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UNIT-9
: i }IS _:—llis-———xrx.z
. T‘hv.-;m:l'rruﬂ.ut:p.lal."l.cwlwcll'rps'tr1"'7.*”%'_:l“l"I:"°m”0('r"'v1 it sla
a :

pter at the origin and the x=axis as the

Hperbola: .
v . The standard form of the equation of a hyperbola with €€
a g
ioog ML o
transverse axis is: 5= 3 1 it he gt s e

a - at the origin
b The standard form of the equation of a hyperbola with c=1tct

transverse axis is-.%—-;:l b
3 3
L he lines: y=%—x
X _ Y _1, the asymptotes are L =
e 4 For horizontal standard form hyperbola T .
B ines: y=%—x
¥ _ X _|,the asymptotes are the lines: ¥ =
For vertical standard form hyperbola BT

1 .
" P t C(hk), vertices -
. The standard form of the equation of a ey c.eme(r_r:ll}l( {.P'kf—l
), and foci at (= e, k) and Fa(h +6, RIS T3
(hk), vertices at
(p=k) _G=h) _,

3 3

a b

aty,(h+a,k)and Valli—a,
f the equation of a hyperbola with center at C

b, The standard form o o
dfociat Fi(h,k+c)and Filhk—c)is:

il ko a)and ol k —a),an

(x=h)’_ =k’ _ porizortall, the asymptotes are the lns:.
b

2
bl a

.. For translating the hyperbola
b
(-Ky=E=(x=1) = |
(=8 _ &= _; Lenically, the asymptotes are the lines:
1 b?-
a

b, For translating the hnyperbala

a
= (y-K)y = (x=h) . o,
; iose asymptotes are at right angles to each other is called a rcclangu{:la ype
& h!filtf_hoh wl‘: form v = C/ x isan inverse function called the rectangular hyperbola.
- ﬁfuﬂﬂmofl e .5:2 -LT ) P( :Iis_ EI___J_'T_I_I;l
- = X g =
f: « The equation of the tangent line to hyperbola ?— 5 1 ata point P(x,, ¥, 5T
3 =3 ”
i L Lo form is:
o« The equation of any tangent line to hyperbola ¥t vie 1 in the slope—

J -
i ¥y _—-un’t\'azml-bz - b Vrs—i—;:
X _ Y _{ under condition: c=Eya'nr ~

t « The line y=mx-+c should touch the hyperbola ?-3—: ( ) y
& 2 2 : 2y X=X __:,-_v_-_..-'-
3 « The normal equation to hyperbola i;—i;:l ata point P(x,, y)is: P T

18

( By the end of this unit, the students will be able to: — ........

Y  DIFFERENTIAL EQUATIONS

----- Ve n s rarEen s
1l Tntraduetion

Define ordinary differential cquati
i ion (DE), order g 3
solution and particular soluti (DE), of a DE, degree of a DE. solution of a DE - general

10.2 Formation of dilferential equstions
i Demonstrate the concept of tion of a differential equation.
103 Selution of differential cquation
3 Solve differential equations of first order and first degree of the form:
= separable variables, «  homogeneous equations,
= equations reducible to homogeneous form.
ii.  Solvereal life problems related to differential equations,

Ii'l.-.l Orthogonal Trajectories
i Find orthogonal trajectories (rectangular coordinates) of the given family of curves.
ii.  Use MAPLE graphic commands to view the graphs of given family of curves and its onhogonal trajectories,

The laws of the universe are written in the language of mathematics. Algebra is sufficient to
solve many static problems, but the most interesting natural phenomena involve change and are deseribe

only by equations that relates rates at which quantities change.
Suppose the solution of problems concerning the motion of objects, the flow of charged particles,
heat transpon, etc often involves discussion of relations of the form

dr _ dg
de —f(.z,f} or }? "8(?.‘] /
In the first equation, x might represent distance. For this case, ?: is the rate of change of

distance with respeet to time t that is speed. In the second equation, ¢ might be a charge and dTT is the

rate of flow of charge that is current. These are examples of different equations, so called because these
are equations, involving the derivatives of various quantities. Such equations arise out of situations in
which change is occurring.

In engineering, differential equations are most commonly used to model dynamic systems. These
are the systems which change with time. Examples include an electronic circuit with time-dependent
currents and voltages, a chemical production line in which pressure, tank levels, flow rates, etc, vary
with time.

There is a wide variety of differential equations which occur in engineering applications, and
consequently there is a wide variety of solution techniques available.

ETW Ordinary Differential Equations

A differential equation is an equation that involves the derivatives of an unknown function
(dependent variable) of one or more variables (independent variables).

“If the wnknown fimction dbpends o only one wiable, then the dervative & an ordinary
derivative, and the cywation is then called an ordinary differential equarion, ™

ITthe unknown function depends on more than one variable, then the derivative is partial derivative,
and the equation is then called partial differential equation.
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i ifferential equations with their
The following differential équations are the examples of ordinary diff

corresponding unknown functions:

1—?, =xy, ylx)=? @
B oxry w0=? (i)
fx
ﬂ..' = w. Jv(f’:? (iii)
dx x—y
_‘L—:‘+2_\-’_{K+_.-=3_ wx)=? (iv)
dx* dx
PyY _dy, by y0=? )
dx’ dx*® dx

Order differential equation ! - o
" The or‘::-rauf a differential equation is the order of the highest-order derivative occumng in the

equation e.g.

L xy is first order differential equation.
dx

L

- dy +(x+2x)y="7 issecond order differential equation.
™ dx’*
(b) Degreeofa differential equation

- 0] b = . " ll‘le
The degree of a differential cquation is the power of the highest-order derivative occurmng in

equation. 3 - - .
i E2+ fiv- —Bﬂ+21-=8 is an cqualmnhwmgdcgmelsl.
L ‘#1 d_t‘: d:t' g . | -
k .1 | Determine the order and degree of the following ordinary differential equations:
A AT g7 . 3
ik 'Y 42D dy) &y, 0By
dy__x+}' g_’:.}.:rﬂq— =3 (g [__1_] —— X \
" dx x—y ®. 2t d 7 dx dx dx

i 3 1, since
Differential equation {a) is an ordinary differential r:quamn_uf l:-rdc:d Il and gzir::l ke
the highest ordinary derivative is of order 1 and the cxpuncnft o;;lmzhuﬁrc; gowe naw] Y O Differenthl
erent i i i i i r2a %
i ial equation (b) is an ordinary dnffz:-r_enmi equation of 0
qugalinn ;}‘:I“ ordi(nn}ry differential eguation of order 3 and degree 2,

; J i i i similar
= A sulutiu‘:;?aﬂ equation in a single variable is a number which satisfies the equation. In

i i i than numbers, which satisty
; ions of the differential equations are !'un-l:!inns, rather ’ e Lo
E?f?::oe;;?ﬂt::iun. The variables which appear in equations are cn'l.lbd““l.ll‘lkranI'IS. * Exactly
dependent variable in differential equations is referred to as “unl:'mwn. s
i i ion L =i sssion of the U
For illustration, a solution of the differential equation —-= lis an expression 0
dependent variable y in terms of the independent variable x.

5 !;;_si'a'.rm‘-f‘?'dI
“4 solution of an ordinary differential is any function y = f{x) or fix. y) which when st

" : . S 1isfies e
in the differential equation . reduces the differential equation to an identity; that is, it 5 isfi :
m
equation. "

WWW

UNIT-10

DIFFERENTIAL EQUATIONS
W Show that y=x+ A isa solution of the first order differential equation

A 2 = =], 1 :
ﬂmlﬁﬂ The given function y = x + 4 and s derivative i-l =1is used in the differential equation e
W
' _ 110 obtain: L. &
dx dal- i

L, identity lgft side = right side
This shows that y=x+4 is a solution of the ordinary differential equation &

(d) General and particular solution

The sofution of a differential equation when depends on a
single arbitrary constant quantity, is called the general solution of " loa i
the first arder differential equation. If we give particular steps for knmnw:m::u?;ﬁ?ﬁzu"::{ ml,:m a‘!:(

value to a single arbitrary constant quantity, then the solution to |exact solution or actual solution.
obtain is cafled the particular solution.

Graphically,

B

& the general solution of a first order deferential equation represents a family of curves for any e
choice of arbitrary constant quantity. i

The particular solution of a first order differential equation is a particular curve chosen from a §

family of curves (general solution) for a particular value of a constant quantity.

B3 |  Graphically, show that y=x+A is a

general solution of the first order differential equation

%= 1. Find a particular solution, when x=0 and y =1.

mﬂm general solution y = x + A of a first order, Spe-
differential equation "di‘ =1, represents a family of

parallel straight lines for different values of arbitrary
constant quantities A =0, 1,2,...

The particular value for the particular line that 3 Figl.-ln:J;ﬂ.l v !
passes through a point P(0, 1) can be found from the i
general solution y =x + A by puttingx = 0, y=1: i'
y=x+A=l=0+A=A=]
Use this particular value of A = 1 in general solution y = .x + A 1o obtain a particular solution
(line) y= x+1, .

Ifwe are to determine the solutions of a differential equation subject to conditions on the unknown function and
s derivatives specified for one value of the independent variable, the conditions are then called
conditions and the related differential equation is called an initial value problem l\-'?‘

Thus, the problem of example 3 is the initial value problem that leads the notation:

d
—=], 0)=1 e
il )
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UNIT-10 DIFFERENTIAL EQUATIONS

e : . alg
gt order differential equation — ==32i /gec
T df

B d 4 | Determine o particular solution for the fir
that satisfies the initial conditon s = 0, when 7= 0.

I This information develops the initial value proble

for which the solution is the unknown function s(f) that can

order differentisl equation with respect 1o U

=-32 =:-[de=]—32#{+¢ = s(1)=-32+c
it

ds

a5 32, 5(0)=0

= s(0)

be found by integrating directly the firs

ds
dr .
The general solution ali)==32i+c ala point P(0, 0) is giving ¢=0. Use this ¢=0 in genera|
X 0
solution to obtain the particular solutions (1) =-32r.

Formation of Differential Equation
In most of the physical situations, we can observe the pracess but can not worked out directly to
the differential equation. As. 2 result, we have a general solution at our dtqusni before we know the
equation of which it is the solution. Let’s begin with the step for forming with differential equation.
tion that describes a specified physical situation.

Discover the differential equa 1 ‘
approximately, the appropriate solution of that equation.

that is found. ) :
es for the concept of formation of a'differential equation.

s 30 mph. Find the total distance travels by

I
ii. Find cither exactly o1
jii. Interpret the solution
Look at the following exampl

The rate at which

Ali at a time t hours. :
distance travel by you w.rl ¢ number of hours, then, the rate at

m If S(1) is the unknown
-
which the distance travels is the first derivative of S(f) with respect to £: %‘g— =30, the per hour speed

the distance travels by Ali 1

(N I%f——_-!'mdu-c:b 5(n=30t+¢,

{o f to obtain 3
s pumber of hours and the constant guantity
¥

Integrating with respect
the distance travels by Ali with respect 10
fixed distance in this situation.

The rate at which the animal poj

support no more than 10,000 animals. There are
the animal population y w.r.t. x number of years.

If P(x) is the unknown animal population w.r.L. x nu mber of years, then,
animal population grows is the first derivative of Px) wrt.x: ™ =
d.F =K -
g k(N -P)
=0,04(10,000-F)

¢ is the

& 4%. The habitat will

sulation is growing at a constant rat :
an equation that gives

3000 animals present now. Find

the rate at which the

= —i— = 0.04dx

(10,000~ F)
Here k = 0.04 is the constant growth, N = 10,000, is the total size of animal po|
habitat. Integrating with respect to x to obtain Pix),

=j0.ﬂ4di'+c -

the fixed population that depends on F = 3000 when
1 condition P(0) = 3000.

pulation in the!

I daP
{10,000~ F)

the total population and ¢,
the TVP problem with the initia

i
« = 0. This prob¥"
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Exercise

1. Find the order and de ] ;
Eree of each the following ordinary differential equations;

= %qz”' 'y _dy
:- - b. F”iﬂl}':l‘
C. g_l.fz[‘f-f j_ re- 3
de ) =l i }.%*5‘\,9‘__1: =
2. In cach case, show that the indi g dv
» indicated function i : .
a. p=e'+e ﬂ-3i+2 = vt Seiotion of et Epent il il fore
P dr __l"—l,'.l b. y=x-=xlnx, “g*-"—yﬂl
. Ay '..!"'
e p=(r+c)e™, =4yp=e” d'y :
dx d y=c'ser, LY 3
dx” dr+2" 0

3 . In cach case, use the initi it nd
ach y nitial condition ai i i
i i kit the general solution of the differential equmien to

a =g y(2)=1 b y=x-xinx+e, y(1)=2
c. sin(xv)+y=c, _v[-:‘-‘—]=l d. £z£+c r(1)=1
4 Sol ing initi pk _
: v::‘thc following initial value problems:
8 —-=cosx, y(0)=1 b. 5‘2‘—413. y(0)=1
{2 d_}'_=l (ZJED d;
= (@)= 4 220 y(5)=-1

= Suppose a student carryi i
PP ! rrying Corona Virus returns to an isolated coll s of udent
!:.IIDI: E:o;mdemd that the rate at which the virus spreads is precp:r‘t:f::llaglu&nuli Lﬂnc:uh:lnumhﬂs.
i_nfemu;n ected students but also to the number of students not infected. Find th be
students after & days. If it is further observed after 4 days = 50, i s i)

%.clbmz was the German Mathematician and philesopher. He
introduced and published the concept of differential equation in
(1684). In most of the documents indicated that he knew how to
solve the differential equations in 1666.

‘ Sir Isaac Newton was an English Mathematician, Physicist and
ool 1. A.Sl‘l-fll‘l_m_. He never published h':s"Mﬂhudnflhmim':

|1us.ﬂ|:;dhh but it is claimed that he discovered it in 1665 to 1667. Which is
known as exact by the modem classification.

(16431727}
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0 T =Y
Solution of differential equations - o sl by it grto, e, e
If the solution of a first order differential m:g;hm“ O differential equation indicates the
i i ifficulties) for abtaining
integral process (in mcul‘cfnfﬁcu ;
actual concept of 2 differential equation.

ations
o of first order and first degree differential equ

: : tions. For this “"ii. the
i order differential equa i i ‘
: iques for solving first ! aration of variables, reducible
mmw:d:dmm:]nn?q::cshg? solving the differential equations are gt:;f:ui; <ok
tec! ; ;
:zc:epﬂmlinn form, homogensous and equations reducible to homo
i - - - ; [h lm o
. Separable variables ] g by d].r‘cct uue_gmmn then o
i 1f :lle solution of 2 differential equll";'; d for solving the differential equation. Separation of
P ion of variables will be usc v ; e Lt e
11whm:ll“-“: 'Mu:::;:?;:: tcl::n:wu\y used to solve first o:lu‘ ::::;cﬁna:malllﬂ: e
variables is 3 ooty wed 10 o mush & : T imalin e e
we try lo rearmange m:mwnurf.:‘:;e':.nm equation, and all tcnlrls ﬁl;:‘::dffdiﬁ‘mm% et m‘rﬁi
variable Ufsﬁ);mpmcr side. It is mot possible to m;rurr:;llsri ?1 B oy ol o o itk
e i i t always appropriate. s
so this technique is no
?:::g:aliun even if the variables are separable.

L R "
i & I e(y)
In general, a differential equation of the form 500 >
i | elx, SDE 1
Jvat by shifting x on oné side and y on the other side  gOdy=S(x)
ihat by 5

HE o leablﬂ dlﬁ‘mlﬂlﬂl equation hl} can be
15 SIVINE a iﬂ'llarﬂble d.iﬁ'trerl'l‘ial Equaﬁﬂﬂ. T?'ﬁ solution : t o %
fi ﬂ:i b mlcgmﬁﬂg left hand gide w.r.t. ¥ and ﬂsh'l hand side w.r.l X.

ou ¥

w Find the general solution of the linear differential

; d;
cq_uﬂt"l.&h?‘: =Y.

The solution of the given differential equmim.! is not
ible by direct integration. The separable form of the ﬁw: f::;
::::r differential equation is obtained by shifting y on.the left a
B
the right: ?dy =dx
Integrating both sides
lldy=jd\' = 1|'Ij!=.'l‘.‘+|:
y .
= y:g"‘ -E'B‘=|:,e’, c1=|f
ivi i first order differential equation.
i the general solution of the 1 : :
!Iih?sng:EwmI solution represents a family of exponential functions as
shown in the Figure 10.2-

- cPoETy - e

i differential equation is not possible by separable form, then the 21
Il't‘n;: ':Ieu:::l:.:;dnif;h;pﬂ‘mhlc form by substitution. This substitution changes the dependent
c:\:; variable, say, u and keeps x as the independent variable.

UNIT-10
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FRTIUG 8 | Find the general solution of the non-lincar differential equation

- ; Q = [: * y]l .
GEDIIID The given non-linear différential equation is not

dx
. separable differential cquation, but
reduced into separable form by substitution: x+y=u(x) cqu 'Io""- can be
that on differentiation w.r.t. x is giving:

4 il dy v dy du
dx( y) fl‘-:::’“-dx dxadx e 1
Use x + y = n and "2= [‘i'f
dx

n‘.:]_l in the given differential equation to obtain scparable differemial

. : " T
equation in variable i and its derivative —:

—=l=u? :}—d—u=|+i|’ = —-——du -

dx dx T o
Integrating equation (i) to obtain the general solution of ordinary differential equation (i).

dnt d
lI|+li‘t -Inf: =tan u=x4+¢ =u=tm[x+¢}
that by back substitution of 1=x+ y is giving

x4+ y=tan(x+c) = y=-x+tan(x+c) !
the general solution of the given ordinary differential equation that depends on a single arbitrary i
constant ¢,

i
.
il Homogeneous equations

The homogencous differential equations are related to homogeneous functions. i
“A fimetion [ (x, ¥) is homogeneous function of degree n in variables x and v if and only if for ail values
of the variables x, and y and for every positive value of A, the identity is tre. ™

(i
S dp)=0"f(x,3), n=123,. m

For illustration, the function f{x,¥)=x"+»is homogeneous function of degree 2, since the
identity (1) is true: -

FOxM)= () + () =23 (6 47 =23 f (3 x=hey=hy 1
The identity (i) is not true for a function Sz y)=x"+y +1, since the function is not -
homogencous.

) o ody Sy iz
" 1 — ma=— (i)
The differential equation prodgeT
is called a homogenous differential equation, if it defines a homogenous funcaion of degree zero.”
The homogeneous differential equation (ii) cag.be reduced to separable form by introducing a
new variable:
dv _ d i
u(x):% or y=uc and - Zo=-plu)=usxm (i)

The substitution of (i) in equation (i) automatically converts the homogeneous differential
equation in separable differential equation.




——

. _ ___,‘:a-‘-‘..—_‘;mﬂ—-a = It
AT = . )
DIFFERENTIAL EQUATIONS
UNIT-10 Rt
ererential equation: = -L.
] Find the genmisommufzhehomesﬂwdlff“ & s

function of degree zero, when the
EEITEED The given differential equation defines @ hem e et
funetion on the right of the given differential equation de
dy _y—x _Ay—h
g —x|_ia[2=x || 222\, BDE
_1(y_x}=&[ydx]=li-l[;+x s ytx y+x
T Mysx) AlLytx /% Do
The given 'mn:oygcnmus differential equation i used for the

- oy - du :‘ ifferent ial l:qu.alun of the form:
=n+ ] ain & s,ep&rahl dil
y=nx. n+r——1o abtain

du _wx=x _u=l
it y—m=r=
de wx+x U

ey =+l i
du ll“_,,:f‘_'ll_-u=_'_':~._- o
= A P u+l . (i
ii

_(u+)) o % sDE

u+1 x : SDE (i)
Integrating SDE (i) to obtain the general solution of the

(n#1)dn _pdx jzllﬂ"l]“"":!'fﬂ‘.' Multiply and divide out by 2
_l-___——-=!-;- = = x

7 2’ +1)

=0y
I 2.-&-_5_1{_:1”“_ = -%h-.[,;n]-tan w=Inx+lne
:_Ej:fﬂ w'+l

=1
— —Inyu’ +1-tan"lu=lnex
= -m"u=lnq|u=+l+hcr=h1a\l'u_21_l

i
tan™ ||=-1nchrt=+1 (iii) i e
jon (iii i | solution
ituti X sa:lhequalmhu}wommthegcntra
== iU
The back substitution =" «
homogeneous differential equation:

yl

mn" ?—tr=—l|1ﬂx F+l

' L = —Ineyy +5° = {stm[-lnc\llyz-l-x’]
x

i Lo lucible to homogenous form
jii.  Equations rec R Rk dy _ ax+by+ec e f_#f_ can be reduced 10
A given differential equation of the form e =

here 14
the homogenecous form by taking new variable x and y such that x=X+ h and pE¥HE N
& are constants o be choosen as o make the given equation homogeneous.

: T N 4
12, ysing the above substitutions, we get dx=dX and dy=dY implies that ===

; T d'_r= a(X+h)+b(Y +k)+e
Fherefore. the given equation "X a(X+R)+h(Y +K)+q

oy FORSAE

DIFFERENTIAL EQUATIONS
= SN +BY + (ak+ bk + €)

aX+bY +(ah+hk +6)
Now, by chioosing & and & such that ah+bk+e=0
So, the differential equation becomes.
dY _ aX+by I
ax " ____“;x"' Wy » which is a homogeneous equation,

and ahsbk+c =0

[FERTaEI0] Find the gencral solution of the differential equation x%. x4y
m The given differential equation is not in the standard form of homogeneous differential

equation, but it can be reduced in the standard form

following procedure: of homogenous differential equation by the

Divide out by x to obtain the standard form of homogeneous differential equation:
- 3

X+ )y
2.2 wpe
A H 0]
Hamogeneous differential equation (i) is used for the assumptions
dy . 0
y=ux, -:i": =u IHE to obiain a separable differential equation of the form:
rr-t—xﬂ o Eha =]+n
dx x
x%=l =du=% SDE (i) e Sliansial, epiion o
x

not homogeneous differential
equation. then it might be a

Integrating the SDE (i) to obtain the general solution of the SDE (ii):
Idlr =Id—: Su=hx+ine=lnce
that by back substitution & =% is giving %: Inex = yp=xlnex

the general solution of the given homo,
constant e.

geneous differential equation that depends on a single arbitrary

m&:}w real life problems related to differential equation ™

SETIRNIL] A certain bacteria’ grows at a rate that is proportional to the number present at a particular
time, If the nismber of bacterial at a time ¢ = 0 isN, and at time ¢ = | hour, the number of bacteria is

SNE . -
=5 Determine the time necessary for the number of bacteria to be quadruple.
W IfN(f) is the unknown number of bacteria w.r.t time ¢ hours, then, the

. rate at which bacterial
grows, is represented by: .

e
Reduce the differential equation to separable form % = kdt (i
hat on integration is giving the general solution of (i):
N
IT = Il: dt
InN=kt+c (i)

NOT FoRSALE
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' 5 The initial condition N(0) =N, is used in equation (i} 10 obtain &
N, =0+c=c=hN, ()
Use ¢ in equation (ii) to obtain a particular solution:
(iv)

lnN:kt-i-InNg:trn-I:I—=kr=aNi=c"=‘N=N.‘"

The condition N(1)= E% is used in equation (iv) to obtain the value of ko
—;-Nb =N =¢ =—;.-=a k= In[%] =0.9163
particular solution {specific number of bacteria):
(vi)
s used (vi) to obtain the time

(v)

] Use the value of & in equation (iv) to obtain a
M= N
The condition N =4MN_ {when the bacterial have quadrupled) i

4N, =N """

In(4)
= el - = =].51 hr
4= = 09163 =Ind =1 59163 "

at which the bacteria is four times of the original number of bacterial.

Orthogonal Trajectories
Our experience with first order differential equations has taught us that such equations often have
general solutions containing a single arbitrary constant. Each such solution defines a corresponding set
of integral curves. A nonempty set of plane curves defined by a differential equation involving just one
parameter (single arbitrary constant) is commenly called a one-parameter family of curves. Of special
importance in certain applications are those one-parameter families of curves which are orthogonal
trajectories of one another. :
“The curves of a family F(x,y,6) are said
Gix.y.c;). if and anly if each curve of either Sfamily is
family and at cvery point of intersection of a curve of
T perpendicular.”
Orthogonal trajectories of the given family of curves
The two families of curves F(x,y,¢)and Glx, ;) are perpendicular at a peint of intersection, if
and only if their tangents are perpendicular at the point of intersection. If their tangent lines,
say, L,andL,, are perpendicular, then the product of thieir slopes equals =1: 3
mynt, ==1, i, and m; are the slopes of the two tangent lines L, and L,

(o be arthogonal frajectories of curves of a family
imtersected by at least one Clrve of the other
F with a curve of G, the two curves._are

T

—

£

S—
_——

; ! dy 1
- B—-—— = -
t = m, ["#]c dy 0
] dx F .
51_9 This is called the differential equation of orthogonal trajectories. If one family of curve® Fﬁ
: given, then the other family of curves G can be found by solving the differential equation of orthoge™
trajectories (i).
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DIFFERENTIAL EQUATIONS

el 12 | Determine the .
Wm A h:nhnml trajectorics of the family of curves (circles) x* + y*
e . orthogonal trajectorics of the ci TP
(derivative) of the family of circles of the circles, we
£+ y*=c with respeet to x
2x+2 dy -
Yar™?

dy
(&), w

The differential equation
T of the
(i) with the §Iupc of the given onhﬂg:nzl Tralsctirics i+
used to obtain the other family of curves GJ o oﬁa(“} |:
trajectories: [QJ __ -l S
(]

e ]

dp =1 o dy _dx dy
=—m Z=Z5pE = (L&
dx _% x y o x j}. I;

need to determine the slope

hogonal trajectories

Figure 10.3
Iny=nx+InC = y=Cx (i)
Thus, i
us, the family of curves G represents a family of homogeneous straight lines that pass through
1

the origin. This is the result, w
il . » we would expect, since the radii i geneous
»=Cx, Cis any real number) perpendicular to the lines tmgm":ooar :i:lr:lc ket e o

m MAPLE graphic command
s to B
and its orthogonal trajectories view the graphs of given family of curves ™

The 1 i -
general solution y{x)—sqr.'{-x'+c,] of the above problem in example 12 is the first

family of curves, This can also i gonal ories
¢ : be written as x* + y? = jector
curves is the second family of curves represented IJJ: ;-Ig: e Gilihs L

This equati :
5 equation can be viewed through command on line by typing MAPLE commands as,

[> Peonturplot
L> with{ plots):
> F = contourplotlx® + %, x=-5 .5,y =-5 .5
E F:=PLOT|..)
L> G = plot{ {seqlc-x, e==5.5) }, x== 24 a
D Bir e e yan Sl
'd <
v # ,, ) :I
144 /) Y :
/ %
g ,}u‘
N 11/
A /
| S
| £ -
>
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UNIT-10

k5

4,

6.

10.

Exercise

Find general solution of the following differential equations:

e, l-xidy=yf1=ydx d. :oscc’xﬂy+secyd!=ﬂ
nd then solve:

Reduce the following differential equations in separable form 2
a. Jr'z{y-i-x)l b. y’:l'm.n(;(-l-y]-!.

By T M Anreo
“ ﬁp;*-x’ . dx x+}'z
Solve the following homogeneous differential equalions:
a5 AT oA
T ode x-¥ de ECT
o B B o Dot
T o de x Aty

Wmmmmmlnghmhﬂnmdhm ofmmuﬁm'numm solves

a. x%=y+,lf+y’.y(4]=3 b (xt+y'dx=2x"ydy, y(1)=0

The slope of 2 family of curves at a point P(x, ¥ is
that passes through the point P(4,-3)-

Find the solution curve of the differential equation
point P(=1, 2}

Find the real portion from the solution curves of the differential
which passes through the point P(1, 0)- e : 4 )
A particle moves along the x-axis 50 that its velocity at any point I8 equal to half its abscissa MILS
{hree times the time- At atime ! =2,x=—4, determing memtionufapamcls along the x-axis.
hy-"‘isl.ze“" , Where t=0

#1"'—_—1-. Determine the equation of the curve
-X

oy =3y 4x* which passes through the

E
equation e d + yelx = xédy

The rate of consumption of oil (billions of barrels) is given

correspond to 1990. Find the total amount of oil used from 1990 to year 1995. At this rate, how

much oil will be used in (1 =8) years?
The rate of infection of a disease (in people per month) is given by: _d'? = ':iﬂ'?i

Where ¢ is the time in months since the disease broke out. Find the total number of infected
people aver the first four months of the disease.

Determine the equations of the orthogonal trajectories of the following families of curves:
a y=ad b, myc ¢ y=ax 4.y =2+C

1.  Choose the correct option

#v.  The soluti D
iv. ution of lix.-a:ml:,w.') atp{0) = 1is:

vi.

Vi,

R

UNIT-10

Review Exercise

i, Theorderof 2 dy
i of equation 3:{;"'2’:5 i:

(e 1 ®). 2
i, The degree of the equation g‘_y’ dy (s, 3
di® _E"‘."=ﬂis:
(). 1 (b). 2

(e). 3

i The solution that depends o g
(a). exact solution on an arbitrary constant quantity is called:
(b). particular

(c). general solution
(d). mone of these

(d). 4

(a). y=sin(x)+2

(d). yzzz_-r:_k

i i o5
‘ (d). y=-cos(x)+2 i
v.  The solut 2 = : |
solution of " = cos(x) at y(0) =1 i
(a). ¥=—y2sin(x)+1 J g
E:l::;dy=_‘lll2m{x)+l ::::: in o {
s ; ; . ¥=+2cosx+]
: :f),»mmml equation for the orthogonal trajectory of the family of curve x° + ¥* ‘
—— e
a). = ox (b). y=ex (c) dy 4o Xy :y's {l ]
o 5 j i b Kz | I.
:'MOt'thog;ornaI 1:aj=clunn=s for the family of ¥ =dax: = £ i
a), Y =k-2x b). xt=k-2y* {e). ¥=k+dy® ‘E |
. P =k+2yt |
¢




