GEOMETRY OF
STRAIGHT LINES

In this unit the students will be able to;
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Derive equations of straight line in slope-intercept form, point-slope form, two

points form, intercepts-form, symmetric form and normal form.

e  Show that the linear equation in two variables represents a straight line.
¢ Reduce the general form of the equation of a straight line to other standard

e Find the angle between two coplanar intersecting lines.

e Find the equation nffmmlyuflmmssmgﬂumghth:pnmtofmtmmﬁmﬁ

two given lines.
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¢  Apply concepts of coordinate geometry to real world problems.

To go from one floor to another at a library, you can take either the
stairs or the escalator. You can climb stairs at arate of 1.75 feet per
second, and the escalator rises at a rate of 2 feet per second. You
have to travel vertical distance of 28 feet. The equations showing
the vertical distance d (in feet) traveled afterf seconds are:
Stairs: d=—1.75¢+28 Escalator: d=-21+28

a. Graph the equations in the same coordinate plane.

b. How much time do you save by taking the escalator?




T e

S

£

i
i
|
|
|
{

Gradient (slope) of Straight Ling

Inclination of Straight Line
The inclination of a straight line is the angle @ which the line makes
with positive x-axis measured in anti-clockwise direction.

Gradient
When a car rides up a hill, its speed reduces. The steeper

the hill, the harder it is to climb.

The measure of the steepness of hill is called gradient (slope).
Gradient is ratio of the vertical distance to the horizontal

distance.
vertical distance  rise

St =
- horizontal distance run
2 1
I — DD w— g
50 25 o S50m

Where the angle @ is inclination.

Gradient of Straight Line r*:xis

The gradient of straight line is defined as:
rise

B89

run
In the figure line AB is inclined at an angle # with x-axis.

Gindient of HEG AR = 2
run

= difference in y—coordinates of AB

difference in x—coordinates of AB » X-axis
_9-2 7
8-4 4
P § 2-9 -7 7
Alternatively, gradient of AB=——=— =—

=B =5 &
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Generally, gradient of a straight line is denoted by m.
Therefore, m =tan@

Example 1:

(i) Find the gradient (slope) of line whose inclination is 45°,

(i)  Find inclination of line whose gradient is 1.732.

Solution:

(i) Here 6=45°
~ Gradient = tan 45° = |
(i)  Gradient = tan 6 = 1.732
. Inclination = @ = tan™'(1.732) = 60°

Formula of Gradient
If A(xy, _}r;} and B(x;, yz) are two points on a line AB,
“hensgradient of AB is=
e A ) S < W |
Lz — Xy X — Xz

m

Gradient of AB can not be ¥1 Y3 or 2 hn
Xz —Xx; X; —Xx;

y-axis
&

8. A
Alx, y)  Clxa, 1)

» X-Axis

Il

Horizontal line

» X-axis
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Sign of Gradient ‘ :
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In the figure 1, line AB makes an angle & (0° < @ <90°) with the  x-axis, As the *
mofunaummmmm.ﬂ,%mw AB'is positive for
0°< @ < 90°. e v . _

In the figuire 2, fine' LN makes an anglé 8 (90° < < 180%) with the positive X-axis. As the
value of tan £ is negative in second quadrant, therefore gradient of line LM is negative for
90° < § < 180°.
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Figure 1 shows two parallel lines /; and /; making angle a with positive x-axis.
If gradients of /, and /; are m; and m; respectively then:
m =my
Figure 2 shows two perpendicular lines p; and p; making angles a and f with positive x-axis
respectively. If gradients of p; and p; are m; and m; respectively then:

Example 2:
Find gradients of lines joining: (i) A(1,4),B(3,6) (i) C(-3,5),D(0,3)
Solution:
1 H —Mmﬁ__: =
(1) 'Eirmil1:«:d‘.;*'mli—xz__m:,L i 1
i 1 = L! — Y1 = it ] _—z-
(i)  Gradient of CD i gy -

Example 3:

Prove that lines AB and CD are parallel where A(3, 5), B(4, 6), C(7, 11), D(9, 13).

Solution:
¥=¥ b=b

GtadlmtﬂfAB=ﬂli="H e = ]
: Si13-a1 o3
Gradient of CD = m2= - - 1

As, m=m
Therefore, AB and CD are parallel lines.

Example 4:
Lines AB and CD with coordinates A(0, 3), B(2, 8), C(3, 10), D(8, k) are perpendicular. Find k.
Solution:

8-3 5

Gﬂdientnfhﬂ=m1='z—_—ﬂ .
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As, AB and CD are perpendicular,

Key Fact
Therefore, mixm=-—1
5 k=10
= — X =
2 5
S5k -50
= = -1
10
= S5k—-50 = =10 == 5k=-10+50
= 5k= 40 =3 k= 8

4.

bl Q- N

11,

12,
13.
14,

Find the gradient (slope) of line whose inclination is:

(i) 0° (i) 30° (iii) 60° (iv) 90°
(v) 120° (vi) 150° (vii) 170° (viii) 45.5°
Find inclination of the line whose slope is:

(i) 0 (ii) 0.577 (iii) —1.732 (iv) —0.364

Find gradient and inclination of lines joining:
() A(2,6),B(5,8) (i) C(-2,4),D(1,-3) (i) E(,-2), F(-2,-3)
If A(-2, 6) and B(7, -3), find the slope of line:
(i) parallel to AB. (ii) perpendicular to AB.
Find x if the slope of line passing through A(3, x), B(5, 8) is 4.
Find k if lines passing through A(k, 2), B(3, 5) and C(5, —1), D(8, 7) are parallel.
Find k if lines passing through P(-1, 2), Q(4, 7) and R(2, k), S(7, 10) are perpendicular.
Using slopes, prove that points X(0, —3), Y(4, 7) and Z(6, 12) are collinear.
Find value of y if points P(4, y), Q(5, 2) and R(6, 2y + 1) are collinear.
Prove by using slopes that points A(3, —1), B(-5, -5) and C(1, 3) are vertices of a right
angled triangle.
Using slope, prove that A(-2, 1), B(6, 3), C(10, 5) and D(2, 3) are vertices of
parallelogram.
P(x, ¥), Q(-2, 2), R(1, 4) and S(10, 1) are vertices of a parallelogram. Find P(x, y).
Three vertices of a thombus are A(2, —1), B(3, 4) and C(-2, 3). Find fourth vertex.

If (5, 0), (0, 5) and (8, B) are vertices of a triangle, find:
(i) slopes of sides. (ii) slopes of medians. (iii) slopes of altitudes.
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remain at a constant distance b from x-axis.
Therefore, all points on the line satisfy the equation:

# X-aXis

1&- 30

e If b> 0, then the line is above the x-axis (line /).
e Ifb<0, then the line is below the x-axis (line m).
o Ifb=0, then the line becomes x-axis and equation of x-axis becomey=0., 1/ 1,1

ol 021
jolz seodw anil _--41'1.’;_m":: wlam baid
1‘;:— il + I
In the figure, alllhepomtamtlnlmcpamlleltoy—uu :
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remain at a constant distance a ﬁoq:l.?-aﬂl, N (SO L dqx,ut?]f_r',r:.h_.,m
Therefore, all points on the line satisfy the equation: .
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e Ifa>0, u:enthelineinunthn‘ljiﬁlif‘dﬂlie"?lhﬂr{iimﬂ 4k ot Islisrsg
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If a line AB intersects x-axis at (a, 0), then a is afgnsin balgn
[ w* i I. A.Ba Fart F O | 1" % F AyH (| & 1 Wiy {1101 (10
called . -of the line AB. .. - | ) (E )8 (1 & -"Bfﬁdl]- i .
If a line AB intersects y-axis at (0, b), then b is AR Bt L
called j; intergsivofthe lingiAB. .10 saoitiov o1 (1 002 bl (& . D (S .20 (v 29
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Derivations of Standard Forms u!' l-.uu;uium u!‘.‘-.’tr;li_'_giu Lines
(LEE-Y ' - -

W O "'."l.l' +

'L . |l|
munoT. ufmghmﬂ‘{huht-’vé:ﬂml}m s‘lope (gradient) m and y-intercept c

is:
: y=mx+tc
Let P(x, y) be any point on the straight line / with slope m and y-intercept ¢.
ymg;ptcmmﬂhﬂlinemﬁmtsymupmmh(ﬂ,c) m
As P(x, y) and A(0, c) lie on the line /, therefore slope of line Iy
is:
y—c
e Y et
= y—c=mx ]
= y=mx+c P(x,y), ¢
mmmmﬂf}luu‘ri{mmmwm il 2l ..\,'F 3 )i i ol
Ifc= ﬂﬂlmlhe]niey-mpum e - = » X-aXis
Saint Sl
Thuml Equahonofmvnhcal nmght lmepasumgﬂ:mughpomtﬂ{x],yl}
with slope m is: o]
1 M(I Il}
Proof: | (d ,0)H bne RS
Lﬂﬁx,y}bemypommﬁcmmnﬁmﬂuhpem i sail 1o wieols 1oty
and passing through point B(x;, y1).
Mﬂx,yﬁn‘ﬁ(:rg()hi(j‘thelmﬁ therefor slope m : . 3)
of the line is: e _
m:u SVEr 9w il ] 1161 901
X=x B (x1, 1),
=2  y=n=mx-x) '\.ﬂ
Which is equation of line / in point slope form. e o s

3. Two-Point Form
Theorem: Eqmmufmmm:qmwmmmgmghmwmnﬁ(x,,y,)md
B(xs, y2) is:

e "’{x n)m'y yz-h—‘{x n}
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Proof:

Let P(x, y) be any point on the straight line / passing e a"
through points A(xy, y1) and B(xa, y2). ¢ B o )
As A(xy, y1) and B(xs, y,) lie on the line /, therefor slope m ot
of the line is:

s Y3=¥y ,/ Px.)

Xaz— X4 ﬁ{xh_}r]}/

Now using point slope form of line, we have:
¥z=N / <E g
— — = $ X-AXIS
y—n B (x—x1) e o

Y—n X=Xy
or =
Ya—=¥Y1. XX

Which is equation of line / in two-point form.

4. Two-Intercept Form
Theorem: Equation of straight line having x-intercept a and y-intercept b is:
xi

—_ et = = 'l :
a b Y-axis
*

Proof:
Let P(x, y) be any point on the straight line / with \ ok
x-intercept a and y-intercept b. h\{ »b)
Obviously, A(a, 0) a.nd_ B(0, b) lie on the line /. \
Therefor slope m of line is: b P(x, )

b-0 A(a, 0)
= >
W o-a = _ \\ x-axis

Now using point slope form of line, we have:

b-0
u_a(.t—-ﬂ]

V=h %
= —ay+ab=>bx
= bx+tay=ab

% + % =1  (dividing both sides by ab)

Which is equation of line / in 2 intercept form.
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5. Symmetric Form .?-:Iiﬂ
If « is inclination of a line /, then slope of line is:
m = tana

¥y="
xX—Xq

= tana =

sing  y-»
cosa x-—Xx, \a

» X-AXIS

ol LSS At S o A
cosa sina
Which is symmetric form oi equation.
6. Normal Form
Theorem: If p is perpendicular from line / to the origin and « is the inclination of this
perpendicular then:

x cosa +y sin@ = p
Proof: o
Let the line / intersects x-axis and y-axis at points /
A and B respectively. Let P(x, y) be any point on the \B
line / and OC be perpendicular to line from origin, .
then OC =p -
From right angled triangle OCA: éﬁp NG

or OA=——

From right angled triangle OCB:
OC p

Cos (30°- a) =52 =08

P

bl R o M
sina = o0 or OB v

As, OA and OB are x-intercept and y-intercept of AB, therefore using two-intercept form,
we have:
LACIRNNE - (18 5" 2 upipenny

OA OB = DioR: Bsina

Which is normal form of equation of line /.
Example 4:
Find the equation of straight line with the following information:
(i) slope =35, y-intercept =13 (ii)  through (5, 0) with slope —3
(iii) through (2, 4) and (-1, —4) (iv) x- intercept = 6, y-intercept = —4

=] = xcosa+ysinax=p
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Solution:

(i) Slope=m=S5, y-intercept=¢=3

| " o aqolz madi \ anil 810 nonenilsn i |
Equation of line in slope intercept formis: y=mx+¢ DI
= y=5x+3orSx-p+3=0

i) GLy)=(,0,m=-3 | Ciy:

Equation of line in point slope form is: y — y; = m(x - x;)

Subshmung f'nr (:r;, }r,}an&m we have: : )

y=hm-3-5) » pR-ABE+1S o Ity-15=0 T T '
() () =(2,4), (x2,2)=(-1,-4) nosups [0 mol stosmorye 21 dad'W

Equation of line in two-point form is:
i it 21 v boe migino adt o1 \ eatl met wimarbirsmqiag & ot imeroad]

.y I)'-J"i i" -fl

V=¥ XX - e
Substituting the values, we have:
y=4 = x-2 ..J: A y—4 =-_1.:;.2- . oo
-4 =4 =1-2 | | L] 16 250E-Y 1 elosaralng \ o 1]
| | xlsvidoagen 8 hos 4

AR TRERE). _jr?'+u??g'f.t¥§,a.j ibnsqroaq od 20 bas \ anil

=8 -3y-4=0
(iv) x-intercept=a =6, y-intercept = b=~ 4
Equanpuof hm*mtnm-mtmueptsfunms

i i & BN e
I R - o 1
a b
Substituting the values, we have:
; + . :1 = 41'1‘6_}“**'&4 signelt balans idun motd
. ‘!._ J” )
or Zx—3y—12-=ﬂ 40 80
Example 5: —=Hd0 0 i T
Find the equation of straight line: =% =
Hi) | i

(i) ‘thfough (3, ~2) and perperidicular to the liné With stope 3.
(ii) having y-intercept = —7 and parallel to the line with slope 4.
(ii1)  through (=5, 1) and perpendicular to the linepassing through (0, 9) and (-2, ﬁ)

(iv) if length ofperpeudwuhrﬁmthsmgm’iﬁ%‘ﬁutfﬂlﬂhbd at 60°, 0

Solution: il 1o noieups 1o mmol lsmion 21 doid

(i) x»)=03,-2)
Slope of given line =3 TOHEATH uriiwollol adi divw sl tigiede 1o i
As, ﬂmm;mrqumupﬂmmlqﬂpﬂmglmlme,memfgm Wmfm@um;lmum:
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=_1
m i anil 11T ¥ DO 1 29l

E‘,quatmnufreqmmdlmem 5 TP AR 1
y+2= *;{1-3} {Pﬁiﬂt'ﬁlﬂl‘e fm}

= Jy+6=-x+3 = x+Iy+9=0

(ii) y-intercept=-7
Slope of given line = 4

I,I

As, the required line is paraliel fo fhe gwen ime, ‘tﬁmfut:, slopi? frbqum hue is:

m=4 |
. Equation of required line is: &
yw =y (slope intercept form) .

= 4x-y-7=0

NS 2Irnge=armaT 0o

(iii) (e, )= (=5, I}mdpemmdmummelmmmgthmugh{n Q)and{—z 6).

_ «_5_9_ .—,3....3
A DA et T QTP (AT TS e A 0
Slope of given line 57 e -

As, the required line is perpendicular to the given line, therefore, slope of required

line is:
2

M5k 4d + xn 90il 1o o

- Equation of required line is: £ 10 1nsiaitisod
¥ 1o 1nsisifisos
y=1=-2@+5) (point-slope form)
= y-3=—u-10 = +Iy+7=0
(iv] p=6 and 8 =60°

Equation of line in norma] fnnn m

o P § . = I roy
G St InSisne 1 HEDS 10 1ot i

xﬂoﬂﬁﬂn+}’3mﬁﬂﬂ’-'ﬁ“:. SITHY DEnnAlE 2UODNEY Ol {1 ) Mol

V3

1
=» xK—+yX—=ﬁ

MARLIDT 11) L 3 (i L 1881 B VLD T2 20W € Debd

saubsn 0k

2 Z st e ow (1) noilsups o

= x+ Y3y =12 or x +V3y-12=0
rl d il d

(seneral Form of u_ll'.lliﬂll ol St .Ii:'_lli Line

General form of a linear equation in o variables x and y is:
bae {(d ,2)0 (S .19 gooity ) &#@-fg-n

f

whma,bandcarer&alnumbersand a and b cannot be both zero.
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Theorem:
A linear equation ax + by + ¢ = 0, in two variables x and y represents a straight line. Here a, b, ¢

are constants, and a and b are not simultaneously zero.

Proof:
ax+by+e=0 (1)

Case 1: When a = 0 and b # 0 then equation (1) takes the form.
by+e=0 or =—§
which represents equation of line parallel to x-axis.

Case 2: When a # 0 and b = 0 then equation (1) takes the form.
axte=0 o x =—§
which represents equation of line parallel to y-axis.

Case 3: When a # 0 and b # 0 then equation (1) takes the form.

a-tel il ¢

by=—ax—c=0 or _}?-—L"I—E—{‘*;I]+(—;]
which represents slope-intercept form of equation of line with:

slope = —*:- and y-intercept = -E

Reduction of General Form of Equation of a Straight Line to Other Standard
Forms
We know that general form of equation of straight line in two variable is:
ax+by+ec=0 (1)
We can reduce equation (1) into various standard forms as follows:

1. Slope-Intercept Form
From equation (1) we can write.

a c a ¢
by=—ax—c=0 or y=—;x—;={—;x}+{—;}

which represents slope-intercept form of equation of line with:
slnpe=—§ and y-intercep =--E
2. Point-Slope Form

Slope of equation (1) is m = — -:-
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A point on equation (1) is (x1, y1) = (0, ~ 3 ).

. Equation of line in point-slope form becomes:
c

y-§=-3@-C§) o y-f=-7G+§)

3. Two-Point Form
Two points on equation (1) can be taken as (x1, y1) = (0, -E ) and (x2, y2) = (—ai. 0).

. Equation of line in two-point form is:

}'"E . 2 W,
U—E x ;—‘U o 'P_b v h{x 0)

4. Two-Intercept Form
From equation (1)

ax+by=—c or — +—=—=1 or

which is equation in two-intercept form with:

x-intercept =,.E and y-intercept = —%
. Symmetric Form

Slope of equation (1) is m = tan8 = -E

. S i
Sind = JEPory | S84 . CUML S ety
A point on equation (1) is (x1, y1) = (0, —: ).

. Equation of line in symmetric form is:
[

xX-x — x-=0 y+
balal o Y
Cos#@ Sing
;azd-lrz as+b

6. Normal Form

T

Equation in normal form is:
xcosf + ysinf = p (2)
From equation (1), we have:
ax+by=-c¢ (3)
Equations (2) and (3) are identical, therefore:
a b -C

— i e I m—

cosa sina p

-l p _ cosf  sinf _#cas=3+siniﬂ
- a b +VaZ+b?

—

++ aZ+b?

= p=

Unit-08  Geometry of Straight Lines
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b

Now, dividing both sides by +Va? + b7, we get (%= .0
+VaZ+b?  +VaZ+b? +VaZ+bZ? |
o e{caen) i) - R Mo
¥ +VaZ+b? y ;t;\l"ahh! iv‘a1+h§
Which is required normal form of equation of line.) ~+ /o000 o s (1 nonmips mo s

The sign of radical is choosen in this way that right hand side becomes positive. '

Example 6: . : B k..
Reduce the equation 6x — Sy + 15 = 0 into: : ' =3
(i) slope-intercept form (ii) two-intercept form (111) point-slope form

(iv) two-point form (v) normal form (vi) symmetric fqm

HoIaUES Mt |
Solution:

(1) 6x—5Sy+15=0 = Sy-&x+15 = y=Ex+3

R I

where m=§ and ¢=3
(i) 6x-5p+15=0 = 6x-5y=-I5
O
(-15) (—15) SN —151’ﬁ+15!5 > - ) nois

_.5!2 3 -mtmept—-— andy-mtm'cept 3
(iii) Apumlmthehnels(xl,y;} (0, 3). Alsoslopeofimem=m —_(:5) B

Equation of line can be written as y —3 = —{x—l]}

Wirve m sl 1o
(iv)  Two points on the line are (x, y1) = (0, 3}::1:!(&.}’2} (— D}

Equation of line passing through both points is:
y-3 x-0

0-3 'Tg-u

(v) Given equation can be written as 6x — 5y=—15

Or —6x+5y=15 (Makenghtmdepomtm:} el LT ,,
Dmdmgbmhmdesof 6x+5y=15 byJ(Ta)=+5=—ﬁﬁ + ’z_ w'*s_

|||J_I iR (£ 1 15)

1"_ v'_y Ve ( y(\;—) _.
Wh:chwnurmalfmmufequm iztBozool  @nl:

(vi) Glmequauun:sﬁx Sy+15=0." \ _
m= tanﬂ-— which implies smﬂ=‘i,_ mdmﬂm% - I.”_r_'____r
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4 ¥

7
8.
9.

A point on the line is (x1, 1) = (0, 3). -
Thus equation in symmetric form is: %

x-0 y-3

Fmdthneqtuhbﬁﬂfhorhontaumeplmgﬂmugh. _

@3 ) @O | () 59" {w] (2 %)
l 121 O

Fmdthnoquaumufwmwlhn:puamgthmush'

@ (i 5 (i) (5,6 ; (iiiy (-4, -T}'I | U‘” G :)

' Find aquanm of the line mmtuefunowmg information:

- (1) slope=2, y-intercept =-3 (ii) — through (-5, T}mmslupea,

" (iil) through (4, -5) with slope 0 (iv) through (-2, mmmmw
(v) through (-6, 1).and (2,4) | (V) through (2, -4 and (8,4) . .
(vii) x-intercept = 6, y-intercept = 5 (viii) slope=-1, x-ifitereept = 11

iFmdeqmtionut‘ﬁmmwﬁmwhm i = U gt bas o= 0 nel 2A

M "t =14, i)“é‘i&ﬂﬁ” ‘m’} (1) = (6, -ﬁ}m¢d =3 - o

14 ol sregam =61 bnil

Iéf :iglm . SA i
gh (-4, —4) anc parullﬂi B R vihope s, e
(i1) through (5, —l}andperpendbmlﬂ'toﬂwlmﬁmthm‘i bis | = 1\ 'To sqold

(iii) having y-intercept = 4 and parallel to the line with :‘Pﬁ'z"’ (AT J-.-I;:-r-.; 6t ad © 1
(iv) ham:z-mmpt=—2mdpeqmdwulartothﬂm:hmﬂuln;;: :

(v) through (-1, 4) and perpendicular to the line passing through (3, 0) and (1, -2)

(vi) mmawmmmmmmmmw 2) and (3, 6). ..
Find equation of the line through (3, 7) and parallel fo the line 4x ~ 3y +1=0. . 1.
Find equation of the line through (-2, —ummpmaiummuhmx 2y=Q . .
Find equation of perpendicular bisector of line segment joining (0, ﬁ}msz *2)

{i}mpwindl-ﬂlﬁ +1 &= (ii) p=10 lndtmﬂ -’

10. Fmdeqmonofmndunsmda]hhﬂunfmmglewuhvm

A(©, 4), B4, 6) and C(-2,-2). 0
Rachnethn (a) ﬁr+By—ll==ﬂl (b} 41 3y+? ﬂ mto

(i) llopo'-u;tgrgq;fmm {u'.i two-mtauptform ; {m] pumt-:lnpefnrm
(iv) two-point form (v) mnormal form 0! (1) rsymmetric form 00/
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1 b N \ 3 . v 2
"l.[l'_]_!l. Between Two ( :-lri__|j|,t| |||'|‘_-1\,L.,_1|“-_|L l.ines

lheorem:

Let I, and I; be two non-vertical non-perpendicular coplanar lines making angles @ and § with
positive x-axis respectively as shown in figure. y-axis
4

If m; and m; are the slopes of I, and /; L*
respectively, then the angle 8 from /, to /; is N l
'y 1
4 \\ H -f.___.'f
o e
F L ] _,e"{-ﬁ"‘\_‘
Proof: In AABC, B and 6 are two interior G A T
sl
angles and a is non adjacent exterior angle. =
44
a = p+8

= 8 = a-8
=  tand = tan(a-p)

- tana — tan §
1+ tanatanp

Astan @ =m; and tan B = m, ,

m; —m
1+mym,

= tan &

Example 7:

Find the measure of angle from /; to /;
if: slope of /; =— 1 and slope of 1, =2
Solution:

slopeoff;=m;=— 1 andalopenﬂz-m;=2
If @ be the angle from /; to /; then:

—-ilig =My - Rfsgy T
o 1+m3m1*1+2(—1}__3

6=tan"' (- 3)=108.43°

Example 8:
Find the interior angles of triangle whose vertices are A(-2, 0), B(3, 0) and C(6, 5).
Solution:
Let the slopes of sides AB, BC and AC be denoted by m,, m; and m; respectively.
'. mn—-—_ﬂ—ﬂ mz=i.£=£. m;=ﬂ=5
3+2 6-3 3 6+2 B

Let @, § and y be interior angles of AABC at vertex A, B and C respectively, then:
Angle is measured from AB to AC.

National Beok Foundation

Unit-08  Geometry of Straight Lines




I ——

e e e e e

s, i e ——

s 0
Mg=—1M, i
tana = - =
1+mamy;  14(=)(0)

= a =tan™ (%) =32° A2, 0) Siope =

5
my-ma _ O=s 5

1+mam;  14(0)() S0
= p=tan! (- )= 121°

tan § =

£ 5 25 25
My—Mjy 3 B Ery
tan = = = = —

9
=Sy=tan" (-7)=27°

Point of Intersection of Two Straiecht Lines

Let /, and /; be two non-parallel straight lines such that:
h:ax+by+c=0 and hiax+by+ec=0

where a;b: — azb; # 0 otherwise [ | /5.

Let P(x), 1) be the point of intersection of /, and /;, then:

ayx) +bp +¢=0 (1
ay + by +e2=0 (2) b'><.c!
Solving (1) and (2) simultaneously, we get:

by €2
T
bycz=bycy @zci—asc; A by-azby
byca—bycy a;C,—a41C;
= =22 21 and , =212
¥ T aib,-azb, '~ @ by-azb,

=
ov®

m; B(3,0)

A rough ske

e e e

Ti fDI'ﬂ, (hﬂg—biﬂl - ﬂz#l—ElCz)is . Ipﬂiﬂtﬁf' )

ajbz—a,by ' ayby—ayby

Example 9:

Find point of intersection of following lines.
x+2y=3 (i)
x-y=2 (ii)

Solution:

Multiplying equation (ii) by 2 we get:
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6x -2y - .4 . (1i1)
Adding (i) and (iii), we have:

Tx=T7 or x=1}

Substituting x = 1, in equation (i), we get: 32 ¥
1+2y=3 = 29<2 ‘or y="1"" _ U il ;
. Required point of intersection is (1, 1). Ko

ation of Family of Lines

Let Iy aﬂd&beiﬂa hon-pinllﬂl‘*mm@tlmes

fyt In,am-!-ﬁw'!'cnﬂﬂ e (1)
hiax+by+c=0""" (ii)
el

with point of intersection P{II'yI}-P(%_::'—-_:iL - :lz_;;:::ﬂz whmmh—l;ablaf:ﬁ. .ﬁ

We can find a family of lines through the point of inte
For a non-zero k, the equation:

g1z lollgmeg-non ow? od o\ ba 15, ]
a|x+b5_p+c|+k(a2x+b,y+cz} D Eiii} | s !_Ir__.___” ’
lsalsulmﬁarnndrepmamtsammhtlme " i 1.;; - |.'f. o e s
Equation {m) repmsmts infinite number of!mes fur dlﬁ‘erent values of k ami tl:mfor: lt is
known as./arm| o 7 - o |
It can be easily proved that if (x;, y;) is poml of i mters?ctmﬂ of (i) an It(ﬁlj mcpa[uauqn{ug also
passes through (x}, y1). " ' |
Thus equation (iii) is the required family of lines pmmgﬁ:rough pumt—uf nmrsmof
equations (i) and (ii). As mentioned abuvethatqqmon (m)represcnumﬁmta nmnber oflmes
by changing values of k. For particular value of k; apurm:ularhneuf fa:ml;.r from (jii) can be
determined by lmposing B BBRIN By boviupon of (52 | HTRT)  nctonat -
Example 10: ; i >
Mm&mmwmmtnfmmumoflm x+2y ﬂx-—y 3
(a) pasamgﬂlmughpﬂmt(l 1) B parallelto % - 4y + 7 = n Lk

..... g1 owl o nopulos .

'Soluﬁﬂn raikn hidy
fitf .";-’j:.p‘.iyirnrrrnrr owT e (i)
1nioq 000 (lou bes o b
e 2onk ‘r,ﬂﬂf&ﬁtunlmllf « (1)

A family of lines ﬂ'n‘nuﬁfl lﬁg pnmt of intersection of lines (1} md (n) is:

Unit-08  Geometry of Straight Lines




(a)

(b)
|
|
|
i
.
‘.
| -
1 2
|
E

=

=

x+2y+kix-y-3)=0
(1+kx+(2-k)y-3k=0
As equation (iii) passes through (1, 1), therefore:
(1+k)}1)+(2-k)1)-3k=0
1+k+2-k-3k=0 =

(1+1)x+(2-1)y-3x]
Slope of line (iii) is:
mi = - (ﬂ
2=k
3x-4y+7=0

Slope of line (iv) is:

() =
L ol Bty
-4/ 4

(iii)

3-3k=0 = k=1
Substituting the value of k in equation (iii), we get the required line as follows:
=0 = 2+y-3=0

(iv)

It is given that lines (iii) and (iv) are parallel, therefore:

(1+k _g

=-1-k
—2+k

3
—_——
4

H-1-k)=3(=2+k) = —4-4k =—6+3k

2
Tk=2 or k-;

Substituting the value of kinx + 2y + k(x—y-3)=0.

Which is required line.

Find the measure of angle from /; to ; if:
slope of /; =— 0.5 and slope of ; = 4.5

(1)

x+2y+§(x—y—3}=ﬂ = Tx+14y+2x—2y-6=0

= Wx+12y-6=0

slope of /; = 0 and slope of /; = 1

(ii)

(iii) slope of I; = tan45” and slope of /; = tan135°
Find the measure of angle from /; to /; if:

(1)
(ii)
(i)
(iv)

[,: joining (2, 0) and (5, 0)

l): joining (-2, 1) and (3, 4)
ly: joining (-5, — 4) and (5, 1)
[y: joining (2, —6) and (5, -9)

Unit-08  Geometry of Straight Lines

l;: joining (2, 0) and (5, 5)

I;: joining (-1, 3) and (4, 8)

l;: joining (-3, 2) and (0, 5)

l;: joining (5, -5) and (-10, -5)
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10.

11.

(v)  I: joining (0, -3) and (7, ~9) I: joining (2, -2) and (-8, —12)

Find the interior angles of triangle ABC when:

()  Slopeof AB=0, Slope of BC =—1, Slope of AC=1
(i)  Slope of AB = 0.25, Slope of BC = 1.25,  Slope of AC =1
(iii)  Slope of AB = 0.4, Slope of BC=—1.5,  Slope of AC = 1.667
(iv)  Slope of AB= -1, Slope of BC = 0.8, Slope of AC= 0
Find angle between lines:

(i) 3x+2+5=0 and 2x-3y+8=0

(i) x+29-6=0 and 2x-4y+9=0

(iii) 6x-y+1=0 and x-Ty+12=0

Find the interior angles of triangle XYZ whose vertices are:

()  X(-2,3),Y(-3,-4),Z(5,2 (i) X(3,2),Y(0,-1),2(3,3)

(1) X(=2,0), Y(1,-4), Z(6, 6) (iv) X(-4,1), Y(0,-3), Z(4,3)
Find the point of intersection of lines:

(i) 2x+y+1=0 and x-y-4=0

(i) x+y+3=0 and 2x-5y+8=0

(iif) 2x+35y+3=0 and 3x-4y-5=0

Find equation of line passing through point of intersection of lines
Ix+2y+1=0,x-2y+3=0and

(8) passing through point (-1, 0). (b) parallel to 3x— 4y +3 =0.
Find the equation of family of lines passing through point of intersection of
6x+5¢+3 =0 and 2x-S5y+ 13 =0 with slope 3,

Find equation of line passing through point of intersection of lines
2x-5y+4=0,6x—4y+5=0and

(a) parallel to x-axis. (b) parallel to y-axis.

Find equation of line passing through point of intersection of lines S
2x-y+2=0,x-2y+1=0and

(a) paralleltox—2y+11=0 (b) perpendicularto2x+5y+2=0.
Find equation of line passing through point of intersection of lines
x—2y+4 =0,3x—y-3=0and

(a) parallel to line passing through (2, -3) and (0, 4).

(b) perpendicular to line passing through (2, -3) and (0, 4).

v
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Real World Py

Example 11: In the linear equation y = 1.12x + 8 if “x” represents the number of kilometers
and “y" represents the cost of the bus fare.
(i)  What will be the cost of bus fare after travelling 50 km?
(i)  Asif paid a bus fare of Rs. 480 in a journey. Find number of kilometers travelled by him?
Solution:
Given: y=1.
(i) Substituting x = 50 in equation (i), we have:
y=112x50+8=064
». Cost of bus fare = Rs.64
(ii) Substituting y = 480 in equation (i), we have:
480=1.12x+8 = 1.12x=480-8=472
x=472+1.12=421.43
. Numbers of kilometers = 421.43
Example 12:
Saadia buys mangoes @ Rs. 150 per kilogram and melon @ Rs. 80 per kilogram. She has Rs. 620
to spend on fruit. Write an equation in standard form that describes the situation. If she buys 2
kilograms of mangoes, how many kilograms of melon can she buy?

Solution:

Suppose x denotes number of kilograms of mangoes and y denotes number of kilograms of

melon.
The equation that describes this situation is:

150 x + B0 v = 620 (i)
As she buys 2 kilograms of oranges, substituting x = 2 into the equation (i) we get:

150(2) + 80 y =620 or 300+ 80 y=620

= 80y=620-300=320 = y=320+80=4

. Saadia can buy 4 kilograms of melon.
Example 13:
The pollution index in a large city increases in an approximately linear fashion from 8 am until
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3 pm in autumn season. On 24" November, the reading at 10:00 hours is around 80 parts per
million (ppm) and at 14:00 hours, the reading is 110 ppm.

(a) Write an equation for this situation.

(b) What does the gradient (slope) mean in terms of pollution?
(¢) What does the y-intercept mean in terms of pollution?

(d) What will be the pollution index at 12 pm?

Solution:
(a) Iftdenotes time and p denotes pollution index then:

(t1, p1) = (10, 80) and (tz, p2) = (14, 110)
Using equation of line in two-point form, we have:

=t _ PP
tz=t; pPz-;

Substituting the values, we have:

a0 e
=  30(t—10)=4(p—-80) = 30t—300=4p-320
= 30t—-4p+20=0 = 15t-2p+10=0 ...... (i)
Which is required equation.

(b) From (i), we have:
2p=15t+10 = p=75t+5 ...... (i1)

= m=75andc= 5
Here the gradient 7.5 means that pollution index is increasing (@ 7.5 ppm per hour.

(¢) y-intercept = ¢ = 5 means that pollution index at 00:00 hours (12am) is 5 ppm.
You can plot graph to understand in a better way.
(d) Substituting t = 12 in equation (ii), we get:
p=75x%x12+5 =95 ppm

‘1. Nasir sold ‘fruiters’ @ Rs.120 per dozen and ‘Shakri Malta’ @ Rs.150 per dozen and earned
Rs. 1200. Write an equation in standard form that describes the situation. If he sold 4 dozen
of “Shakri Malta’, how many dozens of ‘fruiters’ he sold?
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The linear equation y = 1450 x + 2000 describes the total cost for staying in a hotel

for one day, where Rs. 2000 is the rent of room for maximum 8 people and

Rs.1450 is the food cost per person.

(i) Find the cost paid to hotel if a group of 7 people stays for one day.

(i) How many people can stay in the hotel for Rs. 13,600 for one day?

If one company provides Rs. 5500 per week along with extra bonus of Rs. 700 and

the other offers Rs. 800 per day. Convert the data into linear equations and tell

which is better deal for two weeks?

A man earns Rs. 120 per hour. He has Rs. 500 in addition with him.

(1) Write a linear equation for the situation and tell how much will he get after 12 hours?
What does slope show in this situation?

(11)  What does y-intercept represent here?

Ali shifted in a rented house on first September. The electric meter of house was showing 44

units on that day. If the average electricity consumed is 18 units per day:

(i) Represent the situation through linear equation.

(ii)  How many units are consumed till 30 September?

(iii)  What will be the bill after one month @ Rs. 20 per unit?

(iv)  Afier how many days, the meter shows 404 units?

Alia hired a taxi with a fixed charge of Rs. 1500 plus Rs. 450 per 30 minutes.

(i) Represent the relation as a linear equation.

(ii) W];atwi]]betheoustuftaxifareaﬂerihuurs?

(iii)  What is the slope of equation in the case?

()  Derive the relation between Fahrenheit and Celsius scales in slope-intercept form.

(ii)  What does y-intercept and slope show in the equation?

(iii)  What is temperature in Fahrenheit when temperature in Celsius is 5°C?

A cricket team scores 96 runs in 16 overs and 180 runs in 30 overs.

(1) Write an equation of line for this situation.

(ii) What does the gradient mean in terms of scores?

(iii)  What does the y-intercept mean in terms of scores?

(iv)  What will be the predicted score after 45 overs?

(v) After how many overs, the predicted score will be 2407
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Abdullah rented a truck for one day. The truck company charged Rs. 5000 per day and some | |
additional money per kilometre. He drives 125 kilometres and paid Rs. 30,000,

(1) Write an equation in point-slope form that describes this situation.

(ii) Findmenmmmtperﬁlnmq&eﬂiemmkmmlmmpﬁnychmgmandmlmitmth
(1)  How much would it cost if Abdullah drove 180 km?

A ship starts travelling from Karachi with latitude of 25° N and longitude 67° E. If the ship |
travels in a straight line and reaches a destination with latitude of 32° N and longitude 54° E,
then derive the equation of line in point-slope form. If the ship moves to another location
with a latitude of 39° N, what is longitude of that location?

Length and width of a plot are in the ratio 2 : 1. |
(i) Write equation of line and find the length of plot if the width of plot is 30 feet.

(ii)  "What is slope in this case and what does it mean?
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VIISCELLANEOLS
EXERCISE S

Encircle the correct option in the following.

(@

™

(vi)

Shpcnftwoﬁmmﬂmdm.Wh&th.mglebetwombmhlinbs?

(a) 0° (b) 60° (c) 90° (d) 180°
One angle of right triangle ABC is determined by the line joining A(1, 2) and B(2, 3).
Find the third angle. |

(a) 30° (b) 45° (c) 60° (d) 80°
Slope of (—1, 6) and (1, y) is 3. What is y?

(a) 10 (b) 1 (c) -12 @ 12
The line 5x — ky — 3 = 0 passes through (1, 2). What is k?

(a) 1 ® -1 () —2 (d 2
The line 5x — 6 = 0 represents a line:

(a) parallel to x-axis (b) parallel to y-axis

(b) passing through origin (d) touching both axis

Line y = 0 represents: -

(a) X-axis (b) y-axis (c) aplane (d) apoint
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_(vi))  The line y = b, is above the x-axis, if

(@) b=0 (b) b<0 (€) b>0 (d) b0
(viii)  The line x = a, is left to the y-axis, if
(@) a=0 (b) a#0 (€) a=0 (d)a<0

(ix)  Slope of a line / is — 4. What is slope of a line perpendicular to /?
I 1

(a) 3 (b) =3 (c) 4 (d) -4
(x)  Whichof the following line has slope % ?

(8) 2x+3y=0 (b) 2x—3y=2 (€©) 3x-2y=1 (d) 3x+2y=3
(xi)  The line y = 5x — 3 is written in the form:

(a) point-slope (b) two-intercept  (c) slope-intercept (d) two-point
(xii)  x-intercept of the line x + y =5 is:

(a) 1 (b) —1 (¢) 5 (d) -5
(xiii) A line intersects both axis at (2, 0) and (0, 7) respectively. Its y-intercept is:
(a) -2 (b) 2 (¢) -7 (d) 7
(xiv)  Point of intersection of lines 9x — Ty=0and 8x— 11y =0, is:
(2) (0,0 () (0,7) (e) (9,0) (d) (7,9)

2. Prove that A(3, -10), B(1, 4) and C(2, -3) are collinear points.
3. x-intercept of a line is double of y-intercept. Find equation of line if it passes

through (2, 1).
4. Reduce 5x — 2y + 1= 0 into slope intercept form and two intercept form.
- (1) Reduce x — 3y = 3 into intercept form and find x- and y-intercepts.
(1) Find its slope and transform the equation into point slope form.
6. Normal form of an equation of line is x cos150° + y sinl150° = 10. Transform the

equation into slope-intercept form and find its slope and y-intercept.
7. (i) Find vertices of triangle ABC.

(i1) Calculate slopes of its sides.

(ii) Find interior angles of triangle.

=
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8 Two points P(4, —1) and Q(8, 3) lie on a line. Find: }
(i) coordinates of mid-point M of PQ. *'
3 (i1) slope of PM.

(i11) the equation of line parallel to PQ through (=2, 2).
(1v) the equation of line perpendicular to PQ through (-2, 2).
9. Two points A(2, —2) and B(4, 6) lic on a line. Find:
(1) length of AB. (it) slope of BA.
(111) values of @ and b when the line AB is ax + by — 10=0.
(iv) the equation of line parallel to AB passing through (0, 3).
10. Find equation of line passing through mid-point of (4, 4) and (8, 0) parallel to the line
having slope E

AV
11. Lines OC and AB are shown in the graph. Find WEEAE AT
(i) coordinates ofend pointsof 00 4
OC and AB. LS 1T Y A |
(ii) slopes of both lines. RS P @ ! |
(iii) equations of both lines. WMENWEG.IVATEEENN
(iv) coordinates of point of intersection HNGEANSAEED NS
* of both lines. —_—1 :
\ ¥ PP %
EENERNSENREEE

12, Locate two points on the coordinate plane that satisfy the equation x — 2y = 2. Find:
(i) the slope of segment / connecting two points.
(ii) slope of segment p perpendicular to /.
(iii) mid-point of the segment /.
(1v) equation of line passing through mid-point of segment / and slope of p.
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