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1.1 Derivative of a Function 3 o e
i Distinguish between mdq;cndcnl_an:] ::i-.dp::ednv.:’n:ﬂ \:a::amhlc T WAL ¢ T |
i -5l i in
il Estimate corresponding change
decremented).

< Explain the concept of a rate of change. i i St RETrIN.
:1\1 DcI'Einc derivative of a function as an instantancous Tae o I respect variah

v o FANYE 0T i tial cacl"ﬁcicr-t ofa function.

Define denvalve o differen
I. Differentiate y=x", where i € Z{lh!‘.' sel cl':ul.cgers], from first
v .

[ first principles.
, when n= £ and p, g are integers such that g 0, from P
q

principles {Iﬁe derivation of power nule),

vii. Differentiate y=(ax +bY

3.2 Theorcms on differentiation - s
Prove the following theorems for differentiation. : .
ivative of a constant is Zero. = o

: ::szc?.::::e of any constant. multiple of a function 15 equal to the product o
- " ; - - .

derivative of the function. . s Sy dntetnd
. |I|en;cri\-mira of a sum (or difference ) of'Ewo ﬁimhm:;eqm.ltnﬂt sum () eTenc
«  thederivative of a product of two functions 15 Cquat 4
{the first function) * {derivative of the second functi

ond function). oy e
?Icl:dcrivmi\'c of a quoticnt of Two ﬁ;;m:m:s L:::gx::: I::“ -
i i ivati the o L

denominator times the derivative o formy
denominator, all divided by the squarc of the denominas

3.3 Application of Theorems on differentation

plus (derivative of the first function = (&

the numerator times the derivative of &

I oy i ; Iynontials, '

. Dlﬁcﬁlﬁ;:-lmltiple of x". s sumfor difference) uf functions, @ Ipn [ymi

g - 1 ons. e

« product of funclions,. e guotient of two functs

. dy 1

3.4 Chain rule ‘ b1

i Prove that L ﬂd’—u when y=flu) and u = glx) i,  Show tha & &
¥ o dy  dn dx

=3

L e A
jii.  Use chain rule to shm:r that -E[f{x)], al ) S

i Find derivative of implicit l'unclmn: o=
'.'..LSVl'iHlfcrcminlinn of trigonometric and inverse trigonometric functio i
* et fi and cot x) from first iples.

«  trigonometric funclic ; prine
«  inverse 'Irigclnumclmi functi
differentiation formulae. !
i i ic Functions

i tiation of Exponential and Logarithmic |

T DlmF?nlgl :;Jﬁgmmms and a* from first principles.

Find the derivative of Inx and log, x from first principles.

i i X, 58C X,
nclions (5in x, COS X, 1an X, COSEC L, .
ons (afcsin x, arccos X, arclan x, ArccOsec X, arcsec

i.
ii

& Use logarithmic differentiation 10 find derivative of algebraic expressions involving product, 4
3 ;I-Diﬂtmﬁlﬁnn af Hyperbolic and Inverse Hyperbolic Functions

i iate:
3 Plﬁﬁﬂ:hatic functions (sinh x, cosh x, tank x, cosech x, sech x and coth x).

-1
+  inverse hyperbolic functions (sinit”' x, cosh x, tank™ x, cosech™ ¥, sech™ x and coth ).

. Use MAPLE corhmand diff to differentiate a function.
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UNIT-3
DIFFERENTIATION

11'|.Ic dleri\'ativc is one of the main tools of calculus. It is instantaneous rate of change of a function at a
point in the domain. It is same like the gradient or slope of the tangent
line to the graph of the function at that point. Before going to the
definition we need to revise the concept of limit introduced in
previous unit of this book.

In this unit, we will start by defining derivative, which is the
central concept of differential calculus. Then we need to develop a list
of rules and formulas for finding the derivative of a variety of
expressions, including polynomial functions, rational functions,
exponential functions, logarithmic functions, trigonometric functions
and hyperbolic functions. “The process of finding the derivative is
known as differentiation. But the inverse process of differentiation is
known as integration” We will discuss in details about integration in
Unit- of this book.

‘| Derivative of a Function "

"7 The derivative of a function at some point is known as the rate
of change of the function at the point. We can estimate the rate of
change by caleulating the ratio of change of the function Ayto the

Diame Newtan W Lalbal

In the sense of a tangent line the
concept of derivative is very old
in the study of mathematics. This
is familiar to Greek geometers.
But the modern development of a
calculus credited to Tsaac Newton
and G.W Leibniz. Who provided

the independent and unique
change of the independent variable Ax.In the definition of derivative, | approaches to the derivatives and
the ratio is considered in the limit as Ax—» 0. differentiation.

Independent and dependent variable
“To understand the origin of the concept of variables, some real-life situations in which one
numerical quantity depends on, corresponds to, or determines anather are considered. For example,
|, The amount of income tax (output/dependent variable) you pay on the amount of your income
%Inpulhndepeﬂdcnt variable). The way in which the income determines the tax is given by the tax
aw (rule). :
2. A person in business wants to know how profit (output/dependent vari hanges with respect
ir p pendent variable) c es with
f: advertising (input/independent variable).
person in medicine wants to know how a patient’s reaction to a drug (output/dependent
variable) changes with respect to dose (input/independent variable).

In each case, the change in dependent variable requi ite change in independ
¥ s th quires the definite in ent
variable through a definite rule which is called a function.

Estimation of corresponding change in the dependent variable, when
S _1___in_dep§nct3n_t variable is incremented (or decremented )
amiliar situation related to change in dependent with respe ange in independent i iri
ma_!kes the run of 120, mile trip Fmgm Pcshl;ewar to Is!amr:zi,:?tir zc:?f«: I%‘tlm table s?:u:ss tg::?a!:‘:l vl.l:.ecr
driver has traveled from Peshawar at various times:
0 ' los 1.0 15 200 - |
5o Filza 54 [ TPl ]|
If fis the function whose rule is £ (f) = distance from Peshawar at time f, then, the table shows
that f(1.0)=54, £(1.5) = 88and F(2.0)=120miles. So the distance traveled from time r=1.5to r=2.0 is

S(2)-f(1.5)=120-88 =32, the change in dependent variable (change in distance) in response of
incremented independent variable f, while the distance traveled from time r=15t =10 is

S(1.5)-f(1.0)=88-54=35, the change in dependent variable {change in distance) in response of
decremented independent variable r.
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DIFFERENTIATy,

UNIT-3

m fchange
farateolc : dn. For skampleiir

Cnrn S of change is something We Emmma::r:uerzgc 0k bt‘n:g g, i ar.
A 8.0 5, then we say that It ,;celcralc;_ climbs at an average Wlﬂt'h iy

mmclem}es f_m'“ om0 k"";g"(']‘m'm in 2.5's, then we 52y that Gasty average of 2 inches per day, %
5 A t:-lmb@ fwwm sﬂI ah:otat'cfzﬁ inches in 2 weeks, then it grows an ;

€
4000 m;s. :hecirzxw1ﬂplﬂ$ the indicated average rate of l:ll:iall-hgll= 1t
is -:lbmi:ed b;! div:iding the change in the dependent vark
change i independent variable.

i Letus ::l::;rh::me thE process of finding the a\'\emgefrale a::g
change of a function y = [ (x). If we select any vahlllemo ::E -
increase it by an amount Ax, then a new va i
independent variable is x+ Ax. Asx changes from x .rde .d
ding amount of p+ Ay. The ordere

will change to a correspon ;
pairs P (x, y) and O+ b, y+ 8y) developed must satisfy the

: S : b 1)
= f(x). This is shown in the Figure .
{I;nt;tcmﬁ?n};ﬁi value at a point P (x, ¥} is ¥ =[x} (i
then, the function value at apoint Qis y+ay= Sfix+ 'ffx] : (ii)
The Iliii‘fcrem of equations (i) and (ji) gives the change in »;
(y+8y)-y=f(x+ix)=f(x) = sy = f(x+ax)-f(x) (i)
h inxis Ax= x+;h'-x- ;
e aﬁ;: average rate of change in ' per unit change
by taking the division of equation (iii) by equation (iv):

Figure 3.1

_ixi= ﬂx::;l:fx) L ﬁ;?r_f(ﬂ v e The slope of “;' secant i:i:l
: in x is gi : of change
The average rate of change y per unit change in x is given by: average rmale
by S0 {v) | rate of change in phenomena.”
A i . T -w_ 2
lI!III'n;eu.-,rnli!l:: the average rate of change of y per unit change in x for y=x"-6x+52

vy et
change in x is the slope of the secant line PQ, obtaix

ineasures always "the approximé 1@ curve y = f(x)at a specific point?

UNIT-3 e, IMFFERENTIATION

A The average growth rate through definition (v) is:
A _h+an-h() _Jivdi-1-(I-1) Jivar-i
T T Y = )

Af
b The average growth rate (i) is used for t = 4
and Ar =35 to obtain the average growth between days 4 and 9:
Ah_irAr-Ji _ Jaw5-Va_3-2 )

Ar Af 5 5 5
Thus, the average rate of change of the height of the com

with respect to time (between days 4 and 9) is %{I unit

change in height for each 5 units change in time). The graph
is shown in Figure 3.2. The average rate of change is of
course helpful in understanding the instantancous rate of
change.

Figure 3.2

Derivative of a function as an instantaneous rate of change of a variable ™
with respect to.another variable

In the previous sub-section, we discussed the average rate of
change, and leamned that the average rate of change is the slope of
the secant line joining two points on the curve y=f(x). More
commonly, we are asked to determine the exact or instantaneous
rate of change at a particular time. For example, for an acroplane,
what is the instanta. .ous rate of change of the distance that accurs
at a specific time? ™ his can be dealt by the slope of a tangent line

To illustrate his idea, let us examine the graph of a funetion
y=x" at a particular point P (0.5, 0.25) with different secant lines
FQy, PQ,y,... that developed from the secant line FQ:

F E R gl T T o ———r -
e fm:ci;fd?ﬁg to the definition of the average rate of change: R TR ":: mx \m...j:vm Z;T..';:;J; e .'?.; -
DAy flx+Ax)-f(x) o y= f(x)=x"=6x+6 £(05,025) Q2,4 L5 3.75 25
Zx_ = -—T_ ; X:l’+ﬁf+5 P(0.5, 0.25) ,(1.5,2.25) 1.0 - 2.00 20 .
;(“m=-s[x+ax)+5}—(x’—5x+5)=i+2”‘"+-°" =RE26ArH5S : P(0.5,025) 0,(1,1) 05 o I
2 Ax 2 £(05,023) 0,(0.8,0.64) 03 039 TET
_xAx+hn-6Ax  MEQu+Axc=6) o, gypy ﬂyThe tabular form contains coordinates for the points P, O, the change A in x, the change Ay in y
g 6+i and ' the slope of the secant lines PO, PO, PO,,..... Notice that the slope of the secant line PQ is 2.5
—_—= AKX
Ax

Asrincmscsﬁnm]losmenx=laudm=2.
& sy ge2==2
M-Zm 642

Ay 375 _ =
(E = 2.5].-Ifwetakcvaluu:onclmertoP{m.toQ,Q..Q, ..... ), then, Ax gets smaller, and

smaller, and tends to zero.
The tabular form clearly shows that, as Q approaches P Axapproaches 0, and the slope of the

: y he ¥
The height h of a certain brand of com with respect to t days (r=1) after " secant line approaches the slope of the tangent line at s particular point P (0.5, 0.25) which is 1.

germinates is fi(f) = Ji-l

Ak
¢a). Find thi average growth rate —.

o (). Find the average growth rate between d

65

a5 43114?'(‘" exact) rate of change at that particular point.

sorForsd

Geometrically, the slope of the tangent line to a curve at a particular point P is the instantaneous
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I UNIT-3 UNIT-3
' This terminology develops the idea that the slope of y i 3 ; i S TR ETION
: {he secant line becomes @ better approximation for the fra 1 fmm this problem, we conclude that g ol da
e o o a particular point P I Secant line PQ 2 :E S:Ulle of the secant line (the average rate of change) is called the approxi et
— slope of the tangent line (the instantancous rate of change) is c:l::l the:::::‘ 'rn:e n: t:angc. I ii-i“h s
rate of change. i

slope of the tangent line to the
ll Fﬁ our discussion on limit, it follows that the

exact/actual slope of the tangent line o 2 carve 3= f(x)
at a particular point P corresponds to the instantaneous rate¢
b slope of the seeant

—_=

Tangent line First Principle Rule

If i
f(x) is any function, then the dﬂi““}?:ig:;l ﬂt::n;iple rule is
ol - fix
S= ==,y = (2)

The process used for findin svati
an ¢ 1cs - g the derivative of a function in - =
d the resull 2 s the differential coefficient of a .ﬁ_mc“r:,:' is called the differentiati

of change at that point. That is,

line PQ o
Ay _ @ - glope of the tangent line at a particular :
hﬂl&h = Figure 3.4 fix)= x* =6x+5 at a particular point P(4, 3).
St am ot deiny divided by delta 5 withmmtb:::f(x} . ll_szd to indicate the derivative of £ (x) |B Jf (x): read Y prime of &
pect to x. Sometimes other symbols are used to indicate (derivative of fix) with respect 1o x) !

%’E is read “the limit as delta x approaches z¢

The statem i n l § o ce ¥, doc X" (the
lim the deri Ve, of the Wi bo: 5 -
ent vati Each of { symbols in the follo g X il = pead " d

us rate of change of y with .o ]
indicates the derivative of the dependent variable y with respect

s the slope of tangent line or the instantanso

If the limit exists, then the result i. : ol
l respect 10 X which we call the derivative of function. e thetinqumt tive of th . L2 |
| , (x, f(x;)n\ig:t?:cl;?:clﬁ,it ﬁﬁ? of a function y = f (x) at the point W, S read fm'mm_ A ;;im e
Different mathematicians used different notations to write derivative. : : ot m)_g ( is polut havlig slope ?nm - i A
- o {ﬂ=£{“.¢ x) | (i I T y= read:™ D sibex,  {dic
Ax derivative of v with respect 1o.x)

provided this limit exists. If this Iim'-dm i '
 exists. it not exist, then g S| - 25 e e (e e
no tangent (no derivative) at the point. bl nEp with respect th ) i

The slope of the tangent line i ;
phenomena." gen is the instantaneous rate of change, gives "the exact rate of change in the

Mathematician

Notation for derivative

L - - _\
mm tive or differential coefficient of 2 function e ERTITIIEN 4 | i I

" The instantancous rate of change of & function f{x) ata point P is the derivative of a functie -' : =% 4 | The function is f(x)= x*.
i L 0= () ifthis limit exists ) fg ;;:: 2:: mns*sdmV:llilljre A e v ot e

By ) st : b ine on a given curve y = x* ata poi
le of derivative of a function f(x) with respecttox. (¢). View the slope of the tangent line on a c"fm Eouln PG'Q)..
or differential coefficient is denoted by [~ ory- 1fxi a. Byfi inei PR e
m . By first principle rule, the derivative of a given function is:

fix) at that point P, [(x)=
This is called first principle Fu
Ky=f(x)isa function, then its derivative

1 a number in the domain of y = f (x) such thaty = f'(x)is defined, (.‘nc_n I.hc. function f is sa-'tdﬂn:: Ponui FAD-16
'4 differentiable at x. The process that produces the function f* from the function fis cal'l.ed. dlﬂqenm . Jm o P
3 3 | Determine the derivative of a function fix)= F—6x+35 by first principle rule at apod i (x4 A — () o PR ”
i " amri Ax =k x
;- P(4,-3). e L E A 15 Fo ey
X;-i The derivative of 2 given function by first principle rle(i}is: . by kﬂ[ (‘ZIJ;+M) =2 . it o 71,
i ‘L___;lf—- s ‘f-Slltl is used to obtain the sl 10 | §
f(x)=lim (x m:l @) = fx)=x'-6x+5 IFE;M ;{; 3,9}“ ko P of the tangent T 6.9 Sllélpe et
S =p s !
= e (e 6 fat {3.£(3)) is 6.
= lim (= IM Sxe 20 '*_5_1__,5_4___6_11_51] . The tangent line. on a curve y=jx* & 4 W prvne
Ax=rl) Ax . point P(3,9) develo y=x a a 5 AL
; x’+2xﬁ:+£ﬁx]i-_ﬁx-ﬁ:1x-l-_5—;‘-+E-x-S i 2xAx +(Ax)’ - 6Ax r? ps a nonhomogeneous line: 2
= ,,h{n.o A? — = lim Ax - ¥= 3= f(®)(x=x),Point from of the line ‘-TIWI
= lim Ax(2x+Ax=6) _ iy (2x+Ax-6)=2x-6 y=9=6(x-3), F(3,9)
e rra] m‘ e

The result f*(x)=2x—6 represents the slope of the tangent line at any point £ (% ) g T
m - .
curve f(x)= = 6x+35. Thus, the slope of the tangent line at a particular point, say P4, ae" graphical view of the slope of the tangent line is represented in | rzve 3

curveis: [ (¥)=2x=6
- NOT FORSALE i

, - . = 24)-6=2, at Pi4,-3).

T
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Differentiate of y = x" from first principles ruIB._‘.’ =" wrl xis
1f _fl:.'('] =x".n is any integer, then, by first principle rule, the derivative of f{x)=x i

r (x}f.!iﬂ f(x+ﬂ:x-”x) J ay=fx)=x
= h'_"‘,‘_x:‘fxti v by binomial expansion
x e nn=1y ... a3 %
= lim e 26.1: M i =LiﬂL[}u"'ﬂx!—,"—u;-ﬂx.d{m}z"'“']

=1 ; SRR (¢l | Y
=ﬂﬂ%[nx-_iq,.m:’;_)x--lﬂx,h_].:‘ETU[Mn I]+Eﬂ[__2_.__z ‘Ax . ] \
] =M"|,|_u= "xﬂ—j (i

Differentiation of y = (@x + b)" from first principle
Proof: Lety=(ax+ by (i). Where n is an integer
y+ay ={a(x+Ax)+b}" (ii). By using the binomial theorem

1 =1 1 [® = " (i
y+Ap = (ax+b) +[; }ﬁ +&)"" (alx) +[: ](ﬂ.t‘t-b) (aAx) +[3 ]{ﬂ:+b)' (a.Ax)’ +...+ (abx) F“'}

Subtracting equation (i) from equation (iii) .
n % 3 . .
Y+Ay—y=(ax+b) +[:'}ax+b}"'{m&t]+(:}m+b}"z[uﬁx]1 +[3 ](mm;) S (@de) . + (@A)~ (ar +b)

ot n = - i
.4 ‘ Ay =[:1 ]r[.ru-i-b "'(aﬁx)+[; ](e:::'+-E')"_alfaﬂnf.'n.u.']2 +(3 ](ax-l--.’:i:l Habo) +.. 4+ (adx) - ("-")
2 Dividing equation (iv) by Ax RO
- o =2 4 "~ ? et @ [AX -
% - Ar{ﬂ[:](a.t‘l-b]' ‘+[;](a.r+b} (a-m)’+(3](ﬂr+-5l (Ax) +...+ a” (Ax)" } i
’ EE

Apply li_’ﬂ.""" both sides of equation (v)

. Ay limda " (ax+b)"" +["](ax+b]'_:(d-.ﬁx)l+[:}(ﬂx+b ._I("M)}"'“'*"]"{Mr‘:}
ELIP.E gy Ar=—ed 1 2

ok n =1 - - a-1
O Y (] S e (B

i R e R 1

By applying limit all terms tends to zero except first term so,
: i ﬁy = (I "}axi-b)'_l
] E% s el [!_ -
Hence, :
= Jr-(xpi_(ﬂ”w = n{ax+5)".a

le of differentiation.

= This is generalized power i

PIFFERENTIATION

“Exercise ™ @

1. Find the average rate of change of the following functions over
i, ¥ :x’ +4

the indicated intervals:

fromx=2 10 x=3 b, y=x’+%x from x=-3 tox=3

Cog=20 =547 from (=1 10523 d k=2 +4  from 1=8 wr=35

2. Use definition for the rate of change to find out the avera rate of change over th ified
interval for the following fimetions: o o e

a, s=N-3 ffom 1=2tor=5 b y=,'-6x+8 from x=3tox=13.1
o A=n? from r=2tar=21 J h=Ji-9 from r=%9w0r=16
3. A ball is thrown straight up. Its height after t seconds is given by the formula b =-160% + 801, Use

definition for the rate of change to determine the average velocity % for the specified intervals:

o Fromi=21o1=21]. b. Fromi=2t01=20l.

4, The rate of change of price is called inflation. The price p in rupees afier ¢ years is
p(6) =3 +1+1. Use definition for the rate of change to determine the average rate of change of
inflation from £ =3 to 1 = 5 years. What the rate of change means? Explain.

5, A farmer plants x acres of sugar beets. The profit generated is Six)=1800x-9x*, Determine the
average rate of change of the profit, when the planted area is in between x = 20 acres and x = 50
acres. What the rate of change means? Explain.

6. Use first principle rule to determine the derivative of the following functions:

b. f{x}:(ixi-ﬁ)l’ e flx)=x"+1

2. fix)=3x
d f)=12-2 e. f(x)=16x-Tx BG

% Use function f(x)= y*~7x+6 to do the following:
a. Find the derivative of a function at point P(5, —4).
b, Find the tangent line on the curve y = ¥* —7x +6 at point P(5, —4).
e. View the slope of the tangent line on the curve at P(6, 0)?
8. Use definition of derivative to determine the slope of the tangent line to the curve at a given

point and then find out the tangent line equation on that curve at the same point, for the
following curves:

a f(x)=-x*+Tx,x=3
€ S(x)=3x"-6x-10,x=0

b f(x)=6x"-11x=10,x=1
d f(x)=2c+3x-4,x=]

There is always an odometer and a speedometer in an automobile. These two
things work in tandem and allow the driver to determine the speed of histher
vehicle and the distance heishe has traveled.

Electronic versions of these two gauges simply use derivatives to ransform
the data sent to the electronic matherboard from the tyres to miles per hour
(MPH) and distance (EM),

NeT FORSALE 70
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= T
Theorems on Differentiation %
In previous section, the derivative of a function f{x] is defined:

f A = S0 (i) . .
S (@)= lim Ax ; irst principle rulle. Now, after doing the
We learned that the derivative is found by applying the fist PROSEE 3y of finding the-
exercise for the previous section, you may be wondering v:-hclh:r Iher: & St provides easier ways'
derivative. In this and the next several sections, the discussion on the theor . s

of finding derivatives. 3
Proof of differentiation theorem
m—1: The derivative of a constant is zero

Proof: 1f f(x) = ¢, where ¢ is any constant, then, by first principle rIJ-'le.l
Ax)=f{x) _ . €7C_

is: f(x)= HE&LLL& =l =0, tion is zero

This calculation develops the rule that the derivative of a constant function X

In general:  [ff(x) = ¢, where ¢ is any constant, then: ; =0
FEETINoaYy 5 | Differentiate the following constant functions: ;

T (@) fe)=13 ®). f()=3 fe). f(x)=Tx |

graphs of the functions arc horizontal Ii::s parallel to x-axis,

% derivative in cach case is therefore going to be zero. h , :

?::::L:::m: }er;:aliv: of any constant multiple of a function is equal to the pm:ductaf that const

ivati he function. w sk

;nriulr;c dclrfwja:z:;. :L:g(.-.-)', where ¢ is any constant, then by the ﬁ.f:t principle rule, the dcrl.vlmtw\c !

constant multiple functionis:  f(x)=y= c.gl(x) {:

y+ by = cglx+ Ax) (it}
n Gy o (i)

Subtracting equation (1) from equation (il
y+ by -y =cgle+in) ~e-g(x)
Ay=cgls+ Ax)—e.g(x) i

Dividing equation (i} by Ay

' Ay _ coglx+ Ax) —cg(x)

e derivative of a constant function

@.f=ha

since all function are

i) -

Ax Ax
Ay _ c]lz(x+m)-§(x‘l} )
Ax Ax .
Applying Eﬂ on both sides of equation,(i¥)
. Ay . glx+ax)-g(x)
oy o Ax

Hence, f{.’(‘) = c.g'(-ﬂ

This calculation develops the rule that the derivative of a constant multiple function is the
15 ca .

stant function and the derivati *ofa function f(x).
Pmuu:::-m ‘::ﬂg{x] = x" and flx)=cglx), € is any constant, then:  [(x) =eg'(x) = ene™ A
gl Differentiate the following functions: @), flx)=-x (b, gl

ST s st flnctionis: =40 =1z,

=4y, then, the derivative ofa give iunction is _ f(x) :
g 11:.?:3) 0.555x", then, the derivative of a given function is: f*(x) = 0.555(6)x*" = 3.5.
b =10. , then, 1amn

NOFFORSALE
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UNIT-3 DIFFERENTIATION *

Thﬂmn-ﬂ The derivative of a sum (or difference) of two functions is equal to the sum (or difference)
of their derivatives. e

To determine the derivative of a polynomial, such as the derivative of the sum or difference of
two or more functions, we need to develop a rule that could be used in the determination o a derivative
like f(x)=3x"+2x* +3. In this situation, if A{x) = f(x)+ g(x), then, our task is to determine K'(x) by
first principle rule of differentiation:
h(x)=y= flx)+g({x) il
y4+dy= flx+ A+ glx+Ax) 1
By subtraction equation (i} from equation (ii) 3
JHby=§ = s+ 80+ gx+ A0~ () -g(x) -
Ay = fx+Ax)— f(x)+glx+Ax)— glx) twid
Dividing equation (iti) by Av then we have
oAy flxrbn) - f(x)+g(x+Bx) - g(x)
Wiy ax

_Slx+Ax) - f(x) + glx+ax) - g(x)

Ax Ax

Mow, apply Hacn both sides of equation {iv)
L lim S oy LA ()

anmd Ay Ao Ax
Hence, h'(x)=f(x)+g(x) >
- We can say that the derivative of a sum of two functions is the sum of the derivatives of two E
functions. The difference of two functions f(x)-g(x)can be written as the sum of #

i)

-t-!ﬂ 5{“"'-::"3{11

S(x)=g(x) = f(x)+[-g(x)]. Thus, the derivative of the difference of two functions is the difference of
their derivatives. .

Ingeneral:  [fu=f(x)and v=g (x), then, the sum rule can be restated using the notations: ]
i(||| tv) 2££i£! |
. dx dx  dx |
This rule gencralizes to the sum and difference of any given number of functions. |
EUEEIGER, 7] If f()=3x" +4xand g(x)=7x-2 the differentiate f(x)+ g(x)and f(x)-g(x)
@D Since, /(x)=3c +4xand gx)=Tx—2

SO+ g(x)=03x" +4x)+ (Tx-2) =3 +11x-2

d d
E[I(IHg(r")]éz(lt”llx-zlrﬁ‘;[h"]+{:{Ih}-%{!}=&r+n

Now, S - g(x) = (3" +4x) = (Tx=2)=3x" =35+ 2

o d .. o v o g of
Al =g =00 =34 B=(3x ]-E(;.¢}+E’(z] =6x=3

Theorem—4: The derivative of a preduct of two functions is
the second function
Proof: If ii(x)

rule,

equal to (the first function)*(derivati
) plus (derivative of the first function)*( the second fmcion), ion)=(derivative of

= f(x) g(x), and f (x) and g(x) are differentiable functions of x,
hix)=y= f(x)g(x) .
y+ay= flx+Ax)g(r+Av)
Subtracting equation (i} from equation (1)
YHby—y=flx+Avkeiy+ A= f(x).g(x)
Ay = flx+A)g(x+ 9= Fx)e(x)

then by first principle
ti) |
(i) |

(i)
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UNIT-3 DIFFERENTIATION

The addition and subtraction of Six+Ax).g(x) tothe right side of equation o
Ay = f(x+Ax) g(x + Ax) - f(x+Ax)glx)+ f(x+Ax)g ()~ [ (X} &

= (x4 Ax){g(x + Ax) - g(x)}+ LS (x + A0 = [ ()} s
Now, dividing equation (iv) by Ax
Ay _ fx+ A{glx+Ax) - g(x)) + gL (r+A0) - S () «

Ax . Bx
Now, apply lim on both sides of equation (v)

lim & = jim LG+ A0 (g (x +A5) g} + () x+Ax) = F(3)}
x40 Ay A

Ax
- _ flx+ax)- fx)}
- Mﬂx+m)'ﬁﬂwﬂhgmlﬂﬁ_7‘r—f

Hence, K'(x)=f(x)."(x)+g(x).f (x) ; s

This calculation develops the idea that the derivative of a product of two ﬁf-“cuc;‘":‘;sﬁthle first
function times the derivative of the second, plus the second function times the denvatl\r:b: mer: ;mi“
In generais 1fy = f(x) gx) = u v with & = f(x) and v = g (x), then the product rule can be res 2

dv  du
the notations: &, n—tp—

de dx | dx Ry v =
Theorem-5:  The derivative of a quotient of two functions is equal to denominator times the i‘:"‘t'“
of the numerator, minus the numerator times the derivative of the denominator all divided by the square

of the denominator.
Proof: ¥ (=L Ix]). g(x)#0 and f (x) and g (x) are differentiable functions of x, then, the

glx
derivative of h(x) can be found by first principle rule;
h(x)=y= L(J.'_] (i}
glx)
_ S(x+ax) (i)
'v+ﬂy_—ug(x+.&x] 1

Subtracting equation (i) from equation (ii)
Slx+Ax) @
glx+ax) gx)
Ap = S+ 80)8(x) - gx +Ax).[(x) (i)
= glx-+Ax).g(x)
The addition and subtraction of f{x).g(x) to the numerator of equation (iii)
Sx+Ax).g(x) = f(x).g(x)— f(x)g(x+ Ax)+ [(x).g(x)
= £(x+ Ax).g(x)
_ (M (x+Ax) = £(x)}— fx){glx + Ax) - g(x)}
e 2(x+4x).g(x)
Now, divide equation (iv) by Ax. Then
{f (x+ﬂx:-—,{(xl}_ 1) {g(xmr}-g(x:-}
2(x) R A

ytay-y=

(iv)

&

Ax g(x+Ax).g(x) (v)
Apply Lul'i’ on both sides of equation (v)
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Ll g(x}{ lim ﬂ_"’f_%f:_'! _(?!}_ £ {EE} g_(x+d.;:-—g(x)
= Tim g(x +Ax).g(x) _ .
Hence, #(x)=20)L(0)~ f(x).g'(x) : sy
[T

oS o yzi;%t f » with 1= f(x) and v = g (x), then the quotient rule can be restated |

using the notations:
du  dv

du  _dv
dv_dv dx
de -

J.-'::«".ln'rrlltf"m Differentiate the following functions:
fa). y= 4 =2 45

B, y= (3202 =3) (g, y= 11340

2 +1lx+3

a. lf_l*=ll+1'+wlhm%=%{u+v+w}=%+%+% so,lhm_juivaxiveofagiveuﬁmuionis: .
dy _d 3 2 d d d .
2o E fax) - =L (ar)- L 2ty+ Lispy =120 — - i
o .u!ru ) =(2x7 )+ (5x)] dzﬁx] dt(z.r )+dI[5x} 12x* —4x+5 tj
dv  du i ; . ’ d

If y=u-v i ﬁ-_—, A Pkt is: *
b . y=u-v then ey dr-l-v & ao.d:ed.erwatwcnfmegwenﬁmctmms. A
dr ¥

Eﬂf‘z")'%("—-?ﬂ*{x‘ _3}.%&2 -2x)

= =20 Ly 4 . d
(x'-2x) { a&(x‘) ¢$>}+(f 31-{;(:‘)-23&3}

=(~‘1 '21)":3.1:“ﬂ}+(.l”-3](2:—2]=3;2(11 _zx)+xlm_2)_3{zx_2}
=3x' 6" + 20" ~ 20" ~ 6x 4 6= 5" — 8’ — 6 46

- 50, the derivative of a given function is:

dy_ (& +11x+3)-%(x= + 13x+9:--(x‘+l3x+9)i(.r‘+nx+3;
7o dx

(¥ +11x+3) i
Ay _ (1l 4+3)2x +13) - (& +13x 4+ 9)(2x+11)
- .
dy
dx

(x* +11x+3)°

= (2% 42207 4+ 6341327 +143x+39) — (2o +26x° +18x +1 1

+143x 499
(* +11x+3)° )
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dy _ 204356 +1493+ 39-20-390 - 161595
dx ey

dy _—4x" —12x-60

dx  (F+llx+3)

dy _—4(x* +3x+15)

de (@ +1x+3)

TP T
m Application of Theorems on Differentiation

. i iological and medici
Calculus is used in both applied mathematics and pure | R 1h_c b{oiﬂﬁl:cal ; ::1 =
physical sciences, compuler science, engincering, statics, economics, artificial intelligence and many
more areas of other fields. S 4
Few simple examples of applications of difierentionion are given in this sectio.

m Ditterentiation of

» Canstant multiple of x"
o Product of functions

m L9 L The cost in (million) dollars 10 produce x units of wheat is given by
C(x) =5000+20x+ 10+/%. Find the marginal cost, when
(a). x=9 units , x= 16 units _
fc) x= 25units  (d). Asmore wheat is produced; what happens to the marginal cost?

& Sum (or difference) of functions & Polynomials
» Quotient of two funetions

a  If C(x)=5000+20x+ 104/, then the marginal cost is the ®Mivc of C (x) with respect to x:
| ) T 5
C’{x)=20+lﬂ[5]u 3)-2{I+U;-
The marginal cost at x =9 units is obiained by inserting x =9 in C'(x):
5 5 _65
= = Z== = 521.67
') 2!}-1--‘!:.5 2IJ+3 5 F
b. The marginal costatx =16 units is obtained by inserting x = 16 in Cc'(z):
5_-20+3=5 =521
c'(16]=zo+ﬁg_zu+4 i $21.25
e The marginal cost atx =25 units is obtained by inserting x =23 in C(x):
5 5
=20+ =2042 = §21
c'(25)=2 U-f; 5

d. It decreases and approaches 520.

izl -

business and economics the ratcs of change of such variables as cost, revenue and profit are most important
= ts use the word marginal 1o refier to rates of change. For exaruple, the marginal cost refers to the rate of
e Since the derivative of a function gives the rate of change of the function, a marginal ':0"“(“
revenue of profit) function is found by taking the derivative of the cost (nlncvtnu.c of profit) [uncﬁon_'[hgmmgmﬁl
wﬂ“mlwd of production is the costto produce the (x+ 1)st item (i.c., one mare ftem).

DIFFERENTIATION

Does a feather fall morc slowly than a rock? An ltalian
mathematician astronomer and physicist raise this question before
400 years ago. He theorized that the rate of falling objects depends
on the air resistance, not on mass. It is believed that he tested his
idea by dropping spheres of different masses but the same diameter
from the top of the Leaning tower of Pisa in Italy. The result was
exacily as he predicted they fell at the same rate. Galiles Galliel

i In 1971 duing the Apallo 15 lunar landing, David Scott (commander) (ss-16a)
performed a demonstration on live television show. This is because of the surface of the moon is essentially a
vacuum, 2 hammer and a feather fell at the same rate.

1. Differentiate f(x) + g (x} and f{x) — g (x) if:

a f)=3x+7and g(x)=6"+2x=3 b. 'f{x)=11x=—lf.andg(x}:lz,:u%x-s

Y f(x]=x’-—-§—andg(x}=3r‘—4x’+2 4 f()=47 -5xand glx) =3¢ -2

2. Use the product rule to find out the derivative of the following functions:

a y=0F-2)3x+1)
e y=@x=-3x-1

b, y=(Tx +2x)(x —4)
d y=3x+6)4x-2)

3. Use the quotient rule to find out the derivative of the following functions:

. _3x-5 _—x'46x _Sx+6 _(2p+3)4p-1)
B b g L e T can AR & A= ey

4. Find an equation of a tangent line to the graph of the function at the particular point in the following

problems:

a. flx)=3x-17 at(3,2) b. f[t}E_f’ 31.\'=_T1

c f(x)=}i—3atx-2 d. f{x)=x—f§at[3.3}

5" Forathin lens of constant focal length P, the object distance x and the image distance y are related

o Az i
by the formula E+T 5

a. Solve the above equation for y in terms of v and F.
b. Determine the rate of change of y with respect to.x.

Ll 3:0

qurhome. Take a ladder measure its length and put if with the wall as shown
in the figure, Pull it away from the wall at the constant rate of 6ft/min. Calculate

how fast is the top of the ladder moving down the wall when the bottom of the
ladder is 6 feet from the wall.

[OT FORSALE E
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DIFFERENTIATION

Chain Rule . 5 : a. If p=f(x)=(4x—3 =1’ with u=4x=3, then, the first derivative w.rt. x by chain rule is:
abo “The chain ru o . : ifferenti ite functions ”. We have leamt : dy dyde d d ; :
tion f'I-].l-l e g g tal ey el i Vs HF imi y= ) an =) —(dx=3)= hrt 4)=12 ?=12(4x-3 !. =(4x-3
ut composition of? w::-‘.an: in ::n:l-z that a function is @ 1e functions of the two similar 2 _‘?" 4 )4 as o G ST M

i . 2 = fian . :
functions  (x) and g(x) if it is written as f [g(x)). In other words it is a function of a function. For

1
example sin(x*) is a composite functions because of we consider f(x) = sin(x) and E{’::'. =2 . h [; ¥ #&l’(;) = J1558 +1 =/ =u? with 1 =155 +1, then, the first derivative by chain rule is:
then £ [g(x)] = sin(x*). Generally, we write chain rule as; : 3 o ;"1 - d—iz“ C nu=(52+D)
' A rgOm=TeNe® - i 4 53 ¢ 2
o 2 : . 0% =L d s +n=2 6 ][30:)?355"7_":
WPI’B\"& that -@—:%d_u when Jlgf(y} and w=g(® £ u 15x° +1
Prool: F dg -t #ﬂ Fx) fTgtN (i) The revenue realized by a small city from the collection of fines from parking tickets is
rool: For our convenience, we s y=rix)= i £
Let 1 = gix) the equation (i) will be y=F(x)= fle(x))= fiu) {“} given by R(x)= 3}?20; where x is the number of work hours each day that can be devoted to parking
Piply=dnct é_"_‘} = A, " patrol. At the outbreak of a flu epidemic, 30 work hours are used daily in parking patrol, but during the
Now, subtracting equation (i) from equation {m} ) epidemic that number is decreasing at the tate of 6 work hours per day. How fast is revenue from
f b{;;;":;? }?2— = (i) . parking fines decreasing during the epidemic?
= = _ :
Equation (iv) can be “'g“ﬁ (x+ AV fTg(0) 5 o) m We need to find E‘% the change in revenue with respect o time f. The chain rule is used to
y = flglx+Aax)]=J18
Where, Au = g(x+Ax) - g(x) o 2T, dR _ dR dx . )
= glx+Ax) = Au+g(x) (vi). g dr dx de
Substitute the value of g(x+ Ax)from equation (vi) 1o equation (v) : i
Ay = fau+g()]- Mg 5 . - First find = follows.
Fx+Ax) = F(x) = f(u+ ) = () u=glx
Divide equation (iv) by Axthen we have : K= IR - G+ G000 300D 2, — R(30)= 16000 __15.625; atx=30
Ay Fla+bx)=F(x) _ flu+80)-f() (i) dx (x+2) (x+2) (30+2)
) Ay _ . _dR _dR dx
Multiply and di\lfidc thcﬁ;ght side uld'l:quaﬁon by ;:so : %=IS,625 and %’:—= -6 are used in equation (i) to obtain: 7 =%E =(15.625)(—6)=-93.75
ultiply an 8
by _flu+du)—f() Bu : This tells us that the revenue is being lost at the rate of approximately 594 per day.
Ax At Ax -
_ St~ f0) grtan-gl) vii) : 2 ,,
Au Ax it
: % = o i e . -
Apply ET.’"d ET»O“ 3 b .Mn} _Ify = f(x) is any differential function of x, then it admits an inverse function x= g{¥).
We l;ave lim & _ tim St b= f) _Hg(x-t-ﬂx]—-g_(x} - :Suppose y is changed by a small amountAy. This will cause x to change by an amount Ax, The
: . med Ay w0 Au Ax increment Ax in x corresponds to the increment Ay in y is determined from
Hence, 2 = & 3 o required. - o x=g0), x=g() isinverseof y=/(x)
Vde du .:ixl . it 1=£é‘5
1t can also writen a5 <[/ (g = S &)=/ (8N ) _ - Ax By

i ol
By letting Ax— 0to obtain: 1= lim =
B m s

4l

S 10 Differentiate the foth_:rwmg funopuus W.LLx:

@. f=0x- e =i
= ST FORGALE
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Thus == dy and ::_ mrmpmlweachoﬂwr

12 Verify mult%: i;fm the following problems:
d
). Jx) =-.‘le +1

(a). flx)=(4x-3)

a. The derivative of y = (4x 3} 13—--12(4\: ~3)". This multagrusmmult

-m[M] 12(4x-3)"

The derivative of gx! 'T:.?’

& 1208x-37

e ., dy 15x
B The derivative of y =152 +1is === :
dx Jisx+l

This result agreu to result
o L, (1)[ bz Dz
dx E"_- ! Jis 41 ) 1sxt4l
dy -]liri +1
15x
Use of chain rule to show that %[ﬂ,x)]‘ =n[ £ 1) b

proof: Let y=[/(]" and u=f(x)then y=u"and & - i oy powes le)
u dy du _ “u.-u_d_u
dv  du dx dx
—lﬂx:]‘-n[f(x)l e -~--,r'm

In words, if f (x) is equal toanﬁ:ptustmmxrnsndtulpuwerufn,ﬂm: f(x) is equal to the

product of 1 times the expressnom to the n-1 power times the derivative of the expression with respect to
{he variable. The statement is known as the general power rule.

13 Differentiate the following functions:
(@. =01 -7 ). fx)=v22+11

If y=f(x)= =01 -7 mmfmdmmmofamvmfmmm,

Esr-mf —7yt =8(11x" - L S0 =7) =801 -7 (222) =176x(1 1" - 7y

70 | NG FORGALE)

3 .--.'>.:','.',-_:'_"-’.'=':-x i o e Il i
e

| dy _dydt _dy 1 _ _Em
By chain rule, the differentiation of » = glh(x)] Wt xis E“E%d; %E— Lo

b ly=fln)= \‘ Y41l lhen.ﬂ\eﬁmdmvmveofagnmmnnwnm

i?_rn_ 1 =1 & =t 3
o (1x+1l]= {zx‘+11}: (2:‘+I.l} muna(ﬁx)m

1f two differential mwlim:-,rmmdy-g(r]ofpmmmuf t= k(x)is an nverse function of x= f(f)
then y = g[h{(x)] is a function of .

a|BRiE

dt
Fmd%.vmm x=gat* and y=2al.
fwmmim%=hl,%=2ﬂ is used to obtain:

dy _dyat _‘_]=l
T&Ed;&_r{u)[zar '

Wbulvaﬁve of implicit function
Whether ¥ is expressed explicitly or implicitly i in terms of x, we can still differentiate to find

the dmvaiwafy'— If y is expressed uplicit‘ly in terms of x, then % will also be expressed

explicitly in terms of x. If y is expressed implicitly in terms of x, then %"x—wi]l be expressed in terms

of x and y.
Ecmnate\y. lhene is a simple technique based on the chain rule that allows us 1o find %mihaut

first solving the equation for y explicitly. This mchmﬂue is known as implicit differentiation. It consists
differentiation of the both sides of the equahnn with respect to x and then solving the resultant equation

iy
algebraically for i
14 Differentiate the implicit equation x’y + 2y =3x+2p.

Ay+2y'=3x+2y.
is obtained by differentiating both sides w.r.t. x:

The implicit equation is-
The implicit differentiation of

iy d
E(xy+2y:]=zl:3}+2y]

Agan BissaBan,d
(x’y)*- 2y) dJr(3J=)+ d‘{lﬂ

dy __ dy
z;gn-x’ 26yt 3+2d‘x

80

¢
B

1
3
]
]

]

e
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2 g iy—=3—
% 5 (z*+6) 2)51'.:' Iy
dy  3-1my

Ho——ar
de 46y -2 )
m Find the slope of a tangent line to the circle g1+ y =5x+dy ata particular point P(54),

m The slope of a tangent line to the given curve is %lﬁﬂl can be found by taking the

derivative of y*+ y*=Sx+4y with respect to x:

%{x’+?’]=%[5x+4r}

4 dy dy
2x+2 =544
oD

. 5,4
@y-4L=s-2x - B4

dy _5-2x

E_ 2}'—4 '.. L - X w »
At a point P(5, 4), ﬁleslupeofthetangnEMIin:ié: ’ 01 =% 6§ B% - -
A, 3-20) Jo3 : . Figure3.6
& 244 8 :

Note that the expression is undefined at y = 2. This makes sense, when you see that the tangent is

vertical there.

L Find the derivative of the following functions w.r.t involved independent variable:

B wed—re ) b, etz
c. “='i“'-3|" " i 1
Gr+1y
2 Determine the derivative /' (x) in each case: .
a f(x)=(2x-5"'(5x=7) b. f(x]=':“:"1]=
x= 3
2x-5Y
c. fix)= T ; d f=xl22+11

x Find % of the following function in terms of parameter t:

a. x=]+£=,y=!’+2la+l b. "=3‘"="‘2|;'=6f'+9

a(l-1") 2bt 4 3at lar®
. x=——,y=—x xm—— pe -
i B R T we' ' hr
81 NOT FORSALE
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4. At a certain factor, the total cost of manufacturing g units during the daily production run

isC(g) =0.2¢* +q +900 dollars, From experience, it has been determined that approximately
g(6)=¢* +100¢ units are manufactured during the first t hours of a production run. Compute the i
rate at which the total manufacturing cost is changing with respect to time one hour after
production begins. ;
5. Use implicit differentiation to perform % for the following functions:
1

a X4y'=25 b px+3y)=2 e ey 43y=3 & JHEe)

6 Amange the following functions explicitly and implicitly to pcrfm’m%:

2 "
a P#y+y’=l b pr2y=y o 4 w-x=y+2

B F
7 Let "—,+%-_ 1, where a and b are nonzero constants. Find:
5 -

a. du b Lid
dv Codu ;
% Determine the slope of the tangent line to the curve 3x* —7y% +14y =27 at the point P (-3,0).

9, Suppose two motor boats leave from the same point at the same
time. If one boat travels north at 15 miles per hour and the other 3
boat travels east at 20 miles per hour. How fast will the distance
between them be changing after 2 hours? ¥

| %
P
x E |-

REFSC

mﬁﬂerenﬁ_aﬁun of Trigonometric and inverse Trigonometric Functions Ty

To understand this section we need to know about trigonometric function. For differentiating all
trigonometric functions we use the basic rule of differentiation that we have already learnt e.g. We will
use product, quotient and chain rules to differentiation functions that are the combination of the
trigonometric function.

 function

i Derivative of sin x: lf;p'=sin.xI!.'melutllet‘]»!ri\fi'ni‘h'-‘ei:-fy=."ﬂl:|.xis%7 = COS X.
Proof: By the rule of first principle. 1
o ket - y=sinlx) (i)
y+ Ay =sin(x + Ax) (ii) ~y=fix)
Subtracting equation (i) from equation (ii).
y+ Ay - y=sin(x+ Ax) - sin(x)
. Ay =sin(x + Ax)—sin(x)

; ='2ms[x+'?+x}sin(x+f-x]
ROT FORSALE o

sinl: —sinp= zms[g-;i}sin [n_;ﬁ)




=20+ o 5 )

Now, divide equation by the Ax.

Ax Ax

2¢o0s, 22 1sin| =—

Ay m[“z}’“"[ZJ
Ax

Ax
MNow, apply lim on both side of equation

sin L3
oy Ax [z ]
i e W[HT)

ax
2
sin| — . [ Ax
o Ax 2 sin| —
}.‘r.“‘.."“[”_g}ﬂﬂ A - i —ad =1
5 - 7 e S O
=cos(x+0)-1 2 5 \
= 5 A s [
= éos(x) . = -.-i‘%—m as Ax—0|
dy
Hence, — =
o)
i Derivative of cos.x: 1fy = cos x, then the derivative of y = cos x is % = sinx.
Proof: By the rule of first principle.
Let y=cosx

y+ 8y = cos(x +4%) . wy=f
Subtracting equation  from equation

y+ Ay =y = cos(x +Ax) - cos(x)

Ay =cos(x + Ax)—cos(x)

difedgn [.'r-l-.a.zx +x ] s.m(xté;-x ]

s sn())

5)'.=-2=in[x+%x-].sin(%1]

Now, divide equation by the Ax.

'.*mu-mﬂ';—zﬁr[;%ﬁ}sin(fg—p)

. | Ax

sn| ==
-a—y-=—2si]1 I-I‘E 2
Ax 2 Ax

P T e S v

; P < e
A ey i .
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i

Now, apply ;Ijﬂ on both sides of equation

The traffic pelice officers uses radar
wmiolnhlhcmnnusnunhomy
use of derivatives. When a radar gun
is pointed and fired a1 a car on the
molorway. The gun is able o
determine the time and distance ol
which the radar was able 1o hit a
centain section of the car with the use
of derivative it is able to calculate the
sp:eduwhichmcﬂtwugoingm
also report the distance that the car
was from the radar gun.

. Ax
sin| —
. Ax Y .. 2 ) ..y Sin(A)
tim =~ a4 5 | m—p - im0 =1

=—sin(x+0)-1

==sinx

;d—y- = g

Hence,  —- sin(x)

il Derivative of tan x: Ify = tan x, then the derivative of

¥ ﬂh’ 2
= {an —— = gECTK.
¥ xis

Proof: By the rule of first principle. k&
Let »=tan(x) and S~ @
y+ Ay = tan(x +Ax) g &

Subtracting equation  from equation

y+ﬁy—y-m{x+ﬁx}-m(x)

sin{x+Ax) _ sin(x)

cos(x+Ax) cos(x)

Divide equation (iif) by &x ; 3

_;:g_‘_l_ sin(x+Ax) sin(x) ¥ '
{Wﬁ”ﬁr) W{ﬂ} 3

Ay =

Ax  Ax

Naw.lpplymunbothsidﬁufequaﬁun e >
sin{x+Ax) _ sin(x)

lim—'sl=|1:n°°’(’”“" uos(x_}=ﬁmsm(x+ﬁx}.oua(:]rsm[x}ms{x+&x]

pre T T = Ax ar—b Ax.cos(x).cos(x + Ax)
= sinfx+ Ax—x) lim 1 1 sinAx
as-sd Ax.08(x).c08(x + Ax) 4 cos(x+ Ax) cos(x) Ax

1 et IR 1 A (R 1

e T A%) A cos(x) S Ax  cos(x) c0s(x) g 7 s
Hence, % =sec’ (x)

iv. . Derivative ol sec xt Ify= secx, then the derivative of y = sec(x) is % = sec(x).tan(x).

Proof: By the rule of first principle.

Let

»=sec(x)
and y+ By =sec(x+Ax)
_ Subtracting equation  from equation
y Ay =y =sec(x -+ Ax) —sec(x)
Ay =sec(x+ Ax)—sec(x)
Mow, divide equation by the Axv
£=5w(x+h)—sw[x)
Ax Ax
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LS lim on both sides of equation (iv).
1 |
limAY _ . cos(x+Ax) costx) . _cos(x)=cos(x+Ax)
i lim lim
Bxsb Ay AcsD At *"'"‘Mcos{x) mh_'_h)
Ax
-z[fii‘i}m[_z;‘i] -2sm(-2i——}sm[——2—]

% E"“ Ax.cos(x).cos(x+ Ax) ‘I‘}'T' Ax. W[-’-’);W‘s{x*m‘)

Ax Ax
2sin[x+——}sin[——) Ax 1
i ii.“.‘."i"[“—g‘}'““wﬂm(x) *--*TEL
2

m Ax.cos(x).cos(x + Ax)

gl o= i sln[x] l =
=il cosx cos(x) = ma(x} COSX seu(x] ]
i
dx

Hence, =sec(x)- tan(x)

v. Derivative of cosec.x: Ify = cosec x, then the derivative of y =cosec(x) is % = —cot(x).cosec(x). .

Proof: By the rule of first princir’ .
Let » = cosec(x) (i)

and y+ 4y = cosec(x+Ax)” ().
Subtracting equation (i) from equation (ji).
y+ Ay =y = cosec(x + Ax) —cosec(x)
Ay = cosec(x + Ax) —cosec(x) (iii)
Mow, divide equation (iji) by the Ax
Ay cosec(x + Ax)—cosec(x)

At Ax - )
Now, apply lim on both sides of equation (iv)-
o )
Iim—ﬁ'—y _— cosec(x + Ax)—cosec(x) lun sm(x-l-dw) sinfx)
B Ay e Ax

4 x+x+dx) . (x-x-Ax
sin(x)—sin(x + Ax) Iimzms[ 2 }sm[l 2 ]

ZabAvsin()sin(x+Ax) =0 Axsin(x).sin(e+Ar)

Ax Ax i ; A
ol 2ol
= lim— - e ax) 1 :
=l Ax.sin(x).sin{x+Ax) Eﬂm["+T}~hﬂ[m}Mr—&f
: £ 1R
=- I 2. Z_Los(x) 1
mx+m'sin[.r),sin( x+0) cos(x) M sin(x) ‘sin(x) ==cot(x).cosec(x)
Weoohy, = = col(x)cosec()

Y Derivative of cotx: 1y = ot x, then the derivative of y = cot x s s = _cosec’(x).

85
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UNIT-3 1 DIFFERENTIATION :

Proof: By the rule of first principle. : . B
Let y=colfx) (i) '
and ¥+ Ay = cot(x+ Ax) (ii)
Subtracting equation (i) from equation (ji). -
/+ﬁy-j=onl(x+&x)—-cul(x]
Ay = col(x + Ax)—cot(x) (iid)
Mow, divide equation (jii) by the Ax
Ay _ cot{x+ Ax) —cot(x) (i)
Ax Ax
Now, apply lim on both sides of equation (iv)-

cos(x+Ax) cosx

g I col{x+Ax)—cotx _ i sin(x+Ax) sinx _ lim sin x cos(x + Ax)— cos xsin{x + Ax)
e!!?n'ﬁ_x = : S Ax a0 Axsinxsin(x+Ax)

= tiim sin{x—x = Ax) ik 1 _l_ -sinmr. sin(~Ax) =—sin Ax

&0 Axsin xsin{x + Ax) *"*"SIII(.H-M'_I sinx  Ax
=— |,m__L_. ek ;ﬁms'"u ___.1___]_(1:|=-_%—_Am“.=x.
a0 gin(x 4+ Ax) A= gin x st Ax sinx sinx sinx
The trigonometric formulae are listed below.
? = d )

I.i(sinx)=ms.t . i{um;]-—-mnx bl (') =sec’ x

'—(mm)-—eolxmsear 4 u—(ser.x) fan xsecx ﬂ.i(outx}-—msac’x
Thechammlsmbcumdmdmwmemmhuunnofﬂmpownﬂemd:henﬂsihrdﬂumm“g

lhemgﬂnumcmefunr.uum assmmnmzedmthzhox . {
E(sm"] wsui[u} H.—(cuau)--smu—(u) : L]
i, %{“ﬂ“] = sw'u-g;[ll] . iv.%(cnsecu) =—cotu cpsecu%[u}

v, %{socu] =tanu smu-d—(u) mi(mg;j = ..wsﬁ!ui (w)

6 | Differentiate the following trigonometric functions:
fa).  p(t)=(t* +1)sins ®. fix ]_ﬂ,

m 2 -cos(x)

a If the given function is p(r)=(t*+1)sint, then [hr. product rule of differentiation w.r.t. r is used 10
ch'l'ain:' £= e +r)i[s‘mr]+(sinr}i[f"+:] =(¢ +r)cosr+sinr(2r+1)

o Im"""g'mm““ is f(x)= I”ﬁ Ihentl'lequoncm rule ofdlﬁermumun WLt x is used to
oblain: s

i _ (eosx)(2~cos x) —(sinx)(1 +5in x)
(2-cosx)’ (2-cosx)

a _d{ 14sing )@ ‘-‘m)—{lﬂmx) (+sinx)-2 L@
dx dvl2- cos(x) )

HOT FORSALE | 7,
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UNIT-3

DlFFERENT[ATI{JN
- Zeosx-cos—sina=sin X
{24,05:] et o] i
2 c0s.x—sin x—(cos’x +sin’x). _Zcosx—SMATC - sin’¥ +eos'x =]
ST e,
. . jons: .
17 Differentiste the following trigonometne fur::l 4lanx l ‘ﬁ
- lany
(a). f(x)=secxtanx @ fx)= 3x+2Manx :

& X is used
& Ifuwmimmn:ﬁmisf(x]—stumi Mwm.mufd:ﬂ'mnﬂmonw: xis 10 obtain:

dr

b

-isccthx=senx—-[llnx:l+(ll“-ﬂ"(smx) ﬂx(goc‘.ﬂ+mx(mxmn.r}=set’x+s¢cxm:
dx

#ranx rule of differentiation w.rt. x is used g
,,____— then the guotient
If the given function is () =5 -7
_d x+1an(x)
dx dx 3.t+2tnn(z} :
(2x+sec’x){31+2tanr] [3*‘2”‘: )+ lanx) 3 .,.(4;_3.)1:1:1:1-.1:(3;-2!)5&'#
{h”mx} (3x+2tan x)

ey ; 2
Differentiation of inverse trigonometric functions

Derivative of sin'x:

(3x+ztanx] i(x +tan %)= (x* +1anx)—--(3x+2|mx)

(3x + 2tan(x))’

If y=sin"" x, thenx =sin y.

. dr
The differentiation of x = sin y W.r.t. yis! E;= cosy
Tal:e its rcclproeal ll.‘r abtain the derivax:'m of y w.rt. x:

d&: cosy :,]‘1 smy_t.J

Hcre,r.heﬂguufthetadmal |sihemn=aslhatofousy By definition of sin™ x:

o siniy-l-cu.s’y =l siuy=x

B in xSt or -Zgysl
zss”" 2 il

I (i) =
el

If y=cos™ x,thenx =cos y.

Hence, cos y is positive:

Derivative of cos '

The differentiation of x = cos y w.r.L y is: %:-m.y
Take its reciprocal to obtaiu ihe derivative of y w.r.t. x:
O . ol 2
@ siny € ]_.miy'_* - -rsin’y+cos'y=1,008y =%

Heu.ﬁesignofﬂie:admalisihr.m.sﬁmofsin}__Bydei.miﬁmofwsl_: :
0Scos” xsSa or 0Sysna,

Lo o f i
Also, if y lies between 0 and, then, sin y is i ] d 2]
- necessarily positive, = x)= ]1""' 1
y positive. Hence = (cos™ )=

revrens’

iil.  Derivative of tan "x:

¥ Derivative of cosec'x I p =cosec i, then x = cosec y.

vi. Derivative of cot™'x:

DIFFERENTIATION
If p=tan™ x,thenx =tan y.

The differentiation of x = tan y w.r.t. p is: %-m‘ ¥
Take its rocipm:'nl to obtain the derivative of y wr.t. x:
ﬂ= _—!I = ——]

l+tan®y  1+x°

dx sec’y
v, Derivative of see 'v: If y =sec™ x, thenx =secy.

wsec’y=1+mn’y, tany=x
g oo gl
The differentiation of x = sec y W.r.L yis: 5- secytan y

Take its reciprocal to obtain the derivative of y w.rt. x:
dy_ 1 1 i

== =
dx secytany tsecmfmy 1 el

1
We take + sign before the radical sign to obtain: —(m x)= m

-:1+tan® y=sec’ y, secy=x

-
The diﬁhumimion ot‘x = cosec y w. L yis: ?y =-ms=o(_y}cpt{y]

Take its reciprocal to obtain the derivative of y w.r.t xt

T L TR = --14cot® y = cosec’y ,cosec y=x
dx  cosegycoly ausechcusec’y~i
;;,ﬂ’.;-t =1

dx x;ix’ -1
We take + sign before the radical sign to obtain: -—(cmc 'x)= ;J—-
If ¥ =cot™ x, thenx = cot y.

The differentiation of x=coty w.rtyis: %= —cosec’y

Take its reciprocal to obtain the derivative of y w.rt. x:
S DS, - T 1Y
dx ::nsec:y l+cot’y l+x*

-reosec’y=l+cot’ y, coty=x

These inverse trigonometric formulas are listed in the box:
1 - -1

i. lfxin' W)= jT_";:' #i. ‘—[ms"x}- ]1__:’. iii. _:;,(Idl x)=
o =1
X (msu'. %)= :m "‘(m -‘)“m" vi. —{unl -ﬂ-H_

rlv chamrulecanbeuscdmdemaihz gmualmhouofahepnw:rnﬁemdﬂumlsfnr
alﬂc'r!nl.mhng the i |nvers¢ trigonometric functions, as in the

L+x

| & = i ii i = = i
dl_hm ) mdx‘[") if. #(ms"ﬂ} mdx[“]
d ;
St ) Gcosed u)=—_f——m
v -—(sae ‘ll.'l=7——l'll] vi ‘d—(cm h‘}=‘ ,#( )
'm

%
H
!



UNIT-3
. 5 metric functions:
!~.:nn|-h-"’f’;?;‘;ﬂ Ditferentintemfﬂa]'a‘”i"giﬂmmgo i =
i EEE
@. y=1an"Vx ] '[xﬂ‘"]
a y=tnVx - ' @
»=f()=tn" i
e (ii)
Let "'J;::E-m i ¥ 3 (i)
! iii
Now, y=tnt ) = 4=
= . dysi):iu' i
A i 1 1 :.9’..:
From equation (jf) and equation (iil) Z°=| 7507 | 57 ) ™~ dx 2/x(1+x)
5 2
b Given y-m"[?ﬂr_']
p = =1
Let l‘=';+i-:
I
Ml
du_df2-]
de  del 2 +1 i
4l i[;’;ilu[f-l:li{x!“)
=( }55, dx
(,\.J-I-]:I:_
(* +1)(25) - (¥ -1)(25)
- (@)
2422 0 dx
(#+1) (@)
Ly B or bl |
Now, y=cos u whereu x+x" K4l
:ﬂ:ims"u
du  du
L S
du f1-u?
By chain rule
dy _dy du
de  du dx
=] 4x -1 dx

. ; ? FEFE T
i e R s - -

DIFFERENTTATION

il

dy _ —4x g - :
&) (2 1) :

JHT"(-““)

—4x —4x

T 2 25(@ +1)
J(fﬂ:l,xl:x‘-rl}
& -2 :
dt_l:x'-t-ll

1. Useoffirst principle rules to differentiate the following functions. .

a. p=sin(Zx) ¢ b. y=cot(3x), Lhe s cos(3x)+tan(3x) i
Cd y=coti(x) e y=tanx , £ y=sin'(x)
2, Differentiate the following trigonometric functions by using any suitable rule.
: a. x" cot(3x) . b y=(sin2x+cotdx) c. y=dcoseclx
po tan(x) 1+tan2x
¥ i ] - = £
d. y=2tan(x+3) e y= pem f. o

3. Useany suitable rule of differentiation to perform % for the following flm:hnns

Ce(s) | wm(s) ()

4 ymcosecWfI+x) e ymcosec!(t+3) | f y=',iz-m"[%ll) 1
4. Suppose profits on the sale of swimming suits in a departmental store afe given approximately by i

P()=5-5c0s 72, 0SrS104 ¥ % :

where P(t) is profit (in hundreds of dollars) for a week of sales t weeks after January first,

8. Whatiis the rate of change of profit t weeks after the first of the year? '

b. What is the rate of change of profit 8 weeks after the first of the year? 26weeks after the first
of the year? 50 weeks after the first of the year?

5. Anormal seated adult breathés in and exhales about 0.8 liter of ai every 4 seconds. The volume of air
Wr]hhlu,gstmmﬂuexhnlhgiggigmabpmﬁnmlyby V[:}=0.45—D.35m%,0$!53.
a. What is the rate of flow of air t seconds afterexhaling?

b. What i$ the rate of flow of air 3 seconds after exhaling? 4 seconds after exhaling? 5 seconds
afiter exhaling? - '

XY bifferentiation of Exponential and Logarithmic Functions ™
The goal of this section is to develop the differential calculus of logarithmic and exgonential
ﬁ:nclmrns We shall begin by deriving differentidtion formulas for Inxand e*. The derived formulas will
~ be applied to a number of differentiation problems and applications. : ; :
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UNIT-3 — !

mvative of e* and g* from first princ.iple

i Derivative of *: If y= e, hen the derivative of y=¢" by first prmclple rule is:
Q:][m&—%_ﬂ_) ay=flx)=e"
dx  te-n Ax
(reir) _ PN
= lim & Caly o e 4 .
Ax A Ax =
i Ap A e | o N =
=hm2("'m ]—lqme‘ |Im£—§_=¢(l] e
. Derivative of a* If y= g" then the derivative of y=q" by first principle rule is:
ﬂ_“m !£1+M]-HX] _-_y=f(x]:=a'
pr Ax
RIS hetskte). o a'a“-a"
_HT‘ Ax = Ax
a1 ' h x . iy
M (’a |18 Iu:na ilm e =a" loga ET‘, R |03,4 Ina

Derivative of Inx and logax from first principle

i. m-rn ative of Iny:  Ify= Inx, then the derivative of y= Inx by first principle rule is:
dv_ M};.ﬂi oy o
e ETo Ay=flx)=Inx 3
=nm1n!x+.mr1 =Inx

= lim - m(“?"). Lograithmic—rale

= X Ax _
-M;;h[l-b?] multipy and divide out by x

=Li3§(ﬁun[i+?] = lim L ln(l-!-m—];—-h =1 v lim(1+x)" =e

ii. Derivative of logax: If y=logx then the derivative of y=log,x by Fu'slpnnmpk ruleis:

dy _ .. x+Ax)— f(x
L iy L2802 /() ..wa{x}gm;x,.
i log,(x+&x)-logx _ +Ax " A 9 |
= lim o Ilm Sz, ]ﬂ‘._"."alf‘;'ﬂs.(l-'-%) | \
x 1 Ax :
=Lﬂ‘_ﬂ°;;|ﬂ&(”?} mu!fqn!yﬁnddiwdeoutbyx |
=Ly X Ax) 1y ax Y L
-:}','P.m""" [H x ]—?hhﬂlug-(”'}')ﬁgéh&f "hm(l-l-x]; ;"L
'.L
A ":i
91 NGT{EORIGALE

anoumﬂﬂmdhgxnlhmfummhsmlmdmmw
:—(a‘) & t':'—(a‘)=a‘lngﬂ I;fﬂ(hx)-— w—ﬂos.x}'*'lﬂsf

mmmuﬂsmhuﬁwdmwmegemﬂzam nfihspovmrul:anﬂ%hsmluﬁw
dlﬁetenuahugthuxpnnemalandlogmlhmmﬁmmm umamnmdmlhem

.f—-(e")-e -—[u) i:‘.z(a')"ﬂ' WE{")

il —(I-Il H] - (ﬂ') Ev_% (log ) -1; k!g.e%("} .

19 Differentiate the following functions:
@. f0=T" @) f)=log,VF-Tx+2 (. S =lne™+e) fd). fm-%

a.  Ifthe given functionis f(x)=7"""1, then the derivative of the given function w.rt x is

A d o

o ]

Letu= 4-3+° then %=—1Sx‘
Now,y=7" =Ll 7u)_ 7 1og,(7)

.la.y1.1.&I|::.gr.hm:1m]¢ﬁ dy .::

f"— =7"log (T).(—15x*) = %z ~15x*. 74 og (7) cu=4-3x
h Irm given function is f(x)=log,,\[(x*~7x) +_x".1hm the denmv: of a given function w.r.t. x is:

[los..d' -?x)+x]=——[lusml'(x‘ Tx]-l-——(x’)——lcgue —()+3x%, u=J(z"-7x)
1
=w'°ﬂ.n8-—& = Tx)+ 3x%= 2( s )Iog..e+3;=

e Ift,r mmmmlnmmf(x) In(g™ +¢“"') then the derivative of a given function w.rt. x is:
) E—-[ln( e™ + "“)]—-——(lnu)-—(e"‘-t-e"‘)

V=g g
=‘_'(ﬂ| - _____' ™ _fﬂ{e I ﬂ“‘)
e me )= A _-.)(ﬂl)(g )= __'__In(,e"‘-!-:"')

d [fth.egwenmumnmsf(x}:— then the derivative of a given function w.r.t, x is:

df .i [_ej_ \ s 4 ) In(x) - -4 f1n(x)) e"—(z.t)ln[.r}-——
de dr|Inx | (inx)* (inx)’
,2""1""‘%‘“ _2xe"Inx-e* _ " (2xInx~1)
(inx)’ x(lnx) x(lnx)
INGT{EG RIS/ ]




Logarithmic diﬁercn;tiati-ou is a procedure in which logarithnis are used to lﬂdc. the task of
differentiating products and quotiénts for that of differentiating sums fmd differences. It is especially
valuable as a means for handling complicated product or quotient functions and power functions whero
variables appear in both the base and the exponent. L

). y=5
. .
= x(x® =3)
m =y “[m
" Ifthe given function after simplification is
2
y= m[ﬂi—iﬂ = In{x(x*~3]-In[(x*~4)i], logarithms rules
(x*=4)

=lnx-|-.]m(;’-—.3]i-ln(,:-1—4)%nl‘n.t+2[n[f—3)—%ln(x=-4],

then the derivative of pwrt.xis

dy_d —p-Lifa-a) L A 0o -3 -1 L -
a—-;[lunzm(f 3) 1In{x 4]]n¢[ln(.\:]]+2dx[1n(f 3 2dr1n[x1 4)

aliq 1 e [ e
'x”x’—a(m 2:’—4‘2"0

dx'-2007 412 d(x'-5x"+3)
x(x -3)x' —4)  x(x* =3)(x+2)(x~2)

L et

In y=In(x*"), taking ln of both sides

In y=sinxlnx

then on differentiation w.r.t. x. It becomes;

d L
E[!ny]—z[smxhlz}

ldy . d dl. .
e sm.rdz[hx)ﬂnxa;(smx)

1dy sinx %
e T
T XCO5X

sinx e[ Sinx
%!J’[Ti'lnxmsx =X"'“[-1—+lnxcosx]

Differentiation of Hyperbolic and Inverse Hyperbolic Functions |
£ byperbotic fctias § LSy perholicHunCIRCS
wﬁ'ﬁm; be fmm: mm 1% Gompletely discussed in Unit-2. The differentiation of

UNIT-3 e
W Differentiation of the hyperbolic functions
o Derivative of sinx: 1f y=sin = =€ then on differentiation wa.t., itbee: -
Dol afdeq d o] L.
prstr e 3 d‘(e) d.'x(e i z(e'+e )= coshx
i Derivative of coshx:  Ify= coshv= e £ ‘_';_ » then on differentiation w r.t. x, ithe o0
dy _d|g"+e™| 1[d d 1 = :
= | ——— | — (" —(g™ |==(g" = ) =sinh
iy (o e LU R | e e
iii.  Derivative of tankx:  If y= tan = "“':}mm on differentiation w.rt, x 10, ient
cos
dy caskxi[sin.'u)-sin&x :—x{mshx)
rule, it becomes —== d - “recshix—si.
dx cosh'x
coshxcoshx —sinhxsinhx _ cosh’x—sinh’x 1
= . = . = : - mh’x
cosh'x cosh'x cosh'x
iv. Derivative of sechx: If y=sechx= cc-sh.t'“w" on differentiation w.r t. x throu_ ke,
e (- ). cos -
o £=Oﬂﬁ E()"{);(‘m }_mshx(ﬂ}-sin.fu_-sin.'m _E’E 1 ) .'.‘j'“
dx coshir cosh'x cosh’c  cos'c coshr P
v. Derivative of coseche:  If y = cosechr = — l’“ , then on differentiation w.r.t x sinent
sin
i d d
B — (1) = (1) —(si 4 5
rul,itbecomes = e 0 g O _sinhx(0)—coshx _ cbshx
sinkb'x sinfi’x sin fix
__coshx 1
i TR
vi. - Derivative of cothx: If y=cothy= ?sf:,then on differentiation w.r.:. x throu. sl pute
sin . . y

5 d
dy _ slnth(-:ushx)-msh r%{sinhx}

it becomes = v s coshx—sinhix= !
_ sinhxsinh x— cosh xcoshx _ —(cosh’r—sinh’c) _ 1 :
sinh’x silh®  siphix  Coseeh

The hyperbolic formulas are listed below:

d
LS » . - .
7 (sinh x) = cosh x ii. E;(oosh x)=sinhx i, Emnh x) = see )

d
v, — = d
jy (cosechx) = —cothx cosechr  v.=—(sec hx) = = tanh x see hy vi ;.,- (o b s

n mle t s & =]
The chai can be used to derive the generalization of the power rule and the &5 1|
le the rules for o1 vhibinnng

T FORSALE
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UNIT. ) DIFFERENTIATION

e kS
i Z(smhu) =cg5]|u£.|:u) if. i"(ﬁﬂﬂu}: sm]lﬂz;(ﬂ

d
"y = L = cosechu —(i)
i ?;{ll'l'lh )= sec iy F{u] . z{coiﬂﬁu] colhw F

d d
[ E(sechu} == tanh u sec lu.-%(u) i %tcu&u] - -ccs:c"‘h'z(nl

=
Example E Differentiate the following functions: (). y=cosh(2e’=1) (). y=sec!:[T::_]
©IITIED a 1f the given function is y = cos h(2x* ~1),then the derivative of y W.r.t. x is:
dy d d !

= z;;[cos I(2x% =1))=sin h(2x* ﬁu_};(zf =1

= sinh(2x’ - 1}[2‘ % Exa]+%[_|]].,in h(2x =1)(2(2x)+0)= dx.sin h(2x* —1)

b If the given function is y =sech[r]-‘—x].lhm the derivative of y w.r.t. x is:
+x

l=-x

y’-—[ — ]—j—u(mm%(ﬂl Vima—

=‘—!anhnrsac.‘m—[_l."_x].-mfmmﬁu[('lm"’ﬂ‘ﬂ'ﬂﬂ]]
dx\1+x i

(+x)
(1+x)* 1+x 1+x

Differentiation of inverse hyperbolic functions
! Derivative uf sinki'x: £y = ginh“'x, then x = sinh y , the differentiation of x =ginhy wrtyis
%;-a coshy  Take its reciprocal to obtain the derivative of y w.r.t. x:
@ _

dx coshy ;}Hma y

Here, the s;gn of the radical is 1hc same as that of cos hy which we know is always pnsiti\"ﬂ-l

Hence, —{slnb":]-?—

il Derivative of cosli s If y=cosh™ x, thenx = cosh y,

~sinhy=x, cosh®v—sinh’y=1

then the differentiation of x=cosh yw.r.t. y s &_ sinhy

Take its reciprocal to obtain the derivative of yw.rt.
el g I

weoshy=x, coshly-sinhly=1

ili.  Derivative of tanh x: If ¥ ™ tanh~'%, then.x = tanh y,
then the differentiation of x = tan k y w.r.1. y is: % =sech'y

Take its reciprocal to obtain the derivative of y w.rt. x:
- dy 1

dx mh’y= I—tank’y

= 5 seckly=1-tan Ay, xlcl, tanhy = x

iv.  Derivative of seel'x: Ify =sech™x, thenx = sechy.
The differentiation of x = sechy w.rt. yis: % =—sec ky tan by
Take its reciprocal to obtain the derivative of y w.r.t. x
dy = -1 -1 1
—_ =% =t v l-sechy=tan b*, ysechy = x
dx  sechytanhy sechy fl-sech’y  x J]—.\.”

Here, the sign of the radical is the same as that of tan/iy but we know that sech™x is always

=1
positive, so that tanky is always positive. Hence, —{m.&"x —-W

v. Derivative of cosech™x: lfy=nu9mﬁ“:. then x = cosechy.
The differentiation of x = cosechy w.r.t, y is: %= —cosec iy cothy
Take its reciprocal to obtain the derivative of y w.rl. x:
dy _ -1 -1

2 =% weoth’y =cosech®y +1
dx  cosechycot iy cosechy |Jcosechy +1 % e

=% i cosechy = x
x—:ix"i-] e

Here, the sign of the radical is the same as that of cothy which. Here cothy is positive or negative
according as x is positive or negative,

d 3 =] . d -1
—(cosech™x) = ifx>0and-- = -
dx m a (cosech x) ‘m ifx<0,

d =1
Thus —(cosech™x) = for all values of x.
dx | x| ;x’ +1
vl Derivative uf cothly: Ify=coth 'z, thenx =coth »

The differentiation of x = cothy w.r.t, vis: %r—cm’y

Take its reciprocal to obtain the derivative of YWl x
dy -1 1 =1

dx cosech’y cothiy—1 xicl

cosech’y = coth®y - Llx>1, cothy =
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e . : __DIFFERENTIATION |
g e hyperbolic formulas are isted below: Siliiion : b &
; E(sm Myy=—_l - i 4 (cosh'x)= 1 i, i(mh“‘x] = lxl 8. Command: Context Menu: :
o T+x dx ;'-1':'1 dx 1- > a‘igl'(x’+1-x+2.x]; > A+ Tx+2 5
5 4 (Cosech™x) =—j'l_= v. f.(m;,-',k_.‘h;I_. vi. i(m,:,-x),_, =1 4 5t 47 > Jlj‘?'(x"s +7%x+2,x) ﬁ

x I = . 5% 47 i i |-
The chain rule can beLst;;nvg the generalization of the ;wmmmm ﬁxdl'm ntiating This result is obtained through right-click on the last end of the expression by selecting " Differentiate < x ™ ©
the inverse h)'petbohc ﬁmcﬂan& a5 summarized i m the box: on the context menu
i i{sm B ( w e 1 b. Command: Cume::t Menu:
- 1] o it = — .
& e ds L > apYt2atid ) Az
—(mnh"u)=-___ w4 parce =L id] 3 4l 42 (F42x416) (32 +3) > diff ((x*4 +2%x + 16)/(x"3 + 3%x —2).x)
= A ® . - (cosechu) T R . i Pl 4242 (f4+2:+16) (32 +3)
i{mﬁ“Lu)- d - =1 d £43x=2 (¢ +32-2)
dx i J] -t —(:.r) § —-(ml.'t i P 3 —(u) c. Command: Context Menu:
= | s diff (x* + sin(x)* + arccos(x), x); : > :;,(;‘;“_E_‘Fl; ';";‘f‘m 1.5)
22 Dlﬂerenuate the following functions: (¢ =gin kA _ sink™'x : : e > di sin(x)*2 + arccos(x),x
@). y ) @y T 34 + 2sin(x) coslx) el 32 + 2sin(x) costx) — — =
m 11—
a If the given function is »=sinh"(x"), then the dmv:mre of pw.rt. x 1& d. Command: Context Menu:
i“"—[sln () o ' > diff (*-cosh(x) + arcsinh(x), x); > ¥-cosh(x) -+ arcsinh(x)
-—[Sm-'f (x)]= s :’ d ol Rkl — > diff (x*2*cosh(x)+ :r:sintll!x}..tl
= 1 d - ‘ - 1+ 4 2xcosh(x) +  sinh(x) + 1
il+{x’]’ 'dx("'J) J1+&
" 34 ) ) : Exercise
Nred cre ; e
b Ifthe given function is y= ﬂ"%%.mmmedeﬁwﬁ;eofywﬂ g S 1. Usethe rule of first principle to find the derivative of the following functions:
cosh™ (x gk .
.l : d a flx)=e" b. f(x}=%e" c. f(x)=%ef’ +1 4 fxy=2"
' =1 cosht (x).—[sinh™ —sinfx) L =]
dy _ [su-m_ (x) ] =0 ()]~ sin &7 '(x). = [eosh™ ()] : o fx)= 4= L f(x)=logx+1) g f(x)=log(x) h. f(x)=sinh2x
dx  dx cos ™' (x) [eos k™ (x)F ¥ Find f*{x) if f(x) is: r
I : 1 e ink? ) .
cosh™ (x) —sink™ (x). cosh” (x) _sinh™ (x) : a 119840 b, ¥ & i g
ol I e ;o : e
[eos i~ (x)]? [eos k™ (x)] d a_"'Tl e. In(e™ =e™™) f. ey
1 sin k™ (x) b -
'Ill.l' +1 GOSJ'I-'{I} i.t i [M.‘l"(x)]t 3. byusmganysmublcrulzofd:ﬁ‘emnuamn 2
Eﬁ MAPLE Command “diff’to differentiate 2 funcﬁon . y—x’.ln-r b p=xIn(x) c. y=In = _:
The procedure to use the MAPLE command *dj b . d y= nfl =g = gt guindy
following example. fF" to differentiate a function is illustrated in the b . % ¥ l'?'(r lh:;ﬂﬂ e y=e¢ " .cos(2x) . y=x'goin .
Y 5 flerentiate ing functions.
EF01000% 23] Use MAPLE command *diff” to differentiate i ‘
] % a y=log(x+2)’ b, y=cosh(3x) . y=sinh"(cosx)
fa). f(x)=x+Tx+2w.rL variable x. ®). f()= (x*+2x+16) S b A x
(©) f(x)= (X +sin(x)? + arccosx) wir.t. variable . GFaae—g) " el [E] & F=iloti) £ y=xcosh™(x)=va -1

fd). f(x) =" coshx + arcsinkx w.r, variable x, -
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5. A research . . : UNIT-3 DIFFERENTIATION
8roup (used hospital records) developed the approximate mathematical model related ¢,

systolic blood pressure and ageis: p(x)=40+25In(x+1), 0Sx<65
Where p (x) is the pressure measured in millimeters of mercury and x is age in years. What is the
rate of change of pressure at the end of 10 years? at the end of 30 years? at the end of 60 years?

A single cholera bacterium divides every 0.5 hour to produce two complete cholera bacteria. [y
we start with a colony of 5,000 bacteria, then after ¢ hours there will be a

A(r) = 50002" bacteria. Find A°(t), A’(1)and A'(5). Interpret the results.
7. Use MAPLE command “diff” to differentiate all the functions given in Q.3 and Q.4.

It must be inflated.
*  Find the general formula for instantaneous rate of change of the volume *¥°

w.r.t, radius r. given that F-; ar
*  Find its rate of change of ¥, w.r.t, r at the instant when r=3.

L5 Suminars )

fl&-\'mw:];.\:n:ert .

1. Chaoose th t option. : W
LI fu:-: T4 3.+3 e ,::-31 is: ' % Theaverage rate of change y = f(x) w:fjhw tnx s givenby:
; El‘“hl 9 (b). 11 (. 21 (). 29 %mﬂﬂ%{’—], y=f(x)
- - o - i i i
ii m: a:rerase rate orch?::;e -F:Inr Sx)=x* =bx :: :32 3 ifx mu;:}&c i xe[1,3]. & ‘Do siope of e T AT swhich measures "the approximate rate of
i If pe & i i g change in phenomena."
. J'-_-"(I}(x;ﬂj._f;ﬂr i 4  The instantaneous rate of change of a function y f (x) at a partieniar powt Plx, f(x)) is the
; = x+Ax) = f(x il .
(2). Loy Ax (b). -‘Lﬂﬂ—'dx_ derivative of a function y = £ (x) at that point, f"(x)= M&%}‘l—”‘ ¥ = f(x)provided
¥ =4 o=
(@), LinLl=tIr/() ,_:: + /) @. Lmd® ;“g; (x) this limit exists. This is named by first principle rule of derivative of a function f{x).
i, If f()=2 -3 +4 then () is #  The tangent line to the graph of a function y = f(x} at the point P (x. f{x)} s the line through
WM (b). 45 © 36 ° @. 27 this point having slope f*(x)= ma&"‘:—x‘;ﬂﬂ. y= f(x)if this limit exists. If this limit
X i .
¥ Ifﬂ;"m‘““‘-””’ does not exist, then there is no tangent at the point.
A ! 2 ; : ; =
o). K ([I}_ E::x} & EN () - h(g'(x) b :::;r;:' ;;:com is the instantaneous rate of change which measures "the cxact rate of
£(x)] - [g=] ] & : ;
In business termino! |
L1980+ g(x)/1x) L 0g 0~ W' 4 e : :
{c). P (d), ———=—L o705 o the instantancous rate of change of cost is the marginal cost which counts "as the
[eCx) [2(x)] approximate rate of change in business phenomena”.
vi, IFM.'}=JI_’ then K(z) is: o the average rate of change is the exact rate of change which counts "as the actual rate of
3 J- 2 3 3 change in business phenomena™
. =l . =
{a) 3 (b) 3 Ji . (c). m ] (d). m % For any real number n, if f(x) = ¢", then: (xR =
vii.  If f{x)=xtanx l:ben fx)= *  The chain rule is a rule which we use to differentiate the composite function. It is generally
{a). mnx+xsec'x (b), xtanx- d 2 1 £ d :
i L LRt witenss  S1f(g(]=fg(g )
viii. 5005",1'1
1 ¥ x
(2). —p= (b). ko) d x
;liy -1 4 Je-p - (d). W
ix. g = e |
1<l f‘:' g ) T} ool il 9 i i
. sec b). cos” - e :
R 7 e R s AR %
¢ : 2 il L [ o
{a). 'F;x]- ). (<), ;]r " (dj}:.!% Wit =1, : - 1I
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