a complex number z=a-+ib
Describe algebraic properties of complex numbers (e.g. commutative, associative and .
distributive) with respect to *+' and *x'

Know additive identity and multiplicative identity for the set of complex numbers

Find additive inverse and multiplicative inverse of a complex number 2

Demonstrate the following properties

o le=|-2=[e=

- - k]
'Zr * Z=z,z2%i=|d", z+5,=7+ 1z,

el z
212222122: e e -E_,zz ${].
Linear Programming

2 2
Find real and imaginary parts of the following type of complex numbers

; x, +Hiy, "
s (x+iy), 0(‘—‘—‘?'—) . Xy+iy, #0, wheren= +1, and+2
: Xyt
Solve the simultancous linear equations with complex coefficients. For example,

{Sz—{3+i}w=?—f,

(2-i)z+2iw=-1+i
Write the polynomial p(z) as a product of linear factors. For example,
2 a' = (z4ia) (z—id, 2 =32 4 24 5= (2+D) (2=2-D (z=2 + )
Solve quadratic equation of the form pz* + 92 + r = 0 by completing squares, where p,
q. r are real numbers and z a complex number. For example:
Solve z-2z+5=0 = (z-1 = 2) (z-1+20)=0=>2z=1+2i,1-2i

Gaph of Trigonometric and Inverse
Trigonometric Functions and Solutions of
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1.1 Introduction

In our previous class we |

des the real numbers, there are

i t role
 umbers called complex numbers: Such numbers play a Vcrylxmpo:::;m 5

?m,:al:hematics and other branches of -science. Tll-m use o.f comp e::sn e

;:dispensable in Physics, Aeronautical and Electrical Engineering pe

‘the analysis of Electric circuits.

earnt that besi

-1,1.1 Complex Numbers |
athematician gave the concept of

In 1832, Gauss (1777-1855), a German mal i
complex numbers as numbers of the form a+bi, where a and b are r.eal numbers.
The number a is called the real part of a+bi and the number b is called the

imaginary part of a+bi. : .
For example, the complex number —3+2i has the real part @ = -3 and the

imaginary partb = 2.
i 1na+b£,ifb=0.rhena+bf

real number @ can be written as a comp
andb#0, then a+bi=0+bi= bi is call
~i are pure imaginary numberé, Usually,

— a + 0i = a is a real number. Thus every
Jex number by choosing b=0Ia=0
ed a pure imaginary number.

Far example, %f and the
complex number a + bi is denoted by z=a + bi
Accordingly, z,=a,+b i, &= & + byi,...

The set of-all complex numbers is denoted by C , that
Complex numbers may also be defined as ordered pairs of real
umber z is an ordered pai'r (a, b) of real numbers

is C={a+biza beR]:

numbers. Thus a complex n
(a, b). The first component « is called the real partof z

enoted by

aand b, written as Z =

and the second component b is called the imaginary part of z d

Re(z) and Im(z) respectively i.e. Re (z) = a and Im (z)= b.

The ordered pair (0,1) is called the imaginary unit and is denoted by i = (0,1).
The se_t of all ordered pairs of real numbers is the set of complex numbers

denoted by C, thatis C = {(a, b) : a, b are real numbeﬁ]

= IR x IR where IR is the set of real numbers.

Mathematics

Numhers: :

Since 1 = J-1,a simple consequence of the definition of i is that all :
powers of i may be expressed in terms of = 1 and +1,
Forexample, i! =i, #=-1, P=fi=-, ©=(?
: ; ==, I*=()? =] andif we conti
i s e ontinue
in this way to obtain higher powers of i, we obtain the values /, i -/ or u,'
¥ n By s o Y

Similarly, for negative powers, we have
; ('Note E

i"l=1_=_l—z:_{-=‘_!l h
R TR e In Example 1(c) we see that 0 '
sl o = can be ex ressed asa-sum of a

I == == real and an imaginary number and

hence is a complex number.
Such a complex number whose

i 5 ik 5 = g = real and imaginary parts are
zero, is called zero complex .
;“-’:L:L.—.rhl——'l number.
= Similarly in Example 1(d), I

i (r-:)z (——1]2

can be expressed as a complex '

Examplie I:  Write the following complex rlumber with real part, 1 ;and.}
imaginary part 0. The complex :

numbers in ordered pair form. -
red pai P number . 1 is called -the - umit ;
(a) (h) (c) 3 g '
_— 6 (b)5i ()0 ()1 (e) 3-y=9  complex number. =
r{‘ 6 = 6+(;li = (6,0) (b)5i = 0+5i =(0,5)
e)  0=0+0i = (0,0 d1l=1+0 = (1,0
e 3-V=9 =3-if5 =3-3i= (3,-3)
Example 2:  Find the value of
P72 450 4558 4 586 584
| +£sso+fsm+é5?s T
Solution:  Given expression

00,582 | 580,

B | i i e pe
582 | .8 . =]l=f" =
{382 | ;80 | ST8 L iST6 | o574 I=i" -1

=(*)' =1 = (C1)*~1=-1-1=-2
1.1.2 Equality of Complex Numbers
real‘.[;:i:;;ﬂﬁl;}; numbers are said to be equal if and only if their corresponding
t ginary parts are equal. i.e. a+ib=c+id <> a=candb=d
i.e. 7=z, Re(z) =Re(z,) and Im(z,) = Im(z,)

(582
is




L Numbers

Complex

L nit 1
tion: Ifx+iy=3-4i, then x
umber .
lex number z =X +

=3andy= -4

Illustra

1.1.3 Conjugate of a complex n
The conjugate of a comp

is defined as z = x=1¥

z=5-3ithen T =5+13i :

iy is denoted by 7, and

‘Miustration: (i) Let _
(ii) Let 2= 2= 2+0i, then 7=2-0i=2

(iii) Let z = 3i = 0 +3i, then T =0-3i=-3i

1.1.4 Basic algebraic operation on complex numbers
(i) Addition

For two complex numbers, ( Remember L I )

=a +ib, and z, =a,+ ib,, their sum is
ot e BRGRYY For any two real numbers a and b,

Sefinadize; } - Jab=ab is true only when at
VzEgtn=(gtay) +i(h +h) least one of a and b s either zero or
positive,

Ilustration: If z =4 + 5/ and z, =2-3i, If both a.and b are positive real
then 2+ z, =(442)+(5-3)i=6+2i numbers, then the calculation

Add the complex numbers v=aJ-b l=u’ ~a)(~b) =ab

Y=3+4iand%=2-7i " iswrong The correct calculation is

Solution: 2;+2;= (3 +4i) +(2-7i) J—Tﬁ:{ﬁﬁ)(ﬁﬁ]

=(3+2)+(4-7)i=5-3i
(ii)  Subtraction =(is.'§)(i JEJ
For two complex numbers z, = a, + ib
. e =P (aV)=(-1)(Vab )=~ ab
and z, = @, +ib, , the subtraction of z, : :
Thus, the calculation

from z,is defined as: V2V3=[2) (-3) =6

2z =L =0 -a;)+] by ~
I (a1 a,) i(b1- &) is wrong. The correct result s

Example 3;

Dlustration: If z = 1 - i and =542 . J_EJ_?:{:\E)(\;E]
. 1
en =1*(V2 \3)=-6

A= 4= (1-) =(5+20) = (1-i)+(-5-2i)
=(1-5) +i(-1-2) =- 4-3;

Mathemalics-XT £
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Example 4: Let 2, =2 +4f and 2, = 1-3], Compute z, =32,
Solution: Putting values of z, and z, in the given expression,
4=-35=(2+4)=-3(1-3))
_ =2+4i-349 =~1 + 13
(iii)  Multiplication
Multiplipation of two complex numbers
G=a+iband z, =c +idis defined as
Zi%:=(a+ib) (c+id) = (ac—=bd) + i(ad + be)
Mustration: If & =4 +3iand 2, = 3— 2/, then
2&= (4 +31) (3= 2i)
=[4X3=3 X(-2)] +i [4x(-2) +3x3]= 18 4]
Example 5: Find the product of 2—3i and 7+35;. '
Solution:  (2-3i)(7+5i)=2(7 +5i) =3i(7+5i)
=14+10¢ -21;-15/*
=l4-11i-15(=1) (i =y
=14-11i+15 =29 114

h
be carried i
s ciuti}:ccuuse the denominator consists of two independent terms. This
by ;;1 . Overcome by multiplying the numerator and denominator t;y the
FMER € complex number in the denominator, Thj i
rationalization. ‘ ‘ SERREEREE

Wehave =1 = 4+bi _ a+bi_c-gj ,
2 c+di c-i-d:'x—__c—di (By rationalization)

= (a+bi)(c-ai) _ Gc—adi +bei - bdj?

(c+di)(c - ai) ¢ +d?
_ (ac+bd) ~(ad - pe)i
¢t d (vwif=-1)

a+bi  agc+bd be—ad

= act+bd be-ad
c+di P 4g? ,;-2+a'1;

& e ki =
c+d?  iygr " Thus - =

Mathematics- X1 !
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are real.

1 nitl “)-4+f| wherexal‘ld‘f

: : Snlue(xwy){z =3
IHustration: A
Wehave, - (x+iy) (2-30) = ”

Solutlon: +2 54_14! 5 14
d+: A4+1 2"'3’ B3}l ) +I3I

2 x+=7 5 rear T T ORI - ()

5 14
= — and Ye=—
" x 13
. 342, +Bi.
Example 6:  Write i_—i_im the forma
Solution:

3+21 3+2f 4+3I [Byra_ﬁa.'mfl'zﬂffﬂﬂ)

FETRYRCTI I : , |
C(3+2i)(4+3) _ 12+9i+8i +6i° =12+1?z+6(-1] (eiecd)
T (4-3i)(4+3) 16+12i-12i-0i 16-9(-1)

6417 _ 6 17,

25 25 25
1.1.5 Absolute value or modulus of a complex number

Let z = (a,b) = a+bi be a complex number. Then absolute value

(or modulus) of z, denoted by Iz, is defined by |z|=+va" + b,

'In the adjoining figure P represents a + bi. PM is a perpendicular drawn on OX

'fherefomﬁﬂ—? =gand PM =b. Inthe L

right angled-triangle OMP, we have
by Pythagoras theorem Pfa, b)

R ~[oi] 7 =+ 7

‘E‘_P[ =+a*+b* =|z|. Thus, the T e —X -

modulus of a complex number is the distance Figure 1.1

from the origin to the point representing the number.

Mathematics-X1 /0
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Example 7: . "Compute the absolute value of the given complex numbers:
. {a) i (h) 3 (c) 2-5i
Solution: (n) Letz=iorz=0+ i

Then by definition

= (0] +(1)* =17 =1
(b) Letz =3 orz =3+ 0i. Then Izl = ,}(3}2+(g}= 40

(c) Letz = 2 - 5i. Then Izl = 4/(2)° +(=5)" =4+ 25 = /29
(For Your Informati i -
or Your "rj"urmu on 1 | ) ¥ /,P(x.yj

The complex number z = x + iy and its i

conjugate Z=x-{y are respectively // .'

represented by the points P(x, y) and X4 — ' »X

Q(x, ~ ¥). Geometrically, the point :

Q(x, - y) is the mirror image of the point el

P(x, y) on the x-axis and vice versa, v Qo)
: Y

- 2undst 1)
19 . ; 2
() P+i (i) (=B i) (<17 (iv) (—1]15
2. Prove that i'07 4 112 4 j122 ;153 _
3. Addthe following complex numbers
() 3(142i), -2(1-3)) ¢ l_2; 1_1,
2 (ii) 53y 3! (iii) (JZ_.IJ (]\E)
- Subtract the second complex numbcr t'r-:)m first

O6@0)@-b) i) 31 ad) i) 3WE-5, VBeovTi

Multiply the following complcx numbcn

(0)8i+ 11, —7+5; (i)36,20-) (i) V2 +3 i CnE-Gi

6. . Gl Nk
Perform the indicated division and write the answer in the form a+bi

o i
(i) - 1 1 . 6
3450 (ii) 2 F, (iii) '_"__31_ (iv) _:f_’

I Slmpllf}-’th{, fullowmg

S
Mathematics-XI /
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PR filiad tandard form @ +i
 Express the fa“_nmng in the s +\,C§ 1+i]2
2 ) “Zeai

$ 5 1=2i 4-i =
P FTRETET @ Zg_J-16

; bE
I : 3,2)(2+3) |0, Evaluate {f” +[I-i) \
o, Find the conjugate Oof "52:)(2 1) ]

=i 2kl find

o L e g 2o b G |
0 Re[—..-—‘;] 0 [?‘E‘}

1.2 Properties of complex numbers _
124 Pr’;perttu of complex numbers with respect to addition and multiplication

Like real numbers, properties of addition and multiplication also hold in complex

numbers.
()  Properties of Addition
A-1  Addition is commutative i.c. 5+%,=2
Ifz,=a+biandz,=c +di then
7+, =(athi) + (c+di)
= (a+c) + (b+d)i
= (c+a) + (d+b) i (by commutative property for addition in IR)
= (c+di) + (a+bi) =2, + 4 -
Thus z +=5L+%%

4"2‘i

Example 8: Ifz, =1+ 3iandz, =3 -5i, then zf+zz=zz+z‘,'
7 +2, = (1 +3i)+(3-51)
=(1+3)+(3-5)i=4-2i
and z,+z =(3-5i)+(1+3i)
=(3+1)+(-5+3)i=4-2i
Henee g, +2, =4, 1

: Solution:

h-lsﬂhtluuli.cs-}:l/f,:- O )

Unit 1 | Complex Numbers

A-2 Addition is associative i.e. 7, +(2,+3;) = (3, +3,) + 2,
Ify=a+biz=c+diandz; = e+ fi, then
z) + (5+g) = (a+bi) + [(c+di) + (e4fi)]
= (a+bi) + [(c+e) + (d+f)i]
= a+(e+e) + [b+ (d + f)]i
= (a+c) + ¢ + [(b+d) +f]i iati ition i
) .ifi)f] i._, 3}; (by associative property for addition in I®)
= [fa+bi) + (e+di)] +etfi
=(z;45) + 5
Thus 3 +(p+y) =(3+5) + 35
Example 9: If 7y = 1+ 2i, 5 ==-2 + 3iand g, = =3 -5i,
then z, + (2, +2;) = (3, +:,~,J+z.,.
Solution: 7, + (5 +2) =(1+2i)+ [(=2+3i) + (-3-5i)]
= (142i) + [(=2-3) + (3-5)i] =(1+2i) + (=5=2i)
=(1-3)+(2=-2)i ==4 + 0i
(2, +3,) + 2, =[(1+2i) + (=2 + 3i)] + (-3-5i)
= [(1-2) + (243)i] + (=3-5i) = (=1+5i) + (=3=5i)
i i = (=1-3) + (5-5)i =—4+0i .
’ P G+ )= (3 +2,) + 3
(i) Properties of Multiplication
i\:} Multilp]icminn is commutative i.e. 2,2,=2, 2
R A Al
&b s alesdils _y inition of multiplication of complex numbers)
3 !:; i :,,J d— icab-—)dbj(; (chb + da)i
T a c )i c i i
multiplication and addition of rcalnumbers);. ’.}‘I:;T:T“mve il

ig-.‘ h : ,2:?=- Z,
S\I"ll'l'lp](_‘ 10: If zlr:z-_j; andzz=_1+ 2i [henz:_w_: _"Zq
= i : ’ LH=52
Dutmnl. : L8 =(2=-3)(-1+2i) =2(-1+ 2i) -3;'(—;I+2ij
=2+4i+3-6==2+7i+6 (v P=-]

Gl _ ';44-?:'
an 5,5 =(=1+20)(2 =3i) = =1(2 = 3i) + 2i(2 =3i)
=2+3i+4i-61° =-2+7i+6 (v iP=
= g4 7i b ok
Henee 32,=13,3,

Mathematics-X1 /



CCampley spmibery

Lonit | - =(z z,zjz_,
aciative 1.. Z;'ffa Z.Tj 1
M2 MuIthﬂ!“'“:’;:“z2 _i4dimdz =€t '!;Be;:,ce
3(z :_:,1— " + b’l} [(c+di) (€ ;ﬁ;":f::'c; 4 de) + bfce ~dfli fi
Al cf + . ] (¢ + ]
. = [a (ce -._-:f ji ifb{{e )= llac ~bd) + ad * ;c;:;;(
and (550 =10" b,:;if _(ad + be)f] + [(ac DY (01 bdf)]i
b R a;;-{bde + bef)] + [(acf + ade) + (bee = b))
. E;Z ") b{ef + de) +lafef + de)biee =D

Thas, 454) = (G003 - C g =3 -3i, then 2(5%) = (5%)%
" Example 11: Ifz= 1=, ?45-1*2‘ and &
Solution: We have
7(5%)= (1= =1+2i) {‘2.
o a1y (=2 + 3+ 4 _
=(1-i)(4+7)=1(4 +7) -;:‘4 J;l?:) 5
i —gj =T =4+ 3i+7= 11+ |
i 7;1’:; —:7,1:’ ~1+2i)] (2-30) = [1(~1+2i) -t'(—l+.2l'ﬂ (2-3i)
={r-1+21'+!'—2l'2j (2-3i) =(-1+3i+ 2) (2 =3i)
=(1+3)(2-3i) =12 = 3i)+3i (2 -3i)
=2-3i+6i-9% =2+3i+9=11+3i .
Hence 3,(53) = (45)5
(iif).  Multiplication-Addition Property (The Distributive Property)
" This property is more explicitly stated as.follows: .
M-A., Multiplication is distributive over addition i.e. 7 (54%) =455
Ifz=a+biandz=c+diandz =e +fi, then
4(z+2) = (a + bi) [(c + di) + (e + fi)]
= (a + bi) [(c + e) + (d + f)i]
: = [a(c +e) ~b(d + f)] + [a(d + f) + b(c + e)] i
and 3242z = (a + bi)(c + di) + (a + bi)(e + fi) .
\ = [(ac —bd) + (ad + be)i] + [(ae - bf) + (af + be)i]
= [(ac + ae) + (~bd~bf)] + [(ad + af)i +(bc + be)il
=[afc+e)b(d+f)] +[a(d+f) +b(c+e)i
Thus, 7 (z,+2) =42, + 3,

~3i))=(1-1) [-1(2 ".3”' +2i(2 -3i)]
-68)=(1-i)(2+7i+0)

and'(z)3,)z

Not For Sale
Mathemntics-x1

Un[-t 1 ! Complex:Nunihers

g =-1+2i,z=3+4i and z = -2+ 5, then
5 +5)=55 +3y

Example 12: If

Solution: We have b o
4(2,+2;) = (—=1+2i) [(3 + 4i) + (=2 + 5i)] :
=(=1+2i)[3+4i-2+5i] 'Adcurdingtothe- !
= (=14 2i) (1+ %)= —1-9i + 2i +18 2 SOmmutative

_ ST . property for -
==1-7i-18=~19=7i (v = -]) multiplication -

cand z% +22, =(=1+2i) (3 +4i) + (~1+ 2i) (-2 + 5i) iy=yi: Herice we

= =f ~4i+6i+ 8% + 2 -5i—4i + Jop SHRWHIBLHGH
==1-71-8-10=-19-7i LAk et

of z=x+yi
Hence z, (z+g) =215, + 315 R
1.2.2 Additive identity and multiplicative identity of complex numbers
A complex number ¢ + di is called the additive identity of the complex number
a+ biif (a + bi) + (c + di) = (c + di) + (a + bi) = a + bi ;
Let a + bi be any complex number and ¢ + di = 0 + 0i be the zero
complex number. Then - : '
(@ +bi)+(0+0i)=(a+0)+ (b + 0)i (by definition of addition)
' =a+bi

“Similarly (0 + 0i) + (a + bi) = a + bi

Thus the additive identity in C is the zero complex number i.e. 0 + 0i
A complex number ¢ + di is called the muitiplicative identity of the complex
number a + bi if (a + bi) (c + di) = (¢ + di) (a + bi)=a + bi
Let @ + bi be'any complex riumber and ¢ + di = 1 + 0i be the unit-
complex number. Then .
(a + bi) (1 + 0i) = (a-1- b-0) +(a-0+b-1)i  (by definition of multiplication of
=a+ bi complex numbers)
(1 +0i)(a +bi)=a + bi
Thus the multiplicative identity in C is the unit complex number / + 0.
1.2.3 Additive Inversle and multiplicative inverse of complex numbers
’ A complex numbeér ¢ + di is called the additive inverse of the complex
number a + bi if (a + bi) + (¢ + di) = 0 + Oi i.e. the additive identity.
Wehave (a + bi) + (c + di) = 0 + 0i S(a+c)+(b+di=0+0i
= a+c=0and b+d=0 = c¢=-a and d=-b
sothat ¢ + di = —a —bi, Thus the additive inverse of a + bi is —a — bi.

Similar]y

Mathenmatics- X1



~ Unit Ii _tj:'fmu':ru_:»'. Numbirs

TH R amples Numhers : - ; _
L nit _ B ik 3 1.2.4 Some properlleslof the conjugate and modulus of complex numbers
Example 13¢ Find additive : 11.1 the following theorem we prove some properties pertaining to
Solution: conjugation and modulus of complex numbers. '
" Letz= 53 : : : Theorem: Eur ill z, 4, z; in'C :
g 5.3))=—3 +3i ’ (@) lzl=kzl=1Z1=1-7 | T = ; o _
( i is =35+ 3i. BIE me © 27 =1z

itive i [560f5'3 T ;
additive inve ¢ multiplicative W ERE E T () T = 7 AR
- 5 - vmemm 0 Bk

; 142 ) Z Ez 122?‘-'0

Thus the ol
mlﬂpumﬂ.\'e Inversé A complex r;uﬂ}b?f i ;I}d{lcli ;‘T}lezdjtiﬁl i.e. the
f the complex number @ + 41 # Proof (a) = i i PR
muliplicatve denity. _ | - s f‘ R G e e e S
We have (a + bi) (¢ +di) =1 + 0i = (ac—bd)+ (ad + be)i=1+ 0i rerefore by definition 121  =+Ja®+b? 0
= ac-bd=1 @ 2 =71 =+(=aP+(=b)? =+/aq* +p? i
and ad+bec=0 Gi) From (i), we have : V.’[: Y+ ()" =\a’+b (i)
, s . |z = L=h)? = 2
ad=—-bc or d=——7 (iii) Putting the value of d in (i), we get z : J(“} +Eh)' =va*+b (iii)
b(2)=1 | dexbe Did You know __ {?) -7 = @®) =Va+5? (iv)
ac + —_—= _-_ﬂ__- o Equati . . ; )
3. 3 s i, 2o 30 av) | The complex numbers quation (i), (i), (iii) and (iv) yield that
= (d+b)e=a = ¢ = T possess all the properties L Izl=1-z1=1Zl=1-7ZI
Putting the value of ¢ in (iii), we get , that real numbers possess et :: =a+ bi,then 7 =a-bi, and so
bea b  except for the order N
ze—— = d=-—=5 (V) relation, that is, we can Thus =
ala”+b7) a+ § | : Z=2
i not say that one complex () Bike i ) %
From (iv) and (v), we have- number is greater than z=a+bi.Then T =a-bi
Nl L the other complex number. Therefore 22 = (a + bi) (a =bi)
a+b  at+b’ - .
= a® —abi + bai - b7
Thus the multiplicative inverse of a + bi is =q? 2 A
=a® —(-1)b (o Bmsl)
= 512 + .b;’

a _ b
FLFET 'a1+b=t e
— ZI I/.-. [:I= Fﬂ2+b2)

Example 14; Find multiplicative inverse of —2 — 3 . Thus z7=1z1
Solution:  Letz=-2-3i Herea=2,b=-3 ) Letz, =a+bi anfi =c+di
: /] Z, = ]
: “E_( : : ] ( = . ] (—2 3 =2 3 Then I, =a-bi 7
oS ) 2y 2 = g = === === =i - L B o
2a +0, @+ \(2 (3] () +(3)/ B3 ’13] 1313 2+ = (a+bi) + (c +di)
e e . ' 59 :
Thus - T + Tg: is the multiplicative inverse of =2 — 3i. Therefi : _{2 e
. u+z, =(a+c)=(b+d)i

Not For Sale
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1.2,5. Real and imaginary parts of the complex number of the form

it 1 | Comples Pt z. pyegied | ; . o [ Bty iz
=2 a-bi}+fc—'dﬂ"zl + 51,... ot ol iy (i) X, +iy, 2 X, + iy, #0 wheren = =] and +2
—_— 21.”: = z| + z: R Jo it _ i i. Real and imaginary paris of (x + iv)" wheren = % ] ;m'd +2
' P pi and 4 = =zc+di s .3 when i = 1, (x + iy)' reduces to x + iy
€ Then- 75 = (a+bf){f +di) + Therefore, real part = x and imaginary part = y
1 -______———_- 3 T i g
 ={ac-bd)*(@ +(ad +be)i B When n =~1, (x + iy)" reduces to (x + iy)™!
; Shpe | 1 x—iy
= fac ~bd) .-{ad+ be) _di) We have, (x+iy)y'= —~ = - ,J (by rationalization).
1 g =(ar kg = (o bR | (x+iy)  (x+iy)  x-iy
an : )
= (ac -bfﬂ + (—ad - ~be) i - : (ii) = LS = = —i Y
= (ac —bd) —(ad + bc) | ' , CHy ey P4y
Th'ds from Bqua‘mns (ﬂ and (ﬂk‘f’f sl 3 J : Therefore real part = 3 i = and jn}aginar}; pa_n = =¥ 3
.zLZz =4 L X +y A’Z-!-y
() Letzy=a+biandz=c+di Whenn = 2, (x + iy)" reduces to (x + iy)?,
Then L =2+% a+3{ x C_j: (by rationalization) bl (e = “j + 2ixy + 7y e
2 chd | ctd, , ¢ =x° + 2ixy —y? (= i#=<1)
{ac+bd:l +(be- ad)f _ac+bd bc—adl. = (¥ -)’) + 2ixy
-c-zﬂif2 : c+d? + d : Therefore real part = x* — 2 and imaginary part = 2xy
+bd bc—ad. . ' : he ; . '
( ) ac+d2 et +d? Tl _ When 1 = —2,(x + iy)' reduces to (x +iy)~
c
i ac+bd _bt’."‘ﬁ'di L (l) ; We hc"l\"ﬁ, (x + f)l}—z = 1 -
c+d®  F+d’ (x+iy)*
= e -. 3 ) l Lu s 2 2 : .
+ = — - A=1y X2 p2 ]
nd Lwd bf pmlis ><de (by rationalization) - " o) xi——}— =——2 2“}2
Zz C+d£ C_di C_df (.‘+d! i ,J.} {-‘- g !J‘} (I‘!‘ i_\'] ('r_ f}']
=(ac+bd1—(b:~ad)f _ac+bd _bc-adi (i) : e x' =y =2y -
¢ +d ct4d? - et+d’? 162 % (x*+ v’)z : (x*+y*)?
Thus from equations (i) and (if), we have
? Th 3 Jrz—J.-i ) - :
erefore real part = ——~=— apq imaginary part = 2xy
y)* 2 B
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ing complex NUMDELS.

o Numbers .
1 nit ] |¢ anple : : i ofﬂle follow &7’
jo 15: Find the 2 w ]mjgmw.f a+if W (1 +2i)
:f:a mpz " (i} sl
imaginary pa =
S » 3i Therefore real part.of 2= f and imagin
i Letz=+~ i e
::1]] Letz = (5 =3 Hcrex-.‘iandyls i <o
X — —— = — = 4
Therefore, real part of 2 = “377.2 (5)2 P I - 3
3
r = —{._.3) — __g.._. T e—
S iy SRS
and imaginary partof z = F‘_;;E = (5]1 + (-3 2549 34
_(34if. Heox=3andy=1
(iii) Letz=(3+i) e
Thcmfnre.ncaipanofz=xz*)'z=(5)zr!’{.? =9-1

imaginary part of z = 2xy = 2(3)(1) =6

(iv) Letz= (1 +2i)° Herex=1 andy =2 -
e R i, O s I
Therefore, real part of z = Z+7)) = -—-—"'—{{]]3 T T 5)

L . T
GF 25

T
(o]
LN

. .
imaginary partof z = @+yF 1)+ @

ii. Real and imaginary parts of [M] where n = 2l and =2
- Xa+ i"}'_';

Whenn =1, 440 | reducesto L -ij' . We have,
X i, X, +iy, .

43 i s
& fy‘ = l,y’ x 2 f:fz (By rationalization)
nty, x+Hy, x-, ;

- 5 X =Gy, +iy —ih %Y, A% +i ()X —X%Y,)+ 3, ¥, (- #=-1)

X ~i'yy 5+,
_xnt+yy)ti (hn-xy)  x %ty Ll )
. . F] i 2 3

5 +y; X+ o +¥;

: X+ 2
Therefore, real part = % and imaginary part = by x; xlz Ya
: B 6+,

. a =1
X +i x 41
[—' _y' ] reduces to (——-' ;.y,]
X, + 1, X, +,!y2

. =1 . 5 p 7
X+ ] = X iy, _ % 'Hyl » A~y
X, +iy, X, +y, X, =iy,

We have [ (by rationalization)

.-"':"‘i?z
LT Ny _H-J";, HT NN

2 2 2 2
XY X+

(by routine calculation)

X x+ vy =
247 Bh g imaginary part = 221" %

Therefore, real part = e
, %+ X+
Y 2 '
X +1 X 0
{ ‘—i) reduces to —:}l We have,
X, +iy, X, +iy, )

_(.rz +iy,)? " (x, +iy, )’ x5, ~ 1y, (By rationalization)

4 +fy| -_ {'.x, +T:J’])2 i (x| +!-_')J[}3 (xz _fy:)a
X +b’2
= [('riz - J'fJ"" 2ix,y,] [(122 = J';J_ 2ix,y,]

(x, +f."z]3 (x, —iy, Jz

B e R N T Y : ]
= [(x W) (x; _yz)+4x|'rzy|yz ]+ 21-[—’&)’. (-‘—z_ —-¥;) —XV, (-"'12 _'J’EH
=)

2 2 2 2
Therefore, real part = M(_Y—L__}_"_—"fm

(5 +32)
: imuginary part = 2-":)":!{1’5 "}’23)*-‘53)'2 l’xf —J"f)
2
{13 +y_;]
: . : ] n -
Whenn = 2, [———_x' Hy') reduces to | X+ 2
= x? +U’2- -"-_'! +::V:
We h: v Y . P
e have (x] +;y,J _ (x4, ) (X, +iy,)  (x,—iy, )
P A s
R G+ T (xiy ) (x iy
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x Numbers

2
._-J.lli =W (I': —)z }]

> omple 3
Unit 1 | '- mf : ,_y=]+4_rlx;j’|.": J+2i [txzyz(:n
:HI’ —y)(q —Hh (xf+}’1:]
. Therefore, real PA= " (x2+7) .
imaginary part= 2" 1)

6.

% Ifz,-_-2+fand21=1"i_*

AERSELL

ommutative property W.r.t. addition

then verify ¢

and multiplication.
=-1+i 2= 3'—2f. an
addition and multiplication.
L= 3+J§f+ s 3= \E”\E
multiplication over addition. 2
Find the additive and multiplicative inverses 0
(i) 5+2 @ 0.-9

@) etz =2+4iandz,=1-3i. Verify that

dz =2 _+-31_- verify associative property WL

g - 1]

i and z-j=;7;' —-I:.‘i, verify distributive property of

f the following complex numbers.

LG =5+
(i) Letz=2+3iandz,=2-3i. Verfythat 22z, =%

|

s : b z
(iii) If z; = —a —3bi, 7, = 2a — 3bi,. then verify that [z—'] 2

Show that for all complex numbers z, and z,

_ z z
. (i) lzyzl =1zllzgl : (ii) z_; =% , where z, # 0.
Separate into real and imaginary parts
2 2 2 x o
{)y 1 R R
5-21 ]_—3; (-‘._'_‘.}2

: 3441\
(iv) (2a —biy? ;v) (;;_?:J

Not For Sale

(i) z-Z=2iIm(z)

(i) z+Z=2Re(z2)

(iii) 22 =[Re ()] +[Im(2)]?
(v) =~z ifand only ifz is pure imaginary
9. Ifz=23+2i then verify that (i) —]z[ < Re(z) S|z|

(iv) 2=7 = z isreal

(i) ~|e|< Im(z) <] -

1.3 Solution of equations
In this section we shall find solution of different equations in complex
variables either with real or complex coefficients. .
1.3.1 Solution of simultaneous linear equations with complex coefficients
Consider the following equation
pz+rgw=r (f
where p,g and r are complex numbers. The equation (|
equation in two complex variables (or unknown) z and w.,
Pz+qw=r
P2+ qw= rz}

is called a linear

These two equations together form a system of linear equations in two variables z
and w.The linear equations in two variables are also called simultancous

linear equations.
For example 52 -@+i)w=7-i
(2-1)z+2iw= —1+i}

15 a system of linear equations with complex coefficients.

“Inconsistent” “Consistent”

1} i 'I 1
2 Independent”
4 ""
g

"Dependent"

i

P

One Solution

Pl

No Solution

O Solutions
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an ordered pair (z.’w)
Lo i tisfied. For cxamplel consider
'sa dw=2iisa solution .Df
gr the equations are satisfied.
h':“mtﬂ:::tl’1 equations is called solving

{ampley yumbers

Unit |

tions

- okt it where Z

s The ordered pair zw) R

e by 1+i and w by <& 5
| solutions of the sYy§

The process of finding al

; em of
" 5}’5';";:‘: we shall find solution c-fT ifll :y:itmple oy
efficient in two variables & a.nd‘ i and substitution™.
:ons is the “method of ehmm.auon ; iy
equations 15 multiply each equation by a
i u;n:?::ﬁ:ble in each equation is the same.
}:‘; or subtract the resulting f:lquauons to e
—getting aﬂﬂquaﬁon.in one \rma:I' :-meincd i
A SOIV% 5 ﬁqﬂﬂﬁ;: I:.? H:J:: aof one variable in either of the original
e Sum}mwinlh;ep-lnand solve for the other variable. : :
Step=5 equ‘:iuon:a ether the corresponding values of the variables in the form o
g ::cll-ler:g paiﬁs gives solution of the system. : ‘ Sty
H i linear equations with complex coefficients.
Example 16: Solve the simultaneous

two equations With complex co-
for solving such system of

t so that the co-efficient

liminate one variable, thus

Step-

Sz-(3+iw=7-i
(2-i)z+2iw=-1+i .
Solution:  Giventhat Sz—(3+ijw=7-i
: (2=i)z+2iw=—I+i
Multiplying equation (1) by (2 — iy we have
52-ifz-(3+D2-iw=(7-i)2~i)
= 52-if—-(6-3i+2i-P)w=14-Ti-2i+
= S2-ifz-(6-i+Nw=14-9i-] (v =-1)
=  N2-iz-(7-iw=13-9;
- Multiplying equation (2) by 5, we have
: H2-i)z + 10iw =5 + 5i (4)
Subtracting equation (3) from equation (4), we have :
5(2 - etl0iw  =-545;

+3(2 =iz~ (7= ilw=+13-9;
- - poos

10iw + (7 -i)w =-18 + 14;

R =18+ 14i
7+9i

(By Rationalization) -

= . (7+9)w==I8+ I4i
=18 +14i  7- 9
=—x

= P i
7+ 9 7=9i
260i

= ' W=——= 2
130

Subsiituting the value of win (! ), we have
2-CB+if2)=7-i=> Sz—(6i+28)=7_}
= S—(6i-2)=7—| = Sz=7-i+6i-2
=  5z=54+5i = z= ———5;5' = I+i
Thus (z,w) where z = 7 + i and w = 2i is the solution of the simultaneous linear
equations. -
1.3.2 Expression of the polynomial P(z) as a produet of linear factors
Recall that an expression of the form
P(x) = a.x"+a, ,x™'s ......... + ax+ay,a, 20
where n is a positive integer or zero and the coefficients a,'.,a,,__.,.....rr; and a, are
constants that are either to be real or complex numbers, is a polynomial of degree n.
. Forexample, 2x + 3, 3% + 2x 4 1 and 5 — 6x° + 5y — ] are polynomials
of degree 1, 2 and 3 respectively, y
Here we are concerned with finding the linear factors of the following two
types of polynomials.
‘ff:' P)=2+ &, whereaisa real number.
i)  pz)= az'+bz+cz+d where a, b, c and d are real numbers.

In factorizing polynomials of ¢ i i f
ype (1) we simply use the f; =
that to find linear factors o ! o

For ex: = ‘ 2 2 22
i ol f.xamer Plz) = 7 +“a- =Sr~-ie' =z + ia)(z — ia). However, in
E rizing pj::lynomlals of type (ii), we use the factor theorem which has already
CeN proved in the Previous class and stated below.,

lhl— de'.{}J.‘ Lien cing L P y ]F y]]ll!llhl] ]IIE][ X—ais a iaCEDI 01 *‘- X 11
e . et r.l) bﬁ an DI .
i j E]ll} ]I 1 (ﬂj G fl)

o he method for factorizing the polynomials of type (11) into linear factors
5 explained through the following example.

'I\.-hrhcmalius-?{f




Gaitd Compler Namirers . : 'J+ sf 4 192 - 25 into linear
L

Factorize the po]ynumisl P(z) =

- | fﬁ:r{gk_ﬁ In factorizing the given pol)'nomial P{z) into Iincalr factors, we use
L; i sunﬁu:mcmm To do so, we note {hat z = 1 is arool of PL&L sSInce

H the factor . e

::I . Py =017 j 5{; r'i):: ::fli i ;f;;;x:jt:ﬁff o rijarrﬂﬂgc the terms in such
] fi::ﬁ:ﬂfﬁl;;; 2 common factor z — I as follows:

1 po)=7+ 52+ 192-25
g ol Y s o - b =(a-b)a +ab + b)

(-2 1)+ (57~ 55+ M2 -24)
- (o= 1) (F4 2 +IH(5T = 52) + (242=24)
(2= D (@ +z+ D Sefz- 124 (z=1)
= (- 1) [(Z+z+]) + 52+ 24)] = (2~ 1)('+ 62+ 23)
c(z-1)(@+6z+9+16)=(2-1)[(Z+62+9)+ 16]
=(z- 1) [(Z+ 62+ 9)(-16]]
=(z-I)l(z+ 3] - (4i)] Gt ==1)
= (= Dz + 3) +4ill(z+ 3)4i]  ( @-b'=(a+b)fa ~b))
=(z=1)(z+ 3 +4ifz+3-4i)
1.3.3 Quadratic equation of the form ps +qztr=~0
Consider the quadratic equation of the form
plrqz+r=0 '
where p,q,r are real numbers p # 0 and z is a complex variable.
Weseethat 2 —z + 3= 0,37 —4c+2=0,52+62=0,7-3=0,27
and z* = 0 are all examples of quadratic equation in the variable z. Equation (|

called the standard form of the quadratic equation.

=33-JT

) is

Solution of guadratic eguations
Recall that all those values of z for which the given equation is true arc

called solutions or roots of the equation, and the set of all solutions is called
solution set.

el Complis Nunibers

For example, 2 + 4 =0or z* —(2i) = 0is true only for z = 2i or z = -2i, hence
7 = 2i and z = =2i are the solutions or roots of the given quadratic equation and
{2i, -2i} is the solution set.

To find the solutions of equations of the form (1), we use a method known
« completing the square” which is described as follows:

as
Step-1 Write the quadratic equation in its standard form.

Siep-2 Divide both sides of the equation by the coefficient of 2 if it is other than 1.
Step-3 Shift the constant term to the right hand side of the equation.

Step-4 Add a number which is the square of half of the coefficient of z to both
sides of the equation, 2

Step-5 Write the left hand side of the equation as a perfect square and simplify
the right hand side.

Step-6 Take square root of both sides of the equation and solve the resulting

equation to find the solutions of the equation.
The method is explained in the following example.

Example 18: Solve the quadratic equation Z° + 6z + 25 = 0

Solution: We have

Z+b6z+25=0 (Step-1) Dnnw 2
= Z+6z=-25 (Step-2 and Step-3) The coefficient
= Z4+6z49=-25+9 (Step-4) of " must not
= (z+3F=-16 (Step-5) btehzer-:)_ it
e 5 S otherwise 1
—_ I+ " = = =
&3 (z+3) ("_“" becomes linear
= I+3=x2i (Step-0)

=-3+2iorz=-3-2i
solutions of given equation are -3 + 2i, -3 — 2i and solution set is
(=3 +2i, -3-2q)

Thus the

Example 19: Solve the equation 7 +z + 1 =0

Solution: " : Al
ution: According to the quadratic formula. the answer is

—1+JF -4 NE

= =i =

2

Not For Sale %
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. b nhers
[ Compley NuT

Unit 11

EXERCIS e

ations with complex €0¢

- ~ous linear equ s w=ll=i

. Solve lmml,ltancﬁ"s I(ii) zaw =3i (i) 3‘+.(2:I}‘:.-— “1+i
(i“—;w=?'1 5i 2z 4 3w=12 (2-0 2—- W=

' 2z4+3w=127 ; -+ linear factors.
e 4 Is P(z) into line

R Al ize the polynomiais 7 #2
i' = 2 H Zj=2 = I F £ X 5

; . (iii) p(z)=z‘+4 . [jv:lP(_:'_l_!-saﬁsﬁes [hccqual1mlz'+’lz+2=0

A ] d Za=
w that each z,= -1 + 1 an€ &=~ P
7 S[)hﬂocnuinc whether 1 + 2i is a solution of #-2z+5=0
4. equations

. in 2
Find ll slutons to the o278 (i) 2-2z+i=0 (i) +4 =0

o i) F+z+3=0 ﬁﬂ:ll_] ¢ ations ;
' Jutions to the following equ 2 ity
; :;;mittcji 1=0 (i)' =-8 (i) - 1=-1 (Vz =1

I. Choose the correct option.

{a) i (b) 2§ ; (ci1-¢ (d)1-2¢
(ii) Divide 5+2i
I vl __4_3: 26 23
14 23, ) :
! Welidly ) 24y (cy —+—i (O =+
! 35 25 i3 25 25 7
Gii) 4L when simplified has the value
e
(@0 (b) 2i (c)-2i (d)2
W) 1+324i'+ %+ ....... +i™is :
{a) Positive (b) negative (c)0 (d) cannot be determined
R
(v) Ifz=x +iyand —5: =1 then z lies on
4+ 5i :
(a) X-axis (b) Y-axis (c)liney=5  (d) None of these

(vi) The multiplicative inverse of z=3 — 2i, is

| ; 1 : :
(a) 5(3+2!) {hjl—3{3+21} ECJ%B—&]

{d) %(3— 2i)

I

(vii) If (x+ i) (2—3i) =4 + i, then
x=—14/13, y=5/13
x=14/13,y=5/13

vx=5/13,y=14N3
x= 5/13, y=-14/13

Show that i" + i™' + "+ "™ =0, ¥neN

Express the following complex numbers in the form x + iy.

() (1430 + (5+70) (1430 - (5+T0)  Gil) (1+30)(5+70) (iv) ;4-?
' +7i

. : I s z+z.+ |
Kz =2-i,zz=1+i find |2——1,
2—2z.+]
B E I
Find the modulus of ———.
=¥
Find the conjugate of -\
+4i
sy ST S g 3i+2
Find the multiplicative inverse of z = s
3—2

Solve the quadratic equation  z.4

Ccrﬁprex Numbers
a+bi

Real Numbers

a+ Qi
Irrational
Numbers

Rational Mumbers




