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Function )
1dentify through graph the domain and range of a function.

Draw the graph of modulus function (i.e. y=|x[)and identify its domain and range.
Composition of functions i
Recognize the compesition of functions,
Inverse of composition of l‘ungl_i:ms ' ;
Describe the inverse of composition of two given functions.

scendental functions ; % — h .
Rw;gnizc ;Ilé:brnic. trigonometric, inverse trigonometnc, cxpnnmll:al. logarithmic, hyperbolic (and their
identities), explicit and implicit functions, and perametric representation of functions.

feal representations
Displ: hically:
l:t;?:?;llzeilly defined functions like y = f(x), where f(x) = &% a‘,l logsx, loge x.

x ¥ e
the implicitly defined functions such asx +)P =a’ and = +F =1 and distinguish between graph of a

i, Find the composition of two given functions.

function and of an equation.

the parametric equations of functions such asx = af,y=2arx=ascch, y=btan®.

Y x when 0£x=1,
« the discontinuous functions of the type y = ol WhB 1552

MAPLE graphic commands for two-dimensional plot of: e .
I_l'sean c:pusfir:: (10r a function), = parameterized form of a function, »  implicit function
by restricting domain and range. )
Use MAPLE package plots for plotting different rypﬁorﬁnwnm_u.
Limit of n function -
Identify a real number by a point on the number line. .

d represent : _
?eﬁ:;:imm:sl, . closedinterval, «  half openand half closed intervals, on the number line.
Explain the meaning of phrase: o
«  xtends to zero (x—0), «  xiendstoa (x—sa), «  xtends to infinity (x—2)

Define limit of a sequence. v. Find the limit of a sequence whose nth term is given.

Define limit of a function. : :
State the theorems on limits of sum, difference, product and guotient of functions and demonstrate through
examples. ;
Important limits ] )

Evaluate the limits of functions of the following types:

©-a" x-a I]'
. T_T chen f " [1+- witen x—hoe,
o W x=a =
! e =1 1+x)"—1 sinx
. (]1,:}:‘ x-+‘; J;p,ﬂl_x'a [l (—Lx)—.md—x—uirerl x—0

Evaluate limits of different algebraic, exponential and trigonometric functions.
Use MAPLE command limit to evaluate limit of a function.

Contipuous and discontinuous functions

Recognize left hand and right hand limits and demenstrate through examples.
Define continuity of a function at a point and in an interval,

Test continuity and discontinuity of a function at a point and in an interval.

Use MAPLE command iscont to test continuity of a function at a point and in a given interval. .

HOT FORGALE

UNIT-2
FUNCTIONS AND LIMITS

dislingug;: ::227?: offﬁunctmn and its !il‘flit is fufadarm:mal idea to us, in the study of mathematics that |
i ulus from a]gcbraland trigonomctry, In this unit, we will revise the concept of function Faen

'm unit-5 of grade-X1 mathematics and then develop the concept of limit which is the funda e@‘{"ﬂ
building bleck on. which all the calculus concepts are based. . :

: il
Functions Y
Function are constantly encountered in mathematics e m #nﬂ )
au'd are essential for formulating physical relationships in r-: & 1'
science and tu:hltulogl;y, In our routine life function is very The three animals Zurain owns bc;‘crc
useful g Zurain like all kind of animals. He started he started his collection,
collecting them recently and already owns 3 animals. He
_plans on buying every month accordingly, of each type of animals.
_Lel *x" be the number of months have past since Zurain started
o_cll!ccl;ng animals, Let 'y’ be the number of animals Zurain owns. How ean
we write a function in terms of x and y7 :
Iy . = E ! g { ﬂ
To W&Fﬂ]ﬂﬁlﬂﬂlﬂn,atvetybegmmng, when x= 0, Zurain has not bought any \;" _‘ 1
new animal, he owns 3 animals so, v = 3 animals Peter G L '
; = d ) er Geitav Lejeuns Dirke
hﬂﬁﬂle:mu:coﬁrs; m:nm. when x = 1, Zurain ms 3 animals, plus the 1 animal (1E05-1859) e
Ju .ug_ t. He now owns y=3 + | animals Peter Dirichlet was a
_ Similarly, after the second month, when x = 2, Zurain owns 3 | 9™ Mathematician
animals, plus the 2 new animals he bought after he started animals, .H Hhds, Jmis rlomly
3 - HEDOW | conwibutions in the stud;
owns »y=23+2 animals of math i :
R : mathematics such as
: a e tion will be y= 3 + x where, %’ is indl fent number theory, mechanics
variable and 'y" is dependent varigble, and analysis.
A AR : He was the first person
restrictively. It s defiaq aer - Used in much the same way, butmore | %ho gave the modem | |
. ljiemﬁglhun of function in
“If a variable ¥ ‘depends on a variable ' ‘ exact _I
. e x"in such a way that each . {
one value of ' then we call it 'y'is a function Flns y=;‘_"{.'r;) " value of ' 'determines by :
i 1
T]:omain fmd range of a function through graph Sy
. e dn!nam and range can be identified by the graph
¢cause domain refers to the set of all input values = - :
values shown on the x-axi ; e : |
x-axis. The range refers to the set of al| H !
values. Which are shown on the y-axis. Consid : lnutput & 5
Figure 2.1, - -onsidet the graph given in ~ I
This is 4 graph of the function f(x) = ] 3 H
x+ ul H
Its domain is (—0,~2)\(-2,e0) and range is (—=0,00u(0,%0) Figure 2.1 Lu

Exg A i i |
Find the domain and range of the function whose i

graph is shown in the Figure 2.2

domain of the function is ve [-6,2] vertical '
s »€[0.4]. Shown in the Figure 2,3

Here the horizontal extent is —6 1o 2. So, the
extent of the eroh is 0 10 4. So the range of the function i
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Figure 2.3

Figure 2.2

e omain and Fange can be greater than the Ei\’eﬂ\ra]u;
. on of the graph the
the given portion

ani .ts ai“ allﬂ ram v
GI Eph l)f mﬂd“l"s ﬁll‘ll’:‘ﬂﬂﬂ (i'e*f I‘rn d I. dom g'?- -
i ﬂ'&ebmff .‘.’.l'jl?rmilm with in the ﬂb\sﬂhﬂg value .l}'mhah i call !
“A function that confaing an

ﬁfm,"T fﬁﬁ:ﬁ’;’;lm we have studied that the absolute value of Sl
n

y T 1; _-: e
a number is its distance from 0 on the number line. Il i 'Ei

Ifthe graph continuous beyond

The parent absolute value function can be written as (x) = x| which '_5

£ i x20 . SEELY au

sl B ly choose snmel 1
i i 0§

h the above absolute value functions simply chos
I:lugel:ﬂfx and get the values of y then draw them accordingly. . \a
x|4]3|=2]-1]of1]2]3]4]| Domainvalues =0 =5 g 500
vyl 4] 3]z2]1fof1]2]3]4] Rangevalues Figure 24
Now, plot the points . i ¥

In general, domain of f(x)=|x|is (~==,22)and range is [0,==) but the graph is v-shaped graph
Figure 2.4 shows the graph of f{x)= x|.

In any absolute value function for vertical I?';:ﬁlaﬁu_n-uff(x} = x| )"Eu can use the function g)=fE)*h
(i) When A > 0 the graph of f{(x) translate *A* unit up o get gx). g :

(ii)  When h < 0 the graph f(x) translate ‘4" units down to get g(x). (x~fJ
"hisiscallod venical ransltion. For horizontal ranstaion of f (x) = x | you can use the function £(x)= /

(@) Whea k> 0 the graph of £(x) will translate ‘£ units to the right to get g(x).

(i) When k<0 the graph of f(x) will translate *k’ units to the left to get g(x),
This is called horizontal Iranslation.

=

Graph the fnliuwing absolute valye functions and -idcmify its  EEEEE

domain and range: J(0)=[3x~4 £ ééé
From the definition of absolute valye function, the given ‘5
function is =
23X 35459 i
flx)=
~(3x+4) if 3x+4<p
(]
The inequality 3z + 42 ¢ i satisfied wh 4 ;
Chever x>0
r sand3x+4 <) Figure 23

e et = m

UNIT-2 FUNCTIONS AND LiMrTs

e 4 L
15 satisficd whenever X<=—_|If x=—3,y = 0, s0 the graph will consist of two lines that meet at

4
[--5.0 J Use the tabular form to obtain the graph of a function: 3

SOy =3x+4, 3x4 420 S =—(3x+4), Ixsdcq

x —‘—; 0 _| x —i;- =3 i
¥ 0 4 _] ¥ 0 5 !

This function has a domain set (~e<==)and range set is[0, o).

[ZZ77 Composition of Functions™

Composition of function can be described as a progression of “genting” and “dropping” “off". A
function gets ‘x* does something for it and drops it off. Then another function goes along and gets the
drap off, does something for it, and drop it off once more, This pattern may proceed more than a few
functions. Suppose a composition as a progression of car rides. ‘x' boy is picked up by the first car
function transported to a required location and dropped off. Then another car function come and pick up
the x boy at this new location transports x boy to another location and drops x boy off.

mugntﬁon of composite functions

Consider the function A(x) whose rule is h(x)=[x".To compute h(4), you first need to find
x'=4"=64and then take the square root to obtain I = J64 =8.50 the rule of k{x) may be rephrased
: h(x) = flg(x)) (i)
Here g(x)=x" and f(x) =/, We may think of the functions f(x) and g(x) as being
“composed" to create the function #,
In bther words, when the output from one function s
form what is known as a composite function,
“Wfx) and g(x) are the two Junetions, then,
Junction whose values are given by p( f(x)) for all
ofg).”

used as the input to another function, we

@ composite function or ¢ omposition of g and fis the
X in the domain of fix) such that fix) is in the domain

ESEERN3]) Let /00=20-1and g(x)= BT, Fing each of the following:

fa). g(f(4) ). flz@) fe). flg(=2)

a. The function f(x) forx =4 is used to obtain f{4)=2(4)—] =
B/ (@)=g(1)=\3(7)+5 = y25

b. The function g(x} forx = 4 is used to oblain g(4) = ,5{3)+35 =
S(g@) = r(17) =217 -

e fig(-2)) does not exist, since -2 5 nat in the domain of g,

7.Use f(4) 1o obtain;

VI7. Use 2 (3) to obiain:

NOT FORGALE
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~ - FUNCTIONS AND LIMITS
w Composition of two given functions - Mverse of the composition of two given functions®
BTN 4 ) Let /() =4x+1and glx) = 2" + 5. Find each of the following: EHEIII 6] Find the inverse function of /(9 = 3¢~ s,
(@) g {f(x)) (®). ff.g(x)] mﬂm f“mﬂﬁﬂfﬁ} takes an output 3¢ - § in response of input 1. The inverse function must tak
a. Using the given functions to obtain: z _ anoutput tin response of input 3¢ - 8: i
g(f(ﬂ):g(dxi—])=2(4:+I]’+5(4x+'l) =2(16x" +8x+1)+20x+3 FXi=B) =i =
=32 +16x+24+20x+5=32x" +36x+7 Ifz=3/— 8 say, then = z+8 & : . : SiE
b, Using the given functions to obtain: - . ks these values in equation (i) to obtain: ,"’(z)=T
flala)=f2e +5x) = 4(2x" +5x) +1=8x +20x+1. Put t as its argument instead g i . 1+8
This example shows that /(g(x) s not usually equal to g (/). - e — foread of st cbten theiaverse fanoion of /(0=3¢-3: /=232
; i ST, = - =
Air pollution is a problem for many metropolitan areas. Suppose that carbon monoxide - .ILA. o fc.l;(-’t;:e lerhﬂ? an:';(x)- 3x and h(x) = f(g(x)).
i i I ber of people according to the following information: FApress . ollowing functions
lrmuspanied 2 & ik SRR (@). hx) ®. £ @. g'x) @. Kz) -

a.Inresponse of f(x) and g(x), the function i(x) | b. In response of f(x), the inverse of f(x) is:

8

100,000 . 1.41 g i "
200,000 1.83 e 2l )= f(g(x) x=f2x+3) |
300,000 = 2 < = f(3x) wg(x)=3x | x=fYz), z=2x+3= ,;=.(z_;3l
05 - =2(3 y
| 0,000 2 : i [2=3 =5Yz)
1 500,000 .72 =6x+3 [ 55
l i formula for the average daily level of carbon monoxide in the A
i Funhersmd:es show that a refined form t B b ‘ 2 =f(x) insert x instead of z
oty airis L(p)=0.7/p +3 . ; » ) G .
_ 31 Further assume that the population of 2 given metropolitan area is growing ﬂIMO'f‘ms to the i mfm of gx), the inverse of g(x) is: | d.In response of h(x), the inverse of h(x) is:
i formula p(t) =1+0.02,where t is the time from now {in years) and p is the populalfcn. (in hundred x=g"(3x) =i NGRS 3) is;
] Waisands). Based on these assumpti_DIIS, what level of air polltl(iﬂﬂ should be e.xpemed ind 3"#3-\’59 E g_.{z)) e e _ i
The level of pollution at time t is given by the composite function: 3 xujNa), zmbrid = x:-(‘:—;?'_).
- z =]
Lip(n) = L(1+0.028) = 0.7,J(1+0.027)" +3, (o pUpeTROMRE: ., 55 0 387G ; B3 . ke
The air pollution expected in 4 years is obtained by putting £ =4 in equation | £ e P g )
L{p()) = L(1+0.02°) = 0.7J[1 + 0.02(4)"]" +3 = 2.0 ppm 378 (%) insert xinstead of = | x=3 P
(PN =L( ) ‘ ] N 4 ; I == WNx)  insers Xinstead of z
m— Inverse of composition of functions mmx_ B
. a
“Let y= fs) be a function of . This function takes a dependent variable y in response of independery range ofissues that could ot be iy s w8 Before the development of calculus, there were a wide
variable x. The function that takes x as dependent variable in response of y as the independent is then cél not know how to measure the speed of differcnt nmi:::‘n';enqmmm that was available e.g. people did
the inverse function of f(x)". m']'"‘"'d‘"“ desired to calculate the area under the m:@g v ':hs'nng ever time. Another effective
i ion i =y (i) , | Well understood, but they could not provide n - Beometry. trigonometry and statistics were
The inverse function is denoted by x= /" (») mathematicians of his . ecessary tools to address St
| d g 1 If £ (x) is not one-toa-0& ik md mmm'm the credit to the ancient Greeks for discovering ﬂl':nl issues. Some of the
1 The symbol /™ (y) means the inverse of fand does not mean ? then f(x) does not have a2 B P cenmn:;umm Gnnﬂ::dm\:“&h von Leibniz and sz, [saqe :ﬂ‘u& Ba:ltmp::gg:
_ : 2 pis - - According university of L i
For example, if y = f(x) is one—to-one function, then the inverse inverse function. e muuiu': But LN= ﬂx‘i.‘“w! that the variables of x 4'.':3 ) mﬁ:ﬂﬁ:ﬂ;ﬁ:ﬂn:dmnw beld different
of y= f(x) s the function x = "(y) formed by interchanging the independent and dependent variab ;- mathematioal science for avalysis but Newtor taap b 5¢ With time. Leibniz e et
- xand y for y = f(x). Thus, if (a, b) is a point on the graph of / (x), then (b, @) will be a point on the graph - : being geometrical seicnce. =

the inverse of f(x). The domain and range of y = f(x) are also _\'alid for its invérse functionx = £ MM :

: 29 mmwﬁ ] - o 3*_3-_;___"
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; i jon, domain and range of /.
1. Read the graphs and write the function, . 3
i b. 2 .
|- T T — 1 L - - 1 J|
‘Lﬂ*—-f"r;};’ AN } 3 4 i
N ts rasaiisiiets
H -EES 1 :
\ &
|
) 7 - :
f
[
2 ¥ i d 1T
Tk A 1 E 2
_“:__..i? SHEE L. / it T
e , 3
e gt EEEHEHT Ii
x-.i;;i-zﬁfu . Il ulx X - 3 0, : :I_ [] TQx ¥y
¥ ¥
v 5 Draw the graphs of the following functions.
i & 2fx-3 b, 4|x=3+3
i e 53r+7]-2 d. 204x+3+1 : ]
L % Find the composite functions (g (x)) and g (f(x)) of the !I'ollowmg T';'c":,m
A flx)=x+1, g(x)=2x b. f{x)=sinx, g(x)=1-
6 FRea: g(x)zliﬂ 0. f()=sinx, g()=2043
s x+1’ -x : ia
4. Detenmine the inverse function of (g (x)) and g (f(x)) for r.hg follsc)m:nzgxﬁlwmns :
0. fix)=x+35 glx)=x-4 b. fx)=2x+7, glx
x+5 . _f(x)=x+4, g{x)=21‘-—4.
e fix)=2x-4), glx)= T ; ——2 :

UNIT-2

m:anscendenta! Functions

“Functions that are not algebraic are called transeendental functions,

The functions, such as all trigonometric functions, hyperbolic functions, exponential functions and
logarithmic functions are called transcendental functions.

FUNCTIOMS 5D LIMITS

A polynomial P (x) is a function of the form fx)=P(x)=a, " +a_ " 4.4 aye +a,x+a, (i)
with n is a nonnegative integer and Ayr @y aeens y, €,y are constants. If @_ 20, then, the integer n is called
the degree of the polynomial. '
The constant @, is called the leading coefficient and the constant a, is called the constant term of the
polynomial function. In particular, the polynomial (i) is goingtobea

constant function by putting s = 0: Sx)=a,

lincar function by putting » = 1: Sx)=a,x+a,
quadratic function by putting # = 2: Sflxy=a,x* +ax+a,
cubic function by putting n = 3: flx)=ay’+a, s +arxs a,

mkeeog;niﬂon of algebraic, trigonometric, inverse trigonometric, exponential, ™
logarithmic, hyperbolic (and their identities), explicit and implicit functions, and
\\.  parametric representation of functions
L Algebraie functions
A function f(x) iscalled an algebraic function if it can be construc

(such as adding, subtracting, multiplying, dividing or taking roots) s
rational function is an algebraic function eg

ted using algebraic operations
tarting with polynomials. Any

; : -
fx)=x+5 g(x)=3x+4x-7 and ﬁ(:]:ﬂ—fi—r—g-
ii.  Trigonometric functions g ;

“Trigonometric function are the functions that describe the relationship berween the sidey and
angles of a right triangle ",
Any trigonometric function include one or more of the following 6 trigonometric ratios.
(!J- sin(x) (ii). cos(x) (i) tan(x)
(i), ese(x) (V). sec(x) (vi). cot(x)
These function has completely discussed in grade (XI) Mathematics,
Hi.  Inverse trigonometrie functions

“Inverse trigonometric
trigonometric function.
These functions are used to get the angle with any of the trj ic rati i i
3 gonometric ratios. Inverse
functions are also known as “Arc S el

: . ¢ functions™ particularly these are 6 functions such as:
(i) Are sine(x) = sin"'(x) where xe[-1, 1]

(1i). Arc cosine(x) = co5(x) where xe -1, 1]

(iii). Arc tangent(y) = tan~'(x) where xe g

(iv). Arc cosecant(y) = ¢sp- '(x) where x 2lorx<s=1
(v). Are secant(x) = sec- x) where x> orxs-|
(vi). Arc cotangent(x) = cot'i(x) where ye R

Inverse trigonometric functions are widely used in the
navigations,

NoF FORSALE

Junction are simply defined as the inverse SJunctions of the basic

Inverse trigonometric functions
are also termed as, cyclometric
functions, arcus functions ang
anii rigonometrie functions.

field of physics, engineering, Beometry and
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LNIT-2 UNIT-2 FUNCTIONS AXD Lisgy
c . < . : : ‘ : .
1 < . i ication in many areas of science and engineer; . -
- ;1:2':\::3;:;:“:;]' I;-;::c;::n kekifriny: llil.uielﬂl 1nsxlm'1mmcf rrmutEl erials, laws of cooling, mdioactlil!i : Interestingly, the value of expression (1) is never close to 1, but seems to be approaching a number
i il ntial function in¢ expa )
. Areas which utilize the exponentia

closeto 2.7183. 1 fact, as x increases without bound, the value of expression (") approaches an imationgl
number that we call e, The irrational number ¢ to twelve decimal places is:

. - €=2.718 281 828 459

{EXampig 48 ] Cholera, an intestinal disease, is caused by a cholera bacterium that multiplies exponentially
by cell division as Eiven approximately by

. N_A;Nnel-l“l'

. decay and the discharge of a capacitor.

U dris a prositiee e i, el an NN tig|
N O " L L

Wl

o st of ail peal [T

ot VeI

i ;o
We require the base to be positive and to avoid imaginary numbers such as (-2) ;

: " With Vis the number of bacteria present after t hours and Ny is the number of bacteria present at the starg i
lude b =1 as a base, since f(x)=1"=1 is a constant function. . (¢=0). If we start with 25 bacteria, how many bacteria (to the nearest unit) will be present in
We conclude b= 1 ; fal. 1 hour? 5L 3hours?  fc) 4 hours? S Interpret :
e Use the amount of initial bacteria Ny =25in the xpe 2501386
i Bk diea Eiven equation to oblain: =256\ (i), Ny=25 10000 B i
Ifa and b are positive real numbers, @ # Ly “  The bacteria ata time ¢ = | hour is obtained by putting o | AL | 1] .
\ Yoo (o= | O] o2 ii. @ =a"ifandonlyifx=y £=1 in equation (i); I T !
L g =a™ o= ) = @) = a3 | = ' . N=256"0 =09 97 puteriq - T I
b ; ' & The bacteria at a time ¢ = 3 haurs is obtained by putting & —J-—f——'——_ﬁ - i
iii. Forx#0, g'=p"ifondonlyifa=b oy : - = 1= 3 in equation (i); ? T T . |
o PP Y T - ; : N'=25¢" = 1590 pacteriq i
" Functions : : - ; .
Base ¢ Expon “"f" P "; it can e for the exponential function y = 5%, which ones are the most useful? € The bacteria at a time r= 4 hours is obtained by putting i
RSNl passiile baves iy leulator, you will likely see 10" and €”. Itis clear why base 10 would =4 in equation (i): ; |
koo weh‘::ixmui-:a bﬁﬂ'syﬂcm. But what is e, and why is it mclu;lad;ls a_ba:;'-: N=25¢"* = 6392 bacteria 3
important, because our num i The reason for this is & : clude that th ti ia i
::::l::fsoml:lthat base ¢ is used more frequently than all other bases combined. o, e canclude that the Popalation of basteria 1s

: anced mathematics take Srowing when time £ ey
i certain esses found in calculus and more aﬁv i cmat s
centain formulas and th?frflf.ultts,;i is :mdpl?'rﬁs is why yvou will see ¢ used evtensively in upremh m:';]t v Logarithmic Furictions
Femeilpnlie fh:m I| :srid phenomena. In fact, its use is so prevalent that you will often hear pe
formulas that model real-wo £ 5

: R like 7t ) it cannot be represented i Ay e
‘ ‘2 ial function. The base e is an irrational number (| > . ok Koot s b B S
kel ?’5 I'h::m?ne:l;:criun IE':-.Inowever e can be approximated as closely as we like by evaluating study of sound. The deptrs S ey in e
exactly by any finite decima " 3

sound, is based on a logarithmic scale.
i s ' ) _ Until the development of computers and calculators,
e (H l) (i logarithms were the only effective tool for large scale numerical
x

- Computations. They are no longer needed for this, byt

itstill plays f

ion (i) ds x increases without bound? The MU0 role in many applications,
for sufficiently large .L. 'w:::; f{;al;!:m: ;:a::; :value of expression (i) ; . For illustraﬁo_n. ifw: sg'tl with the e.xpolwn.ﬁalr ﬂm:rhon y=r
Fesulis drs sumdnarized iy defined by y=2%then the Interchange of the variables is giving the
3 R : > inverse of y =+, E
men i | Wea ' '
ﬂg R <11 We call this inverse expanential function, the logarithmic function #
o e : - with base 2, and write this as: y=log:x ifandonlyif y=7 i)
10 il 2.50374... : : © o "The funverse of EILexpencnial g '_J.‘;!_J.i_'w‘f.'.'.f 3 faguritimic fisiction, Fop b>0amd ey’
1&'_ :; — 3.70481... » the Joparithmic -funcion !'n_:.' y= Ini_g.u-\'w-icirh i% equivalent o X= Lt .
— 271697, The log to the base b of x is the exponent 1o which b must be rqj i i
:m B e e the [ogarit!u-nic Funclinln is the set of all positive rea) numbc-j: whi‘?:: t?f::‘:;".i}%g:rl?':;:
: ] e o find e corresponding exponential ﬁ.mcl:?n. Obviously, the range of the logarithmie function is the set of a1 real
100000 2.71827... Use binomial theorem numbers, which is also the domain of the comresponding evponentin] function,
mmn_ﬂ - e —— value of e. Typical graphs of an exponential function and jis mverse, a logarithmie are shown in the | igurg 2

35 NOTFORGALE NOTFORSALE i
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UNIT-2

“. -
Common Logarithms are logarithms wi o
"Log x", which is read "the logarithm of x", is
raised to produce x 7

Example

Common Loparithms irbase 10: = log, means PR

the answer to the question” to what exponent must 10 be

59 Evaluate the following logarithmic hmtlTs:.ﬁ_ i
{a). log 10000 ih). log.01 fc). log 2
This is equal to: log 10000 = logl* = 4logl0=4
This is equal to: d
1 i =9
= log— =log(10)* =2log10
= ].Og 100 IIDE'( ]

The common logarithm is alse
called Briggsian logarithms and
the natural logarithm is also
called Napienan logarithins.

log .0

I SRR |
¢. This is equal to: log\ﬁa =log(10)z = —ilogil.'l_- 3

b scarural Logarithns
Natural Logarithms are logari
*In x", which is read "the el-en of
produce X7

thms with base e: ¥ = Inx means &=x i _
. is the answer to the question” to what exponent must ¢ be raised to

y=log, x means b’ =x ‘
b", is the answer to the question” to what

" y=log, x ", which is read "y is the logarithm of x to the base

power must b be raised to produce _

[Toaritmic Nofation T
Common logarithmic: logx= lﬂg_mx Natural logarithmic: 2 x
warithmic-Exponential Relationships
L%mﬂi:;:i = }F is equivalent to x=10"
Inx=y is equivalent to x=g’ .
i Logarithms = e
Ff' cfc a'::" :::5\"::- positive real numbers b#l, and p and x are also any positive real Tum i
: ¥ - = =lo g
i log,1=0 ii. log,b=1 iii. log,b'=x V. b =, }D_ v. log,MN =log,M "
viii, log M =log,N, M =N

vi. log,iﬂf—ﬂng,ﬂf-lugﬂ vii. Iog,M"splog,fU

i ing indi ' tial functions:
Find x to four decimal places for the following indicated exponen

fa), 10°=2 ). €=3
'l : b- er= 3
a lo'=2 .
logl0*=log2, logof both sides Ing*=In 3,3 In oli' both ]a‘ldes
= =In o Ine=
xlogl0=log2, - logl0=1 xlne " -
= x=1.0986

x=0.3010 _
ST alas, 11 | Two people with the covid-19 positive visited the campus of Peshawar Univ
number ofays T that it took for the corona virus to infect n people is given by

10,000 n
T(n)=-l.43lu[ e ]

How many days will it take for the virus to infect a. 500 people? b. 5000 people?

RoT FORSALE

ersity. The
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The number of days T that will take for the flu virus to infect n people is given by
T(n)=-143In [1—"’"{’—"‘2]
4998n
The :lum?e)r of days that will take for the virus to infect 500 people, is obtained by puiting # = 500 in
equation (i):

a T(5M1=—-I.43m[

1)

10,000 - 500 9500

————— |=-143In| ——— |=-1I. :
4998(500) ] 3h[249m) 1.431n(0.00380)

=143 (~5.57275) = 7.96903 =8 days

; 10,000 - 5000 5000
b T(5000)==1.43In | ———— |=—] 43 In| ———— |- 1
o) {4998{5000} [mmoo] ""31"[4993]"2-”"‘2‘@*

wvi. Hyperbolic functions and their identities

In physics, it is shown that a heavy, flexible cable (for example a power line) that is suspended
between two points at the same height assumes the shape of a curve called a catenary, with an equation
of the form y=§(ef+g‘f) [i)

This is one of several important applications that involve
combinations of exponential functions, In certain ways, the functions we
shall study are analogous to be trigonometric functions, and they have
essentially the same relationship to the hyperbola that the trigonometric
functions have to the circle. For this reason, these functions are called
hyperbolic functions. Three basic functions are the hyperbolic sine
(denoted "sinhx" and pronounced "cinch"), the hyperbolic cosine (coshx;

pronounced "kosh”) and the hyperbolic tangent (tanhx; pronounced Ha.ngi_.ng cable
“tansh"). They are listed as under: Figure 2.8
e g™ £+ S - -
sinhx= , coshx= =& =& —E+e
3 x 5 tanhx =g cothx—-el_e.,
cosh” x—sinh® x=1

cosh(x+ y) =coshxcoshy+si:ﬂ1xshﬁ1y
sinh(x + ) =sinh x cosh y+cosh x sinh o
The name "hyperbolic functions” comes from the fact tha i i
e > t the functions sinht and cosht play th
same role in the parametric representation of the hyperbolic x*-y=1, as the rigonometric ﬁmcnl'ln:ishi
and cost, do in the parametric representation of the circle x? +yi =
Eliminating the parametfer t from the i joas3 cost, i
: : parametric equations x = =
to obtain the equation of the circle: 4+ yi=cos’ts m‘anc,l’l =1 g i :
& Similarly, the equations x = cosht, y= ginht
ar¢ the parametric equations of the hyperbola Squaring these equati i
T R d
the first to obtain the equation of hyperbola: »*— ¥ =caosh? Esinh?::jn PR e
vii.  Explicit and Implicit Funciions
So far we have met many functions of the formy=f(x): p=x*+3, y
Ify is equated to an expression involving
in terms of x that is in equation (i).
Sometimes W:! hn\;& ﬂi‘l_ﬂ‘-lllﬂﬂm Wmhﬁs.r and y but it is impossible to write itin the form of y = £ {x):
y=x" =) +sinx-cosy=1, s:n(x+y)+e'+e"_—.x’+y’ i) i
In these cases we say that y is expressed implicitly in terms of x, \

HET FORSALS

=sinx, y=e"-2x i)
only x terms, then we say that Yis expressed explicitly
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‘ Implict foncilses: ' 25
The following curves are mm:eled.;liﬂm:ghz :r_lplwnl i (4 y’)’ L 4;{3’— A
o, The Bifolium curve: (F+y) =4x . Lemniscale curve

F '!“m,n{])mam R e 1 8 fD I 4 [ ] x
. 3 =0 d. Os&md o ioceles 6-x
[=3 o xty 2

Fl 2
.. . ¥
H inge curve:  —+=5=1
e, Cardioid curve: (+y)E= ey ¥ El'ulrpss A

i x’_j_=1
g Hyperbola curve: A

i tation of functions
i ;;.ai‘::l}:;;;mr:f :1:2:'31 1o define the variab
each functions of some other varnable, say £ "

TR A gl A e s
The domain of these functions f(7) and g (1) is some interval D_._Thcvargable tis called a parameter

and x=f(f) and ¥= g(t) are called the parameétric equations.

les x and y in the ordered pair (x, ¥), 50 that they are

UNIT-2

ii. (.rn|:-||ic:|ll_\ representation of f (v} o

m To hand sketch graphs of cquations such as
y=2ory = 2" simply make a tables by assigning

LSERTIER, 14)Sketch the graph of y=2", o o

FUNCTIONS AND LIMITS

mt::g::sltox. plot the resulting points, and then join these M4l B
points with a smooth curve as shown in Figure 2,11, T —
o
=2

X -5 | (1] 1 2 3

y log|as [TV | & 1 |3 :
S TSR T

x -3 -2 i | 0 1 5

yol B | o4 | 3 I | 05 [ 0.03

It is useful to compare the graphs y= 2+ W i
fultc ¥ and y = 2" by plotting both on the same set of coordinate
p a:;es as shown in Figures 2.12, The graph of f(x)=5", b>1 shown in Fizure 213 looks very r:l:gh
like the graph of y=2" and the graph of f(x)=57", 0<b<] in Fizure 2.1 looks very much like the

: : fion:
“ [ff (1) and g(1} are confinuous functions ;{Sdmm'-"er tonan fn:!erval o meﬂ. i graph of y=2"%.
x=J0 ond  -Y= - , w T :
are called the parametric equations for the plane curve generated by 1_11= set ofgrdmﬂ pairs in ﬂltellplav:. : i : ot
)= G0, ) =(/(, 8 ) ) S A [l I P e
TG T aph of the parametric functions (x(), N =0C-r20) forallt., = ] V[ o
FETTTIES, 2] Sketch the graph P . : BE T 1T
’ :on of all points (x, ¥) with - - ] I e
msﬂph is the collection 0"«’- L T = L ,irz ; ——Il'jj::;b-_":‘i-'-ﬁ" fold— ;_r- ] i
x-3-r..v='2rt‘wmffaemmlwmsoft‘- nclli e )5 U T 1
120 72 .0 =GO SN s mEy I REECE iG] R
(=1 = &OXN=22) Al AT . N f e e e
=2 = GOHN=09 " o T HH s # e e
The plot of the position vectars 1, =(3.0), 4 5(23:}”1 :'—I:L"‘) s NEm N o - -"i' g |
the 1fienre 7 l!d!\'@iﬂpﬂdﬂmﬂﬂ linepaﬁllgl whcdpipes Wil L_:EJ' = = = ]
: : : : 5 1 M| T =
= (-1,2) and passing through the point p (3.0) Figure 2.9 - Cr e
s v ’ T U 0
 mpeEE - 0 ¥ L 4 Fr L.l
" Graphical Representali ':m LT mms Figure 2,12 ke
Ko s classes we have leamt that grap L ] : . gure 2,13
mmwm ofinhlizw .;mﬁtlo: dmr‘tln:i" vlls'um;nlﬂﬂlﬁ' the given ::—:E L The _glt‘aglhs in Figures 2.12 and Figures 2,13 suggest the following important general a5 of
data sets, The data is ingested into the grap e curves, bars and slices on the o -] exponential functions that are summarized in the box below: .
then represented by the different symbols. Like, S o o 7 H ‘ '
chart : ; . & =1 ]
(a) Graphical display of explicit defined functions like I e P
y=fx), where f(x)= ¢, a" 10ga %, logex . ok R Basic properties of the graph of f{x)=5".b> 0,52
i. Graphicdfly representation of f{x)=¢* ¢ B ¥ L. All graphs will pass through the point (0,1).
EE 8] D e graphsof Figore 2.10 5 A A S 35 P
VP E e i e 3. Ifb>1,then blincreases as xincreases. 4. IF0<h<], then b* ek it vlasaies

g g e
m Use a scientific calculator to create the table of points. Pl 3
these points and :henjc-in them to obtain the graphs of smooth curves 1o the Figure 2,11:,_

The domain set is (—=2,29),while the range setis (0,29).

g
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il Graphically 1'|."p|.'l:l-1:nl'.1.linll of log o
E?i'f.l'i“‘l.’!!. .m Sketch the BIﬂFh of ¥ =log, ¥ . ;
We can graph y =108:% by plotting X=2"
i ir of nu

are equivalent. Any ordered pair o
upz?!.enﬁal function will be on the grap
function if we interchange !
Far example, ordered pawr
satisfies equation x=2"

(3,8) satisfies y=2"

wand log X

bers on the graph 0 2
r h of the logarithmic

the order of the components.

i
%

FUNCTIONS AND LIMTg

since they
h of the

and (8,3)

and
0.03
[ x | -8

=7 =log
The graphs of ¥ =2 and ¥ 2
=6 Sketch the graph of y=log,(x—2).

We can graph y= log,(x—2) by plotting x—2= ar.
Any ordered pair. of numbers on the
function will be on the graph of the

since they are equivalefnt,
h of the exponential
lg:;Eritlinﬁc function if we interchange the

components. ' .
The graph is shown in the Figure 2.15.
Sketch the graph of y=In %
We can graph y=Inx by plotting x=

Any ordered pair of nurnl;_lcrs [
logarithmic function if we interchange the order 0

The graph is shown in the Figure 2.16.

x are shown in the Figure 2:14.

n the graph of the exponential functi

order of the

¥
Figure 2.15

. since they are equivalent. )
: \ on will be on the graph of the

f the components.

If we fold lhepapualmgthedashed ling y = x, the

hs match exactly.
Th:;sl?ugy=xisalineofs)rmmewfwlhcm

graphs.

B T e € A
e -

A e
UNIT-2 - 'g_. ;
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(b) Graphical display of implicit defined function such as x? + ¥=a’and i:.#i =1
and distinguish between graph of a function and of an equation i

BETOTIEN, 18] Sketch the graph of x* + 37 = 9,

30 a0 AL
mThis equation x2 + 3 = 9 is an equation of circle having » sl
radius 3 with centred at origin (0, 0). |
Rewrite the equation x% + 7 = 9 as o = i
y (x=0) +(y=-0) =% s
The standard form of equation of circle is  (x—h)Y +(y—k)* =¢* e ;
With centre (4, k) = (0, 0) and radius r=3 3 Il
S0, this is a circle of radius 3 centred at origin (0, 0). i
Figure 2.17 is showing the graph of x* + )7 = 9, Kigues -1
R o, J"[I“_i.,_%..]
[Ei i 19| Sketch the graph of —+=—=1, -t -
Sy o EEEas
@D The equation 7675 =1 is an cquation of ellipse. e aCEm——E
Fil I Ll PN
Compare it with the standard equation -E;+i—:=l net=at-b s u'r" 2 '-I[ it I-":r ¥
I |
where, h=0,k=0a=16=4,b=v9=3 and c =69 = V7 e mmmama
50, Center: (h,K)=(0,0) o i
Foci: (htck)=(£7,0) ¥
Vertices: (htak)=(+3,0) Figure 2,18

Co-vertices: (h, ktb)=(0,+ 4)
Graph the center, vertices, foci and axes on the graph paper as shown in Figure 2,18.

I The students will learn more about conic in unit 8 and 9.‘[

(¢) Graphical display of parametric equation functions such as x = ar’, ¥=2at;
X=gsecB y=>5btan 0@ ;

S ETTTIEN 20] Sketch the graph of the parametric function (x(1), ¥(1)) = (3%, 4t + 3).
To sketch the graph of the parametric equation, Let’s mak: i
%oﬂ gt equ s_ e atable to get the idea of the shape

t -6 | -5 | 4 = = 5 -
af) | 108 | 75 | 48 | 27 = 3

2 3 3 5

6 |

0 3 12|27 ] a8 75 [ 108
L2 | 1|13 | g f 8 | =1 [T 5 e iz | a7
P TN o i Uil
x= 3t 4

e (i)
o (J'_'Ej 1
4

= _l.l_ﬁ.(y? _6y+9) =’-“=%U= ‘_.Gy+9]
This is a right opening parabola, its graph is shown in Figure 2,19,

NOT FORSALE
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Figure 2,19
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UNIT-2

|
4 :
F 21| Sketch the graph of the parametric function (x(t), y(1))=(3.cos (1), 2.sin (1)) for 0 S 1< 2,
To sketch the graph of the parametric equation. Let’s make a table to get the idea of the shape Emh‘ MAPLE paces-r FUNCTIONS AND LIMITS
¢ o
| and direction of the graph. - : E e E[x pression (or a fu ncﬁon}ummands %3 m:di"“““"“al plot of ~ B
= implicit . para sk=
R TR O[O ] et
: : : w ¢ following example, the procedure to use ; EE
_.‘4 o= hc ¥ 15’
3 ) | 3 2.12 0 212 -3 =212 0 2.2 3 - Fu:rT'! maple commands to dravw the graphs of the ;?avﬁc r:ﬁ!*mmnds isillusirated,
y | 0 141 2 1.41 gL | <14 | -2 2 ] ) m‘ : ction f(x)=—(x+2)’, with domain [0,-4], e
T H). Parametric function (x{r), ¥(t)) = : i
Now, convert the standard form by shmmau“s_ the parameter. &.g. - from—1.5to 1.5. iy = eetheing) fre 25035, sivm 151013 and y
x=3 cos (t) = x*=9 cos’ (9 (i) fe). Animplicit function x* - y* 51 x from
y=2sin (9= =45’ () w0 ST The command below will 4 ~Sto5andy from-51o05.
g & = > Zplots will show }'D'LI full detail of plotting expressions/ ok
4 From (i) and (ii). -§-+—4-:cos’ () +sin’ (f)=1 e I . functions on line by typing:
d 2. pf 3 Jo = g Content M
So, the formula of ellipse is -+2-=1 where a=3,b=2. [“fﬂ""( ;"“1 \¥=0.-4); TP :
1 ’ = : -1 -(x+2 (
J Thisis an ellipse, which will be discussed in defail in unit-9. : (CATIN 1} kb s odk » el '
i (d) Graphical display of discontinuous functions of the type ,:'/ | \\ ' 43 To
x  when 0=x<l - , ] 2 ; I“—Z— -—f-—-—B\—.. -1
Y=1x-1 when 15x<2 / i | \~.2
i / I = ~ I'
: W Graph the compound function: | v . \.\3
‘% 3-x If x<-2 e £ .q' 1
o Six)=yx+2 if -2€x<2 X' S x ! Figure 2.21 |
1 i x22 : = (2 6 b. * Command L> Figure2.22
m ; ‘: : _—F H - - Conrext Menu
i - 4 N " ' > Plot{ [cos(1), si - sin(1
b '+ st fon =35 frx<-2ocbamast _F_mi-g“m o o 1), sin(1), r=-35.3.5], |'> in(t), cos()
i of points: .13, -1.5.1.5); | sin(r). cosit)
& e ke e J ()
= i 3 2 S sre plof[sin(s), cos(n), =-35.3.5))
5= - A . i SRR EEARE N AL ) . g
it S 6 5 e HHEE 1
3 - ot = —pa & - 1 I T ” El
& b. Use the function f(x) =x+2 for -2 x<2 to obtain a set of points: TS R a2 ] A 1
- S D o EmmmEamE 5
x = 2 A function that defined by P e -
7 more than one equation is o= SHAHE T
3 Fit) g - called compound function- : £ e ‘f T : L
¢ Use the function f(x) = 1 forx 2 2 to obtain a set of points: | R =3
i x 2 4 ® Figure 2.23 s =
s . > :
b - il 1 1 This graph is obtained thro . r o Figure 2,24
A : : ugh right-click ! :
; Builder < 2D . . on the last end A
' Parametric Plot" on the context meny, of the expression by selecting "Plots < plot

Use these tabular points to abtain the graph of a compound function in Fi
. gure 2.20. "
| (157 FORGALE
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UNIT-2
c. Command .
5 plots{implicitplot)(¥* =y — 1
x=-5.5,y=-5.5);

»> £ =y =1

AL EUA

> Figure 2.25

A g

i

FUNCTIONS AND LIMITS

cunle!l Menu

g1 W

> smar-'p!allr,.vl(": -y =1)

> Figure 2.26

the expression by selecting "

UNIT-2
b. Command

[> plotsfanimate]
(plot3d, [cos(1*x)*sini*y), -
x=-m.w,y=-n.x),t=1.2);

FUNCTIONS AND LIMITS
Context Menu

[> plots(:-animate)(‘plot3d, [cosit*x)
*sin{1*y), x=-nN.X,y=-N.K,
labels =[x, y,"™]], t=1.2)
t=1.

> Figure 2.29 I g

Figure 2.30

ed through right-click on the last end of
y " on the context ment. :

This graph is obtain
Plots < 21-Implicit Plot < X,

. B
WI\_'!AI’LE package plots for plotting different types of functions

Look at the following example the
: : i tions.
Use MAPLE commands to draw the following functi
ExampleNy
m (@) f(x)=x —b,x from—1 to 10andy from =5 to 5. i
{b)- (e(e), Y0 — cos(ex)sin(py)), ¢ from 110 2, from -7t ::—1 c,bJ; ik
d-'he‘mw will show you full detail of plotting packages on
The comman

o B e

g imate
. {. > 5 p.!urs[arllmd dl Context Menu
1] £ Comman o
;‘I'f-.-' :b-Pi'ors[animEfC](P'!“"' [ =& ot iy 2 =-10..10,
}v#; x=-10..10], g,:_-ss,.s ; ‘;pla!s[:-ﬁm'mam]{'ﬂof'. [x"—b.x -1
L:':i I b=-3. — labels= [-‘:‘lm'ﬂI g::gs
;"53 0= - =
& 1 i s e
; R = T
i e BeiEses
£ — i
T ) s
=— QEESUSERE
- Figure 2.27 . > Figure 2.28

This graph is obtained through right-click on the last end of the expression by selecting
< Animation (choose 2D-Tmplicit Plot)" on the context menu.

43

procedure of plotting the functions using maple paf:kage is

nplots < Plot B'"w

NoPFOREME

This graph is obtained through right-click on the last end of the expression by selecting "Plots < Plot
Builder < Animation (choose 3D-Implicit Plot + Parameter) " on the context menu.

L. Revognize and write the type for each of the following functions:
a. y=asin®x+x b. y=T7x'+3x"-4x+5 ¢ y=arclanx-7
d y=log,16+7log,(x) e ko Je g y=+/x-8
: ; g,l_e-\.‘.l
A sealed box contains radium. The number of grams present at time t is given by Q(r) = 100"
where f is measured in years. Find the amount of radium in the box at the following times:

a =0 § b. =800 €. 1=1600 d. r=5000
€. How did you guess from the above results?

Using a ealculator and point-by-point to plot the following exponential functions:
o h{x)=(2");[-5,0] b. m(x)=(3"%;[0,3]c. N= &;[0,5] d N=e":[0,5)
4. Using a calculator and point-by-point to plot the following logarithmic functions:

a. y=hx b. w=-Inx ¢ y=2In{x+2)
d. y=4In(x-3) e y=dinx=2
Sketch the following parametric curves:
a. (x(e) p(0)) =(3-1,21), 15 real number.
6. Sketch the graph of:

-2x 2

P4y=36 I p=

b (x(e). ¥(0)) = (4 cost,~3sinr)

a € b. 5:“' e o4 o 4
e logy(x+5) [ log,x* 2 loge(2x - 35)
7. Sketch the graph of:
L X +pi=4 b, x*+y*=16 c. f‘—w-f-: d .‘ﬁ...y_!-l
25 9 ST T

5 Use maple commands to plot the graphs of the ﬁu.;clicns givenin Q.1.

R

=TT
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UNIT-2
il

e = CIUNET=Z7 0 o
Limit of Function - . iz o
The algebraic problems considered in earlier sections dealt with static situations: i« hest) [ R : FURCTIONS AND LIMITS
What is the revenue when x items are sold? g 'T. T e e gl 5 —
How much interest is camed in 2 years? 3 he graph of the interval [4,%) is as under: " PER TR W
Calculus, on the other hand, deals with dynamic situations: «— | } i " o
At what rate is the economy growing? ¢ The BT P “SE o 6. —t—t>
How fast is a rocket going at any instant after lift—off? . B oC 'mcn'alj'z’ 'J is as under: y a-e _.zg.z S
* The techniques of calculus will allow us 1o answer many questions like these that deal with rates . I | é, S o
" = e ¥
of change. ' . ‘.35 Them: : . x4
The key idea underlying the development of calculus is the concept of limit. So we begin by — Usf ‘:’“mb“-llm‘rto indicate the istterval notation: -
studying limits after explaining the location of intervals on the real number line. ! ¢ 4 : 8
T T 1
menﬁﬁcaﬂon of a real number by a point on the number line 4 F 2 -Am 0l Aqm 2 ; e
The various types of numbers used in this book can be illustrated with a diagram called a number ). & : . o o Cres o 4
line. Each real number corresponds to exactly one point on the line and vice—versa. A number line with - o g b B = | 4 B ITEE 2 Tt b e S '
several sample numbers located on it is shown in Figure 231 By SR T 3' s s : g é i .E- .
: ira o s b ey - 9 10
2 1 3 e o |
£ 3 42 - (c). ;
«— } } jo—r>—» |-o—1 1 — i P § g
B (R TR il TR S 4 | * S "R Y ¢l L) s
Figure 2.31 2 m £k e Sl e -1 =0 1812 &y
= . The given hs indi g e -
"Representation of open inferval, closed interval, half open and half agesyr o #aphs idicato the Sxfjowing imlegaalss
“ closed intervals on the number line it B B b4, T : e foo=1]
ts is called an interval.” : N b m&lgtjogﬁrgs?‘ .hln G - —
2 e T Fay M e S

“4 set thal consisis of all the real numbers benveen two poin i .
indicate an interval on the real number line. “0‘x tends to zero (x> 0) .-
- A

A special notation will be used to 1 ¢
For example, the interval including all numbers X, where.—2 < x < 3 is writlen as (-2, 3). The i

ﬁ'xtends_tog, — : » o s
S L 04(x—a). o xtends tv infinity (x— =)

theses i]ldicatﬁihﬂ-lthImmbCI-—}md 3 are not included. .
1f—2 and 3 are to be included in the interval, square brackets are used, as in [-2, 3]- The answer to the phrase x tends to “0” is'easy to : =
The chart below shows several typical intervals, where a <& i b Tnb se that the value of a function y = f(x)= -4
I i Explanation very close to * "05¢t to a single real number “2”on both left and right si x-7
nequality Interval Notation o “0” on both left and right sides of “0" : m.d right sides OF 27, wohen £ [ 8 aibes
o asx<h {a,b): Closed Both a and b are included: : approaches to “0” or x tends to “0” and is denoted « T Hhis situation, we are in position to say tha
o asx<bh [a,b): Half open/Closed a is included, b is not. L=z, byx—0, when f{x) tends to a single number * Ja
o a<xsb (a,b): Half Open/Closed b is included, a is not. Sl xtendstoa(v—oa) Frosa o : £
o a<x<b (a,b): Open Both a and b are not included. “The answgi- ke I...‘.. y — P v e
Interval notation is also used to describe sets such as the set of all numbers x, with x2 —2. This : $ 10 "a” (a is any real number) is easy io see that the val :
interval is written [~2,%9)- ; y=flx)=2 2 -a® i S of a function
UL, 24] Represent the following intervals on number line. _ ﬁ::ﬂ::“ﬁﬂ and closer to a single real number “Za“mf';:gh.] v § &
: @. =) ). [4=) (c). [-21] - 45 ;::r::cllm ': .1"" b both lefi and right sides of “a™, helﬁ,;;:d-nglr_[ sides of “24", when x is a
¥ e Py AR “"ld is denoted by x — a, when £(x) te ag.?'f!lﬁflu?, we say that x approaches
5 1o show that? . ik, x tends to infinity (v —bee) - ..y . ' single number “say L = 24", .

The answer to the phrase x iends to “infinity* s ehs?h.:n :cé*ﬂ\ t‘ ;
R ) o

a Start at -2 and draw a htavy line to the right, as in graph: Use a solid hole at

is itself a part of the graph.
The symbol e, read "infinity" does not represent a number. It simply indicates that all num'!’j
greater than —2 are in the interval. Similarly, the notation (—2,2) indicates the set of

numbers with x = 2.
. . NET FORSALE

the function Sx)= 3x +12
x4+

#

= —

R T



FUNCTIONS AND Livgy,
UNIT-2

infind cither side of 3 mumber say 3. n gy
gets smaller and mu,m;wmummﬁu:. : “Il)'l-=3"whm,,::
situmiun.wesaylhalllwﬁmhnﬂ:)sﬂuhm single numbcr :
from either side. "
Limit of a sequence X
L is the limit of the sequence .
g e given £>0, § =L forn2l (

3 CONVETEES, OF Convergent. ik .
el sirhinpri i mmmﬂwwmmum
§f*L’ does not exist, {5a) divugﬂsuwm-t |

lim{s.y=L & L as n— =

These [ i
W Limﬂotaupﬂﬁwlﬂn‘“h”‘
n+2

Let § bcam.TngﬂMfuﬁtcwmnfﬁkmmwemﬁmplumum

i \crms considering i 3 posiliv - '
of n into the general foem of the sequence. We will get the scquence oy

integer.

—_— — __.._.-,,..___—__—_,,.—_

“r {uz'
e FRRRL J s f2
.-

>: Inmeabuvc;nqqm“m

itasnﬁmclianlhat_mmlyhv.c
integers plugged into them. This

" is an important idea wmlulm ot
us lo do many things K .
sequences that we can A
compulte by-usinguﬂmnmnds.

© To graph the sequence (S} we [——=$
plot the points (m 8,) as nranges
over all possible values on the

i we noliced that as ° .
] graphreprcscnﬁngﬁmHmufhgwuupm.mew !

We then
mcmmnfmsqmwchmﬂcmwmmmmwnlmm
zero is limiting vahwnt‘unqw-ditmu:m;
hs_ﬂm-”?—:ﬁ

i 47

UNIT-2
FUNCTIONS AND LIMITS

10, 26 | Represent the sequence on one dimensional space whose nth term s s, =

@SB The scquence (s} in terms of function notaion is s(r) =~ whose domain is the sct of
non-negative integers. ‘I‘heﬁmc‘lml values of 5 (n) develop

I edmm e g mai)=20

2 S | n=s()=32 -

L S5=3(3)=40 .
40 ot Ty a8y = AT o

The one dimensional view on a real number lin is shown in figure
: 5, & 5 555§

If lima, = L and limb, = M, then the limit exist are the following:
(). lim(ra, +sb,)=rL+sM Lincarityrile () lim(a,,)=LM  Product rale

.[i-ill-._!i.."i.':-"=£.u-=ﬂ | Qutieatrile (). lmga, =YL  Rootrule

_ 3'1_; Find the limit of each of these convergent/di

s .| 8n. n+n'+2 4
o), {;;3} S {.M.M:”} @. {0} . -
i Lol fard =
Ilm{a.]-:luujn—
el B Some of the sample points
=i n(8) L B near n = infinity are:
- Y hm =y n lim(-1)"
a| l+— Sl =
n n 1 =
: ; 10 1
- L]J:s LIS 100 1
1+— ! o : 1000 1
2 oa - 10000 1
Hmsoe,il;xewquﬂmei:m\rugingms. 100000 . 1
o ot 42 : :
et ".1J_|‘+n’+3
: s 152
g0 n [l+—1+—]
b =]imn+n,+2=‘ n n
T L)
"1 nn n

NO{P . RSALE!
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UNIT-2
; . sidlbiey 40 g o
Joci e ) paslsigy 300 03
L5 o S O = e
=ln=T eduas @ gl o 3 w0
-—+-—]+—, —t—t—
ot (o2} (),

In the above cxpressmn the numerator tends t0 1 asn — e, but the denominator approaches
to 0. So, the quotient increases without bound. Hence, the s.oqucnce is divergent.
c. Let g =(-1)
lima, = lim(~ 1y
The sequence does not approaches to any specific number. So it is divergent sequence by oscillation,
The nth term is always either 1 or 1. It is 1 when n is even and —1 when # is odd.
b :

Limit of a function

“Let f (x) be a finction defired on an open interval X C'omain.‘ng x = ¢ (the value f (c) do not
needs to be defined)
The specific number L is called the limit afﬁmcnwlf(x} asx —» cifand only if, for every £>0

i ol | (x)-L| <& when ever, 0<|x~ .-:1#..8"_

This dl:fmlluu is also known as the couchy definition for limit.
1 Usually I|m|t of a function is written as lim f(x) = L and read as “Lim cff{x) asx— cisL”

there ex

This is nemthzr desirable nor practicable to t"md the limit of a function by numenc.al approach. You must

2z

be able to evaluate a limit in some mechanical way. i :

aarkils b 21 dami 3

meorems on limits of sum, difference, pmdur.t aml quohut ni' functmns and) :
demonstrate through examples = ° : bt o j

Let f(x) and g(x) be two functions, for which lim f{x)=L and ||m g(x)-
i The limit of the sum of twe functions Is cqual to the sum of their limits
|“ﬂ[f(-f} + g ()] = lim f(x) + lim glxy=L+M
AT O 28] If f(x)=x"+2x+3 and g(x)=x—4 then calculate lim[ f{x)+ 2(x)]
- Cflx)=xt+2x+3 i
Tglx)=x-4 (i)
By adding (i) and (ii) Flx)+g(x)=x"+3x-1 (iii)-
Applying 1_!321 on both sides of (iii).

lim{f(x)+ g(x)]= ]j._:g(x‘ +3x=1) 5 .
‘=limx’ +31i_|:|21(x)—l:i_1':;(l) =4+6-1=9
Hence, I1m.[f(x)+ g(x)]'?

ik The limit of the difference of two functions is equal to the difference uflhclr limits
Irm[f(x) glx)]= ]lm S(x)- 1|mg[x] L-M i

Example NI R f(x)=x-7 and g(x)=x"+3x+2 then calculate Iriﬁ[f[x}—g(x)]

m Since, f@=x-T (i)

g(x)=x"+3x+2 {ii)

4o | o7 FOREA

If f(x)=K, where Kis any constant thas
lim /()= lim K = K (constant rule)

!rme @ k lim /() =KL (multiple rule)

ms‘mm Sx)=x-4

UNIT-2
By subtracting (ii) from (i) T e
S(D)-gx)=(x-T)-(:2 +3x42)=x-7- -3~y "D mmabp
2 ==a' =2x-9 =L(x* 42 +9)’
y applying Jlm on both sides of equation (iii).

() el S

mu(x)—g(11]=i‘m—(x +2x+9) =~lim(x* +2x+9)

=~[lim e+ 2lim e+ lim )| =~14249] =12
Hence, lim[f(x) = g(x)]=-12

fil.  The limit of the product of the functions is cqual to the product of their limits

Im'l[f (x).g(x)]= [hrn f(x)][hm g{x]] LM
Ex
““]PILE If f(x)=x+5 and g(x)=2x~4 then caleulate lim[ f(x).g(x)]
=)

m Since, JS(x)=x+5
8(x)=2x-4
By multiplying equation (i) and equation (ii).
J () g(x) =(x+5){2x~4) =2 ~4x +10x-20 = 2% +6x-20 1.
By applying lim on both sides of equation (iii). >

i)
(in)"

IijTx) g(x)] l|m|_’2x=+6:-—2.0] 2llm{x2)+ Elun(t) hm(2l]]
2% _2(’9)+6(3) 2{)-18-!-18-20 =16
Hence, [im[ S().g(x))=1§ bovuran

v The Hmit of the quotient of the functions Ise

lmit of the denominator lunnn-nm 'l'-'"' to the quoticnt of their limits prnﬂund the

fiy]_lims(x)
[8(-*)] lim g(x) Mwhemg(x}i’-'ﬂandﬂ;&o
[ExfimpleR E

If f(x)=x—4 and £(x)=x"+3 then calculate lim [i{ﬂ:r
= g(x)

: 2 =x+3 : : e
[§10)
By using Qquatiqn_(i} and equation (). i
q i o, t"+3 : i '

By applying .Iiﬂnn both sides of equation (jii). -

) e [:—4] an=h 2-4. 6

=R (v e3) lmeeed) 443 -7 e

Henee, llm["r“)] E |

=2 g(x) ?




A

a, |i|.-|'.(£”—‘:l_)="“';.-|1l bt U 2 & : o'bhiﬂ‘-
wemcdmdiviﬁﬁﬂﬁ'j“mww =

.I’rool': 'In this situation,

.Mmamﬂﬂ,ﬁe function to the

E i I l=.'
; m“-ﬂ'ﬂ[!f,) € -
_ Proof: The basc “e” is an irrational number (like#),

e S S 4a"x4a™ . i 'y ; *
el : ﬁﬂuofmelﬁww i)'upmtlin'i‘lﬂllsforallvllu.u?if;;
and as such its limit, when x—a must equal to its value at x=a. Thus, the limit of the expression(!),
“ - "

" whenxtendstoais:

i E = = lim(e @y +aTE raixea™)

1 x=d Ll

AN o ek 'rm_hm.. "

Proof: ana.hlimhnfafmwhm1sufﬂurmn(n].whlchm\mdcl _ sitwation,
- i in ired limit: %5

: m»mmum_wmmmmm !
“‘. x=a - J;-l-q'; _Hm{x-aﬁgxirlt.n}.
(l-ﬂ ]‘!‘EE’ et ia e = e
;I-jﬂ : §
' 3 -MJ;+JE=EMJ;#EJ;%J;+J;=ZJE

lim x-a

e [I+I;] Mm!*"f" '

it cannot be represcnied exacily by any finié

b. . Prove ﬂﬁ'.-——'h'ihl. da>0,
o |

FUNCTIONS AND LIMITS

— oy

T} Use bvomial theorem to
gohcrale o,

]

_” 2792

s L [TIT

[ (==} rmen. - .

[=—="] 27N

Interestingly, the value of expression  is never close 10 1, but scems 1o be approaching a number
chose 0 2.7183, In fact, a3 x increases without bound, the valve of expression  approaches an irrational
rumber that we call e, The irrational msmber ¢ to twelve decimal places ix:

| : H[.I+T:--].=l?lmllm--f

From result (1), the new result deduced is:

fim [u%]' = 2718281828489 = ¢

A

W qexy, YESandE st nn)"'-l_d sinx
x d x

— whenxr—0
. x x

n. Show tha E{“’F: =e

) Proof: Il'lrcmﬂ-yB;.ﬁﬂ ¥ ==, wheax—0, and the lefi-hand side of the limit thus gives the

Lh‘(.luﬁ ”H["‘}] sty

Proof: Ifweput a'~1=y, then.x is obtaimed-by taking log of both sides:
¢ a-l=y =a't=l+y g
log(e’)=log(l+y) = xloga=log(l+y)

decimal fraction. However, € can be approximated as closely 8 WE s by sviiuses ' e loElty)
B : s ( 1 i y loga
1+-]' .
- X r e | R v
o o s ‘bound? Th Ullﬁlxﬁ*w—’-lnﬂﬁ: - =k
. What mmmmamgmaxmumwmwml o . x 9
for sufficiently large . What happens A : . koga

results are summarized in the following table:

e o
TR

——
T




umiT2 L "
Taking limit y —0, whmx—m :
a* 1 . A W a
limZ ‘=1[m =lim =lim 1
e 1+ ¥} 0 1 ] = T
: Liopnt - - log(l+y)
T J'hﬂl+y)[|ﬂgﬂ 3 ;.3%(;

1 i g 3
e - S =log,a={na
loga +=loga Lan E

loglim(1+y)” |
By replacing ‘a’ with ‘¢’ the following result can be deduced. X
= \
N
€ Prove that lim ~———— xi-a-_\r” T b 4 e s 5 sk al i
! 0w Sommy ol Srasliis ot 76X et ol AAITS
Proof: Weha\rew show"@hal ||m__———w;= o

T T LU R .' 5T S L |
"'JH'G"J; .0+a--|r owkwhsundq,r’ned

Take LHS fim £ (x) =lim ~—"—= =3 .
Now, rationalize the function f (x). v houleels feers w2 Anen s
16 = [ "*“'“"_Im*‘r] Xt Ve
x+a+ a A =i
__xta=a i N = =3 !

x(J;ﬁ+J_] x(m+r] e

= mn,r(x) =lim

x+a+ a. s t

" T-R.HS - 10 ;
JD+¢+]¢J ) .
(I-I-x} S e ft i :

il. Prove that Ilm

Prooft Ifwe put (1437 -1=  then :1+:=:-'—1=-z joid i oeus® | T
. (14+x)" = (14 z) Taking |ognfb0ﬂ13l.dﬁ~!0ﬂ]ﬂlﬂlﬂa.- 4 When x—0, cosx—1
b - __._.,..._:_. ca=1="9 1 £l H sinx | 3 E
4 Iolgg:x)-) F&F::x; 3 ol Sl Since _x_ 15 sandwiched between | and a quantity approaches 1 itself,
: " +x)=lo| z 32
Use these expressions in the Ieﬁ-handq:deoﬂhel::muocbmmihcnsm-hﬂndsid& i Therefore, by the sandwich theorem, it must also approach 1 ic.. hmﬂ‘:' : .I -
Qexy-1_z _z hs(}-l-z} z i‘&‘“‘_’q __.'—‘ﬁnlog(lﬂ)‘ WLimﬂsofdﬂterenba]gebralc,upunenﬁalandnignmmu{emntﬂm
x XK Iug(1+2) Ios(Hz! 3 = |ng(l+z)_’,‘_ LT The idea of li ""m1h=abov¢suhmwnsmllusnrmdmmeronuwmse_mmw SRR
Taking limit z—0, when x—0: - TR L e e BITTI 32) Evaliate lim Jﬁl R A :

tim O AL linlogai+2) =ﬁx~!°se'"

x * log(l+2)°

i- "o A

i

(i) Aru.af‘ ﬁGRQ=—|'GRHPq I:I;ll:sl.ll v]--smx
(1 s Amoﬁsﬁmﬂﬁg — .r‘=2(l]|:x]==—  Fak b e ; Mrofs | m=ta
s iy Axeaofm-—IOR]!RSI'- [[)[unx}--tanx TIT i e (v ¢ Yo e
» From the figure we observed T - N
Area of AQRO< Arca of sector QRO < Area of A SRO, '
s n%sinx-:%x-\:%lmt :
wilsdd , _:Assmx:spnmhve.m,dmﬁmgby —smxwegﬂ.
" o ; 2 Jums? Baiups sin. il o " ertiada T mapy §
PR !]-:——«: -

: '.__.._4 . foaits JM
woreopsass  NOVEOR

sih e,

ey In AORS, lanx—M-MS[

P o : e -.-r .—4
FUNCTIONS AND LIMITS

The sandwich theorem: This is a theorem that is nmm
used in caleulus 1o eval
particularly useful to evaluate limits where i bt it e
sandwich theorem: |~ 1° ATy u'lhcr techniques might be ily complicated. To define
L Lﬁf{x).s () and k (x) be functions such that f(x) < g(x) <h{x) for all x§ in some open interval containin
exc:ptpossul:lysxcmﬂr Ifllmf{x)n:.l.. am:' nmh(.:)zi. then ||mg|:.:] L .

e Prove thnt'h‘l'nE =1 if angle x is measured in radian.

Proafl: Take a positive acute central angle of a circle with radiug
p= 1 asshown in the t'gun:

Given that aOPQ, mx-Lﬂ FPQ] [QGfTI(mdm nfumtcwde)

¥

[rof
In term of x, the areas are expressed as pmduue QOto s so, lhat

SR L RO join QR. Figure 2.33

«dalr

= 1 wlb ) : -
b [lltx{-é]Le ‘1>—>uostorcosx<-——m Lol e
Xii .

- 537 +9x+6

i R !lml:.\.J -3x+7) p=347 LB

1
P |.m(s:’+9x+6:. 54946 20 3
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UNIT:2 -FUNCTIONS AND LIMITy

[T 33) Evaluate lim (7 -3%-2)

) ; 1 . i, IE
lim ’J.-;’-Sx-2=!Ltg{x’-.-33‘—2)3'-[121512{12“31:—2)]i=[(-2)='3{—2)‘.3]’-(3)’ 2

TR, 34) Evaluate the limits .
(a). Iiﬂsin‘x (b). lim (1= cosx), when lim sinx =0 and lim cosx =1.
Sl 5l 36 N | i - = lim1-limcosx=1-1=0
D lim mhl.\"-:[lll-l'.l: smx] =0 b lim (1-cosx)=limi-lim

"MAPLE Command to evaluate limit of a function’ .
‘The procedure of sing MAPLE command limit” s illusiratedin the folowing examplc
T 38) (@) f(x)=x +2x+2, whenx tends to 2.
®). f(9)=(2x')(x~4), when.x tends to 3.

(©). .r{x}="‘"“" whe_mémm.

(x=a) 4.
This will show you all commarids about the limits.

a. Command

= limit((x*) +(2x+2),x=2); 0 - , .
' imi ick- for the required limit
Using Palettes: Usc cursor bution to select limit palette. Click };ﬁ: ;mqnnii! e by

requi imi d Iauenby2.€lick[u+b)(lbr§um i . o
dn::e urauﬁfntlr?.;ﬁxfﬁanw key to obiain the required | them, easily online, ¢ "“‘“?"“"“""’- |

" RECRDCY T T

by yping: gy
Ii'lnit: ; [LEH 8
"o im((R)+(2-x+2) :
% i 10
b. Command
© > limit(2e W= 4),x=3) ok

; . . - - & " 3.
Palettes imi . Click-the required limil, and reptace & by
i cursar button to select limit palette 1 e
gli'::‘-(a'b) (for :a:duct rule of a function), then “Enter” key to obtain the required
> wm ((2)-x=9)
= =54 -
‘e, Command ]

> :wr[{" '!}.x=a];

(x-a)

leet limit palette.

Ulllghlﬂm:Uuecumlrhmmnmu : AR

Click-[ﬂ] (the quotient rule of a function), then "Enter” key 1o obtuin the required limit:
b

Y. |
= h.“‘x a
e 3a*

55

T f 5.
Click-the required limit and replace abya %

UNIT-3

& Bxtise

SEmttilei 23
Evaluate the following limits: B

a3, 1 342 e fx=1
L dim| 24— xepoars)c: Hx-l
. "-'-'}[1+:-5] h' IH[;’NHZT N ey
== =
d limEz— e plzHRX g gy lRX
=l p=] =l e’y a3
5 it b limS0C8) -
0 xsecx = Ix
2., Use algebra and the rules of limits to evaluate the following limits:
£ :
; L (x+3) ) 3 Jr=+5
; b. lim . i
A !i-'.'}{,—_'q.)‘ = x L x=5

3. - Find the limit of the convergent of the following sequences:

» {2 b {4=2n) -

n+l S+n -

by: §(x) = 5000+ —3 il
N £
Find the sale for the indicated weeks limits: ;
L e 5(5) . b. lim 5(x) c. lim S(x)

r=li

[ Use MAPLE command “limit™ to evaluate the limit of all parts of Q.1.
6. Use algebraic techniques to evaluate the following.
i Iim-u‘.r-l-h—uf'; b. “m.t‘—a' ¢ i 1—cos pB
S k- e x™ —g* 9 | —cosgqb
.- tan-sinp : : [y . *
d. ﬂw e ]lm(]—;]’ £ Eﬂi‘h‘}

S

5 FUNCTIONS AND LIMITS

Weekly sales (in rupees) at big store x weeks after the end of an advertising campaign are given

4
What type of function are represented by the curves drawn on cach image?
i i,
; f :
- il I SE)
- |
.|
§ 233867
M |
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UNIT-2

o
Continuous and Discontinuous Functions

Before discussion about conunumu; and dliﬁﬂ\l‘lllmlo.;.l‘é ﬁmr.tlcn we will revise the concept of
\imit of a function, which we have done in previous Section

m Recognition of left and right hand limits
I

tis a value the function approaches

< the x-values approach the limit from one sxdc c:rll_‘,r i.e. the
left side limit and the right side limit. .

i The left hand limit of a function f e ' o
l A given function f(x) hasa left hand limit |f_.r"(x'] can be made as close to the number. ‘L’ as
we please for all values ofx<ceg I1.m f(x)=L+ :

i "he right hand limit of a function e s ri A

. lhf{;;::'im f(x) has a right hand limit if £(x) can be made as to the number *L" as we please
for all values of x > €. hm fl=L

“In general, the ﬁ.m::lmn has a limitas x approachas cif 'm:-tl:. the left hand and nghl ha.nﬂ limit at
cexistand are ¢ 1l 1|rn fix)= ‘nm fl:'!:l I1m j‘{:} o

W Determine whether lim f(x) and lim fix) _c:-usr, if

3zt ifosx<3 -
F(x)={ 16=x B T R
2 ifl2sx<l4

(a). lim S(x)=lim f(x)_lum{3>.+4} 3(3)+4_13.
l1mf[x]-1|mf(x)-hm(16 —x)=16- 3-—13 :
Smcehmf(x}— lu'n f(x)= 1|m_,r"(x}- 13 1 1 (I -
= 'um f(:]exlsts and equal 1o 13 e A

(). Iun f(.rjl—.hmf(x} ]:m(lﬁ x)—lﬁ—-l‘z =4 R
1|11:| 1 f ()= I1mf(x)-' hm[r) =12

Slnoc I1m n f(x)# ] !|m ) Therefore,
Here, we cbscwedthat sometimes Ilm f(x) f(x)and sometime

hrn _r(x} does not exist.

it does not and also sometimes

ol
flc) is not defined whereas IJ.'H flx)=r (x:-exlst. " ok
Continuity of a function at: a point and in an interyal

i t . . N 1 Pt B gyl = .é.ﬂd

= inf“ :::;Lrlggmrlutl;ﬂn: :c:l‘::lﬁl':ﬂllts function at a poi_nt if two sided limit at‘“tm zo::;:sxlﬂl ]
equal to 1]1: function’s value e.g. Considera function f(x), it is continuous at the point x

(i) fle) is exist. B :

i existor lim f () existy oeni) : 4

(ii) ]im f(.r]:ilm f(x]al‘s:arll_n.} i - gy {

™ ; . r.d

(1ii) lun_,f(x} = f(e)- &i )

If any one of the above “condition does not satisfied then the function is not continuous:

mmw

FUNCTIONS AND LIMITS
m Discuss the continuity of f(x)= x’ -2 =3x4S5aix=1 o

a8 fix)=x'-2x"-3x45
f(l):m’-zu)‘-acms
=1-2-345=1

b J{E]n_f[x] = rIiLF;!{x"—Z!xi -3x+3)

= (1Y -2(1¥-3(1)+5=1
< lim £ (x) =‘|I_I.'El (x* —2x"=3x45)
= (Y=201P=3(1) + 5
, =]-2-345=]
& =lim fx)=f(1)
. S(x) is continuous at x = |, Al
Now, look at the following graph of function.

It can be seen that the side limits consider with the value of the f‘uncunn with the point.
il Continuity of a function in an interval
¥ Aj'mm.ﬂ‘ow is said to be a can.'mimusfﬂwtmn in dn interval when

the function i " fned at every point in that interval and no Jiumps ar
breaks inval:

v i some functions f(x) satisfies these criteria from x = a to
x-—*,b andwe say that _,t"(x) is continuous on the interval [a.5).

Forx=1

A funclion is said 10 be a
discontinuous function at a point
*e" if one of the three conditions
of continuity does not satisfy,

S(x) is cominuous over - the
closed interval [a, &] i) it is
continuous on the (a, b) interval.

~ Test of continuity and discontinuity of a function at a pointand inaninterval

i Example W] Dlsmmsthefmntlnult}‘ufﬁf‘(r)- '__;. At =) LTeamins Lotk
+
m In order to check the continuity of the function /(%) at x = —2. We will have to check the
function for all three conditions as we Imne done in Exampl: 37.
-4
S(x)=

x+2 ey
(-2)'-4_ 4-4 u
- f(-2) = L

f2) (-2)+2 -2+2 Dot
Hence, f(~2) is not defined. We Imurw that if any of the
the function will discontinuous,
Therefore, f(x) is discontinuous function at x = -2,

However, if we try to find the limit of f(x), we conclude that f{x) is continuous ucn all the values
other than -2.

three conditions nl'mi.imily does not satisfy,

1
Ilmf(x}-leT= ||m|:x-‘-‘) -4

This implies that f(x) is continuous at all the values of x other than -2, 1 e
JIEETIT I, 39] First—class postage in 1995 was $0.32 for the first ounce and $0.23 for each additional
ounce up i 11 ounces. If p(x) is the amount of postage for a letter weighing in x ounces, then we write:
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UNIT-Z . B o r_‘ﬂm:'nousmnu%

$032, if 0<xsI : : : - vNiT2 :
8055, if 1<x<2 L a : _“3 FUNCTIONS AND LIMITS
P At : NE- gy
. : [x} $0.78, if 2<xs3 H W T :
S <5 M o - -_Fnl-ﬂ_ —_— H i Use propertics of conti fi ™ W
e (a). Graph p(x) for 0< x5 u my functions: ous fnction to.test the continuity and discontinuity of the following
'.fl.. i ™11 0 [ ! T =t
O Fid i gt i pc) sl T l Sy Y R S I
s .- (0). Find lim p(s) and pas) o Hshaed iy bl [P ren
B ' ., L] ; == ifx=0
i é:illﬂjuli ¥ e M 2.+ Show that function f{x)x{ .r ot is continuous at x =0,
< { i ) ifx=0 :
- '!‘hep-aphofp(x):sshmmthe e .34 - s B
:. lehll'ﬂgl'lpil of the ﬁmmon.ﬂu;kﬂ.nglﬂ Il—“‘“‘ ¥ Figure 2,34, S o 3. Use the graph of the function g(x) to answer the following Jl 1 q +
: ; > - questions: i
. *" and the value of the function at x = l'are: . i e a. Is g(x) continuous on the open interval (-1, 2)? H s
" » 'Inm Plx) 032, Iun p(x)=0.55 a.mlp[l)'033 ;o e ¥ T b. ::gt{i:]w(m;num:?;mumnahtaun-w B E AT e
& : H.:n gix)=pg ; ]
] ¢~ From ﬂiegmphofthe ﬁmctlmthclmutam‘l lhevalueu!‘lhcﬁmdlum meaqua! . B b et : i _'::
: lim p(x)=1.24," p(a5)=1. 24, g e N g Is lim g(x) = g(2)? | n
Thus.uwﬁmchnﬂumunmusalx 45 Mg I i : -d Isg(.t}mlwonlhcdnmtunml[-—l 2]? LA ARl :
= P A T AN e - 1. Uchcwwhoftmmf(x)mmumhmg in
= — : . !
a. Is f(x) continuous on the open interval (0, 3)? 5
mmﬁmmmdmh:uﬁmdmwambmﬂwhuuupmmumm_ b 1s £( : A , 3)7 i
formula function, and therefore these ufﬁnﬂmumm!hd x) continuous from the right at x =07 - _
more than onc .mdcﬁncihe 'J’N‘ Is lim f(x)= f(0)? 0 g
c. Is S(x) continuous from the left at x = 37 ) -I_|_- Fi
Is lim () = g(3)? ,,
: : d. Isg{:}mm on the closed interval [0, 3 I
: . 2 = 5. Graph and locate all points of discontinuity ufthc]:'nthwmgpm“ functions:
Look at the "o ine ey Th:pmoedmo!'usmsﬂmwt 1+x, i< -x, if x<0
mmndfnrmunnultyofa function is illustrated in this example. & f(x)= S-x, If x21 b fix={1, ifzx=0
([ 40| Use maple command "mum"mehukﬂlecumtmulﬁ’ B " i) DR iy
i S ? i '“‘“‘“‘mﬂiﬁpﬂmﬂwvﬁahﬂmqnﬁlm month and
f(x)=x"+4 in: 5% of all uzmrimmm month, If the nwnﬂﬂyp:lﬁl:cﬂﬂ.&mm:rmm;: J..
o] {a). Intemnal from O to 1. : ﬂnumhu;mmonhemmynmlm Let E(s) represents the person’s camings during
wid (). czuefl interval 0[0;1]. a. Graph E(s) for 0 <5< 30,000 b. Find lim E(s) and E(10,000).
: ~ fc). Openinterval (0, 1). : . c ﬁ-u lim _ E(s) and E(20,000) d. 15 E continuons a2 £ =10,0007 At =
' > iscon(# +4,x=0.1); e ' ' 7. Use MAPLE command “iscont” 10 testthe continuity of £() =51 closed E
; = interval [-5, §
o iscond? +4,x 0.1 closed); e ' r+27 [-5.5).

o iscond{# +4,x=0_1open'); true.

Cmuluﬁﬁwﬁmﬁmmdnndydmmuﬂwmnm%mﬂ"mcmmw '

interval (0,1)
= (0% FORENE 5
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RL"- iew !

Chioose the correct option. 24 ax=3 o
a2

(ﬁ:._ undefined

- Thtih;depcndcﬁt variable in the function y= Oy e
(a). x ). & (c]._ il o LM
i If f(x)= %':f_:;mm [(=3)is:
o 5 . g
¢ 29 i 3
25 _— (c). .
{a). 1_3- (b). 18 i

3x -
fi.  Thedomainof f(x)=Z7=5g
(a). (oo, RV -3,+)

is:

(). 1 (===, - (-3, "’:"

2 g

v ol

). 1(==3) < T

(e). [-==-31 -2 . : b 3 v G

iv.  TheDomainof FEA=Rrg & (0 od sy it it
(a). x=-3 (b), x<-3 s L

v o if@msbeIOm ) =1

- 3 . b). = 3

vi i If‘y is expressed in term of x asy=J(x) '?:??::{“::?ﬁmmm

) ;mphcltfunctiol'l @ identity function 1. © ¢

function
ok Irl}f:::c?w Jf:-h-— ] and g (x) = x + 1 then fig (9} is:

s b _--. _4
vii. (a), 3 +%c+1 (L), 3C+8x+4 () 32 +Bx—1 (). 3.,3“ 8x
wiii. The value of e is: 2 . o o
am (). :
(a1 3.142 ). = () o ’
i If 5°= 17 then the value of x is: . o Yo il
ix. In(7} ) 183) iy ke In-lf,S z : Ly ok
) s - W) n( )
% Cothx= o o A
0 % g e’ [d:l- okt
¥ . | = g ! i % | E:_ by ,t
e (a) !r:(nﬂ(?u'm) o (b} - In(m + 1) (). In(m - n) ) A
I - z int: s cirot
xii The function f(x) = ] is discontinuous at po i
). -1,1 (b). =2,2 (c). -3, 3 . S
'Iim———sin = o e
- X1, 17
(@) .1 » b). 2 {c). 3 v A, .9’0
U IEf(8) = B.5ecH then £(0) = _ g
™ E:r i ). 1 @ 2 g @ -
xv. The inverse function of f_.’::—- is: . l s | e
1 2-x X ] i —lug[ ] (d) —m(-—-_—r]
). Elog[m] (). 2105[2 = (c). 3 > =

H. Stcinhaus was polish matt

FUNCTIONS AND LIMITS

.I —— ,_I

* A function y = £ (x) is a rule that assigns for cach value of the independent variable x a unique
value of the dependent variable y: ¥ = f(x)

< A function that defined by more than one equation is called a compound funetion.

% The graph of a function f (x) consists of all points whose coordinates (x, y) satisfy a function
»= f(x), for all x in the domain of f(x).

@ Let y = f(x) be a function of x. This function takes an dependent variable y in response of

independent variable x. The function that takes x as dependent variable in response of y as the

independent is then called the inverse function of f(x) and is denoted by: x= f7'(y)

A function £ (x) is called algebraic if it can be constructed using algebraic operations (such as adding,

subtracting, multiplying, dividing, or taking roots) starting with polynomials. Any rational function

is an algebraic fanction.

< Functions that are not algebraic are called transcéndental functions.

#  Ifa function is defined by an equation of the form y = f(x), one says that the function is defined
explicitly or is explicit. The terms "explicit function" and "implicit function" do not
characterize the nature of the function but merely the way it is defined. Every explicit function y
= f(x) may also be represented as an implicit function y = f/(x) =0,

< Iff(f) and g(f) are continuous functions of parameter t on an mtml D, then the aqumons

x=f(andy= g

are called the parametric equations for the plane curve C generated by the set of ordered pairs
inplane: (x, )= (x (8 y ()= (£, g ()

< If f(x) is a function of x, and ¢, L are the real numbers, then L is the limit of a mmnnnf(x}asx
approaches ¢ : ||m_,-'(x)-

A function f(x) is said to be a cenlirmnrus at x = ¢, if all three of the following conditions are
satisfied:

o The function is defined at x = ¢; thatis, f(c) exists.

o The function approaches a definite limit as x approaches ¢; that is lim f(x) exists.

o The limit of a function is equal to the value of a function when x = ¢; that is,
lim f{x)= f(c).

.

R

tician and ed . He eamed his ph.D degree from his mutable
contribution to functional analysis through the bancach-steinhaus theorem. He is also one of the
early founders of probability and game theory. He also proposed sandwich theorem in 1938 first
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