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- Umt ' PARTIAL DIFFERENTIATION

By the end of this unit, the students will be able fo:

il Dilferentiation of Tusiction of fwo variables

i Definca function of two variables.

4 Definc partial derivative.

i Find partial derivatives of a function of bwo variables. 1
1z Euler's Theorem

i Define a hamogeneots function of degree .

i State and prove Euler’s theorem on homogencous functions.

iy Verify Euler's thearem for homogeneous functions of different degrees (si
e MAPLE command diff o find parial dervatives. Pt

The goal of this unit is to extend the methods of single variable differential calculus 10 functions
of two variables. In many practical situations, the value of one quantity may depend on the values of two

or mare others. For example, the amount of water in 8 reservoir may depend on the amount of rainfall
and on the amount of water consumed by local resi

! dents. The current in an electrical circuit may vary
with the clectromotive force, the capacitance, the resistance, and the impedance in the circuit. The flow

of blood from an artery into a small capillary may depend on the diameter of the capillary and the
pressure N both the artery and the capillary. The output of a factory may depend on the amount of
capital invested in the plant and on the size of the labar force. We will analyze such situations using
functions of several variables.

In many problems involving functions of several variables, the goal is 1o find the derivative of
{he function with respect to one of its variables when all the athers are hield constant. In this unit, we

peed 1o develop the concept and shall see how it can be used to find slopes and rates of change in case of
two variables function.

Differentiation of the Tunction of two variables
In the real world, physical quantities often depend on two or more variables. For cxample, We
might be concerned with the temperature on a metal plate at various points at time I, The locations of
temperature on the plate are given as ordered pairs (x, ¥). 50 that the temperature T can be considered as
a function of two location variables x and y, as well as 2 time variable t. The notation of function of
single variable, we might extend this as T(x, 3.0} We begin our study of function of two variables by
examining this notation and a few other basic concepts.

For illustration, if a company produces X items at a cost of 10 rupees per itemn. then the total cost
C(x) of producing x items is given by: Clx)=10x

The cost is a function of one independent variable, the number of iems produced. 1 the
company. wants to produce two products, with x of one product at 3 cost of rupees 10 cach, and y of

another product at a cost of rupees 15 each, then the total cost to the firm is 2 function of two
independent variables x and y:

Cfx, y) = 10x + 15y ' :
When x = 5 and y =12, the total cost is written with C(5.12) = 10(9) #1311 = 230 rupees.

Function of two variables

de “A function == f(x, ¥} isa Junerion of twa variahles < and y. if for cach given pair (5, ¥). we
etermine a single value of =" Where. % ¥ aned = are real variables.
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e dependent variable. The set of all

The real numbers : i -z
x and d ables; z i¢
y are indepen ent var he domain of [ and the set of

o : i
a;_:kf'id pairs of real numbers (x, ) such that £ (x. ) is a real number, is 1
values of f(x, y) is the range. :
How to show that z = f(x,¥)= \ﬁ-——‘f_*—y is a function of two independout variables x-and
v Find also the domain and range of a given function.
. For this function, we need to show the (ransformation of two irtdcpcm.icm valles (patey
and y is just a single dependent variable =. In respect of any two real values of independent variables x
and y, say, x =2 and y = 1, the fanction == f(2.1)= Ji-2+1=0gives response of just one real value of
zwhichisz=0.
The function z= f(x. ¥ =,J'I—~ is th ¢ declared a function of
: f?“r-’) x-+yis therefor 5 Functions of more than aone
two independent v:uraahlcsxand ¥ . |independent variable are called
The domain of f (x, ») is the set of all ordered (v, ) for which |multivariate functions.
Ji—x+y isdefined. We must have 1—x+y200r y2x= 1, in order for the square root to be defined,
In a function == f(x,¥) =J1-x+y, wesee that = = f (x, ¥) must be nonnegative and the range

of f(x, y) isall z=0

Partial derivative

To give clear concept 10 partial derivative,
considered as:

Suppose, a small firm makes only two products, radios and audiocasselle recorders. The profit of
the firm from these two products is givenby: P())= 40+ —10xy +5y =80, (M
Where x is the number of units of radios sold and y is the number of units of recorders sold. How
changes inx will (radios) or ¥ (recorders) affects P (profit)? .

Suppose that sales of radios have been steady at 10 units; only the sales of recorders vary. The
management would like to find the ratc (marginal profit/ derivative of the profit function) at which the y

number of recorders sold. :
If ¥ is fixed at 10 units, then this information reduces the profit two variables function 1o @ new

single variable function that can be found from equation (iyby putting x = 10:

P(10, ) =40(10)° ~10(10)y + 5y _80=13920-100y+5"
The function P(10, ) shows the profit from the sales of y recorders, assuming that ¥ is fived at
10 units. The rate, at which the ¥ number of recorders sold, is the ordinary derivative of P(10, y) with

(ii)

the problem related 1o our real-life situations is

respect to 3. g— P(10, ) =-100+10y
y
This represents the per unit profit from ¥ number of audiocassetie recorders.

The notation of gv?(!u, y) is usually stands for ordinary derivative, when the function 12

}l .
its rate witl

single variable function. In our case, the profit function Hi) is a function of two variables; mary
respect 1o ¥ should be a partial derivative. For partia derivative with respett to ¥ ordin
derivative in equation (ii) is replaced by % P(10,y) to obtain

ap_ @ : : ! ;

&P _ 2 p(10,y)= P, =-100+10y, prime notation /" is not allowed.

y o
Informally. 3 oin

the partial derivative Z=

as a variable and y as @ constant quantity.
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pleel Ifﬁ'"‘fm“ is f(x,)=xy+x7 Find partial derivatives f and
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& v ¥ y+9°)=x+2x, xisconstant
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The fanction is z=.x*sin (3x +)). Find z, and z,ata point [
= . 3 " 3
m 1;: partial derivative of z (x, ¥) w.rt. x is: i [ 'u}
z,= a[x’ sin(3x+y’):|. y is constant

= 2xsin(3x+ ")+ 5 cos(3x+)*) 4 3x+y”
et +) ) =2xs50 3
=2xm3x+f)+3x=m+,!?{ ) =2xsin(3x+ )+ = cos(3x+ Y }3+0)

{z! r = Z.E i E T‘:
The parti ksm_] . 3'sm 3 1»3?@(3;):2_“5;“:,_3"_’“, .
partial dt!';watm: of z(x, ¥) wrt. yis:
5 =5[¥’ sin(3x+y%) ], xis constant

‘Xzi[ﬁnﬂx-l- 3 2 3
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dmharge: ";:v::cwamuawmimtﬁdw T(xy)=2x+5y+xy—40 (i)
i pwlammam;fgm the temperature uf_t.be river water in degree Celsius before it reaches the
R ilnm.u:nl:ter of megawaitts (in hundreds) of electricity being produced by the plant.
: erpret T,(9,5). (b). Find and interpretT,(9,5).

a. The 7 s
partial derivative of (j) w.r.t. x is the rate of change in T with respect fo 2 T,=2+y, yisconstant




UNIT-11 PARTIAL DIFFERENTIATION
This rate withx =9 andy =5 is [T.],0=2*>" 545=T7 the approximate change in temperature
Lol Jt electricity  remains constant at 500

resulting from a one degrec increase in input watet, if the inp

megawatts.
b. The partial derivative of (j wir.y i the rate of hange 2 T withres
This rate withx =9 and y = 5 is [T, ], =3+*= 549=14 theapproximate change in temperature
production of clectricity if the input waler temperature x

pect to ) T, =53+%, X is conslant

resulting from a one megawalt increase in
remains constant at 9°C.

~ Exercise

. then find out the following:

L. If f{xy)= y+x” and tisany real numbe
a f(0,0) b. fi(-1.0) ¢ f0,-1)
d. fiLY e [t £ f-410
1. The function is f(x,),2)= et Hlx+ y=z)’. Find the fin ction value at the following points:
e fi=1,1,-1)

a. f(0,0.0) b f(1,-L1)

. @
d. %f(.r.x.x) e -flftl.y.l] . g..f(‘-,l.zll

o)

3 Find the partial derivatives f,and f, ofcach of the following functions:

a flony)= sin()eosy b flxy)= Gy
e feep=nwly &S (e y)=r + 2y Y
= flx.y):sin".ty T f.:_r*},]?t:cu, S
4. The production function z for the United States was onee estimated as:

g 1 2= flx ) =23

; \Where x stands for the amount of labor and y stands f0
productivity of labor [%} and of capital [% .

5, A similar production function for Canada is:

Fr fl‘.y} = xbdy‘”l
Where . <tands for the amount of labor and y stands for the

productivity of labor [%] and of capital [%]
If fixy)=x"y +xy*, then find f, and f, by using definition of partial derivatives.

¢ the amount of capital. Find the marginal

amount of capital. Find the marginal

Leonhard Euler a Swiss Mathematician, Physicist, Astronomer and Engineer. He
made the important and influential contributions in many branches of Mathematics,
such as calculus, graph theory, topology and analylic number theory. He also made
significant contribution in mechanics, fluid dynamics, optics and music theory, He was
the first person who introduced f (x) to denoted the function f applied to the argument
sx". In 1735 he introduced a theorem known by his name Euler theorem.

pomogeneous function is a function 5 f;: 10 verify the 4
function z = f (x,

2= f(x, ¥) are slrﬂchedﬂsqwezcdbyaﬂymlscah:qum'
Homogeneous function of degree 5 &

A fimetion f (%, ) is said to be a homogeneous fi
tinction of degree n

constant values of 1, we have it f
. . Jor all values of A
: and some

SAx, Ay =47 *
For example, SRR (i) 1
a.  f(xy)=3x+4y isa homogeneous function of d 2
AL egree 1.
! ) =3Ax)+4(Ay) = A3+ 4@ = A0x,4)) = i
b f(xy)=3x" +4y"is a homogeneous function of degree . AR ;
; a
Since, f(Ax,Ay)=3(ix)’ +4(2y)*
=27(3,4)")
= fAx,Ay) =2 f(x,¥)
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X5 Xy 3 Xy geann X, i i
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UNIT-11 iy MAPLE command “diff ™ to fina RTIAL DIFFERENTIATION
in the Euler's method of order n: k at the following example ‘he partial derivatives
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The addition of the products of i) by x and y if) By Y 10@ EETINE) Usc MAPLE conumand i g gt 8 et

Xl 2 T i to find the partial deri
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The Euler’s procedure co the e sinkz) —xsialy)
ng Pale :U“Wb"“ﬂ“‘”“hﬂmmﬁhniﬂwﬁckmwg‘mg ted. In this o &
m If o= tan™ ‘_;;.;:. then, show that ] expression is partial derivative palette, Click-partial derivative palette, insert the gi mm e
i pms: "ENTER" key to obtain the partial derivatives of a given function: ]
v ﬁl - } \.
o+ yoo=sindu =+ +3xp? +4y)
& it can be reduced to ax
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' D e foton s = s ) ot o bomogeneons ;
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e e |
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b 1f=!=sin"T—§;x+ i.thwmﬂ“‘ X0y
6.  Use MAPLE command “diff" to find the partial deri :mnf
sin” x -ret'y'
i flx= x)+y’,w-r'f'.¥' L
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1. Choose the correet uptiun.m
i the function == f (x,¥), x and y are: :
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i¢ independent variables (d). dependent constants
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(a). 25 k). 5§ (c). 125 id). 3
o i
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1 1 {c) ___'.'—— d).
N M s (x+7)
v. The Euler's Theorem stated that: o
i : & B -
ta). 'é-v-é’;an: . (b x—-+iz~=nz (€). x;-&ya—rxz{d). oy
vi. - The functions of mose than ofi¢ independent variables are called:

« (a) monomial functions
T ). rmltimial@lﬁm;tiqn s
Vi, If flxp,2) =2 +¥ —z then (1,0, Dis:
a1 T
Vil IF f(x,y)mposyle el W N 2L g
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: I ey,

(b). polynomial functions
(d). none of these

(e 0 ;—y (27
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A function z = f'(x, 3) is a function o

each ordered pair of real numbers (x, ique of 2 is obtained fro

; 2 ¥). The real numbe m
is the dti)endlent variable. The set of all ordered this or’:;r;:i r: '::':g :;dmmufl:m nrlahlse?: z
real numbel:, is the domain of f and the set of ay) values of f (x, y) is the + ¥) such that f(x,y) is a
A polynomial function in x and y is the sum of functions "f1hc';m range.
Slxy)=Cx"y"

If z= f(x,y) is a function of two variables, then

f two variables x and y, if a un

the first partial derivatives of = = f(x, ith
respect to x and y are the functions J, and S, respectively, defined by, i

i LAY~ f(x,y) A x
- e T

e

A ﬁmc!iml Jx, ¥) is a homogeneous function of degree n in variables x and y, if for all values of
the variables and for every positive value of 4, for which the identity is true:

SR Ap) =A"f(x3)

The specialty of Euler's theorem is to verify the degree of a homogencous function. The
horno_genmus function is a function z = f (x, ») not altered if the real numbers x and y of &
function z = f(x, y) are stretched or squeezed by any real scalar quantity .

Carl Neurmann was German mathematician. He studied physics from his father and
later became a mathematician. His father was profissor at Kenigsberg university, In
1875 be introduce the new standard notation (d-hat) during a lecture on the
mhlnn'uc:a] theory of heat. The symbol was popularized by his name as Neumann
notation or & (Greek dela). He worked on the drichlet principle and can be

Wlfsidmod one of the initiators of the theory of integral equations. The Neumann
series. That is analogous to the ECOmEtric seties

1
el +rext+x’+
i named affer him,

Carl Nemmaan

ray [{LinSiLE]
Nmmwammmmwmmmmm

E:ﬁum for different types of ordinary differential equations and partial differential cquation is also named after him/
40 developod an interest in thermodynamics via the overlap of heat and electriciy. .l




