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et = STRAIGHT LIN
of f(x) if Fx)=Jf(x)-

Judx = F(x) +C, for any real pumber C. Itis called indefinite integry By the end of this unit, the stiudents will be Ble f0i ) -+ ++-+++«+x=++soeeeseessnissisiines
(I = L]

If F'(x)= f(x), then j f - | of the product of f(x 7.0 Division of a line segment 1
d g(x) are integral functions WL b ) migyy i Recall distance formula to calculate distance between two points given in Cartesian plae.
* ¥ f(x)lan : i Find coordinates of a point that divides the line segment in given ratio (internally and externally).
w.r.t X 15 =g (xX)dx: il Show that the medians and a bisestors of a triangle are concurrent.
judv=w-5"’d"- y=g(x), du=f(x)d¥ and dv=g Fﬂ A e 72 Slopeofa straight line oy .
the interval [a, b] and [, bl is divided into n eq ntervals whyy L Define the slopeofa line:

< F(x) is an antiderivative

-

« If f(x) is continuous on Jof f(x) fromx=atox=bis A it.  Derive the formula to find the slope of a line passing through two points.
ipht-hand points are Xy, Xyse- Xy then the definite integrato /¢ . Find the condition that two straight lines with given slopes may be
right- po 1 . _b-a *  parallel to each other, = perpendicular to each other
Hf{x)d'x= lim @-_—nl[f(x,]-" flx)+..t f(x)) Ax= = : 7.3 Equation of a straight line parallel to Co-ordinaie axes
I - i Find the equation of a straight line parallel to )
i n *  y-axisand at a distance a fromit, *  x-axis and at a distance b from it
= ﬁ"‘-z Sflxyhx,  i=L2 ERR 74 Standard form of equation of a straight line g
memi 3 i, Define intercepts of a straight line. Derive equation of a straight line in i
. functions # and v w.r.L X152 *  slope-intercept from, = pohl-slu!;efmn. *  two-point form,
«  The definite integral of the product of W, : " Tncepla Ty . Gmmemcform,  + nomalfom
[ 15 Im'u ii.  Show that a lincar equation in two variables represents a straight line.
jmswq iii.  Reduce the general form of the equation of a straight line to the other standard forms.
' Gy ; under a curve =/ 7.5 Distance of a point from a line ‘
o If f(x)is continuous and f(x)=0on the closed mcm::I ["!;]b]’ then the area g y=! i. * Recognize a point with respect to position of a line. v
is'gi integral of f(x) on[a, b]: ii.  Find the perpendicular distance from a point to the given straight lines.
on [a, b) isgiven ay S deﬁtl!’i!- g z 7.6 Angle between lines
- s =F ' i. Find the angle between twio coplanar intersecting straight lines. i
b If{x]ﬂ‘.t F(pr=71d) - L . ii.  Find the equation of family of lines passing through the point of intersection of two given lines. |
- 2 il Caleulate angles of the triangle when the slopes of the sides are given.
.  Ifafunction f(x) iscontinuous on the closed interval [, b], then 7.7 Concurrency of straight lines
web S L Find the condition of concurrency of three straight lines. .
j fdx=|F|, = F(b)-F(a) ii.  Find the equation of median, allitede and right bisector of a triangle.
m=a uL  Show that :
Where F (x) is any function such that #(x)= f(x) for all x in [a, b]. * threeright bisectors,  +  threemedians,  *  threealtinudes, of a triangle are concurrent,

7.8 Area of a triangular region
i Find area of a triangular region whose vertices are given.
79 Homogenous equation
L. Recognize homogeneous linear and quadratic equations in two variables.
i Investigate that the 2" degree homogeneous equation in two variables x and y represents a pair of straight lines
i through the erigin and find acute angle between them.

e e T T RIS S S TR —

We are familiar about Cartesian coordinate system. we have learnt
about it in our previous classes. This Cartesian ccordinate system may be
helpful to know the slope formula, Pythagoras theorem and distance formula.
In this lesson we will learn in details and write the equations involving arbitrary
points. Most of the geometric ideas can be expressed using algebraic equations.
Analytic geometry is defined as:

“The suudy of relationship between geometry and algebra is called
analytic geometry™. ;
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UNIT-7

For example to calculate the swpdgl'ﬂdlig'; it “Rise”
difference in the y-coordinates some f‘f"‘fx‘ “;_e F
between x-coordinates, some lime called it ‘0 &

PLANE ANALYTIC GEOMETRY STRAIGyy

petween tWo given points, the Numeratg, .

and the denominator is the diﬂ-u"!

Y—h o ———Rfse

Slop between two POINIS =%, =X, - Run

Analytic Geometry was independent and i -
fundamental idea of Analytic Geomelry andlf::m‘? P atary by them.
two variables say, x and y was given 'l'l_iﬂ";_.___.__

invention of Pierre De Fermat and Rene Desca
5Luuﬂon of curved lines by algebraic equaii

Mles,
‘“ﬁlch::

Division of a line segment B

We are familiar with the set of real mlmnu
natural numbers and real numbers. The hr:ﬁm
dimensional coordinate system call real num :

mbers can

bers as well as with several of its subsets, jny,s

casily be visualized by “sm

~
mlclﬂaﬂon of distance between two given points

The study of planc analytic geomelry 15 greatly
facilitated by the use of vectors. The distance between any two
given points can be calculated by using the distance !'ummla

If P(x,y) and Q(x,,y,) are two poml;sl m.the
x-plane and O is the angle in between I.hepﬂsiti\:t directions
of the x and y axes, then, PQ is the directed line segme.nt
associated to initial point P(x,) and terminal point

Qlxy, 3,)-

X

Pl
by

Figure 7.2

The components of the directed line scgment PQ are:
OP+PQ=0Q
PQ=0Q-0P, position vectors
= (%, }1)— (X 1)
PQ=(x—x,:—))

=[x —x )+ =1
Squaring both side of the directed line segment PQ to obtain
(PQY = [(x,~x)i+(y=3)i]  :(a+b) =a®+b*+2ab

= (x, =, i+ (py = WY LJ+ 205 =5 ) = )i

= (=) i+ (=3 Y 4+ 25 =)y -yl feos®

= (2, - %) + 05 —) +2x, —=5)(¥ -y )cosd
- (xl_xﬁ'z"'[yi-yl}a"'i(x:-I;KPQ‘J'JCDS—g

{PQ)L_" (‘ti -'rhli +(.}'l"y|]! m%=n

!mr = (% _x:)l +0s-0)

= (PQ)Y = |;-Q|z

Pythagoras Theorem: If P(x,y) =
Q(x,y;) are the two points in B¢
xy-plane, then the distance d betwesn I
given two points P(x,y)
QUxy,23)is obtained by apolyitt
theorem of Pythagoras to triangle PO%
(PQ)? = (PR +(QR)’
=(x,—x) +O" -y

PQ =15 -5y + s - =4

i = jj=1, ij=li]eos® ="

[==]
[}
taly

worFeRs®

UNIT-7
IPQ= e =5) + =3 =, say (i)

This is the di :
I 8 the distance rom point Px, 1) to point Q,(x,, ;) in the Cartesian coordinate plane.

PLANE ANALYTIC GEOMETRY STRAIGHT LINE

The distance from the origin 0{0,0) to point P(x,,y,)is obtaincd by insering, %, = y; =0 in result

(1 “'=|°Pi=~l"-'.‘+y.‘

The distance from the origin O(0.0) to point Q(xy, ¥,) is obtained by inserting x, = y, =0 in result
() d=[0Q|=[x4y?

® I the line segment PQ is horizontal, then the distance from the point P(x,,3,) to point Q(x,, y,)is

obtained by inserting y, = v, in result (1): d-—-tPQJl.:J(x: -x)
*  Ifthe line segment PQ is vertical, then the distance from point Plx,. »,) w0 point Q(x,, »,)is obtained

by inserting x, = x, in result (1): d =|PQ| =3, )

BTN, 1 | Find the distance between the two points P(3,-2) and Q(-1, -5).

-

EEMEED P(x.00)= (3,-2), Qlx,,y,) =(=1,-5) is used to obtain the distance d in between the two
points P and Q: -

d = (e =) + (= 30 = JA1=37 + (5~ (DF = J(R) +(3) =B =5

Co-ordinates of a point that divides the line segment in given ratio »

(Internally and externally)

Take P(x,, ) and Q(x,,y,) are the initial and terminal points of a line segment PQ and R(x, )
is a point that divides PQ in the ratio m, :m,. If ,, r, and rare the position vectors of P, Q and R, then
=)= 5t R m= ()= it pf, r= (G ) =xi+y

PR _ m, m,
If — =4 then, PR =—"1__pQ = " -OF)=—20 (- : =
Q m 4 m, Q m,+m, fed=Lr) m, +m, (3 =r) #OBFRQ =00
If OP+PR =4 +———(r;~r), OP+PR=OR v
my +m, s
then the position veetor of OR is: - Plon )
OR =OP+PR =7+ nt, l:rz_rl)=r;m,+qm= +rym, —nm, m, pisy)
o+ iy + 1y
L + e
p=—tl 0} OR=r
my+m,
x r
(x, 0= e, ) + 14 (%5, , compaonents form
‘ my 4+, 4 g Figure 7.3
Equating x and y components to obtain the coordinates of R{xy)
()= i x ? mysE @®
m+m, m,+m,
that divides the line segment PQ in the ratio m, 1,
[NOT FORSALE 180
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. and the coordinates of the midpoimt R of the

If R is the midpoint of the line segment PO (A '
x+n KWth J

@n={"7 "2

; ivides the line segment PQ joining two points P(%,) and Q(xi’-""zl
*  The coordinates of the point that di | IR BN ) o
(xy m-my  m—m,

line segment PO are:

i jve) are:
externally in the ratio m, :m, (mor My negative)

ow o w __-_-_-
divides the line segment PQ joining the two poing

: i ich -
B0l 2 | Find the coordinates of the point whic (3, 4) and Q(-6, 2) in the ratio 3: 2.

@). P(1,2)and QE3, 4) in the ratio 5:7.  (B)- P |
: : i io 5:7, then the coordij
@ IfR(x, y) is a point that divides the line segment PQ in the ratio inates. of
R(x, y) is obtained through result (B):
_| mxymyx iy, LY, ]
(x,y)r[ mmy oy,
_(5(3)+70) 5(4)+?{2)]=[1_l£]
L 5+7 5+7 66 . :
b If R{x, ¥) is a point that divides the segment PQ in the ratio 3.2, then the coardmat_es of R(x, )
is obtained throtigh result (B): ‘
_ | muxatmax miy,t M:J':]
i [ mtm my+ms

IO+ IO e oy . 3
(A0 A 24 =t m

Lm= 5, m,= 7,P(1,2),Q(3, 4)

The medians and angle bisectors of a triangle are concurrent
I The medians of a triangle are concurrent ¥
Proof: IfA(x,, ), B(x, 3;)and C(x,, ,) are the vertices of a
triangle ABC and P, Q and R are the midpoints of the sides AR,
BC and CA, then the coordinates of the midpoint Q through
mid point formula. Q[ﬁ—;ﬁzi—;h]

If Gx, ) is the centroid (in centre)
then, the coordinates of the point G that
in the ratiom, :m, =2:1are:

(55 {258).s
e T I T :[

Similarly, the coordinates of the
ratio 2: 1 are respectively:

Alx, »)

P R
Somy = n,
of the triangle ABC,

divides the median AQ <55

Y
B(x, ) Q Cland)

Figure 7.4

Tyt ] (i
3

PO G5, ) that divides the medians BR. and CP each n ¢

NO R RICA LS

=

oy
e

UNIT-T PLANE ANALYTIC GEOMETRY STRAIGHT LINE
X+
2[_ 2“'_1]4-:! (2:‘.’1__21 "'}'J
G(x, )= — ; 22 B [x,+xt+x,'y]+y;+.v!) ey
+1 3 3
22550, o225).,).
Glx, y)= . 2 = |t +x ytyty, (iii)
2+1 241 3 ! 3

Therefore, the point G(x, y) lies on each median and consequently the medians of the triangle ABC are
cancurrent.

Benth 3 | Find the centroid of the triangle ABC, whose vertices are A(3—5), B(—7, 4) and C(10,-2).
@D et AG, -5), B(-7, 4) and C(10, ~2) are the vertices of the triangle ABC, If G(x, ) is -
the centroid of the triangle ABC then, the eoordinates of the point Gix, ¥) are:

e T X X, +X, £ y,-t-_;.-,‘+y,]= [ 3-7+10 ; ~5+d4-2
3 3 3
ii.  The biscetors of a triangle are concurrent

]=rz.—n

Proof: If ABC is a triangle with vertices Alx, »),.B(x,,».) and Cix,y,), whose lengths are
[4B|= c,|[BC|= aand |C|= b, then, the position vectors of A, B and C are respectively:

r=E ) =xi+nj, =000 =xi+ v, n=05.p)=xi+pi

Consider AD, BE and CF are the internal bisectors of the angles A, B X

and C that meet at centroid G. This is shown in Figure 7.5.

If AD is the internal bisector of angle A, then:
BD_BA _ BD .

= STIC= g - : c
DC_ AC P DE b:: BD:DC=c:b ,m - 5
This means that D divides BC internally in the ratio c:b and O+ -
the position vector of I is therefore: E’%& Figure 7.5
: e
. BD_DC BD+DC a ac
A Hi — = = - s
o c b ct+b cth c+bh (1)
ac
mal bisector of the angle B, then, A6 AE. - RiCE DG:GA=a:(b+c)

br;
+(b+ 1 E‘L‘t.._?_
ar +{ c)[ b4+e

] =ditbrvon _ alx,y)+b(x,y)+clx, )
a+b+c

a+bsc at+b+e

The position vector of G(x, y) is: r=

boT FomsALE
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The coordinates of the centroid Gix,

Glx,y) = m_ﬁtﬂﬂ’l"-’ﬁﬂ] (iv
: obte " (athhe the point G
i ;
Similarly, the internal bisector of the angle C also paﬁ:s tlzr:;u(ﬁ_h concl.lljr?fl:ﬁcy. o Thus' the
angle bisectors of a triangle ABC are concurrent and G(x, ) s the po

components:

: : nt i s
Muhammad Ayaan hasa triangular piece of backyard where he wants to build a SWitnning

; built there?

pool. How can he find the largest circular pool that can be 3 )
@RIEE The largest possible circular pool would have the same size as the largest circle that cqy ,
inscribed in the tciangular backyard. The largest circle that can be inscribed in a triangle is incircle, Ty,
can be determined by finding the point of concurrency of the angle bisectors of each comer of the
backyard and then making a circle with this point as center and the shortest distance from thig point
the boundary as radius.

ISETII 5 | Find the length JO.

Here, O is the point of cancurrency of the three angle bisectors of ALMN and therefore is the
incenter. The incenter is equidistant from the sides of the :
triangle. That is, JO = HO = [0, L<
We have the measures of two sides of the right triangle
AHOL, s0 it is possible to find the length of the third side,
Use the Pythagorean Theorem to find the length HO.

=J(LOY —~(HLY =I3" 217 = Jigo1aa =25=35

Since JO = HO, the length JO also equals 5 units,

. )

1 'i:he three points are A (-1,3), B (21) and C (5,-1). Show that | AB[+| BC|=| AC|
b1 h idpoi i £ -
each case, find the midpoin of the line segmen PQ joining the two points P(x,,,) and Qlxy, 1)

a. P(1020), Q(-12,-5) b. Planb (0 1 PT iJ
a:-6), Q(-a, &) 5 p(E -IJ.Q(E,?

3 In each case, find the coord; 2 ; g
¢ coordinates of the pojnt R(x.y) which divides the line segment PQ joininé

Figure 7.6 N

the two points

* P12, 004 intheratio 57, 4, PG4, QC-6,2) in the ratio 312
¥ 10 =2,
¢ P(-6.7), O(5,4) in the ratio 2.,
=1,

4. In cach case, in what ratjg is the |
line g S
Q. ) divided by the pojny ey »: BTN PQ Goining the 1wo points P(x, ) ™

a PE10), ot—n.ﬁm.ﬂ[—;.i?]
5).

5, Find the centroid of the triangle

3
b, P(-2,4), Q(3,6), RG—-;J-
a. A(4,-2). B(-24), C(5,5)

ﬁﬂ& W}‘IDS{- Y
CHices i
(3.5), m’ﬁa;r‘c (_t‘?c foITowmg:

5
183 30 e AqLL, B2 C4F

y)is obtained from equation (i) by cquating the , ,,,

e

UNIT-7

[EEY Stopeofa Straight Line »
The slope of a line is a measure of the when

BC
“steepness™ of the line, and whether it rises, or falls when / [\ .
maving ffom leftto right. The linc from A to 5 rises up, while 4 D {
the line from C to D goes down are depicied in the Figurc 7.6; Figure 7.6 |

Slope of a line

The graph of a line can be drawn
knowing only one point on the line if the
“steepness” of the line is known, too,

“A number that measure the “steepness” of a
line is called slope of a line.”

If move off the line horizontally to
the right first or move up or down
(vertically) to return to the line, then the slope of the line is the “steepness” defined as the ratio of the

vertical rise to the horizontal run:  slope= %, the run is always a movement to the right

PLANE ANALYTIC GEOMETRY STRAIGHT LINE

RUN——

Figure 7.7

Formula to find the slope of a line passing through two points »
Mathematically, if any two points on a line are ¥
available, then their join makes a constant angle with a fixed E/TL
direction and the angle so formed is independent of the choice
of the two points on the line. This is a precise way of saying A L
that any line has a constant slope. It is customary to measure
the angle @ which a line makes with the positive direction of ¥4 ) N x
the x-axis. The quantity tan0is defined 1o be the slope of the K
line and is denoted by m. The slope of a line is also referred to = Figure 7.8
gradient of the line.
For illustration, if A(x, 3} and B(x,, y,), wherex, # x,, are any two points, then their join develops a
line L that makes a’ constant angle § with the x-avis. Draw AM, and BN parallel to y-axis and AL
parallel to x-axis.
The slope m of a line L through the two points A(x, ) and B(x,, 1.), is therefore:
LB _NB-NL_NB-AM _» -

: R ~ON—OM 5= ®
RELTI 6] Find the slope m of the line L through the points

(a). E(2,4) and F(4,6) {B). M(3,1) and N(-1,3)

The standard equation of a line is

a. The given two points E(2,4) and F(4,6) form a line L. whose |y = mx+ ¢ where m is a slope.
: -y _6-4 2
slope is; m=—-'l'—-._y J1;——=—=|
X1—x 4-2 2
b,

The given two points M(3,1) and N(~1.3) is form 4 line L. whose slope is:

Xa=x -1-3 :

T
2

KoT FoRGALE
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.
Condition for two straight lines with given slopes are
{a). Parallel to each other (b). Perpendicular to each other

a. Parallel to cach other ines L, and L.
If L, and L, are the two lines having slopes ny andm,, then the lines L, 24 Baralll

they make the same angle with the x-axis, that means they have the same slope. Conversely, if twg lines
h

{ L, and L, have the same slope, then they will make the same angle <
with the x-axis and the lines L, and L, are therefore parallel for b

@ L
b4

and L, are respectivelym, =tanc andm, =tanf. From the Figure 7.9, it is clear that

which:  m, = m, (i)
It is important to note that the lines parallel to x-axis have
zero slopes whereas the lines parallel to y-axis have the slope <. 0,
h. Perpendicular to each other : /
If L, and L, are the two perpendicular lines make the
anglesgand P with the x-axis, then the slopes of the lines L,

N O

Figure 7.9

n n
—=f-a =pf=—+a
-2 >pazre

tanf = Inll[%*i—ﬂ], taketan of both sides

1 ' =
=—m1tl=—la“—u (ii) ‘
The given lines L, and L, are found perpendicular, since the product of their slopes equals —1:
&

mym =lanma.n,ﬂ'=lana[———]-_—71

iy : e (iii)

mquaﬁon of a Straight Line Parallel to Co-ordinate Axes
m Equation of a straight line parallel to

© y-axis and at distance ‘e’ from it

© x-axis and at a distance 6’ from it.
I y-uxls and a1 a distance ‘a* from jt

Let PQ be a straight line paralle] 1o Y-axis at a distance ‘a’ units

from it see Figure 7.10. This is very clear, that all the points an the line PQ *
have the same ordinate say 'b", Therefore, PQ can be considered as th
locus of a point at a distance ‘a’ from ¥-axis and all points on th:s er

refore, the equation of straight line is parallel to

1. Ifa=0, then the straight line coincides wij,
ii. If PQ is paralle] and to the left of y-axis ap

the y-axis angd jis o

= quation becomes x = 0.
Adistange ‘", then *

its equation js x = —b,

PLANE ANALYTIC GEOMETRY STRAIGHT Ling

PLANE ANALYTIC GEOMETRY STRAIGHT LINE

1"';""-.“ Find the equation of straight line parallel to y-axis at a distance 5 units on the right side of

T Sivce, x=a (i)

. 5, the distance is 5 units to right side of y-axis, so, equation (i)

becomes x=35 4

i, x=axds and at o distance *b* from it T rs o
Let PQ be a straight line parallel to x-axis at a distance *5° units from it [ b

see Figure 7.11. This is every clear that all the points on the same ordinate say, ‘b,

Therefore, PQ can be considered as the locus of a point at a distance *b' from x- 0
axis and all points on the PQ satisfy the condition y = b. Therefore, the equation v
of a straight line is parallel to x-axis at a distance b from it ife.g,  y=b. Figure 7.11
Y
@ Remember ”—
i. [Ifb—0,then the straight line coincides with the x-axis and its equation becomes y = 0.
ii. If PQ is parallel and below the x-axis at a distance *b’, then its equation is 3 = =b. -

Standard Form of Equation of a Straight Line '

Because of their simplicity, linear equation (line) is used in many applications to describe
relationships between two variables. We shall see some of these applications in this unit. First, we need
to develop some standard forms that are related to linear equations.

(i) Intercepis of a straight line ¥
“If a straight line AB intersects x—axis at C and y-axis at D, A
then OC is called the x-intercept of AB on the x—axis and OD is D

called the y-intercept of AB on the y—axis.
AT 8 |Find the x and y intercepts of a line 2x+4y+6=0.

The x-intercept of a line is obtained by putting y=0ina
line: 2x+4y+6=0
2x+4{0)=-6= 2x=—6=x=-3
The y-intercept of a line is obtained by putting x = 0 in a line:
2x+4y+6=0 :
20)+dy=—6=4y=—6= y=-3
The general criteria are that a line in two dimensional space can be determined by specifying its
slope and just one point.
(i) Slope-Intercept Form
Let L be the line see Figure 7.13 develops the y-intercept ¢ on ¥

x'e "J‘I’ C-‘JB > X
yf

Figure 7.12

the y-axis. The line L also makes an angle® with the positive Pl
direction of the x-axis that develops a slope m = tan6. ¥
Let P(x,y) be any point on the line L. Draw PM parallel to y-axis and
CN parallel to x-axis that give
CN=OM=x, G : N
NP=MP-MN=MP-0C= y-¢ ER e e + ik

.. In APCN, the angle is ZPNC = 90" and the slope of the line L
s giving the slope-intercept form of the line L:

Ko7 FoRSALE

Figure 7.13
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NP y—c
CN—-ta.nB::u = =tanf .

= y—c=xtan® 5 .
= y=xtanf+c=mx+c i . . :
1f l‘.il: straight line L passes through the Uﬂﬁ:‘ (3: n?t.g;hfh: ;q:m?rci';.d] :I}t!?hzqil:.:::n;;i I:m L
'heuam:sy=mx.1ny=mx+c,mdenotcsthnslopea cde eaiky
ofy.

. - & - _- - ¥ 2 +3 =l
CRTLTANS | Determine the slopes of the following lines: b sy =g o Tehdy=h

a. . Forthe slope, solve the given line for y to u'mam:.x—-y=5_ = —x+5 = y=x-5
Thus, the slope of the line is the coefficient of x-term which is m = 1.
b. For the slope of the line, solve the given line for p to obtain:
2
2x4+3y=6 = Iy=-2x+6 = y=-§x+2
Thus, the slope of the line is the coefficient of x~term which 15 m = -% :
|':\:Illlp1l:'m Find an equation of the line with slope 4, when the p-intercept is 6.

MRmu (i) is used for the assumptions m =4, ¢ = 6 to obtain the required slope-intercept form

of a line: y=dx+6 v
i Point-Slope Form P r;,L
If L is a line see Figure 7.14 passing through the :
point A(x,, y;)and P(x, y) is any point on a line L, then the slope of the 4 y
line L is giving the point-slope form of a line L: Y
=2 BEW o, T e
X=X M
y=y=m(x-x) (i) Figure 7.14

SETIIAM 11 | Find an equation of a line with slope 4 and passes through the point (2,4).
maml( (ii) s used for the assumptions m=4, A(x, y)=A(2,4) to obtain the required poit-
slope form of a line: y-d=d4(x-12)

—4x+y-4+48=0= —4y+

y+Hd=0=dx—y-4=
Hin Two-Point Form gl

If L is a line see Figure 7.15 passing through the i
wo
Alx,, ) and B(x,, y,), then the slope of the line L js: e
mgy!-yl
5-x, (i)
* Ifthe equation ofaline L through the Alx, ) with slope m is
Y=n=mix-x)

iv
then the equation of a line L through the 1w pu'i:m? K
B(x;, ¥;) is the equation of the two-point form o 1)) and

ek fa line L
.?_Y|=;:'__JE:'(JC-J:,) W
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X% >x
. Parameter r, let us draw AL and PM parallel to y-axis and AN [ P

= T, . P

: PLANE ANALYTIC GEOMETRY STRAIGHT LINE
[BETTA 12 ] Find an equation ofa line that

e passes through the two points P(—1,-2) and Q(-5,0).
EEIEID Result (v) is used for the assumptions P(x,, ) = P(<1,~ =Q(- i
required two—point form ofa line: Ao bl il

0-(-2) 2
—(-2)=———[x=(- ===
y=0=2) _5_(_”[1 =N = y+2=—(x+1)
::,-4y.—3=2x+2=‘>2x+4y+10=0:>x+2y+5=0
iv. Double-Intercepts Form

Ifa line L intersects the x-axis and y-axis at points A and B, then OA = a and OB = b are the x and
y-intercepts of the line L.

Let Plx,y) be any point on the line L. Draw PM parallel to y-axis &
and PN parallel to x-axis. From the Figure 7.16, the comparison of

similar triangles ABNPand APMA s giving the equation of double- I
? 2 NE NP
t form of i 2 —_—=— i
intercept form of a line VT " g ~
OB-ON__ OM = b—y__x =5 Bk it v,
ON 0A -OM ¥ a-x A

B . 0 5@ Figure 7,16
—_—a = 1 —— = T
P i o

Exa mi'lli':"‘-m Find the equation of a line whose x and} intercepts are (3,0) and (0,4) respectively.
@EIEED Result (vi) is used for the assumptions a = 3, &= 4 to obtain the required line:

£‘I-z =1

3
4x+3y

T =1= 4x+3y=12 = 4x+3y-12=0

V. Symmetric Form
Let a line L through point A(x,, y,) makes an angle 8 with the positive direction of the x-axis.
If P(x, y) is any point on the line L, then AP = r, If we allow ¥

I to vary with any positive or negative values, then P will take any

position on the line L, Conversely, if P is given to be any point on

the line L, then the unique value of r can be found which in fact is

the distance of P from A. Thus, it follows that r serves as a N

parameter of point P.

To find the coordinates of a point P in terms of the

parallel to x-axis, that with the following assumptions Y -
OM=0L+LM =0L+AN Figure 7.17
MP = MN+ NP = LA+ NP (vil)
dvelops the parametric cquations of a line L through the point A(x,, »,) atanangle 6:
OM =0L+LM MP = MN+ NP
=0L+AN =LA+ NP

x=x,+rcosh, ousﬂ=-‘“;_—N 3 Y=y, +rsing, sinﬂ;&

{viii}
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The parametric equations automatically give the symmetric form ofa line L after simplification;
X=-1 3
it .
a0 | men R, (ix)
Y—» e cosB sinf -
i B 3 u . = = ']
14 Find the equation of a straight line with inclination 45° and passing through the p;,
(2+2).
@D Here we have inclination o=45°and point (5,)=(2,32). The equation of line j i,
i Ny
Substitute the above values in the formula to get the equation of a straight line.
222 _y=\2
cos45°  sin45°

- =>sin45°{x-z)=cus4s°(y-Jz']

1 : 1

aE(.t 2) E{y J?-.}

= x=y=2+4/2=0
vi.  Normal Form

'(henmmnlﬁmnofalineis'theequaliunofalhlcintermsnfthc
length of the perpendicular on it from the origin and that perpendicular
makes an angle with the x-axis.

If a line L hlmlhex-axismﬂyax:’satpahls;&md B,
then OA and OB are the x and y-intercepts of the line L. Draw ON
pempendicular to line L that provides the perpendicular distance p from
the origin on the line Lwhichisd:numdbyON=p. If ON makes an
angle Bwith the positive direction of the *-axis, then the x and y- Figure 7.18(b)
inmtplsofﬂleﬁncl.amrﬁpncli\ﬂy: ; : !

cosml i ik
OA:}DA psecd

x
sinB=E";—=aOB=pws¢uﬂ i
IfOA and OB u'clhermldy-inlmcpu ofaline L, Ihmttmugh:\:gujc (x), the equation of a normal
Iin:Linlmﬂfpﬂ'peudimh:diﬁmeepanﬂangkﬂis: L 2

—_—— ]

pma*'}fm_i;e'tl = xcos0+ysing=p (xi)

The normal form of a line is alsg referred to Perpendicular form, of a line,

s 15 Find the coresponding equation of

i if 3 5 o . from
the origin on a line is 3 units that mmm“sl““;:' the length of the perpendicular distance

Result s used i s
m ] ﬂh‘ﬂwﬂﬁl Umptions P=3, =120 obtain the required aqustinrlof‘ ling:

x4+ fiy=6= x=3y+6=0

NOT FORSALE

o . o_ -
xc05]20"+ ysin]20%=13 =-‘—2—x-|.-?y,=3=$

img :

UNIT-6

Now, use trigonometric substitutions in equation (ii)

u=m&%=s¢c’ﬁ=&d;.-=m’0,dﬂ

W, rtanf.sec’d tan D.sec’0
Iu’+ld"_! tan® 0 +1 ] sec’® .
Return substitutions in (jii)

x-2 o 0 "
fmcﬁ- In( cos(tan @)+c
=-1n.‘“‘"f +C
[E3T}
-1
g (x4 2 ic

1+ (x+2)

1
=— C
< Jl4 (e 2)° 4

=-1nkl+(x+2)’] 3

+c=%m{1+(x+z)=|+c

e

Hae, [ oiaers®=ghi+eraijec
=l|u|x*+4x+s|+c
2

x+2

PENTIE 9 | Evaluate the integral Imd"
X
amm s
X 4dx+s

By completing square in denominator
x+2 x+2 x+2
dy = ‘ﬁ‘= dr
V¥ +4x+5 IJ;'+4;+4+] 'I-J{x+2)’+1

Let uax-i-z.%=]=:du=dr

J' x+2 dx “I H du
;}(H 2) +1 '+l
Now, use trigonometric substitutions in equation (ij)
= txne,%=su’ 0= du =sec*0.a8
u tanf.sec’ 0
d,u =
Vi 41 J Jian?g +1
Retum substitutions in (iii)

tanBsec’ 0 Iumﬂ.sac’ ]

d’ﬂ-I N o sech

NOT RoRBALE

dﬂ:_[tanﬂ-mﬁaﬂ:sec&+c

INTEGRATION

.d:g-jmadﬂ=j%.dﬂ=—1n|msﬂ|+c (iii)

U]

(ii)

(iif)
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INTEGRATION
X4 2

jmj?dtzsu(tan"(ﬁ]]+f
= -Jl+u: +C = \,,']-1-[.\*+2f|z +C

Hence, X+2 ==
jmdx—dx +dx+5+C
mntegration by Parts

In previous sections, we have leamnt some of the basic techniques of integration to solve
problems like [x*dvand [sinxey. But, how.do we evaluate an integral whose integrand is the product
of two functions such as _Fxsin.\'dr. Ixe’cit. !xlhxdx

To solve integral of the type like that, we have a technique called integration by parts,
Recognition of integration by parts
For this technique, recall the differentiation of the product of two functions f(x) and g(x) w.r.t x:
SLr020)= 100 & () + 29 L 1= £ )+ 800 (3)
F00g (=2 17008 (9] g () @
The integral of (i) with respect to x is giving
[ 1 W= [ LU g~ [ 807 (ko= F(x)g00) - [ (e

The equation that can be transformed into more convenient form by substituting #=ffx) and
v=g(x), du=[(x)dc and dv=g'()dv:  [udv=uv~ fvdu i
This is the standard form of the integration by parts formula,

BTN 10| Evaluate the integral _[xe‘dn:.
@I The integral rule (ii) with « = x and %=e' is used to obtain:
[xede=xe - [e (dr, Hh=1 dv=e'dy, v =¢*
=xp'—p"+C

Applying method of integration by parts to evaluate integrals of the following

types [Va'-xdx, [Va'+x, [V¥ -2
i. Evaluate Ida’— x’dx
m The given integral is

! =j ﬂ: -x]dl: (l}

. dv
In this problem, we choose u =+/a”~x* and E:"l to integrate the integrand of (j):
TR (x)(=x) du 1,
I1=Ia*—x'dx= a’—x’{x)—fmc&' E;‘%(a’_xt)‘ (=2x), dv=ldx, v=x
2

e 5 X dr=xFd (@ = (a5

—1_ | i L x‘”m—. add and subtract 4°
159 BT FORGALE
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=xa -+ fﬁ%_jm<&=rm+a,l

A < 23
2'*1J;:+a}smlg+c, I g =sin '

b 1
Ja‘-x’ %

al=

1 T
X

a[trs}u:-f‘*a’ cax C
2 2 2
ii. Evaluate I at+ xdx
Souion SRS NG g
In this problem, we choose i =+/4*+»* and % =1 to integratc the integrand of (j):
l = J"\!ﬂi -I'xz{il‘

du N, s sl =
- Ty A0y (.I){X} e S—=—(a"+ 22 (2x), dv=lde, x=v
G gl a2

2 2 AL
=xa 45 —-Iﬁrﬁ:xda’ +xt= !'(aj-';)_ra_‘ add and subtract
a

a +x
a3 g e e | L
=X q=+x= +j7%—j a=+_~¢:l’h’=.‘: a+x +a Im -1
5 dx T ]
21=xa}a’+x=+arlltlx+\ﬂa’+.r‘i+C‘ jﬁ=lnlx+~.lla +x 1
1='¥——"al+'fl+“—=h1|x+«ﬂ'a"°+x*l+—f
2

2
Thus, I a"".t?ﬁ’-\'=§1| z'i~x:'+i2ll:i‘.1|.‘+~.‘ﬂ=-In:r!1+C
iii. Evaluate IJ:‘—azd::
[ Soiution IR RSP i

= dv P 1 _
In this problem, we choose u = 4 x*— g*and i 1 1o integrate the integrand of (j)

1= [y g .
il L s Rt re= =
=m“j (:—3(._13:# _-_i:i{r-‘q} e dv=ldx=v=x
: it x*
=x1fx’—a3—jJT;_i?dt=x\I|x‘—n jﬁ‘f‘
; 2 3
“-+(x i ] add and subtract &

NOT FORSALE




LR TRy e

e
1-xv’?—‘a‘=_a_=,n[m“].a
i :

+C

f 2 2
Thus, W= a2, [ ;] 4
. al
Evaluation of integrals using integration by parts
Ex:m'-plc"m Evaluate the imegml_[x In xelx.

m The integral rule Ir.-dv =uv— _fm‘n with substitution = In xand & x is used 1o obtain:
z
thm#:hx[ii-fg(l}h - L
2 2 x dx

2 2 t 2 2
X 1 x If x X x
=S he——|xdrt C=Zmg—- X o2, 2
> 2_[ + 5 nx 2[ ]«C ) In x 3 +C
Exn-;nplti"m Evaluate the integral [o"sin x .

m The integral is

I= [ &"sin xdx

The integral rule Iudv =uv
dv/dv=sinx is used to obtain:

I=[e*sinxdr = p"(—cosx)— J(=cos x)edx

(1)
— fvdu with substitution =e" (let u be either ¢* or sin x) and

- ¥ d" z
. '&;=e ¥ E =5Inx
=—g"cosx+ [ g'cosxdy Gy

It appears that we have not made any progress since we cannot evaluate the new integral.
However, the form of the new integral prompts us to apply the technique a second time and see what
happens.

Again, the integral of the integral part of equation (ii) with
used in (ii) to obtain:

I=je*sinm=—e‘msx+[fe'm]

:-e’cosx+[e‘ sinx—I(sin.r)(e‘}c&]«-C . du

i Ev—=cosx
T de

substitution u = »" and % =cosx i§

==t uosx-r-e'sinx—_[e‘ sinxde+ C

I=—¢e"cosx+e'sinx—I[+C

=2l=¢"(sinx—cosx)+C
e'(sinx—cosx) _'E
2 2

*(sinx—cos x
Thus, Jg’ﬁnxdx: e_[_z__l +C

=I=

| 161 ¥
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Evaluate the following indefinite inlegmls by method of substitution:

A Is:‘n"x 08 xdx b. I'U'si:l’ X cos xdx c dex
cosx
d e ; uot\"; ¢ sinx=cosx
Ie’s:n & - I Qx o !-Sill.'(-i-lﬁos.l'
- Use suitable substitutions and tables 1o evaluate the following indefinite integrals: i
dx sinx d i
B | b, dx c. i
j.,1.;’-146 -fms'x-;-l J:ieh_a |
2x+5 24x
d |s——a € dx
Ix’+4x+5 : J-:h_.h-f
3. Evaluate the following by using integration by parts.
A, Ix’e"dx b, _[zno:xd.: c. fea‘sfn[.rl o
d. Ie‘ cos xdx e jm‘n" (x) dr L. Ie"' sin{e™ )dr

Archimedes was a Greek mathematician, physicist and astronomer, He was known as the
leading stientist in classical antiquity. His mathematical work is to moderm in technique
ﬁlllitisbﬂc{ydiﬂiﬂgﬁs&uble&omlhﬂufl?*mmﬂmaﬁﬁw.llwnﬂdoﬂe
without the benefits of algebra or a convenient number system. He also developed general
method for finding the areas and volumes. He used the method to find areas banded by
parabolas and spirals and to find volume of cylinders, paraboloids and segments of spheres.
Archimedes also gave 3 procedure to find approximating values of = and banded its value

A ry
10 .1 (07BE-22BC)
[3ﬁ,3?].Htahoimmdamﬂmdwﬁnduusqmmmmdmmﬂmmmbamdmﬂnﬁmk

myriad for representing numbers as large as one followed by 80 million billion zeros,
i wasmonpqwdul‘hisdimv:ryut’anmhndfwﬁndingmcvohrneorasphem.ﬂcshm\edﬂmﬁp

&
volmmul‘aaphmlséhwlumorﬂucs-lhﬂmmm&nuhmmumm%{chmﬂumal F
Palimpsest found in the Constantinople in 1906, In that treatise Archimedes explain how he made some of his

discoveries that arc participating in the main idea of the integral calculus. i
;
|
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e e ——
Integration using partial fractions

e as a tool for integration. This process may be

Partial fraction decomposition has great Vﬁl“_ : : A3 sk
thought of as the "reverse" of adding fractional algebraic expressions, an it allows us to break y
rational expressions into simpler terms. Partial fraction’ decomposilion 15 an algcbra_.m procedure for
expressing a reduced rational function as a sum of fractional parts. For example, the rational expression
. P(x) : (i)
f== D(x) .
can be decomposed into partial fractions only if P(x) and D(x} have no common factors and if the degree
of P(x) is less than the degree of Dfx). If the degree of Pix) is greater than or equal to_the degree of D),
then use division to obtain a polymmial plus a proper fraction. For example, the rational function afier
; 42 —dx x-3 -1 i
division is: _"_—;_—_-‘—_-2——— =x' +3x+1+ s ] (ii)
+ +3x41 is our polynomial term

_g;‘”_]_z is our proper fraction ( this is the part which requires decomposition into partial fractions).

—x- 5

In algebra, the theory of equations tells us that any polynomial P(x) with real coefficients canbe

expressed as a product of linear and irreducible quadratic powers, some of which may be repeated. This

fact can be used to justify the following gencral procedure for obtaining the partial fraction
decomposition of a rational function.

Let f(x)= P(x)

Dix)

The steps involved in decomposing the rational function are the following: 3 _ -l

I, Ifthe degree of P(x) is greater than or equal to the degree of D(x), use long division to exXpress

,where P(x) and D(x) have no common factors and D{x)= 0.

P i : S

.—l:il as the sum of a polynomial and a fraction f--(I—:'i.n which the degree of the remaindet

D(x) D(x) .

polynomial R(x) is less than the degree of the denominator polynomial D(x). : B

3. Factorize the denominator D(x) into the product of linear and irreducible quadratic powers:

Px : +B

L% Express B{‘—\"- as a cascading sum of partial fractions of the form A and -'-4'['_"'-.
(x) . G-y GEretl)]

Verify that the number of constants used is identical to the degree of the dgnmqin'm;r__- 3

: P f partial fraction o find [ %% where f(x) and £() are algebral®

[+ @m“’*‘“h'&“gﬁ)#ﬂ. o "
Evaluate the following integrals:
8x-1 3 :
@ = dx @). [x=6x+3 22 +x° +2x+4
o leegp j : dx
X=X I I:x_z)] fc) I__I:_IT:_IF-—-—-
Bx—1
L le—x—idx

The integrand is a proper fraction, so we stan |
4 v b . ' +1)
The denominator factors are the two d?’ ’._ﬂﬂor!ng the denominator x* —x—2= (7 2)x i
equal to the sum of the two partial fractions 1stinet linear factors, so we can set the rationd
8x—1 .

=, 4
X=2 x4]

|

._—._-—-—"'r-"

|163 (1;ﬁmw .

s : HINIEGRA TS
: : .ermme the constants 4 and A, we multiply both sides of the equation (i) by (x -2) (x + 1)
; :@11.1.2 ; . Bx—l=A(x+ )+ A x-2) (i}
et x =2 =0 =>x =2 in equation (ii) to obtain: 8(2)~1= 4,(2+1)+ 4
: H = 2-2) = 15=34 =
Set x+1=0=>x=-1 in equation (ii) to obtain : I . Sk
B—D-l= A1+ 1)+ A,(-1-2) = —9=-34, = 4,=3
Use these constants values in equation (i) to obtain: Sx-1 = l‘+ [ + i
; Tk p ¥-x-2 x-2 x+l x-2 x+|
Use this decomposition instead of rational expression in the given integral to oblain:
j 8x—1

Axt-x-2

UNIT-6

B

(4]

o LS T | 5 3
de= IL—_‘E+;‘;—l|_|dx=_[‘x_—zdr-i-]-x—ﬂ-dxn5'|n[x—=2)+3-ln.(r+])+ InC

‘=In(x-2)"+In(x+1)’+InC=In Clx-2(x+1)

: J- X = ﬁ:l": 3 e
(x-2)°
The integrand is a proper fraction, so we start by factoring the denominator
_ T (x=2Y = (=2 (x-2)(x-2)
The denominator factors are the three repeated linear factars, so we can set the rational function
x‘-ﬁrtﬁ-:'i_‘_ Az _3 A : (i)
(x=2) x=2 (x-2)y (x-2)
To determine the constants 4, A,and 4,, we multiply both sides of the equation (i) by (x= 2y 0
obtain: f—6x+3=;€l{x-2)=+n!l(x—2)+ff,:&{xi-4x+4]+,!l{x-?.)+,{, (i)
Setx -2 =0 =x =2 in equation (ii) to obtain: '
2 -6Q)+3= AQR-2 3 A2-D+ 4 = =5=4, = 4 =3
For constants 4, 4,, equate the coefficients of ¢*and x on each side of equation (i) to obtain:
1= 4, x' terms —6=—4d,+d4, x terms
Solving this system of equations for the unknowns A4, and 4, to obtain 4, =1 and A, =-2
Use these constants values in equation (ii) to obtain: i
X —6x+3_ A A A _ 1 2 5
Fooxrl Al 2 e
x-2F *-2 (x-2 (x-2) =x-2 (x-2) (x-2
Use this decomposition instead of rational expression in the given integral to obain:

= oy gy
2 6x+3¢_=£[x1_2_ 2. 5,]dr=-m(x-1)—2“‘ Y et L) B

equal to the sum of the three partial fractions

(x-2) (x=2 (=-2¥) —2+1 =341
=I:|[.1:-2]+—2—-+ 5

——aC
(x-2) 2(x-=2)
o [ ax+2x44
3 .[___—’ -
I:x =1
The intergand is a proper fraction and the denominator factors are the two repeated quadratic
factors, so we can set the rational function equal to the sum of the two partial fractions:
20+xi 42044 _AxtB  Ax+B, :
(x+1) E+)F @+ ®

To determine the constants values, the similar procedure is used to obtain A=04=28=38,=I
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With these substitutions, the equation (i) becomes:

21’+x’+2x+4_ 3 + 2x+1 (ii)
P+ (F+) (D)
Integrate this decomposition to obtain: 1
3 2 +x*4+2x44 . ¢ 3 JP i Y
I (x* +1)? ‘I(x=+|}= +j{x‘+])
2+ x4 2x+4 3 2x ¥ 1 3
] A1y ‘#_I(,r’ﬂ}’dﬁj-{xzﬂ) +I{x’+l)

MNow the readers are in position, how to find the complete solution of the' question.

T B T e i T R TSR -]
Hint: I—(I,“)dr-lan -‘\:.I{:;+1)d‘ uu=x+

Iﬁ‘ﬁ:?’ x=tanf,dx =sec’d
+

B Evaluate the indefinite integrals after decomposing the following rational functions into partial
fractions: 3
1 b J»a:’+2x-1 j4x'+4x +x-1 q .[ 1
Ix(x-!] x(x+1) x+1) L~ |
x—x'+2 dx -x=-3 . x -1 de
b j x(x=1) '[x’—l E sz’-'i-l{& . h. Jf.-zx-ls
x + X432
U [ e i | S
- j[:ﬁ-l){x' +1) ] I(x‘-t-l)’
v 1 The rate at which the body eliminates a drug (in milliliters per hour) is given by
R _ 60
dr (t+1(1+2) : ;
where £ is the number of hours since the drug was administered, 1f R(0) = 0 is the current dru%
climination, how much of the drug is liminated during the first hour after it was administered
The fourth hour, after it was administered? - : 3 2
3. The rate of change of the voting population of a city with respect to time ¢ (in years) is estima
dN _ 100r
1o be dl l:l + 'I 2 m-
where N(t) is in thousands, If N(0) is the ¢ Y E ; h will this
population increase during the next 3 years? urment voting population, then how muc
4. An oil tanker aground on a reef s losing oil and Producing an ol slick that is radiating ?u[wnfd 2
Lo dr  top : e z ; :
at a rate approximated by _J- f1+9'f20 .
where r is the radius (in feet) of the ¢ : . - 1 after
4 minutes if the radius is r= g mc:::ucr: stick after ¢ minues. Find the radius of the sl'ck‘ :
s £ : *
'165 m@ﬂ
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INTEGRATION
X Definite ntegrai
“A definire integral is an |,
fa, 5] are limits or boundaries, = * " "' ©OMalnt start and end value, say a and b, where interval

Look at the follcwing figures, Fi 6.1 : . B g ; y
showing definite integral, gure 6.1 is showing the indefinite integral while the Figure 6.2 is
».

y

a b
Sx).fr.
Figure 6.2
Y as we have leamt in previous section for
definite integral simply calculate

Figure 6.1
Definite integrals can be caleulated in a same wa

calculation of indefinite integral, but there is slight difference, 1o find
indefinite integral at point a and at
£

point b, then subtract the result.
E:.\umplﬂ"'-.m Evaluate J-Izdt

1
D Herea=1,6=4andn=2.

4 301 |0 a? 5 wd ¥
[Pete=]Z—| +c=X] s¢ frrav=*—| +c
. 2+1), 3| = n o+l

For q=|,:,_1-+c 0}

For =481, ¢ (ii)

Subtract equation (i) from equation {ii)
. 44 2 64 1
Thus, _’I'x‘dr—[?l _T+£"-.-3--_z’_.21

Meﬁnlte integral as the limit of a sum

This limiting process is what we mean when
J(x)= * from x = 0 1o x = 2. It is written symbolically as

A= szt&=g

To calculate the approximate arca of
any mountain we use integration.

we say the area is the definite integral of

(1)
=0
We read symbol as "the area A equals the integral from x =0 to x = 2 of
The number 0 is called the lower limit of integration, the number 2 is
the function f(x)=Xx" is called the integrand and the dv tells

function f(x)= x* with respect to the variable x.

If £ (x) is continuous on the interval [a, b] and [a, B] is divided into n equal subintervals whose
t-hand points are %3 X3y, X,,, then the definite integral

of f{x) fomx=atox=his:
a=h
[Seae=lim @Dl rixys ot pie)

Tag

=hm3" f(e)Ax, i=1,23..n
i=l

NOT FoRSALE

the function f{x)= 2
called the upper limit of
us that we are integrating the

n

i




P

A N

‘f'_.

UNIT-6 i
m}" d the actual area of the region bounded by the curve f(x)=x" and the x-axis i the,,
ind the ac N

interval [0, 2). i Sap S j
o-d_t——== )

m For n subintervals, the width of each rectangle is Ax=—p -

; a5
The right end points of the subintervals are =, 2,7

e S

2 2 x. 4 x. T -.-2—:-inaqua:inn{i]mo’otainthcaﬁiuaiam:
Substitutea=0,b= y H= =5 By =g ta .

A=:Ix1dt= !‘Lﬁlif(xi)&x
o il

= mlkx[f(xlhﬂxz]-r ek f(2)]

=lim> [_r[z]a,f[i'-]q[9}»..,.,+f(z]] : - f)=x
i) | " n JT. . 4”:
=m%[%+%+%§++%] | 4=?
-l_i_n_«:%[nz*ﬂ’+,.,..+n’]=\iﬂ:sl[méz"—+ﬂ]
=!mf;[1ﬁ3::ﬂ];]m[%+E+ﬁ—?1?]=%+0+ﬂ=%

Wnnﬂm&nw theorem of integral calculus g

: : i definite
ious section, we leamed that we can determine the area of a region with a d
imegmll.n]-lf::?cf with the tools available to us at this time, m‘raluating_ a definite ;t:i;yl‘lﬂ: using o
summation process is rather tedious and time consuming. Te provide us with a more gt
evaluating the definite integral, we now consider a very important lh::orcn:le e el
"fundamental theorem of integral calculus”. This explanation will show that the defin 4
lied in a general manner and not only to the concept of area, ot
=y To hl:lpgpmvidc a better understanding of the meaning of the fundamental theorem of
caleulus, let us begin with area of a region using definite integral -

Araa-T Six)k, (i

¥y y
y=fix)
xka x=bF

Figure 6.3
To develop the theorem, we

M.S )

)
(m. f (m))
T [¥=fx

X ﬂﬂ‘

Figure 6.4

ot ° need 10 introduce a new function called the area 1Y Coge
function indicates the area of the region under the graph of he Fatalon Eor s A% in the
| w
3 167 o7 FOR
———

lmm@'mm.'."«

‘| drops out as illustrated below:

2 i
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from a to x that must be continuous and non-negative on the interval

_ IJTI_‘wc :r;c;casc x by Ax, then the area A(x) under the curve will increase by an amount that we call

A din Figure 64, We can see that A 4 is slightly bigger than the area of the inscribed rectangle and
slightly smaller than the area

t : of the circumscribed rectangle. In Figure 6.5 th i
inscribed (within the curve) and the large rectangle is circumicribeﬂ. ol i b

For the area of the inscribed rectangle, we take the minimum value of S(x) within the closed
interval [x,x+ Ax]. We call this minimum value f(m).

For the area of the circumseribed rectangle, we take the maximum value within the closed
interval [x,x+Ax]. We refer to this value as f (M). Hence the minimum area is Sim)Ax and the
maximum area is (M )Ax,

Algebraically, we can write  f(m)Ax< A A < F(M)Ax

The area function A(x) is the area
[a, B].

f(m) < ir—”s F(M), Ax20 (ii)
If we take the limit as Ax —0, then § (m) and f (M) approach the same point on the curve and
i A
both approach f(x) S(x)< lim el ity
- dA . AA dd
which states that . E_—=f(x], .!.!Tn g (iii)
Integrating (iii) to obtain Alx)= F(x)+C (iv)

Here F(x) is the antiderivative of f(x). To détermine a real value of Afx), we must solve equation (iv) .

for C.
Putx=ain (iv) to obtain:  A(a)=F(a)+C =0=F(a)+C, Ala)=0 = C=—F(a)
Putx=kin (iv) to obtain: *~ A@)=FB+C = Ab)=Fb)—-Ffa), C=—Ffa) (v)

The last equation (v) tells us that if it is possible to find an antiderivative of f(x), then we can
=k

evaluate the definite integral j' f(x)dx. This is nicely condensed in the fundamental theorem.

Statement: If a function f(x) is continuous on the closed interval [a,b]. then the definite integral of
afunction f(x) in the interval [a,b] is:

=h
[ f@)de=|F|Z, = F(b)-F(a)

Proof; Here F (x) is any function such that F'(x)= £(x) forall x in [a, b].

It is important to recognize that the fundamental theorem of integral calculus describes a
means for evaluating a definite integral. It does not provide us with a technique for finding the
antiderivative. To find the antiderivative of a definite integral, we use the same techniques we used to
find the antiderivative of the indefinite integral. But what happens to the constant C? This constant C

[rtde=[Fe+ 7 =[(F) +C)~(Fla)+ C) ]
= F(b)-F(a)+C~C = F(b)~ F(a) (vi)
NOT FoRSALE) 168
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UNIT-6

Basle properties of the definite Integrals

fien I to use the seven basic propertjeg
In computations involving integrals, it is often helpfu Telateq
fundamental theorem of calculus that are I'md below:

L [f{x}dx

Proof: By the definition of the definite integral
[ £(axdc = im " 1) = 1im 3 1) (0)
") g ] i

-! () = F(c) - F(a)

U]

b
If (e = F(8) - F(e)

Challenge (i}

By adding (:j and (ji)

Show that i dx = g
al J.ﬂ’.l’) Oby Using Jf(xlc&i—]f(ﬂd; m F(#)“‘F(b]-—ﬁ{{f

fundamental theorem fomgn]
calculus.

=F(B)-F(a)=| fixide
R T, ol A '[ Use definition of the definite integral to
n show

") Hm f':‘rm f': m 4 € ]
= i,;n;[o] =0  hence, If(.r)dt =0 I I ¢ +_[f(x)dr |hﬂlff[xki== I_."{x):k+ jf(.t)d\.- :

I 0 e 2 f(xﬁ' when (— =
il jf{x)tﬁt: _I'f(y)etp V. :I'f(-r)dr— .! S=x)= f(x)
Prun' i 0E 1 fle " # when f(—x) = - f(x)
Proo x) is integral on interval
Let F(x)= f(x), [a, b] be an interval then by the fundamental theorem of integral calculus. éeinit negal o 7 s Imiﬂ;‘:z: d‘:rntl':'l'“:‘fm;“:'"bﬂr jmﬂf';:; foerval Eo, . e
_[f(xldt F(b)-F(a) (i)

Jf(x)dv =I ftx)mf flx)de= j f(—x)d(~x}+_|' S(x)de = —j S(=x)dr+ I Sx)dx
alsu,[f(y)aw= F(b)~F(a) i - Show that j‘ fxxde= f(y}aj»br

using the def nition ::f definile
integral.

=

g f(—x}dr+J S )+ o= { ks - esattr g

0, when f(-x)=—f(x)
| Extend beehnlquu of integration using properties to calculate lllﬂhi‘lklllw.‘
D16 Evaluate the followmg definite integrals:

] &
Hence, by (i) and (i) [ £(x)de= [ f(y)ay (proved)

I, j,r(m:- -If(x}dr
Proof: By using the definition of definite integrate
[ fdc= hmE ()

Example!

fa). I(zx +Hax+l)dr @), I{zf+4x+1)a& j{zy +ayil)dy @), j‘(x +Dedv=— f{x + e

Challenge .
Use fundamental th
integral calculus to

slmwj' Jf(xkir:l-“!"f (x)dr:

(. fo’+])dr= J’(; +l}dx+I[x +Ddx (), j' K= Ix’dﬁjrdz 2]:
2
ma. i(lr*+4.r+l}dz ‘—zi-i-g--u‘

16 16 4 92 11_70 35
[3 2 2)‘[3+2”J=?'?=?=?

1
b, 1[(2x=+4x+uas:=j'(2y’+4y+ll@-
I

and Ifmwc-ygz,ffm where Ax= 2=
L] = .

=Eﬂif(-¥.}[ﬂ]=lim[-—2‘r{x)bt“ J

._nmEf(x.}-—— =-[ F(x)dx Hence, I f{x}dw-f ()
iv. ]'.."lx)dx jmm[mmmq,

] 2x 4.!’ 3 2
N S o T 35_35 .
Proof: Let F'(x)=f(x),a<x<p i < ”,‘ -_+Ty.+ R
By using the fundamenta] theo ‘ f
- "em of integral caloylys, @ [ e nden o
[ f @)= F(b)~ F(a)where fis “OMituous on [, 41t - 2 g
" a, n

L
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UNIT-8

d. 1i(st’ +1)dx= ](:’ + 1)+ j(xul}d‘»
L] o ]

: 1 14 14
x x P I_‘!=5+E+2—[—+1]='_=_—

\TH\,=T+’[.+?+ S T e e
al : 1 a 3
e I:’dr:jx’dﬁ-[l'ii"zjx‘“'
=1 - o ’ =
Pl 222
‘2[5 >4 =

il =lﬁ|a +£[=2
3l 3y, Ve
2e*" -3

1
Evaluate the following definite integrals: (). !—'?“ﬂ‘x @)

P‘:—f' de= [(26 -3¢ de
[F] L]

Ax z 3 i y 3 =2 o 3 Vil AT Sy
& e . 11 = S By '. et ="+ 1 5.092
=i1__3_[ =g +=p "[81 e (g = - 28 2 s

b. We need to substitute a new variable u(x):

du du du
=u, i"(x’]=— AR R

S dodis i
x_ —t==0+—-4+
3[:3+3 3

xsin x*dy

| B Mt | 2

dx dx
The lower and upper limit of r=§aud x‘% areused in x* =wto obtain the lower and upper limit of &

x.%;x?="=>[§]l=u:;-§=u

2
=&x=%:x:=|r=b[§].mu=-ﬂ:=w
Substitute all these in the given integral to obtain:
’!

£ = ol
e _|meosuls  yf 2 5
xsin fﬁ—5£3|nu¢| —lﬂ%—-i[ws?—m?]
£ -

=
£l '

='—;[m(z.mﬂ—wsu.ﬂ?ﬁll=%‘(4.7313-0A555)= '?1(_1*3313}= 0.6189

I .
[EEIETE) Evaluate th following definte integras (@ ;'xe‘dx ®. [esineE
| ]

m a ':'hclmhﬂi‘!.“ﬂfi.mmﬂﬂnbymnswiﬂl “=x and %:g‘ is used to oblai”
[xete=fxet|, - [e* 1
- Ll

INTEGRATION
=|:'EI -O}-IGIE_-'(é-o:'-[ﬂl*e.J:el—e’-l-e'_—,l

1
b. The integral is l-.-[elsjnm
o

The integration by parts rufe with substitution y = &

3 [:

and — =gijp x 15 used to obtain;
| de
1= [ ¢*sin xd

o

1 "
=J¢’('°°”]E '!':"W”}ﬂ'dt, u=g* o= e'dy, %= sinx, v=—cosx

n-{e’msl—e‘cusa)-r-je*mm
a

I 1
=~2.718(0.540)+ 1+ fe* cos.xd = -0.468+ Jetcosxax  Use radians
[ = L]

I}
=~0.468+ [e” cos xdr Again integration by parts
L]

=-0.468+ le" sian; -j'(sinx)(g"}a::
[}

u-?,%—ms:, veginx
by ‘1
=~0.468+ (¢'sin1 - ¢°sin 0) - [e” sin xdx
(]
I'=-0.468+(2.718(0.841)~ (1)(0)) 1
21=-0.468+2.287=1.819
1=188 o
2

m:‘]nite integral as the area under the curve

If f(x) is comtimeous and S(x)200n the closed interval [a. b). then the area under a curve
Y =f(x) on the interval [a, b) is given by the definite integral of f(x) on [a, B):
1]
Area= [f(x)dc = F(b)- F(a) M
Area between g curve and the x-axis

The steps involved in finding the area between a curve and
the x-axis are the following;
i

The definite integral [ f(x)dx presents the sum of the signed

ﬂeasbeuvumhngmphofy =f{x) and the x-axis from x = a to x = b,

ere the area above the x-axis (peak) are counted positively and the
areas below the x-

Figure 6.6
axis (valley) are counted negatively. This is shown in the Figure 6.6.

E
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UNIT-6

ii.

x-axis from x = @ to x = b can be found using definite integrals as follows:

: b
o  For f(x)2 0 over [a,b], the area is: Area= I[+f(x]]ctl:
]

s For f(x)<0 over[a,b], theareais: Area= [[—f{x-)]dx

If £ (x) is positive for some values of x and negative for others on an interval (as in Figure 6.6,
then, the area between the graph of and the x-axis can be found by (dividing the interval iny
subintervals over which f (x) is always positive or always negative) taking the sum of the areas of
subregions over each subinterval:

€ )
Area= [ (e = [i= )]+ [+ Ide) =4+ B (i)

In Figure 6.6, A represents the area between y = f(x) and the x-axis from x = @ to x = ¢, and B
represents the arca between y = f(x) and the x-axis from x = ¢ to x = b. Both 4 and B are positive

quantities. Since f(x) = Oon the interval [e, b], the area is
] &

[(+f(x)}dx = Band f(x) < Oon the interval [a, c], the area is [[-f(x)eix]=~A.

WAppllcnﬂnn of definite integral as the area under a curve

(AEIII 19| Find the area between the x-axis and the curve
flx)=x"-4 fromx=0tox=4,

First find out the x-intercepts of a curve f{x)=x*—4 that
can be found by solving the equation of a curve:
¥ -d=0= x=2,-2
The subintervals of the interval [0,4] are therefore [-2,0], [0,2]and
[2,4). The total area of the region in the required interval [0,4] is the
sum of the areas of the sub regions in the subintervals [0,2]) and [2,4]:

Fl I
Area= [ f()dx+ [[+£ (s, f(x)S0in(0,2)and f(x)> 0in[2, 4]
1] ]

4

i [ T
=_[[x"-4]¢:+ l(x - 4)dx =—I—3—-4;L+.r4,

2
g 64 (B _o)_16 16 16
=_\-§—S-(ﬂ—{])]+( 3 16] [‘3"8) T+?+?=]63‘?muniu
The sketch of the region is shown in the Figure 6.7,
Ao e [0‘4] A ](11—4)# = :lmd-riziﬁ
: 3
is not the correct area. This definite integral does nog o

is just a real number. represent the area over the entire interval [0
is j :

173 : oT FoREALE lF
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If f(x) is a continuous function over the interval [a, b], then the area between y = f(x) anq the
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Fid e sss. bewocn e

f(x)=x"-2xfromx=~1tox=3,

First find out the x-intercepts () =i
can be found by solving the equation of :::::lm Gie i L
X -2x=0 = x=0,2

The subintervals of the interval [=1,3] are therefore [-1,0), [0,2]and
[2,3]. The total area of the region in the required interval [-1,3] is the
F;’?]ofﬂm areas of the sub regions in the subintervals [~1,0], [0,2]and

-] 1 3
A= [+ [l- £+ [br £ 0, £3)2 0im[-1,01(2,3)
=1 o - b
2 20 |2 20f |0 2¢ff
3 il A 302
=] 8 27 8 4 4 4 4
=““""[?"Hi“‘]‘“"“’|*[?'°_H5'-“]=5+5*3=3(s]=“
The sketch of the region is shown in the Figure 6.8.

MAPLE command “inf” to evaluate definite and indefinite integrals
e use of maple common ‘int" is illustrated in the following example.
AETTIEN 21| Use MAPLE command ‘int” to solve.
(@). Indefinite integral of a function f(x)=x"+x"+x 4+ x+] w.rtvanablex.
(b).  Definite integral of a function f(x)=2x" w.r.t variable x.
fc).  Definite integral of a function f(x)=xe" in the interval [0,1].

@ Command:
> it + 20+ 7 +x+ 1,x);

x-axis and the curve

Figure 6.8

- J 20— 2 20)de - 20
=1 [ 2

1 ] 1 1
-;-z’+71"+-j-s’+-i'x"+z

Using Ralettes: Use cursor button to select integral palette. Click-integral palette, insert the function
required, then press "ENTER" key to obtain the integral of a given function:
> f:‘+£ +xF x4 I

s la Lo L
5:’+‘;+3£+1;‘+:

b. Command: ¢ Command:

> i, x=0.1); > inleexplx), x=0.1):
% )

Using Palettes: Using Plalettes:

1 1
> | Pk :
_I; > L: explx)de

1
3 1
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Do you know a 200 year old

The relationship between derivative and inicgrals as an inverse operation
was noticed first time by Isaac barrow (1630-1677) in the 17" century. He
was a teacher of Sir Isaac Mewton, Newton and Leibniz are known as key
inventor of calculus, They made the use of calculus as conjuctor, that is as
a mathematical statement which is suspected to be true. But has not
proven yet. The fundamental theorem of integral calculus was nol
officially proven in all its glory until Bernhard Riemann (1826-1866)
demonstrated it in the 19% century. During this 200-years a lot of
mathematic like real analysis had invented before Riemann could prove & 4
that derivatives and integrals arc inverse. :

problem o

1.

Evaluate the following definite integrals:

a 20
a. [Sxdx
]

L
-
5
E
-1
—
0
v

| ey
o
&
e
b2 =
+
F‘E
-
e L

b. jx‘dx

n

3
c. [11{;’—4}’;&

1 - ¥
. |[-2—=d g sec” 040
Ale™+e")

Evaluate the following definite integrals:

;51*-3.-+|s t4
! 9-1) 144

Use definite integral to find out the area between the curve f{x) and the x-axis over the indicated
interval [a, b):

a. fl(x)=4-x,[0,3]

¢ flx)=x"—6x+8, [0,4]

b, f(x)=x"-5x+6, [0,3]
d. f(x)=5x—x", [1,3]

Setup definite integrals in problems a to d that represent the indicated shaded areas:
gE % b.

c. d.

ﬁ _ 80In({s+ 1)
: o dt (1 +D)
Where t is the time in hours afier the tanker hitg g Iy;

a. Find the total number of barrels that the s;ipwmrxﬂw’ﬁem =0).

b, Find the total number of barels that the ship will Ieak on the seom da

c. What is happening over the long run to e ot of ol second day.
Use MAPLE command ‘inf" to evaluate ot oil leaked per day?
a SR =x2+3x+1wrt ¥

An oil tanker is leaking oil at a rate given in barrels per hour by

b. f(x)=e® sinxw.rr. %

475 _ me

iif.

viil.

Choose the correct option, :

The process of finding antiderivative is called.

(a). differentiation (b). integrati

_[taquB= integration

(a). Infsind|+C (®). Injeost|+C

J ==

@. nf+VErZre b sinac
x

J' L s i
311-36
1 =g
. =—In—
@ 2a .l'+5+c

©. —%[h‘é«u:{-m‘é—llw]
(2 -a)ate=

(a). %—4.:+C‘

{c). - -’fT. +dx+C
[fogwde=
@) f 2+ [2'(x)f (x)dx
(). Y gle)-[gx)f ()
[ tan* (x)ate =

@. Zuan’(x) +x=tan(x)+C

(c). i-tan! (x)—x+tan(x)+C

[

64
®). Infx-8+cC

X

1 1 1
(e). Elﬂl.\;’,—ﬂjnih

x
—+1
8

2

a
}'.!.&_
L]

| |
l::t}- = ). ===

H& =

|
(a). 1 {6y 2

NoT FoRSALE

X
+=In|==1l+C
1

(b).

(d).

(b).

(d).

(b
(d).

(b).

(d).

(b).

(d).

<)

INTEGRATION

. probability (d). linear equations

=Infeosé|+C  (d). ~In|sind] +C

sin” [i }; C (d). cos [f ]+ c
a a

1, [r-6
2%frel™C

é[lu é-ﬁ;l{d—ﬁ}{ﬂ'
-";—4.r+C

2, 40 4

4_+ 3 2 4x+C

S()g(0) = [g(x) f(x)dx
S()e(x)- [g(x) f(x)de

—;-mll:'{x]+.'r- tan(x)+ C

3tan’ (x)+ x+ tan(x) + C

1. 1.2 1)x 1 v
—In|x* — 4]+ = L
5 lafx |+2E§+| L A
1. |x 1. |x
21n3+1+-2-lnlg—1r+c
e-1 e'+1
2 (d). >
-3 ). 4
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