CONICS-II

Define a parabola and its elements (i.e. focus, directrix, eccentricity, vertex, axis, focal chord and latus rectum),
General form of an equation of a parabola.

Standard equations of parabola, sketch their graphs and find their elements.

Find the equation of a parabola with the following given elements:

= focus and vertex, » focus and directrix, « vertex and directrix.

Recognize tangent and normal to a parabola.

Find the condition when a line is tangent to a parabola at a point and hence write the equation of a tangent

Find the equation of a tangent and a normal to a parabola at a point.
Solve suspension and reflection problems related to parabola,

Define ¢llips and its elements (i.e. centre, foci, vertices, covertices, directories, major and minor axes,
eccentricity, focal chord and latus rectum).

Explain that circle is a special case of an ellipse.

Derive the standard form of equation of an ellipse and identify its elements.

Find the equation of an ellipse with the following given elements.

= major and minor axes, = two points, = foci, vertices or lengths of a latus rectum,

= foci, minor axes or length of a latus rectum.

Convert a given equation 1o the standard form of equation of an ellipse, find its elements and draw the graph.
Recognize tangent and normal to an ellipse.

Find points of intersection of an ellipse with a line including the condition of tangency.

Find the equation of a tangent in slope form.

Fine the equation of a tangent and a normal, to an ¢llipse at a point.

Define hyperbola and its clements (i.c. centre, foci, vertices, dircctrices, transverse and conjugate axes,
eccentricity, focal chord and latus rectum).

Derive the siandard form of equation of 2 hyperbola and identify its elements.

Find the equation of a hyperbola with the following given elements:

= transverse and conjugate axes with eentre at origin, = two points,

= gccentricity, Latera recta and transverse axes, = focus, eccentricity and centre, :
= focus, centre and directrix,

Convert a given equation to the standard form of equation of a hyperbola, find its elements and sketch the graplt
Recognize tangent and normal to a hyperbola.

»  points of intersection of a hyperbola with a line including the condition of tangency,

+  the equation of tangent in slope form.

Find the equation of a tangent and a normal to a hyperbola at a point.

Translation and rotation ol axes

Define translation and rotation of axes and demonstrate through examples.

Find the equations of transformation for .

«  translation of axes, = rolation of axes,

Find the transformed equation by using u-anslat.',lm or rotation of axes,

Find new origin and new axes referred to old origin and old axes. _

Find the angle through which the axes be rotated about the erigin so that the ot et 1.5 oved
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UNIT-9

7 , ; CONICS-11
{ Introduction ]

In our previous unit of this book

we have 'ﬂalﬂl that 5 conic section {ors miply a -I:nn'l.c) 15 a curve
Oblai“ i ti i L ) i : rek
ed as the ntersection of the surface ol a cone with a plane, In this unit we will study i i

faco e with Yy n details

about the three types of conic sections that a
L : re parabola, hype ; B
ellipse and same time considered to be the fc:rth type OF::.;,:?;I::CT the ellipse. The circle is a type of

details about tangent and normal in S s on. We have already discussed in

n’ Parabola ®

When you kick a soccer ball (or shoot an arrow, fire a missile or throw
a stone) it arcs up into the air and comes down again ... :
A parabola is a curve where any point is at an equal distance from: /
« a fixed point (the focus ), and 5
» afixed straight line (the directrix)
et a piece of paper, draw a straight line on it, then make a big dot for
the focus (not on the line!).
Now play around with some measurements until you have another
dot that is exactly the same distance from the focus and the straight
line, E
Keep going until you have lots of little dots, then join the little dots
and you will have a parabola!

In our study of quadratic functions, the graph of the general g
form of the quadratic equation y= ax®+ bx+¢ (1) distances!

E‘“":ﬂgld # () is a parabola that opens upward if a > 0 and downward if Figure 9.1(b)

The graph of a quadratic equation is always parabola. But all parabolas can not be represented by quadratic
Cquation, because all parabolas are not graphs of the functions.

() Parabola and its elements (Le focus, directrix, eccentricity, vertex, axis, focal

chord and latus rectum

The parabola is the set of all points P in the plane
such that the distance from a fixed point F (focus) and the
distance from a fixed straight line (directrix) to a point are
equidistant.

1 The line through the focus perpendicular to the directrix
's called the principal axis of the parabola, and the point where
the axis intersects the parabola is called the vertex. The line
Segment AB that passes through the focus perpendicular to the
axis and with endpoints on the parabola is called the focal

chord or its Intus rectum. These tenminologies are shown in the ;
Figure 9.2, ks
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UNXIT.9 CﬁNICS."
() General form of an equation of a parabola ' i
To abtain the general form of the parabola, let us assume a focus w:lh'coordmal'cs F(2.0) ang g
directrix x =—p, (p is any positive number) parallel to the y-axis. If P(x, ¥) is any point on the cyrye
and p,(~p, y) is a point on the directrix x = - p, then by the definition of parabola Figure 9.3.

¥

w=g=[_ forparabola e=1 |
distance fromPro P, Yi=d
distance from P(x, ) fo P, = distance from P(x, ) (o F wop |Paafs T
d(P,P,)=d(P,F) REr)a(r,R) NP, F)
Joo+ pY 0= Jix= py+ (-0, @) o

(x+p)'=(x=p)'+)’,  bysquaring

i+ 2px+ pi= yi=2px+ piayt =dpx=y" (3)
The result (3) is the standard form obtained from the
general form of the equation of a parabola with vertex at
V(0,0), focus F(p,0) and directrix x = —p. The parabola is
symmetric with respect to the positive x—axis if p > 0 and
symmetric with respect to the negative x—axis if p < 0. The vertex V(0,0) of the parabola is on the principal
axis of symmetry midway between the focus and the directrix. 3

(iiiy Standard equations of parabola, sketch their graphs and find their element
a Standard equations of parabola
“The standard form of the equation of a parabola that is symmetric with respect to the x—axis, with
vertex W0,0), focus Fip, 0) and directrix the line x = —p is:
N y'=4px @
“The standard form of an equation of a parabola that is symmetric with respect to the y—axis, with
vertex M(0,0), focus (0, p) and direcirix the line y = —p is:
X =4py (3)
The parabolas that have their vertex at the origin and open upward, downward, to the left and t0 the

8, Jx=p) +(y-0y

Directrix

Figure 9.3

right are summarized in the following table:

Parabola Curve Focus Dircelrix Vertex
B up,if  p>0 F0,p) y=—p V(0,0)
x* =4py down, if p<0 F0,p) y=-p V(0,0)

right, if p>0 Fp,0) = V(0,00
y=4px le, if p<0 Ap, 0) F:"? V(0,0

b. Graphing standard form of a parabola :

Here, we will find and 1::10t the parabola by inspection and count out units from the vertex m o
appropriate direction as determined by the form of the equation. Finally, it is shown in the probl™ "¢
that the length of the focal chord (latus rectum) is [4p|. This number could be used in determin2tio®
the width of the parabola. This approach is employed in the following examples,
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Graph the parabola ¥ =8x=0and indicate the |
vertex, focus, directrix and the focal chord, I

m Rewrite the given parabola in the standard form

¥ =8x (6)
and is compared with the standard form of the :
o the parabola (3) to
B=dp = p=2

Since p > 0, the parabola opens to the right. The vertex i
¢ ex is
V(0,0), the focus is F(2,0), the directrix is the line x = -2 and the
length of the focal chord is 4p = 4(2) = 8. The line of symmetry is
the positive x-axis. This is shown in the Figure 9.4.

I_l.:|r|1||l{:':ﬁ Graph the parahu]af+y=ﬂ'and indicate the

vertex, focus, directrix and the focal chord.

m Rewrite the given parabola in the standard form
x'==y N

and is compared with the standard form of the

parabola (5) to obtain : .

i H 1

-1=4 =

s pm—
Since p < 0, the parabola opens downward, The vertex
is V(0,0), the focus is F(U.-;—I}, the directrix is the

- 1
line v =:‘- and the length of the focal chord is

o : i
4P="(-IJ=-—I. The line of symmetry is the
negative y—axis. This is shown in the Figure 9.5.

(iv) The equation of a parabola with the given elements

© focus and vertex o focus and directrix
o fertex and directrix

QT 3] Find an equation of parabola with

{a). Focus F(0, —2) and directrix y =2, {b). Focus [g.ﬂ) and vertex (0,0).

(e). Vestex V(0,0) and directrix x = %

 Solution ]

a By inspection, the value of p is p = -2 that satisfies the directrix y = 2. This gives the equation of
pﬂmholax2=4lpy=4(—2}_j_i:—8y, that opens downward {p < 0) and the line Qfsmu-y is the
negative y—axis. This is shown in the Figure 9.6,

_________
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< parabola y:=4p.r=4(-:—)x=%x, that opens right (p > 0)

and the line of symmetry is the positive x—axis. This is shown
in the Figure 9.7,

c By inspection, the value of p is p = .—% that satisfies the
dircctrix x = % This gives the equation of parabola

o 4px=4(—%).r=—2x. that opens left (p < 0) and the

line of symmetry is the negative x-axis. This is shown in the
Figure 9.8,

Figure 9.8
(v) Recognition of tangent and normal to a parabola :

A line which is parallel to the axis of a parabola intersects the parabola in only one (finite) point; all
other lines will cut the parabola in two real and distinct points, real and coincident points, of complex
conjugate points. “A line which meets a parabola in two coincident points is called a tangent.” A tangent
o any curve at a point P is the limiting position of a secant line, cutting the curve in two points P and Q
as @ — P.The normal can easily be shown in the subsection of this section.

(vi) The condition at which a line is tangent to parabola at a point
The line is tangent to parabola, when the line intersects the parabola in two real and coincident

points. The given parabola and line y' =4px ®)
FTk 9
i fieted Yi=4px
develops a system of nonlinear equations: b M“} (10)

The solution set {x,} of nonlinear system of equations (10) exists only, if the curves of the ¥
i ting. That set of points of inte 3 d 1 wsw
D e e {5} (a solution set) can be found by 50
nonlinear system (10) simultancously. -
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e line i
15 used in parabola (8) to obtain (he quadratic equation in x:
(me+e) =apx
m'x" + 2mex + = 4 px
m‘x’+2x{mc—2p]+¢==0 (1

The equation (11) being a quadratic equation in x, gives a set of two values x, and x, of x, which will
be used ift a line (9) to obtain a set of two y values y, andy,.

Thus, a solution set {(x;, 3),(x,, »,)} of the system (10) is of course a set of points of intersection of
the system (10). :

The points of intersection of the system (10) are real, coincident or imaginary, according as the rools
of the quadratic equation (11) are real, coincident or imaginary or according as the discriminant of the
quadratic equation (11):

Disc=4(mc—2p) —4m*c® >0, real and different

Disc=4(me—~2p)’ ~dm’c* =0, real and coincident

Disc= tf(mc— 2_9}2 —dmic? <0, imaginary
For what condition the tangent line 4x — y— 4 = 0 intersects the parabola x* = y?
mﬂm equations of the line and parabola are:

4I—y—4=ﬂ “2]
y=4x—4
I =y (13)

The line (12) is used in parabola (13) to obtain the y~coordinates of the points of intersection: -
2=y

¥'=4x—4  Put the value of y from equation (12) ~
¥=4x+4=0= (x-2)' =0=>x=2,2
The x—coordinates are used in the line (12) to obtain the y—coordinates y = 4, 4
Thus, the set of two points of intersection (2,4) and (2,4) are real and coincident and the tangent line
4x - y—4 =0 is of course intersecting the parabola (13) at two coincident points (2,4) and (2,4).
o The Equation of a tangent line in slope-form
If m is the slope of the tangent to parabola ~ y* =4px (14)
then the equation of that tangent line is of the form  y=mx+¢c  (13)
Here ¢ is to be calculated from the fact that the line (15) is tangent to parabola (14). The line (15) is
used in parabola (14) to obtain the quadratic equation in x:
yi=dpx
(mx+e) =4px
mix’+ ¢+ 2mex = 4px
mx+ 2Ame - 2p)x-+ ¢t =0 (16)
If the line (15) touches the parabola (14), then the quadratic equation (16) has coincident roots for
which the discriminant of the quadratic equation (16) cquals zero:
d(me-2p) - 4(m ) =0
dmc* +16p* = 16mep—dnie’ =0
16p° =16mep=0
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(1N

lopip=mc)=0= p—mc=ﬂ=b¢=£ it .
The equation (17) represeats the condition of tangency: Tie value oL & TUIERIANON (1) B nigy
equation : ;
in the line (15) to obtain the required equation of tangent: i
P (
y= mx+ -

bola y* = 4pxinthe slope-form is: = o

——

the equation of any tangent to pard

»
pems[{]

. o the line y=mx+c should touch the parabola y°= 4px under condition:

= =
y=mr+c=mx+[£] (19 C—m,.}' 4px
m .
« the condition of tangency in case of parabola x* =4 py and line = mx +cis:
y=mx+c=m.'¢—,;=nlz.c-—'-pm:. L =4py (20)

For what value of ¢, the line x-y +c=0 will touch the parabola x* =8y? Use that value of ¢

1o find the tangent line that should touch the given parabola. \
@I The value of ¢ at which the line x — y + ¢ = 0 will touch the given parabola through result Q0)
e=—pm’ ==21)=-2
F=dpy=42)y
P= I.m =] -
Here m i the slope of the line x—  + ¢ =0, which is m = 1. The required tangent line that should
touch the parabola through (20) st y=mx+c '
=x-2= x=y=-2=0
(vii) The equation of a tangent and a normal to a parabola at a point
a. Equation of tangent to a parabola at a point
Let the equation of the tangent line at a point p(x,,y,)to parabola y” = 4px be:
y=3=mx-x) (2n ' oud B
Here m, is the slope of the tangent line to parabola y°= 4px at a point plx,,y,) that can be f
differentiating ' = 4px with respect to x:

dy dy 2p [dy] 2
Qy—=d4p = —=—=| = =-£=m,sa
i v Bl 1y (22)

o
The substitution of (22) in (21) is giving the equation of the tangent line at @ POint pla !

parabola y* =4px: '
y=y=mix-x)

2
J’_H:T'?‘(X-x,]
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MW=n tzm'-szl I‘

W =4px, =2px—-2px, 3l =dpx, i’

W =2px+2px, = = 2p(x+x,) @3) |

. /R

e - the equation of the tangent line at a point P(x, 1) 1o parabola x* = 4 py is:
_ xx,=2p(y+y) (24)
o if the tangent line y= rw—[ﬁ
m

} to parabola y* =4px is identical to yy,=2p(x+x,),then the

5 o T

coefficients of like terms of y= m.x-l-[f]and ¥, = 2p(x+x,)are compared to obtain the contact
point:
2B s 2P
]
2_p¥_|'=£ _—_-;.23‘1;&-_—92\1-]=_p=x=1
¥ mn

Thus, the contact point is p(x,, ¥,)= [;:1 ,I_P)in case of parabola y* = dpr. (25)
m
s if the tangent line y=mx— pm’ to parabolax® =4py is identical to xx, =2p(y+ ), then the
coefficients of like terms of y= mx — pr” and xx, =2p(y+y,) are compared to obtain the point of
contact:

=5 =
mx = =y =1
2p | pm

—pm’ =y, = y,=pm’
Thus, the contact point is plx.3,)= (2pm, pm®) in case of parabola x* =4py.  (26)

BEITE 67 Find the equation of tangent line at a point p(2—4) to parabola y* =8x. Show that p(2,4) is
the point of contact in between the required tangent line and the given parabola.
m Result {(23) is used to obtain the tangent line to the given parabola:
w =2p(x+x)
¥ =22)x+2) Lplx,n)=(2-4),4p=8
A4y=4x+8 = dx+4y+8=0=x+y+2=0
The point of contact through result (25) is:

plx, )= [f,—sz:p)'{l—“}- p=2, m==1listhe slope of the tangent line x +y +2=0

b.  The Equation of a normal line to parabola at a point
The equation of the normal line at a point p(x,, ¥, to parabola y* = 4 pris:
Y=»= m:':"-xl} A ':2?]
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s 1o i = APX atapoﬂﬂP(XnJ’J thmca.nbeﬁ;.umhy

Here m, is the slope of the normal line to parab =5
differentiating * =4px withrespecttox:

y= =4 px
dy
. 2y=—=4
i P

; -1_% cay (28)
{man)

my
dx | ‘ |
o o £ (28) i: (27 is giving the normal equation at a point p(x,,y)to parsboly
The substitution of 2

y'=4px:
y=y, =m(x-x)
e =H
-y ==t (x=x)
e (x-x, .
m Find thé normal equation at 8 point p(2-4) o parabola y~ =38x.
@I Result (29)is used to obtain the normal line to the given parabola:

- ,=._:Ji X=X
y=h 2,&'( )

(29) =t

4 =(2, -4, 4p=8
()= ——(x=2), P(x.0)=(2—%)4P
y=(-4) 2[2]( i
ph=x-2= x=2-y-4=0=> x-y=6=0

(viii) Suspension and reflection problems related to parabola

The parabola is more then just a geometric cancept. It has many uses in the physical world thil 2
listed under: . -

1. Projectiles in the air, such a a ball, or a missile, or water sprayed from
a hose, describe a parabolic path when acted on only by gravity. .

2. Many arches of bridges or buildings are parabolic in shape. With this
shape, the arch can support the structure above it.

3. Rotating a parabola about its line of symmetry, creates a bowl 1ype
surface called a paraboloid of revolution. A paraboloid has an
important reflection property. Any ray or wave that originates at the
focus and strikes the surface of the paraboloid is reflected parallel to
the line of symmetry. See Figure 9.9, 4
This forms the basic design of the reflectors for automobile headlights,

flashlights, searchlights, telescopes, ete. This is also an excellent collecting
device and is the basic design of TV, radar, and radio antennas.

b

¥ 24 m"‘l
AP A 8 | The cables of a bridge form a parabolic arc. The low point of the cable s ]?ﬁa;uc ed®
roadway midway between two towers. The distance between the towers is 400 ft. The el path of ¢

the towers 50ft above the roadway. Determine the equation of the parabola that describes the
cable. This is shown in the Figure 9.10:

1249 , WWW
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¥
(-200,50)
(200,50)
(0, 10)
X
Figure 9.10

_ The parabola is formed by the cable between the two towers, The low point on the cable is
midway between the towers, and 10ft above the roadway. In order to write an equation, locate the x-axis
and the y—axis in the :q»—p!an& Select the roadway as the x-axis and the line perpendicular to the roadway
through the lowest point of the tower as the y-axis. The parabola opens up with the vertex at the point
(0,10). Two other points on the parabola are (200,50) and (-200,50). The standard form for this equation is:

(x—h) =4p(y-H) . G0

The vertex V(0,10) and a point on the curve (x, ¥) = (200,50) are used in (30) to obtain p:

(x- Iz}t =d4p(y—k), translate h units onthe x— axis, k units onthe y —axis
(200-0) = 4p(50-10)), V(hk)=V(0,10),(x,») =(200,50)
40000 =160p = p=250
The substitution of V{#, &)= (0,10) and p = 250 in equation (30) is giving the parabolic equation
(.w:—lflj2 = 4(250)( »—10)
2 =1000(y—10) = x°-1000y+10000=0

that describes the path of the cable.
ATTITHMS 9 | A radar antenna is conistructed so that a cross section along its axis is a parabola with the
receiver at the focus. Find the focus if the antenna is 12 m across and its depth is 4 m. Find the equation of
parabola that described the radar antenna. This is shown in the Figure 9.11.

@I The parabola is formed by the radar antenna. In order to write an

equation, Jocate the x—axis and the y-axis in the xy—plane. The axis of
symmetry is the positive x-axis. The parabola opens to the right with the 6 m
vertex at the origin F(0,0). The other point on the parabola is (4, 6). The
standard form for this equation is: L Axis
y'=dpx . Focus
36=4p(4), (x,5)=(4,6) (31)
E EE N E. 6m
16 4
Thus, the parabolic equation that describes the radar antenna is 2.
obtained by putting p = .i.in 31y |._4 m-..l
Fi o.11
: ?z=4Px=4[g]x=9.r e
4
The focus is F G.o] which is % m from the vertex 1{0,0).
OT FORSALE 2501
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Exercise

' Ineach case, sketch the parabola represented by the equation, indicate the vertex, the focus, the ey
points of the focal chord (latus rectum) and the axis of symmetry:

a.

x*=2y

by} =-3(x+1) v y-3)i=x

71

In each case, determine the equation of graphed parabola:

b.
y
{L
WD by
21 |7 _Lran
-2l)e 4 ° !
- 1 —t [6” x A=<
-4 . 6 10
27 \V(Z,—ij

In each case, write the equation of parabola through the given information:
a.  Focus at F0,3), directrix y = -3, b. Focus at F(4,0), directrix x = —4.

c. Vertex at F{0,0), x—axis is the line of symmetry, passes through (3,6).

. 4. Vertex at M(0,0), y-axis is the line of symmeiry, passes through (-12,-3).

c. Line of symmetry is vertical, passes through (-3 4), vertex at H(5,1).
f. Line of symmetry is horizontal, passes through (7,9), vertex at H(3,-7).
Find the equation of the set of all points with distances from (4,3) that equal their distances 07
2. '
Find an equation for a parabola whose focal chord has length 6, if it is known that the parabols .
focus (4,-2) and its directrix is parallel to the y-axis,
In each case, find the points of intersection in between the line and the parabola:
a y+3Ix=-8, x—y+2=0
For what value of ¢,
a. theline x-y+c=0will touch the parabola * = 9.0

by =2y, x—y-2=0

b. theline x—y+c=0 *ﬂ“ﬂwhﬂwpmhx'&yq

37
In each case, find the tangent equation and normal equatjon
a. atapoint (3,6) to parabola y* = 12x,

10.

Find the tangent equation

3 .
4. to parabola y =%, which makes an angle of 135¢

b. to parabola y? =

Find the equation of the parabolic portion of the
shown in the figure below:

Y which makes an angle of 60*

y

with the x-gxis.
with the x—ays,

CONICS-II

archway, if parabolic archway has the dimensions

Focus (a, 0) (-a,0) (0. a) (0, —a)
- Directrix x=-q x=a y=-a y=a
Vertex (0,0) (0, 0) (0. 0 {0, 0)
Axig r=0 »=0 x=0 x=0
Latus xmg xX=—a r=a ¥=—a
rectum
¥y ., ‘[
G Ft+ o]
o 3 F (o]
F 0 : -

.
]
.

:
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‘E Ellipse o
i shape and in format,the ellipse is difirent fom the parabols. Albough he parabola s ey
one end, the ellipse is entirely closed. The pa bola has one focus and one vertex, while the ellipse has twg

foci (plural of focus) and two vertices.

(i) _Elipse and its clements

>
*

Co-vertex

i i Minor axi
The second type of conic is called an ellipse, o i ; &
and is defined as follows. i — e il E’i:le_i :

An ellipse is the set of all points in a plane,
{he sum of whose distances from two distinct
fixed points (foci) is constant.
« Center— It is the point where major
and minor axis intersects cach other.
The midpoint of the connecting two
foci line segment is the center. .
. Focus — There are two focal points on the major axis which defines the ellipse. These are at the
same distance to the both sides from the center.
«  Major Axis — It is the lengthiest diameter of the ellipse. Tt has the end points on the widest part
of the ellipse and passes through the center.
+ Minor Axis — It is the shortest diameter of the ellipse. It is the perpendicular bisector of the
major axis. It has the end points on the narrow part of the ellipse and passes through the center.
. Vertices — The four points where the major and minor axis touches the ellipse are the vertices
The end points of major axis are generally called Vertex and the end points of minor axis 2%
generally called Co-vertex.
. Chord — It is a line segment that has both the end points on the ellipse. Major a
chord which is the longest one in an ellipse. .

i Co-v
i ertex

Figure 9.12

xis is also the

Eccentricity of an Ellipse :
Eccentricity is the factor related to conic sections which shows how circular the conic sect
eccentricity means less spherical and less eccentricity means more sﬁfmical. It is denoted by e i
The eccentricity of an ellipse is showed by the ratio of the distance between the two foci, to ! 0
the major axis,

jon s MeF

- s " ﬂ-
where e= Eccentricity, ¢= The distance from the center to any one of the foci and 4= P

major axis.
The eccentricity of an ellipse is between 0 and 1 (0 <e <1 s he fosi
y ) : ). If the eceentricity is zero "
with the center point and become a circle. If the eccentricity moves tow:rd 1 3;Iu:, ellipseé gets? %
siretched shape. .
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UNIT-®
Directrix of an cllipse e
Directrix is the line which ; S
ellpse. + et o the minor axsofthe lipse and retatd 1 bot

to the foci of the

Latus rectum of an Ellipse

If Pyx, y) is any point on the ellipse, then Idiﬂm from the

two ﬁ'nn-iﬁ(-c.ﬂlm'ld Efe.0)to the point P(x, 5) are the (
lloving: B{0.5)|  Pxy)
A P)=(x+c,y-0)
[E P = Jix+e)+(p) find and l
d(F,P)= (x~c,y-0) =h
M Pf= e+ (7 Pl 11

By definition of an ellipse , the general form of an eflipse is:
B, P o}, P2 o
Vet + (v + -y + 7 =24
. x4+ yP=20— iz
Squaring both sides to obtain i i
[x+c}’+y’:#,’-—h"[x-c)’-ly’ +{x—cy'+ )
da\flr=) 4y = 4a~dcx,
a F&—C}I'I' T .
Again squaring to obtain P o
alx—ef+ )= a'=2a°cx + %
g’(f- 2o+ g’+y=)=a"zn'rﬂ'+c=xz
ar -2+ o' o'y = a' - 2+
a’xt - +a‘)’: =g'-a'd
@ =W +a’y = a'la®-0)

NerFepsaes

e +a’y =a'b, a=c=b. a>0,b>0
L34 ;
a,,"*F =L divideout by o°p*  (34)
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(i) f:;de is 2 special case of an ellipse 3 CONICS1I
The relative shape of an ellipse can be determined by #s Foel. | Ven ; !
eccentricity e. The distance from the center of the ellipse to a foci s ¢, <), o) std X Faxis | Semiminor axis |
ﬂ-lEld the distance from the center to a vertex is a. The eccentricityris 00,009 {-0,0), (a.) {0,5), (0,-b) 4
given by the equation: Fegt = ] 0,~a),(0,q) B.0), (b))
o distance from center to focus _ ¢ (145 =a -k axh>0
distance from center to vertex  a Dﬂmﬁ‘m“‘dwﬁiﬂﬁrmukw coordinates
2 the i ellipse
The eccentricity of all ellipses are in a range between 0 and 1 9x*+4y" =36, Sketch the ellipse, el of the
(0 <e<1). This is shown in the Figure 9.14. Rewrite the ellipse equation in the standard form; A
An ellipse with an eccentricity close to 1 is long and thin, and =092 9544y’ =36 95 +4y° =36
the foci are relatively far apart. 1f the eccentricity is small, close to 0, 9,2 fi F(0,45) f‘h(ﬂ. 3)
then the ellipse resembles a circle. It can be shown that the circle is a Figure 9.14 36 % l.' divide aut by 36
special case of the ellipse whene=0. & ,!‘_:
; i T (38-a)
(iii) Standard form of equation of an ellipse . i 4 {3?? s
s b % ’ 13 . equation (38-a) 8 |
PR oy e by e syt oo e foom elips (37, T sz o sh el s e rgn, b |
: axis a, length o =mnmnora::ts . 1jo g ’ s the vestices of the major axis are on the j-axis, since the larger !
"_z...%:l (36) numerical value 45 under 3 Thus, 5*=9 ora =3, and 3 =4 y
q £as : . orb=2and F=g'~p'=9-4=5 or c= 5 i
i is, center at the and pick int P(x, y) on the plane, then 4 i ke
i LD eI s e, Tty . “The coondinates of the center, vertices/end pots of fe £,40,/%) '
we can develop the equation of the vertical ellipse given Wig major axis, end puints of the minor axis and the foci are the i ‘
“The standard form of the equation of an ellipse with center at the origin, length of the semimajor axis a, fllowing: pomis s are Figire 9,17 g
( length of the semiminc r axis b and major m:i.r:rfang the y-axis is shown in the Figure 9.16. C10,0) / osvter [;
E ol N _ Vi0.3),V0,-3)  end points of the major axis ¥
¥ a 4 BA2.0),B(-2.0) end points of the sainor axis &
X s £ {0.55).£,(0,/5) oei
£~7e1mmauwat/ms< l:’t'l :; i For some points on the ellipse, i
@'\ . Semiminor axis = 2 1 o2 {
50 5 | » 5.0 B "tﬁ}’ 1, then Td-g =] = x=sdd== 5
\0&155) ; “M}"i.ﬁw%?*-gi’i =x=t2% , !
3 The elipse is symmetrical with respect to the maj inior 2Kk ; ; . f
major axis, minor 2xis. The center, vertices, foci, and the points
¥(0, -a) : {ﬂ__!} -H‘EJ}[-M: 24 [g_{g 2[5 ,) (=28 2
Figure 9.15 Figure 9.16 \ 3 ] Tl T O e i T
Graphing Ellipse; In order to sketch an ellipse, it is required to plot the center, the intercepts£a 00 the e labeled to obtain the graph of the given sllipse inFigure 9,17,
major axis and b on the minor axis. : Determing the vetices, ead poiats of the misor axis and the cooedinates of fosi of the sllpse
First, rewrite the equation of the ellipse in the standard form, so that there is a “1" on the "3:‘:'1 227 +5y" =10, Sketch the ellipse. e
the numerator coefficients of the square terms are also 1. The center is at (0,0) and plot the intercepts mﬁmhﬂlﬂu ; i ghe: : 1
x—axis and p-axis. For the x-intercepts, plotxthe square root of the number o%; for {he y-in W,,is e PO lllipse eguation standard forra: |
B - f
Jot  the square root of the number b, finally, and draw the ellipse using these intercepts. The 1on8< 27 5y : 1
B called the major axis. If this larger axis is horizontal, then the ellipse is called horizontal and if 0% ek Bkeiytl E
major axis is vertical, the ellipsc is then called vertical i B 2 ‘
The orientation of the ellipse equation with center (10,0), vertices/end points of the major w3 ":"E?*.Uz%r' £ k)
the end points of the semiminor axis arc summarized in the box: War '
. 255 mmw FoRsaLs 256 |
... v — i
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UNIT-9

The cllipse (5-b) is related to the horizontal standaru )
form ellipse (36). The center of the ellipse is at the origin, but 3
the vertices of the major axis are on the x-axis, since the large: 2

B=2orb=+2 and ¢* =al=b* =5-2=3 or e=+,3.

The coordinates of the center, vertices’end points of the 3
major axis, end points of the minor axis and the foci are the
following:

C(0,0) center
V,(—/5,0),V{/5,0) end points of the major axis
B,(0,42),B {0,—/2) end points of the minor axis
F(—/3,0),F{3,0) foci

(iv) Equation of an ellipse through its elements

numerical value is under ), Thus, g°=5 or a=+3 and L
2 . H50 b,

BN 12] Find an equation for the ellipse with foci F(-1,0) wd Fy(1,0)and vertices V,(-2,0) and
V,(2,0).
m By inspection, the center of the ellipse is at C(0,0) and the distance from the center to the vertex
is a=2; and the distance to a focus is c=1. The value of b is obtained by inserting a and ¢ in the equation:

P=ai-ct=d-1=3=>b=23 :

The values of a and & are used in the horizontal standard form ellipse (36) to obtain

e A 39)

4 3

(v) Standard form of equation of an ellipse

The standard form of the equation of an The standard form of the equation of an
ellipse with center at C(h, k), length of the | ellipse with cemter at C(h, k), length of the
seminip.  ~xis @ and semiminor axis b, and major | semimajor axis a and semiminor axis b, and major
axis parallel w the x—axis is: axis parallel to the p-axis is:

—_(x_:l)z*'—_(y_f)::‘-“b Gl b Ok g5y 1)

a [ [x] a
¥
3 Fih k +a) *
(h.k + b) . Flink+¢)

i Dia dh b+ bk

h+a (= b,k h+

V(. k) P h=b, 1) o Lebips

(h, k= b) g \‘\ Fik, k=€)
1 % | Mihk-a) I
Figure 9.19
Figure 9.20
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UNIT-2
CONICS-Tl

[-I'\.-.|||1|1|'|';"}B Graph the alj; 2
ellipse whose equation js 4" +25)" 82 +100y-+4=0. Tndicate the censer

vertices, foci and the end Points of the minor axis
maﬂ'ﬂ'lc the given ellj ;
Ipse equation to the standard
4;‘—8.t+25y’+|00,|-=_4 oy
A" -2 41) 42507 +4y) =0
Add and subtract 100 to obtain
4{_‘!1—2J+|)+25(y=+4y+4]=|m
x=1)"+25(y+2)*=100
4(x-1)* 25(y+2)° -1 (p+2)?
—— T 2)
T R Tibade: St e JOR
ThﬂgmnC"ipsﬂ{dz]Wﬁhmbﬂhtmx=x_&-x_lmy.y_kwy_'_l&-l i-—zgim

by completing square:

a3 :
the translated ellipse in the XY-plane: %(_1_1" =] 143)

The center of the ellipse is at the origin. The major axis is horizontal and the vertices are on the
x-avis. Thus,a =5, b=2and ¢ =+2] = 44,58,

The coordinates of the center, verticeslend poi j i i i i
; 3 points of the major axis, end points of the
the foci of the translated ellipse (43) are the following: K e
C{0,0y center

Vi(=5,0),V(5,0) end points of the major axis
B,(0,2), B {0,-2) end points of the minor axis
F,(~4.58,0), F,(4.58,0), +/21 = +458 foci

Thc_ coordinates of the center, ¥
vertices/end points of the major axis, 4x7= 2317 B+ 100y +4 =0

the end points of the minor axis and foci (1.0)
of the given ellipse (42) are the {’7
* The coordinates of the center i Alia P;(ipz}

following:
C(0,0) of the translaled cllipse [a 4\{;]\’\ (1,-2)
areX=0,Y=0 PutX=0and -

Y = 0 in (43) to obtain the ' (.-
coordinates of the center of the

. Fi 92
Biven ellipse (42): skt

X=x-] = 0=x-1 = x=1 andY=y+2 = 0=y+2 = yp=-2
The center of the given ellipse(42) is C(1,-2).

*  The coordinates of the vertices Vi(=5,0), V,(5,0) of the translated ellipse are X = -5, ¥ = 0 (in
lmseuf Vi) and X = -5, Y = 0 (in case of V) Put X = -5 and Y = 0 in (43) to obtain the
coordinates of the vertex V, of the given ellipse (42 -

X=x-] = Sax—] = yx=—9 andY=y+2 = J=p+2 = y==2
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UNIT.9 : CONICs.y

The vertex V, of the given ellipse (42) is V,(—4,~2)and the vertex V; of the given ellipse (42) jg o
course V;(6,-2), :

The coordinates of the foci F, (~4,58,0),F(4.58,0) of the ranslated ellipse are X = -4.58, Y = g g
case of F)) and X = 4.58, Y = 0 (in case of F,). Put X = -4.58 and Y = 0 in (43) io obtajy the
cootdines of the focus F, of the given ellipse (42):

Kexol =5 4S8=x-1 o xw-358andY=y+2 = 0=y+2 = y=_2

The focus ¥ of the given cllipse (42) is F(~3.58,~2)and the focus F, of the given ellipse (42) g of
course F, (5.58,-2),

The graph of the ellipse is shown in the Figure 9.21,
The erientation of the cllipse equation with center C(h, &) are summarized in the boxes;

Vertlees/End Points of
Orlentation : Foel Major Axis End Polints of Minor Axis
Horlzontal | F(h=c,k), F{h+c,k) Vith=a,k), Vi{h+a,k) | B(hk+b),B (k=)
Vertleal | F(ik+e),Fihk-c) Vithik+a), Vihk=a) | By(h+b,k),B(h=bk) |

Notethat b = -’ ore = =5 witha>b >0, 4

EEEEIIRI4] Find the cquation of the elfipse with

vertices at (-1, 2) and (7, 2) and with 2 as the length of the
semiminor oxis,

he .z}<
@I With the verices of the ellipse are at _ G2
Vi(=1,2)end V;(7,2),the center is at the midpoint of the
linc segment V, V; Joinlng these vertlces, The midpoint Figure 9.22
(3,2) of the line segment V, V, Is the center C(h, &) = €13, 2). This Is shown in the Figure 9,22,

The distance from the center C(3, 2) 1o either vertex is a = 4 units, The semiminor axis has a length
of b= 2. From the Figure 9.22, we sce that the major axis is parallel to the x-axis. The horizontal standard
form of the ellipse (40) is used to obtain the required eflipse equation:

g.t-h!’_'_ig-kl’_l
F] b?

K(7.2)4

| 1
[théﬁ.ﬂ%lln. Clhvk)=(3,2),a=4,b=2 (44)

(vl) Recognition of tangent and normal to an ellipse
A.  Tangent to an elllpse
“A line that interacts the ellipse at a point is kiown as tangent at
the ellipse™ fn the Figure 9.23, the line LM Is tangent to the ellipse which
Is Intersecting the ellipse at point *P* as shown in Figure 9,23,
B,  Normal toan ellipse -
Normal 1o an cllipse Is a line perpendicular to the tangent 1o clrve
through the polnt of contact. Line QR is normal to the ellipse which (s

perpendicular to the tangent LM at polnt 'P', x shown n Figure 9,23,

2650 ’ RO EORSALE
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UNIT-9

(vil) Point of Interseetip,
The given line and ellipse
N=my 4
F
e (45)
Stae=l
A

develops a system of nonlinear equations:

ol an ellipse ang allne

nonlinear system (47) simultancously. o e s
The line (45) is used incllipseﬂﬁhunmulcqm:h:icathn inx;
X, (o ic)’

ﬂ'! bl
x’(n’n:‘+b’l+2a’ma+a‘(e?—y =0 (48

:Thc ?quatm (43}bcbgaqumﬁalicu;tmbn inx, gives a set of two values x, and x, of x, which will be used

in a line (45) to abtain a set of two values y, and y, of .

Thus, a solution ser {5, ) (x, 0,

)} of the em (47) i o 2 -
s Syst Juofmmasuofpmsornssmmof

Dﬂr=4.:‘m’c’—4(a’m’+b‘)(a’)(c’-b‘]> 0, real and different
Dm‘sc=4a‘m=e*—4(.fm*+a*)(.:‘}(:’-a*]ﬂ real and eoincident i
Dirc=4.;'”’&—4(u*m=+a’p[a‘)(c‘—a*)<o. imaginary
Find the points of intersection ofthe line 2x — y— 2 = 0 and the ellipsedx® +9)7 = 36,
The equations of the line and ellipse are:

2x—y-2=0 (49)
y=2x=2
42 +9y* =36

4+ 904 +4-8x)-36=0
40%° - T2x=0

= x=0, :=2
5
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UNIT.0 e
- FONI Sy
Th::hmﬂhuumumdinunlm {49) to obtain the y-coordinates: x=0. % gim_rn-l%
Thu.m:aoﬂwupuimsnfintmjnn{u-z 2k 1 and distant and the line 2v - . _ 5
,~2) and ;'E are rea =V =r=-2=g
intersects the ellipse (50) at points (0,-2) and (%%]

(vill) The equation of a tangent line in slope-form
2 2
1fm is the slope of the tangent line to ellipse '{5+i3=' (51)
: : a
then the equation of that tangent linc is of the form  y = mx -+ ¢ (52)
Here c is to be caleulated from the fact that the line (52) is tangent to ellipse (51).
The line (52) is used in an ellipse (51) to obtain the quadratic equation in x:
1
£;+M =]
a b
.t’(n'm’+ﬁ‘]+2a‘m+a‘(c’-b*:|= 0 (53)

1f the line (52) touches the ellipse (51), then the quadratic equation (33) has coincident roots for
which the discriminant of the quadratic equation (53) equals zero:

da'm’c? —4{a“m’ +b ][_a‘:l{c’ =b*)=0
a'm'c® -(a’n’* +5°)(c* ~b*)=0, divide out by4a’
almlcl _nlmlcl +ﬂ'=m=b1 _blcl "'b. -0
am'b b+ b =0
-b'e*=—(a’m’p’ +b*)
' =a'm'+b
c=tJam +b (54)
The equation (54) is the condition of tangency. The value of ¢ from equation (54) is used in the line (<2)t0
obtain the required equation of the tangent line: y=mx+c=metJgm+5 (55

[ Note /.

H 2
o the equation nl‘mymmmm:llips:*—,v:?:i in the slope-form is:
a
y=mxtJaim+b (56)

s
« Condition of Tangency: The line y = mx + ¢ should touch the cllipse -"_l+%=l under
a

condition:  e=xJaim’+b i57)

e a et

281 ' B me

CONICS.I1

grciufmdtlmlangmlinmlwslnuidmhlheg:m:l!m

The values of ¢ at which e 1 : b
m = o cﬂwhl:h!hl: line 21‘-_}'+¢'!'0wi|| mhhﬁmﬂr 1l 7
are:  cmtyfaln B =30 1414 i i
Hmm-?2|'.~;thc=1'npeuf|heline2:—y+c-0_
mmumﬂngwlincsﬂuﬂnuhwuchhelﬁpmﬂmughmhﬁmis:

VYemxte=detd m=2

(ix) The equation of a tangent line to ellipse at a point

The equation of a tangent line at a point P[J,,yl}mdiipscf

3
¥ &
Ledclin yopmmie-x) . (59

2

Herem, is the i ipse L. i
erem, slope of the tangent line 1o clllpse?+bz 1 at a point Pix,y) that can be found by

z .3 2
diffrentiting 22+ %5 <1 withrespectto.. 2,07,
a a
}—T‘FE%EP—:IJ
@ b dr
ﬂ'—ﬂ———-blx
dr gy
fg] _=Fn_
. 59
["ﬁ' ha)y @Y, ™ Lk

The substitution of (59) in (58) is giving the equation of the tangent line at a point P(x,, y,

) to ellipse:
Y=p=mix-x)
y-y=-EX gy
ay

rd El ¥
TN o a2
oslo T M Ih RGN
B ad " ﬂ'=+b=
x5 0 S
=St Bia (60) ..%43,--19:(.\-,,_1;,}

G 7) ﬁ"dth““"““‘"“’f""mﬂamhr[l%]weﬂiﬁ 2.0
%5

9
mkmﬂmrismwnbtﬂmhewIineioﬂngimellwsc:
ﬂq.—'}?_'.l
2 H
[
¥ 12
x(3) 5 : 125 L
'?s—--l- 5 =] -~(-l'|p.1'1:'=[3-?].a‘=35,b:=9
2£+E£_|=,27Hm =225=0=9x+2|
T Rie o ; Iy =0=9x+20y-75=0

’h




UNIT.

(X) The equation of a normal line to ellipse at a pni:lt 2

X . I_+l’:=]i5:
The equation of a normal at a point P(xu}'t)t“wa’ b @
)

y=y =my(x=x)
i I_=+£=1a1 a point P(x;,y,)that can be foung by
Hﬂ'l:m,isﬂacshpeofihemnmlmeﬂq:seaz e :
: f standard Ellipses
i iating . i ] Summary o s
t‘ll.ﬂ'u'cnlﬂlms—2+i—:=lﬂhwwr T T
a —4z=la>b -7+F_1,a<b
= 5 Equation | & b @
—!+32-=] c’:ﬂz—bt C"=ﬂ!—-ﬁ:
a . T
+¢,0 (0,£C)
2=, vy o : Focus (xe 2 )
e Directrices x=t—= y=1?.
dy__bx 4 —
de iy Major axis y=
—:’1 Vertices (£a,0) (0,+a)
W e == (0,5) (#5,0)
‘ Co
dx iy @ l)'l : o o o
ah 52 P W
%=_;=?§:’ e Eccentricity e=;€l e—ae:]
The substitution of (62) in (61) is giving :
the normal equation at a point P(x;, »,) to ellipse: A\
-
-y =mx-x)
e “:y' —a L B\ B
y—y.=b,:‘ (x—x), my= 5, :
2= T8 (63)
K il
bl a:

T
12 |
: i i = 4=l
thdmmmleqwnumapuniP[ls]wdhpsc v
@SIIEI Result (63) is used to obtain the normal line to the given ellipse:

=% _Y-N (xl.y1]=[3,l—:v),az =25,b*=9
12
x—3_y-.§_
o B
= (s)
9)
25{1_3]=3[5_y__—12)
o '

100(x—3)=9(5y~12) = 100x~300-45y+108= 0 = 100x— 45y—192= 0

CONICS-IT

e

i. lnmﬁmse,ﬂmchm; n 5 4 < B
ﬂumjwubmmwmm& “quation. Indicate the center, foci, endpoints of

2
4 §+IT=] B §+§=l < (_l:+1z+£___y_2)’=[
. = 16 9
2. 1nﬁchmgdemmmﬂmmmofmweum
: ¥ B
y (2.5)

cily 62
/— \ i ‘f : =)
\Wﬁ-ﬂi { 6-2) N0
\ | Jeo

(ﬁr'ﬁ) { 1 3,—2}

2
3 In each case, write the emwinnofellr'pselfn‘uugh the given information:
a. Cemeri:at{—],?),a=2,b=].nnjura:isisbmimmL
b. Vertices are at (4, 2) and (12,2), 5= 2.
- Aﬁcwism(—!.S},amism(ﬁJ),kngthofmm' axis is 6,
d. Vertices are at (0,8) and (02), ¢ = 5.
4. TheslupeofmelﬁpsedMomhemrécityoﬁbu]ﬂpne--E.Dunmin:
2
A the eccentricity of the ellipse -z'f—s+li-;=l.
b. !i:-::qusrhnofﬂleeﬂipuwﬂhmicﬁmm(—j.ﬂ}.and[iﬂ):nﬂl!:mmic&yiuﬂ%.
<. thewcmtﬁcityof'theeﬂipse.ifthclmghof!h:scmi;mjorax:‘:sisn=¢andlhelenglhofth=
semiminor axis is b =2, i
5. For what value of c,
2
a. melineH+c=ommmmh=euipu§+”T=1?

(2,-5)

2
b.  the line 1’-)’+c=ﬂwil]tuuchthegﬂjp@3?’_:+_}4'_=]?
2 3

. the line -"f';l""l‘-“'ﬁw.illlounhﬂ:guipse %+%=l?

6 Incachcase, find the tangent equation and narmal equation
1 = 3
a. ata point (1,2) to tlﬁpsc%:+%=l? b. atapoint (3.'5)!0&"1';}5: £7-_+%=I?
1

© atapoint (1,1) to ellipse -"‘Tq-r’T’f:n

I Find the tangent equation :
2 2
i “’"“’"“P“%*‘;,'—=1whi=hispapendiculmomuim9;+sy_35q.:._

3 2
b to the ellipse "?-I-':—=]which is paralle] to the line 6x + 21y — 14 = g,

NP roRsALE 264
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UNIT.® CONICs.g

‘-’hs-ﬁ-nujdmhcmmumdm the conjugate axis or the length 27 Ti: significance of b is determiney
by solving the standard form of hyperbola for 3
2

X ¥
P _
2 2
¥ X .
_E—_-—.-ﬂ_;q.l
r
£oa’\_ B 2 ==——"1‘2(1-a,]
yzEb:[ P R
Br Iy - 68
=t— ll=— (
¥ ia 2
¢ 1 i values for x, then
rlﬁusmnﬁncdnhwioniji—{ssmm).ﬁwcmbdmhrsﬂandw the

2 . close to zero. Thus, for
= . In fact, the fraction eventually gets very
fraction % becomes smaller and smaller.
% of x. the y values approaches the
1-4 aches 1. Therefore, for large values
large values of x, the term I_W"

vatue 22 x. and the value of the byperbola gets closer and closer to the lines:
= 4D
e that are grester
These lines are called the asymptotes of the byperbola As x takes on values i =
distances ﬁmﬂnmof&:w&mofy(ofmm)mm Mw
uwmwmwmﬂ;mmmmdmw
these lines are casy to graph, the asympioies are valisble aids in sketching the hyperbola.

2 -
e For horizontal standard form hyperbola 5—%4 the asympiotes are the lines:

pails (69)
g
copt 3 ;
- For vetical standand form hyperbols 25— =1, the asympotes ave the fines
y-——i%-t {?0)

R e Y
"‘”"‘"";:“,_,-d,mm.whmmmﬂmmmﬂwmmﬂ

: from the origin is then called the asymptotes. - od g ghe BOE
X Thr oricatation of the hyperbola with center C(0,0), vertines and foci are summarized 4

- Fod Verfices
=] E(<.0.F£c0) V2,00, V{2 0)
== E(0.0).F(0.—) V{0,2), VAO.—)

UNIT-9

The foci are thm!hre!",(—s.o)a:ﬂlgis,ﬂl. The asymptotes
are the lines

a 3 . a 3
For sketching the hyperbola, the end points of the
conjugate axis (0,~4) and (0,4) are located, then draw the
lines through the points (0,-4) and (0,4) paralle] to the
x-axis. Similarly, draw the lines through the end points of
the transverse axis WVi(=3,0) and VL (3,0 parallel to p-
axis to complete the rectangle, The resultant rectangle and
the extended diagonals of the rectangle are the asymplotes
of the hyperbola. The sketch of the hyperbola is shown in
the Figure 9.28,
Sketch the hyperbola 16y* — 9,7 = 144, with
uenltratlbeoriginmdlhglﬂnsvmaﬂsisatﬂ:y-uh.
Determine the vertices and foci of the hyperbola,
Rewrite the given hyperbola in the standard

frm of the hyperbola (67):
16y 93 =144
16y* 95 T 5
————=]=L _E
44 144 9 16 an

!fﬁnhamwuisisahngihey—m‘m,lhmseba
a’=9,a=43 ang b'=16,b=44. The vertices of the
hyperbola are V. (0,3) and V,(0,-3). The end points of the
conjugate axis are (~4, 0) and (4, 0). The vakue of ¢ for foci
fanbefaundbyusinglh: formula:

=g +5'=04+16=25c=45

CONICS-11

equation of a hyperbola with

4 *
o EG0)

5"

Figure 929

The foci are therefore F(0,5) and F, (0,~5). The asymptotes are the lines

palpady o a3
B A oy

Sketch the rectangle formed by the points (0,43)and

(£4,0)and then sketch the asymptoirs using

the diagonals of the rectangle. With the asymptotes, vertices and foci, it is casy to sketch the hyperbola, as

in the Figure 9.29,
boT FeRsaE 268
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UNIT-9 CONICS.1p
(¥) Equation of hyperbola through its elements
Find the vertices, foci, eccentricity and the asymptotes of the hyperbola 16x* -9y = 144,
@&IITD Rewrite the given hyperbola in the standard form:
16x*-9y" =144 2
Eﬁ_g.]'_: o ¥ 1

W T

If the transverse axis is the x-axis, then select a®=9, a=3 and b® =16, b=4.The value of ¢ js

obtained by formula c=+/a* +5 =0+16 =45, ‘ )
The vertices, foci, cceentricity and asymptotes of the given hyperbola - =~ e following:
Vi, 0) = V,(3,0), V;(—a,0) = V.(-3,0) vertices
F(c,0) =E(5,0), F.(~¢,0) =F,(-5,0) foci
: - )F

e
e=—==2>]

y=i£x=t-§; Ssymplaiey
a

[EXIN 22 ] Find the equation of hyperbola, when one focus is at (0,6), center is at C(0,0) and the
eccentricity is 3. ;
WFM(0,6}givcsc=6,11|isindicatﬁ:hﬂﬂlcm:xisisthey—axi&m=unﬁriﬂy3
is giving the value of a:

c 6
e=—=33=—qg=2
a

[/}
These values of a and ¢ is used in the formula to obtain the value of b:
c=a*+bh ’
b =c—a"=36-4=32
The required hyperbola equation is:
1
roas
a ¥
-’i-ﬁ=1, a'=4,b"=32
4 32

(v)  Standard form of equation of Hyperbola

If any point (h, k}unﬂnphneisse!mndasﬂlemdmehypubahaﬂ a major axis par o

the x-axis or y-axis is selected, then with the geometrical definition,  new set of equations for hyper®
can be derived through transkation of axes.

Translation of hyperbola horizontally: and
The standard form of the equation of a hyperbola with center at C(h, &), vetices at V, (h-+ %)
Vy(h—a,K). foci atF,(h—c,k)and Fyh +c, ) is:

” -k
(xarf__%);l (72)

2 CONICS-IT
(x=h)?  (p)2
e b

ANV (hra k)

r

Figure 9.30
Translation of hyperbola vertically:

The standard form of the equation of a
- Valhk~a), foci at F(hk-+c)and Fy (h, k - )

-k -h)’_|

hyperbola with center at Cih, &),

b vertices at V(i k +a) and
LN

& . » [73)
» :
I (o R )
a? 3 T
)
4 :

V,(hmh »-4,@
¥, (hk—a)
i BN

F(hk-c)

{ Figure 9.31
The orientation of the hyperbola equation with center
Orientation
Horizonta)
Vertica)

C(#, k) are summarized in the box:

Foci
E(h=c,k), Fylh+c,k)
Eihk+c), Fyihk—e)

Vertices
Vilh—a. b, Vih+a,k)
Vithk +a), Vilhk—a)

Note that .2 =

= az_'_&z: c=0,
Sketch the hyperbola
(=1 (p+2) <
Nl 144 g
erat Cih, k) and the transverse axis is th
. The given hyperbola is:

NP RorenE

g

e x-axis. Determine the vertices and foci of the hyperbala,




o

RLE-1 - =, '-'bh"ii.:_. 1
LNIT-0
174)

 C) L6 )
144 25
RIS I, | e by Y
2 Y]

144 25 : : : : = 2
The hyperbola 75) has a transverse axis on the x-axis that give a =184, 5=128 I 5°= 25, bad,

(75)

The value of ¢ is obtained by formula:

2 J;Emr\::a;:if—[tf vertices and foci of the new hyperbola in the XY-system are the following:
V,(=a,0) = V,(=12,0), V,(a,0) = V,(12,0) vertices
F(—c,0) = F,(=13,0), F.(c,0) = F,(13,0) foci
The asymptotes in the XY-system are the lines: 1
5

b 5 = Alisr s
Y=sX=5X, Ym- Xe-2X

The coordinates of the vertices and foci of the given hyperbola 74y in the x)-system are the

following: ’
V(i +a,k) = V,(13,-2), Vy(h-a,k) = V,(=11,-2) vertices

F(h—c,k)=F(-12,-2),FK(h+eck)=V,(14,-2) foct
The asymptotes in the XY-system can be converted in the xy=-system to obtain:

v=2x A
a

-l a=12b=5
12

(y—k)=%'l-1"hl» X=x—-hY=y—k h=1k=-2

5
=—(x—1 §
y+2 n(x )]
12y +24=5x=5=12y-5x429=0

~.-=_Ex
a

5
=25
12

5
—ky=——(x—h
(—k) Iz(J|: )
y+2= -15—2{::-[] = 12y+24==5x4+5= 12y+5x+19=0
Having sketched the asymptotes and the vertices, we can sketch the hyperbola as shown in theigure 932

CONICS.11

F(-122)a q
F-11,-2" /i

Figure 9.32

For translating the hyperbo G-h' -k :
b e la LI = lhorizontally, the asymptotes are the lines:

Lab
fy—k)-iavfx—a) (76)

2
For translati =&y x—hy’ ;
. nslating the hyperbola < —-—?—- = lvertically, the asymptotes are the lines:

a

=425 _
U’—-E’)—-i'b(x i) a7

(vi) Recognition o!"langent and normal to h
. itior 0 yperbola
s A line which mterseqs_a hyperbola in two coincident Points is a tangent. For the hyperbola, there
“{’"" tangents [real and distanct, coincident (with an asymptote), or complex] with a given slo : The
formulation for tangents to hyperbola will be discussed in the succeeding sections, v

(vii) Point of intersection of hyperbola with a line including the condition of

tangency
The given line and hyperbola

VY=mx+c (78)

=
B e (79)

2

a 4 (80}

Y=mr+c

T_hc soluh:;on set {x, ¥} of nonlinear system of equations (yoexists only, if the curves of the system
n[.;.s,?ﬂm Intersecting, That set of points of intersection {x, '} (a solution set) can be found by solving the

near system (soysimultancously, 3
The line (78yis used in hyperbola (9 to obtain the quadratic equation in x:
2 (mv+e) =
: al b
e (bz“aam::}—zn?m-ﬂ'a:l:c!"'bzl: 0 s

NBTRERQ;




UN11g CONIEs.
The equation

being a quadratic equation in x, gives a set of two values x, and x, of x, whjcy, will
be used in a line

10 obtain a set of two values y, and y, of y. i
: i intersecti
The solution set HERHNEN| jofthe system s of course a set of points o System

The points of intersection of the system  are real, coincident or imaginary, according as the rogys

of the quadratic equation are real, coincident or imaginary, or according as the discriminant of g,
quadratic equation

Dise = 4a‘m:c + 4(51 -n=m1:}(qz)(cz +b=:| =0, real SI'I_d different
Dise =4q" 7 +4I:.‘.:2—a’m’)(a"‘)(c’+b°:l =0, real and coincident

Disc=4a"nc +4(b"~ a’m’)(a”)(c*+57) <0, imaginary

. 2 o =
E";‘““‘f"‘?m Find the points of intersection of the line x —y~1=0and the hyperbola 4y* - 3" =4,
@IITII® The equations of the line and hyperbola are -

x=y=1=0 o
( y=x-1
‘ i 'HI-. i ints of intersection:
: The line . isused in hyperbola  ° loobtmnﬂmxﬁurdmtesoﬂ_heppmo inte H
[4
4y’ =(x-1)'=4
5
( 4:’—{xz+l-2x)-4=0==-3;r’+lr-5=l]$x=l,.-3
The x—coordinates are used in the line to obtain the y—coordinates:
: 8 ¥
T x= I.—% givey=0,-3
i i i 28 nd distinct and the lint
a Thus, the set of two points of intersection (1,0) and (-3—5] are real and di ;
. . 5 8
x=y =1 =0 intersects the hyperbola  ** at points (1,0) and ~3 3
C

(viii) Equation of a tangent line in slope-form
1fm is the slope of the tangent line to hyperbola
£
2 b!. i
&
then the equation of that tangent line is of the form
= px + o
Here c is to be calculated from the fact that the Jine -

* 1 is tangent to hyperbola (- 1.
Theline s used in hyperbola —"loublahlhequadmiccqmtioninx:
£ _tmief

a LS
x:(bt_lmzj._.zaanﬁ:x-l- g‘ {C’ +b=:|= 0

;
273 mmﬁw

Ifthe line - touches ghe i . CONICS1
- fa - then the quadrati . fe
i iserimi i €quation . has coincid
which the ‘::!s::n?lnanlzor:heqmm €QUation . i5 goine 1 be Soar comcident roots for
da'nie +4(p ‘-asz;?;lfg’}[g’q.g];o
ﬂ"m:.c-zi-(bz - zmzl{"_zq.b:): |:|' djw..k ot bth
—@m b e syt
._ﬂ.?m!bl+&z‘_:+ba= 0

2 2 2 2
a m I:'J"a .IJJ'JL"

~a'm+eepi=g
&= (a*m*-p?)
c?=a!mz—b=

The equation  ~, s the condition of tangency. The value of -
line: > to obtain the required equation of the tangent line:

yEmxte=med fo7t - p?
L
: F
the equation of any tangent to hyperbola -"—f-i’; =lin the slope—form is:
b i

Y=t ot g

the line y = px + ¢ should touch the hyperbo

from equation , -, is used in the

Remember ')

&

2 2
. la %~ 2 = ) under condition:
a b
c= dl,"?_bl

225] For what valye of ¢, the line y=Es-,\'+c will touch the hyperbola —’:—-J" =

?-l. Use those
values of ¢ 1o fing the tangent lines that should touch the given hyperbola,
ERTTB The values of c o which the lne = 3

=37 ~+c will touch the given hyperbola through result. . -,
arg:
e=talpiopi =t ’4[%)—-9:14 a’=4.b’=9.mé§
Here m=2 i the slope of the line y=32 x4 ¢, The required rangent lines that should touch the
hyperbola through result . . js:
J’Eﬂ’lx+¢=-2$—,l'i‘4 .‘,m:-zé
(ix)

Equation of tangent line to hyperbola a 5 point

The equation of the tangent at a point P(x,, 1) to hyperbola 3-_;—-51, =1.is:
a
F=r=m(x-x)

-Worrareang

pms s s m——

i § bon b L SR

" s

|
"
[
i

=iaep L1} ""v_"l?p'c' x4
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UNIT.9
2V i
Herem, is the slope of the tangent line to hyperbola el =1 ata point Px, y,) that can be

2 2
found by differentiating L —L o1 with respect to x:
a b

‘—"3_!3 =1 differentiate w.r.t. x
a b
2x 2ydy
a b dx
& _bx
dx gy
2
de fio oy @W . :
The substitution of(92) in(91) is giving the equation of the tangent line at a point P(x;, y,)to

hyperbola:
Y=y =mix-x)

—

2
2 ¥
NN B N N

3 T 0 F F) F] 2 b:
[ a a ¥ a

2 v

My 93) Stetetar(x,y)
== : ¥

a-n a b

16 y
BTNl 26| Find the equation of the tangent at a point P(S ;-] to hyperbola = _-E 1.
EEED Result(93) is used 1o obtain the tangent line to the given hyperbola:

-i;-l. a'=9,p'=16 ‘
a b

y[lﬁ]
9 16
%ﬁ'l_:ﬂ (x.-y.)=( 9)

5x 16y _

9 144

80x=16y =144 = 80x—16y~144=0 = Sx—y-9=¢

(x) Equation of a normal line to hyperbola at a point

2
Tlleﬁquatmnuﬁhemmlatapmml’{x‘ Y1) 10 hyperbola f---i'—:l is:

y=y=mix-x) (4

: foud

Here m, is the Slﬂpﬂ of the normal to hyperbols g—b—=1 at a point P(x,, _l’.}'m“‘:’mIIjIe

— 2= =Twith respect 1
bydlffemﬂl'“mg'_ b 1 2

e

e CONICS.)

= e 5
® » Sy 195}

The subs!mumn of (95 i’ in (94 j 15 Ellfm.g the normal equation a apoi.rll Pfl', V) to h}'pﬂbﬂh'
L | 2
J Hy=m ':[ ‘IJ

Ha-x)
£

y-y.=;_

Y= _=x-x)
% 2
5 a’

m Find the normal equation at a point P[S %—J to hyperbola i) =1.
9 16
EEIID Resule (96) is used to obtain the normal line to the given hyperbola:

6
—{x-5) Y& 16
= | _‘_(M,,( 9)

-9(.r—5)= (9y-16)
5 1
= ~9(x~5)(1)=5(9y-16)
~9x+45=45y-80
Dx+45y =125

NoT rorsaLE
275 MM

LT

AT

Ly
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UNIT.9

1. In‘each case, sketch the hyperbola represented by the equation. Indicate the center, vertices, foc and

the equations of the asymptotes:
2
u £z-—z—=l I £—£=
4 9 25 4
S N ) PO ¢ ) S
#2 TR e = e 25
'z In each case, deiermine the equation of graphed ellipse:

s
@| #
y - e
KES3) o) T
K(505)

-
l“: ("'51-7}

3. In each case, write the equation of hyperbola through the given information:
Foci are at (0,3) and (0,-3), one vertex is at (0,-2).
Vertices are at (5,0) and (-5.0), one focus is at (—7,0).
~. Transverse axis is the x-axis, asymptotes are the lines y = 3x and y = —3.1‘
.. Foci are at (5,0) and (~5,0), eccentricity is 5/3.
Vertices are at (3,~1) and (~1,-1), asymptotes are the lines y = (9/4) x ~{(13/4) and
y=(-9/4)x +(5/4).
4 Determine the path of a point that moves so that the difference ufnsdmam from
. the points (~5,0) and (5,0) is 8.
1, the points (0,~13) and (0,13} is 10,
5, Write the equation of the hyperbola
a. with vertices at (2,-2), (-4,-2) and that passes through the point with coordinates (5,1)-
- ; with vertices at (=3,1), (=3.3) and that passes through the point with coordinates (0,4).
6 [In each case, sketch the rectangular hwtrbolamdulcmfy the vertices, the foci and the

asymptotes: @=3 gyt

0 eD'=(y-2Y'=1 h, 2
N EoREALE

...r+clw||lo1.|chlhch)-p¢raoh _z__,._,
9. Ineach case, find the tangent !

¢quation and mmal equation
a. Mamﬂ(Lrgjm!apuboh L

]

6
b ﬂﬂPﬂml(—-,SJru i R -
3 h.vpe:bola T 17

Summary of standarq Hyperbalas

Dfrr.ctrices

Vertices
Covertices

| Conre

Eccentricity

Graph
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UNIT-9

obtained with reference to another system

o Ty

CONICs gy

E!' ~
Translation and Rotation of AX€S
If the coordinates of a point or the equation of a curve be g
rectangular or oblique, then the coordinates of the same point or L=

oblique. The process of so ch‘"\ging i

of axes, rectangular of :
J the transformation of coordinates,

iven with reference 10 a system of
the equation of the same curve eay p,

coordinates of a point or the equation of a curve is calle

i)  Translation and rotation of axes

In general, we come across 10 define three Lypes of e
a. Translation of Aves: This will be used in changing the origin

the old ones.
b, Rutation of Axes: This will be u

origin of the system.

change of axes that are the following:
only and the new axes are paralle] 1

sed in changing the directions of the axes without changing 1,

I be used, when the change of the direction and the origin of the

¢, General Transformalion: This wi
axes both come together.

The relationship between the two seis of coordinate axes

The rotational relationship between the two sets of coord

is called the translation of axes,
wate axes is called the rotation of axes.

(i) Equations of transformation for translation of axes

in of the set of old rectangular

ir 0(0,0) is the old origl .
coordinate axes ox and oy, then the coordinates of a point P with

respect to the old axes are Plx, y).
If O(h, £) is the new origin of the set of new reclangular

coordinate axes OX and OY parallel to the old rectangular
coordinate axes, then the coordinates of a point P with respect to the

new axes are P(X, Y). s
1f PM and ON are perpendicular to old coordinate axis ox,

where PM inlersects the new coordinate axis OX at M,, then, the

following assumptions
oN=h NO=k oM=x, MP = y also OM, =X, MP=Y

through old rectangular coordinate axes
x=oM=oN+NM=oN+OM,= X
y=MP=MM,+ MP=NO+MP= k¥
develops a set of rectangular coordinate axes in terms of new coordinates X, ¥ by means 0
x=X+h y=Y+k 97)
The set of equations {97) are the equations of transformation for translation of ax¢s-
{his substitution in a given equation, a new equation of the same graph is ob&mgd, referred now 10

translated axes.
(iii) Equations of transformation for rotation of axes

Ifox and oy is the set of old rectangular coordinate axes, then the set of new rectangular ’-'-’-"“"imf
axes OX and OY is obtained by rotating the old rectangular coordinates through an angle0,0< £50'
anti-clockwise direction. &

£ the relation:

By makité
{he e

o FoRse

. [EE28] Translate to parallel axes through the point (1, -2) the
»= conic 4y

%

I the coording
: les i
P with respect to the new :::smm
If PM and PN are -

Pwi
With res CONICS-T1

Pect to .
Ol axes are P{_‘t y}. then oo
Lo the Il i the rdinates of a point

following assumptions
OM=x =
‘MP—-J{ON=X_NF= 4

Y
e Y\ g %
~ 0l

RS
Figure 9.34

through old rectangul
o X
x=O0M EHiar coordinate axes

=0N, -MN, =0N, ~-MN
y=MP

=UNmH~NPanﬂ=X:osB-'|'sin9

= MM =
dcvclurn; ::::l;r NN +M,P =ONsind+ NPcosg =XsinD+Y
rectangular i 7 rcrrn- e et
x=Xcosl-Ysind m'dmf_emlﬂ ek cuor|
Ly . ¥=Xsin+Yeosh ma;e: XY by means of the relation:
equivalent form of the relations (98) js- L '

X= i ==y
xcos@ )'SIIIB, Y x5in0 J'cosa 99
X + + 1

(iv) Transfor
med equations through translation and rotation of a
xes
F£25y —Bx+ 100y +4=0,

m&lbstitule = =
x X+.‘:—X+I(&=I}andy=-‘f+k'=‘f-2(k— 2) inthe
==2) inthe given equation

4x" 425y ~Bx+100p +4 =0

4{:’:"'1;'2 +25(Y—-2}:—8{x+]]+100|:y_2]+4=0

which yields the standard ipse i
o form of ellipse in XY-plane by completing the Square;

Yl
CUHE i e s (100)
The standard form of i
CE the : d
substitution of X=x+ 1 and Y=y - f.wen conic (ellipse) equation in x-plane is
(x-1)°, (»+2)°

—i

%5 "; =], X=x=1,=y+32, XY —sysiem

129] Transform to axes incli
£+ 3 -8+ dxy—1=0, xes inclined at an angle 45° 10

The substitution of equation (9%)
x=Xcos0-Ysinf, 6=45

obtained by backward
the original axes of the conic

=x¢°545-"1’s[n45=£x_£ _\5
T e ks

b~

y=Xsin0+Ycosh -'-51n45=c¢,45=T-

e W2 W2

=Xcos45+ YsindS=—X+
i : = —Y=—(X+Y
in the given eonic equation 2 2 3 { )

2 i .
;(x-v) +43{x+'f) -3§(x-v)+4[§]{x—v][xw)_l_0

NOT EeRSALE)

5

RS

¥

SRR

Fhdah

£

PR T TR

- Y

o
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UNIT-9

1o obtain the transformed equation of hyperbola
X =Y 42 (- Y)-1=0
that yields the given conic by substituting:
X+Y= % I :
X=—m(x+)), ¥ =—=(x=2)
X-Ym2E i :fl'( ¥ 2
J2 :
¥ i old origin and old axes
vy o + ¢ 1 and new axes with respect to ; ! ' ‘
This is actually the general transformation (third type) which requires both translation and rotation
of axes. The procedure developed is as under: +y
1f O(0,0) is the old origin of the set of old mclangulal; =
coordinate axes ox and oy, then the origin of the set clid B 2
rectangular coordinate axes OX and OY parallel to the o - L
rectangular coordinate axes is OCh, k). Further,-me scl_ufnew " 2 ’
rectangular coordinate axes OX'and oY’ is oblamlfri by \.\
rotating the rectangular coordinates axes TJX :m:l OY through % .
an angle 8,0 < 0 < 90" in anti-clockwise direction. ‘ ol 7 l”t
If the rectangular coordinates of @ point P with mspe:te fe—h— ..J o
i then
to old rectangular coordinate axes are Plxy) -
r:ﬂ.nngu!.ar coordinates of a point P with respect 1o mctarfgullu' Figure 9.35
coordinates axes OX, OY and new mctangul;:r coordinates
axes OX',0Y" are respectively P(X.Y) and P(X,Y).
The following assumptions y o
oM=x, MP = 3 OM, =X, MP=Y, ON, =X, N,P=Y

through old rectangular coordinate axes

¥

o
=
=

x=0oM

=oN-MN

=oL+LN-MN

=oL+0ON,-M,N,

=oL+ON,cos@-N, Psin®=h+X'cos@-Y'sin®
y=MP

= MM, + MM, +M,;F

=OL+N,N, +M,P=k+0N, sin@+MN,PcosB

=k +X'sin0+ Y cos -
develops a set of rectangular coordinate axes in terms of new coordinates

mmm::—.‘w)('cosﬂ—‘r"sinﬂ, y=k+X'sin0+Y cos® (i ¢ the
= s 0

ST 30] Transform to new axes inclined at an angle 45° to the original axes

LR

mi’cx1+y=_gx+4y—l=0 through (2, 3).

X'and Y'b}' means of b

(SR The sibstitution of equaion 11, ki
x=h+X'cosh- Y'sing, 0=4q5
=h+X'c0s 45~ Y's5in 45

V2., 2
=24+ — X' X e -JE 7
+ 2 X ) Y =2+_2_,(x ‘-Y':l

~EindS=cosd5=

&

y=k+X'sin0+Y'cosp
=k+X'cosd45+ Y'sin 45
V2., B N
_3+—2—x -|-—2_"[ll =3+T[x‘+‘ﬂ)
in the given conic equation

Rzl R
[2+E(x =¥ }] *[“:,'5(7{ Y }] -8 2+%(x‘-\"]}+4[2+§{x'-'r*]}[a*-%(xuY'}}hn
to obtain the transformed equation of hyperbola

X =Y 42 (XY 4TV (X4 ¥") 420 =0
that yields the given conic by substituting:

A <
e T b =>X'="r"7'-9+%'-9 v:%‘f—] (x-2
s TE R R
2

(vi) Angle tlfmugh' which the axes be rotated about the origin so that the product
term xy is removed from the transformed equation

The substitution of the equations of ransformation v~ .
x=XcosB=Ysinb, p=Xsin0+Ycosd

inthe conic of the form ax® + 2y + by is
ax’ +2hxy + by’ = a(Xme;I’.i—“:"sinﬂ]a +2h(X cosB- Y sin B){Xsin 0+ ¥ cos0) + b (X sin8+ Y cosB)’
=(acos? 0+ 2hsinBcos0-+ bsin’ ) X* + (~2(a~b)sinBc0s+ 2h(cos’ 0-sin’ 8)| XY + fasin’ - 2hsinBeos + beos? 0] ¥*
" The expression ax® +2hxy+by? will be of the formaX® +5Y?, if the coefficient of XY term on
the right side of the above equation equals zero:
{~2(a-b)sinBcos6+2h(cos’ B—sin’ )} =0
—(a—b)sin 20+ 2hcos20=0
—(a—b)sin 20 =-2hcos28

sin20 _ 2h
cos28 a-b
2h
tan20= —
= a-b
Baimn";—z-_j'—b T

LRI 31 ] At what angle the axes are rotated about the origin so that the transformed equation of the
conic 9y +4y° +12xy— x— y = O does not contain the term involving XY?
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CONICs.y

UNIT-9
the angle® ca
If the f the given conic 3¢ rotated through an angle 8, then ngled can be foyyy
axes of the gi T
through result {02y 3

. 2h

a=%b=4 h=6
=/ :

8=—tan

]

b= t3|—

L}

1 0
2 = a2 =567 =34

=

1
7

\

lﬂ.ll_1

| |
b=}
E

Exercise

the
y+2= 0.

Translate to paralle! uﬁlllm;gh
; int (0,2), the equation 2¥=
AP cum'cx’+y‘+2x-4y+l=ﬂ.

int (3,-4) ﬁmmnicx’+2y’-6x+|5y+39=a.
e (-;2) 1hemnic.r’+y’-—3.ty+1l'lx—=ll]y+1[=l].
: n angle

. 1 2
nic x'=y =a.

b, point (-1.2), the

point
& sformto axes inclined ata
45”10 the original axes of the 0
. 90" 1o the original axes of the conic yl =4px.

ic 4y +ay-1=0.
{o the original axes of the conic x™+¥
s ¥ —2JZx =102y +2=0.

/ - ;
t d 45710 the original axes of the comic =y
Transform to new axes inclined at an angle
B g gl f the conic
o » tan~'(1/2) to the original axes O
' |4x"+'|ly'-361+43y-4.1.3'+dl=0 through (1,-2)-

- p,, tan™ (—4/3)to the original axes of the conic
llx=+4y=-20:r—40y+24.ty—5=ﬂ through (2,-1)
% tan~'(3/4) to the original axes of the conic :
2l 32 410)° — 24xy =Othrough (3,1). _ _
: At i;a::::h:::a::::m rotfad about the origin so ﬂm.t the transformed equation of the con¥
115 +4y" —20x—40y +2dxy =5 =0 does not contain
h— 547"+ 243xy~16=0.does not contain the term involving XY?

the term involving XY?

CONICS-IT

Parshola: %m

o The eccentricity of the conie - 3
ellipse , uﬁf:qlm"mﬁc'da-nemick
parabola,  ife=|
hyperbola,  ife> |

i parabola that i s .
with vertex V(0,0), focus F(0,p) and directrix the Bk im _:I:!':'Hl:;r;; with respect to the y-axis,

4. The stand; P
. :“d it mﬁmﬂ&i:ﬁnn;f;‘dmh that is symmetric with respect to the line y = k
L k), P directrix line x = h - p is: (v —k)* = dp(x—
h'nd Th;mndnrd form of the equation of a parabola that is symmetric with r]upecf(ln Ihc]Iine x=h
and with vertex V(. k), focus F(h, k + p) and directrix line y = k-pis: (x=hy =dp(y-k)
s Theequation of the tangent line at a point Pl 3, Jto parabolais: yy, =2p(x+x))

« The equation of any tangent to parabola y* = 4 pr in the slope-form is: y=mv+ £
n

. ‘1111:Iiney-m+cshouldnowhtlnpmbolayl.4pxmldtrmnd'nian; y=mxs £, g
m

o  The normal equation to parabola ¥ =dpr ata point P(x,, y )is: y— ,=§£‘-[I-x.]
Eltipse: 5
e a, The standard form of the equation of an ellipse with center at the origin, length of the semimajor
axis a, length of the semiminor axis b and major axis along the x-axis is: 'L ‘L =1
a b
b. The standard form of the equation of an ellipse with center at the origin, length of the
semimajor axis a, length of the semiminor axis b and major axis along the y-axis is: -"':;+l"'—==l
¥ &
s 5 The standard form of the equation of an ellipse with center at C(h, k), length of the semimajor
axis @ arid semiminor axis b, and major axis parallel to the x-axis is: =10, 0'=kY’ _,
a” b
B Thc standm-d fonn_ of the equation of an ellipse with center at C(h, §), length of the
semimajor axis a and semiminor axis b, and major axis parallel to the y-axis is:
-h)  -k)’
ST
3 A i
+  The equation of the tangent line to ellipse i’#}; =lata point Plx, y)is:
2

XX 3
2 Wh .-!_l+$=|m,;m.y|}

RR
a b &

g
‘e The equation of any tangent line to ellipse # +;— =1in the slope-formis: y=nxz\air +5°

o Theline y =+ ¢ should touch the ellipse "—;+-;—:=1 under condition: &= %ygn + b
ol




