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Differentiate between dependent and independent events.
'

Sratistics - A

SRR — .
E-..,-L';f'l = '_-'~?‘"-‘L.'!}-_1'.*g;.-.~ Fehniguoes

Cl_ounting rules help us to know about the number of all possible results of
an experiment without actually writing them. A few of the commonly used

gt T e counting rules to solve the probability problems are:
-"'""”_'TI_‘: Jants:will:be a8 fatn i L
iﬁ‘ - unit, the BEUETE T i + Factorial
T T o S i L B f first n |
e S -1«]—; \he notation 0 €APTESS the product of fi natural ! The product of first n natural numbers is called factorial and s denoted by
Know n! (n factoria , : the symbol n! (read n factorial). Thus
e damental pr’nnclPlesof counting andillustrate itusingtree chag'ram. =1
Descﬂhel:un a;:ung nfpe‘"‘"taﬂnn andinterpret the number of permutations of N=21=2
Explaintheme
kenratatime. B 1=32]=
S Efn : mbination and interpret the number of combinations 31=321=6
Explain the meaning "a:“ ot 41=4321=24
r *
of ndifferentobjectst | en O e s sample point, event, simple and 5!=54321=120
dom experiment, ! ;
I:::::::evems.?:\pusaib%e and sure events, complementary events, equally

likely events, exhaustive events, mutually exclusive events.

; d fud
Elaborate the term 'probability through classical definition, relative frequency

n!'=n(n-1) (n-2) ...3-2'1
definition. Axiomatic definition.

This can simply be written as
Recognize the formula for probability of occurrence ofaneventA n!=n (n-1) (n-2)!
Apply the formula and using Venn diagrams to find the probability in dimple’cazss =n (n-1)!
forthe occurrenceof an event. Remember that the quantity 0! = 1 arbitrari

1= itrarily d

Describe probability of non-occurrence of an event, odds for the occurrence - : el
oddsagainstthe occurrence for an event. * Rule of permutation
Recognize the law of probability of complementation. . ;

State the laws of probability under addition and apply them to solve real life
problems.

Define the conditional prababili

Ec.::mutlauons of size two will be AEIEB:H.-;E(;& ;I,:. ‘;Efeg;ﬁ;fn:;]? 311: kv
ey (s ct e A i by under f:mzt:iects, then total number of permutations of size r can be Ob[]c":}[lte:r IE): E:
?;Pml\rtht: laws nipmhabilttyundermultiplicauun tosolve real life problems: n
5 1:]:’“ hzl;nr:::illtle:fur real life problems involving counting techniques and {, - ¥

1 (n=r)!

® @
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; = up size), therefore
=3 ber of objects), =2 (810
Consider the above example, 1=3 (number o1 70 321 _3-2:1_g¢

the number of permutations is equal to P =m_ T 3

e ¥
How many different three digit nu
4,5,6,7,8.

mbers can be formed from the digits 3,

Here n="6, r =3, the number of permutations s given by
6! 6! 65431 (<4120

(6-3) 3! 3 TP

et S A,

ey el e

l- T s ar dered at a time in the formation of
When all of the given objects are considered at anUms in the form

; How y different permutations can be made from the letters of the
word “BOXER™

Here r = n = 5, therefore, total number of permutations= 5!=54-3-2-1=120

When all of the given objects are considered at a time in the formation of
groups and out of them ny are of one kind, nz are of second kind... n are of the K"
kind, then the total number of permutations is given by

( " ]:-—L,wheren|+nz+...+m=n
Matyeen, |l teen, ! .

How many different permutations can be made from the letters of the
word “STATISTICS™?

R e B N =S o A L

Statistics- Xl - ‘;‘.‘%—

Liﬁ?t -1 I’rubl.bliiﬁ'

ey e
Solution:

Here n = 10 (total number of letters), nj =

3 (number of S's), m =
(number of T's),

#3 = 2 (number of I's), na = 1 (number of A’s) and ns =
(number of C’s). Therefore, the required number of permutations is given by

I |
-

[ R J n!
Py gy gy mgang |oomyng gty Ing !

10 10! 10-9-8-7-6-5-3-2:1
33,211

T38RI 3213202000 M0

groups which can be made from a given number of objects by taking
together some or all of the objects at a time without regard the order of the
objects are called combinations. For example, if there are three objects A, B

and C then combinations of size two will be AB, AC, and BC. Generally if there

are “n” objects then the total number of combinations of size “7* is given by the

a !
formula C=—"

o (n=r)ir!

By formiila the number of combinations for above example is equal to

3

C= 3! =—__.*2-1=3
T (3-2)12t 1121
It can be deduced that:

(@)=(g)=1
O-C")
5 (?D=(n21)=“

= :) 3 ( )= (“‘r" 5

: In how many ways a committee of three men can be selected from seven
men?

@
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s . R IAAT ™ NI M OB B s snriimmme



-, W =i =l

Statistics - XI| o __‘I_,:.thbmi;

% " > N’i - B =
Unit -1: Probab

Statistics - XI)
: The sample space for rolling adieis S ={1,2,3,4, 5, 6).
The sample space for an ordinary deck of playing cards is

3 therefore, the total number of combinations is
T, r=3 .

Here n =
Ejz__z!——=M=35
3 (‘?-3}!3! 413-2-1

If the o i i results

If there are two mutually exclusive operations having lp: and n
i results.

ively, then the two operations combined have (m + i)

o .ﬁ'_l‘" ‘ '-_-i.

e

1=

"
x -

TR R T
¥ B mu '_“.I'-",.h 1 - ; :
e e.xperiem has m results and another independent experiment has n
an

results, then the compound experiment has exa{:ﬂy (mn) results.
12 Introductionto probability

~ PRS-

T . be sure about the - . . -
In everyday life, we face two situations either we Tﬂayh is no need of . 10 10 10 10 |
ent or not sure (uncertain). If sure, then there 1 Jack Jack Jack Jack 1(12 pi Ef
occurrence of an ev i hich is defined as “the (12 pictureor | ;
probability but if not sure, then probabiliy is used, WAES T 1 _ Queen  Queen | Queen  Quctasfsicanda) iy -*
numerical evaluation of occurrence of an event is _called pmbablhty’ : b King | i King e {
2 ; e blers” because its foundation sl S =i _
Originally, it was known as “science of gam : - : . oE: :
was laid l";il twny French mathematicians Pascal and Fermat in connection with (S Definition of_ outcome
ambling problems but nowadays probability theory has wider applications in ~ Eachresult of the sample space is called an outcome or sample point.
Ehmsl all areas of learning. It is a base for inferential statistics. - 1.2.3 E\fent 2 |
For leamning the probability technique, it is necessary to understand the The collection of favourable outcomes to a happening from the sample
following key terms. space is called an event or a subset of the sample space is called an event. It is ;
SRS ; ~denoted by E), E; Es...or A, B, C,... 2 £
The dictionary meaning of random is “unexpected” or “unpredictable”, ¢ Impossible event
chosen by chance rather than according to a plan. An event which has no favourable outcome is called an impossible or null
An experiment whose results cannot be predicted in advance is called event and is denoted by ¢. For example, A = observing “7" when a die is rolled
random experiment. For example; toss of a coin, roll of a die, etc. once. _5'-“313’ “A” is impossible event because the number 7 cannot happen when e
e an ordinary die is rolled once. :{_
The collection of all possible resuls of a random experiment s called Bty Sunple ‘event
sample space and is denoted by S. An event having exactly one sample point is called simple or elementary i
The sample space for tossing a coin is S = (H, T). event. For example, event A = (5} when a die is rolled, is a simple event.
8 @
\ 1
- S , : . ST A A=
e amma M RAE  pr =T _ NUT FOR SAiE
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An event which contains more than one outcome I calla;il ‘?2?:u£e
event. For example, event A = {4, 6} orevent A= (1,3, 5} etc. in rolling
are examples of compound event.

is called sure or
; : Its of the sample space 1s ¢
An event which contains all resu e .
certain event. For example, event A= (1,2, 3,4, 5, 6} when a die is wolled onee, s

a sure event.

An event, denoted by “ A " is said to be complementary to an event “A” in
a sample spact;.. if A consists of all those sample points which are not oc;nt;n;e]cl
in A. For example, if we roll a die, then § = {1, 2,3, 4, 5, 6}. Let A = (1, 3, 5),

then A = {2,4,6).
Remember that AUA =§.

Events are said to be equally likely if they have the same chance of
occurrence. For example, if we toss a fair coin, then head (H) and tail (T) have
same chance of occurrence. So head and tail are equally likely events.

If two events cannot occur simultaneously then they are called mutually
exclusive events. For example, if we toss a coin, H and T cannot occur together so
they are mutually exclusive events. Similarly, success and failure, male and
female births ete. are mutually exclusive events,

. Events are called exhaustive if (i) they are mutually exclusive events and
(ii) their union makes again the entire sample space,

If the occurrence of an event affects the
another event, they are called dependent events, w;
anexample of dependent even

probability of occurrence of
thout replacement sampling is

FORSALE 1

S e
- Statistics - XI| - -

Unit -1: Probabillty

If the occurrence of an event does not affect the probability of occurrence
of any other event, then they are said to be independent events. With replacement
sampling is an example of independent events, Similarly, results of two fair coins
Or examination results of students are independent of each other.

equally likely and mutually exclusive outcomes
and if “m" outcomes of them are favourable to the occurrence of an event “A”,

then the probability of the event A, denoted by P(A), is given by

o w
n

P(A)= nA) _m
n(s) n
Since events in practical life may not always be equally likely that is why this
definition has the shortcoming that it can only be applied to pattern experiments
like tossing of a coin, rolling of a die, drawing of a playing card. This definition
was given by Laplace. It is also called mathematical or priori definition of

over a very large number of trials, that is,
P(A)=lim 2

ﬂ—m"

ciplc that auy people accept as true, To avoid
compute probability, Russian mathematician
oms on the probability of an event given below:

different shortcoming  and
Kolmogorov imposed some axi

Axiom (I) 0=<P(E)< 1, where E is any event,

:_-. B -:'-'_Qm' h-thm$-rﬂn_ﬂ ¥ W P T




SLAUSLLES = AN

R .
Note that:
(i) If P(E) = 0, the event E is said to be null event.
(ii) If P(E) = 1, the event E is said to be sure event.
Axiom (I P(S)=1 :
Axiom (1)  If E; and E; are mutually exclusive events, then
P(E1UE2) = P(E) + P(E2)

1.2.5 Calculation of probability incase/of simple events
Example1s
~ Ifaconis tossed, what is the chance of a head?
| Solution: |

n(8)=2"=2'=2

S={HT)
Let A: head occurs

A= {H}

n(A)=1

It will be more suitable for interpretation to express the answer in percentage.

A fair coin is tossed twice. What is the probability that exactly one head
occurs?

S = (HH, HT, TH, TT}
Let A: exactly one head
A= {HT, TH)
n(A)=2

Statistics - Xl| Unit -1: ﬁ;ﬁﬁm
n(d) 2 1
P(A)= =—===0.5
) nis) 4 2 ¢
E:xnmple"l..':lr

Three fair coins are tossed once. Find the probability of
(i) exactly two tails  (ii) at least two tails  (iii) at most 2 heads.
Solution:
 nS)=2=2"=3 "
S = {HHH, HHT, HTH, HTT, THH, THT, TTH, TTT}
(i) Let A: exactly two tails
A= {HTT, THT, TTH}
n(A)=3

n(A) 3
=—===0.375
Bl n(§) 8

(ii) Let B: at least two tails
B = {HTT, THT, TTH, TTT}

n(®) =4
WD) 4 X
P(B)—H(S) 5 0.5

(iii)  Let C: at most 2 heads

C = (HHT, HTH, HTT, THH, THT, TTH, TTT)}
n(C)=7

| S

 Ifa die s rolled, what is the probability that the number appearing on top
is (i) anodd number (ii) an even number less than 5.
Souton:

" For die n(S) = 6"
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Here n(S)=6'=6
§=(1,2,3,4,5,6)
(i) Let A: an odd number
A=11,3,5]
n(A) =3

(ii) Let B: aneven number less than 5
B={24}
n(B)=2

Two dice are thrown once, what is the probability that (i) the total score is8
(i) score is at least 10 (iii) 5 occurs on the second die.

For two dice n(S) = 6" =62 =36
a1, @2, @ @4 @5 (1.6)
), @2 @3 @49 (@5) (2,6)
Gy, G2, 63, G4, 6GsS) @66
(1), (42, (43, (44, @45, (46
(5,1). {Slzjf (5;3}1 (514)r (SPS)J (516)
(61), (62, (63), (64), (65), (66)
(i)  Let A: the total score is 8
A={(2,6),(3,5),(4,4),(53),(62)
n(A)=5
pa)=248 5
n(S) 36
(i)  Let B: score is at least 10

B=1{(4,6),(5,5), (6,4, (5,6), 6,5), (6, 6)}

(@

s a1

= |

Statistics - XII 'L.Init-1: Probability

n(B)=6
P(B)‘.:nn—(ﬂ=£=—1-
n(S) 36 6

(iii)  Let C: 5 occurs on the second die
C=1{(1,5),(2,5),3,5),4,5),(5,5),(6,5))

n(C)=6
PC)="0_6 _1
n(§) 36 6

n(S)=C=fa 52 _52:511_
roT (52— s
(i) Let A: card is heart
13
n(A) = {I.‘= 13 (As there are 13 heart cards in an ordinary pack)
(4) 13 1
pray=20 Ce b
n(s) 52 4 L

(ii) Let B: card is red

26
n(B) :l%.‘ =26 (As there are 26 red cards in a pack)

p(B)="B) _26_1_.._
(B)=+ == =05=50%

9

A bag contains 12 identical balls of which 5 white ,4 red and 3 black

bal?s. Two balls are drawn. What is the probability that (i) both are red (ii) one
white ball and one black ball?

(12



" Solton:

The bag contains (SW-+4R+3B) = 12 balls
iz 12!

")=C=Tm2m

_121100!_

1012-1

(i)  Let A: 2 balls drawn are red

n(A) = é‘ =6,

_mA)_6 _1
PAI=TS) 66 T

(ii)  Let B: one white ball and one black ball

H 3
nB)=CxC =5x3=15

_nB)_15_35
( T ns) 66 22

Tl

A retailer wishes to buy two mobile sets from a shop having only 10 -
Samsung and 5 i-Phone mobiles sets. Find the probability that he will buy (i) two
Samsung sets (ii) at least one Samsung set (iii)-one Samsung and one i-Phone.

| Solution:
L |
WOl oty

There are (10 Samsung + 5 i-Phone) = 15 sets
n(§)=C =105
) Let A: 2 Samsung sets
n(A)=C =45,
Pay=2D_ 45

—_—

n(s) 105 43

@)

|7

O EAD. o A

Example 113

Statisties - Xl Unit -1: Probability
(ii) Let B: at least one Samsung set

B = ISamsung or 2 Samsung sets
= (1 Samsung and 1 i-Phone) or 2 Samsung sets

A(B) = {é?‘x(:;'}+:';'=(10><5)+45=50+45=95

n(§) 105

(iii) Let C: one Samsung and one i-Phone set
]
n(C)= € x € =10x5=50

) S

HC) n(S) 105

omplementation law of probability

Statement:

_If A is the complement of an event A in the sample space then
P(A) =1- P(A)
Proof:
As we see from the Venn diagram that event A and Kan: mutually
exclusive and exhaustive so AU A = S. Taking probability on both sides
P(AUA) = P(S)

P(A)+P(A)=1 (Using axiom II and I11) _
orP(A)=1-P(A), =

Five fair coins were tossed once. What is the probability that at least one
head occurs?

14|



nE)=2"=25=73)

Let A: at least one head. .

Tt will be tedious to list the sample space and pick out the favourable
results for at least one head. Altematively,

A : No head
_';.='mm'}
mAY=1,

Ay TR 1

Finally, we can obtain the vequired probability of A by using law of
‘complementation
I3

A)=1-PA)=1-—=—=097
PAY=1-BA)= - = =09

What is the probability that a randomly selected family of four children
‘will have at least one boy? .

n(S)=2*=16
Let E: at least one boy in the family
Then E =no boy i.e. all girls

E ={ggegl
S A BEE: |
e '

Statistics - XII Unit -1: Probability

Statement:

If A and B are two mutually exclusive events, then the probability that any
one of them happens is equal to the sum of individual probabilities of A and B. In
symbol, P(A or B) = P(AUB) = P(A) + P(B)

Proof:
Let n be the total number of sample points in the sample space. Let m, be
m,

the favourable cases to the occurrence of an event A, then P(A) =—L | Let m; be
n

the favourable cases to B, so P(B) = 5, Since A and B are mutually exclusive
n

; = n—
events, therefore, favourable cases to (A or B) are equal to mi+mz. | aB ]|

I

S=|
Hence P(A or B) = P(A U B) ="£_"’;=%+_"i =P(A)+P(B) = : )|
n n bk T

S

Example 1.15

A card is drawn from an ordinary deck of playing cards. What is the
pmbability that the card will be either a king or a jack?

Solution:

Let the event king be denoted by A and the event jack be denoted by B.
These are mutually exclusive events as both cannot occur at a time. Thus we use
addition law for mutually exclusive events i.e. P(A or B) = P(A) + P(B)

52
Now ﬂ(S)=(|:'=52
Let  A:card is king
v vl
nA)= C=4
Pa)=2A)_ 4
n(§) 52
Let B: card is a jack

4
nB)= C=4

=
Y
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n(B) _
P(B) = n(s) 52 1.3.2  Addition law of probability for not-mutunally exclusive events
« P(A or B) = P(A) + P(B) Statement:
4 ; 4 8 =_% If A and B are two not-mutually exclusive events, then the probability that
=§ 52 52 13 at least one of the two events A and B occurs is equal to the probability that A

occurs plus the probability that B occurs minus the probability that both events A
and B occur together. In symbol, P(A or B) =P(AUB) = P(A) + P(B) - PIAnB)
Proof:

From the Venn diagram we see that

AUB=[AUANB)}

A palr of fr dice is rolled once. Find the probability that the sum of the

upper dots is either 6 or 9.

Lk = . =5
Let A: Sum of dots is 6 and B: sum of dots is 9. The events are mutually =
exclusive because they cannot occur together. Hence we use addition rule for R s Sl O
mutually exclusive events i.e. P(A or B) = P(A) + P(B) = P(A)+ P(AN B) as A and (ANB) A - X
Now n(S)=62=36 are mutually exclusive...............cce......(i) RS _AnB " AnB
@y, (12, 13), (1,4), (1,5), (1,6) Again see the diagram, the set B is given by
{2111)! (2,2), (2413)! (2-4)r (2'-5}: (2:6) B= I:A. ~B)w (_A("l B)
. (3'1)' (31'2)1 (3,3), (3l4}l (S:S)l (3!6) T
R 41, (42, (43), @4, (45, (4,6) P(B)=PI(AnB)u (AnB)]
%3- Eg-g- Egg;- E'g' E:.g;. Ez,g = P(AnB) + P(ANB) (as (AnB) and (AnB) are mutually exclusive
yoy ot iy el 1) ¢ events)
=1(1,5),(2,4),(3,3),4,2), (5,1 -
nA) =5, . ) or P(ANB) = P(B) - P(AnB ), put in equation (i) we get,
Pay="A)_5 P(AUB) = P(A) + P(B) - P(ANB).
n(S) 36 '_Examplell‘? ";z
B={(3,6),4,5),(5, 4),(6,3)) A fair die is thrown once. What is the chance that either an even numb-er
n(B) =4, m' a number grt_:atgr than 3 will turn up?

PB)= B)_ 4

T Lcl A: an even number occur and B: a number greater than 3 occurs. The
events are not mutually exclusive because A may happen, B may happen or both
A and B happen. So we use addition law for not-mutually exclusive events:

P':AOTB) P(AUB}..,-._,{_“ ;9_4_1
36 36 36 4 P(A or B) = P(A) + P(B) - P(A~B )

—_—
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Now n(g)=6"=6'=6
§=(1,2,3,4,5,6]
Let  Araneven number occurs
A=12,4,6}
n(A) _3

= A= ——==
n(A)=3, P(A) 5 " 6

Let  B:numberis greatef than 3
B=1{4,5,6] "
w3

n(B)=3, P®B= S) 6

AnB=(4,0)

n(AnB) _ E

n(AnB)=2, P(ANB)= ) 6

3
Hence P(A or B)= E +
[l 118
" Ahsan appeared in the annual examination. The probability that he will
pass (i) Mathematics is 0.60 (ii) Statistics is 0.50 and (iii) both Mathematics and

Statistics is 0.30. What is the probability that Ahsan will pass either Mathematics
or Statistics?

| Solufion:

Let M: Ahsan will pass Mathematics S: Ahsan will pass Statistics

Here the events are not mutually exclusive as Ahsan may pass Mathematics OF
Statistics or both. So we use addition law for not-mutually exclusive events.
Given that P(M) = 0.60

P(8)=0.50
PM nS) =030
~ P(Mor 8)=P(M) + P(S) - PM N §)
=0,60+05-030=0380

" 1,3:3" Multiplication law:for independentevents

' Soluliun:

Statistics - Xl Unit -1z Probability

Statement:

If A and B are two independent events, then the probability of their
simultaneous happening is equal to the product of their separate probabilities.
Symbolically, P(A and B)=P(ANB)= P(A) P(B)

Proof:
Let “m” and “n” be the favourable and possible outcomes respectively for

nt
an event “A”, then P(A) e
Let M and N be the favourable and possible outcomes respectively for an event
liB!'l th P(B} M
, then =—.
N

Since A and B are independent events, therefore, mM, nN be the favourable and
possible outcomes respectively for event (A and B).Thus,

P(Aand B)y=P(ANB) = = P(A) P(B)

. Example 1.19

Suppose that a bag contains 10 balls of which 4 are red balls and 6 are
green balls. Find the probability of drawing two green balls in succession if the
ball that is drawn first is replaced.

23]
Let A: first ball drawn is green, B: second ball drawn is green, The events

are independent because the ball drawn first is replaced before the next draw, s0
probability of both green balls will remain the same.

The bag contains (4R + 6G) = 10 balls

P(A)=

sl

I

"ﬁ¢1-ﬂ°‘
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o

6 : . :
'P(B,I"' L= _1_6 Therefore mqmred pmbabl]lljf of both green bal]s is

=

-0

PAand B) = P(A) P(B)

Many times probability of an event is asked that is conditioned op some
available information. For example (i) what is the probability that 4 person
selected at random has diabetes given that he has a family history of diabetes, (jj)
What is the probability that 3 occurs on a die given that an odd number hag
occurred. The given information reduces the original sample space by excluding
Some outcomes as being impossible which before receiving the information were

- Zlpala W e Tt
The conditional probability of an event A given that another event B has
already occurred is denoted by P(A/B) and is defined as;

P(AnB)
P =—
(A/B) P(B) P(B)#0
I I e o
e .!..lt;!:'.?.. =
A coin js tossed

A twice, Fing the condig; e :
. result.gwen th_a!t e ity iy ditiona] Probability that two tails

ﬂ(s)=2"=22=4

S= (HH, Hr, TH, TT)

lclA:Ztai]appear
A=(TT)

Let B: at least one tail appegrg

fﬁtwl | P

135

& 0 PR
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B = {HT, TH, TT}
n(B)=3

ArB = (TT)
nAnB)=1

ANB) 1
P(AnB]:n—El-{—?}_l:E

' P(ANB) 1/4 1_4
" =—_.__,=_._=—)(——=
HRE) P(B) 3/4 473

1
3

h-‘[n:!fiplicatinn law for dependent events
Statement;

If A and B are two dependent events then the probability that both A and
B occur is equal to the probability that A occurs multiplied by the conditional
probability of B given that A has already occurred. Symbolically,

P(A and B) = P(A 1 B) = P(A) P(B/A)

Proof:
The conditional probability of B given that A has already occurred is

P(B/A) = M
P(A)
Multiplying both sides by P(A),we get
P(A) P(B/A) = P(B A A)
or P(A N B) = P(A) P(B/A) (+“P(AAB)= P(BnA)

" Example 1.21

Suppﬁse- that a bag contains 10 balls of which 3 are white balls and 7 are
green balls. If two balls are drawn at random one after another without
replacement, find the probability that both balls drawn are green.

22)
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“Solution: _P(AnB)_024
Eaanen B: second ball is green (iii) PAB)=—F—="=

ton p P(B) 40
¢ A: first ball is green, (8) _

he first ball drawn is not replaced, therefore, the events are dependent ang . (This statement also shows/that events A and B are independent).
Since the fi

=0.60 = P(A)

P 1ity for dependent events i.e. MR SRR (. e
50 we use multiplication law of probability [ 3.6 ¢ Oddsfor theocelrtence of a ‘\L{p;]
P(A and B) = P(A) P(B/A) = : B
The bag contains (3W +7C) = 10 balls The term “odds” refers to the ratio of two probabilities; the ratio of
; probability of success to the probability of failure. Any kind of probability can be
C l ; T}
P(A) = Tln":l_?d expressed as odds, defined as d = e ‘_p : where d = odds and p = Probability of
C

I £ ; i success. For example; in throwing a die the probability of 3 is one in six that is P
Since green ball drawn is not replaced, so new position of the bag is AW+6G) =9 : 6 116 1

| -
2 i =—t—=——=——=—. , odds fi
balls, s0 —6.1'he odds of gettinga 3 are d g TR T That is, odds for

&
C
P(BIA) = ";-=E 3 are 1 to 5,0dds are used by researchers in different fields.
? 9
7.6 42 7 Example 1,23
PR WD) Seve L RSN IS iﬁxE:E El TS_ A card is drawn from a deck of 52 cards. Find (i) the probability and
!M mH 4 (ii) the odds that the card drawn will be (a) a diamond? (b)a red card?
ik 3 ©)a king?
{P(A) =060, P(B) =040, P(A B) =0.24. (i) What is the relation between A
and B? Solution:

Also find (i) P (&) (i) P(A U B) (iv) P(A/B).

TR s
e TS

%%@Fﬂﬁﬂt o --_-I n(s) = E::' =52

()  Here P(A) P(B)

inde TR P(AnB). Multiplication law for , ¢ 13
% pendent events is satisfied. Thus, A and B are ind l:i PR @ p=4= 52
By complementation 1y ependent ¢ . ?
' P@E)=1-pa)=
(i) IW1-0802040 e o | ]3;‘;?251 & Eﬁi:%
PAVBI=PA)+ By pip 13 ;; pe
& =1} 113
=060+ 040 024 = 0% or

e
4

/9

e = LTy : - L N V. Y _ YT
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I
—Og-0r
Il
B8

b p
__p___26/52 _26/52_,
T1-p 1-26/52 26/52
4
C 4
© p=wm==
& 52
1
P
1-p

=it = i Frobabiliy

Statistics - XI1

Kerpoinfs

Remember that the quantity 0! = 1 arbitrarily defined and 1!=1

n!
[n - r:l Ir!
An experiment whose results cannot be predicted in advance is called
random experiment
The collection of all possible results of a random experiment is called
sample space
The collection of favourable outcomes to a happening from the sample
space is called an event.
If two events cannot occur together, then they are called mutually exclusive

= (ya

events.

If the occurrence of an event affects the probability of occurrence of
another event they are called dependent events.

If the occurrence of an event does not affect the probability of occurrence
of any other event, they are said to be independent events.

Al m

n(s) n

0< P(E) £1, where E is any event.

P{A)=

If A is the complement of an event A in the sample space then P{K]
=1—P(A)

P(A or B) = P(A) + P(B) if A and B are mutually exclusive events.

P(A or B) = P(A) + P(B) — P(ANB), if A and B are not- mutually
exclusive events,

P(A and B) = P(A n B) = P(A) P(B), if A and B are independent

_P(ANB)

A/B) =
P(A/B) P(B) ,If A and B are dependent.

iy

Unit -1: Probability
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11 Write T fortrueand Bor false statement
i. The range of probability is from zero to nne.* _
ii. An event which contains only one sample point is called comp-ount! event.
iii, Events which cannot occur at a time are called not mutually exclusive events.
iv. When a die is rolled four time, the number of sample points in the sample space
will be 1296. :
v. ‘Two events are mutually exclusive if they have no outcomes in common.
vi. A and B are mutually exclusive events if P(A and B) = P(A) P(B)
vil. When two events are independent, the occurrence of one event will not change
the probability of the second event,
viii. The probability of drawing a red card form pack of 52 cards is 2_3 :
3
ix. Probability of an event will never be negative,

x. The complementary events are always not-mutually exclusive evenls.
2 Fillin the’suitable word inthe blanks, [

(i) An event which cannot occur is known as event.

(i)  Totality of all possible outcomes of a random experiment is
called

(iii)  Anorderly arrangements of r distinct things out of n are called

(iv)

The limits of probability are from
i\r?:. ::m for probability was originllyfet i
- “B) can be expressed by the 2
(i) If two events A and B are disjoim,_——‘_q law of probability.
(viii)

the P(AL B) =
HEE-"\PIB}‘: P‘(ﬁ}P(B]. then events AaﬂdB e
(i)  If Ais the compliment of
() The probability olf m:“;:‘;he m""“lu‘_ of Ais equal to

Chpose the LOTTeet angywer,
(i) The probability of ap event A |j

£s between
(@) -1 and 4] ()~ andg
€)%101 (d) +1 apg 1

B s L R

Statistics - Xl

Unit -1: Probablity

(i)  Probability is expressed as

(a) ratio (b) proportion

(d) all of the above

(iii) : When two events cannot happen simultaneously in a single trial, the
events are said to be

(c) percentage

(a) dependent (b) equally likely

(c) mutually Exclusive (d) independent
(iv)  An event consisting of those elements, which are not in A is called
(a) primary event (b) derived event

7 (c) simple event (d) complementary event

If A is an event, the conditional probability of A given A is equal to
(a) zero (b) one

(c) oo (d) 0.8
If a coin is tossed three times, then the probability of getting at most one head is
equal to

(a) 3/8
(c) 1/2

(v)
(vi)

(b) 7/8
(d) 1/8
(vii) The probability of throwing an even sum with two fair dice is
(a) 1/4 (b) 1/16
(@1 (d)1/2

(viii)  The probability of six on a fair die is1/6. The probability of not six is
(a) 2/6 (b) 5/6

() 1/2 ) 6/6
(iX)  P(A)+P(A) isequal to

(a)0 (b) oo
(1

(d) 0.5
(x)

A fair die and a fair coin are thrown at a time. The number of combined
outcomes is

(1) 6

(b) 12
(©)2

(d)8
P
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tions and cO
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(iv) C ’1"')

Write short notes on facton

) P (ii) p (iil) C

Find the values of (i

14 1.21

1.5

and (if) combinations of 2 letters chosen from
ns

Find all possible (i) permulatm
{he four litters A, B, C,D.

1.6

¥ 1)
ns can be made of the letter of the word “TRIANGLE™?
How many permutatio i T and end with E?

e will begin W )
How many of m:s ' ponpl be sested on sofa if there are only three seats
In how many wa

ailable?
zaw many permutations can be formed from the letters of the words?

(i) MATHEMATICS (ii) MISSISSIPPIANS (iii) INTERMEDIATE
(iv) EXAMINATION (v) ABBOTTABAD

Out of 12 books in how many ways can a selection of 5 are made when one
specified book is always included.

111 Give in brief the concept of probability.
1.12  Explain the following terms.

17 1.22

1.23
18

1.24
1.9

1.25

1.10
1.26

(i) Random experiment (ii) sample space (iii) outcomes (iv) event (V) impossible
event (vi) sure event.

1.13  Differentiate between;

' 6]
(i)
(iii)

1.27

1.28

Mutually exclusive events and not mutually exclusive events.

Independent events and dependent events. 1.29
Probability and conditional probability,

114 Define equally likely events, compound events, and exhaustive events

115 Find the probability that an even number 4

rolled. Ppears when a perfect cubical die is

' 1.30
116 When a pair of fair dice is thrown, Find the

1.17 A fair coins tossed three times. Find probability that the sum of 8 appears:
: ; imes. Find the ili i

(i) exactly two head occurs (jii) o least 05:0::;1:: A

From a pack of 52 cards, two cards are =

that they are king?

From a deck of 52 cards yqy are dealt oe
* card will turn out to be (j) aclub?

1.18

G randomly. What is the probability
1.19

P one face drawn what s the chance that the

~
®)

P e _@&WEN@-‘;\.F OR#QAlIfEtE

Of 10 eggs in a refrigerator, 2 are bad. From these 4 eggs are chosen at random.
Find the probabilities that (i) all are good (ii) 2 are bad.

(a) State and prove addition law of probability for not mutually exclusive
events.

(b) Abid can solve 60% problems and Ali can solve 80% problems in a book. A

problem is chosen at random from this book. What is the probability that Abid or
Ali can solve?

A pair of fair dice is rolled. Find the probability of a sum of either 7 or 11.

State and prove multiplication laws of probability for independent and dependent
events.

Two coins are tossed at a time. What is the probability of getting a head on the
first coin and a tail on second coin?

From a well-shuffled deck of 52 playing cards, two cards are drawn randomly.

What is the probability that both are queens if the first card is (i) replaced, (ii) not
replaced.

(a) What is conditional probability?

(b) If two balanced dice are rolled. Find the conditional probability that sum of
dots will be 7, given that it is odd.

Suppose that A and B are independent events, with P(A) = 0.6 and P(B) = 0.2
Find (i) P(A and B) (ii) P(A/B) (iii) P(A or B).

A problem of statistics is given to 3 students A, B and C whose chances of

solving it arel/2, 1/3and 1/4respectively. What is the probability that the
problem will be solved?

In an interview 3 persons A, B and C attended. The chances of being selected for
that post is, for A=1/6, for B=1/5and for C=1/7.

(i) What is the probability of being selected all the three persons A, B and C.
(ii) What is the probability of being not selected A, B and C respectively.

Two coins are tossed. What are the probability and the odds that (a) exactly one
head occur? (b) Tail occurs on both coins?



Random Variables and Probability

R Lt

After meudiing

J Dne randon; variable and diﬂeiml'-ti
random variableswith real life examples.

i iable
= Describe prnbabilii]rdistlibutiun ofadiscrete randon-i \I:-alr a
= Find probablliqrdIst:lhuti_nnofadiscrete randnmvaf:a e
. Recognize probability mass function and its properties

« Describe and find the probability distribution of a.functjorl of discrete randoy
variable.

« Defineandfind the expectedvalue of adiscrete random variable.

* Findtheexpected value ofalinear function of adiscrete random variahle.. 1
Describe and verify properties of expected value of adiscrete random variable.
Applythe properties of expected value of adiscrete random variable.
Define variance and standard deviation of a discrete random variable

Find mean, variance and standard deviation of adiscrete random variable.

discrete randomvariable.

ofadiscreterandomvariable,

Define probability distribution and
continuousrandomvarjable,

properties of variance and standard deviation 1

probability density function of a

Vs Define and expected value,
L
: :

=
variance g uous
R dors Garlabl and standard deviation of a contin o

0 -

1 - |
Define and find variance and standard deviation of a linear function of 2

Describe, verify and apply the |

C

which shall ‘be studied in the coming
units, are very easy methods for calculation of probabilities in respective

situations but they need quantification of the outcomes of a random
experiment. For this purpose, sample space of a random experiment is
expressed in numerical form according to a characteristic of interest. This
numerical presentation of the sample space is termed as random variable

e L e

@ Discrete random variable
A variable which takes jumping values or isolated

values is called
discrete random variable. For example, number of rotten tomatoes

in a crate, number of children per house in a street etc. Its
probability distribution is called discrete probability distribution.

(@) Continuous random variable
A variable which takes any value between two limits, [a, b], a<b,

is called continuous random variable. For example, life of a mobile set,

speed of a car etc. It is written as @ < X < b. Its probability distribution is
called continuous probability distribution.

ution ofiadiscrete random Variablesy

If all possible values of a random variable along with their
respective  probabilities are shown in tabular form and sum of

probabilities is equal to one, then it is called probability distribution. For
example, discrete probability distribution of X is presented as

- @
it wNOEEOQR:S AYE
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- S e naTEE Yarables and Probability Distributions
X J:) 1 ]_':, S mﬁfﬂ -_4
- - Pl:x]} ..-_..:.---!. e e
J g - plx2) A fair die is rolled once. Find the probability distribution for up
. . turned faces,
i i Solution:
o S pow) ret g AN
o I | Whenadieisml]edwemaygetIor20r30r4or5m6mch
. Total EIP(-\E)—
—

with same probability 1/6 of its occurrence because the die is fair. It can
: be shown in tabular form, called probability distribution as follows:

I : X 1 2 3 4 5.AERG Total
Three children were bom in a govemment hospital on Sunday. T T T T wey S
. e s i L T 1
Find the probability distribution for the number of girls. p(x) - 5 z ¢ P 5

Here n(§)=2"=2=8
S = (BBB, BBG, BGB, BGG, GBB, GBG, GGB, GGG}

obability mass function

If probability distribution of a random variable X is expressed in a

mathematical form or formula, then it is called probability mass function
X: the number of girls or probability function. It is denoted by p(x;) and is presented as:
={0,1,1,2,1,2,2,3) pP(X=x), i=1,2 ..n
i p(x)= 0 i i

Probability distribution for X otherwise
e ey
Ei Xk () e eS| Remember that the objective of probability distribution and

_- ,.:_'-,..: k ,,ll‘ o ] -

probability function is same. Some writers make no distinction and they
use probability distribution and probability function interchangeably.

2.2.2 ‘Properties of discrete probability distribution

A probability distribution and probability mass function pl(x)

must satisfy the following two properties:

@  0<px)=<1

[=fos i o0 1us oo (L3 ool

P () 3plx)=1
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First property means that answer of Pf"babiw mioét be- whly e B

D 5 1 (Lachva) Sakil moot d property means that the sum of probabilitieg
; al to one.
for all possible values of a random variable mUst be eq

P—
o v

A discrete random variable has the probability function
3
] =0,1,2,3
C __1 fgr x= U'. 3 &y
p(x)=1+ [2 _
. 0 otherwise

i) Compute probabilities for all values of X .
ii) Check that this is a probability mass funétion.
1ii) Find the probability distribution of X.

Solution: |

3
3
i) Given p(x) =C[%] ,x=0,1,2,3

Putting values of x, we get

STATISTICS = Al AL =s: Rafdom Yariables and Frobability Listributions

ii)

All probabilities-are lying between 0 and 1, and

}3:p(x.-}=p{D)+p(1)+p(2)+p(3)=l+§+§+l=l
=0 3 888

Since both properties are satisfied, therefore, the given formula is

a probability mass function or probability function.

iii)  The probability distribution of X
X 0 1 2 3 Total
1 3 3 1
- = = = 1
S0 G T
Example 2.4

Suppose a discrete probability distribution of random variable X

is given in the following table:

X -1 0 1

pix) 3¢ 3c . 6c

Find (i) the value of ¢ (ii) P(X =0) (iii) P(X <0) (iv) P(X=-1)

Solution:

(1)

As i plx)=1

x==]
or p(-1)+p(0)+p(l)=1
3c+3c+6e=1

12¢=1 =>|:'.‘=l

12

36)
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, : bability distribution, we
Putting the value of ¢ in the me. — . _“8&t

=

3
i) Wesee that PX=0)= =

3
(i) PX<0)=PX=-D=7

) PX2-1)=PX=-1)+PE=0)+PX=1)

= E+E E=E"

Find the value of k so that the function can serve as a probability
function of the random variable ¥

p{r)={’g oA =L:;:;::} Alsofind (i) P(Y=5) (ii) P(Y>?3)

As we know that

T p(y)=1
yal

5

Yhky=1
¥l
’f‘;lly=1

‘:[l+2+3+4+5]=1

Ny

Statistics - XII © Unit

-2:Random Varlables and Prabability Distributions

k(15)=1 = g=L
15

Put value of k in the given function we get

1
VT 3 = '2, 3,
p(y)=|15y yet 4“5}

0 otherwise

(i) Putting ¥ =5 in the formula, we have P(¥ =5) = -

i 4 5 9
=PY=4 =5)= —4—=_
(ii) PY=>3)=P( J+P(¥=35) 15+15 =

for the sum of dots. (ii) Using the probability distribution, compute the
probabilities of (a) sum of dots is equal to 7 (b) sum of dots is less than 6

(c) sum of dots is greater than or equal to 2 but less than 5 (d) sum of dots
is 5 or 10.

i) nS=6"=6"=36
The sample space for the experiment is:

a1, @2, @3, @9 @S (1)
21, (22, (23, @4 25 (28
s=1GD G2, @3, ¢G4 G5 G
T1@), 42, 43, 449, (@5, 48
(51), (52), (53), G4 (55, (56)
(61, (62), (63), (64, (65). (6:6)

Let X is a random variable denoting the sum of dots on the upper
faces of the two dice. Its probability distribution is:

—
DTN R
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i T uemmmem e 2 |
p®) |36 36 36 36 36 36 36 36 36 36 36 |1

This distribution can also be shown by the formula called probability
function as

36

Gll=al' sy o
p(x)=
0 otherwise

(ii)  Now using the probability distribution, we get:

6
PX=T=—
a) ( ) %

b)  PX<6)=P(X=5)+P(X=4)+PX=3)+P(X =2)

W S g {1
PR LR )
36 36 36+36 36.

©  PRSX<5)=P(X=2)+P(X=3)+ PX=4)

9 PX=Sor10)=P(X=5)+ p(x= 10),

Statistics - XII

If X is a random variable, then its functions like Xz.%. aX + b ete.

are also random variables and thus have probability distributions. In case
of two random variables, say X and Y, their functions like X + ¥, X — ¥,
aX+bVetc. are also random variables where a and b are any two non-zero
constants. The function of a random variable is usually denoted by H(X).

Example 2.7 .
If a discrete random variable X has the following probability
distribution.
X -2 2 1
1 1 1
I T
Find probability distribution for X7, 2X + 4.
| Solution:
The probability distribution of the random variable X* is
H(X) =X p(x)
4 !
3
4 L
2
1
1 6
Total 1

:
NOT FOR SALE
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The probability distribution of the random variable 2X + 4 s
H(X) =2X+4 p(x)

1

Y 3

1

: 2

6 L

6

Total 1

e

-
al

274, Mathematical expectation of a random variable:

Hope you have understood random variable and its Presentatiop
methods like probability distribution and probability function. Now e
want to study its properties like mean, variance and standard deviation

etc.

22.5. Definition’ of . mathematical _expectation

"ét::_teﬂ 2 yalue
, ieo.0f a tandom variable s ST

Mathematical expectation or expected value of a random variable
is defined as “the mean of a random variable over a very large number of

wails”. If X is a discrete random variable having the following probability
distribution

X | p®) [ Xpk)
X1 ) | x p(x)
2| ) | npa)
S O8N PN
Total 1 éxfp(xl)
e |
P

Ty

e e, e

i R
Unit y

Statistics - XI| e £
-2: Random Varlables and Prabability Dmﬁbmi-qm ,

. The ::xpfcted value of X is denoted by E(X) and its formula is
Igwen by E{XF:}'E X,p(x;), provided it exists.

Example28

A random variable X has the following probability distribution

X 0 1 2 3
px) 177 37 217 177
Find the mean or expected value of X, i.e. E(X).

_ Solution:
x | @ | xpw
0 i 0
= 3 3
142 27 4
N 177 3
| Total 1 1077

Mean=E(X)= ¥ 5 p(x) == =143
=)

PrORRa M T LI

A discrete random variable can have the values © = 3, x» = 8, and
x3 = 10 and the respective probabilities are 0.2, 0.7 and 0.1. Determine the
mean.

-

!

By definition E(X) = g‘ix" p(x)

= xip(x1) + xaplxa) + xpla)

o e o e A SN T

ST



=3(0.2) + 8(0.7) + 10(0.1)
EX) =06+56+1=172

226, Mathematical expectation ofafum:tm Crete random yariah o

If function of a random variable is denoted by H(X), then expecteq
value of the function is denoted by E[H(X)] and its formula is given by
E[H(X)] = ZH(x)p(x1).

e TR TS

A discrete random variable X has the probability distribution:

X =0 e o]l 3
- 1=l 1
px) 3 6
Find (i) E(X’) (i) E (2X+5)

Since X’ and (2X+5) are functions of the given random variable X,

therefore, we first find their probability distributions and then the means
as follows:

x| o [HO=C [Hoo2xs5 | X | xS |
T i R T 1

=Gl mma= 4 == =
2 T ; R 5702 */
el 1 7 %:u.n %:1.11_-
L i R 1 %=4,5 ,- '_21_55
(Towal | 1 - | 's 7

-vr Wi RAT A O ;'}.Lié

Statisties-XII 0. £
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Now E{H(X)} = ZH(x) p(x))

0 E(X)=2epx)=6
(ii) E{zx+5} = X(2x45) p(x) =7

. Example2ni |
The probability function of a discrete random variable ¥ is given by

p(y)= 3‘(%]’[’5}3' » ¥=0, l.za‘

0 otherwise

Fmd E{Y) and E (Y?).
Soluﬁun. LN AR _;':_j

By definition

3
EY)= Eﬁma(m
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athematical expectation - iy

m variable satisfies the following

7 Properties of m

¥ )
—

~ This property shows that expectation is changed by that constant
Al ot Lo Fleh = e ki which is added to, subtracted from, multiplied with or divided by the
a constant is the ! values of a variable i.e.

Expected  value of a rando
properties.
(i)  Expectation of

c is a constant. (i) EX4c]=EX)+c (i) EX-<]=EX) -c
Proof: o 1 '
By definition i) E@X) =c EQ) (iv) ;-{1) - EX)
c c
where X is a random variable and ¢ is any constant.

E(X) = Zx p(x)
X is taking only a constant value ¢ therefore

As the variable
E(c) = Ze p(x)

=cZp(x)
=c (1), as sum of pmbabilities =Zp(x)=1

Suppose that X is a simple discrete random variable, distributed
as follows:

=¢
) Ifa mdbaremoconstams,menE[aX+b]=aE(X)+b

Proof:
By definition
E(X) = Zx p(x)
Here we have a function of the random variable X i.e. a X +b, 0
7 E(aX +b) = Z(ax +b) p(x)
ﬁ =Zax p(x) + Zb p(x)
' =akx p(x) + bZp(x)
'. =aEX)+b (1)
i & =aEX)+b

Find () ECO (i) EGr+10) Giid) E(X - 10) Gv) E(10X) () s[f_ﬂ]

P

NN e R |, |
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(i) By definition E(X)=Zxp(x)=3

(i) By property EQX +10) = E(x) + 10=3+10= 13
(iii) E(X-10}=E(X)-l{)=3-1{l=—-‘.-'
(iv) E(10X) = 10EX) = 10(3) =30

A —E(—Pg—}s—s—:—-ﬂ.?:
i E(Tﬁj' 10 10

i 7 rati f.a random variable
2.2.8 Variance and standard deviationoba te

If X is a random variable, then its variance is denoted by Var(X) or
V(X) and its formula is given by

V(X) = EIX - E(0)
Or V(X) = E[X?*] - [E()] ¥
5.000 = V(X)
[Beample213

Consider the following discrete probability distribution:
X : 3 8 10

p) 02 07 01
Determine the mean, variance and standard deviation.

Mﬁn:E(X):E:F(I)._.TQ

e - Unit -2 Random yaiiguiss afe IR aunny Dl‘tﬂbum

<

Statistics - e ; o
istics - XII - nn-z:nnndm\rm-nmmmh-i'ﬁm"mn: fon

Variance =V(X) = E(X?) - [EQD] * = E2 p(x)- [12] 2=56.6-51.84= 476

and S.D(X) = V(X)=1/276 =2.181

2.2.9 'Properties of variance and standard deviation of a random variable

Following are some of the important properties,

(i) The variance and standard deviation of a constant is equal to zero
Le. Vic)=0and 5.D(¢) = 0, where ¢ is a constant,

Proof:
By definition V(X) = E[X - E(X)] *
As the variable X is taking only a constant value c, therefore
Vie) = Elc - E@))
=E[c-c]? vE(e)=c
=0
$D(e)= V0 =0

(i) Variance and S.D of a random variable are not changed by
adding/ subtracting a constant to/from the values of a random variable
ie.

V(X €)= V(X)
Proof:
By definition V(X) = E[X —E(X)] >
As (X + ¢) is a function of the random variable X, therefore,
V(X +c) = E[X +¢c - E(X +0)]1?
= E[X +c - E(X) - E(0)) *
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2w Ee)=c

— E[X +c - EX - c]
= E(X - E01°,
=V(X)
Similarly V(X =¢) = VI(X)
s DX +c)=SDX)

ltiplied or divided by 5
ndom variable are mu
If the values of a ma

= {hen its variance will change by the square of that constant i.e.
constant, i
V(cX) = ¢ VX)
V(X
V( b g VX) )
c c

By definition V(X) = EIX-E(X)] 2
As (cX) is function of the random variable X so,
V(cX) = ElcX - E(cX))?
= E[eX - cE(X)1?
= 2EX - E)’
=c* V(X)

V(X)

ci

Similarly v[ X J
S.DcX)=Icd S.D(X)
s.n[i‘ _5.D(X)

¢, lel

(i)  Variance and standard deviation can never be negative i.¢-
V(X)20and S.DX) 20

P Pl

Statistics - Xl

A random variable X has the probability distribution given below
X: 0 1 2 3
5. 5k

PR % 10 10 10
Find i) E(X), ii) V(X), i) V(X +5), iv) V(X - 3),
X
vi) s.n(?)
Soltion:
X p(x) Xp@x) |
0 3/10 0
1 4110 410
2 0 | 4m0 | 810
3 o ._3.'.10‘” 9/
~ Total "--'_‘=1‘-'"5"- '~!1r'-j{f_ﬁ_§ﬁ”

(@

(i)

(i)
(iv)
)

11
= =—-=1.1
E(X) = Zx p(x) 10 .

V(X) = EX?) - [EQOF = 22 p(@) - (1.1)?

=2y
10
=21-121=089

By property of variance V(X +5) = W(X)=0.89
VX -3)=V(X)= 0.89
V(3X) = 3*V(X) = 9(0.89) = 8.01

:

Unit-2: Rmdm\rm-muma thhmqu:ll;tﬂbu!l'm Gt

v) V(3X)
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Probability distribution of a continuous random variah]e

All possible values of a continuous random variable g,
probability cannot be presented in tabular form. This purpose
achieved by formula, called probability density function of the
random variable.

N2 with
18 Uﬂl}i
Conlinuum

2.3.1

Probability density function

If probability distribution of a continuous random variable g
expressed by a formula, then it is called probability density

: i . function (pd)
or simply density function and is denoted by f{x). :

2.3.2 Properties of probability density function

A pdf must satisfy the following important properties:
()  fn=20, a<x<h

@ ]feode=1

A continuous random

given by variable X has the probability - functi?
£ {cx, O<x<]
0, otherwise
1 Find value of the constant c
ii. that the functiop isapdf

. ® o

. (i) We know that sum of all probabilities is equal to one i.e,

{',,- flx)de=1

1
CI-J—?LI) =1

cG_--uJ= I

=1
> =c=2

Put the value of ¢ in the given function, we have

_J2x O<x<]
F& {0 otherwise }
(ii) a) fix) =0 for the given range
b) [f(dx=1
Taking LH.S

1 1
[fOode=[2xdx=2 [xdx=2 ﬁi:.r=i=1-o= =RH.S
x [1] (1] 20 (1]

Since both properties are satisfied, therefore, the given function is a p.d.f.

el AMSATHEMAR.CA L8



2 M
fxd 2%
1 iy =21x =& 1y2
® P x;.-]:!lf(x)dx—-llxdx : 2
% 2
sl
= er- 4 4 +

() P(x ]— 0. because in continuous case point probability is
c ==|= W

Expect:
random variable

If X is a continuous random variable, then expected value of X is

given by E(X) = | x fix) dx, provided that it exists.
Let X be a continuous random variable with pdf given by

X

= <x<
flayy: - UaREE,

0 otherwise

Find the mean, variance and standard deviation of X.

() By definition

Mean = E(X) = [ xf (x)dx

(ii) By definition
V(X) = E(X*) - [ECO)

9
: 3 41 f
REFR E oS X IR
v g G Bl 94 9
=2-1.78=0.22

Giiy  S.DE)=V022 =047

et

A random variable X has the density function given by

f{x}={(2—2x) 0<x<1

0 ' otherwise

Find (i) E(X) (ii) E(X*) (iii) E(2X)

(v) variance and standard deviation of X

(iv) E(2X-1)

+ = & & &!Imm »:ﬂﬂ-_gﬂl EE_
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1 1
@ Ee0=lxfde= [‘xu—zxm:lm-ﬁm

1 1 1
= 2xdx- azﬁdx:z{xd,-z | xdx
o

e P (e B

i 1 A 4
=21x’dx—2£fd:=2[§'ﬂ]—2(i ]
SRR
(i)  E(2X) = 2E(X), (By property)

=2(1/3) =213
@) E@X-1)=2E(X)-1=2(3)-1=-1/3
) Vuimm=vm=5(f}-[ﬂx}iz

Statistics - XII

2.4

Two independent random variables

This is an extension of the one random variable case. The problem
will be to recognize the old ideas behind the new names.

The distribution of two or more random variables is called joint
distribution. Specifically;
The distribution of one random variable is called univariate probability
distribution,
The distribution of two random variables is called bivariate probability
distribution.
The distribution of three random variables is called trivariate probability
distribution.
The distribution of many random variables
probability distribution.

is called multivariate

2.4.2 Bivariate probability distribution

If all possible values of two random variables along with their
joint probabilities are presented in tabular form then, it is called bivariate
probability ~distribution. Suppose X and Y are two discrete random
variables, where X has “m” values and Y has “n” values, then bivariate
probability distribution of X and Y is given by

T lf. e T :-.-.-:':u‘
X--. -.-, L t Pam aus
X -
i v
B
FONEE

T

“Unit -2: Random Variables and Probability Distribution==—
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Unit -2: Ra

p—— £ . can obtai
From the bivariate probability distribution W€ s
univariate probability distributions as:

i i bability
- . ags [ll] T]'IB m&l'g.l[lal pl'(]
i :Ts;[;fo':if ;‘3 o distribution of ¥

X p(x) Sabd PB)

x plx) ~on | PO
Com | e e | e
i g, (s 3¢ Bl L :

_ Xm ~ plam) e POn)

243 Bivariate probability function

If all possible values of two random variables with their
assoc:laled proha%u]mms are shown by a formula, then it is called bivariate
pruhz:hlhty function. It is denoted by p(x, ¥) (discrete case) and f(xi, ¥)
(mnnnuousus:];foral].nand}j, :

> ]
244 Independence of two random variables

of thei : ; variableg th
ir sum or difference wdenmgdbymtnm:?s c':l‘:“ﬂdm: expected value
ned as:

o I )

Statistics - XII Unit -2: Random Varlables and Probability Distributions
EX Y = XX £y pln (discrete random variables case)
[,

= [lta £ ) f (5 ¥) da dy (continuousrandom variables case)
xy

Expected value of their product is
E;(XY) = ZJZZ (i yy) plxi, ¥7) (for discrete case)

= [[Gay) f(xi,y) dady  (for continuous case)

.:2.4.'6' ‘Properties of mathematical expectation of two random variables

Let X and ¥ are two independent random variables and then they
jointly have the following properties:

(i) The expected value of the sum of two random variables is
equal to the sum of the expected values of the individual random
variables i.e.

E(X +Y) = E(X) + E(Y)
Proof:
By definition

E(X +Y) = Z!El (xi + i) plexi i)
= ggx.-pm ) + gié,l)yp{x:. ) )
Consider g %1‘; plx, )
= Exa,i_. Py

| ae——— B p e e pEm g, een SR B 0w Do
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(ii) The expected value of the fpr:!::l:t of two h:depe:ddemﬂrandt_!m
5 ; iables is equal to the product o ir individual expected values i.e.
= S [pG Y1)+ P y2) & oo+ P ya) varial
= . e E(X Y) = E(X) E()
=in[Plxﬂp(m+P(x=}P(ﬁ)+---""’(”:'p(y"]](asxmYm - Proof:
hi;:depcndmtl _ By definition
:'gxip(,t[} [plys) + pOa) + - +p0)] EXY )= ggmmpm o
- of probabilities is equal to one.) i
= Fpto) () AT | = 2.3 %3 PG PO) (as X and Y are independent)
e . = $xip(x) £y p03)
= E(X) @ il =
Again consider EEM(H-)?I
= g)’;% plxi 37)

wilpb 3) +p x2 3) + ... + Pl )]

T

© = Sylplcr) ) + P2 POY) # .- + PEmPY)]

=)
= S0 (p(e) Hp %) + .. + plan) _
Adding rows and columns to find p(x) and p(y) shown in the

= 2P0 (1) ‘ | S
= Ewpm}
=E(y) (3)

Put equation (2) and (3) in equation (1), we get E(X +Y) = B(x) +E(Y)

o o
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By definition
E(X) = Zx p(x) =2 % 0.
E(N)=Zypy) =1 4025 +3%0.50+5% 023
2025+150+125=3

40+4xn,m=[l.30+2.40=3.2

Now by property
E(X+Y]=E(X)+E(]’]=3.2+3=6.E
E(2X - 31) = EQ2X) - EG3Y)
=2E(X) - 3E(Y)
=2(32)-3(3)=64-9=-26

Since X and ¥ are independent, therefore,
EXY)=EX EN=(32)0)= 9.6

247 Variance of the sum or difference of two independent random

variahles

If X and Y are two independent random variables, then variance of
their sum is given by the formula:

V(X +Y) = EX +Y - E(X +1)] *
=E[X+Y - E(X) - (V)

=E[(X- EX)) + [Y-E(D))?
= E[(X- EQOY + (Y- E())2 + AX-EQ}Y - E())
= E[X- EX))* + EL¥-E(OI +2 E(X- B} (¥ - E(1))
= VIX) + V(Y) + 2 cov(X, 1)

When X and Yarei.ndepcndmﬂhencov(x, N=0
VX +1) = ViX) + v(), Similarly
VX -1 = V%) + yy)

Consider the following joint probability distribution of two

independent random variables X and Y.

P g gL |

S ey e
e e
g N [ TR B f'fm&vw

Find: V(X), ()W), VX +Y), (V)VX-Y)

AT T
[ESoletion s

(@

(i)

(i)
(iv)

ST B s s
X . Y I-‘. e et 2;- hu 3| ‘_': .'-;
T 313 'ZD*“"‘ 15 P
ST o s B P

V(X) = E(X)* - [EX))
E(X) = Zx p(x) = 0 (.40) + 1 (.60) = 0 + .60 = 0.60
E(X?) = Zx¢? p(x) = 07 (40) + 12 (.60) = 0 + .60 = 0.60
. V(X) = 0.60 — (0.60)* = 0.60 - 0.36 = 0.24
V(Y) = E(Y?) - [E(V))?
E(Y) =Zy p(y) = 0(.25) + 1(.50) + 2(.25) =0+ 0.50 +0.5 =11
E(Y") = Zy? p(y) = 07 (:25) + 12 (50) + 22 (25) =0+ .50 + 1 = 1.50
5 V() =1.50-(1)*=1.50-1=0.50
Since X and Y are independent, therefore,
V(X +Y) = V(X) + V(¥) =0.24 + 0.50 = 0.74
VX -Y)=V(X) + V(rj =0.24 +0.50=0.74

-~ aNOT E

;
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A variable that is itself 2

Key points
ey PO

function of the results of a random
experiment is called random variable

A variable which takes jumping values or isolated values is called
discrete random variable

A variable which takes any value between WO limits [a, b], a <b is
called continuous random variable

If all possible values of a random variable along with their respective

probabilities are shown in tabular form and sum of probabilities is
equal to one, then such tabular form is called probability distribution

If all possible values of a random variable along with their respective
probabilities are shown by a formula, then it is called probability
function or probability mass function. It is denoted by p(x)

The mean of a random variable is called mathematical expectation.

* E(c) =c,where c is a constant

Mean : E(X) = Ex p(x) where X is a discrete random variable

*  Variance : V(X) = E[X*) - [EGO)?

The distribution of

ke two or more random variab.l.es is called joint

N ] ]_fﬂ:xi, W) =ﬁ,t;]j‘by). ul.EﬁxﬂBd Ymmﬂepeudcnt

E"‘m:m‘)*ﬂ”‘“ﬂﬂﬁ-hmnqgm
SXY) = B ), X a0d Y areindepen

VX +Y) = v + :
independent, wnmwx_n=w}f]+¥’(}').if}{and¥are

ST =R 2: Random varab|es and Probabillty nwbue:aﬁﬁﬂf

2
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~and F for false statement. . -

215 Hilljin the blanks::

i. A discrete variable can take a

. Read! ,;he followin

tements carefully and swrite T [or -true

Random variable is also called chance variable.

Discrete random variable takes every value between two limits

The sum of probabilities in a probability distribution must be one.
The probability function and pdf can be negative.

Mathematical expectation of a random variable is also called
average or mean of the random variable.

Expected value of a constant is zero.

Variance of a constant is zero.

E(X-Y) = E(X) - E(Y)

V(X-Y) = V(X) - V(T)

If fix, y) = fix) i), it means X and Y are independent.

number of values within

its range or an infinite number of values that are countable.
ii. The probability function p(x) cannot exceed

i, ifp(x)zzil forx=1,2,3,4,5,6then P(X=2o0r3)=

iv. A variable whose value are obtained from the outcomes of a
random experiment is called

v. Random variables are classified into

vi. The distribution of two or more random variables is called_____

vii. The value of the expression 2 X p(x;, y) is always,
i

viii.

If X and Y are two independent variables then E(X 1) =

ix. If X and Y are independent random variables then S.D(X-Y)=__

x. If E(X) =% , E(x% =g~ then S.D(X) =

M W e T I a0

J— o o A
e .&m‘mﬂ’fi}ﬂ;E{-}EEShL
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r out of the given Ones..

Select the correct answel

()  The height of personsina country i

23
(viii) If X and Y are independent random variables then V(X-Y) =

(a) discrete random variable #) ) VLK (®) V() + V()
(b) continuous random variable €} X)) UT) @ VX+Y)
(©) both discrete and continuous (ix)  continuous probability distributions give
(d) neither discrete nor continuous (a) interval probability (b) point probability
Gi) The outcomes of tossing @ coin three times is a variable of (c) negative probability (d) zero probability
the type (x)  if X is a random variable having its pdf, the E(X) is called
(a) continuous (b) discrete (a) median (b) geometric mean
(c) neither discrete not continuous (c) mode (d) arithmetic mean
(d) both discrete and continuous 2.4  Describe the boncept of a random variable and give ils.e.xamp!.r.s‘
@) Iffix)=kx,0<x <1, then value of kis 2.5  Explain different types of a random variable with examples.
1 1 2.6 Classify each of the following random variables as either discrete
@ 3 )2 © 2 2 or continuous:
(iv)  If V(X) = 2 then V(2X + 5) is equal to i. Time to failure for an electronic system.

(a)4 ()2 ©8 d 6 ii. The height of a person.

iii. The number of questions asked in an oral examination.
(v)  IfE(X)=4 then E[3X + 10] is A
iv. Temperature at a place.

ki et (c)4 @22 v. The maximum breaking strength 250 kg of a wire.

i) IFEX)= :—E JEXh = g then S.D of X is vi. The number of fatal traffic accident per month on the motor way.
_ vii. The life time of a mobile set.

(@) g () % © 2 @ 2 viii. The amount of rainfall at Islamabad during different months of

T e 9 2016. N
o), it means variables are ix. The number of admitted patients in a hospital in a year.
E:; ?mmlﬂwd ‘ (5} depéadieat x. The number of Mosque per village in a district.
() associated

T g = P PN - I =
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21

23

29

210

211

212

213

214

215

distribution, probability  function =

Define  probability What are the two basic properie

probability density  function.
of all probability functions?
Find probability distribution for the number of heids whep 5
balanced coins are tossed.

In a family of three children find the probability distribution for 4

number of girls.
A random variable has the following probability distribution.
X 4 6 7 10
o) 02 04 c 0.1
(i) Find the value of c. () PX<T) (iii) P(X = 6)

A coin is tossed three times in succession. Find the probability
distribution for the number of heads minus number of tails.

A pair of fair dice is rolled once. Find the probability distribution
for the difference of dots.

Check whether the following is a probability distribution or not? If
not, then why?

X 0 10 15 25 5
plx) 01 0.3 0.4 0.3 Og

Adi :
discrete random variable has the probability mass function:

¢
Pix)= 'é- v x=0,123
0

. d.f EII-'fac re

(i) Px > 1y (iif) PO < ¥ < 3)
SIate its propergjes

Statisties - Xl

2.16

2.17

2.18

2.19

2.20

< Unit -2: Random Variables and Probability Distributfons

A | 0<x<1
fx) = [U F e[i’mhere]
Find (i) value of the constant A (ii) P(X < 0.5) (i) P(0.2 < X < 0.3).

Discuss mathematical expectation. Write some of its important
properties.

For the following discrete probability distribution of X

X =3 1 )
p(x) 113 1/6 172
Find (i) EX) (i) EX® (i) EQX+5)

Find the mean, variance and standard deviation for the following
probability distribution:
¥ =i 0 1 2 3

o) 0.125. 05 0.2 005 0125

Let ¥ be a random variable with probability distribution as follows: . g

Y 1 2 3 4 5 ;
pO) 0125 045 025 005 0125 -

Find ()  Expected value
(i)  Variance

(iii)  S.D for the random variable ¥

A variable X has the pdf fix)= [h}(l—x) , DExSl]

0 . otherwise

Find (i) The value of k

(i) E(X) (iii) Variance (iv) S.D

£

=

_
oo ANOT FOR:SALE
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221 Find mean, variance and standard deviation for the rangq,
-2—|_’2—y) , D=y<l
variable ¥ whose p.d.f is f(0)= {3 : < i

222 ‘The joint distribution of two independent random variables X ang p
is

Find E(X), E(Y), EX+Y), EXY)

223 Suppose that X and ¥ have the following joint distribution.

(i) Are X and Y independent?
(ii) Find EX, Ev, Ex +Y),  ExY)
224 Forthe following joing distribution;

Statistics - XII

S Y . sROe TR ey -—--_?-ua{:r‘ =

%

Unit -3: Special Discrete Probability Distributions

Special Discrete Probability
Distributions

aa:

@ students will be sble-to

Define discrete uniform random variable, discrete uniform probability distribution
and discrete uniform probability mass function.

Calculate mean, variance and standard deviation of discrete uniform probability
distribution

Define random digits/numbers and to know, how the random digits/numbers are
generated.

Solvereal life problems using discrete uniform probab ility distribution.

Define Bernoulli trials, Bernoulli probability distribution and Bernoulli mass
function.

Calculate mean, variance and standard deviation of Bernoulli probability
distribution.
Solve reallife problems using Bernoulli probability distribution.

Define Binomial experiment, Binomial random variable, Binomial probability
distribution, Binomial probability mass function and Binomial frequency
distribution,

Calculate mean, variance and standard deviation of Binomial probability
distribution
Solvereal life problems using Binomial probability distribution.

Define hypergeometric experiment, hypergeometric random variable,

hypergeometric probability distribution and hypergeometric probability mass
function,

Calculate mean, variance and standard deviation of hypergeometric probability -
distribution e

robability distributi
& S

L

Solve real life problems using hypergeometric

- el it W

on.
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ibufions
are used to compute
random variables, by 4y,

When to use discrete probability distr
Discrete  probability  distributions

i discrete

ilities for all possible values of PR

pmba:::cs'n this mit & few simple and commonly used distributions gpa
easy way.

; ing. It is important to kngy,
; in our surrounding 3 A
g[‘:":l'l that o:e\;er ﬂrg:ﬂrwmmmm probabilty distribution is suitable for a
an remem

particular situation.

3.1.1 Introduction to discrete uniform distribution

This is the simplest probability diﬁ“ib"‘i"f' S—— "hf discrete
probability distributions. It is used in the experiments/situations where
probability at every point remains the same e.g. the outcomes of rolling a
fair die, drawing cards from a well shuffled deck of cards, drawing of
prize bond number etc. follow uniform distribution. A variable denoting
the outcomes of such uniform experiments is called discrete uniform
random variable and its probability distribution is called discrete uniform
probability distribution. The most important application of the uniform
distribution is in the generation of random numbers,

A probability distribution of the type:

15 called discrete uniform probability distributiop,

Find_ probabijj

: ly distributj
i rolled once, bution for e OUlcomes of a fair die when it

. fair die is rgl
el therefor, Probability d?: o

Once, theg off o
tﬁbulionisgi\'enb:] ouicomes are - equally

@

L N:@ir’.::nh PN

T . - '

Statistics - XI| Unit -3: Special Discrete Probability Distributions
A R T T
] R e e e 7
L I o e

Note that X follows discrete uniform distribution,

.3 “Definition of discrefe imiform'pr'ohahilily function -

1
A probability function defined as p(x)={ § ' *= 2=

o otherwise

is called discrete uniform probability function and the variable X is called
discrete  uniform random  variable. This distribution has only one
parameter “N", the total number of results /items of a uniform experiment.

Write discrete uniform probability function for the results of a fair
die when itis rolled once,

Here random variable X takes all of its values with equal pmbability-é.

Thus, discrete uniform probability function will be of the form:

1
p=|3 x.—1,2,3,4.5.6
g, otherwise

+ Graphical representation of discrete uniform distribution by means of a
histogram is a set of adjacent rectangles with equal heights i.e.

@
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» X Put equation (2) and (3) in equation (1) we get,

Vi) =

(N+1)(2N+1)_(N+11‘:N+1[2N+1_N+1J
Due to rectangular shape, uniform distribution is also known g 3 el il % 5
rectangular distribution ; o N+‘l_[4N+ Z-BN_3J= N+1[N—-1J

*31d ]’mpcr!i'u.:i of discrete un'iil-'l-'r.rlrdlni:i'rtﬁ;]l}i’iiﬁl;'."‘dll';ll“i‘f.}ll-ﬁnll- 2 f 6 2 6
N* -1
(i) Mean of discrete uniform distribution o T

By definition mean = E(X) = §fo¥3 (iii) ~ Standard deviation of uniform distribution

By definition §.D(X) ﬁ,}v[x J =

Put range and formula of discrete uniform distribution, we get

EX)= ixlz-l—irlmzﬂ
~ N N= N kil

If X is a discrete uniform random variable taking wvalues 1, 2, 3, 4,
_ 1[N+ ~ N(N+1)
S ———— as 1424344 =201 T1)
N 2 2

5,6, 7 8 9 and 10 each with probability cqual m% Find its mean,
N+1

variance and standard deviation,
2 33

(i)

Variance of discrete uniform distribution

Here total number of observations = N = 10
B]f dEﬁ.I'IihOﬂ Variance: m} = E{Xﬁ} jut [Etx)} ]

) . _-,Mem_iszl 10+1_11_
WEknowmatE(X) N‘l'l 2 2 2
) 2L
Now Variance = & 102 -1_100- 1__2_325
EQ?) = Exz-—___zxz 12 12 12 12

@

Standard deviation = /8.25 =2.87
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Random digits (blocked merely
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3.1.5 - Random digits/numbers

Thers are tou digits 0, 1,23, 4 3.6, ;8 9- Tnvolving oqual chance
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1000

and so on, are called random numbers. Thus, random digits/numbers cap

ible or one cannot predict i
simply be defined as the digits or numbers which have equal chances of

now personal liking or disliking is imposst

..., 1000 each having probability

ml. mzy 003,

L of selection for each digit, then they are called random digits becayse
1
— or
100

.10

advance that which digit will come out during the selection process,

Similarly pair of digits make a pumber eg. 00, 01, 02,..., 99 each ha‘ving

probability
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Random number generator is a process (computational or physical

device) designed to generate a sequence of numbers that cannot be
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occurrence or their selection cannot be predicted in advance are calleg

random digits/numbers.
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3.1.7 Procedure of selecting random sample using random numbers

(i) -If a population has N =10 elements, allot digits 0, 1, 2...9 to
glements of the population. If N = 100, then numbers 00, 01, 02... 99 are
allotted. If N = 1000, then numbers 001, 002, 003... 1000 are allotted and

50 On.
(ii) Take any table of random numbers and take a random start from
anywhere either from the top or bottom, vertically, horizontally or
diagonally.

(iii) Draw a digit or number of two digits, number of three digits and
so on according to your population size, ignore the number which is
greater than the population size N or sampling is done without
replacement and go further.

(iv) Continue the process till the desired number of sample units is
obtained.

e
i s
- Example 3.

e

(i) Allot serial number 00, 01,02, ...,39 to students of the class.

(i)  Take a random number table and take numbers of two digits from
anywhere, ignore the number which is greater than 39, and go
further. Let the random numbers be 39, 37, 02, 10, 21, and 22.

(iii) = The students whose serial numbers are 02, 10, 21, 22, 37, 39 are
included in our sample. This is random sample because our
personal judgment is not involved here and all the students were
given equal opportunity through random number table for being

included in the sample.



W ; X: number of heads
ich has two possible outcomes classifieq

A random E"-'P"'-'I"""’"’“t “?: called 2 Bemoulli trial. For example =0,1
@s ‘SUCCess and failure 1 fomale), performance of a student i a.nl ~ { s
gender of @ child (male m,w:]t of tossing a coin (head or tail) ery p = probability of head = = (as coin is fair).
Bmtlﬂn ‘(Pﬁssa:]: f::”t;king on]y two values ie. “or for faﬂum y

B e ey o s Gmt
and failure by g such that p +¢=1.

Bernoulli probability distribution

1

(%]
b=

The Bernoulli probability function is given by

l X l I=x 2
px)= [5] [EJ A=

0, otherwise

: 1) probabilit fm::-head-P{X~U]-Ll]o‘i]w—{!)fl}—[-]-“

B s _ W PIOSONILE Poa et Lz \2)7\2)
is called Bemoulli probability distribution and the variable X ! Y 1Y (1
which denotes the results of a Bemoulli trail is called Bernoulli random (i) Probability of one head = P(X =1) = [E] [5] {L‘ﬂ[i] =L_2_]

varigble. This distrbution was introduced by a Swiss mathematician
Jacob Bemoulli (1654-1705). It is also known as point  Binomial
distribution because it has only two classes of events. Mathematically

E_l=-x . ; -
p{:}:{ Ea el By definition mean = E(X) = ¥ x p(x)
0, otherwise x

is called Bemoulli ili . d gl . o e
WMM&HP_ probability mass function. This distribution has on P q
- Opﬂql-o +1p1ql-l =D+P=P
A fair coin is tossed \ . _
occurs? (i) mehaadlzms? © ce. What is the probability that (i) no head + Variance of Bernoulli distribution

By definition variance = E(X?) — [E(X)]

Variable a5 vl CXperiment, Let yg define a random : =E}:x’p(x)-{p)z

e
)

- NOT FOR SALE




= Eatprg=p'
- 0+ =P
e04p=pi=p=p)=pa (*g=1-p)

o Standard deviation = y/Pq

.-pm a Beroulli random variable X, the probability of success
equal to 0.6 Find the mean, variance and standard deviation for thjg

Bernoulli probabllity distribution.

() By calculation:

Mean = E(X) = Ex p(v) = 0.6
Varlance = VX) = BX?) = [EX)] 2= £42 p(x) = (0.6)% = 0.6 - 0.36 = 0.24
() By properties:
Given that p = 0,60, g = | =p=1=06=040
Mean of Bemnoull; distribution = p = 0,60
Veriance of Bemoul); _:_iiatﬁhuﬁon =g =(0.60) (0.40) = 0.24
8.0 = J0.22 =049

:

OT.COD. .-;e_.'atﬂm__

If a Bermoulli trail is repeated a fixed number of times, say n, then
such an experiment is called Binomial experiment, It has the following
four properties:

i,  Each trial has only two possible outcomes i.e, success and failure,
i, The probability of success remains constant for all trails,
jii.  The successive trails are all independent,
iv.  The Bemnoulli trail is repeated a fixed number of times, say n.

The variable denoting the number of successes of a Binomial experiment
is called Binomial random variable i.e. X =0, 1, 2,....n.

Binomial probability distribution

3.3.1

The binomial probability distribution is given as:

332 Bifmmia] probability mass function

The Binomial probability mass function is given by the formula:

p{x) =\E! F‘I?JH 1 * -=0|1| znrnn
0, atherwise

This distribution has two parameters n, p whereas n denotes the
number of independent Bemoulli trails and p denotes the probability of
success on a single Bernoulli trail. Note that if n = 1, the Binomial
distribution reduces to Bernoulli distribution, :

¥

A fair coin is tossed four times. Find the probability distribution
for abtaining various numbers of heads,




Solution:

Here n =4 (four Bernoulli trails)

X: the number of successes in four trials

X=0,1,2,3,4

Find (i) P(X = 4) (ii) P(X 2 5) and (iiii) P(X < 4).

: n: %

p= .li (probability of head on a single coin) Here n=6

X: number of successes in 6 trials
Q=1_P=]-%=% X=0,1,2,3,4,5,6

p= 0.75

The Binomial probability function is:
Pm q:i—p:—ﬂ.?S:ﬂ.ZS

x d-x
plx)= é{%] [%] ¢ AULLLE The Binomial probability function is
0 otherwise a5 E(D.TS}‘ (D_ZS)H  x=m01.23.4.56
px)={=x )
The Binomial probability distribution is 0 . otherwise

¥ X =X 6

X px) = E(l) (l]' . (i) PX=4)= g(nrxs)‘ (0.25)" =0.297

a | 4 '\2 \2 g

B e | e PN S 25 () P(X2 5)={::(0.?5)’(0,25)""+g(a.?5)‘(n.25]“=0534

B =

. B 8 1 -2
. 21 2+-i s - (iif) P(x<4)=cZ:[u*r&)“(0.25)“+c;[n.75]'(o.zs]“'+g(ms) (029 +
A1V 1 4

1 3 e e o P N :
o ‘[2] [2] 16 g(n.?s]’[uzs}”:g_lﬁg

o G R

% : ik g )|y 16 ) . |

5 &ll 0"_a ' A certain drug treatment cures 90% of cases of bookwu:: bu:
A2 W) gt children. Suppose that 20 children suffering from hookworm gesoses
BG i e a treated and that the children can be regarded as 2 ml’“ﬁ
| e 'JLE]?:%' . popultion. Find the probabiliy that (i) all 20 children will be cured () exacty
Towl | x; — - 18 will be cured (iif) at least one will be cured.

e = e N




Here n=20
X: number of children to be cured
X=0,1,2.3..2
p=0.90,4=0.1

o C(0.90)° (010", x=0,1,2,3,..,20
0 otherwise

*

plx

0
() P(all 20 will be cured) = P(X = 20) = € (0.90) (0.10)" ™ =0.121 53

20 g
(ii)  P(exactly 18 will be cured) = P(X = 18) = 5[0.90)“‘ (0.10)™" = 0.28515

(iii)  P(at least one will be cured) = 1 — P(no one will be cured)

=1-PX=0)
=1-¢(0 90)° (0.10)™°
ov : }

=1 -0 (approximately)

tikin In Peshawar 4? % of the population has type-A blood. Consider,
€ 4 sample of size 4. Let ¥ denotes the number of persons in the

sample with type-A blood. Fi d G) P(Y = >
mdpo<ry o = 06 PY =] (i) PO < ¥ <)

Given that p = 0,42, 4=058,n=4

Y: number of persons in the sample with type.A bla-ud

.., -

Y=0;1|2|3|4

‘ ;
C(042)’(058)" , y=0,,23.4

0 3 otherwise

apy)=

®  PIr=0)= C(042)" (058)"° =0.11316

(i) P(Y=1)= C(042) (0.58)" 032779
(i) POSY<2)=P(Y=0)+P(Y=1)+P(Y=2)
=0.11316+ 032779 +C (0.42)’ (0.58)"

= 0.44095 + 0.35609
=0,79700
(iv) PO<YS2)=P(¥=1)+P(Y=2)
= 0.32779 + 0.35605 = 0.68384

 Example 3,117

bt ; e
A machine produces 10 per cent defective items, Ten items are
selected at random. Find the probability of not more than two items being

defective.
' Solution; ™"
sk
We have -lﬂ'%—ﬁ—-l—
2 At T
R ]
by
n=10

X: number of defective items
X=0,1223..10

| |
e s aNOT. FOR:SALI




0 I. X g 1G=x y
LR o 0,1.2,...,10
p(x)= Q[m) [m] ,7=0,1,2,

0 otherwise *
L]
Now

P[not more than two items being defective] = PIX <2]
C{m) rls:}] dlﬂ]( ] +€(ﬁ] H
- (3 ol (3] (sl

=0:3487 + 0.3874 + 0.1937 = 0.9298

The chances of a bomber hitting the target and missing the target
are 3:2. Calculate the probability that the target will be hit at least oncé in
five sorties.

3 2
Giventhatp==,g== n=5
P I=g®

X: denotes the number of hits,
X=0,1,2,3,4,5

é 3 l[ S-x
So  px)= [3) ,5] » ¥=0,1,2,34,5

0 ' otherwise

- ity
Now, Plat least one will hit the target] = 1~ P[no one wil] hit the target]

PX21)=1-Px =

(]

SEAIBUILS = Al

3. Properties of Binomial distribution

@

Unit -3: Special Discrete Probability Distribution

0 50
s é(i) [3]
ol 5 5

-]
it (%] =1-0.01024 = 098976

Mean of Binomial distribution

By definition
Mean = E(X) = ¥ x p(x)

= EIC pI n-x
x=0 £
=0C p'g+1C p' ¢ 2P+ 4 nC Py

=0+npg"' + ..+ np"
=np g+ .. +p"]
=nplg+p]™
=np (1) “ptg=1

=np
Variance of Binomial distribution
By definition |
Variance = V(X) = E(X?) - [E(X)] ? (A)
As E(X)=np (1
Now E(X?) = Zx* p(x)

=¥ [x(x=1) +x] p(x) w2 =x(x=-1) +x

®)



. _— “‘Eﬁ' A‘T_.‘E"ﬁa‘qul Discrete F(leblﬁtr alﬂﬂ h'ﬂlﬂn;

-?.u(x-l)p(x} +§',xp(x)
= EaDEP T + L3 Cp g
[0(“““0!’ g +1(1- l)Cp‘ “142(2-1)C P+ --+*={"-Dp‘q"'"]+[nm

=[0+0+n(=1) prg ™+ .o +n (=D p'l + (np)
=0 @=D P g™+ ot i+ ()
=n(n-1)p*[q+p] " + (np)
=n (n-1) P (1) + (np) Asp+q=1
=n’p? = np* +np ()
Putting equation (1) and equation (2) in equation (A) we get
V(X) = np? = np* + np = n*p?
=np - np*
=np (1-p)

anpg - (vq=1=p)

(iii)  Standard deviation of Binumiﬂl distribution

By definition
$D(X) = V(X)
= \J1pg

Statisties » X|

Find the mean, variance and standard deviation of the Binomial

distribution whose parameters are n =20 and p = -35

Wehuveneﬁu.pb:-.qu%.memhm

Mean =n p =20 x % =12

Variance = hpg = an%

mlw

=48

S.DX) = Jnpg= VA8 =219

If n =

4, p 2%, find (i) the completre Binomial probability distributior

(i) mean and variance of this distribution. (i) calculate the mean an
variance using properties and compare the results.

1 2
() Hee p=y. ¢=3 ned, X=0,1,234

N 1; 2*—;
1V(2] |, x=01234
plx)= (3{3] [3]
0 , otherwise
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) Nt s,
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-3 =

=N
Clels
—
e | -

-y
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-
P

T 81 81

[P T

=31 81 81

TN TET k), e P 12

3 ?[;] 5] =3 81 81
T 8 s e 4 - 16
6l
i b 81 81

) Mean=E?(X)=Exp(x)==I-§=l.333
Variance = E(X?) - [E(X)]

= Zdp(x) - (1.333)

216
TR 1.778 = 2.667 - 1.778 = 0.889

$.DX) = V0.887 = 0.943
(i) ~ Mean and variance by properties:

Mean of Binomial distribution = np=4><% =1.333

Variance of Binomial distribution =npgq ==ﬁxlx2 =0.889
3 k

s S.D(X) =0.943
- g
both by calculation and properties, we have the same results.

e

e et %W*W“WWW‘Z =

i, A
bility Distributions

s
-
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B¢

Is it possible to have a Binomial distribution with mean = 5 and
SD=4?

| Solution: =
Lo AL e L e M e

Giventhat np=35

Squaring Bmh sides

Jnpg =4

Or npg=16
5¢=16

16

= =32>1
q 5 >

p or g should not be greater than one because p+g=1

Hence it is not possible to have a Binomial distribution with mean 5 and
S.D4.

A random variable X is binomially distributed with mean 38 and
S.D 2.94. Find n and p.

®

Or npg=8.64 (ii)
Putting value of n p in equation (ii), we get
38¢=28.64

(92)



8.64

g=—_—=

8

Lp= l-g= 1-0.23=0.77

Put in equation (i), the value of p, to have

P = Plresulting 4,5 or 6 on o single die) =

N

0.23

n (0.77) =38
38 ¥ ( ) é‘ 1 x I S-x
= — =49.3512 50 s [-] [—] Er=Np(x)
n 077 2/\2 Wi
Hence the tequimd parameters are [n= 49, P= 0‘7?] " 5 IT 1 ]54 1 : 1 ]
0 —||=] == —|=
"El 2, [‘2 32 96[3‘2 »
_3.34 Binomial frequency distribution !
' s farayeay” s 5
_c[— L* =2 96| = | =15
iy Ry : ok Gh2 L\ 2 32 32
If the Binomial probability distribution is multiplied by N, the
number of Binomial ~experiments, ie. Np(x) = N[E? p"q""'} the s [ 1 T [ 1 ]"’_ 10 Za
212/ \2 32
resulting distribution is known as Binomial frequency distribution. It is used
. 3. 5-3
to find the expected frequency (Ey) of X successes in N Binomial experiments. 3 {:,‘[—;-} L%] ;% : =30
Dampie 317 i
e |
P : V2L 2 32
Suppose five fair dice are rolled 96 times. Find the expected :
frequencies when the number 4, 5 or 6 is regarded as success. i L [ i )s [ 1 ]5—5 i o
[ Solatfons~| et <
Total 1 96
We have N =

96,1 =5, X: number of dice showing 4, 5 or 6.
~ x=ﬂ| lszl?haus

[= QRS
B |

fes - XII .
SOSIPES Unit -3: Special Discrete Probability Distributions

p) = é{l o 0
: 2) {5] » ¥=0,1,2,3,4,5

Now expected frequencies are computed as follows:




- Mg, 7
. Statlstics - X1

The expected frequencies are computed as:

g e e

Fit a Binomial distribution to the following data and compute ©Xpecteq — —
frequencies: i1 )= ¢(032)" (08)"™

- & +
e e e o 0 -0 _
H :-.._."_'_ ol T _2 e " 0 g(osz) {0*68) — 0-21331‘

[30 62 46 10 2

3 1 41
1| €(032)' (0.68)" =0.400478

First we compute mean of the given frequency distribution ? : k _
‘1o 2z 3 4 (Toal 2 | €(032)(0.68)"* =0.284099
~ [150

A
3 | €(032)'(0.68) =0.089129

4
4 | €(0.32)°(0.68)" =0.010486
Given that n = 4, N = 150. Now for Binomial distribution H=np :

buthcrcnisunknownsnwemplmuwiﬂlitses!imalmf. Tnﬁl i : h
= Y 192
X=—=—=1128 ’ —
*f 150 - Example 3.19
+X=np =128=np Suppose that seven coins are tossed and the number of heads

noted. This experiment is repeated 128 times (i) fit a Binomial
distribution under the hypothesis that the coins are unbiased. (ii) compute

1.
Orl28=4p =p= —2—§ =032 sg=068 the theoretical frequencies. (iii) find its mean and standard deviation.
4 9 _
Solution: i
The . F O o .
fitod Nisontal disribeion s (i)  We have the following information
4 % ¢ 1 ; k

p(x)=1€(032)" (0.68) x=0,1,2,3,4 ; n=7,%X=0,1,234,567 N=128,p= 5 (coins are unbiased),

U ) Oﬂl i

e q= % , therefore, the fitted Binomial distribution is

2N B
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CI2Y 72) s x=00T
P(.ﬂ:{q(” 2)( )

(i)

otherwise
(17 l.?—: E/=Np()
= ey [ [ =N plx
X pQ) = g:[zj [ZJ Re
1
TG — =01
0 dalls) @ |
I L7-1 T
A o) ) e 128 x — =07
: (-:(EJ[EJ =18 128
2 1\7-2 2I 2
2 | {35 - %
3 7-3
1 35 =
ol 3 5 e
4 W74 15
4 51} [lJ = | =35
sl2)\2)- 128 p
.5 2 T-5
711 11 21
G2 K
sl2)l2) 128
ﬂ': D17 7
s | 3G = =
7 7=7
| )0 |
Total 1 p- 128

(iii)  Mean of Binomial distribution= EX)=np= ';‘[ i): 35
2)

e 1
Standard deviation of Binomial distribution =0 = ,‘,,p = ?X%XE
i
=,|-=132
J;

I &
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i

The Binomial distribution is based
successive trials are independent and the
unchanged from trial to trial. These assu
with replacement from an infinite populat;
which the conditions of independence is violated and the probability of
success does not remain the same/constant for all trails eg. if sampling is
without replacement from a finite population, the probability will change
from trail to trail and the successive trails will be dependent. Such

experiments are called hypergeometric cxperiments having the following
four properties:

Uniit -3: Special Discrete Probability Distributions

"gﬁi-lt?.;.:lr'r-. e FENER FRE
Ao TELEIE & IMent & 4

on the assumption that the
probability of success remains
mptions hold only for sampling
ion but there are experiments in

i.  Each trail may have two possible results, success and failure.
ii.  The probability of success changes on each trail.
iii. ~ The successive trails are dependent.
iv.  The experiment is repeated a fixed number of time, say n.

The random variable X denoting the number of successes in a
hypergeometric experiment is called hypergeometric random variable and
its  probability distribution is  called hypergeometric  probability
distribution.

ErS Ty

If values of a hypergeometric random variable along with their
associated probabilities are shown in tabular form, then it is called
hypergeometric probability distribution i.e.

—

EEE=IREEIR
A e 8
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Hypergeometric probability mass function

The probability mass function of hypergeometric random vy,
X is given as:

342

e
x )\ n—x s x:ﬂ,i,Z,...,nﬁn(u,K}

0 otherwise

This distribution has three parameters N, K, n, whereas
« N denotes total number of items in the population.
« K denotes the number of successes in the population.

+ n denotes the number of elements in the sample drawn g
random.

« X denotes the number of successes in the sample.

A committee of size three is selected from 4 men and 2 women.
Find the probability distribution for the number of women in the

PSSR ve e

4M
W e—K

N—> 6 persons

As it has not been mentioned that :
: an ob is returned 0
the population before eyt object selected is re

sampling case ang draw so, we consider it without replat:t‘:ﬂ“‘{lt
required. hence - hypergeometric  probability distribution 15

N

J

- b - ‘I_?—,;__:—T_:.—:. P g

Statlstics - XIl RN b,

Now 7 =3 (size of committee)
K=2 (number of successes)

X=0, 1,2 (number of women in the committee)

Hence the fitted hypergeometric probability function is:

{C1G=2
x)M\3-x
plx) = 6 y x=01,2
)
0 , otherwise

The hypergeometric probability distribution is:




Example 3.21

In an international recitation competition of the Holy Qu
panel of 11 judges is formed to judge the best recitation. Two FeCitatiop
Ra and Rp were considered to be the best where the opinion of judg
divided. Six judges were in favour of Ra whereas five in favour of p
random sample of five judges was drawn from the panel,

mdih
probability that out of five judges three are in favour of recitation R,
Solution:
In the given problem
6R, |«—K
5R,
N—>11
n=5, X=0,1,2,3,4,5(+X=0,1,2,...min(n,k)}
)5
xJ\ 5-x
~———2 x=012345
px)= N ~ 49
n).
0 otherwise
Now
%)
PX=3)= 3)\5-3 i @
11 231
5
5 i
ﬂf-"lr&s-} ”r If‘ﬁhﬁl iﬂﬁ%ﬁﬁ& ,,:F' ;{_l' 1;"’\;-;
+ Mean of h i dated ; :
given by Beometric probability distribution by definition iS.

fan, o

5 got

=

Statistics - XIl

1 " e N k
_jx-l (k=x)ix! x)'.t'f n-x
Any

z": k(k -1)! (N k)

[N = (k-x)x(x-1)!\ n-x
n

k& G- (N-KE)_ k a2 Nk
[ )E(k J:)'(x 1)'(!1 I] __JE[ ][n—x]
n
Let y=x-1=x=y+l

Ifx=1,y=0

Ifx=ny=n-1

B0 = ﬁi[*;'}[ﬁ; )

n

]
Apply the hypergeometric identity E)(T](k i r] = [m;-n]

e ammme AN EADLG A S
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- ik N-1
Em“_.v_ n-1
n

K (N-1)! _Kn(n ~1)1(N-1)!
(N=n)l(n-1)t N(N-1)! (n-1)!
(N =n)!n!
e
=

+ Variance of hypergeometric probability distribution

By definition
Variance = V(X) = E(X?) - [E(X)] ® (A)
As E(X) = "K sl

Now E(X3) =§ * p(x)

=ix’w={o)zw+éfm;j
o s SR

2 ECIS (A

x)\n -x

P e e [ o O
S R L

S Unit-3: Specal Discrete Probability Distributions

~ ¢ ! (N-k e
B ’Ex(x l)(k—x)'x'(n x) +(T)

z:J
S

I L

[ ] (k=x)tx(x=1)(x=2)1  n -x

E* J".a(k.‘f,;i’iz),[f 4)enk

N
="E’;‘]"§(’::§J[:‘:':ﬂ+%

Let y=x-2, x=y+2

If =2 , y=0
If x=n, y=n- 2therefme,
klk-1) =2 (k-2
E(x)=XED ¥ E
N] =l y J\n-y- 2
n

n m+n
Using the hypergeometric identity E( ][k r) [ ]

k
B = k(k-1) (N-—l]_l_ﬂ

Al

_ k(k-1) (N-2)! LTk
- (N=n)i(n-2)! " N

(N=n)in!



e

_k(k-1)n(n-1)(n-2)! (N-2)! nk
~ N(N-1)(N-2)!  (n-2)!
=n{n‘—l!k(k -1) +_n_k @
N(N-T) T
Putting equation (1) or equation (2) in equation (A)
_n(n=1)k(k-1) nk nk
it NN-1) N N

_nk '{n—l}(k—1)+1 n_kj
N E "N

nk|[ N(n-1)(k-1)+ N(N-1) -nk(N—])]

V(X)) =—
Ll N N(N-1)

_nk[nNk-nN-Nk+N+N*-N-nkN+nk
N N(N-1)

[ N*-Nk+nk-nN
N(N-1)

[ N(N-k)-n(N- k]J

[ . N{N-1)

[N’ k)(N- n)J
N(N-

N-n
N-1

I
2],‘_ El:. z|5

g
"N
npq

k
B pas pelepay. X N=k
i e

N
Standard deviat; ;
Viation of hypergeometric Pmbability distribution is

-n
N-1

... e

. R e

- =

T
Statistics - X

IDlscrete Probability

se]ccmA :;\:: cfhntain:o:]gmcn and 7 red balls. A sample of 5 balls is
e without replacement. Find the ili
babil

distribution for the number of green balls. Compute the mzanpm ; la:;

variance of this probability distribution
and .
theoretical mean and variance, compare them with the

The bowl contains
4G '(——k
TR
N—> 11 balls
Heren=35

X: number of green balls selected

X=01 192| 3>4

balls.].
1(4)(11-4
47 7 Sl A
‘.‘P(x]: {IIJ y XS 1Ay sy oty
5

0 otherwise

[Sisnotpossibleasthemarem}y-igrm

Now hypergeometric probability distribution of X is given as

Qe T T I/ . N

oy YT T —



SLAUSTICS = Al

o s = Pl =T reaniity D"frl-b;u% L=

Vo (4] 7 )
% wil: P(x)-_.x_s—i- xp(x) sz{x)
pam i 11
E‘!-F: 5)
B (4 7
| \ofs-0) =z : 0

0 11 2
5 5
: PATE
& 1)\5-1) _140 140 140
B 11 462 462 462
E’;’_-_: 5
=k 4y 7
|2l 20 2 | 0
i 11 462 462 462
7
o
B -
i
e
el
e S il T
{“} 462 462 462
s e '
o RS,
AR Tl " 462 462

Statistics - X1|

Mean = E(X) = 5xp(x)=%=l.81sz g s
Variance = V(X) = E(X?) - [E(X)] 2

=§:ﬂx1 p(x) - (1.8182)°
1848

=ezy ~ (1:8182)" = 4 - 33059 = 0.694

ores b s et

* Verification

E
Mean of hypergeometric distribution = E(X) =5—k-=5—“1=£=] 8182 %
N 11 1
; okt k N—k N-n *
Variance of hypergeometric distribution X2
L N N N-1
. . 4
=1_3132_(”;4)[1.1'_5)
11 11-1
=0.694
g
. :
§
E | b ..,.--,?..__. ey TY -TYer—



= A probability function defined as

plx)= 5+ XL

0 ; otherwise

is called discrete uniform probability function

*» A random experiment which has two possible outcomes,
classified as success and failure, is called a Bernoulli trial.

» If a Bernoulli trail is repeated a fixed number of times, say n, then
such an experiment is called Binomial experiment.

*  The Binomial probability mass function is given by the formula:

plx) {CP:. » x=012,..,n

0, otherwise

= Mean of Binomial distribution is np

* Binomial distribution has two parameters i.e. n and p. Its range is from
Oton

* Variance of Binomial distribution is npq

* The hypergeometric probability distribution is

oy

X n—=x

p(x) = [N) » ¥=0,1.2,..,min(n, K)
n

0 otherwise

= H LI T . .
0 me&%mc distribution has three parameters and its range is from

e Ty _.-t.urn-_ N n;!‘a.

Statisties - XI| 3 F, T -

7 Unit -3 Special Discrete thahlln,-bistrlbmim_

- Exercise
b

W

rite THor true andlE for falsein the following statement.

i) If

X

I
B
2

=

p(x)

then X is not uniform random variable.

ii. Bernoulli experiment will always give only two results.

iii. Tossing a fair coin a large number of times is a Binomial experiment

iv. Binomial probability distribution has only two parameters i.e. n and P-
v. A Binomial random variable is discrete,

vi. Mean and variance of binomial distribution are equal.

vii. If each digit from 0 to 9 has the same probability i.e.— , they are
called random digits.
viii.The Binomial distribution will be symmetrical if p = g =—

ix. The hypergeomewric random variable cannot assume the negative
values.

X. Hypergeometric probability distribution has three parameters ie. N,
K, and n.

2" Filllin'the blanks.
(i)  Bernoulli trail has
(ii)  Bernoulli distribution has parameter.

possible outcomes.

(iii)  Range of Binomial random variable is from O to
(iv)  Parameters of Binomial distribution are

(v) Mean of Binomial distribution is and varance is

(vi) The number of trails in hypergeometric  distribution s

11
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(vii) Bemoulli random variable takes only two vyl
e,

[\"Iil) Pairs of random dlgllﬁ are called vi) The Binomial distribution is the

(ix)  The successive trails in a Binomial experiment are . R 4) equal probability distribution
(x)  The probability of success from trail to yry;) -
hypergeometric experiment. . ;

b) individuall probability distribution
c¢) discrete probability distribution

d) continuous probability distribution

Choose the correct answer.

i) The Binominal distribution was introduced by W T O T e e i e
s deviati s
a) Simon Denis Poisson  b) Jacob Bernoulli Viation is equal to

¢) Abraham De Moirés d) R.A. Fisher a) 42 b)'6.48
ii) In a Bernoulli trail the probability of success is denoted by c) 18 d) 3.55
a) g " bl-p viii) - If a fair coin is tossed once, the value of p will be
1
c)p d) 1-gq 8 - b 1
iii) The mean of the Binomial distribution is 3
I 1
a) \ﬁ; b) npq c) 7 d) <
¢) np d) \/npg ix)  The number of parameters in a Binomial distribution are
a) one b) two
iv) If X has a Binomial distribution with p =-§ and n = 9, then its c) three d) four

will be equal to x) The range of uniform distribution is equal to;

N b)3 a) w100 B)O,1,...N
c)5 d)6 c)0to o d1,2,3...N
v) H ’ S I Wr fe ; . 34 Describe in brief the discrete uniform probability distribution.
Ypergeometric probability distribution has parameters AR Whet o yae o ‘shouk’ saniie B aanie:  Decbe: eandes
3 b)3 number generator and random number table?
c)4 d)s 3.6 Explain how you would select a random sample of 10 colleges form a list

of 206 colleges by using a random number table.

™ (12



37
38

39

3.10

i

312

313

.14

3.15

3.16

317

B ] ] |

Define i) Bemoulli experiment ii) Bernoulli random varjgp), i)
Binomial experiment iv) Binomial random variable.

Define Bernoulli probability distribution. Find ils mean, variance and
standard deviation.

i) What is a Binomial experiment and what are its conditions/properties?
ii) Find the mean and variance of the Binomial distribution.

Suppose X has a Binomial probability distribution with p = 04 and , = 4
Find i) P(X = -1), ii) P(X = 2), iii) P(X = 1.5), iv) P(X = 2), v) p(x =2),

Ifn=5andp= g’ Find the complete Binomial probability distribution,

A fair coin is tossed six times. What is the probability that i) Less thay
four heads occur ii) 2 or more heads occur.

If 40% of a consignment of eggs are bad. Estimate the chance that 5 eggs
chosen at random contains i) Mone, ii) one and  iii) at least one bag
egg.

A certain drug causes kidney damage 1% of patients. Suppose the drug is
to be tested on 50 patients. Find the probability i) none of the patients

will experience kidney damage and ii) one or more of the patients will
experience kidney damage.

If 60% of the students in a large college are day-scholar. Find the

probability that in a random sample of 12 students from that college
exactly 7 will be day-scholar.

If the probability of hitting a rtarget is Sland ten shots are fired

independently. What is the probability of the target being hit at least
twice? :

If the probability that a person entering a ytil: .
til su
is 0.90. Compute the g a utility store will purchase sugar

probability that exactly one person among the next
five entering the utility store will purchase sugar? & 4

W 2

atatistics - All

3.18

319

3.20

R |
322

3.23

3.24

3.25

3.26

a) Define binomial distribution and explain how it arises in practice?
b) Derive its mean and S.D.

Let the pmblab:ilily of a defective bolt is 0,10, Find a) the mean and b) the
standard deviation far the distribution of defective bolts in a total of 400,

The mean and standard derivation of a Binomial distribution are 3 and

1.5 ;espec!ivcly, Find the two parameters of the Binomial distribution i.e.
nand p. ‘

In a Binomial distribution the mean and variance were found to be 12.38
and 8.64. Find n and p.

Is it possible to have a Binomial distribution with mean = 5 and standard
deviation = 37

a) If X is a Binomial random variable with n = 10 and p = 0.6 then find
E(3X =2).

b) If a Binomial distribution has mean=3 and variance= 2. Find P(X £ 5)

Find the mean, variance and S.D for the following binomial probability
distribution:

Also compare these results with the mean, variance and S.D of the
Binomial distribution for p = 0.5

a) Define Binomial frequency distribution.

b) Four dice are thrown and the number of sixes in each throw is
recorded, this is repeated 108 times. Find the expected frequencies of 0,
1,2,3.4 sixes.

Fit a Binomial distribution to the following table.

nit -3¢ mql'mb\ul:l!l!w Istrlluft_



3.27

3.28

3.29
330

331

332

g

Compute the theoretical probabilities and find its mean and variance,

Fit a binomial distribution of the following and compute the
expected/theoretical frequencies:

- oA L e 2 B ta e, 3

13 7970 137 - 210 145 56 9

f

Define hypergeometric experiment, hypergeometric random  variable g4
hypergeometric probability distribution.

Find the mean and variance of hypergeometric distribution.

Construct the hypergeometric probability distribution for the number of
black balls among 5 balls drawn at random form a box containing 4
white and 7 black balls. Find the mean and variance of this distribution
and compare these with the mean and variance of the hypergeometrc
probability distribution.

In a manufacturing company 35 employee use touch screen mobile set
and 15 have push button sets. Eight employees are selected randomly
without replacement. Find the probability that exactly 5 will be using
touch screen mobile.

Four cards are drawn randomly from a well-shuffled deck of 52 playing
cards. Calculate the probability that two will be diamond cards.

L e N . e
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Special Continuous Probability
Distributions

the students will be able to

After studying this unit,

Sy

R ——

P oy

* Define a continuous uniform prohahilitydislrihution and continuous uniform
probability density distribution.

* Find mean, variance and standard deviation of a continuous uniform
probability distribution.

* Solvereal life problemsusing continuous uniform praobability distribution,

+ Define a Normal probability distribution, Normal probability density
function, Normal cumulative distribution function, standard normal random
variable, standard Normal distribution, standard Normal probability density
function and astandard Normal cumulative distribution function.

* Describethe properties of a Normal probability distribution

* Find the ordinates of the standard normal curve using the table of the
ordinates of the standard normal curve.

¢ Find the probabilities for the standard normal random variable using the table
of the standard Normal distribution function.

* Inverselyuse the standard Normal distribution table to determine the value of
(i) standard normal random variable corresponding to a given value of the
standard Mormal cumulative distribution function, (ii) a normal random
variable corresponding to a given value of a Normal cumulative distribution
function and (iii) parameters of a normal random variable.

* Describe the Normal distribution as alimit of frequency distribution.

* Solvereallife problems using Nermal probability distribution.




Introduction to continuous probability distributions

As you know that it is difficult to locate a specified value on 4 Continy g,
random variable, that is why point probability in continuous case is always equy|
to zero and we compute probabilities for interval of values. In this yp; we
consider only continuous uniform distribution and the Normal distribution,

4,1.1 Continuous uniform or rectangular probability distribution

Like discrete case, continuous uniform distribution is the simpleg,
probability distribution. It is used in the situations where the probability density
function f{x) remains constant over the entire range of the variable. '

412 Defifition of continuous uniform probability density fiiction

The distribution of a continuous random variable X with pdf

1
2L, asx<b
f(x)={b-a e

0 otherwise

is called continuous uniform probabiliy ()
distribution or probability density function

and the variable X is called continuous 1
uniform random variable. This distribution b= ™[
has two parameters, @ and b. This distribution
is also known as rectdngular distribution

because its graph is like a rectangle given as. a b

4.1.3 Properties of continuons uniform probability distribution™

S .-:_nggig}smnﬁnqous uniform probability distribution
By definition

Mean =E|:X)=£xf(x)dr

[rpa

o i [ O e _l.O‘A

T

Statistics - XIl

By definition

Variance = V(X) = E(X?) - [E(X)]? (i)
As E(X) = ﬂ—;b (ii)

-
=Ix’——d’.r
a b-a
] & v ] .t!b l b]—ﬂ'3
= = —|=
b‘—a!x b-a 3. b—a[ 3 ]
1 (b=a)(b* +ab+a®)
“b-a 3
2 2
=b‘ +ﬂ3b+ﬂ (iﬁ]

Put equation (ii) and equation (iii) in equation (i)

|
prre——- . aiﬁﬂfrimﬂfs_ﬂl!g
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b +ab+a’ (a+b)
3 4
4(v* +ab+az]—3[az +b* +2ab)
A 12
_4b* +4ab+4a’ ~3a® -3h" —6ab
- 12

v(X)=

- b*+a’ -2ab
P
(b-a)

12

(iii)  Standard deviation of continuous uniform probability distribution:

V(X) =

By definition

s.Dx) = V(X)=

1f X has a uniform distribution over the interval (2, 4), find (i) P[2 =X< 3}
(i) P(3s X s4)

T P |

Givena =2 and b 4, so the pdf of uniform distribution in this case is given by
2sx<4
f(x)=
.o!henw’se
Now

; 3
(i) P{25X53]=J%dx:-;-.|.d_t

[
L]

Unit -4: Speclal Continuols FIERERIity Listributjg h; o

-' Example 4.2

Solution:

Herea=-1,b=3

MNow

E(X) a+b_--1-!-?:—_2_1

2 2 2
I )| B ER)§
ViX)= :
{ ] 12 12 12 i

¥ ’ﬂurmal dls!nhulmn

i

Statistics = XII

(ii) P(35xs4)

Let X ~U (~1,3) Find mean, variance and standard deviation for this
continuous uniform random variable.

5.D(X)=V1333=1.155

Normal distribution is the most common and useful amongst all known
distribution. It is considered as the cornerstone of the modem statistical theory. -
The reason of importance is due to the facts that:

R W ‘7‘_‘{3

n
‘—l
&
]
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Many natural phenomena like age, weight, light, 1.Q, grade,
temperature, income etc. tend to be approximately normal.

Most of the discrete distributions such as Binomial, Poisson, etc.tend to
Normal distribution as sample size increases i.e. n— eo,

For a sample of size n 230, the distribution is considered as normal.
Many variables which are not normally distributed can be normalized
through suitable transformations.

|
I o i e ~ L o
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v When Notmal distribution is shown on & Braph paper, It gives 4 b
i hich is generally taken g e

shaped curve called Normal curve w!
standard for comparison.

sreee distrd jon
ion of Normal probability distribut!

¢ X is said to follow 2 Normal distribution if ji

4.2.1 Definit

A random variabl
probability density function is

) o —eeS S, 0S0<0
f{1)=m ei{o]‘_ngg T H

Where
X = Normal random variable.

fix) = The height of the curve corresponding to a given value of X, ~

p = mean of Normal distribution.
o - standard deviation of Normal distribution

22
= a constant approximately equal to e 3.1429

¢ = a constant approximately equal to 2.7183.

This distribution has two parameters, d and g . Normal distribution is simply
written as X ~ N (u,0%).

Properties of Normal distribution

i) . The total probability within its range — @ to + @ is always equal to one

ie
(AL o -
o -
ity ~ The Normal distribution is symmetrical about the mean and is @ bell
shaped.
121 |

,,,,, B =

Statistics - X

iii) Mean = Median = Mode,

iv) The Normal curve is unimodal.

v) The first and third quartiles are equidistant from the centre, or Mean p1.
; 2

vi) QD= EU and M.D = %0’

“vii) Al odd order moments about mean i.e. f, /... are zero.

i
5.
|

viii)  Measures of skewness, f; =0ory; =0
ix) Measures of kurtosis, fa=3 or 3, =0

X) For Normal distribution, out of the total observation, 68.3 % lies within
the limits (u = @), 95.4 % lies within the limits (u =20 ) and 99.7 %
lies within the limits (u = 3 &) .Graphically this statement is shown as

4.2.3° Standard normal variable

Normal random variable X is transformed by subtracting its mean from it
and the difference is divided by its standard deviation and is called standard

Normal variable, usually denoted by Z, that is
X-u

z=2"F

o

Possible values of Z are also form —o to +o.
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424  Definition of standard Normal probability distribution

Table 4,1:

The probability density function of the standard normal random varighj, Z

defined as The entries in this table are

the standard Normal distribution

the probabilities that random variable having

& area in the figure), For ne ative val

f(zF%e T, —oS25e Al
T

akes on a value between 0 and z (the shaded !
ues of Z, areas are found by symmetry. 'I

is called standard Normal probability distribution. '

25 Sl B Nt
Total probability under the density is equal to one i.e. J‘Tbr € *dz=1. 1 js ; s

simply written as Z ~N(0,1). The reason for using standard Normal Probability

. 001 0.0z ; 0,03 0.4 AT ‘
distribution in place of Normal probability distribution is that: oo - 4
(i)  To easily calculate the probabilities of Normal distribution i.e. 01 | 00N 0048 00478 00517 08857 0036 00636 0061 meTre 00784
P[x <X<x]=P[z,<Z<z) ! and probabilities of Z can directly be 03 | 0OT3 00832 0TI 00510 008 0097 026 wied 8116 sain
taken from table 4.1, 03 | 0179 01217 01255 01293 0131 04368 01406 LIH3  alds0  0.S17
(i)  Zis independent of the unit of measurement. 04 [DISHOISL 0161 06 DI LTI 012 wise a1 e
4.2.5  Area(probability) under the standard normal curye: _'; ] bl Wl B T el M < B
— 06 02258 02291 02324 02357 02389 024 o2ess  ezees 02518 a2 1
To compute probabilities of intervals in case of continuous random BT |03 02612 026 026m 02 0ame eiet are wam emm
variables, it is a blessing that statisticians have designed tables in which areas 08 [ 0381 02910 0299 02967 029 030 S WM e om0
(prc-:babilil.ies) have been compiled. In case of Normal distribution such a table is 05 | 03159 03186 0322 03238 03264 l;.sm L3NS 02MO  03sS 02389 *
available for standard Normal probability distribution, . B |
MO 03413 03408 03461 03485 038 03 aMS4  e3s7 eame esen i
[ 11 | 03643 03665 03686 03708 0379 OIMY  OITR  EITH0  OIBI0 03830 i
12| 03849 03869 O3BSE 03907 03928 00N 0962 03990 03997 o0l |
13 | 04032 0409 04066 04082 0409 04N O4IL  04MT  0AI62  04ITT ‘
? 04192 04207 04212 041 04351 04265 QAT 04292 04006 49 i
LS | 04332 04MS 04357 04070 04382 QMM 006 04418 04430 04441

& (124)



Sntlﬂlcs-x_l;w - _- " E};ﬁl#: S;plﬂ-ll Continuous Frol;lbfllqi Dmem‘—Iu;l_ 4 ’_
16 | 04452 04463 04474 04484 04498 04505  0ASIS 0SS 04835 0.454s
LT | 0ASS4 04564 04573 04582 04591 04599 04608 OAGI6 04625 46y
LB | CAGHL 04649 04656 04664 04671 0AGTB  O0AGSS 04693 04699  gq7p
19 04719 04719 04726 04732 04TIE 04744 04750 04756 04761 0.4767
10 | 04772 04778 047E3 04788 04793 0A4TIE 04803 04808 04812 guppy
LI | 0ABZI 04816 04830 04834 04838 04842 04846 04850 04854  (gsy
32 | 0ABS1  OABG4 04868 O4BTI 0ASTS  OABTS 04881 04884 04887  p.4gg
13 04893 0489 04898 04901 04904 04906 04909 04911 04913 04916
24 | 0AIB 04920 04922 0AUS 0ASIT 0499 04931 04932 04934 403
25 | 04938 04M0 04941 0AMD 045 04946 DAME 04949 04951 0405
26 | 04953 DA9SS 04956 04957 04959 04960 04961 04962  0.4963 0496y
LT | 0.4965 04966 04967 04968 04969 04970 04971 0.4972 04973 0.4974
28 | 04974 049TS 04976 04T 04977 04978 04979  0.4979 0.4980  0,7981
39 | 041 04K 0482 DASH3 0494 04984 04985 04985 04986  0.4986
0 | 047 09T 04987 098 048 04989 04989 04989 04990 04990
I ) 0490 0491 04591 04991 04992 04992 04992 04992 04993 04993
33 (0493 04993 049 0499 04994 04994 04994 04995 04995  0.4995
I3 | 04995 04995 04995 04906 04996 04996 04996  (.4096 0.4996  0.4997
bl s Y R —— 04997 0.4998
IS | 04 0ANE 0B 048 04998  0asws 04908 04998 04998 04998
il el B R T 04999 04999 04999 04999
; Dfm i RN 04999 04999  0.4999
MI8 B g 052 AT i, L
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The table of areas of the standard Normal distribution gives probabilities
for standard Normal variable Z between 0 (its mean) and a specified value, say z.
Therefore, Z-value must always be rounded Up to two decimal points as required
for reading the table. Locate the first two values in the stub and third value in the
box lead. Because of the symmetry property of the Normal distribution the
probability (area) between 0 and a positive Z-value must be exactly the same as
the probability between a negative Z-value and 0 as long as the Z-value on both
sides is of the same magnitude, that is

Pl0<Z<12]=P[-1.2<Z<0]

If Zhasa standard Normal distribution, find:

A P[—eo <Z <o) g P[Z=>1.64]

b. P[0<Z <) h. P[-1.96<Z <-1.06]

¢. P[-ee<Z <0] i. P[Z<-1.64]

d. P[0<Z<2.63] j- P[-1.7<Z<1.35)

e P[-145<Z<0] k. P[Z<-2.46]

f. P[1<Z<15) L. P[Z<2.11]

 This example is a practice on how to take the required probability from the
areas table. It is quite simple and interesting. First draw standard Normal curve

for each case, shade the area in which you are interested and then take the
probability directly from table 4.1. !

- |
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P[—oe{Z-:aa]:]

P[0<Z<e]=05
P[-e<Z<0]=0.5
P[n<z<2.53]l=0.4957
P[-145<Z <o]=o.42§5

P[1<Z<1.5]
=P[0<Z <1.5]- Plo<z<)
=0.4332 - 03413 = 0,0919

P[Z21.64]

=P[ﬂ<z<¢=} -P[D<Z<I.64]

=0.5-0.4498=0,0502
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h.

P[-1.96<Z <-1.06]

=P[-196<Z <0]- P[-106<z<0]
=0.4750-0.3554 =0.1196

P[Z<-1.64]
=P[0<Z <e]-P[-1.64<Z<0]
=0.5-0.4498 = 0.0502

P[-1.70<Z<1.25]
= P[-1.70<Z <0]+ P[0<Z <1.25)
=0.4554 + 0.3944 = (.8498

P[Z>-2.46)
=P[-2.46<Z <0]+P[0< Z < 0]
=04931+05 =0.9931

P[z<211] .
=P[-=<Z<0]+ P[0<Z<2.11]
=0.5+0.4826 = 0.9826

Hope you will be able to determine the interval probability for the
standard normal variable Z from the area table. Now we try to reverse the process
and determine a value or values of Z corresponding to a given area (probability)
from the same areas table. This is called inverse use of the area table.

T

Inyerse use of table of areas under standard normal curve
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IfP[Z 22]=0.025, find the value of z. [ - ?; __ £ |
!.1-*'-; /

i) Sketch the given statement
- graphically as

L

N

i) From the figure we see that the unknown value z is a Positive vy,
because it lies to the right of 0 (the mean) and probability above j;
is equal to 0.025.

iii)  As we know that probability from 0 to o is equal to 0.5, g, the
probability for 0 to z will definitely be equal to 0.5 - g5 -
0.4750, i.e. P[0< Z < z]=0.4750

i) Now search the figure 0.4750 in the body of the area table to
determine the corresponding value of Z. From table 4.1, we
observe that the figure 0.4750 corresponds to 1.96. Hence z = 1 94

and the area above this value is equal to 0.025. '

* Note that if the value we are searching for is not available in the table
then we may pick the nearest value to find Z-values. I

Determine z when P[Z2z]=0.10

The probability P[Z 22]=0.10 js graphically shown as: .

ASPIZ22]=010=5P[0<zy
= 032010 = 040. In the area tabie 4,1 v TIEEED A
observe that exactly 040 i not available we Zsl] 3

consider the closest area (,3997 i
; . wh

:;;mpondstan-value 1.28. Hence ; = I];; e

and area above it is equa| ©00.10 or 109, S e

M e T o L o S O RS '-'lttrlb.,“'n i
-

W s g
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Let Z~N(0,1). If P[Z 22]=0.5, what will be the valye of 27

. S - e ——
 Solaton:
ch e i |

Draw the sketch:

Since P [Z = z] = 0.05, therefore, P[0 < Z< 2] =05 0.05 0.45. In the area
table we can see that 0.45 is lying between 0.4495 and 0.4505 whose
corresponding Z-values are 1.64 and 1.65 respectively. The Z-value in this case is

given as :=%‘-§E=1.645.

Hence P|Z 21.645]=0.05

4.2:88 A pplication of area table to any Normal distribution

After learning the use of areas table and its inverse use, now you would be
able to compute probabilities for any Normal random variable X by first

. X -
converting X to Z by the formula Z =2 "# 1nd then use the table of areas for
a

the standard Normal distribution to obtain the desired probabilities.

If a Normal distribution has mean 40 and standard deviation 5. find the
probabilities for the values of X specified as 1) P(X24) | i) P(XS25),

iii) P(32 < X <50).

In order to find the probabilities, we first standardize X by subtracting its
mean 40 and dividing the difference by standard deviation 5 to get Z and then find

probabilities through area table as tollow:

130
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(i) P[x=44] {
< P(32<Xx <
=p|X=t . M-p s 43 : ;- )
L T o [ ‘” F 20 ,u]
A a
=P za-—_““‘m] = [ 50_40]
[ 8 2
=p zz%] =P[_qz< ]
- =P[-16<Z <2]
=P[z208] =P[-1.6<Z<0]+P(0<Z<2)

=0.4452 + 0.4772=0.9224

Example 4.8

Suppose the ages at time of onset of a certain disease are approximately
normally distributed with a mean of 11 years and standard deviation of 3
years. A child has just come down with disease. What is the probability that

=P[0<Z <w]-P[0<Z <0.80]
=05 - 0.2881 = 0.2119

(i) P(x<2s)

the child is i) between the ages of 8 and 14 years? ii) over 10 years of age?
=P[X—ﬂ<25_ﬂ} iii)nudcrllytius?
. 8  Solution:
=P[ZS£_— leen u= ll years, 0 =3 years
: i) P[8<X<14]

_P[.?,‘sZE] =P[B—,u( X—y(ltl—p]

: o o o
=P[z<-3] [%«:z %]
=[~<z =:0]-P[73< z<0]

=P[m—3 -:Z<E:|
3 3

' =P[-1<Z<]]
= P[-1< Z<0]+P[0<Z <]
=0.3413 + 03413 = 0.6826

=05-04987 = 0.0013
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i) P[X >10]
P[x - U }10-;;]

g o
P[ N 10—11]
3

=P[Z > _?l]
=P[Z>-033]

=P[-0.33<Z<0]+P[0 <Z< =]
=0.1293 + 0.5 = 0.6293

)P [X<12]
=P[X—,u ¥ 12-;;]

o o
12-11
=P|Z<——
I- 3 ]

=P[z<033]
=P[-e<Z<0]+P[0<2<033] |
=05 + 0.1293 E
=0.6293
The sucrose concentration jn a population
mean = 65 mg and $.D = 25 mg,

i, What i:mPuniun of the population
85 mg? 3

ii.  What proportion of the populaticn :
- mg? © Population is less than gyeroge concentration of 45

is normally distributed-with a

is greater than sucrose concentration of

now
1.

What i i
Proportion of the population gpe lies between 45 ang g5 mg?

e

Given y = 65 mg
=25 mg
i) P[X >85]

e P[ﬂ ) 85_—&}
o a

. 85-65
=P|Z>——
P[_" 2 ]
20
=p|zsZ
[ 25]

=P[Z > 0.80]
=P[0< Z <] -P[0< Z <0.80]

=0.5 - 0.2881 = 0.2119 = 21.19%

i) P[X <45

=P[X—,u » 45—,::']
o o

=P[- < Z <0]-P[-0.80< Z < 0]

= 0.5-02881 = 02119 = 21.19%
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iii) P[45 < X <85]
. g #5=
=F[4s g X-p 8 .H]
o o o
’ - 85-65
X 30] We see that area below z is equal to 0.20. Search this value 0.20 in the
=P[-080<Z <0. area table 4.1, it corresponds Z = — 0.52 (minus sign is used because Z
= 2}?[0'{ Z< U.S'D] value lies to the left of 0).
=2(0.2881) = 0.5762 = 57.62% T
(0:2s81) AsZ=""E > X=p+70=95+(052)14=95-0728 =838
a i
:.[:|'-.:I__|'|.'!_i__'_i._ 4,10 : X=88
Suppose the yearling trout in a lake have lengths that are approximately Hence P[X >38.8]=0.80=80%. It means that 80 percent of the trout

normally distributed, about a mean j = 9.5" with a standard deviation o=14"
(a) What percent of the trout caught have length over 12”2 (b) If 80 percent of the
trout caught have length greater than x, find x.

(@  Weneed to find

streets of Peshawar. Average life of these lamps is 1850 hours with a standard
deviation of 200 hours. How many lamps may be expected to burn for more than

2000 hours?
P[X > 12] % '
i p[ﬂ = %J We first find probability and then multiply by the total number of lamps to
¥ 14 compute the required expected frequency as
=P{Z>f‘—:]=}’[z> 1.79] “P[X > 2000] :
- SR [ X —p _ 2000-u
=P[0<Z <] -P[0< Z <1.79] e piss-ieion e ]
=05 - 04633 = 0.0367= 3.67% 4% : | : [, 2000-1850
g = P z > —]
(b) We need X-value above which 80% observation will lie. : - =
+ Mathematically this statement can be written as P[X > x]=080 . =P\ Z> %]
which in standard units js equalto P [Z > z] = 0.80, shown in the = sz > 0.75]

foi]owing ﬁguﬁg.
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=P[0<Z <] -P[0<Z <075

. Two students A and B were informed that they received standard scores of -
-1 and 1.6 respectively on a multiple choice examination in Mathematics. If their

Thus, the number of lamps that is expécwd to burn for more than 2000 hours ig . marks are 68 and 94 respectively, find the mean and standard deviation of the
' examination marks, j

=0.5 - 02734 = 0.2266

N fix) = 10,000 (0.2266) = 2266.

We know that, z.:_x;l” =>X=pu+Zo i

In a statistics examination, the mean score of students was 78 marks anq <
the standard deviation was 10 marks. : Putting values for studentA ~ 68=p +(-1) o

a) Determine the standard scores of students receiving marks: 68=p-o - (i)

i W dd B dily. 92

! : student B Y= +160 (ii)
b) Find the marks corresponding to the standard scores: Subtracting equation (i) from equation (ii)
) -1 i) 16 ' 26=260
; 2.6

= e =78
(a) X-values are given and we need to find Z-values: 68 = =10 = M

Therefore the mean and standard deviation are #=78 and o=10.

|
|
i
Givenp =78 , o=10 : Putting value of & in eq (1) we get [
|
i
|
1
|
|

X-pu 70-78 -8
1 et =""_ = [ g :
) o 10 10 4:2.9° Ordinates of the standard Normal distribution
ii) Z=x_"_4"'f =_83_‘E il 0 Ordinates mean heights of the standard normal curve corresponding to a
. ) a 105" 18 S specified Z-value. It is denoted by f (z) and is obtained by using the function |
X- -8 14 2z .'
Hl)  Z=—t o0 % 1 =5 ; : i
AN 143 fltlepor 5 exZse |
®)  Z-values are given and x- ' ’
X-values are required, we know that Fisher and Yates have computed ordinates for different positive values of z and
z =_X_;£'= X=ps:0 presented them in tabular form as shown in table 4.2. It is important to note that

() . the ordinates at negative values of Z equal to the ordinates at positive values of Z |
v X =78+ (—l:l]ﬂ =T78-10= 68 . P HEE due to unique property of symmetry of the Normal distribution. !
(i) x =T3+{l,6:|10 =T3+]6=:94

137 = I —— S L et et al e MY Ul
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TABLE4.2:  Ordinates y or f(z) of the standard Normal curve at ;
Z | 600 | oo | eo2 | oo | o4 | oes | oos | o7 m
- __-_-'-—-.
0 03989 | 03989 | 03989 | 03988 | 03986 | 03984 | 03982 | 03980 | 0397y 03973
fc )
O1 | 03970 | 03065 | 03961 | 03956 | 03951 | 03945 | 03039 | 03932 | 039 | g 3918
02 | 03910 | 03902 | 03894 | 03885 | 03876 | 03867 | 03887 | 03847 | 03836 03825
. ]
03 | 03814 | 03802 | 03790 | 03778 | 03765 | 03752 | 03739 | 03725 | 0asiz 03697
== ]
04 | 03683 | 03668 | 03653 | 03637 | 03621 | 03605 | 03589 | 03872 | 0.3sss 03538
03520 | 03503 | 03485 | 034674 | 03448 | 03429 | 03410 | 03301 | 033742 | 0335
06 | 03332 | 0332 | 03292 | e3rm | 03251 | 0320-| 03209 | 03187 | 0316s 03144
07 | 03123 | 03101 | 03079 | 03056 | 03034 | 03011 | 02989 | 02966 | 02943 | 0201
08 | 02897 | 02874 | 02850 | 02827 | 02803 | 027980 | 02756 | 02732 | 02709 0.2685
0.5 | 02661 | 02637 | 02613 | 0258 | 02565 | 02541 | 02516 | 02492 | 02468 02444
10| 02420 | 02396 | 0231 | 02347 | 02323 | 02209 | 02275 | 02281 | 02227 0.22203
LU | 03179 | 02155 | o231 | 02107 | 02083 | 02059 | 02036 | 02012 01989 - 0.1965
12 | oasaz | o159 | oaess | 01872 | eames | oams | oumos | oavsr | oarss | oarss
13 | 04714 | 00691 | 00669 | 00647 | 01626 | o160 01582 | 01561 | 0.1539 | 0.1518
14 0.1497 | 0.1476 | 01456 | 0.1435 01415 | i3y 01374 | 0.1354 | 00334 0.1315
15 | 00295 | 01276 | 04257 | na23s L1219 | 0aze0 | 0182 01163 | o0a14s | o127
—
16 | 00109 | 01092 | 01074 | 00057 | 010401 01023 | 01006 | 0.0989 | 00373 | 00957
17 | 0e9e0 | 00925 | 0509
i 4005 | oo | 0es3 | oanes | 0mess | eoers | emot
VB | 00190 | 0075 | 0ot6t | oenas | gg73 | ol

00529 | 00519 | 00508 | 00485 | 00433 | nowrs | voses | sees A
21 | 0040 | 00431 | 022 | o043 | o408 | 003 00387 | 00319 | ooomr | osse
22 [ 00355 | 00347 | 00339 | 00332 | 00325 | 00317 | 00310 | 00303 | onzs7 | om0
23 | 00383 | 00277 | 00270 | 00264 | 00258 | 00282 | 00246 | nozar | opms | ooz
24 | 00224 | 00219 | 00213 | 00208 | 00203 | 0019 | 00194 | 00189 | oo | 00180
25 | 00175 | 00171 | 00167 | 00163 | 00158 | 00184 | 00151 | 00147 | 00163 | oo
26 | 0036 | 0032 | 00129 | 00126 | ooiz2 | ooms | oouts | oons | osne | oo
|27 | om10s | 0owon | 00099 | 0009 | 0053 | 0aesr | omom 00085 | 00084 | 0008
| 25 | 00079 | 00077 | 00075 | 00073 | 00071 | 00065 | noos7 | 0moss | oess | omoste
29 | 00060 aniss | oase | aoues | s 00051 | 0.0050 | 00048 | 00047 | 0004
30 | 00044 | 00043 | 00042 | 00040 | 0.0039 | 0.0038 | 0.0037 | 0.0036 | 005 | 00034
31 | 00033 | 00032 | 00031 | 0.0030 | 0.0029 | 00028 | 00027 | o006 | 00025 | 0.0028
32 | 00024 | 00023 | 00022 | 00022 | 00021 | 00020 | 00020 | 00019 | 00018 | 0.0018
33 | oom7 | oooi7 | 00016 | ooots | 00015 | 00015 | 00014 | 00014 | 00013 | 0001 _
34 | o001z | oworz | ooorz | ceont | osont | osown | oooto | ooow | 0o | 00009 i
35 | 00009 | 00008 | 00008 | 00008 | 00008 | coowr | 00007 | 00007 | 00007 | 0.0006 .
36 | 00006 | 00006 | 00006 | 00006 | 00005 | 0.0005 | 0.0005 | 00005 | Do00S | 0.0004 .
a7 : 00004 | 00004 | 00004 | 00004 | 00004 | 00004 | 00003 | 0003 | 00003 | 0.0003 ;
35 | 00003 | 00003 | 00003 | 0.0003 | 00003 | 0.0002 | 0.0002 | 00002 | 0.0002 | 0.0002
39 | ooooz | oovoz | on00z | 0000z | 00002 | 0.0002 | o000z | 00002 | D000 | 00001

Ordinates of the standard normal curve given in table 4.2, as usual require

Zovalue Z=2—* rounded up to two decimal points.
o
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Find the ordinates of the standard normal curve at ) Z=0.25 i) Z =313 [ Elmﬂlﬂ“- "-15

iii) Z = ~1.64 ik o

- Fit a Normal distribution to the following table which shows the
BT e weight measurements of 60 male workers of a factory.

) Look at table 4.1 and search 0.2 in the z-column, g0 in the body of Weights (kg) | 50-54 | 55-59 | 60-64 | 65-69 | 70-74 | 7579 M MI\
the table across this value up to the column headed by 0.05. The : S S e
; S R Number of | e
desired ordinate is 0.3867. R 2 4 6 o B s [ ) 8

ii) Similarly ordinate at Z = 3.18 is equal to 0.0025 _ : I )

i . Ordinate at Z = -1.64 = ordinate at Z = 1.64 = 0.1040 S s R

iii) rdinate a (By ~ Solu R |

symmetry property). et ;
4210 Fitting of Normal distribution to observed fmqueimy_" it Weights | 7| | fx 7 zu% £ | e =" (=TT
: > !

The fitting of Normal distribution to observe data means to compute sos4 | 2 | s2| 104 | sa08 | 235 |o00252 37_3-_,(0.0151)':'1 %u
theoretical/expected frequencies corresponding to the observed frequencies. This _ £
can be done by three methods, the cumulative standard normal probabilities ss59 | 4 | 57| 228 | 12996 | -1.72 | 0.0909 34 ".“
method, the area method and the ordinate method. Here we consider only the _ :
ordinate method because it is simple to understand and comparatively less 6064 | 6 | 62| 372 23064 | -1.10 | 0.2179 82
laborious. - s ¢

T T T T S e T S s T2 gt SR - 65-69 12 67| 804 53868 -0.48 03555 %

| g of Norma distribution by ordinate method

: = g e g - . 5 0.3945 15 i
% This method involves the following steps: : e i Ty Ll
% . () Compute ¥ and S from the observed frequency distribution t0 7579 | 12| 77| 924 | 71148 | L g e
] estimate the unknown parameters pand . - o .4
% 5 x-X 80-84 | 6 | 82| 492 | 40344 1.39 0.1518 :
—% (n_) Calculate Z = = from the mid-points (x). gl
7 - ‘ ' 138 | 201 {00529 2 |
% (@) Find ordinates corresponding to Z from ordinate table 4.2. : gt | s )b '
i i : . nel - : 5 e z il
| (iv)  Multiply the ordinates by(?] , 10 get the expected frequencics, i Total | 60| - | 4250| 304910 PR
o where n i p :
?% e n is total frequency and c is the size of class interval.
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Here n=Zf=60
c=5
X= E—E:@: 70.833 kg
f 60

: 7 910 (4250
5w (£ (25] - [ (40 - =g

il NI 60 60
=J64472 =8.029
- x-T70.833
As pand . therefore, Z= - =%
it and o are unknown ore 3 2,029
Put values of x (mid-points) one by one to get z-values as shown above in the
able. Ordinates f (2) is obtained from table 4.2. The factor ~— = ﬁsﬁﬁ':;; =37.37
s ;
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A density function defined as f (x)={b-a ~ Gl S pdf of

0 + otherwise
continuous uniform probability distribution.
Uniform distribution has two parameters, a and b.
The range of Normal distribution is from — o to + .
For Normal distribution the total probability within its range is always
equal to one.
MNormal distribution has two parameters, (t and o.
For Normal distribution Mean = Median = Mode.

4
For Normal distribution M.D= E o

For Normal distribution out of the total observations 68.3 % lies within the
limitsp £a, 954 % lies within the limits g = 20 and 99.7 % lies within
the limits g + 30.

X-u
o

Z= { standard Z-score)

Pl0<Z <12)=P[-12<Z<0]

Ordinate mean (height) of the standard normal curve corresponding fo 2
specified z-value. It is denoted by fz

Point probability in continuous case is always equal to zero.

Continuous probability distributions give interval probability.

When Normal distribution is shown on a graph paper. it gives a bell-
shaped curve called normal curve which is generally taken as a standard
for comparison.

For Normal distribution y = 0 and f2 = 3
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4.1

=

iii.

wii.
viii.

ix.

Read the following statements carefully and indicate which statemeng;, e
7 = Ly
or false.

per {;’e.%; S'Tailﬂtunﬂnuous P"h""]"tv &WW

Eger cise

If X is a continuous uniform random variable Ufa, b) then

fix)=

For a Norma] distribution, the mean is always lies between the mediap il
the mode. :
The right and left tails of the normal curve extend indefinitely, neyer

.m:.r-:b

 touching the horizontal axis.

The tail will be on the right hand side of a Normal distribution for any
positive z-score.

Mean = Median = Mode for Normal distribution.

The mean and the $.D of the Standard Normal distribution is 0 and |
respectively.

The Normal curve is symmetric around the standard deviation.

For Normal distribution about 99.7% observations lies within the limits
3o

All even order moments of Normal distribution are zero.

In case of Normal distribution the two quartiles @, and (s are cqmd:slan!
from the Centre.

4.2 Fillin the suitable word in the blanks.

il.
ii.

vi.
vii.
viii.

ix.

IfX has a continuous random variable over the interval (2, 6), the mean of
the distribution is equal to

2
[l'X-NiI,ul.o % ll‘LEl} standard normal variable Z is distributed as _____—
The maximum I.:.mghl of the normal curve lies at the point_______-
For a Normal distribution, the mean deviation from mean is PENEE =

For a Normal distribution, the odd order moments are equalto___—

The value of skewness = kurtosis = 0 for distribution.

!I{l:)”:ni]mal distribution mean = 10, mode = 10, the value of median = ot

s normal curve is symmetric around the

-[-:c standard normal curve is symmetric around the
interval (£ 20) under the
— % of the area.

normal curve always cover about

Sratistics - X1l

iii.

iv.

vi.

vil.

?

The random variable of the Normal distribution is:

(a) discrete (b) continuous (c) positive
If the distribution follows Normal then Mean = Median = Mode
(b) false () impossible

If X is a uniform variable over the interval (5. 10), then the mean of xis

(a) true

@5 (b)7.5 ©10 @15

Use of the standard normal variable Z instead of normal variable X
(a) complicates the calculation of normal probabilities.

(b) simplifies the calculation of normal probabilities.

(c) Does not make any difference.

(d) pives wrong answer.

The total area under 2 Normal distribution curve 1o the lefi of the mean is
always equal to

()l (Y0
A normal curve witha small standard deviation will be

(c) 0.3 (d) 09

(a) positively skewed (b) more spread out

(c) less spread out {d) platy kurtic
The tail of the Normal distribution

(a) meet the horizontal axisat Z=3.0

(b) cross the horizontal axis st Z=4.0

(c) never meet oF CTOSS the horizontal axis.

(d) are asymmetric

i ?."'5-"'_-.»’ A ’f"" i R
L2 : _;a %?m
fuous thahr l['.‘vlnml-'l:u.ll AT

{

!
]
i
;
!
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44

4.5

4.6
4.7

48

4.9

RS UAI-4: Special Continuous Propyy . o
viii.  The area under the normal curve within two st

mean is , o deviélf"ﬂ of
(a) 68B.3% (b) 95.4%
(c) 99.7% (d) 99.99%

ix. For a Normal distribution H#=40, g=8. The valye of Z for x = 2is
() 2.00 (b)-1.75 (c) 0.80 (d) 1.50

Kie 3 :;:[ ;EE:::I;:“E relation between M.D about megy and $.D of Nt
(2) SM.D=48.D (b)4M.D = 58 p
(€)3M.D=35.D

(d)3M.D=25D
() Define continuous uniform probability distribution,

(b) Find mean and variance of the continuous uniform distribution.

Describe Normal distribution and

distribution, throw light on the importance of MNorma)

Define Normal distribution Write down its properties.

Define standard normal variahl
role of this distribution?

If Zis a standard normal varighle

M Pz>160)
(i)

e and standard Normal distribution. What is the

s caleulate:

(v) Pl-1.96 < Z < 1.96]

1.
1160 <Z <2 30] Vi) P[-1.50<Z<0.67)

[T“-:l PI_I-M ‘:Z‘:'—I.OZ] ("ii) ,PIZ{—2‘SUI
(iv) F|O<z< l.gl‘j]
Find the Proport

; ion of a N facaa
following sections; ormal distribution hay corresponds to each of the

i Z<pas

(llj Z> IJEG fltl}z.q -1.50 ﬁ\‘) Z>-075

NIASAT e e l_l‘ﬂ
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4.10

4.11

4.12

4.13

4.14

4.15

4.16

4.17

Lontinuous Prob strib
Let Z~N (0, 1). Find the area under the normal curve in the following cases:
(i) 1o the right of 2,63
(iii) between 2.27 and 3.02

(ii) 1o the left of -1.45

(iv) between ~1.96 and -1.06
(vi) below 2.17

Determine the Z-value in the following statements:

(i) PIZ> z) = 0.005

(v) between -2.65 and 2.09

(i) PIZ> 2] =0.1075 (i) P[Z > 2] = 0.9599

For a Normal distribution, find the Z-score location that divides the distribution
as follows:

(i) separate the top 20% from the rest.
{ii) separate the top 60% from the rest.
(iii) separate the middle 70% from the rest,

Suppose the distribution of X is normal having mean 46 and standard deviation 4.

Compute the following probabilities:
(i) PIX = 50] (iii) P[45 =X £49)

A Normal distribution has mean = 100 and variance = 225. Find the following
probabilities:

(ii) P[X < 38]

(i) PIX 2 76] (i) P[X < 92.5]

{iv) P[X £ 107.5]

The average seasonal rainfall in certain country is 16 inches wilh. a sla_udm'd
deviation of 4 inches. What is the probability that in a year the rainfall in the
country will be between 20 inches and 24 inches?

In a certain book, the frequency distribution of the number of words per page
may be taken as approximately normally with mean 400 and SD 25..[t' a page is
chosen at random, what is the probability that the number of words lies between
415 and 4507

The heights of a certain papulation of comn plants follow a Normal dts;hu:mr:
with mean 145cm and standard deviation 22cm. What percentage of the plan

<
- N*@ FOR:SALl

(ii) P[X 2 124]

(VPELX<127] (v PI11I2£X = 1283]
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(i) 100 cm or more, (ii) between 150 and 180cm (i) lsﬂclnornmm

; . 427 Ina Normal distribution the mean is 20 and the standard deviation is 5. What is
418  The number of calories in a salad on the lunch menu is normally distripyeq Hocappeonoabe Valhie of the i dvinsioa? "o
mean 200 and SD 5. Find the probability that the salad you select wil] contajpn th
) : 428  The mean deviation of a Normal distribution is 16. Find the approximate value of
(i) more than 208 calories (ii) between 190 and 200 calories

its standard deviation.

3 Seaa e S T fnid thﬁt he has 429  The length of left middle fingers of 1000 criminals is given below:
deal with during a year amount to 72,000 with a SD of 20000. Assuming P
sales in these firms are normally distributed, find.

(i) the number of firms whose sales are over 80000 and

(ii) the number of firms whose sales are likely to range between 60000 gq

420 The mean height of 1000 students at a certain college is 165 cm and SD is 10em,

Find the number of students whose height is Fit a normal distribution to this data by the ordinate method.

(i) less than 172em (i) between 159 and 178 c¢m and 430 FitaN | distribution to the following data.

(iii) more than 173.2 cm.

421  The mean wage of a certain group of workers working in a factory is Rs 285 with
a standard deviation of Rs 50. Find the percentage of workers get above 200
rupees.

422 Assume the mean height of soldiers to be 69 inches with a variance of 9 inches.
How many soldiers in a regiment of 1000 would you expect to be over siX feet
all?

423 1fZ~ N(0,1). Find (i) P(-1 < Z <1}, (ii) ordinate of the normal curve for Z=2%

424 A Normal distribution has mean 1 and o = 3, find P[IX1 < 2]

4.25  Find the ordinates of the normal curve at
02Z=252 (i)Z=-023 (jii)-1.81

4.26

mdgglmmnum (iid)cSlandard deviation on an examination in which marks of %
s o standard scores of 0.5 and 1.3 respectively:

@ .
140 . T = S § __m. N:_@'ir' iF.O.&SA!. l!‘
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Sampling and Sampling Distributions

After studying this unit, the studen

efine sampling, sampling unit, sampling frame and sample design
Differentiate between finite and infinite populations, sample survey and complete
enumeration. Describe advantages and limitations ofsampling.

e
‘Distinguish between probability/random sampling and non-probability/non-random e

. sampling, random sampling withand without replacement. ',
: =5 Differentiate betweensamplingand non-sampling errors g -f:
A "+ Describe simple random sampling stratified random sampling and systematic random :L.
- sampling. g [
"+ Use the random digits/random numbers table to select a simple random sample from a =5
. givenfinite population. £
"+ Define sampling distribution of statistic and standard error of statistic, sampling %
distribution of sample mean. : .
» Describe the properties u_fasampling distribution of asample mean. ‘:
"+ Construct the sampling distribution of sample mean to verify its properties about its mean
andvariance. . ..-
+ Definethesampling distribution of difference between two sample means. I

péscrlhe the properties of sampling distribution of difference between two sample 3 ﬁ
means. d

+ Construct the sampling distribution of difference between two samples means to verifyits - ;é.
: properties aboutits mean and variance. "
-+ Definesampling distribution of sample proportion. ’:‘i“"!“
) Describe the properties of asampling distribution of sample proportion. ‘;;

: #. Construct the sampling distribution of sample proportion to verify ts properties aboutits - i
-~ meanandvariance, %

.bgnl;ﬂi?__Prﬂ?ﬂnlns of sampling distribution of difference between two sample
“t::;muu“ sampling distribution of difference between two sample.
sandverifyitsproperties about mean andvariance.

[151) A

esampling distribution of difference between two sample proportions.

Unit -5: Sampling and Sampling D"‘"huuom 1___,
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U\'llt-i:!lmplingandﬁmpung Distributions
Need of sampling survey

; The c.)nglln of sampling is as old as our civilization and now it is a part of
our r_aynlo-tldly hfl;_:. Human knowledge and actions are mainly based on samples
specifically, in scientific research. Sample data can either be obtained thrzugl;

sample surveys or experimentation which i ici i
| is the basic input in statisti i
VI pu cal analysis

5.1.1 - Key terms and definitions

¢ Population

A group of individuals or objects about which we wish to know something
is called population or universe.

¢  Finite population

If the number of individuals or items of a population are fixed and limited,
it is known as finite population e.g. the population of government hospitals in

Pakistan, students in a college, workers in a factory, etc. Finite population usually
consists of existing items.

4 Infinite population

If the population consists of an infinite number of items, it is called
infinite population. For example, the population of all real numbers is lying
between 10 and 20, the population of stars in the sky etc.

+ Sampling unit

A single element or group of elements of a population from which
required information can be obtained is called sampling unit or unit of the
population. For example, if a population has 100 mango trees. then a single
mango tree is the sampling unit. A unit may either be natural (e.g. a person, a
family, a tree, an animal etc.) or artificial (e.g. a village. districts, a plot of
specified size etc.).

- ¢ Sample

A part or fraction of a population is called sample. In everyday‘hf:c
decision about population is made on the basis of a sample, therefore, it is

2
—_NOT. FOR«SAL
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important that personal liking or disliking may not be involved during the
selection of a sample, that is, sample should be random and must be g ypy,
representative of the concerned population.

To ask a question or a series of questions form many people in order to
gather information is called survey. When every individual of the population jg
examined, it is called population survey or census and if only a part of the
population is examined, it is called sample survey or sampling survey. Nowadays
sample surveys are being widely used by government departments  like
agriculture, industries, commerce etc. and private agencies for obtaining estimates
of respective parameters. Sample survey has two types i.e. descriptive sample
survey (simple information are obtained) and analytical sample survey
(comparisons are made between subgroups of the population).

3

Before applying any sampling procedure, it is essential to have a list of all
the sampling units or a map or other acceptable material which represent the
population to be covered. Such a list or map is called sampling frame. For

example, if we wish to estimate the wheat crop area in Khyber Pakhtunkhwa, the

record of farms along with the names of the farmers, villages etc. are the frame.

The frame should not contain inaccurate sampling units and be as up-to-date as
possible at the time of use. '

Al principle steps including the methods which are taken in the selectio”
of a sample is called sample design or sample plan or sampling plan- It is
formulated before the actual collection of any data, For example, if we want 10
take a sample of students from Peshawar university, then a complet pel
showing number of students to be included in the sample, which students are 1o b
mcluded,. “1‘5 prjuponion of students, method of san;pling to be used, what
characteristics are to be studied etc. will be called sample design

T - - - A =
v Unit=5: Sampling and Sampifng DI“W T _ -
: Statistics - Xl

The sample design along with some other aspects of the survey e.g. choice

and training of interviewers, tabulation plans etc. is called survey design

51,2 Difference between census and sampling

In census (complete enumeration), the information are obtained from each
and every unit of the population. In our country census is done after every ten

years. Census gives quile reliable information but practically we face the
following problems:

i.  When population is infinite or area of survey is wide, its study is

impossible.

ii.  Too much time is required to cover the whole population and often the
study becomes out dated by the time it is completed.

{ii. Too much resources i.e. money, trained persons etc. are required for
survey of the whole population.

iv. When the item or unit is destroyed under investigation, the study of
population serves 1o purpose e.g. testing the life of bulb, battery cell
or any other electronic items.

In contrast to census, sampling studies only 2 selected number of units of -

the population. For instance (i) A housewife takes one or two grains of rice Erum
the cooking pan and decides whether the rice is cooked or not (i) A pathologist
takes a few drops of blood and tests for any change in blood of the whole body
than normal (iii) A quality controller takes a few jters and den:n:lﬁ whether the
lot is in accordance with the desired specifications or mot (iv) In a hulb
manufacturing factory one tests the life of a few bulbs and then thc mnclum:;
about the average life of the whole bulbs produced by the factory 18 made.
these examplesfuses clearly reveal that sampling has been an old practice.
Sampling is less expensive and less time conSUMINE.

513/ Adyantages of sampling

The most important advantages of sampling over census are;
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Sampling saves a lot of time because the data are collected and
analysed more quickly.

The cost of sampling is very much low than 100 % enumeratiop
because the cost per unit being the same and the number of units in the
sample are always less than the number of units in the population.
Sampling results can be more accurate because the sources of error,
personal biases and analysis of data can be handled more easily.

When the units are destroyed e.g. testing the life of any electronic
instruments, then sampling is the only practical way to assess the
average life of the whole lot.

=
="
.

5.1.4 Disadvantages of sampling

Sampling has some limitations given below:

i.  When the information is required about every unit of the population, then

no sampling method is suitable to give the desired information, only
census can do it.

ii.  Only large samples can indicate the true characteristics of the population.
iii. Sampling techniques require services of expert persons for better
supervision, otherwise, results of the survey may not be reliable.

Parameter, statistic and estimator

Any characteristic of population is called parameter. Parameter is an
arbitrary constant value and is usually denoted by Greek letter e.g. 4 = mean, 0°=
variance, o = standard deviation etc. Any function of sample data is called
statistic. It is denoted by Latin letter e.g. X = mean, $* = variance, § = standard
deviation etc. A statistic which is used for estimation of parameter is called an
estimator. Note that (i) Statistic and estimator are random variables because they

vary from sample to sample, (ii) every estimator is a statistic but every statistic is
not an estimator.

5.1.6  Sampling and non-sampling errors

The error which occurs due to the natural differences among the members
of the population is called sampling error. For example, 1.Q, educational level,

- p——— g | m‘ ¢

'+ Sampling with rep[ﬁcmﬁen_i
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income, height, weight, age, etc. of human being are naturally different from each
other. Mathematically, this error is written as e=1X - x| where ¢ denote
parameter and X  denote estimator. Sampling eror can be reduced by (i)
increasing the sample size (i) improving the sample design. It is also called
random error or compensating error.

4 Non-sampling error

The error which occurs during the process of collection and processing the
data is called non sampling error. It includes all kinds of human error. Non
sampling error can be reduced by (i) employing trained personnel (i) using
modern computational aids.

5.1.7 Bias in sampling

The error which arises due to the personal interest of the investigator is
called bias. Error can be minimized in the long run while bias cannot be. This
error increases with the increase in sample size. It is also called cumulative error.
Some of the factors which introduce bias are (i) deliberate selection of the samplé
units (i) substitution of sample units by other units (iii) incomplete or hmd.ﬁqum.e
interviewing (iv) haphazard or accidental selection. Bias cannot be reduced until
it is detected.

: 'szi:_gi'lzl']islg}ri?ﬁffiﬁﬁ’fii hout replacement

When the item selected for a sample is returned to the papuhl?un he.t'ore
drawing next item, it is called sampling with replacement (S.W.R) In this case;

i Possible samples will be N*

< Probability of selection of each unit remains equal.

iii. Sampling units will be independent. _

v, Sampling units can be selected more than once.

V. Population remains infinite.

B T s T T



When the item selected for a sample is not returned to (he
population before drawing the next item, it is called sampling withoy,

replacement (S.W.O.R). In this case;
¥ N
i Possible samples will be C
ii. Probability of selection of each unit changes from draw to draw.

iii.  Sampling units will be dependent.

iv.  Sampling units can be selected only once.

V. The sample size is less or equal to the population size, that is, n < N,

Suppose a population consist of values 2, 4, 6, 8. Draw all possible
samples of size two (i) with replacement and (ii) without replacement.

Given 2, 4, 6, 8 (population), N = 4 (population size), n = 2 (sample size)
(i) * Sampling with replacement case:
The number of samples in this case = N" = 4> = 16. The procedure for

drawing samples is that divide total number of samples by population size i.e.

16 : " :
I=4 and write every unit of the population 4-times in the first column, then

divide the obtained result 4 by the population size i.e. %=l and write every

element of the population once in the second column as shown below;
2,2

4,2) (6,2) (8,2
@4 @, 4) 6.4) (8,4)
2.6 @,6) (6,6) (8,6)
@8) @8 68 (8,8)

@)
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(i)  Sampling without replacement case

%
e

N 4
The number of samples in thi = C=C= ;
mples in this case = C=C= 6. The procedure for drawing

samples in this case is that consider the first unit 2 with all other units of the I

population and keep it aside, then consider 4 with remaining units and keep it aside
and so on, we have

(2,4)

(2,6) (2,8) . 46 48 (6.8)
5.1.9. Probability and non-probability sampling methods i

e

Sampling methods are broadly divided in to two categories (i) Probability
sampling methods and (i) non-probability sampling methods.

When each sampling unit of the population has non-zero probability of
selection at each draw, the selection procedure is known as probability sampling
or random sampling and the sample selected is called random sample. We will
describe here the simple random sampling, stratified random sampling and
systematic random sampling methods.

When selection of units for a sample on each draw is :.mt based on
probability but personal judgment plays a significant rol::, the selection procedure
is called non-probability sampling or non-random sampling. Commonly used non-
probability sampling methods are: purposive or judgment sampling, Quota
sampling, convenience sampling etc.

5.1.10° Simple random sm"np'ling

e 3 2
In this method, each and every unit in the population has an equal chan

: random sampling. It is the
of being selected for a sample. It is also known as g oodi Tl

G A robability samp
simplest and widely used method m,::tioli!s It is the best one for homogenous

this method is called simple random saml?le
may either be selected by with

base for other complicated sampling
population. The sample selected by :
or simply random sample. A random samp
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1 :
replacement process with probability = of without replacement process With

probability .
c

"
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"4 Methods used for selection of a simple random sample
i Goldfish bowl method

According to this method, serial numbers are allotted from 1 to N to g
units of the population. The serial numbers are then written on equal size pieces
of paper and are placed in a basket or box or a bowl. After shuffling, a piece of
paper is drawn. Its number is noted and is returned to the population in S.WR

case, and then another piece is drawn and so on. The process is continued till the
desired number of units is obtained. :

This method has already been described in unit-3

e e e

Allot two digit serial numbers 00, 01, 02... 49 to employees. Select 3 WO
digit random number from the random number table, ignoring the two digit
number which is greater than 49 or which is appearing again being S.W.O.R casé:
Let the random numbers be 04, 10, 37, 17, and 48. Thus we will include thos®
:!i';lpll}yees of the factory in our sample whose serial numbers are 04, 10, 17,37, and

 oEm ol SN e g gm C:..Atlﬁéi
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Note that if we proceed in the same way,

we can draw different samples of size 5.
5:1.11" Stratified :

random sampling

Pﬁpulﬂl:l\:'::; ﬁpr::) :Ie:[rizlt]udl:m:?mge“ws Mdi“g. 0 °““ﬁ‘°“ﬁ"“'° i

is homogenous according to education level, then
simple random sampling is good method but when population is heterogeneous
with respect to the characteristic in which we are interested e.g. population of
students in a postgraduate college is heterogeneous according to the education
standard because it contains first year, second year,..., 6th year students. Here
simple random sampling does not give satisfactory results and in such situations,
stratified random sampling is used to obtain representative sample. According to
this method, heterogeneous population is divided in to homogeneous sub-
populations, called strata. From each stratum a separate sample is selected by
simple random sampling and the overall sample is obtained by combining the
samples for all strata, This procedure is known as stratified random sampling and

the sample selecied by this method is called stratified random sample. For
example,

™ (Population)
1 |
N| ]lsjz ]_"!,]_l .............. N, (mta]
L B |
n, n, By e .. n, (random samples from strata)

ny + nz + ... + nx = n and n is called stratified random sample.llisil':np:onanlw
note that stratum should be homogenous with respect to the characteristics under
study. However, there should be heterogeneity among strata.

In stratified random sampling one of the major problem i.a; tl;:;o::e much
portion of the total sample size n is taken fmm eacNh su-am?:.aumaﬁmmudsmd
namely equal allocation, proportional allocation: :mvmm >
optimum allocation are generally used for allocation of n 1o strata.
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most commonly used one in practice is the proportional allocatioy |

According to this method, the number of unis to be selected from 5 g
proportional to the size of the stratum and arc obtained by the formula;

m, =':7 N&
Where
N = population size
Nj = b stratum size
; s = number of units from k™ stratum for n.
I; . n = sample size
|
Il Among the 250 employees of a local office 180 are matriculate, 50 are

graduates and 20 are master degree holders. If we use proportional allocation to
select a stratified random sample of 15 employees, how many employees must we

take from each stratum?

Given N = 250, N; = 180, N2 = 50, N;=20,n=15

Now random samples from each stratum arc obtained by the formula;

n
HE=FN_..
n 15
=N =— = =
m =y M =755 080 108=11

. s

15
| = N =— 5 —|
1| B
T
=—N.= = 2
=N =5 =12=1

and i
the steatified random sample is n = iy 4+np + na = 11 +3 4 1 =15

@ -n.ﬂ&__

tratyp,

atatistics - Al

5.1.12 S

In systematic random sampli i

pling units are selected at equal i i

b at interval i.
every k" unit, with a random start. The procedure is that items of the populmli:r;
are first numbered from 1 to N and are then divided into subgroups, each

containing -—;:k units, so that N=nk. A unit iis selected at random from

the first k units, then every K unit starting with i is selected ie. i, (i +K)
(i+2k),....[ 1 +(n-1)k}. Let suppose one is interested in choosing 100 schools frnm'a
population of 1000 primary schools. All schools are first given a serial number as

i N 1
001, 002, 003... 1000. Compute :=%=10=k .Choose a number at random

from the first 10 numbers. Let it is 3, then our sample will include 3%, 13*, 23,
33% 993" number schools. Systematic random sampling is a type of random

sampling, The sample selected by this method is called systematic random
sample.

52

Sampling distribution

Recall that frequency table or frequency distribution is constructed for
summarization of raw data. Probability distribution is constructed for
summarizing the values of a random variable. Now, here we are dealing with
possible samples and the corresponding estimators like X,p. 5% S ew. The
values of these estimators would also need to be summarized in tabular form. This
table is technically called sampling distribution. Hence following the same pattern
we can define the sampling distribution as; “The probability distribution of all
possible values of an estimator is called sampling distribution of that estimator”.

The standard deviation of the sampling distribution of an estimator is
called standard error (S.E). Both have the same l:Oll.Cﬁ.p!. The standard error
measures the dispersion of all values of an estimator from its average.

NOT FOR:SALE]
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. =2 Shay ine distributi v
{ The probability distribution of all possible values of the estimator ¥ is iii pe of the sampling distribution of ¥ |
called sampling distribution of X .i.e. There are two cases: !
Sampling distribution of x (a) I.f th.e Saﬁpledgopulation is normal, then shape of the sampling .Ii
i — : distribution of X will also be normal irrespective of the sample size. ;;
e [ f(f) : (b) If the sampled population is non-normal, then according to central limit 1
1 — i theorem (CLT), shape of the sampling distribution of X will
| | -rii "e A il 3 appmximately be normal provided sample size n is large. Note that
£ T fi(R) statisticians consider n 2 30 as large sample. i
T v | T Sl
7'; ! I __} Formulas for mean and S.E of the sampling distribution of X
PR A% :
. r - '.‘Eotﬂl = 1 ; He = Eff(f} (ME&]!.}
i = s . 2 _w=2 _I%= (s H H
| The mean of the sampling distribution of X is denoted by E(X)= g, (read as mu 07 =L f@-[ZX f(3) (Variance)

sub x bar) and its S.E by o, (read as sigma sub x bar).

0, = TR f®-[EX @] (S.E)

i.  Mean of the sampling distribution of X is always equal to the population Note that the random variable X is standardized as Z = X-p _ ):r - i
i 0,
meani.e. A =g (both in with and without replacement sampling) (In S.W R case) L / Jn
" ii.  Standard error of the sampling distribution of X is
Example 5.4
O (in case of sampling with replacement) ; : : T
: "G Consider a family (population) of four children having ages 2, 2, 6, 8 years.
| i, Find mean and standard deviation of the population. By
ki 2 i ii i i lacement culate
:T = (ncaseof sampling without replacement) ii.  Select random samples of two children with repla
e the mean age ¥ for each sample. ;:
| iii. Construct sampling distribution of X e
: IN-n, : , : : f the sampling distribution of mean.
Note that the factor is called finite populatio i c). Itis iv.  Find the mean and standard error of ; ;
| i ki e e v.  Verify the results obtained in (iv) by properties of the sampling
dropped from the formula when n <5 % N and is used when 1> 5 % N. distribution of X

AT END.QALE




 Unit.5: Sampling and Sampling Distributions 'ﬂg
(iii)  Sampling distribution of ¥

X | Tallybar E
] 2"‘ = ““ = i
i Population Standard deviation is given by ' 4 m
o B (Tey . (08 [ ) 675 =2.598 ' 5 i
A\~ N 4 : : > !
6 1 1| w6
(i)  Possible samplesin SW.R=N"=4"=16 . : o& |
7 I 2 | 26 :j
b Pl i & !
'-"\’"'. S . 8 " = = 2 !
~ S.No. Samples S.No. Samples i 1| ine
: Total 16 | Tones
e g 9 6,2 1 N R
(iv) Calculation for the mean and S.E of the sampling distribution of X
2 29 10 6,2 _
X | @ | X&) | 2FE
3 2,6 11 6,6 4
2 46 | 816 16/16
o 4 2,8 12 6,8 : =
: 4 ane | 1616 | 646
2 52 2 8% 5 an6 | 2016 | 10016
% %2 14 82 6 | w6 | ene | 366
| 26 15 8,6 51 ane | siant SR
Sl 16 8,8 s | we | sne | eam6
[ Pl o e : H s wl J
Tol | 1 | 7216 | 376
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72
Mean = .H:=sz('f]=ig=4'5

SE=0, = |TFf®-[ETf @]

2 ﬁ_(l%)’
16 \16

=+/23.625-20.25 =/3.375 =1.84

) Verification:

@  Asp=45and g =4.5, hence the property (. = sis satisfied i c.
mean of all sixteen sample means is equal to the population mean,

(b)  Byproperty 5.Ein S.W.R case is
o 2598 2598

a. J,::_Jﬂi_:m:]'m' It is same as the computed SE

We learnt that if population mean and standard deviation are known, then it is
easy to compute /, and o, by property. If ¢ is unknown and » is large then 0,

c 5
can be estimated by s, =T, where s is sample standard deviation.
n

b e Population consists of number 2, 4,8, 8, 10, 10. Samples of size 210
drawn without replacement from this population.

[1] Find-mean and §.D of this population,
(i) Construct the sampling distribution of ¥

+ (iii) VerifyrhatE(f]=#md o.___,j‘?: iN—H
2 * In\N-1

Statistics = Xl

Given population s 2, 4, 8, 8, 10, 10
Here N=6,n=2

) #=§‘_‘.=w=ﬂ=q

S ERGRERORERS

-

(iii)  Possible samples that could be drawn without replacement == 15
2

S &) Rl e SNo. | Samples | g |
1 2,4 ] M 4‘!0"-' —

2 2,8 5 10 8.8

3 2,8 5 1 8.10

4 2,10 6 12 8,10

5 2,10 6 13 810

6 4,8 6 14+ §10 |
T 4,8 g8 s _:u,.m__-i._""'

8 4,10 1

ST - - o S
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Unit =52 sampling and affpliia Falivdions

The sampling distribution of X is given below:

f(x)

= o o0 = o b W

(=]

Tally bar

L I = I B

- 1/15

/15
2/15
4/15
215
1/15
4115

E

15

1

(iiiy Calculation for mean and S.E of the sampling distribution of X

X f(x) /@ | 2 f3)
753 1/15 3/15 9/19
5 215 10/15 " | 5015
6 4/15 24/15 144/15
=g S 215 14/15 98/15
8 1115 8/15 64/15
9 4115 3615 | 324/15
1410 115 10/15 100/15
Total 1 105/15 789/15
E(f)=n,=sz(z)=%=7

o, =EFfG)-[LT /@] = ’EE_[E)’
15 (15

=526-49=36=19
Now verification of the properties:

@ Aswescethaty=7, E(X )=, hence proved that E( X ) =

o

= T M.

Statistics - XII e

(ii) In S.W.0O.R case, the S.E is
g (N-n

3 [6-2 3 JZ
J;=——. —_——  |—— ==]
JnAN-n 2V6-1 2¥5 1

This is exactly the same as computed 7 .

: Example 5.6

Draw all possible random samples of size 3 with replacement from a
population of three values 3, 6, 9. Obtain the sampling distribution of sample
mean and verify the theoretical results.

| 'Sulution:

Given population: 3,6,9, N=3, n=3

Here sampling is done with replacement, therefore, possible samples are N * = 3?
= 27. The possible samples and the sample means are listed in the following table.

Unit -5: Sampling and SIITIP“I;Q Distributions " ;

.

SNo. | Samples| x | S.No. Splés X | SNo.
1 |.3.33 |3 | 10 [EEE35" % =9
2 3,3,6 4 11 6,3,6 5 20
3 3,3,9 5 12 6,3,9 6 21
4 3,6,3 4 13 6,6,3 5 22
513,66 5 14 | 666 | 6 23
6 3,69 6 15 6,6,9 T 24
7 [ 393 5| 16 |693] 6 |25
‘3 |396| 6 | 17 |696( 7 | 26
o | 399 7 | 18 |699] 8 i




1he Sampiilip SEata= e | e e e T BT RS
- }_:f(}') 5.3 Sﬂln[l[lllg {llstnhutmn of the (]iﬁli.‘l'i_'llfl.! hetw ¢en two _\'an“.ﬂe means
3127 The ]?roha.bility distribution of all possible values of X-X, is
S ca]l-::il san-':plmg distributing of X, - X, . Mean of the sampling distribution
of X,-X, isdenoted by M _; and SEby o,
30727
4217 :1° Properties of the sampling distribution of X,—-X,
42127 (i). Mean of the sampling distribution of X,— ¥, is equal to the
24427 r difference in population meansi.e. g, . =g~ s, (bothin
9/27 S.W.R and S.W.O.R)
(i). Standard error of the sampling distribution of X,~X, is
162/27
2 z
Gona |94 S (in case of S.W.R)
L U | e,
Now E(X)= s =LXf(®)="=6 ,
e = 1026 - | N o) Ny—my :
And 0, = SRS @ -[LZf@] = g 3 =+/38-36 =1.4142 -J g e Gin case of S.W.O.R)
(). Shape of the sampling distribution of X,—X
Borito i 1 L 3+6+9 13 B
There are two cases:
E ion i then sampling distribution of
: ; 0 e 6 2 . a) If_the sampled population is normal,
Population §.D: O’ﬂ‘E‘- Zj\? - li— —(%J =42-36 =6 =245 X,-X, will also be normal irrespective of the samples size.
Verification b) If the sampled population is non-normal, then according to Fenu'a] limit
! Z th j ling distribution of X, - X, will ximately be
0] wemME(X]-u 6 eorem Sﬂl'flp ing dis =X, appro, :
(i) The normal provided n and nz both are large.
_ 4 SEinSWR, 7" )
. T =14142=0; : The variable X,-X, in standard units is written as
1

NOT CAR S
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- and (7=
Formulas for ,u;l_T:cllld Uz-%

Draw all possible random samples of size ny = 2 with replacement
from a finite population (3, 4, 5) and sample of size nz = 2 with replacement froy
another finite population (1, 1, 3).

()~ Find the possible differences between the sample means drawn from

the populations. L
(i)  Construct the sampling distribution of X, —X, and compute its
mean and standard error.

2 2

a, a.
(ui] Vﬂif}'ﬂ!al ﬂr'_!l=#|_—mand af‘-i;= ?1-\}-._3—

ny

Vs Population-1 Population-2
[3,4,5] [1,1,3]
Ni=3 No=3
m=2 i
ith re lace; i les from
Population-1 are N,™ = 32 placement therefore possible samp

= and POP“hﬁOn-Z are N2“2= 32 =0,

173 A

Statistics - X1l -

(@

The 9 x 9 =81 possible differences X — X, are given in the
following table

R o S
1 2 3
1+ [ =2 3
1 D
AAg 5.
L 3

b B .

i o et b e

g S L~ r el M- N U



(i)  The sampling distribution of fl-fz
-5, | Ty | f|fG-%) |&-XI(R-%) (X -XPrGs
B0 [l 1] wsl 0 0
05 o[22 281 el 0.5/81
gty Wy | 7| w81 7/81 7/81
! 15/81
C 15 | wuw |10 1081 22.5/81
e 2 ““::”“' 7| s 34/81 68/31
25 |mww| 16| 161 40/81 100/381
|3 |16 | 1681 48/81 144/31
P35 | omm | 8| sm1 28/81 98/81
L fom 4] oam 16/81 64781
ol . |81 1k 3 189/81 504/81
189
Now M =2(%-%) f(% - xﬂ——l=233
05 =VIG - f G -%)-[G-5) f G -5,
189’
31 =T =v6.222-5.429 = /0.7931 = 0.88
(iii)  Verification:

Mean and variance of population 1:

=

3

O'lz =%_1\._

1

3+4+5 12

=—

3

I3 _
]

50 (12%
‘;‘3- =16.67-16=0.67

(475)

=

3

tstlcs - Xl e W -3
Statistics Unit-S: Sampling and Sampling Distributiors
Mean and variance of population 2:

L
M= = =2m167
Tx? (Y 11 (5V
oy ===l ___|2] 367 2780~
Sl [3) 3.67-2.789=0.88

By property:
My = M=, =4-1.67=233
2 F
Oy, = (| 2+ = JGE? O J0335+044 =0775=088
oo

These are same as computed results,

NART S
5.4 Proportion

An expression which compares a characteristic with the total is called
proportion i.e.

(parameter)
(estimator)

Where X denotes the number of individuals having a specified characteristic
and is a binomial random variable because each individual has two

Possibilities i.e. may or may not have the specified characteristic. Thus X~B (n, p).

5.4:1 Sampling distribution of sample proportion

The probability distribution of all possible values of § is called sampling
distribution of / . Mean of the sampling distribution of p is denoted by .

and it’s S.E by o,



34

@. Mean of the sampling distribution of sample proportion is always
equal to the population proportion i.e. g, =p (bothin S.W.R and S.W.O.R
cases)

' (ii). S.E of the sampling distribution of  is: ‘

d;=,'ﬂ .q=l—p (incase of SW.R)
n

a. = .Eg_..{'l.___". (in case S.W.O.R)
4 \J n N-1

Note that if p is unknown and n is large, then &, can be estimated by

= -

S_Pq

n

(iii).  Shape of the sampling distribution of /i

For small n, its shape will be like binomial distribution but for

sufficiently large sample sizes, the shape of the samphng distribution

of § will be approximately normal.

=

The variable § can be standardized as Z = 2% = P~
o, [pg
P ¥ i §

S.W.R case) n

5.43 Formulas for Hyand g,

Mean E(p)= H;=ZPf (P)

SE o =Li D) -EHG]

(in

Statistics - X ;

Draw all possible samples of size n = 3 without replacement from the population

consists of six numbers 3, 4, 5, 6, 7, 8 and find the proportion of even numbers in

the samples. Construct the sampling distribution of sample proportion and verify
that;

&
The number of possible samples of size 3 in without replacement case are C =

20. The samples and the proportion of even numbers in the samples are:

" §.No. | Samples |
o B s B L
2 3,4,6 '
e e s I8 L T A )
4 |3.48 | 213
= 3,56 | 13"
6| L ST R | 15
7735, S A

The sampling distribution of p

e NOT FORSSALE
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= =% P iy
E@)= 1, =Zpf ()= 32 =05

o =\ZP f (D) -[25 F(DI]

2
= -6——(-19) =+0.3-0.25 =+/0.05 =0.22
20 \ 20
Verification:

() As even numbers in the population are 3 therefore,
pP=—== =-]£ =0.5, hence proved that ;= p

(ii) S.E in without replacement case by property is

i Jpq N-n _ [(05)05) 6-3 _ Jﬁ =0.05=022
f] n N-1 \I 3 6-1 15

This is same as computed value of g;

Sampling distribution of difference between two sami
proportions L3

The probability distribution of all possible values of P, — b, is called
sampling distribution of /, - p,. Its mean is denoted by E (p, — P2)=n;_; and S.E
by o,

Pi=pz
5.5.1  Properties of the sampling distribution of difference between
two sample proportions %o Thal

().  Mean of the sampling distribution of p, = p,is aqua] to the
difference between the Population proportions j.e,

Hy . =P1—p2 (bothin SW R and S.W.0O.R)

I:l.l). S.E of the Sampljng disu‘jhllti.ﬂﬂ of f?' = -ﬁi is

&NOT FOR SALE
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Unit .5 Simpllng and Sampling Distributions

Opyopy =[O 4 Py (S.W.R case)
n ny
pay Ny=m | pyg, Ny—n,
T e L 1 W.0.
Jn‘ Ry e (S.W.O.R case)

If p1 # p2 and also unknown, then for large ny, n; they are replaced with the
sample proportions f, and p, respectively. The O},-;,1s then estimated by

ﬁﬁ'l A!él
g & Lall (RFRY o+ §
A-h n, n,

(iii).  Shape of the sampling distribution of p, — j,.

For sufficiently large m1 and nz the sampling distribution of p,—p, is
approximately normal.

The variable p, — p, in standard form is written as

7= (P = P:) -y, _(Bi-b)-(p—p) (in S.W.R case)
Oz, J&@_+Pﬁ:
m m,

P — T

2 . -_._ ; [
DRSS 10 T e nEnESE o bith e samp lin s disto hutron

HBp-p= E(ﬁl = ﬁz} f(ﬁl _ﬁz)

- - A 2
G ™ \{E[ B— b, )z f(b- ﬁi}“[z(ﬁ -p.) f(B, _Pz)]
Example 5.9
Let p, represent the proportion of even numbers in samples of size nj = 2

drawn with replacement from a finite population consisting units 7, 8, 9. Let p,

represent the proportion of odd numbers in samples of size n2 = 2 selected with
replacement from another finite population having units 4, 5, and 5. Construct the

1180
oo gt eAr:
NU I U SAL

- e

i

i
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sampling distribution of the difference between the sample proportions j, _ |

. Now 9 x 9 =81 possible differences are given in the following table.

rp_lq-l.l-&gl - LT n o [ o T
ﬂ; ;

Na=3

b |
X}
(&

m=2 m=2

ity it =1 0= [ YR

: 4 l ﬁ“ 2;. L S ﬁ’z T L

| 0 L R -'l Iy l_ 0 st (ORE

i population-2 2 =2 25 oo %

LN LTS (0

=: [4,5,5] = AR E AR GO
5 =

Since sampling is with replacement, therefore, possible samples are
Nr=3=9, N,-==3==9

b | —
b
b
B | =
: S
12
H Rl 2

Population-2 : 2 & 2 ; 2 e
! No [Samples | p, _
1 4, 4) 0 1 =l =5 =1 = 0 ===y gaiissiea]
2 4,5) 1/2 : Jo£ =i A = Y { 5 . 75 o
3 45 172
4
5

b | =
=

[}
b | =
[

]

| 4 6 | e b
?‘“' 8:2) - - 1 =1 _-}i - I __% 0. |_% s "l

.; ?"jj?, (5 4) ¢ ],fz 1 : ) - l - 1 6 g ?'-,--:_1.6:"._-_-- ::-1 L;F:‘*:)!!-';f"-\i:fl:'Jé;S;-?'iE <]
i | i ' ¥ R R D PR T
Hé—}'ﬂ.ﬂ (5 5} 1 |—— . . i PR A Ar e ek
NG, 4 '

Pt o AR AR T EAbD.. & ALl =



S

s - XII o S AP S T e Iﬂ
The sampling distribution of =P :
7 s =5 ]
Wﬁ@ﬁ@ﬂﬁ‘?_. R
S e S
| T sl S il =z
i R TR e e ool 9
1 AR S (R TR - R | K
R e |
fr . Frypi=t - A . s - 2
e B 8 : it A aeer |4 =
| e i T o B 1
ai‘m' .;.':31 : Blaus 81
T e e IR
Mean of sampling distribution is;
27 1
ﬂﬁlp,'z(ﬁ P:]f(Pt Pz]"_'—__g
S.E of sampling distribution is;

0y = NE (B~ 5 £ (B o) ~[Z(Bi=P) £ (=)

e

Verification:
There is one even digit in population-1 so p, = %lq %
1
‘There are two odd digits in population-2 so p,= % 2
3
r }

' T
NOWPI.--PZ-;ﬁg__i_ﬂh-h'

Now by property, the S.E in §.W.R case is

B ir"'-: ili

S - Unit-5: Sampling and Sampling Distributions
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o ﬂz 2

Example 510

Suppose that 43% of men and 32% of women of a city are in favor of a proposed
recreational facility. Describe the sampling distribution of the difference between
sample proportions from samples of sizes 350 men and 270 women.

 Solution: i,

Let proportion of men is denoted by p, and proportion of women by p,, then
given information is symbolized as;

=43% =043
gy =1-P,=1-043=0.57

p, =32% =032
g,=1-P,=1-032=068
n, =350 n, =210.

Describing the sampling distribution of the difference between sample
proportions means to find its mean, S.E and the shape.

By property we know that:
Hs 3, =P, —P, =043 0.32=0.11

- J(“"‘?‘)mﬂ) +032)088) _ /576007+0.0008 = /0.00151 = 0.04
350 270
Since the samples are sufficiently large, it means that sampling distribution of
P,~ p,has approximately normal distribution with mean 0.11 and . standard
deviation 0.04. _

104
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A group of individuals or objects about which we wish to know something is
ulation or universe. - -

c;]:hﬁ: mw of individuals or items of a population are fixed and limited, it

i i ion.

Eﬁ:ﬁ::;z":: :25:1};2 of an infinite number of items it is called infinite
lation. :

iops?ngle element or group of elements of a population ‘frc-m which req.uired

information can be obtained is called sampling unit or unit of the population.

A part or fraction of a population is called sample. ;

To ask a question or a series of questions from many people in order to gather

information is called survey.

A list of all the sampling units or a map or other acceptable material which

represent the population to be covered. Such a list or map is called sampling

frame.

The sample design along with some other aspects of the survey e.g. choice

and training of interviewers, tabulation plans etc. is called survey design.

Any function of population data is called parameter.

Any function of sample data is called statistic.

A statistic which is used for estimation of parameter is called an estimator.

Every estimator is a statistic but every statistic is not an estimator.

The error which occurs due to the natural differences among the members of

the population is called sampling error.

The error which occurs during the process of collection and processing the

data is called non sampling error.

The error which arises due to the personal interest of the investigator is called
bias.

The probability distribution of all possible values of an estimator is called
sampling distribution of that estimator.

® The standard deviation of the sampling distribution of an estimator is called
;.. standard error

An expression which compares a characieristic with the total is called

proportion

Statistics - Xl e W —
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iti.

vi.
vii.

viil.

ix.

vi.

S Eillin{the'hlanks.

- Unit'5: Sampling and Sampling Distributiof

Read/thé fallowing statements/carefully and indicate which statement is true
or false.

To perform a census, one would need to examine every item in a population
under consideration.

A primary objective of sampling is to choose a sample that is representative
of the population under consideration.

There is-no difference between random error and sampling bias.

An estimator or statistic is characteristic of population.

The sample mean and sample standard deviation are not statistics.

As the sample size increases, the S.E decreases.

A sampling procedure that selects items for a sample at uniform intervals is
called stratified random sampling.

The probability distribution of all possible means of samples is called
sampling distribution of sample mean.

The S.E of the mean is as the S.D of the sampling distribution of the sample
mean.

S.E can be negative.

If the number of units in a population is limited, it is known as
population.

A population consisting of an unlimited number of units is called a
population.

If all units of a population are surveyed, it is called

The discrepancy between a parameter and its estimator due to sampling
process is known as :

Standard deviation of all possible estimates from samples of fixed size is
called

The list of all the items of a population is knownas ____ .

|
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viii.

ix.

X.

fii.

iv.

Choose the correct answer.

Unk=sampmlia =~ 7

it can
Under simple random sampling with replacement the same uni pr
in the sample.

n
The exprcsmon — isknownas __——

mcalled____——

The quantity
fipc is dropped fromlhe-s E formulaif _——

A characteristic of population is called

(a) parameter (b) statistic

(c) sample (d) constant

As the sample size increases the standard error of the sampling distribution of
mean:

(a) increases (b) decreases

(c) remains the same (d) becomes negative

Probability of selection varies at each subsequent draw in:
(a) S.W.R ) SW.OR

{c) both (a) and (b) {d) neither (a) and (b)
Which of the following statement is true?

(a) S.E is always zero (b) S.E is always unity

(c) more the S.E, betteritis  (d) less the S.E, better it is
fpc can be dropped from the S.E formula if

(A n<5%N b)n<005N
© % <5% (d) all of the above

fp=40,0= 10.n=25.thenvalue0fo'; is
(a) 40 (b) 10 (©)2

(d) 04

54
5.5
5.6

5.7

58

vii.  The number of random samples of size 2 that can be selected W.O.R
from a population having 7 items are equal to

(a) 12 (b) 49 )21 (d) 14

viii. A characteristic of sample is called

(a) parameter  (b) sample (c) statistic (d) constant
ix.  The finite population correction factor is

o o o ol
X. An estimator is a

(a) variable {b) constant

(c) fixed value (d) random variable

What is meant by population, sample and sampling?

What is the need of sampling as compared to complete enumeration?
Write short notes on:
(i) sampling frame (ii) sample design (iii) survey
Differentiate between:

(i) Finite and infinite population.

(ii) Sampling with and without replacement

(iii)  Sampling and non-sampling errors

Match the symbols on the left with the phrase on the right.

symbol . phrase
Ty Samplemun_

s T T MNHEEQMAEI



Statistics - Xl

59

5.10

5.11
5.12

5.13

5.14

515

5.16

m*’_ﬁgmpllﬂg e g I A e R e

(a) What are the main objectives of sampling?
®) Define parameter, statistic and estimator.

Explnin sampling and non-smpliflg errors. What arc the methods of reducing
these errors? ek

Differentiate between probability and non- probability sampling.
Explain the following methods of selecting a sample:
0] Simple random sampling
(ii) Stratified random sampling
(1ii) Systematic random sampling
Define a simple r:;.ndom sample. How a random sample could be selected by:
(i) Goldfish bow] method
(ii) Random number table method
Define the following types of samples:
(i) Random sample (ii) Non-random sample
(iii) Stratified random sample. (iv) Systematic random sample.

Select a random sample of 10 cities from a list of 200 cities by using a random
numbers table.

(@)  Describe stratified random sampling and proportional allocation
" methods.

(b)  The grades in an inter examination of a college were as follows:

(= p=_ a‘d-_-:-- = reey N ALE
Grade b

No.ofswdens | 150168 195 | 20

If we vaish to select a stratified random sample of size n = 40 by pmportional
allocation, how large a sample must we take from each stratum?

|

Statistics - All

5.17

5.18

519

5.20

3.21

322

J PG GBI R TR

A stratified random sample of size 7 = 200 is to be taken from a population of

size N = 40,000 divided in to five strata of sizes Ny = 15,000, Nz = 10,000, N3 =
5000, d

Na = 8000 and Ns = 2000. If the allocation is to be proportional, how large a
sample must be taken from each stratum?

Describe the concept of

(i) Sampling distribution

(ii) Standard error

(iii)  Finite population correction factor

(a) Define the sampling distribution of sample mean and describe its properties.

(b) A population has five elements 4, 5, 6, 7, 8. Draw all possible samples of size

2 with replacement and compute mean for each sample. Construct the sampling

distribution of X and calculate its mean and S.E also verify that g, =t and
a

0, =—F=-

Jn

A finite population consists of the numbers 2, 2, 4, 6, 5. Select possible random
samples of size 2 without replacement and find their means. Construct the

sampling distribution of the sample mean and verify that g, =M and
P {N—n

*odnAN-1
A population has a mean of # = 50 and a standard deviation of ¢ = 12. For

samples of size n = 4, what is the mean (expected value) and the standard
deviation (standard error) for the distribution of sample mean?

For a population with a mean of u = 40 and a standard deviation of o = 8, find

the Z-score corresponding to a sample mean of X =44 for each of the following
sample sizes:

(yn=4(i)n=16

PN T el N W =
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524

525

5.26

Given the five-element population 4, 5,7, 9, 10.
() Compute population mean and variance.

(i)  Suppose samples of size n = 3 are selected without replacement but yoy

compute r.r,’ directly.

(iii)  Suppose samples of size n = 3 are selected with replacement but you
compute @,° directly.

Draw all possible samples of size n = 3 without replacement from the population
0, 3, 6, 12, 15, 18. Construct the sampling distribution of the sample mean and
verify the relation between:

(1) Mean of the sampling distribution and the population mean.

(ii) Standard deviation of the sampling distribution of the mean and the
population standard deviation.

Define sampling distribution of difference between means of two samples.
Describe its important properties.
Draw all possible random samples of size n; = 2 with replacement from the finite

population consisting of -2, 0, 2/and 4. Similarly draw all possible random
samples of size nz = 2 with replacement from the population —1 and +1.

(i) Find the possible differences between the sample means of the two
populations.

(ii) Construct the sampling distribution of X, - ¥ i

b c! ot
(iii)  Verify that i 5, = I — ity and ;s = bt BT
n
Dn}w all poss:ihlc random samples of size n, = 2 without replacement from a
finite population consisting of 3, 6, 9. Similarly draw all possible random

samples of size m; = 2 without replacement from another finite population
consisting of 2, 4, 6. !

()  Find the possible differences between the

sample means of the (w0

populations.

Statistics - XII

5.28

5.29

5.30

5.31

N~ cAlEl.. e < NOBEORSACEEES

npling and Sampling Distributiahe

(i) Construct the sampling distribution of X,-X,and compute its mean
and variance. Also verify the theoretical results,

What is meant by proportion and sampling distribution of sample proportion 7
Describe its important properties.

Draw all possible samples of size n = 3 without replacement from the population
2,3,3,4, 5, 6 and find the sample proportion j of odd numbers in the samples.
Construct the sampling distribution of sample proportion and verify that H,=p

A pg[N-n
d Ve =ad|
and Var(p) nl_NulJ

The marital status of a population of seven friends is U, M, M, U, M, U, U where

U and M stand for unmarried and married respectively. Find the proportion of

married friends in the population. Take all possible samples of two friends

without replacement from this population and find the proportion of married

friends in each sample. Make the sampling distribution of the sample proportion
: 5 2_ pq( N-n)

and verify that i, = p andg,* = S k_N—lJ'

Let P, represent the proportion of even numbers in a random sample of size
m = 2 without replacement from a finite population consisting of values 4, 6, 9.
Similarly, let p, represent the proportion of even numbers in a random sample
of size n; = 2 without replacement from another finite population consisting of
values 2, 2, 5. Form a sampling distribution of , — p,and verify that:

@ E{fﬁ = ﬁ‘z) =h-p

(i) Var(p, — p,) =

na N —n +ﬂgj_ﬁi""'1
m N-1 n, N,-1

|
|
|

ﬁ

¥
I
i
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Unit -6: Estimation

- Define 'esumit:ibnufabarametef. point estimation of a parameter, point estimator and
pointestimate.

Differentiate between point estimatorand pointestimate. -

~ Describe from a random sample, the point estimators and point estimate for population
mean and variance.

I Definéun-hlasednes,un-biased estimator, biased estimator and biased.
'+ Describe the methodsto reduce biasinsample surveys.

Describe and verify the un-biasedness of sample mean, sample proportion and sample
variance.

" Use calculator in statistical mode to directly find the un-biased estimates of mean and
‘variance of the population from which the sample was drawn.
'+ Defineefficiencyand explain best estimator.

-+ Identify the best estimator of population mean, population variance and population
* - proportion.

i» Find the best estimates of population mean,. population variance and population

proportion from agiven random sample.

'+ Identify the pooled estimators, from two samples, of population mean, population
variance and population proportion. '

Find the pocled estimates of population mean, population variance and population
_ propartion from two given random samples,

¢

.Efnplnirillm:.l estimate the confidence inte
‘and unknown standard deviations),

rvalfarthe mean of a normal population (known
populations (known and unknown
R p -

standard deviations),

" LN E-H :

s : the population proportion (large
and th Lokl g : ) 1 propo
’-3%%—;‘. "RW”?"_‘"’WPP?P“"«“PMIIMQEsample‘sl- b

interval estimate and confidence coefficient.

the difference between means of two normal &

Statistics = Xl

6.1 Introduction to statistical inference

Statistical

‘ inference is a process of drawing  conclusions
(inferences) about the population on the basis of sample information

obtained from that population. There are two branches of statistical
inference.

i. Estimation of parameters

il. Hypothesis testing

Statistical inference is of immense importance because complete
knowledge regarding population is seldom available. In the previous unit
concepts of sampling and sampling distributions were discussed which is
actually a base for statistical inference i.e. sampling allow us to make use

of the information gathered for the sample to draw inferences about the
entire population.

sstimalion of, parameters

Fry

Statistical estimation is a process by which the unknown value of
a parameter is obtained from the sample observations. Suppose we want

to know the average age of people in our country, the percentage of

smokers in the Khyber Pakhtunkhwa etc. then these are the problems
which come under estimation.

€5 of estimation
There are two types of estimation (i) point estimation (i) interval
estimation. When a specific value is obtained from sample observations
and is used to estimate the unknown value of the parameter, the process is
called point estimation and the single estimated value is called point
estimate or simply estimate. For example, the values obtained by
X,8, p are point estimates for the parameters 4, o°, p respectively.
When a range of values is obtained from sample observations within

Which the unknown value of parameter is believed to lie, the process is

called interval estimation and the resulting interval of two numbers is
called interval estimate.
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n estimate

6.1.3 Difference between an estimator and ar

A rule, usually expressed as 2 formula that tel].s us how (o
* calculate an estimate from the sample data 1s called an estimator and the
resulting number is called an estimate.
]

> 25

For example; if X =-=—=100 then X= f=l
n

= _=y2
Z('t_‘t)z =263 then 51 = M
n-1 n-1

is an estimator and g

is an estimate, Similarly, if s = is

an estimator and its numerical value 2.63 is an estimate.

0.2 Point estimation

This process provides a single value which is calculated from the
sample data as an estimate for the unknown population parameter. Point
estimate may or may not be close to the parameter because the random
sample used is one of the many possible samples which could be selected
from the population.

A random sample has ten observations 4, 3, 7, 8, 4, 10, 5, 5, 4 and
9. Compute a point estimate of (i) population mean (ii) population
standard  deviation (i) standard error of the mean (iv) population
proportion of even numbers.

(i) Point estimate of the population mean 4 js;
n

(estimator)
382
10 g (pciﬂt Esﬁ]nate)

A g N OT- FOR-SALE

Statistics = Xl : n

(ii)  Point estimate of the population standard deviation o is;

1 ?]
e Jﬁ[}:f _Q:L] (estimator)

ﬁ (59)°
401 ==L
10 1[ ol 10 ]

1

IXra01-348.11

5 :
9

(iii)  Point estimate of the standard error o is;

h

2.42 (point estimate)

L— s (estimator)
" v
242
= — =077 (point estimate)
Jio 4
(iv)  Point estimate of the population proportion p is;
j= . (estimator)
n
= % =05 (point estimate)

2" “Properties of a good point estimator

In point estimation the unknown value of a parameter is estimated
by a single number which is quite risky job. This single value may or may
not be equal to the true value of the parameter. The closeness of the
estimate to the parameter value depends on random sample and the
estimator. An ideal estimator is onme which gives exactly the correct value
of the parameter but such estimator does mot exist in general. Hence to
search a point estimate close to the parameter, it is necessary that the
choice of one appropriate estimator in a given circumstance should be
made on the basis of certain properties, called criteria for a good point
estimator. A good point estimator is one which is unbiased, consistent,
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efficient and sufficient. Only two properties, unbiasedness and efficiency
are discussed here in detail.

6.2.3

Unbiasedness

It is not possible for an estimator to obtain correct estimate from
each and every sample, even though if samples are drawn randomly, E(f)zl E[ix.}
However, if this estimator on the average (ie. considering .all possible n |9
samples), give an estimate equal to the population parameter then this
| property of the estimator is called unbiasedness.

Taking expectation on both sides to have

= :li-[E(Xl)+E(X=)+‘~>+E(X_)]

Definition of unbiased estimator:

1 :
) =—(U+p+-+n) (As X,, are drawn from a population
An estimator is said to be unbiased if the mean of its sampling n
distribution is equal to the true value of the parameter, otherwise, the

having mean 4 )
. estimator is said to be biased. For example, if & is a point estimator of
al

3 3 D2 i Thisimplies that X is an unbiased estimator of z .
i the parameter & and E(§)=8, then # is called an unbiased estimator - n

of@. If E(é);tﬂ means that # is a biased estimator of&. Further, if

2 - iz ; A ~ w at sample proportion is an unbiased estimator of
| | E(@)>6 means @ is positively biased. IfE(f)<# means that & is wh : ol P

A . ; population proportion p.

11 negatively biased. Remember that in previous unit we have shown in

& a Proof:
practical examples thatE(X)=g =g This implies that ¥ ===

n
unbiased estimator fory . Similarly, E(p)=p means that ;,:i is an

is an

By definition f ="
n

unbiased estimator ofp. The bias of an estimator &

B(6)=[E(8)-6).

=l(np] {As X is Binomial random variable having mean np)
Plampice | :

E(p)= E{i] =Lemx)
is given by RS OR

= . . =p. It means that 5 is an unbiased estimator of p.
Show that sample mean X is an unbiased estimator of the
-population mean g . %.
| e | fodisines g o
i i =— - is an unbias
Consider a random sample X,...X  from a normal population Show that sample variance & P A
having mean g and variance o, then by definition

estimator of population variance .
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Proof:
1 & :(“_1}0-1
HY e O _¥y
By definition s° = n-1§ui X) E(h) = o
(-1 s* =D (X,-X)’ This implies that s =—1- Z(x —X)* is an unbiased estimator of &* .
i=l -1 i=l
n e :: 6 ..:'-_..-1
=3 (X,—+p-X) ie. u is added and subiracted Juzanple 5
=
I Draw all possible samples of size 2 with replacement from a
=‘Z[( X, - W)~ (X —wF population having elements 4,8, 12, 16 and show that;
i=l =
iy EX)=p ie X is an unbiased estimator of 1 .
=3[0, — )+ (X =) =2(X, =) (X = )] 2 A
| ; 3 ” ii) E(s")=0"ie. —I—I Z is an unbiased estimator
] i=l
' =3 (X, +n (X - -2(X —p)i(x,‘ 1) of o
| i H
‘ iii) E(5%) # 0% ie §T=— Z(x _X)? is a biased estimator of o
| _Z{x ,u)*+n(x — 1) =2(X = pyn(X — ) As z(x —)=n(X -4) =
| 4 i=l -
! [ Solution: ____|
| =ifxf*#}’+"(f*#}’—2ﬂ(fF;s)’ . Givend, 8,12,16; N=4andn=2
:‘! i
) < Population mean 4 -%—4+8+i2+16=%=10
it =D (X, - -n(X - p)’
- 2 480 (40
; Population variance & —-—X—-(ZX] ———[r-) =20
4| Now taking expectation on both sides N N 4 \4

il (=D E(s)=nE(X,~ p) ~nE(X - g’

=n02—n0’§ M0:=—-

n

6

e g N =~ o AERR
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Since sampling is with replacement therefore possible samples are

N"=4*=16

A T L e i R
R S R Yol
ﬂ.i:ti"!:;f":f; E':-q.‘:r -"" h;'.:."! = “vaefB Bl v
4 0 0
6 8 ~
8 32 16
10 A 36
6t ap-B 4
| 8 0 0
| w107 o 4
w 12 32 16
"rl -8 --32_ 16 -
ﬁ' 10 ' 4
| 12 0 0
b 14 8 4
| 10 72 36
| 12 32 16
| R 4 il
H R [ e 0

i)  The sampling distribution of X

Unit -6: Estimatia 2

(i)

(iii)

Statistics - Xl

BX) =4y =27 () =12 =10=

As mean of the sampling distribution of ¥ is equal to the population
mean g, so by definition of unbiasedness we say that X is unbiased
estimator of i .

The sampling distribution of s*

i i

0"”" ‘; ot [N |""
8
32

v T i
_Total = |

; 20
E(sh)=p, = Ts'f(s")= E-=20=cr‘

Hence s* =—1—l Y (x,—X)? is an unbiased estimator of o*.
n=1 =

The sampling distribution of §*
== —

=i

: 202]
o - A—:mr@n'nﬁ_aﬁtsmﬁi
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E(S)=1 5 7(5h) =12 =10
E(§*)# o
s,
Hence §* =—-E{X, —X}z is a biased estimator of o*.

?il-l_

Example 66 |
.Draw'all possible samples of size 2 with replacement from a
population consisting of units 1,2,56 and find the proportion of even
numbers in the samples.
Construct the sampling distribution of sample proportion fand check that
E(p) = p i.e. p is an unbiased estimator of p.

b S - —
Statistics - XII -

The sampling distribution of sample proportions 3

E(D)=4; =3 b (5) = ==05=p.

It means that f?=£ is an unbiased estimator of population
n

proportion p.

624 “Efficiency

If there are two estimators, both possessing the property of
unbiasedness which can be used for the estimation of a parameter, it is
difficult for us to choose the best one between them. The efficiency
property decides to prefer the one which has minimum variance. Hence
efficiency is a selection criteion for efficient estimator between
unbiasead estimators.

Definition of efficient estimator:
If 6 and &, are two unbiased estimators of the same parameter
6 and Var(6,) < Var(8,) , then §, is efficient estimator than 8.
Efficiency is generally expressed in relative terms as:
- Variance of efficient estimator
Variance of other estimator

R.E

If 0<RE<1= § is efficient

If RE>1= 9: is efficient.

- P . | L A Y T L W |
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If R.E =1 =5 both estimators are equally efficient.

For example, in case of normal distribution both sample mean and sample
: = O
median are unbiased estimators for p. However Var(X )=T and

Var(medjan)=%. Now comparing these estimators by relative

efficiency criteria as:

.. Var(X) __o'in o w2
" Var(median) zo*l2n n mo® *«
.
2277 22

This implies that X is more efficient than median for x. Thus, an
unbiased estimator which has minimum variance is called the best or
. the most efficient estimator.

A random sample X, X,,X, is drawn from a normal population l

having mean y and varianceo™ . Let ﬂ=%+_xi and é1=X1+);2+X,
are the estimators for pr.
i) Which of the estimators is unbiased?

ii) Show that é, is efficient estimator for u than B';.

To check unbiasedness, we first consider:

&

5= Xt 2t X,
4

Take expectation on both sides

@

Statistics - Xl A
Unit -6: Esti

g 4]

(@)= E(X,+2X,+X,]
1

= JE(X)+2E(X,)+ E(X,)]

1
_Z[ﬂ+2#+”] --‘lﬁaﬂxhhwesamnwan;r

4 2 oIC
=T'a=,a Hence &, is unbiased estimator of .
Now consider the second estimator:

é!= X|+X2+X=
3 :

E{é})=—;;[£(X.)+E<x=}+z<x,n
1
=3lErata

3 2 :
=?#=pr Thus, @ is also an unbiased estimator of .

(i)  To check the efficiency, we have first compute variances for both
estimators.

Var(6,) = Var[ﬁl*‘_zxﬂﬁl l

J

= i%[lv’ar(?f,] +4Var(X,)+Var(X,)]

=%{o“+4d‘+a‘].m X., are drawn from the population

having variance &°.

Similarly Var{fi,}=Var[MJ

i e e AT YO A =
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=%War(x,)+Var[x,)-l-'.’ar(}'f;}]
1 2 2 2 ol
:E[a +o+0’] =0 /3
Now compare the efficiency of @'I relative to &, as;

. V() 30°/8 B Q. 9 112551 = B,is efficient than 6,

2

V@) o'i3 B o

Thus relative efficiency criteria shows that the estimator, is efficient

than é'l It means that vat{ﬂ:)cvar(é.] and hence &, is the best
estimator for the parameter p.

6.2.5 Pooled estimator from two samples

Parameters can also be estimated by estimators which are obtained

by pooling (combining) estimators computed from two or more
random samples drawn from the same population, such an estimator is
called pooled estimator. For example two random samples of sizes
n, and n, have means X,X, and variances s, s} respectively, then

s .
combined mean given as E,=5JE141_—”“i is pooled estimator of x and
Byl

-1 +(n, -1)s’ :
combined  variance si=(n‘ L L LS pooled  variance
m+m,—2

estimate of ¢”. Similarly, if random samples of sizes n,,n, are drawn
from a binomial population having sample proportions pi, P2 then

mp+mp, :
=———— is pooled estimator for p. If needed, pooled
3 mtn
estimators from 3 or more samples can be obtained to extend in a similar

way.

e - T . L B M renews e e e ow A Bl

Consider the following two samples

Sample A; 1 4 8 5

Sample B: 3 0 9 4

Compute pooled estimate for (i) population mean g (ii) population
variance 0" and (jii) proportion of.odd numbers in the population.

e

5 1+4+3+5 18 3+0+9+4 16
(i) —————=—=45 e e st
R TR EA = =
- _nxtnx 445 +4(4) 18+16 34 :
R = = =—=425 pooled
X n +n, Zaa 3 3 15 the
estimate of . :
k: P2 | asitl 1
=—|106———|=— =8,
@ 5 g 1[2 s = 4 |=31251=8333

1 £ gZx,,)’] D (16)’} 1
o = =—]|106- =-[42]=14
nz_l[sz . 3 ;

4-1| 4

= DS+, —Ds; _ (4-1E333)+ (4-1)14)

=2 4+4-2

s 2499’9"' 42 L 66.999 =11.17 is the pOO]'Bd estimate le a-z -

Ba ¥
(iii)  Proportion of odd numbers in sample A: p, = % 0.5
Proportion of odd numbers in sample B: p, = E 0.5

% P+mpP  405)+4(05) 2+2

- =05 is the pooled-
¢ n+n, 4+4 8

estimate of p.

e on SN N DO A g

E‘
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This process provides an interval of values calculated from sample
data, as an estimate for the unknown population  parameter. Intepyy

estimate has akiigh pmbabilit}' of containing the parameter of interest.

63.1 Confidence interval . : . '
An interval which is constructed from sample observations in gy
a way that it has a high probability of
containing the unknown value of
parameter is called confidence interval. (773
For example if L and U are two _., |
statistics, then the confidence interval L i |
for the parameter  is given as:
PlL<8<Ul=1-a

Main/ points: about cnnﬁdencﬂ.i@jgrval_

i. The end points that bound a confidence interval i.e. L and U are
called critical values or confidence limits where L is the * lower
confidence limit and U is the upper confidence limit. ;

ii. The region between L and U is called confidence interval- of
confidence region or acceptance region for the unknown parametet
0. ;

iii. The region beyond the acceptance region ie. from —e t0 L and U
to oo is known as critical region or rejection region. (el

The probability that the interval contains the parameter is ca]b

confidence coefficient or confidence level and is denoted !

u—a).ltisalsowritte.nasl[)[:-(l—a)%. ed

The probability that parameter lies in the rejection region 15 o

significance level and is denoted by « . s

(U=L) is called width or length of confidence interval which

measure of precision for confidence interval,

Go3) A
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U‘nE E-:tlmiiﬁ.m

vii.  Precision means accuracy of the confidence interval. Tt can be
increased either by increasing the sample size or decreasing the
confidence coefficient.

SLiagge  sample confidénce interval  for population ‘mean g

0 (hen o is known):

To find a 100(1-a)% large sample (n>30) confidence interval
for population mean 4 when ¢is known, we begin with the statistic
7. - . L
Z= Lo which has a standard
J!Jn

(v.{r B
normal - distribution and make a Z—0
probability statement as: Zan

P[-Z ,,<Z<Z _)=1-a =

Zaz

Where Za: means that probability or area to the right of Zen is equal tn
/2. Similarly probability to the left of —Z«  is equal to a/2 such that
all+ail=a.

A 100(1 - )% confidence interval for 4 when ¢ is known is given by;
= o
XtZ :
all I-I‘ﬂ

Note for particular sample use X instead of X.
Example 6.9

An electrical firm manufactures light bulbs that have a length of
life with mean g and a standard deviation of 40 hours. If a random

sample of 100 bulbs has an average life of 780 hours, find a 95%

confidence interval for the population mean of all bulbs produced by this
firm.,

Solution:

= a
A 100(1-a)% confidence interval for u is X £ 2, T

n

NOT FCR SALE
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We . are given o =40, n=100, ¥ =780, and confidence leve]

1-a= 95% =095s0 x=1-0.95=005, % =E"§—5 =0.025

Now make inverse use of area table of standard normal distribution
and search 05-0025 =0475 in the body of the table which
correspond t0Z,, = Z, ., =1.96.

Putting values in the above interval estimator, we get
780196

+/100
780+1.96(4)
[772.16 , 787.84]

Hence the 95% confidence interval for g is from 772.16 to 787.84
hours.

A rtandom sample of size n = 400 selected without replacement

from a population of size N = 2000 with 0=4 gives ¥=80. Use this

| sample information to construct a 90% confidence interval for the mean
:. of the population.

g A 100 (1-&)% confidence interval for g is X isz;r- J:I—n
1l i n -1

Given that N = 2000, n =400, o=4, ¥ =80,

1-a=090, a=0.10, %=u.05.

From the area table we have Z, =Z . =1645 corresponding o’
the probability 0.50-0.05=0.45

Hence the 90% confidence interval for g is

@)

R D ]
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80.£1.645 "___zuuu—:m
;4{]0 2000-1
or 80£0.294

or 80-0.294 , B0 + 0.294
or [79.706, 80.294]

Iarge sample confidence interval for population mean [{ when

g'is unknown

Practically, ¢ is usually not known but if nz30 then, central
limit theorem allows us to consider the sampling distribution of X as

approximately normal with mean u and SE =% that is, o is replaced
= n
by sample standard deviation s. An approximate 100 (1—a)% confidencc

interval for g in this case is given as;

= 5
X izaiz:‘:'

A scist, interested in monitoring chemical contaminants in
food, selected a random sample of n=50 male adults. It was found that
the average daily intake of dairy products was X =756 grams per day

- with a standard deviation of s§=35 grams per day. Construct a 95%

onfidence interval for the mean daily intake of dairy products for males.

Here o is unknown but n = 50 is large, therefore, 100(1-a)%
confidence interval for g is:

4 iZ,,lji-:

We have 1 - =095, =005, Z,,= Zyms =1.96
Hence the approximate 95% confidence interval for g is
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35 or 756+ 9.70
7561196 —
50

or 756-9.70 , 756+9.70 or [74630,765.70]

This means that the mean daily intake of dairy products for mgq
varies from 746,30 to 765.70 grams per day. Lol
Confidence interval for population meaug :ﬂ;‘ -ﬁ]gqn Gl is
unknown (small sample) = - i
When o is known and m is small, then the interval estimator

X+ znn::fr_ will still be used for 4 but if o is unknown and n < 37,
n

then the statistic [:E:E is used which has t-distribution with v=n-|

s.f\';

degrees  of  freedom and

1 =
5=, |—%(x- 7).
_ n-1
] Probability statement can be made
| as:

5 ["..,fm“ ) quf!,{m} S A

Putting value of t to have a 100(1—a)% confidence interval for A when
o is unknown and n is small as;

B¥ Do of frosiom

The number of values in the sample that are independent and i

it 10 vary is called degrees of freedom e.g. if x-+x=10- ¥
i gve vale only tox, orx, the second one will be aummaﬁca-'lh’
computed. Hence d.f=2-1=1. Generally  if have
i . A%Xte.x, =10 we can gave values to first n-1 SCOTES freely
mdnnescﬂmismsﬁcted,sowehavgdgm oo a‘.f=ﬂ‘”‘

Ty 213 / .-‘"
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Unit -6: Estimation.

TABLE 6.1 [Critical values of student t-distribution]

df oo Lo s L L df
1 3.078 6.314 12706 |[31.821 |63.657 |1
2 1.886 2.920 4303 6.965 9,925 2
3 1.638 2353 3,182 4541 5.841 3
4 1.533 2.132 2.776 3.747 4.604 4
5 1.476 2.015 2.571 3.365 4032 5
6 1.440 1.943 2.447 3.143 3.707 6
i} 1.415 1.895 2.365 2998 3.499 7
8 1.397 1.860 2.306 2.896 3.355 g
9 1.383 1.833 2.262 2.821 3.250 9
10 1.372 1.812 2228 2.764 3.169 10 -
11 1.363 1.796 2.204 2718 3.106 11
12 1.356 1.782 2.179 2.681 3.055 12
13 1.350 1771 2.146 2.650 3.012 13
14 1.345 14761 | 2.145 2.624 2977 14
15 1.341 1.753 2.131 2.602 2.947 15
16 1.337 1.746 2.120 2.583 2.921 16
17 1.333 1.740 2.110 2.567 2.898 17
18 1.330 1.734, 2.101 2,552 2.878 18
19 1328 1.729 2003|2539 2.861 19
20 1.325 1.725 2.086 2.528 2.845 20
21 1.323 1721 2.080 2518 2.831 21
22 1.321 1.7117 2.074 2.508 2.819 22
23 1.319 1.714 2.069 2.500 2.807 23
24 1318 1.711 2.064 2.492 2.797. 24
25 1.316 1.708 2.060 2.485 2.787 25
26 1.315 1.706 2.056 2479 2779 26
27 1314 1.703 2.052 2473 2771 27
28 1.313 1.701 2.048 2467 2.763 28
29 1.311 1.699 2.045 2.462 2.756 29
oo 1.282 1.645 1.960 2.326 2.576 o

@ A
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; confidence interval for population meap Whep 6.3.5 Interpreting Ih'.' confidence interval

Find & 9% Jation gives the values 103 What. does it mean to say we are
selected from the populatt o Loy, 98% confidant that the true value of the .hwi
random sample 0 101009% population mean 4 is within a given . ®

0.097, 1.04, 0.99,0.98, 1.0%, . interval? It means that if we construct 100 <
such intervals for different samples, almost 1 *f

“ 98 out of 100 will contain the parameter and '
. g .4 only 2 out of 100 will not contain the true ¥ o’
A 100(1-)% confidence interval for g is X I%""" In value  of the  paameter. It can Em.

diagrammatically be shown as given in the |,

99, 0.98, 1.03, 1.01, 0.99. Figure. Two of the intervals at serial number «

We have values 1.03, 1.01,097,1.04,09 : 3 and 97 do not contain the parameter u

Heen=9 , 2x=905, ¥ x2=9.1051, therefore,

while remaining 98 intervals contain the

parameter. Remember that we cannot be absolutely sure that any one
Tx 9.05 particular interval contains the mean g,
¥ =—=—=1.0056,

n 9 6:3.6" " Confidence interval estimate for the difference between two

e

populations means when @, and @, areknown

J {sz (EI)] J_]__ 91051‘_(9(;5) ] —0.02245 | In this case X,-X, is the point estimator of (#—/5) which in
“— 9

n standard form can be written as;

z={fl—fz)-m-;ﬁ>_

l 2 2
1-a=099 or =001 JC’_I+"_:
i mnoon
Now form -table 6.1, we have 1. =i =i =13.355 ; Probability statement for the random |
e M 5 MR L % variable Z can be made as 55
Putting values in expression for confidence interval, we g¢t A A-Z,,<Z<Z,,)=1-a.

confidence interval for y as The 100(1-e)% confidence interval for (u,—pu,) in this case is given

by
0.0245 '
“““55*3'355[‘7;-] or [1.0056 + 0.0274], [0.9782 , 1.033]




compared by road — testing samples of m

T "“'“ﬂlﬁn

.w ea;]ng qualities of w0 types of automobile tires Were

e =n, =100 ftires of each typ,

The test tesults are X =26400miles and % =25100miles. The stanery

deviations for the two
0,=44.2719 respectively. Estimate (&, — H2)

types of pgpulatlﬂlls are 0-1=37-94?3 ang

the difference in mean

miles to wear out, using a 99% confidence interval.

A e

' The 100(1-a)% confidence interval for (4, -4,) in this case js

given by

e o ol
X-X)tz ,|[++2
X,-Xy) m1‘"1 =

Given m, =100 %=26400 0,=31.9473 o0, =1440
n, =100 5,=25100 0,=#42719 o, =1960
1-a=099 =001 %:0‘005-

Hence z,,=2.57

Puming values in the expression, we have 99% confidence interval for

(.ul. -pzl as;

1440 190

(26400-25100)+2.57

1300+2.57(5.831)

or [1285.014 <(y, = 1,)<1314.986]

X — '
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6.3.7 Confidence interval for i T o T e
S 1

and

o,
unknown (large sample case) _
When population variances are unknown but sample sizes n, and
n, are large (230) then O ,0, are estimated by sample variances
S}, S; respectively. The statistic Z in this case will be of the form
Z_(fu‘f:)—(ﬂ.'ﬂ:"
" \IS* 5!

—L 42

nomn
The 100 (1-&)% confidence interval for (g, — x,) is then

v T 'Si 52
(X, -X,)xZ_, I‘+;’
Example 6.14

lntelligencé test of two groups of boys and girls gave the
following results:

Girls: n, =60 SD=8
S.D=10
Compute a 95% confidence interval for (g, —p,) where p, is the mean

score of girls and g, is the mean score of boys in respective populations.

mean="75

Boys: n, =100 mean=73

Solution: ]
Here 0,0, are not given but n, ,n, are large, so 100(1-a)%
confidence interval for (g, — g, ) in this case is

e ’ 2 R
X -X)tZ,, |+
( 1 2 all nl l'.l-:

Wehave n, =60, % =75, S, =8
© my=100, X, =173, S;=10

e AT EOAD-Q AL
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l-a =095 , =005, %:u.nzs

The
normal populations for which G’ 0’2 but unknown,

Sample-I 103 94 110 . 87 98

I 64 100 Sample-II 97 82 123 92 175 g8 118

! : (75-73)£1. BE"#@ Compute 90% confidence interval for the difference between the two
population means.

following two samples wel
Ficin, s tible of ioemal distribution, we have Z,;; = Zyos =I°96. p ¢ randomly selected from two

Hence the 95% confidence interval for ( = py) I8

2£1.96 (1.44)
2+2.8224
(-0.8224 , 4.8224)

6.3.8 Confidence interval estimate for the difference between: twy

100(1-@)% confidence Interval for (#, = u,) in this case is

normal — populations  means (u, —u,) when g g are (i,*%)i‘!mlhw_ﬂ £ £ I

m

unknown (small sample case)

When population variances are not given and n, ,n, are small Given that _
(<30) then we have to make another assumption ie. 0,=0,=0 and =5, Ix =492 , = 48718
this ¢ is estimated by unbiased pooled estimator. In this case the statistic m=7, Lx, =775 , Tz = 92019
| X o
: ] X has the t‘dlsmbuuﬁn with (ﬂ +n2 2) dggrees of ﬁEEde i _E'=EXL=E?E=984
given below; E: 5
X -X)-(u- 5
e £=22-T5_109
Il "z 7
S f—+—
n o

2
(m=Ds? =E(x-%) = T2 - (Z:) 248718 (492}1 ity

Whire s, = J(_n.:l}s.’ﬂnz—n;g

m+n, -2 2 2

(n,=Ds; =%(x,~%)* = T2 -g{’]—-—-QQDIQ-(—???i:ﬁZlSAZSﬁ
m

A100(1-a)% confidence interval for (- 1,) i this case js given by

s ks s = [=Ds +(n,~1)s?
'l’X,—X,]:tramh“: gyt i_!_+_1_ . m+n, -2
nom




_ [3052+62154286  _ Jissmszss Ky
Y 5+7-2 10

Here 1-¢ =090 , a=0.10

From 7—table 6.1 wehave I, .. 2= loiyas-n = loosqo) =1.812

Hence 90% confidence Interval for (u, - u,) is

-12.31+27.10
[-39 4l<p, — p, <14.79]

6.3.9 Confidence interval estimate for® population==pr

(large sample case)

s

When the sample size is large the sample portion has
.the sampling distribution which is approximately normal with

mean p and S.E=J%i.’e.

z=—'°r_'*" ~ N(O,1) asn—es
ﬂ

" "
A 100(1-a)% confidence interval for p is written as;

prz,, 2L
n

If p is unknown then the confidence interval for p is computed by

e

ﬁizﬂl =

=
o

A random sample of 200 persons from a city was interviewed and
30 of them were found to be literate. Calculate a 90% confidence interval
for the proportion of literate persons in the city.

&)

Unit-6: Estimation
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A 100(1 @)% confidence interval for ‘p (literate persons)  is

P4 Zun oL

Given

n=200, X=50 (Number of literate persons), therefore
X 50

p=—=—=025, §=1-p=1-025=0.

pmm G=1-p=1-025=0.75,

1-a=090, @=0.10. From area table of standard normal distribution,
we have Z,, =Z, , =Z,, =1.645
o

Hence the 90% confidence interval for p is 0.25 tl.ﬁdﬁ‘%

or 0.25 £0.05 ~or (0.2, 0.3) or (0.2<p<0.3)

6:3:108 arge ‘sample’ confidence interval estimate for the difference
i bebween|two population proportions (pi—p:)

A simple extension of the estimation of a binomial proportion p is
the estimation of the difference between two binomial proportions. For
sufficiently large sample sizes the sampling distribution of P,— P, can be
approximated by a normal distribution i.e.

2= @=B)-i=P) _ yy
!&;,.E;‘Lz
n n

The approximate 100(1—a)% confidence interval for (p, - p,)is given by:
(By= D)L Z,p #‘f—;—’

@) e

»
¥
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Two pairs relieving drugs were compared each on independen;
samples of n,=1000, n,=1000 individuals. Out of these individuals 750
receiving drug-I and 800 receiving drug-Il reported some pain relief.
Construct a 90% confidence interval for the difference between
population proportions.

As p,,p, (population proportions) are unknown, therefore 100(1-a) %

confidence interval for (p,~p,) is (p; = py)+ Z, [P0+ 202

n n,
Given information are;
X, 750
= = "=——=—-=0+75
m=1000 , X,=750 , p w1000
g, =1-p,=1-0.75=0.25,
. X, 800
= 5 — o =—=——='DL30
n, =1000 _J{2 800 , p, n 100
&zzl—ﬁz=t—_(}.8{)=ﬂ.2ﬂ.
1-a=09 , a=010 g=ﬂ*057

From the area table of standard normal distribution, we have
Z.n =Z, =1.645.
Hence, the 90% confidence interval for (p -

py) is
(0:75-0.80)+1.645 J (0.75)(0.25) | (0.80)(0.20)
1000 1000
~0.05£0.03
(008 , —-0.02)

@)
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® Statistical inference is a process of g
about the population on
population,

Statistical estimation is a process by which the unknown value of a
parameter is obtained from the sample observations. '

® When a specific value is obtained from sample observations and is used
to estimate the unknown value of the parameter, the process is called
point estimation.

When a range of values is obtained from sample observations within
which the unknown value of parameter is believed to lie, the process is
called interval estimation.

* A rule, usually expressed as a formula that tells us how to calculate an
estimate from the sample data is called an estimator and the resulting
number is called an estimate. |
An estimator is said to be unbiased if the mean of its sampling
distribution is equal to the true value of the parameter, otherwise the
estimator is said to be biased

rawing - conclusions ~(inferences)
the basis of sample information from that

I¥ & and @, are two unbiased estimators of the same parameter & and

Var(§)) < Var(6,) then 6, is called efficient estimator than 4,.

An estimator which is linear, unbiased and has minimum variances

among a group of linear unbiased estimators is “called best linear

unbiased estimator or BLUE, :

A rule for calculating two numbers to create an interval which has a high

probability of containing the parameter of interest is the confidence

interval.

* The region between L and U is called confidence interval or confidence
region or acceptance region for the unknown parameter £,

* The region beyond the acceptance region i.e. from —<2 to L and UJ to oo
is known as critical region or rejection region.

* The probability that parameter lies in the rejection region is called

significant level and is denoted by a.

S T |~ - Y W T EP—S
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viii. ~ The precision of a confidence interval increases by
the sample size. -
ix.  Estimation has types.
Read the following statements carefully and indicate”  which X (1-a) isknownas ___ .
statement is true or false. Choose the Correct answer:
i. Statistical inference means making confidence interval for the i. Estimate and estimator are:
parameter. . (a) synonyms . different
ii. Parameters are constant and statistics are random variables. i (b) di
iii. Inference regarding population parameters can be done in three ways. % c‘} E"’F‘" aton (d) formulae
iv. A statistic will always be an unbiased estimator if the sample itself is ii. Bias of an estimator can be:
chosen without bias. (a) positive (b) negative
1 = - ’ = (c) either positive or negative (d) always zero
. - r
Y. & - Z(X —X)* is an unbiased estimator of o”. i If 5 =0.5, then 0.5 is called; |
vi. In estimation procedure we estimate the value of a statistic. _ (a) estimator (b} catirais |
vii. A 99% confidence interval will be wider than a 95% confidence (c) interval (d) all of above
' interval constructed from the same data. iv. Estimation has types.
viii. The precision of the confidence interval will increase by increasing (a) 3 (b) 4
the sample size. (©2 (@5
ix. Confidence limits will vary from sample to sample. % a is called ;
X.  t-distri .'hutum is used for interval estimation of g when @ is known ()Rl of ignificnce i
and n is large. (c) confidence coefficient (d) all of above
vi.  The probability statement P[-Z,,, <Z <Z,,]=?
1 Anesti.nmorls:l':selfa . ; @) @ ) B
ii. A value of an estimator is called an ;
; . ©1-8 @ 1-a
iii. If X,%..%, be a random sample, the expression f=? is an : vii.  If the average value of an estimator is equal to the true value of
the parameter, the property is called;
iv. A single value of an estimator for a population parameter is called (a) efficiency (b) sufficiency
its estimate. ¥ .:c) cnnsjs[enc)r I:d] unbiasedness
v. If expected value of an estimator § is equal to the value of the vili.  Statistical inference makes inferences about
parameter &, then & is said to be an estimator of 8 . (a) Sample (b) population
vii If two estimators Tand T, such that Var(Z}) <Var(T,) , then (c) both population and sample (d) estimator

Tiscalld_______estimator thanT,.
vii.  An interval estimate with —— _interval is best




6.4

6.5

6.6

6.7

6.8
6.9

6.10

{ o R
e = _— 15 4n inte s
ix' [p_z"’ ﬁf{‘p{p oy i Estimatg g,

(2) mean (b) variance
(c) proportion (d)S.D
x. A 90% confidence inerval for the population mean j5 o
from the
o - o
a)x11.645— (b) x+1.28—
(@) i =
s o - o
(c) x+2.58—= (d) ¥£1.96—
= g

Wl3ar. do you @dtrstand by estimation? Differentiate between 4

estimator and an estimate.

Describe the following:

i) Statistical inference ii) Types of estimates.

Distinguish between

i) Point estimate and interval estimate

ii) Estimator and estimate.

Define and discuss with exam i i i
: ples the following properties of a point

S g prope ! po

i) unbiasedness, ii) efficiency.

:hat do you mean by bias? What are the factors which introduce bias?
emv:;;: for:" ?om sample 4, 3, 7, 8, 4, 10, 5, 5, 4, 9 Compute poin
i, ! Population mean (i) population variance (iii) S.E of ¢

If random 1 2
ples of size n = 2 are drawn with replacement from

» 16, 19,

Population h&\fing values 10
, 11, 13,

’Eﬁ_ o PoTAtElicS = All

6.11

6.12
6.13

6.14

6.15

6.16

6.17

6.18

" Unit-6: Estimation

=3
i) Sample varance s?=ZX=%)

R is unbiased estimator of the

population variance.

A random sample of size 3 ie. X,X,x, is drawn from a normal
population having mean 4 and varianced®. The following two statistics

T, =x'—+2':z+—x3 , 7';=i1%+11 are taken for s .

i) Which of the above is unbiased?

ii) ‘Which of the above is most efficient?

Describe the concept of confidence interval estimation.

Define the following terms:

i) confidence limits, ii)confidence coefficient  iii) level of significance,
iv) precision of a confidence interval.

A random sample 12, 9, 14, 10, 12, 07, 13, 11 is drawn from a normal
population whose ¢= 2. Compute a 90% confidence interval for the
mean of this normal population.

A sample of 100 chocolate bars is taken at random from a large shipment
have an average ¥=0.8 pound with a standard deviation of § = 0.1
pound. Find a 99% confidence interval for the weight (4) of
chocolate bars for the entire shipment.

An electrical firm manufactures light bulbs that have a length of life that
is approximately normally disiributed with a standard deviation of 42
hours. If a random sample of 49 bulbs has an average life of 800 hours.
Find a 95% confidence interval for the population mean of all bulbs
produced by this firm.

Given the sample 2.3, —02, —04, —09. Compute a 90% confidence
interval for the mean of a normal population with &'=3.

The heights of a random sample of 100 college students showed a mean,
height of 64 inches. If standard deviation of the height distribution of the
population is 3 inches, find a 95% confidence interval for the mean
height of the population.



6.19

6.20

6.21

622

623

6.24

" 625

random samples drawn from two populations:

I n-.-SO, I.I=2163! zxa =1449496. COI'I'IPMC a 99¢% uﬂnﬁdehﬁg'

interval for g .
A random sample of size m =136 taken from a normal population wig, ,

variance o, =9 has meanX, =75. A second random sample of sjp,

n, =25 taken from a different population with a variance 67 =25 g
amean %, =70. Find a 98% confidence interval for g, = 4, .

The number of accidents per day in two cities was observéd and the
following information was obtained:

Estimate 95% confidence interval for the difference between the mean
accidents of the two cities.

When it is appropriate to use t-distribution instead of the Z-distribution
to construct confidence interval for the population meam O difference of
population means?

A sample of 10 measurements of the diameter of a spare gave a mean
¥=438inches and a standard deviation 5 = 0.06 inches. H.nd a 95%
confidence interval for the actual diameter.

A random sample of 12 ball bearings has weights in grams as 314,
331, 359,347, 334, 345, 35, 325 369, 364, 35.8, 33.2. Find 2
90% confidence interval for the mean weight of the population from
which these weights were drawn.

The following summary statistics were recorded . from independent

R T T R e e T e It

6.26

6.27

6.28

Find a 95% confidence interval for p if 24 heads are obtained in 40
tosses of a coin.

In a survey carried out in a large city 170 housewives out of a random
sample of 250 preferred Lipton brand of tea. Find a 95% confidence
interval for the percentage of all housewives in the city preferring Lipton
brand of tea.

Independent random samples of n, =800 and pn, =640 observations
were selected from binomial populations 1 and 2, andX,=337,
X, =374 successes were observed. Find a 90% confidence interval for

the difference (p, — p,) in the two population proportions. Interpret the
interval.




Unit-7: Hypothesis Testing

The second important
; phase of staris :
hypothesis testing. Here decisions tatistical inference is the

are  m
parameters on the basis of sample 1nfnrmat1::e F:rbO:tx ﬂ]re popuhypom]a::“
testing procedure can decide whether (i) a new m::Eme is reall
effective in curing a particular disease (ii) one educational proced 4
better than other etc. The difference bet : i

ween estimation and hypothesi
testing is that in estimation parameter values are unknown 3::.]1 m-l:
obtained from sample information while in hypothesis testing parameters
values are hypothesized and are checked on the basis of sample
information whether they are true or false.

: -Diif ntim betweaﬂ ““” and alternative hfpuﬂ-.es]s, simple and cumpusite
hypothesis.

Fprmulate nullQJ'_lti é!tgénative hypothesis.

Hypothesis is an unproved claim or assertion or assumption which

or acts as a starting point in a research irrespective of its probable
Recognize the elements involved in hypothesis testing: test statistic, rejection truthfulness or falsity. Hypothesis may be non-statistical or statistical. A

and non-rejection regions, cﬂﬂca]vamesrnngtaﬂedtest,twota"ecftest,t‘fpe-l statistical hypothesis is a testable claim about one or more parameters of
“ and type-ll errors, level of significance, decision rule and conclusion. 1 empirical distributions.
; | type- :

7401

. -_'.APPI‘!--ﬂ'i_l‘-‘_tﬂl“of - hypothesis about mean.of a normal population {known and Hy]m!hesis testing

hnknuwn standnr'ddevlatlnn}'

A statistical method that uses sample data to accept or reject a

Applvthe:mufhypothesuaboutpupulatinn proportion (large sample). hypothesis about a parameter is called hypothesis testing,

G «hpplythptestnfhwothe“ﬂho“tﬂ'e difference between means of two normal

?'-1-3. l’frmc;p]_e steps involved'in hypothesis testing
Zp-upulatfnns(known!unknown standard deviations). '

i Applv ot Ssol hypothesis about the diﬂemnce between pmpomons of two e Hypothesis testing procedure mainly involves the following six steps:
| Step 1. State the null and alternative hypothesis.
Step ii. Choose an appropriate level of significance.
Step iii. Decide about test statistic.
Step iv. Compute test statistic value.
Step v. Obtain critical values for test statistic from respective
_ tables.
Step vi. Make a decision.

&
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7.1.3 Definitions of key terms

It is a claim about parameter. It is tested for possible rejection
under the assumption that it is true. It is denoted by Hy,

is also a claim about parameter which is accepted if Hy i
rcjecwd. It is denoted by H;, It may be directional or non- -directional.

When all parameters of a distribution are well specified under the
hypothesis it is called simple hypothesis. For example in case of normal
distribution if Hy: 4= 5,0 2-2.5, it is simple hypothesis because all parameters
values are well specified under Hy.

When all parameters of a dis 'QEtion are not well specified under
the hypothesis it is called composite hypothesis. For_example for normal
distribution Ho: £ = 5, ’<25 or He p < 5, 0 = 25\@&0-;‘;—5 o
unknown etc. are composite hypothesis because in the) ﬁrst two cases
values are not well specified and in the third case all paramctcrs are not
considered. The concept of simple and composite hypothesis\js applicable
to both Hy and H;.

Two types of emors are possible in making a decision |about 2
hypothesis.

“To reject a null hypothesis when it is true, itis called type-I error”

B bl hiare e e e p e Add

Statisties - XIl .
Unit -7: Hypothesis T

i. If a medicine is given to a few

dtsca.use. to cure them and the medicine is curing the disease,
but it is claimed that it has no effect or has an adverse effect
and hence discontinued. This is Type-Iemor.

ii. To fail an intelligent student.

iii.  To punish an innocent person.

iv. When a good player is not played in the cricket match. .

v. To reject a good item.

patients of a particular

The probability of committing type-1 error is denoted by « ie.
o= p(reJECtHonglstmE]

“To accept A null hypmhcsxs when it is false, it is called typeIl

"

Error.

i. If thc medicine has adverse effect and is claimed to have good
_ effect and the treatment is continued. This is type-II error.

ii. To pass a dull student.

iii. To release a guilty person.

iv. To allow a non-deserving player in the cricket match.

v. To accept a bad item. -

The probability of committing type-l error is demoted by B ie.
B = placcept Hy/H, is false)

(i)  Type-Ierror is more serious than type-1l error.

(ii) a and f have an inverse relation ie. if ome increases the
other decreases and vice-versa.

(ili)  Both zand B can be decreased by increasing n.

|
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The probability of type-I error which we are ready to tolerate 5

making decision about Hp is called significance level (S.L). It is denoteg -

by « ie. @ = P(reject HyHp is true). The hi.gh o :;imtﬁémm
level we use for testing a hypothesis, the higher the Probability of
rejecting Ho when it is true. Usually, it is suggested to keep & < 0.05,

A function of sample data is called statistic. When a statistic js
used to test a hypothesis, it is called test statistic or decision ru-le. It helps
us in the decision whether to accept or reject Hp. The choice of test
statistic depends on the hypothesis under question. Commonly used test
statisﬁcsarcz,r,fandF.

The value of test statistic is said to be statistically significant if it
falls in the rejection region and as a result Hp is rejected. On the_ other
hand, value of test statistic is said to be statistically insignificant if it falls
in the acceptance region and as a result Hy is accepted.

[ All possible values of a test
i . statistic are divided inte two
| " mutually  exclusive groups. The
[ group of values which lead to the
f acceptance of Hy is  called
| acceptance region (AR) for the test.
‘ The group of values which would -

! lead us to rejection of H is called rejection region (RR) or critical region
, for the test. The values which separate the (AR) and (RR) are called
-3 critical values and are obtained from the tables of respective test statistics.

@
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S et

T_lm tpes of symbols [>, <, # are used in the alternative
hypothesis H; When the symbols [>, <] are used in Hi, it means that the
whole rejection region of size o li

es only on one tail of the concerned
sampling distribution as shown below,

'+ Onctailed and two.tailed test

I
§
I
|
|

|

I
I
I
'

It is called one-sided rejection region and the test is called one-
sided or one tailed test. On the other hand when the symbol [#] is used in
Hy, it means that the whole rejection region of e N g
size o is equally divided; /2 lies in the right :
tail and /2 lies in the left tail of the concerned E
sampling distribution, as shown in the figure. |
It is called two sided rejection region and the | S
test is called two-tailed test. =

7.2- General" procedure for testing hypothesis About Mean (&) of a

N al>pPopulation [when a” is known]

i. Generally Hy and H; can be set in three different possible forms as
follow:

a) Hy: = b) Ho: 12 iy ©) Ho: #< 1ty
Hy: p# iy Hy: <t Hy: > pho
[Two tailed test]  [Left tailed test] [Right tailed test]

.
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ii. a=0.01 or 0.05 etc.

iii, Test statistic to be used is Z =

when Hj is true.
iv.  Calculation of Z value from the given data.
V. Critical region:

The critical region depends on H).

For case (a) two sided critical region
is used as;
Reject Hy if
Z<-ZmorZ2Zon.

For case (b) one sided critical region is
used as; '

Reject Hy if
ZL-Z,
For Case (c) one sided critical region is
used as;
Reject Hy if
Z2Z4

Where Z is computed value of Z-test
and Zyp, or Z,is table value.

vi. Conclusion:

If the computed value of Z falls in the acceptance region, accept
Hy, otherwise reject Hy. Remember that acceptance of a hypothesis does
not mean that it is really true.

@)

.
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We may interpret it as that sample data is in
we are accepting Hy,
- pample?

the support of Hy that is why

An electrical firm manufactures light bulbs that have a length of
life that is approximately normally distributed with a mean of 812 hours
and a standard deviation of 40 hours. Test the hypothesis that g = 812
hours against the alternative u = 812 hours if a random sample of 36
bulbs has an average life of 800 hours. Use a 5% level of significance.

" Solution: |

i Null hypothesis Hy: g2 =812
Alternative hypothesis Hy: u+# 812
ii. Significance level &= 0.05

iii. Test statistic to be used here is;

X-u
Z= T "
O'J'q’.t_:

iv. Calculation:

Given n =36, X =800, 0 =40

_800-812_ -12 _—12x6 _

Hence Z = =
40/\36 40/6 40

-1.8

v. Critical region:

Here the test is two sided, so w2 =0.025 Now 05 — 0.025 = 0.4750
search this value in the body of the area table of standard normal distribution
which correspond to Zyn = Zggs = 1.96.
Thus reject Hy if Z < — 196 or
Z = 1.96.
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vi. Conclusion: . ) Comchuioa
As computed value of Z = - 1.8 falls in the acceptance Tegion, ) . ;
therefore, we accept Hy i.e. mean life of the bulbs produced by this firm is . Since ::ll.ll' calculated value of Z lies in the rejection region,
equal to 812 hours. therefore, we reject Hy and accept H,,
s Example73
A random sample of 25 hens from a normal pnpulat'fon showed that the @ wu:assttanm::dds dzi:';":m:]:ail UtheAaveragt score of students in statistics is
average laying is 250 eggs per year. The company claims that the average i e studemsnew :'lm of teaching is employed ;
laying is 285 eggs per year with a standard deviation of 25 eggs per year. Clin, i Cancies f ik st ok tha: sr’::u‘:lm"* T‘;B sample ‘aversge is 60,
Test the claim of the company against the alternative that average laying SRR T : ts, at 5% level of significance,
is less than 285 eggs at o = 0.05 Sl s ;
: R — ;'Soluﬁun: PR T
o O e B T e S Bacashaid
. e i,  Hop=5T
i Hp: =285 kel et
1:
Hy: p<285 .
ii. o= 5% =0.05
Ii. a=0.05 .
. iii.  Test statistic: since ¢ is known, therefore, test statistic for g in this
iii.  Test statistic: As n = 25 is small but o is known, therefore, we use casili : 3
Y=
test statistic for gas Z= ——~ . g
oln ; J-
: - B
iv.  Computation: : w
Givenn=25, X=250,0=25 iv. Calculation: Given that n =70, X =60, o= 10, therefore,
_ 250-285_ -35 -_35 o v 0=51 BT _, .
25/3/25 2515 10/¥70 10

V. Critical region: V. Critical region:
As we see in H;, we need to
use one-sided test to the right.
‘Here & = 0.05 (from the area

table of S.N.D, we have
Zo= Zoos = 1.645).

Given oo = 005 since we |
have one tailed test, so 0.5 — 0.05 =
04500. Make inverse use of area
table we have Zz = Zgos = 1.645 ie. |
reject Hy if Z calculated is less than
or equal to —1.645.
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Hence reject Hy if Z = 1.645.
vi. Cunclusion'

We see that Z = 2.51 lies in the rejection region, so we reject H,
and conclude that the average score has increased.

721 Procedure for hypothesis testing about i whento s Unkrioyy,

[ large sample]

When o is unknown but n = 30, then central limit theorem allows
us to consider sampling distribution of ¥ as approxiinately normal wit

Mo
mean i and SE_J; Hence the test statistic is Z = m ie. onlyg i

replaced by S. All other steps of hypothesis testing procedure are exactly
the same as when ¢ is known.

* The daily yield for a local chemical plant has average 880 tons for
the last several years. The quality control manager would like to know
whether this average has changed in recent months. She randomly selects
50 days from the computer database and computes the average and
standard deviation of the n = 50 yields as X = 871 tons and § = 21 tons
respecu\rely Test the appropriate hypothesis using ar= 0.05

i Hg:p=380 versus  Hy: u+880
ii. a=0.05

iii. Test statistic:

Hmdhnﬂhnmbutn:SUislarge.soweuseZ= K
Sin

as test statistic for 1.

Statistics = Adl e

iv. Calculation:

_ 871-880

BT T
V. Rejection region:

For two-tailed test we use o2 = &

0025 so 05 - 0025 = 04750 which |

corresponds to Zgn = 1.96 in the area table

of S.N.D. We will reject if Z < - 1.96 or
Zz2196

vi. Conclusion:

Since Z = -3.03 falls in the rejection region, therefore, we reject Hy.

TP Procedure) for hypothesissésting about £ when o is unknown

~[small: sample]

i a) Hy: pt = fip versus Hy: i+ tiy
b) Ho: 1< g versus Hy: it tp
c) Ho: 4= iy versus Hy: it < [y

ii. Choose = 0.01 or 0.05 etc.

ii. Test statistic:

When ¢ is unknown and n < 30, then
test statistic to be used for p is

s.-’J;

with v = n — 1 degrees of freedom,

which has t-distribution =

mz
T

A s e
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fv. Calenlation of t-valoe.

v. Critical region:

For case (2)

Regect He if 1 S = Lupin 0T L Z Laitn)

For case (b)

Reject Ho if 1 2 Loy

For case (c)

Reject Ho if 15—ty

Where 1 is computed value of -statistic and fen ) OF teyy, 1S table value.
vi.  Conclusion:

e =

A sample of 12 jars of butter was taken form a lot, each jar being
labeled % ounces net weight. The individual weights in ounces are 7.3,
TA, 1.5, 80, 74, 82, 80, 7.6, 7.6, 1.5, 7.5, and 7.7. Test whether these

values are consistent with a population mean of 8 ounces. Assume that
the weights are normally distributed.

b l'ffﬁ Ji=8
Hipe 8
=05

—

Tent ntatistic 10 be used in this case is ¢

=

-
=—= withv=n-1df
A withv=n

E

i statistics- XIl i Unit -7 Testing -
iv. Calculation:
Givenn=12,%x=917, %= T01.61, :7,':2{:?%:7_64
; g =

1 PP = o (91.7y
| 5=J;:1[Ex = l_\”‘][mm-T]

= ’~11—1[0.3692] 028

s e AR (03612,
T = = = K
% 028/12 028

V. Critical region:

Reject Hp if t € = tang OF 12 langw
whereas from t-table 6.1, we have

tarniy = loos a2 1) = tooas,any = 2.201

vi. Conclusion:

As t = —4.45 falls in the rejection region, therefore, we reject H.
'_ Example 7.6

A manufacturing company making automobile tire claims that ‘the
average life of its product is 35000 miles. A random sample of 16 .m
was selected and it was found that the mean life Was 34000 miles with a
standard deviation s= 2000 miles. Test the hypothesis Ho: 4 = 35000
against the alternative Hy: g2 < 35000 at a= 0.05.

Solution:
i Hy = 35000
Hy: < 35000

244) |

-
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1ii. Test statistic:

—F
, v=n-1df

s»" J_
iv. Calculation:

_34000- 35000 -1000 _
2000/+/16 ZOOUM

V. Critical region:
Reject Hy if t < — taqy)
Whereas as from t-table

) = 1005016 - 1y = foos,15) = 1.753 "*_"0

vi. Conclusion

As t =—2 lies in the rejection region, so we reject H,,

Procedure for testing hypothesis about different
populations means (4 — /5) when frf and cr;are.icrin_'

The samples are randomly and independently selected from the
two normal populations. The formal testing procedure is explained below:

i (@  Hopm=pmor th-n=0
Hy: ph # 16 or pty — 6 #0

®)  Hom<gor ph-<0
Hymh> g or >0

() Hemzpm or M=thz0

Hy < b or M- th <0
Level of significance is decided as 001 or 0.05

E.‘l}
o

~ Unit-7: Hypothesis Testing = .
iii. Test statistic to be used in this case is '

_(fl*fz)_uﬁ‘ﬂz)
JQ'L,."_': ~N(0, 1) under H,,
nom

iv.  Z-statistic is computed from the given data.
V. Critical region:
For case (a) in H,
Reject Hy if
Z2=-Zmor Z2Z.p
For case (b)

Reject Hy if
Zz2Z,

For case (c)

Reject Hy if
Z<-Z,
vi. Conclusion:

Hy is rejected when computed :
value of Z falls in the rejection region. —Za

Example 7.7

To see the effects of a certain sleeping pills on male and female,

two independent samples were taken and the following data were
recorded.

sample size ny =36 ) <% ftz=_64 e
sample mean . A [ =850 msTo | B E125a W,
population variance © .+ |:G¢ 29 <7 oy @A i




Test Hy: iy = 16, against Hy: 1 # fh» at 5% significance level,

(i) Ho: p = i means that g — o =0

Hy: ph # 1
(ii) a=0.05
(iii) Test statistic that summarizes the sample information j,
: (X,-X,)-(4~ 1)
this case is Lt e
9,0
non

(iv) Calculation:

2={3.75-7.zs)-0= 15 _, cp3 P @
9 4 0.559 2
36 64 —oo

-1.96 0 ‘1.96
(v)  Critical region:
Reject Hy if Z < = Z o or Z. 2 Zgp whereas Zon = Zoozs= 1.96

(vi) Conclusion:

As Z = 2683 falls in the rejection region, therefore, we

reject Hy and conclude that effect of sleeping pill on male and
female is diiferent.

" Procedure for testing. hypothesis abont (h — Jz

a; are unknown but sample sizes arelﬁu‘ge.

When o7 and o;are unknown, then for my, n; 2 30, they ar®

estimated by S7and 57 respectively. The test statistic Z in this case is

© statistics- XNl

AR R | -

Unit-7: Hypothesis Testing

zt(flhfz)“%"ﬂz)

T ~ N(0,1) approximately,
_L+§2_
non

Rest of the procedure for testing Hy is same.

" Example7.8

To determine whether car ownership affects a student's academic
achievement, two random samples were drawn from the students. The
grade point average for the m; = 100 car owners had X,= 2.54 and

§/=0.40 while for the n, =100 non-owners of cars, X, =270 and §2=0.36.

Do the data present sufficient evidence to indicate a difference in
the mean achievements between car owners and non-owners of cars? Test
using a=0.05.

Solution:

Let 4 denote mean of car owners and g denote mean of non-owners of
cars, then

i Hy: gy = =0
Hy:p - #0

ii. a=0.05

iii. Test statistics:

Sinceu’f, Ofa.re not given but nj, n; are large, so Z-statistic will be
(fl o Ez)-(»“:l 'Juz}
J§i+§.§_
h
iv.  Computations: Substituting values into the formula we get
7= (2.54-2.70)-0

040036
100 100

oftheform Z=

=-1.34

.
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1 v. Critical region:

Reject Hp if Z 2 Zyp or Z et 7
. S—Zd;wherez.ﬂ=1,96 -

iv. Computation of t-statistic value.
V. Critical region:

For case (a)

vi. Conclusion: Reject Hy if 1. < —tgyyort 2tany |

We see that Z = — 1.84 is lying in the acceptance region. Hence
: ; For case (b)
_ Hp cannot be rejected.
‘ 5 Procedure for testing hypothesis about (1~ /) When = o Reject Hyif 1. < — 1y
; = ¢ but unknown [small samples] For case (c)
1 When population variances are unknown and samples are of small Reject Hoif t; 2 g5
i size then the following assumption are made to use a two-sample t-test. |
} (i)  The sampled populations are normal. vi.  Conclusion.
(i) ofand af are assumed to be equal but unknown
| (iii)  The samples are drawn randomly. :  Example 7.9
I’ Procedure for testi is given below:
. ixactntnp e g . ' An examination was given to two classes of 8 and 10 students
B i (a) Hop-p=0 versus Hyp—th#0 respectively. In the first class mean grade was 95 with a standard
deviation of 6.8556, while in the second class, the mean grade was 97
sy =20 sy =<0 3 -
) BRI R s e with a standard deviation of 5.4772. It is assumed that the two classes of
N (c) Ho: ph— o <0 versus Hyp:py—pn>0 students are normally distributed having identical variances. Is there a
" i Choose a = 0.01 or 0.05 etc significance difference between the mean grades? Test at @=0.01.
1 . ’ - = u w . .
iii.  Test statistic to be used in this case is ; Solution:
XX (- i. Hy: = versus  Hy: g #fk
A e T R P AR T ; =
" Jl,,l ii. =00l
\m

iii. Test statistic:

JieaNOT EAD CALED
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As o7 and o7 are unknown and ny,n, are small stherefore, test statistic to be

used here is r=[xl_xz}-(ﬂi_%) withv=n+nz -2 d.f

le+l
N m

Given that ﬂ]=8, ng=lﬁ, fl=95’ f== 9?. S|z= 4?. 5;: 30

iv. Calculation:

Now
[y (D)3 _ [(8-1)47+(10-1)30
$p= "1"'"2‘2 "4 8+10-2
= ’Mﬂm :
16 '
oo (A0 =2 e

1.1 2930
. =i —y
6 llJB 10

] v. Critical region:

|

Reject Hp if £ S — tgn, or
t 2lary, Whereas tan, = .
fo.0172 8+10-2 = f0.005, (16) = 2.92 >

e T

T T

L

vi. Conclusion:

Our calculated value of t falls in the acceptance region, so We
accept Hp.

&
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Eamplenio]

The following' two samples are drawn from the normally

distributed population with identical but unknown variances.

Sample 1: 70 68 63 60 59 57 53 51 50 49 46 45
Sample 2: 75 72 70 50 48 43 52 50 46 45

Test the equality of means at o = 0.05 level of significance.

| Solution:

Ho: = o
Hy: gy # o
o=0.05

t-test statistic to be used here is

X -X,)-(m-
. :={ : 1}1 (,u; ) with v=ny+n; -2 degrees of freedom
o

ok L

Calculation:
For sample-1:

m=12, ¥x,= 671, Y= 38275, X,= 5592

P [Exlz [Ea)z}
m -1

m
(Xx)' (671)’
: X 18
or (m=1)s;=Xx -T=33215—T-754.9:61

For sample-2:
ny =10, ¥.x,= 551, 2 2= 31707, Y. =551

@ .
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Lot (Exz) . ii.  Choose a=0.01 or 0.05 etc,
: ﬂ.z l n, : jii.  Test statistic to be used in this case is
: el 551)° =222 _ N1 under )
Or (m,—1)53=x; 5 107G 13469 [pa il
- H'Z n =
Now iv. Calculation;
_ ("‘ _1151:_,_{"1_1]5; B ﬁ54.9167+1345-9 Voo Critical region according to H, is |
Sp= mtm—2  \ 12+410-2 atatedzs |
(a) Reject yifZ<—ZpnorZzZypn
8167
& ’%— =10.25 () Reject Hoif Z> Za
Hen (55 92-55.1)- -0 0.82 ~0.187 (c) RejectHyif Z<-2Z,
e 1098 _1_ ko 43888 vi.  Conclusion,
2710 . | Example7.11 |

v. . Critical region: A producer of orange juice claims that 35 percent of all orange

We will reject Hy if £ < faz. Of t > tar2., Where as juice drinkers prefer its -product. To test the- claim, a random sample of

o = =2.086 200 orange juice drinkers was taken at random and it was found that only
ek R SR J 62 of them preferred the producer’s brand. Test the producer’s claim at
vi.  Conclusion: five percent level of significance.

e R
2t sl '..:.'ﬂ;j

i. Hy: p= 35% =0.35

As our computed value of r lies in the acceptance region,
therefore, we accept Hy.

*7.26 Procedure of testing hypothesis about population pro ortlun]l .

Hy: p#0.35
[LugL sample] : ,
g £ . t ii. a=0.05
For large n, (n 2 30), and the hypothesis testing procedure is OU
A alockow: i, Test statistic to be used here is Z=2 ;:
i. (@ Hop=po versus Hip# po ,‘;
() Hoeps m versus Hi:p > po iv.  Calculation:
() Hop2po versus Hi:p< po ’

@
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i g=1-p=1-035=0.65n=200X =62, -

. . H| as;
an ﬁ‘=£=£=031, i
n 200 # Casa(a) ReJﬂctHﬂichﬁ—Zdzﬂl'Zczzm
031-035 _ o o
(0.35)(0.65) ' Case (b) Reject Hyif Z. > Z,i.e.
200 : Case (¢c) Reject Hyif Z. <— Z,ie.
s FRr : R e e
v. Critical region is stated as: : o = V. Conclusion.
L ' :-
Reject Hp if Z < ZarzOIZL ‘\z‘ |
2 Zan where Zon = Zoosn = Figgn Wz‘:
 Zooes=1.96 ' TGS N0 10196 ) E plér 175 - 3
vi.  conclusion: - A soap-manufacturing factory produces two brands of soapﬂ A
_ k le survey was conducted and it was found that 56 u of 200
As Z =— 1.19 falls in the acceptance region, therefore, we accept b3 s Sers out
0 s bt cRORCAE N kiR Cotreck preferred brand “A” and that 30 users out of 150 prefered brand “B”.
ple. re] Test the hypothesis that sale of brand A is at least 10% greater tha.n brand
Procedure for testing hypothesis aﬁ-:_mt différ ) ,B ?'_t 2 le“lfl folfmﬁcance
population proportions (p;-p2) {1arge sample] o L Snluﬁon 3 il
_ =8 e L Le.tp. denote the proportion of brand-A users and denutetlm
The testing of hypothesis procedure in this case is given below. proportion of brand-B users. S 2
i (@ Ho:pi-p2=0 (b) Hepi-p2<0 () Hupr—p220 i. Ho: pi—p2>0.10 b
Hy: pi-p2#0 Hy:p1-p2>0 Hy:py-p2<0 v Hip-p<010
_ii.  Choose an appropriate level of significance. - e ik
g i Sl iil.  Test statistic: .
' From Hy we see that py, p, and they are unknown therefore -they
( p—5,)-(p,— P;} ~NOD . - are estimated by p,and p, respectively. The test statistic to be used is;
'S l.lndet 0
P:4;
\{%{L+ m ' ' 2= PP P Ps) )y uncert,
, Py, Py |
iv . Calculation: n oon

. (25¢
1 el B -'-‘.. e ﬂ@‘ll?ﬂ\‘m_ [ A.lﬁja‘. ] e Aﬂﬁl‘ﬁﬁEﬁR&S‘hlﬂg



iv, Calculation:
=200, X;=56
np=150, X; =30

Here n,

So

p=2X1-35 _028,4=1- p=1-028=072

n, 200

e . R 5

=22 -02,4,=1-p,=1-02=08

2 n 150 L/ 2

(0.28-0.2)-0.10 _ —0.02

Hence Z= =-0.44
G (0. 23)(0 72) , (02)(0.8) " 0.0455

150

V. Critical region:

less than — Z,= —1.645
vi. Decision: 3

As computed value of Z falls in [=o9~

the acceptance region, so we accept Ho.E L

The records of a hospital show that 52 men in a sample of 1000
men versus 23 women in a sample of 1000 women were admitted because
‘of heart disease. Do these data present sufficient evidence to indicate 2
higher rate of heart disease among men admitted to the hospital? Use & =
0.05.

Statistics - Al

i Hyepr<p: orpi—p, <0
Hipizp: orpi-pr>0
a=0.05

jii

estimated test-statistic to be employed here is Z =

iv.

vi.

Test statistic:

From Hy we see that p, =
pooled estimate

Calculation:

Given n 1= 1000, X, =52, p, = i =
1'11

. for

P2 but unknown. So it is better to use a '
the unknown value of the proportion. The

(B=5:)-(P—p:)

= s |
P4 (—+—)
L

52
1000
X 2

ny= 1000, X; =23, .51= 22 = 2 = 0023
n,

Now p_=

-

l;:.||+r¢,p2 52423 _ 175

=0.0375

ny +1, 1000+1000 2000

And §,=1-p.=1-0.0375=0.9625

Hence Z=

(0052-0023)-0 .

\!(0 0375)(0. 9625)[—— +—)

Critical region:

1
000 1000

Reject Hy if Z > Z,, whereas Z.= Zoos = 1645

Conclusion:

Let p; denote the proportion of men with heart disease and P2
denote the proportion of women with heart disease,

&)

e B L |

“B

Z = 341 falls in the rejection region, so we
reject Hp. This observed data indicates that the
percentage of men entering the hospital because
of heart disease is higher than that of women.

|
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Hypothesis is an unproved claim or assertion or assumption which acls
as a starting point in a research irrespective of its probable truthfulness o
falsity. ;
A statistical hypothesis is a testable claim about ome or more
parameter(s) of empirical distributions.
A statistical method that uses sample data to accept or reject a hypothesis
about a parameter is called hypothesis testing.
Null hypothesis is a claim about parameter. It is tested for possible
rejection under the assumption it is true. It is denoted by Hj
Alternative hypothesis is also a claim about parameter which is accepted
if Hy is rejected. It is tested for possible acceptance under the assumption
it is false. It is denoted by H,,
When all parameters of a distribution are well specified, it is called
simple hypothesis.
When all parameters of a distribution are not well specified, it is called
composite hypothesis.
“Reject a null hypothesis when it is true” is called Type-I error.
“Accept a null hypothesis when it is false” is called Type-II error.
The probability of Type-I error which we are ready to tolerate in making
decision about H, is called significance level
A function of sample data is called statistic. When a statistic is used to
testa  hypothesis it is called test statistic or decision rule.
The group of values which would lead us to acceptance of Hy or the paﬂ
where (1 — @) lies is called acceptance region (AR) for the test.
The group of values which would lead us to rejection of Hy or the part
- where (@) lies is called rejection region (RR) or critical region for the
test. .
. The values which separate the (AR) and (RR) are called critical values.
When the whole rejection region of size o lies on one tail of the
* concerned samipling distribution, it is called one-tailed test,
* When rejection region of size o is equally divided, o2 lies in the right
_tmlandtﬂlmmthe!efttaﬂofthecmwemeﬁg
is called two-tailed test.

" 2
_“@il!!ﬂ— e -Aé'
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Unit-7: Hypothesis Testing

7.1 Write *“T* for true and “F" for false 11l|m t.

5| £n

A statistical hypothesis is a statement about 1he value of a statistic,

ii.  The null hypothesis is framed for possible rejection,

iii. In statistical inference “accept Hy"
information to reject Hy.

iv.  Anupper-tailed test occurs when Hy: pi2 pyand Hy: < Mo

If a null hypothesis Hy: u = 50 is rejected at 1% level of significance,
it will also be rejected a 5% level of significance,

vi. When a true null hypothesis has been rejected, we say that Type-I
error might have been committed.

vii.  eand fhave an inverse relationship.

in the follow ing s

means that there is insufficient

vili.  Hp: f1< 5 is a simple null hypothesis. %
ix. When the sample size n increases the probability of rejecting a true
hypothesis decreases.

x. ~ Confidence interval estimate of a parameter is the same thing as
testing of hypothesis about the population pa:mlcr
linithe suitable word in the blanks.

i. A hypothesis is an _ about the parameter of a population.

ii.  The hypothesis which is under test for possible rejection is called
hypothesis. :

iii. A hypothesis contrary to null hypothesis is known as ;

iv.  The hypothesis Hy: 4> ttyisa _hypothesis. ;

V. Type error is more severe thantype ___ emor.

vi.  Probability of Type-I error is called

vii.  Level of significance lies between and ’

viii.  Critical region is also known as

iX. A statistical testis a to decide aboul Hy.

X. The number of mdependem values in a set of values, is tuowu as -

i A hypothesis under test is: % ;
(a) Simple hypothesis (b) composite hypothesis
{c) Null hypothesis (d) alternative hypothesis

— O IAT-CADR-CAIES



iii.

iv.

vi.

vii.

Whether a test is one-sided or two-sided depends on:

(a) Alternative hypothesis (b)Composite hypothesis
(c) null hypothesis (d) Simple hypothesis
A wrong decision about H, leads to:
(a) One kind of error (b) Two kind of error
(c) Three kind of error (d) Four kind of error.
Level of significance is the probability of:
(a) Type-I error (b) Type-II error
(c) Not committing error (d) Any of the above

Degrees of freedom is related to:

(a) Number of observations in a set

(b) Hypothesis under test

(c) Number of independent observation in set

(d) confidence interval

As compared to normal distribution, the t-distribution is:
(a) Flatter (b) M(;l'c peaked

(c) Symmetric (d) Negatively skewed.
Student’s t-test is applicable in case of:

(a) Small samples

(b) Large samples

(c) For samples of size between 5 and 29.

(d) biased samples

viii. To test Ho: u# = py vs Hy: yt > iy when the population S.D is

g e T |

known, the appropriate test is:
(a) t-test (b) Z-test -

(d) F-test.

() Chi-square

=

74
7.5

7.6

TT

738

79

1.10

ix. Tes-:inghypothesisﬁ.,:g.—_ 10 vs Hy:ys 10 leads ¢
. [0

(a) One sided left tailed test

b) one sided right tailed test
(€) Two-tailed test (d) all of the above
X. Range of statistic-r 1:
(a)-lto+1, (b)—eatg oo
(c)0tos= (d)01o1
Define hypothesis,

statistical hypothesis and testing of hypothesis?

Explain I:Il ‘ynur own words (i) Hypothesis testing (iij Estimation. What
are the principle steps involved in hypothesis testing procedure?

Differentiate between:

(i) Null and alternative hypothesis.

(ii) Simple and composite hypothesis,
(iii)  Type-I and Type-II Errors,

(iv)  Acceptance and rejection region.
Explain the following terms:

(a) Level of significance.

(b) Test statistic and test of significance.

(c) Small sample and large sample.

What do you mean by one-sided test and two sided test? Explain your
idea with diagrams? '

Describe the general procedure (steps) for testing hypothesis about mean
of a normal population when population standard deviation is known and
sample size is large.

A random sample of size n = 900 plants and its mean is computed which
is equal to 34 cm. Can it be reasonably regarded as a random sample
from a large population with mean 32 cm and standard deviation 23 cm.
Testing at er=0.05.

|
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7.12

713

114

7.15

1.16

117

7.19

Let X= 15 be the mean of a random sample of 64 observations drawp
from a normal population whose variance is 100. Test Ho: ft = 12 vergyg
Hy: i1> 12 at 5% level of significance. :

If X= 426 is the mean of a random sample of size 36 taken from i
normal population with a known standard deviation ¢ = 5. Test the nujj
hypothesis z= 45 against the alternative 4 < 45 using 0t = 0.05.

Test the hypothesis that population mean is 150 when n = 196, X< 160,
S =60 .using o= 0.05. x

A random Sampie of 49 college students showed an average IQ of X =
120.67 and § = 8.44. Test the hypothesis that the average IQ of the
college students is equal to 123 against the alternative that it is less. Test
at 5% level of significance.

Explain hypothesis testing procedure about mean of a normal population
when ois unknown and sample size is small.

A random sample of size 10 is drawn from a normal population gives X
= 20 and §* = 16. Test the hypothesis Hy: & = 19.6 against Hy: u > 19.6 at
o= 005.

The nine items of a sample had the following values 45, 47, 50, 52, 48,
47, 49, 53, 51. Does the mean of the nine items differ significantly from
an assumed population mean of 47.57 Test at 5% level of significance.

. Describe. the procedure for testing hypothesis about the equality of means

of two normal populations when population standard deviations are
known and sample sizes are large.

A random sample of size n, = 25 taken from a normal population with a
standard deviation o), = 52 has a mean X,= 81. A second random
,sample of size n; = 36 taken from a different normal population with 2
. standard deviation 03 = 3.4 has a mean X,= 76.Test the hypothesis at

the 0.05 level of significance that 4 - 4 = 0 against the alternative
o= =0, 2,

RN e .c.ml[iﬁ'
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7.20  Independent random

721

722

123

7.24

7.25

populations, 1 and 2

AL R
‘samplé size” 0 7 ;
‘samplelmeanl’ © 9|i
sample variance . .|

icate that the mean for

Do the data present sufficient evidence (o ind
is smaller than the mean for population-2? Use a=0.05

population-1

Write the steps used in hypothesis testing about equality of means of two

normal populations when o7 =0} =0but unknown: and oad
ny, ny are small. ; -

Test the hypothesis that the mean number of h:]umetu-s per liter is the

same for foreign and domestic auto-mobiles on the basis of the following
summary of sample data: : '

i | o IR R S
Foreign automobiles . | 18 = Fas i
Domestic aBtomobiles - 210 ] 8

Test at 5% level of significance.

Given the following sample observations

X 17 27 18 25 27 29 27 23 17
X, 16 16 20 16 21 17 15 20

Examine the significance of difference between the two population

means at ¢=0.05

Explain the general procedure for testing hypothesis about population
proportion P for a large sample.

A random sample of 120 observations was selected from a binomial
population, and 72 successes were observed. Do the data provide
sufficient evidence to indicate that p is greater than 0.5? Use @= 0.05. *

oy capee AtER
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1.26

7.28

7.29

7.30

our college make blood donation during a given year. If in a random
sample 10 of 250 students have given blood during the past year. Teg
Hy: p=0.05against  Hy: p#0.05 with a=0.05.

An electric company claimed that at least 85% of the parts which

supplied confirmed to specifications. A sample of 400 parts was tested
and 75 did not meet specifications. Can we accept the company’s claim

at 1% level of signiﬁgancc‘?

Describe the steps used in hypothesis testing about difference of two
population proportions in case of large samples.

Test the hypothesis that proportions of men and women favoring a

political candidate are different on the basis of a sample survey in which
225 of 500 men and 275 of 500 women favor the candidate. Test at 5%

level of significance.

In a random table of 600 persons from a certain large city 450 are found
to be smokers. In another sample of 900 persons from anmhgr large city
450 are smokers. Test at @=0.01 that the two cities are significantly

different with respect to the prevalence of smoking.

65
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Blood donation society of a college claimed that 5% of the students iy .
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. Define Yule's coeftficient bfasspeiation: ...+ 11 |
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ing this unit, the students will be able to
; sl e B MR e M
Reeall variable and attribute. Vit Subiiend 2

Recognize the notation and terminology to represént the
absenceof attributes. e
Describe classand classfrequeniey.
Recognize the categorical data of twoattributes. E
Explain indépendence of two attributes.

.

Discuss the association of two attributes; positive
association, complete assotiation and complete disassoelation.
Find the coefficient of associationand interpretitsresult.
Define contingency table: WS BN :
Test whether two attribiites in a given contingeney table are
independentor not. fias > 4’ b S
Describe Pearson's coefficient of meansquare contingencies.
Calculate Pearson's co efficient of mean square c
ﬁaﬁtiﬁgaﬁegﬂhlaanﬂﬁﬁﬂiﬁﬁiﬁiﬁ!ﬁmﬂmgm}
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T i -8: Asociaion of Atibul LA RS

Introduction to attributes

In our daily life, we study the characteristics like gender, health,
satisfaction, religion, colour etc. that cannot be measured and expressed
quantitatively but instead of its- qualitative or descriptive nature, only their
presence or absence can be noticed. These descriptive or qualitative
characteristics are called attributes. Attributes cannot be measured accurately but
they can be divided into classes and their numbers in each class can be counted
e.g. the above characteristics can be classified as male or female, healthy or
unhealthy, satisfied or unsatisfied, Muslim or non-Muslim, white or black etc,

8.1.1 Notation and terminology for attributes

For the sake of convenience capital English letters A, B, C... are used to

denote presence of attributes and the Greek letters o, B, %.. denote the absence
of these attributes respectively. For example if A represents the class “Muslim”,

then o will represent the class “non-Muslim”. Similarly, if we are studying two or

more attributes, their combination can be represented by combining the letters
representing the attributes. For example, if A represent “blindness” and B
« deafness”, then AB will represent the “ blindness and deafness”. Similarly, if A
represents the “Muslim” and B “male”, then the following four classes will be
formed for the presence or absence of these attributes

i) Muslim and male = AB
ii). Muslim and female= Af8
iii)  Non-Muslim and male = &B

iv)  Non-Muslim an female = aff

_ The classes A, B, AB are called positive classes because they contain the
presence of attributes. The classes @, f, 0 are called negative classes because
they contain absence of the attributes. The classes A, oB contain both presence
and absence of the attributes, hence are called mixed classes.

i e T A ey -.lﬂ/ﬂ’!‘ o Y

The number of observations falling in a clasg is

class. For attributes class frequencies are denoted
in parentheses.

called frequency of the
by enclosing the class symbols

Thus (A) denotes frequency of class/attribute A (B) dﬁotes '
.  de : frequency of
attributes B. Similarly, (AB) denotes the number of individ i

1 g uals / objects
possessing both attribuies A and B. (ABC) is frequency for class ABC and so on.

8.1.2 Classification of attributes

» Dichotomy or one-way classification

When a single attribute is under study, then simple process of classifying the
whole data in two groups is called dichotomy which means classifying into two.

”r‘-_ e

. Since only one attribute is involved, so the division of data is called one-way
classification. )

['e Twoway classification
S L i o B R O T T a7 )

When two attributes A and B are under study then whole data are
classified into four classes or groups as follows:
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Since two attributes are involved, the division of the sample is called twWo-way
clasmﬁcauon

Classification of data about two attributes each having two classes or
categories can be shown in tabular form as given below.

(2x2) C&nﬂngency table

“E_'"'..—..f;.. Row total
[ @)
BTe Rl () e - (). n

Since the table contains 2 rows and 2 columns is therefore called 2 x 2
contingency table.

Remember that:
n=(A)+(@ -
n=(B)+(H)

(A) = (AB) + (AB)
(@)= (B) + (@B)

(B) = (AB) + (aB)
B =AY+ (P

The order of a class is determined by the number of attributes present in class.

For example, the classes which contain only one attribute say “A” or “B” ar¢
called classes of first order. The classes which contain two attributes say “AB” ar¢
said to be the classes of the second order. Similarly, the classes which contain
three attributes say “ABC” are said to be the classes of the third order and so 0f-

T e L T
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The sample size n does not contain any attributes

50 is call
Let us understand the above discussion through t = class of order 2210,

ree diagram as;

Class of order 0 e

Class of order 1 ——> (A)

A A
/\ /\ s ?{wj

e

Class of order 3~'—::-r (ABC)  (ABy)- (ABC) (ABY) {EBC) fﬂBﬂ ':W
: . : it vt e

T T m,.a_.m...,# ]

Class of order 2 ——>

¢ Ultimate classes and ultimate class frequenm

The classes and class 'fre;quancies of the highest order are called the
ultimate classes and ultimate class frequencies. For example, for one attribute
ultimate classes are A, & and ultimate frequencies are (A), (). For two attributes,
ultimate classes are AB, AfS, @B, @ and. ultimate classes frequencies are (AB),
(AD), (eB), (ef). If we are considering three attributes A, B, C, then ultimate
classes are ABC, ABy, ASC, ABy aBC, aBy afC, afy and ultimate class
frequencies are (ABC), (ABp), (ASC), (ABp, (@BC). (@By), @BC), (afy)and so

on.

o1 :D_:i_“,‘ll-it_i‘.-_l."thjli tes _

Association is a statistical technique which measures the strength and
direction of relationship among qualitative variables.
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There are three kinds of associations which —ossibly occur between

attributes namely (i) positive association, (ii) negative association and (i) pg
association.

(i)  In positive association, the presence of one attribute is afcompﬂniﬁd by the
presence of other attribute(s). For example education and intelligence, health and
hygiene are positively associated. In case of positive association, the observed
frequency of the combined positive attributes is greater than the expected
frequencies i.e.

(A)B)
(AB) > _———n ;

Similar relations hold for other attributes.

(ii)  When the presence of an attributes say, A ensures the absence gf ann:}\hcr

attribute say, B or vice-versa, the attributes A and B are sarld to be ncg;u:::y

associated. For instance, the vaccination and occurrence of dls'case. for t: cl t :l
ine i i sociated. In this situation the actu

vaccine is meant for, are negatively as: i ]

frequency of the cell for combination of attributes is smaller than the expected

frequency i.e.

(A)(B)
BRs n o

@iii) If the two attributes are such that the presence or absence of one :ftlnlzu;
has nothing to do with the presence or absence of the other, they are: cslauﬂ =
i i in colour and intelligence of persons are indepen
independent. For instance, skin co g g o) .
attributes. If the two attributes A and B are independent, then ) e

“This is known as criterion of independence.

8.1.4 Methods of measures of association

There are mainly three methods of measures of association.

()] Yule's coefficient of association.

i

e i
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(ii)  Chi-square test for testing hy,

pothesis abouyt i . .
contingency tables. . independence of i
(iii)  Coefficient of contingency for (- x ) contingency table, *
‘s Yule's c;ieﬁiélian_t ;f‘; e ,_;

Yule's coefficient of association is named after its inventor G. Undy Yule
It is a relative measure for the strength of association between two attributes say‘
A and B. It is defined by the formula given below. '

0= (AB)(af)—(AB)(aB)

~(ABYap)+(ApeB) T <CH
The result of Q is interpreted as:
If g=-1 Attributes have perfect negative association.
-1<Q@<0 Attributes have negative association.
o=0 Attributes have no association means they are independent.
D<Q<+1 Attributes have positive association.
O=+1 Attributes have perfect positive association.
Eiggmple 8.1 '

Discuss the- association between two attributes say A and B when:
(i)  (AB)=110, (aB) =96, (AS) =290, (af) =510
(i)  (A)=245, (AB) = 147, (@) = 285, (aB) = 190
| Solution: :
(i)  Gisien (ABj =110, (aB) = 96, (A = 290, (af) =510
Coefficient of association is

0 ABXap)~(AD)(B)
(AB)(aB)+(AB)@B)

N maAlLCA e




SRR = Al

(110)(510)—(290) (96)
(110)(510)+(290)(96)

0=

= 28260 54

83940
It means that there is positive association between attributes A and B,
(i) Given(A)=245, (AB) = 147, (@) = 285, (aB) =190

Since all values required for the coefficient of association formula are not
known, so first put these values ina (2 x 2) contingency table to find the unknown
values easily by addition or subtraction as.

(2 x 2) contingency table

B Row tota].
AB=98| (A)=245
 (@P=95| (=285
=193 | =530
Now
o= ABYaB)~(4P)(eB)
(AB)(af)+(AB)(aB)
o= (147)(95)—(98) (190)
(147)(95)+(98)(190)
_13965-18620 4655

“13965+18620 32585 04

Thus there is negative association between A and B

&
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lr' Example 3.2

The fol!.owmg table shows the data obtained during an epidemic of -
cholera. A

Attributes

_ inoculated

not inoculated

Test the effectiveness of inoculation in preventing attack of cholera.

: Snlutmn.

Let us denote 1noculal.ed by A and attack by B.
The given data can bc written as under

(AB) =31, (Af) =469, (aB) = 185, (aff) = 1315
Putting in the coefficient of association we get

_(AB)(ef)—(AP) (aB)
(AB)(ef)+(AB)aB)

_(31)(1315)—(469)(185) _ 40765-86765 _ —46000 _
(31)(1315) +(469)(185) 40765+86765 127530

There is negative association between inoculation and attack of cholera disease.
- Example 83

For admission in a medical college 1660 candidates appeared in an entry
test and 422 were successful. 256 attended a coaching class and of these 150 came

~ Out successful. Estimate the utility of the coaching classes.

" Solution:

Putting the given information in (2 x 2) contingency table as;

S e SR W



Yule's coefficient of association is gi‘_vcn as

_(AB)(af)-(Ap)(aB)
(AB)(afl)+(AB)aB)

Q

_(150)(1132)-(106)(272) _ 140968 _ .,
T (150)(1132)+(106)(272) 198632

Q

There is high positive association means that coaching helps in success.

8.1.5 Multi-way classification

When a population or sample is divided into many classes or categories
according to an attribute is called multi-way or manifold classification. For
example, a population according to “colour of eyes™ can be divided as black eyes,
grey eyes, green eyes etc. Population of students according to “performance” in
an examination can be rated as excellent, good, average and poor. Heights of
persons can be categorized as tall, medium and short. The classification of data

about such attributes which have many classes can be shown by means of
contingency table.

A table consisting of r-rows and c-columns into whicﬁ the dzﬁa aré
classified according to two attributes is called (r x

example, if an attribute “A” has A;; A, ..

¢) contingency table. For
s Classes and attributes “B” has Bt

R A Ubsewed data by (rx ) contingency table is shown as:
AR o ol A ew e e . o A I-‘Jd

Statistics = All R e
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(rxc) contingency table

Classes | Bi i e B;“

AL | (AB) | ABY) | .| AB)

A | AaB) | By | .. | aamp | .

A (AB) | (AB) | ... | (AB)

Ac (AB1) | (ABy) | ... | (AB)
Column _
hal (B1) (B2) (B;)

This table is an extension of (2 x 2) contingency table. The values in the
cells of contingency table shown in parentheses are called cell frequencies. For
each observed frequency Oy the expected frequency Ey is computed as

E, =RxC
n

, where R is the row total and C is the column total.

For example; for observed frequency .(A:Bi) given in above table, the
A iy
corresponding expected frequency will be equal to E'—]“('é‘—) and similarly for

(A1B2) the expected frequency = (A, 41d 5o on. Chi-square test statistic
n

denoted by x* (pronounced as kai square) is used to test the hypothesis about
independence of attributes in the contingency tables.

@9 - |
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[ o
General procedure for testing hypothesis about independenc, of

attributes in contingency tables Table 8.1 Critical values for the chi-square (4?) distribution. =
df o =
i. Ho: The attributes are independent. v 0.10 .[* 0.05 0025 | 002 T 001 | 0005 | 0001
3 | 2706 | 3841 [ 502471 5412 | 6635 | 7879 | 1055
H,: The attributes are associated. 2 4.605 | "5.991 7378 | 7824 | 9210 | 10597 | 13.815
3 6.251 7.815 9.348 9.837 | 11345 | 12.838 | 16268
ii_ o= 0.0] or 005 ete. 4 ! ?.?Tg 9483 11.143 1 Iﬁﬁg l3.2'."} 14.36‘} 13.465
5 9.236 | 11070 | 12832 | 13388 | 15086 | 16750 | 20517
iii. Test statistic to be used here is 6 10.645 12.592 14449 | 15033 | 16812 | 18548 | 22.457
7 12.017 14.067 16.013 | 16.622 | 18475 | 20278 | 24322
R 8 13362 | 15507 | 17.535 | 18.168 | 20.090 | 21955 | 26.125
= > —L—— with v=(r-1)(c-1) df 9 14.684 | 16.919 | 19.023 | 19.679 | 21.666 | 23.580 | 27.877
== & 10 15987 | 18307 | 20.483 | 21.161 | 23209 | 25188 | 29.58%
11 17.275 | 189.675 | 21.920 | 22618 | 24725 | 26757 | 31.264
Whereas, O;; denotes observed frequency 12 18.549 | 21.026 | 23337 | 24.054 | 26217 | 28300 | 32.909
13 | 19812 | 22362, | 24.736 | 25472 | 27.688 | 29819 | 34528
ej; : expected frequency 14 | 21.064 | 23685 | 26.119 | 26873 | 20141 | 31319 | 36.123
15 | 22307 | 24996 | 27488 | 28259 | 30578 | 32.801 | 37.697
r : number of rows 16 | 23.542 | 26.296 | 28.845 | 29.633 | 32.000 | 34267 | 39252
17 | 24769 | 27.587 | 30.191 | 30995 | 33400 | 35718 | 40.790
¢ : number of columns 18 | 25989 | 28.869 | 31.526 | 32346 | 34.805 | 37.156 | 42312
: o 19 | 27204 | 30.144 | 32.852 | 33.687 | 36.191 | 38.582 | 43.820
iv. . Calculation 20 | 28412 | 31410 | 34170 | 35.020 | 37.566 | 39.997 | 45315
b . 21 | 29.615 | 32671 | 35479 | 36343 | 38932 | 41401 | 46797
v.  Critical region 22 | 30813 | 33924 | 36781 | 37.659 | 40289 | 42796 | 48.268
49.728
Reject Ho if x%a = xiu, whereas o2 table value is obtained from 7 il it B o e j’g:f) preyiol i
table 8.1 25 | 34382 | 37.652 | 40.646 | 41.566 | 44314 | 46928 | 52.620
- 26 | 35563 | 38.885 | 41.923 | 42.856 | 45.642 | 48.290 | 54.052
vi. © Conclusion 27 36741 | 40.113 | 43.194 | 44.140 | 46963 | 49.645 | 55476
. 28 | 37916 | 41337 | 44461 | 45419 | 48278 | 50993 | 56.893
29 | 39.087 | 42557 | 45722 | 46693 | 49.588 | 52336 | 58.302
30 | 40256 | 43773 | 46.979 | 47.962 | 50.892 | 53.672 | 59.703

|
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The expected frequencies are obtained by muliply; ; |
columns totals and are divided by total sample size plying respective rows and

Consider the data given in the following contingency table

'4.,..'..__ PO S

- 1 as given in the table,
, POD],' | (eg) §
- B; Sy
d4=0 T cal ability |
e ) " | 170x350
- - A =
08 . .Guod 1 100 =54.09
: . ; : 700350
Discuss the association between the two attributes i.e. mathematical ability angq Fair Ar 1100 SZIEE
general ability.
G ) 20350 e ]
Loor 1100 ;
Total 350
i. Hg: There is no association between attributes.
g ste Now ¥ test statistic value is computed as;
Hi: There is association.
ii. We choose a=0.05 e e
: 0y ey | (Oy—ey)| (Oy—eg)* |
iii. Test statistic to be used here is - g e o L
44 54.09 | —10.09 10181 -
0,
A ZZ( i eg} with v=(r=D(c=1) df 265 22273 | 4227 1786.75
Pt 41 73.18 | =32.18 1035.55
i : 82 66.45 15.55 241.80
ly- Eelesintion. 257 | 27364 | —1664 | 276.889%
91 89.91 1.09 1.188
Poor Total 4 4945 | =545 29.70
. Bs 178 203.63 | —25.64 65741 | 3.2
93 66.91 31.09 | 96659 . | 14
44 170 1100 1100 = o s ___;3‘3', 4
178 700
. 98 230
| 320 1100

AT EAD-C AlED
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—46.994 - i

7= 33 Ge)

i=l j=i. ;_, »
'/4""_'-"-\..‘__
v. Critical region Vi B N
- { “\&=0,05
Reject Hp if 7*> Zfl_r whereas from l ‘\\5\
e ———g
table 8.1 of » distribution, we have 0 a8

Zar Inns.u—ma—n I ooss = 949 x

vi. Conclusion

Since our computed value of chi- -square lies in the rejection regiop,
therefore, . we reject Ho and conclude that there is association between
mathematical ability and general ability.

When we have (2 x 2) contingency table having four cell frequencies as
given below;

 Atmibutes BE . B | Total
A ' a b a+b
o SR d c+d
Total la+c b+d |a+btctd=n

The value of 5 can be calculated directly without computing the expected
" frequencies by using the following formula
5 nlad —bey

z =(a+b)l’c+d}[a+c)[b+d) Wit dE

A random sample of 100 educated and 200 uneducated people were asked

about liking and disiiking of football game and the following data were recorfed.

w

, 4

‘statistics - Xl

Attributes [
Educated |
“Uneducated
Total

Test the hypothesis about independence between education and lking of
football at &= 0.05

i Soluﬂbn:

i. Ho: There is no association between education and liking of football.

H,: There is association

ii. =005
iii. Test statistic to be used in this case by direct method is
e (a +b)(: iﬂ:) (5: i)c)(md) S
iv. Calculation |
B 300(55x75-45x125)* 675 515 1 5625 IE
(100)(200) (180)(120) _ 432 1
v. Critical region %1
Reject Hoif 7.° 2 25050, =384

vi. Conclusion.

Since 37 = 1.5625 falls in the acceptance x* region, therefore, we accept
Hy.

8.23 Coefficient of contingency for (rx ¢) contingency table

The chi-square test-statistic only decides about the indepew or
association of attributes in contingency tables but when Ho is rejected it does not

_
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tell anything about the strength of association, which we sometime neeq t
mea.f.m For this purpose, Karl Pearson has defined a formula for coefficient ,;fl
contingency which is denoted by C and is known as Pearson’s coefficient of
mean-square contingency given by the relation.

3 2
C= J~—‘f’ ; oscs\/_‘*—‘-‘ ' Fowe
X +n k

Where 3 is the calculated value of chi-square test-statistic, n is the total sample
size and k is the smaller one in rows and columns in number. A value of C nearto

“0" shows weak association and value of C near to ’k—_-—] shows a strong : This formula is known as Yate's correction
k [ used only when one cell frequency

for continuity and should be

is less than 5 in a 2 x 2 contin tab
association between the two attributes. g

We also know that 2 x 2 contingency table is discrete frequency
distribution and chi-square distribution is continuous distribution. This also needs
correction for which the following formula has been suggested.

contingency table given in example 8.4. ; n}
BSiition: 05 ' (-5
Per— z " (a+b)(c+d)ato)bid
In example 8.4, we have x> = 46.994 and n =1100, therefore Pearson’s : )
coefficient of mean square contingency is computed as:

This formula should be used only when any cell expected frequency is less

. 1 than 10 in a 2 x 2 contingency table.
Aol e - 46.994 e -
e sz —= J TR =+/0.04097 _n__zoz 8.2.5° Association versus correlation

b Association measures the strength of relationship between two qualitative
Here number of rows = number of columns = k=3, so gth ¥ 1

variables e.g. level of crime and education.
'%= l%:Jn.s&&&:o.sz. Hence the range of Cis 0 < C < 0.82. i

Thus our computed value of C shows that the given attributes have a weak ti. Blothi are sebitive risibaris
association. : '

Correlation measures the strength of relationship between two quantitative
variables e.g. heights of fathers and their sons.

Both measures are rangi m -1 to +1.
8.2.4 Yate’s correction for continuity ging fro

: V. Measures of association are based on frequencies only, whereas, in
To get satisfactory results from the chi-square test in testing hypothesis F : %
4 : 3 : ; correlati aired obsel ns are used.
about independence of attributes in contingency tables, it is necessary that elation actual paired observatio

;=™ P e g Y %] [ e T ] B-’ELAJ‘E:



Descriptive or qualitative characteristics are called attributes. :

- For the sake of convenience capital English letters A, B, C... are used to denote
presence of attributes and the Greek letlers & B, 7... denote the absence of these
attributes respectively. ,

The classes A, B, AB are called positive classes because they contain the presence of
attributes. ' .

The classes @, 5, aff are called negative classes because they contain absence of the
attributes. _ _

For attributes class frequencies are denoted by enclosing the class symbols in
parentheses.

When a single attribute is under study then simple pruccss of classifying the whole
data in two groups is called dichotomy. ‘

The order of a class is determined by the number of attributes present in a class.
The classes and class frequencies of the highest order are called the ultimate classes
and ultimate class frequencies. . =
Association is a statistical technique which measures the strength and direction of
relationship among qualitative variables.

(AB) = (AXB) . This is known as criterion of independence for attributes.
n

(AB)(af)—(AD)(@B)

C= AB)(@p)+(AB)aB)

is Yule's coefficient of association.

When a population or sample is divided into many classes or categories according to

an attribute is called multi-way or manifold classification.
A table consisting of r-rows and c-columns into which the data are classified
according to two, attributes is called (r x ¢) -::ommgency table.

Chi-square test statistic is used to test the hypothesis aboul independence of attributes
in the contingency tables.

'

ST e R S e Ee—— e . = mi

8.1

vii.

viii.

“"‘lﬂﬂl&o:hﬂohvf.ﬂ__ Ibute

Data recorded on attributes are called quantitative data.
A, B, AB, ABC are called positive classes,

B)+ (B =n

A)B
If(AB) = ::-‘—i(—'-*)* means A and B are positively associated.

If © = 0, then attributes are independent.

Relationship between two qualitative variables is called comelation.
¥ testhasv=(r—1) (c- 1) df foran (rx¢) contingency table.

For a (4 » 5) contingency table the degrees of freedom for fm is 20.
The range of % distribution is from 0 to o,
(2 x 2) contingency table contains 3-rows and 3 columns.

he suitable words in the blanks.

If an attribute has two classes, it is said to be

The number of letters representing a class determines the of
the class.
The class represented by AB is of order.

The total of all frequencies n is of order
If the attributes A and B are independent, frequency (AB) is equal to

If A and B are independent, Yule's coefficient of association Q is equal -

Association and correlation are

Yule's coefficient Q is ranging from _____ .

For an (r x c) contingency table, the sum of observed and expected
frequencies must be

For (5 x 6) contingency table the degree of freedom for 2 test is equal
o

(sl 2
—— ,..M-m‘.mmirﬁEQ&S‘ALE
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ii.

iv.

vi.

vii.

viii.

Relationship between two categorical variables is called
(a) regression (b) correlation
(c) association (d) coefficient of variation
The combination AB of attributes is known as the class of

(a) first order (b) second order

(c) third order (d) zero order

For a4 x 5 contingency table the degrees of freedom for the 7 is

(a) 20 (b) 16 (c) 15 (d) 12
The range of Yule’s coefficient of association is
(a)Otoee (b) <=t 0

(c)0tol (d) -1to+1

With two attributes, the total number of ultimate class frequency is

(b) four
(d) five

(a) two

{c) six
If (AB)< M , then the attributes are
n

(a) independent (b) positively associated

(c) negatively associated (d) no association
¥* test statistic value varies form

(a)—=t0 0 b 0tow ©  (c)tow (d)-1to+l

: jation
If A and B are independent attributes then the coefficient of associatl
is equal to

(a)-1 (b) +1 ©0 (d) 0.5

N

_-_‘______ --nl:d;ﬂ_
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84
8.5

8.6

8.7
8.8

8.9

T Unit-8: Asociation of

ix.  The degrees of freedom for a

equal to (2 % 2) contingency table will dwagi e
(a) 4 b2 ©1 f.d) s :
X. In case of consistent data, no class frequency can be
(a) positive (s
R (d) one

What is meant by attributes and how they are classified?
Write short notes on the following: )

i. Class symbol and class frequency

ii. Positive and negative classes

ii. Order of classes

iv. Ultimate class frequencies

Explain the following:

i. Two-way classification

ii. Association of attributes

iii. Positive and negative association

iv. Criterion of independence of attributes.
V. Yule's coefficient of association.

Distinguish between associations and correlation?
When are two attributes said to be

i. Independent

ii. Positively associated

iii. Negatively associated

Calculate the coefficient of association between extravagance in fathers and sons:

— o

Attributes " e

(157 o
extravagant fathers
miserly fathers

B R .;-Eﬂi'&':m;rﬂ:ﬂm‘g‘l _
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8.10
8.11

8.12

8.13

8.14

' Unit -8: Assoclation of Attributes
Discuss the association when (AB) = 256, (&B) = 768, (Af) = 48, (aff) = 144,

Do you find any association between the tempers of brothers and sisters from the
data given below?

Good natured brothers and good natured sisters = 1230
Good natured brothers and sullen sisters = 850

Sullen brothers and good nature sisters = 530

Sullen brothers and sullen sisters = 980

Investigate the association between intelligence in fathers and sons from the

following data

Attributes intelligent sons dull sons —‘
intelligent fathers 240 80

dll]] fathers 90 i 570

Can vaccination be regarded as a preventive measure for small-pox from the data
given below?

Of 1482 persons in a locality exposed to smell-pox, 368 in all were attacked. Of
1482 persons, 343 had been vaccinated and of thes_e 35 were attacked.

Consider the data given in the following 2 x 2 contingency wbl?‘mt% find qnut
whether vaccination is effective in preventing the attack of B hepatitis disease!

Attributes attacked not attacked
vaccinated s LT i " 538
PR R T [ BT 464

Test by applying y*-test at 1% level of significance.

. _aa

818

Statistics - X1l

8.15 A.random sample of size 1024 was classified

usage as shown below. according to gender and seat belt
ma]g : :, _ »_'.L. u —

Do the data suggest an association between geoder il ‘seat belf used? Visd
o.=001

8.16 Perform chi square test of independence to decide whether smoking is a cause of
lung cancer by considering the date given in the following 2x2 cat taile.

Attributes T R
smoking e _"____7'5:':-‘_._ _h
not smoking ; i 23 TR

Test at 5% level of significance.

8.17  Explain the following:

i Manifold classification
i, (r % ¢) contingency table
iii. Chi-square distribution.

Find the chi-square to test the hypothesis that there is association between height
of fathers and height of sons (at o= 0.01):

Fathers o
Sons :
very tall 600 280
tall 400 700
short 250 - 400




8.19

8.21
8.22

8.23

Can we say that education depends on sex at &= 0.05 on the basis of a rando,
sample of 300 persons classified in the following (2 x 3) contingency table:

e | . ssc college
30 45 75
75 30T 45

Fu:n:l r.he valuc of ctu -square from the following table and test the hypothesis tha
there is no relation between the attributes A and B. Use o= 0.05

(Attributes ~ | B, B B
T T, 600 = ST 180
Jﬁn b A BRI 300 660 320
s 200 275 600

Discuss coefficient of mean square contingency for an (r x €) contingency table,

Find the Pearson’s coefficient of mean square contingency form the following
table of frequencies showing the gender of customer and mode of payment for
purchasing articles on a store.

Stafl!!ici- =nn

‘Aftributes” T cash loan
male 431 5
fenm]e 201 9

Calcu]atc the cocff'c1en[ of contingency from the following data showing

resemblance between hair colour and eye colour:

 black brown red " grey
1768 807 47 189
946 1287 53 746
115 | 438 6 288

i\ | ""“r.‘,“ﬁ""_&" ,
s T BT 113
Unit -9:. De:lg-ﬁ? &peﬂmm-c;r O

Explain the elements involved in deslgmng an Hpﬂﬂmenﬁﬂm
unit, the treatment, the replication and the respnnse

Define randomization, completely randomized design. -

Give layout plaﬁ of completely randomized deéigﬁ.

Identify the merits and demerits of completelyrandomized design.
Know the meaning of analysis of variance.
State the assumptions of analysis of variance.

Describe and calculate: the total sum of squares, the treatment sum of squares,

and the errorsum of squares.

Describe and calculate the degrees of freedom for: the total sum ofsquams, L

thetreatmentsum of squaresandthe errorsumofsquares. ;om0 o

Describe and calculate thgtreatmentmeansquare,theermrmemsqum Tast :

the equality of means of several normal populations.
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Introduction to design of experiment

In our daily life, we compare things directly by using the results, which s
not good because these results are not only due to the effect of those things which
we are comparing but are also influenced by some hidden factors. For example, if
we want to compare the yield of two varieties of wheat, one is sown in the hot

~area of D.I. Khan and the second in the cold area of swat and on the basis of thejr
production we say that one is better than the other is not justifiable because the
production is surely also affected by soil, amount of water, weather, cultivation
techniques, fertilizer, pesticide etc. To find the real difference between the two
varieties it is reasonable to make a plan where both the varieties are given a fair
chance to show their effects in the form of yield while all other factors, mentioned
above are kept under control. Such a plan of experiment in which all situations
except that of treatments are kept under control as much as possible, is known as
design of experiments. Experimental designs are widely used for comparing
treatments under identical conditions.

9.1.1

Explanation of basic terms

hEed TR

" A thing whose effect is measured and is compared with others is called
treatment. For example, to test the effect of feeds on cows, medicines on patients,
dates of sowing on the yield of crop, teaching methods on students, etc. Here

- e gy

The smallest division of an experimental material to which a treatment is
applied is called experimental unit. For example, a cow, a patient, a plot of land, a
student etc.

The results obtained from the experimenta] units ¥rieh | s
after
are called yield or responses. applying the treatment
o et o et
i Block - i
A group of homogenous experimental units e.g. land of same fertility .
of same age, weight, L.Q, etc. to which all treatments are assigned at m’ ndom is
called a block. For soil fertility blocks are always made perpendicular to variation
Generally, blocks are made by uniformity trial. Each treatment is given a cjﬂnm
in each block and each appears in a block only once. '
"'+ Uniformity trial
It is a trial or an experiment in which same treatment is given to all
experimental units and then experimental units of the same performance is
consider as a block. For example, same test is given to whole class then all the
students who get first division is a block, all the students getting second division

is a block, all third division holders is a block. Uniformity trial is used only for
making blocks.

_ s Extraneous factor
The responses from all experimental units receiving the same treatment may.
not be identical even if the experiment is performed under similar conditions.
These responses are influenced not only by treatments but also by other factors as
well, some »f which can be controlled while there are some over which there is no
control or very little control. For example, natural differences between the
experimental units like heterogeneity of soil, LQ of students, climatic factors etc.

All such factors which are not in the control of researcher are called uncontrolled
or extraneous factors.

,': "Experimental error .'
The error caused by extraneous factors which are beyond the control of human

approach is known as experimental error. It is a major problem for expe_rimrﬂtef
and is a mask on the true effect of the treatments because the observed difference

— P pe—————— Y = T ) Ai!’E



in treatments is a sum of the true difference of the treatments plus due to the
experimental error. Design of experiment is actually a strategy for controlling the
experimental error in order to bring out the real difference among the treatments,

9.1.2 Basic requirements or principlesiof a good experimental design

~ An experimental design can reduce the experimental error only if it
follows the three requirements of a good design namely, randomization,
replication and local control.

The allocation of treatments to experimental units in such a manner that an’
experimental unit has equal chance of receiving any of the treatments is called
randomization. It is usually done by (a) using lottery method (b) using random
number table method (c) using any computer package which may perform

. randomization. :

e Advantages of randomization are:
a) Eliminates the human biases.
b) Introduces the independence in the assignment of treatments to the
experimental units which in tum creates independence amongst the
observations, required for the validity of F-test.

Repetition of a treatment on a number of experimental units in an
experiment is known as replication of the treatment. Replications are essential
because in all experiments, there are great variations in fertility of the
experimental units and ail the treatments do not get equal chance of experiencil%g
every type of environment in tic field. If a treatment is allotted only once and 1t
goes to more fertile experimental unit,will be in more advantageous position than
those which are applied to less fertile experimental units. This type of yariation
can be eliminated by using replication process which improve the precision of
an experiment and provides a valid estimate of the experimental error.

v

s el el e Y.

E

(i) Local control = |

COEAR AR .

Local control is a procedure which maintains
experimental units within a block of an experiment,
field is a factor which affects the plant growth and
same soil fertility should constitute a block. Th

greater homogeneity of
Fnr example, soil fertility of
yield. All the plots having the

3 e soil fertility of land can be
assessed by conducting a uniformity trial on the field prior to actual field

experiment. The treatments should be assigned to the blocks in equal number of
times. Local control also called error control reduces the experimental error. Note

that all these three principles contribute a lot in increasing the efficiency of
design.

Experimental design, in which the treatments are allocated pﬁmpletely at.
random to the experimental units, is called completely randomized design (CRD).
In this design all the experimental units which are homogeneous, as much as
possible, are taken as a single group. Any number of treatments and any number
of units per treatment may be used. It is the simplest design.

The layout of an experiment is the actual placement of the treatments on
the experimental units. To explain the procedure ui randomization let us consider
four treatments, each replicated three times. : -

Step 1: Determine the total number of plots n=rxr=4x3=12

Step 2: Assign a plot number to the experimental plots or units as follows:

1 25
5 6 1 %
9 1072 (s ST

Step 3: Assign treatments to the experimental units. The mdumizaﬁoq
both by lottery and random number table methods is explained as follows:

~ NOT-FOR:SSAL

P .
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Make 12 slips of paper. Write Ti on 3 slips, T2 on 3 slips, T on 3

slips, T4 on 3 slips and place them in a bowl and mix them thoroughly.
Draw the slips one at a time without replacement’ and allot to the above
experimental units serially from 1 to 12
e g L e Ty ppties g e T DT

Take any random number table, start from anywhere and take
twelve two-digit random numbers. Exclude the number which is greater
than 12 or which is repeated. Let the random numbers selected are: 03
02 04 06 01 07 11 08 10 12 09 05, so allot treatment T to
(03, 02, 04) experimental units, T2 to (06, 01, 07) experimental units, T3 to

(11, 08, 10) and T4 to (12,09,05).  The layout will appear as:
B, el STy 150 3T ol am
|&:.1?'.;;-':#7H-4 A T b PR 4

R - w6 Tporody T1T2 8715

T S [

R |

1T 1274

e N

ST

"L Its layout is very easy.

i There is complete flexibility in this design ie. any number of
treatments and replicates for each treatment can be taken.

iii. Whole experimental material can be utilized in this design.

iv. This design yields maximum degrees of freedom for experimental
erTor.

v. The analysis of data, both for equal and unequal number of
replications is simplest as compared to any other design.

vi. Missing observation(s) creates no problem in analysis of data, nor
efficiency of the design affected.

vii. CRD is suitable in situations where a fraction of the units is likely to be
destroyed during experimentation or is likely te fail to respond.

ey

~ Unit -9: Destgn_qfixpm;“:sﬁi;—l-m

-

Vel *_m-s?ﬁp ions for analysis of variance
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statistics - XII

e R

: Unh-m
P s =) 'Lﬁﬂ"isz'%h “home el s i o -
ape : ;i Kmml units in all
The design is suitable for a small number of treatments

CRD is seldom suitable for field experiments :

3 as compared
other experimental designs. & &3 5

We have learnt

that Z-test and t-test are used for testing hypothesis about
population mean or equality of two population means. Analysis of vari
(ANOVA) is also a hypothesis testing procedure that is used to compare three or
more populations or treatments means. ANOVA procedure provides greater:
flexibility in designing experiments, analysis and interpretation of experi 1
results to the researchers. This procedure was developed by the British statistician
Sir Ronald A. Fisher.

D

Measurements are taken on each experimental unit according to

characteristic of interest and its variance is calculated. This total variance is due to

various factors involved in the experiment. “ANOVA is a technique which split the

total variance in to meaningful component variances; each gives an estimate of

the population variance. The ratio of two component variances is distributed as F -
with corresponding degrees of freedom.” Thus ANOVA enables one to know

whether the variance due to a component factor is significantly more than the

variance due to experimental error or not and hence decision is made about the
null hypothesis.

P i

Analysis of variance technique is based on the following assumptions. -
i) Independence

The samples are drawn randomly and are independent of othet samples.
)  Normality :

The populations under study have distributions which are assumed to be
normal having means i1, f4... .

I T o T |



ili)  Homogeneity
All populations under study have equal variance i.e. 0, =0;=..=0=g?
iv)  Additivity
.T!'u: random observations Xj; can be expressed as the sum of means g angq
the error terms &; as X = 4 + &

~ Note that in practice minor deviations from the assumptions is tolerated
but serious violation of these assumptions will damage the ANOVA procedure.

The observed data of k samplcs collected for k treatments, each of size r

such that rk = n can be arranged in tabular form as:

i gt~

) ] Ik Total
o i x]f i -xﬁ ¥ i
xn X3 o
B | LY (e o
gt e e o] Hieed L 9
T
] T.E -... T.} ‘] T.k (G’mﬂd w[ﬂl)
ugisiieliar 2 nofonle o gmindlos | g, - .
: (Grand mean) |
=]t b k. .r
4 .4\!--.# i l"‘:!’.) b - 2
(g —%.)".
;}___Zrn"x,:) ‘.Z.,E . ¢
'.‘ ek ficea) 8 (Total sum of
héz‘.".--';._u...*-'-' 3 * square)

9,3.3 Components of the total sum of squares (equal sample <
= AR sdiple size)

In one way analysis of variance the total variat; ‘ :
anation
data may be due to two meaningful components Present in the observed

i ie. () vari
treatments (samples) (ii) variation with in the samples, so th:'I' 8 SE:D; Gt
o two components as: vided in

E_r
TSS= . 2 (x,-%)
j=l =l

= within SS + Treatment S8

To obtain unbiased estimates for o divide both sides by respective
degrees of freedom to have

St=S;+8g
Or MST = MSE + MSTr

MSTr
MSE
which is used for testing Ho: u, =g, =...= i, verses

The F-Test is defined as F = with (v, =k—1 and v,=n-k) df

H\: Not all means are equal.

Ho is rejected when, F.2F,

a, (wvy) * (LT

percentage points of the F-distribution, Table 9.1.

whereas F, . .isobtained from the
9:34° Components of the total degrees of freedom

When the total sum of squares is partitioned into component parts then the

total degrees of freedom can also be partitioned into component pans accordingly
as below:

(=-1)=@m-B+Kk-1)
Total df = within df + between df




General procedure for testing
(equal sample size case)

For convenience all sources of variation (5.0.V), degrees of freedom (df),
sum of squares (S.5), mean squares (M.S) are presented in tabular form, called

1ypothesis in cage of one way Axor
K LIy %

ANOVA table given below:
F, i‘ Ho:#l'__ﬂ!:.":]uk
ANOVA table
OV df S.S M.S Foal —‘ Hi: Not all means are equal
.-‘..7 . ‘ I TrSS — MSTr o MSTr '
_ Treatment Eoq TSS T *=ISE & Choose an appropriate level of significance
& 8 ot ESS _mse g s
‘Bror | n-k ESS ek i — jii.  Test statistic to be used in this case is
i 2 S 292 _ MST - MSTr .
Bl il > iy Fe= o with(=k=Lv,=n-k)df
This table is used for testing hypothesis Ho: f4=/5L="""=M, in one way
iv.  Computations.
analysis of variance.
'« Formulas for sum of squnres A . Critical region: reject Ho if Fea = Fub
| e LE i :
Correction factor: CF=— vi.  Conclusion
n
k r
Total sum of squares: TSS= X L‘l x; —~CF
_}:} j=
k
2T
Treatment sum of squares: Trss=£ _—-CF
r
Error sum of squares: ESS =TSS - T:SS
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Table 9.1 (Percentage points of the F-distribution) m

4965 | 410 | 3m | 3248
5% e i in 3,
T 10 10.04 7.56 6.55 5.99 s64 Ao 514 107 ™ -._2_‘;.:_ =
At a= 1% Level of Significance TIEL DKL BT R e 2 | 506 | 494 | g
—T 241 477
10% 434 | 398 | 359 | 336 | 320 27123 | 23s | an
3.0} 30[ [— lﬂ}
n | 96 | 721 | 62 | sé1 | s; | sg | 4 295 | 2 | 233 Tag
323 2.86 266 254 | 245 89| 4 46 | 454
1 — 239 | 234 | 35 | 446
2) 1 2 3 a 5 [ 7 . 9 10 1 4.?_5 3.89 349 326 | 311 | 299 —2_3__ 20 | 235 | am
o | o3 | 69 | 595 | 541 11285 | 23 | 23 oo
5.06 482 464 215 |21
1614 | 1995 | 2157 | 2246 | 2302 | 2340 | 2368 | 2389 | 2405 | 2419 | 243 308 | 281 | 261 | 248 | 230 | 23 44 | 439 | 429 | 42
1 | aos2 | 4999 | se03 | seas | seso | seso | so28 | 5981 | 6022 | 6056 | 601 EEECEE e e ET 191- 228 |2 ] 2; | 219 |2
i : _ i e ;
291 | 495 | s36 | 558 | se2 | s82 | 589 | 594 | 599 | 602 | 604 13 | 907 [ 670 | 574 | 521 | 436 | as2 :: il bl A
1851 | 1900 | 1906 | 1925 | 1930 | 1933 | 1935, | 1935 | 1938 | 1940 | 194 34 | 276 | 236 | 248 | 235 | 228 | om 4304 419 | 410 | 40
2 | osso | o000 | 9917 | 9925 | 9930 | 9933 | 9936 | 9836 | 99.39 | 99.40 | 594 R T I TN T T 220 | 216 | 214 |2p
653 | 90 | 916 | 924 | 920 | 933 | 935 | 935 | 938 | 939 |94 i |.asd | 652 | 53 | soe | wm | ase 4:: :*:9 265 | 260 | 257
o |95z | oz | 912 |03 | ss4 | 889 | 889 | 881 | 879 |85 380 | 273 | 252 | 230 | 231 | 224 2;19 1:: 40 | 394 | 38
3 | 3212 | 3082 | 2046 | 2871 | 2824 | 2791 | 2067 | 2767 | 2735 2123 | 211 ass | 368 | 329 [ 306 | 200 | 2 | 27 212 | 210 | 208
ssa | s | 539 | 530 | 530 | 528 | 527 | 527 | o | 5@ | 3B 15 | 868 | 636 | sa2 | 4se | a9 | 4m “; 264 | 258 | 254 [ 25
; : ! Yo
2709 | 694 | 650 | 639 | 626 | 616 | 609 | 609 | 599 596 | 594 300 | 307 | 270 | 249 | 236 | 227 | 2: | 46 i? 181 | 3m
a | 2120 | 1800 | 1669 | 1598 | 1552 | 1521 | 1498 | 1498 | 1466 | 1435 144 449 | 363 | 324 | 301 | 285 | 278 | 286 2 | 206 | 204
aas | 432 | 419 | an | 405 | aor | 398 | 358 | 394 392 |39 16 | 853 [ 623 | 529 | 477 | 444 | 420 | 4m ;;: 25¢ | 249 | 246 |.
' : : 3m
ssos | 57 | 541 | 519 | 505 | 495 | 488 | 482 | 477 | 44 470 305 | 267 | 246 | 233 | 224 | 28 | 213 | 200 | 206 ':ﬁ -
s | 1626 | 1327 | 1206 | 1139 | 1097 | 1067 | 1046 | 1029 10.16 | 1005 | 996 : w3 | @ e e : 201
aos | 378 | 262 | 352 | 345 | 340 | 337 |33 | 332 | 30 3B 17 | g0 | s | sss | e ) e | ) x| am i:: 13;: :41
" 3.03 % n 52
5987 | 514 | 476 | 453 | 439 | 429 | 421 | 415 | 409 | 406 403 = 264 | 244 | 231 | 222 | 215 | 210 | 206 | 208 | 200 | 198
6 | 1375 | 1092 | 978 | 915 | 875 | 84 | 826 | 810 | 798 | 78 .79 = ”; :-25 316 | 293 | 277 | 266 | 258 | 251 | 246 | 241 | 2w
ars | 346 | 320 | 318 | an [ 205 | s | 208 | 296 | 294 |2 voy | SOU | 509 | 4s8 | 425 | 401 | 384 [ 37 | 360 | st 348
) —— 262 | 242 | 229 | 220 | 23 | 208 | 204 [ 200 | 1
55 | 476 | 435 | a2 [ 397 | 3s7 | 39 | am | 368 | 34 3 TR T 8 | 196
7 | 1225 | 955 | sas | 785 | 746 | 209 | 6969 | 684 | 672 | 662 6.4 | g | s0a A3 | 290 | 274 | 263 | 254 | 248 | 242 | 238 | 234
350 | 326 | 307 | 296 | 288 | 283 | 2m | 275 | 2m | 200 269 29 | 26 500 | 450 | 417 | 394 | 377 | 363 | 352 | 343 | 336
331 Fo 61 | 240 | 227 | 208 | 21 | 206 | 202 | 198 | 19 | 194
5318 | 446 | 407 | 384 | 369 | 358 [ 350 | 344 | 339 335 435 | 349
s |16 | ses | 39 | 700 | 6 | 637 | a18 | 6o | 591 | 581 |57 0 | 810 | sas 310 | 287 | 271 | 260 | 251 | 245 | 239 | 235 | 231
346 | 3 | 292 |-28 | 273 | 267 | 262 | 259 | 256 | 24 252 ier | 5 494 | 443 | 420 | 387 | 370 | 356 | 346 | 337 |3»
10 ———t- =" | 259 | 238 | 225 | 216 | 200 | 209 | 200 [ 196 | 14 | 1%
s17 | 426 | 386 | 336 | 348 | 331 | 320 [ 323 | 3a8 | 34 |3 | i
9 | 1056 802 | 699 | 642 | 606 | 580 | s61 | 547 | 535 | 526 5.18 % | 1y 5'5? 299 | 276 | 260 | 249 | 240 | 234 | 228 | 224 | 220
326 | 301 | 281 | 268 | 261 | 255 | 251 | 247 | 244 | 242 240 2 ; 468 | 418 | 386 | 363 | 346 | 332 | 3; | 33 [ 306
— L 22 | 253 | 232 | 208 | 200 | 202 | 197 | 193 | 189 | 187 | L85
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a1 | 332 | 202 |20 | 253 | 242 | 233 | 227 | 22 216 | 2.3 ]
30 | 756 | 530 | as1 | 402 | 370 | 347 | 330 | 347 | 307 | 288 | a9
288 | 249 | 208 | 214 | 205 | 198 [ 193 | 188 | 185 | & |, ,
: . 80 random}
a2 | 327 | 288 | 268 | 2 | 237 | 229 |22 | 216 | 212 |2 a group of 15 first year students during a momi ¥ W_by 2 teacher
as | 742 | 57 | ad0 | 390 | 350 | 337 | 320 | 307 | 297 | 287 |ag in the following table. Ting reading period and are g

286 | 247 | 226 | 212 | 208 | 196 | 150 | 186 ]| 18 | 1B | 1p

4.08 323 284 261 245 | 1M 225 218 | 212 208 | 2m
40 731 5.18 431 383 | 354 | 39 312 299 | 289 280 | 2m3
284 | 244 23 209 | 200 | 193 1.87 1.83 1.79 176 | 174
4.06 321 282 258 | 243 | 231 223 216 | 210 205 | 2m
45 123 511 | 425 377 | 346 | 323 3.07 294 | 283 274 | 213
139 192 1.86 1.82 1.78 175 | 1713
240 | 229 2.20 213 | 207 203 | 190
341 319 302 289 | 219 270 | 263
197 1.90 1.84 1.80 1.76 173 | 1M

400 | 3.15 276 237 | 225 17 210 | 204 199 | 195
60 7.08 498 4.13 334 a2 295 282 272 263 | 256
2.1 239 218 204 1.95 1.87 1.82 1.77 1.74 171 | 169

398 3.13 274 250 | 235 223 .14 207 2.02 197 | 193

4.03 3.18 .19
50 717 5.06 4.20
281 241 220

LIRS k(B

Do the data indi
w0 | 700 | as2 | 4o | 30 | 329 | 307 | 291 | 278 261 | 259 | 251 bl “; indicate that the average attention spans of the
78 | 238 | 217 | 208 | 194 | 186 | 181 | 1. 173 | 169 | 167 s are equal? Use &= 0.05 three
396 | am | zm | 219 [ 233 | 2:; | 213 | 206 200 | 195 |19 |So!uﬁon S e :
o0 | 696 | ass | ans | 356 [ 326 | 300 | 287 | 2M 264 | 255 | 2% =
68 | 165 i T
amr | 237 | 205 | 202 | 152 | 185 | 1™ | LB |1 i Ho: =g, = p,
395 | 310 | 2T 247 | 232 | 220 | 2 | 204 | 199 194 | 190 .
o0 | 693 | 485 | am | 354 | 323 | 300 | 284 2 | 261 | 252 | 245 : Hi: Not all means are equal
165 3
ot | 297 | 215 |2 | 192 | 18a | 1w |14 | 1T 167 it ——
394 | 309 | 270 | 246 | 231 | 219 | 210 | 203 197 | 193 |18 5
00 | 660 | 4z | 398 | 35 | 321 | 299 | om | 269 | 239 | 20 243 . Test statistic to be used is

276 | 236 | 214 | 200 | 191 | 183 | 178 [ 173 | 170 L_lj‘;_w

MST

Fe= —_—-MSE" ~ F -distribution withv, =k-1,v,=n-k af

(308 b

P PEm—T 1 = . ﬁﬂnewhillﬂ
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B Statistics = Al

7
iv. Calculation: :

ANOVA table

4
AT T T Y G o ' ';.‘Fi
i g < " 3 ,-..p
- 182 = - T
;‘; v. Critical region
11354 = S J,h : ' Reject Ho if Fe > F,, whereas from §
3',‘ ) F-table 9.1
e
o 2 ;.s Faun= F =F =3.89
ne afunay) T L 0.057(202)
‘ _>2338 EE{

Vi Conclusion;

Since F. = 4.93 falls in the rejection region, therefore, we reject Ho and

conclude that average attention span of students is different for the three
treatments (types of breakfast).

TSS = EEx‘—CF_mB 27208.2667 = 129.7333

j=li=1

One way ANOVA (unequal sample sizes)

Practically sample sizes may not always be equal. One way ANOVA for

11334 €qual sample sizes will still be used with minor changes in the Sum“fsq"'m
1SS = L2 L _CF=—5— —2208.2667 = 58.5333 formulas as follows:

ESS =TSS - T:SS=129.7333 - 58.5333=T1.2

k
n=

* _ e i B A n_!dé-.'_

_ R R gy
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PN Statistics - Xil ; Unit -9: Design of Experi : ;
. Lt statistics - XII

~ k
TSS = Euglx‘i ,—C.F

TSS = i L _cr

= rj

The following observations are collected using a completely randomized

design:
Samplel Sample 2 Sample3
3 i 2 2 4. 5
2 3 0 Ty | 14 S b
& 4 3 @ 7y | 196 | 361
3 2 1
2 5 i x

=1 42

Construct an ANOVA table for the data and determine whether there is a
difference in the three population means. Use ot = 0.01

" ' n=ri+n+rn=5+5+4=14

i _ e 1
i Hom=pmh=i cr=I: (3? =103.1429
n

H,: Not all means are equal
ii.  @=001 T5= E:Zx ~C.F =130~ 103. 1429 = 26 8571
i, Test statstic to be used is ' ;

_ o
MSTr TS88= 3y —L-CF

F=—cr mth{v, =k-1,v,=n-k)df Y

iv.  Calculation: =[T2 T +I§2- -C.F
i : h K n

P i

L -.ll.lﬁ
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Unit-9: Design of &PQ'W Statistics - X1l

=[%§+-3—§—1+% -C.F

=[39.2 4+ 722 +6.25) - 103.1429 = 14,5071 . o
ESS = TSS - T.SS - Y Rt e ﬁsﬁmﬁ;z‘f“ Lo et e
mpared with others js called

=26.8571 - 14.5071 = 12.35 »  Anything whose effect is measured and is co
Put all these values in ANOVA table we have : MRERUTENS:

= The total material or objects on which the exper s )
: ; . periment is done is kno
ANOVA table : experimental material. : wh as

*  The smallest division of an experimental material to which a treatment is applied
is called experimental unit. ' ;

»  The results obtained from the experimental units are called yield or responses..

= A group of homogenous experimental units e.g. land of same fertilit bt ol
same age, weight, LQ, etc. to which all treatment are assigned at random is call 1
a block.

= Uniformity trial is used only for making blocks.

* All factors which are not in the control of a researcher are called uncontrolled or
extraneous factors. .

* The error which arises due to the extraneous factors is called experimental error.

*  Design of experiment is actually a strategy for controlling the experimental error
in order to bring out the real difference among the treatments.

* The allocation of treatments to experimental units in such a manner that an

experimental unit has equal chance of receiving any of the treatments is called

randomization. '

Repetition of a treatment on a number of experimental units in an experiment is

known as replication of the treatment. ;

*  Local control also called error control reduces the experimental mml _—3

Since our computed value of Fe = 6.461 lies in the acceptance region, Exper.:mental d?’“f’" IR, mmﬁ;e desi ?

e fice. e sE : experimental units is cailcd.cumpl_clclyrmdﬂ B e ookl
ANOVA is a technique which split the total variance into meaningful cc i
variances; each gives an estimate of the population variance. The ratio
component variances is distributed as F with corresponding degrees of freedom.

Gn) b G2 o -

i'. Critical region
- Reject Ho if Fe 2 F,, whereas,

Fuav= Fy, .
(From E- table 9.1)

=Fo.o|.fz.1|1 =12

vi. Conclusion:



9.1

Read the following statements carefully and indicate which statement is try,q
or false. :

i
i
is

iii.

iv.

vi.

vii.

o

Fill in the blanks.

F-distribution is a ratio of sample variances.

ANOVA is a useful technique for testing hypothesis about several means.

In ANOVA sample sizes must always be equal.

In ANOVA it is assumed that the populations from which samples are drawn
are normally distributed

F-test is used in ANOVA to test the null hypothesis about several means,
The range of F-distribution is from 0 to o

The plan of an experiment which controls all factors, as much as possible
except the treatment is called design of experiment.

Larger the experimental error, more efficient is the design.

A completely randomized design is used when all experimental units are
homogeneous.

Missing observation in a CRD creates a serious problem.

A subject receiving a treatment in an experiment is called

The allocation of treatments to experimental units with equal probability
known as "

The number of times a treatment is repeated in an experiment is called its

Experimental error is the error caused by
Smaller the experimental error, more
ANOVA splits the total variance is into

is the design.

Missing observation in a completely randomized design creates

Error sum of squares be negative.

The average performance of a treatment is better reflected through

The designs of experiments were originated mainly for

G

e, SN e pam g e o A0

-

Statistics - X1l

il.

ii.

iv.

vi.

vii.

Choose the correct answer,

An experimental design is

(a) An architect (b) a map

(c) a plan of experiment (d) all of the aboye

Randomization is a process in which treatme ocated
experimental units: v o e
() In a sequence (b) at the will of the investigaror

(c) With equal probability (d) with unequal probability

Replication in an experiment means:

(a) The number of times a treatment occurs in an experiment
(b) The numbers of blocks

(c) Total number of treatments
(d) The reduction of blocks

Local control is a method to maintain

(a) Homogeneity among blocks (b) Homogeneity within blocks
(c) both (a) and (b) (d) all of the above
Experimental error is due to

(a) Variation in treatment effects (b) extraneous factors

(c) Experimenter’s mistake (d) lack of experience
Completely randomized designs are mostly used in ,

(a) Pot experiments (b) Experiments on animals
(c) Field experiments (d) all of the above

An experimental unit in a research work is g2

(a) A patient (b) A field Fl"!.st "

(¢) An animal (d) All of the above "~




9.4
9.5

9.6 What do you understand by randomization, replication and local control in

9.7

93
99

vii. Factors fertilizer, date of sowing and breeds are called
(a) Replicates (b) experimental unit
(c) Treatments (d)-All of the above
ix. Local control in the field is maintained through
(a) Natural factors (b) Randomization
(c) Replication (d) Uniformity trials
X. Randomization in an experiment helps the researcher to eliminate

(a) Dependence among observations

(b) Systematic influences

(c) Human biases

(d) all of the above
Describe the design of an experiment in your own words.
Define the following.

i. Experimental material

i. Experimental unit

iii. Treatment

iv. Uniformity trial

V. Block

experimental design?

i. What is meant by experimental design?

ii. What are the basic principles of design of experiment?
Discuss and define (a) Extraneous factor (b) experimental error.
Discuss the need and utility of planning a statistical experiment.

9.10

9.11

9.12

- 9.13

9.14

9.15

9.16
units

oo mesmpean o -,ldﬂ{‘n.- y

"*'u“u_q:w

What is a completely randomized design?

completely randomized design? What are the merits and g 5 ;{-a

=

Explain the experimental layout for a completely 5 P i e
treatment and 15 experiment plots, fondomized design using 3
Write a short note on analysis of variance, ' !

What is meant by analysis of variance?
this technique is applied?

What are the assumptions under which
What do you understand by? .

i Variance among samples

ii. Variance within samples .

ifi. Total variation .
Given the data below, perform the analysis of variance and test the hmhm |
that the means of the three populations are equal. Let o= 0,05

Four salesmen were posted in different areas by a company. The numbers of
of commodity “x” sold by them are as follow:

'Is there a significant difference in the performance of these M?

L ot K, _ar NSRRI Aﬂ'ﬂh"l'-l‘:ﬁﬂlsm
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9 . :
17 The following data gives the figures of production of rice of three varieties A, B

C of rice shown in 12 plots

SRE N s U 23
PR 23 24 18
16 19 31 22

Carry out the analysis of variance and test 5% level of significance that is there a

significant difference among varieties?

9,18  The three samples below have been obtained from normal populations with equal
variances. Test the hypothesis at 5% level of significance that the population

P

means are equal.

X2 X3
s 9
7 12
10 13
X0 12
_ 9 14

9.19 A test was given to 5 students chosen at random from the first year statistics class
each of the three colleges in Peshawar. Their scores were found as follow.

70 60
_'40 50

9.21

922

r’.:-' S T,

Perform analysis of variance and show if

Unit -9, Design of Bxg
"l‘lh'bisany,i

among the score of students in the three g Use mediﬁqm
. teges.Use = 0.5
9,20 Test the hypothesis that no differences exist among
the four reatments
’ ala=0,05

Given the following data obtained from a completely Wﬁgﬁ with

four treatments;

Analyse the given data and draw conclusion about the equality of
treatment effects. Use o= 0.05

The following data were obtained by using completely randomized design

a-zma'-l;.fa!?ﬁﬁi_@
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Cos:ln-uct an ANOV A table for the data. Test &= 0.05 that five population means are
equal.

9.23  Compare the following random samples.
Sample 1:17 19 4 9 10 11 4

; : i T i F (i) F iv
Sample2:12 15 6 8 10 11 12 - | | ki ((:i) = i, {h:] 1 ([: :
Sample3:20 23 9 13 15 . lkponiibte ) ool tpacd ol .
Perform ANOVA and test the hypothesis at &= 0.05 that the samples came from @) 0to1 ) gannbling P
populations having same means. _ i) P(A) 4 P(B) (i) idepeodet (o) 1-Phye LS
924  The results shown in the following table were obtained through completely : ; y 36
randomized design. i3 @ <© @ d @ e S0l 6T
i) ¢ (vii), d (viii) b ix) ¢ x b
1.5 (i) 40320 (i)6375600 (i) 10626 (iv) 3876
(v) 167960
1.7 40320, 720
1.8 60 ;
f signifi that there is no difference in the means of the I . @ eI @) s o | i
three po::f;t::n;% i e o (iv) 4989600 (v) 50400
110 330
115 . 0.50
L6 =
oo @ 3 @ g
L18 00045
@ Boow 2@ g

120 () lj (i)  0.133

o ;mr-mm




1.21

1.22
1.24

-1.25
1.26
1.27
1.28

1.29

1.30

21

22

23

2.6

()
(vi)
0]
)
(viii)’
Q)
(vi)
0]
(iv)
(vii)
(x)

092

0.0059 (ii)

1

3

0.12 (i)
1 "

s (ii)

p= 1; ,d=1

T (ii)

F (vii)

f ipir.e (i)

discrete & continuous (vi)

E(X)E(Y)

b (ii)
c (vii)
continuous
continuous

continuous

discrete

0.0045

209
210

®) p=y.d=

-

(iv)
(ix)

(iii)
T (viii)

-1

wity Gi) 5 (W
(ix)  S.DXHS.DI)

b (i) b (iv)
c (viii) b - (ix)
(ii) continuous (iii)
(v) continuous (vi)

{viii) continuous (ix)

G

joint distribution

F )

" F (x)

random variable

(vii) one
(x) : £
c w d
a (x)
discrete
discrete
discrete

R

2.10
2.11

212

213
2.14

2.15
2.17
2,18
219

220
221

1

223

1‘24‘

No, because sum of probabilities is not equal to one

@ @ @ 3 ay ]

4
b 3 () 0125 (i) 0.019
(1) 05 (i) 35 (i) 6

055, 135, 116

G 26 (i) 134 (i) L16

® 20 @ % a % @) 0178
Mean =% Variance = %1 §.D=02833

Em:z’ E(Y):ﬂlsi E{x+niilSlmnEl
@ 04l ) o024 (W) 085 v 088

_mlmﬂ'-.: nm




B o R il

2t W F & .o @p.-E- M T WM T - 327 1104 6407 15494 19983 14498 5610 g0,
(vi) F (vii)y T (viii) T @ T x) T 330 ' i

32 (1) two (i) one (i) =n (ivy nandp

(\))] np,npg(vi)  n (vii)  Oand 1(viii) random numbers

(ix)  independent (x) varies/changes i Mean =3.187,

 Variance =0.706
33° @ b G) Gy ¢ @ d M b a1 075
(vi) ¢ (vi) d (viii) a (ix) b x d 332 0213 _

3100 ® © G 029 @) 0 @v) 0936 (v) 0352 “
34t ey : 4 @ F & F @' T M.T @ F

. R R B
312 G) 0656 (i) 0891 _ 2 ® 4 G  ZNOD G Xep G do
313 () 007776(Gi) 02592 (i) 092224 (v)  zero (vi) - normal i), 10 (viil) Jm':ﬂ :
314 @)  0.60501Gi) 039499 = (ix)  Mean=0 (x) 954 :
315 0227 g A WL T, T e
3.16 0.62343 o1y .k (vii) ¢ (vili) b (@ 4 (® a
317 00005 48 () 00548 (i) 0044 (i) 0103 (¥) 0475 () 0950
219 @)  A40bols@ 6 : : : (vi) 0682 (vii) 0.006
320 n=12, p=025 49 () 05987 Gi) 02119 (i) 00668 (v) 0714
S~ Al p=0302 i A0 ® 00043 G) 00735 (i) 00103 (v) 0119 () 08771
322 No, because g =1.8 which cannot be greater than 1. (vi)  0.9850
323 @ 16 @) 09576 411 ) 2=258G)  z=lliG) 2=-175
324 mean=3, <~ variance=L6, $.D=125 412 ()  2=084(i) z=-025 (i) z=—104amd+l0i

413 )

325 () 5208, 4161, 125, 167, 008 0.1587 (i) 00228 (i) 03721

324)
373 P .. . _.-‘;A‘Imﬂ'-ﬁﬂﬂﬁﬁﬂ



A

415
4,16
4,17

4,18
419
420
421
4.22
4.23
4,24
425
426
427
4,28

5.1

52

() 09452 (i) 00548 (i) 03085 (v 06915 () 06898
(vi) 01832

01359 :

02515

@  09798=9798% (i) 03531=3531%

@) 00559 =559% '

(i) 00548 Gy 04172

@ 03446, 173 @) 03811191

@ 78 @) 629 (i) 208

09554 = 95.54%

0.1587, 159

@ 06826 () 00317

0.4706

@ 00167 (i)  0388S @ 0073

@ 9222 @ 44

MD=4

a=20

® T @ T @ F Gw EF O

e T 'R 3 m-T ®

@  finite (i) infinite (i)  census (iv) sampling error
(v)  standard error (vi)  sampling frame  (vii) more {han once

(vilh) NM (x) n<S%N

(325)

= |

6.1

6.2

6.3

atitics X0
53 @
(vi)

516 (b

517 m =73 n=50 ny=25
s ®) = heE=

520 Hx= 3.8, oy =098

521 pg=50  0x=6

s2 O z2=1 @ z=2

s23 () wu=7 0°=52 (i) 087
524 () Mg=mu=9 (ii) o =648,
526  px,-%, = 1 o3,-x, = 1.732
521 )  pg,-x, =2 O0°%,-x, = 21667
529 pp =05, 025=10.05
530 p= g =2 2y =L

531

® F @ T

(Vi) F (vii) T (viii) T
(i) random variable(ii) estimate
@)  point () unbiased
(vii)  shortest (viii) increasing (ix)
(X)  confidence coefficient

@M b (i) ¢ (i) b
M) 4

(i) d  (vii) b

.(im 5 3

ny =40
i) 1.73
oy =129
ivv F -
(ix) T (x) . F
(iii)  estimator
(vi) efficient
two
i) ¢ ™

(ix)




6.9

6.10
6.14
6.15
6.16
6.17
6.18
6.19
6.20
6.21
6.23
6.24
6.25
6.26
6.27
6.28

71

7.2

5% =58178 (i) $7=0.7667

(i X =5.9 (ii)

G  EX)=u=14 i)  E(s?)=0%=9.333
(9.84< pu < 12.16)
(0.774< p < 0.826)
(788.24< p < 811.76)
(=227 < p<267)
(63.412< p < 64.588)
(31.59< p < 54.93)
(24< py — Hz < 7.6)
(0.55<p— 1y < 1.25)
(4.3371< p < 4.4229)
(33.52< p < 35.28)
(=153 < g —Ug < 1.3)
(0.45< P < 0.75)

(0.62< P < 0.74)

i) T (vii) T (viii) F ix) T (x) F
alternative

level of significance

(i) assertion © (i) null (i)
first, second  (vi)

rejection region (ix)  rule .

Sgatistics - X - v -I q._

gig: M@ e ) a @iy b gy

a W) e
vi) @ (vii) ¢ (viii) b Gix) b ®).... b

7.10 =261, reject Hy

711 z=2.4, reject Ho

7.12 z=—2.4, reject Ho

7.13 z=2.33, reject Hp

114 z=—193, reject Ho

7.16 1=0.316, accept Ho

717 t=1.844, accept Ho

719 z=422, reject Ho I
720 z=—1334,  accept Ho |
122 1 =3.33, reject Hp
723 t =3.05, reject Hy
7.25 z2=2.19, reject Hy >
7.26 z=-0.73, accept Ho
727 z==2.1004,  accept Hy
729 z=-3.1623, reject Hy
7.30 2=9.6825,
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Q =—{.76, the association between extravagant fathers and extravagant sons js

Q =0, attributes A and B are independent.
0 =0.46, there is positive association.

Q = 0.9, there is high degree of positive association between intelligent fathers
and sons.

Q = —0.57, it means that vaccine and small-pox are negatively associated

i.e. vaccine prevents the attack of small-pox.

y=A18.24, reject Ho
¥i=8.89, reject Ho
£P= 60.183, reject Ho
= 598.51, reject Hy
©=29.79, reject Hy
= 76376, reject Ho
»¥=3279, C =0.067
= 10485,

C =0.3681
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(i  experimental unit (i)  randomization (iii)  replication
(i)  extraneous factors - (V) efficient

(vi)  component variances  (vii) 1o problem
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F.=0.277
=137

Fe=0.055
Fo=4
F.=3.333
F.=5.56
F.=2.56
F.=0.82
F:=2.10
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=11 probability that a population parameter is contained within 2
= terval; also called confidence level or degree of confidence.

Timits: Two numbers that are used as the high and low boundaries

trial, eith A f“*ﬂg’-"*m]:]{angc of values used to estimate some population parameter with a
aq 1 » E1NEr event 4 AL . C
Rule for determining the probabilty that 0n 8 Sngle @ dence level; also called an interval estimate:
: oth oceur. y - specific €0 : : i ined within a particular
| occurs, of event B occurs, o they b o o i ll | s=srevels Probability that a population parameter is contai p
atement that is equivalent to the negation mﬁ%@-" .
i confidence interval.

ot RS frequencies where the rows correspond to one
\iothod of analyiing popelation variances in ocdet 10 st cgeiicy tables| Table of observed fred

I f classi ( p er aﬁah]e Of CflaSSlﬁCaﬁDn;
vﬂ_fiﬂh & l]f CI&SSlflCﬂl'lUl! a"d lhe CO]uIn"S COITes Olld 1O anc ﬂh v
Ex nt “‘h a ﬁ:: ils, v wo-way table.
i i also Cﬂl.h!d at
Peli.'llle i ed num 1 pe'l]. nt tr 5 here b]

e.anhcutmme alls into exactly one of two calegories.

uity m}rwﬂ-ﬁl{— Adjustment made when a discrete random variable is bein
5 | n: .
ximated by a conti random variable.
. i gl in the ways that might affect the outcome of an appmmmated by a continuous ndo g
A group of subjects that is simi

experiment. . .

5is data: Data resulting from infinitely many possible values that correspond to
s:;r;::;n;ﬁﬁﬁ;ﬁﬁ;&a]e that covers a range of values without gaps, interruptions, or jumps.
Contin “hr;n—d‘o’;n variable: A random variable with infinite values that can be
associated with points on a continuous line interval.

% Theorem stating that sample means tend to be normally T

; [ Gifical region: = den
= A continuous probability distribution. | region: The set of all values of the test statistic that would cause rejection of the

: mull hypothesis.
> il i i ility of an event 18 - =
= ™ SEEES A ooroach in which the probabl Seacemy . v
Sfical approas il ufip;';s he event can occur by the total number of hﬂww?glulig_,:\falue shing T Sl onl s drva il vabide o s Sadb sz
ned by dividing the n : that would not lead to rejection of the null hypothesis.
possible outcomes. ' T ! R x -
§ Rule for determining the number of different combinafion® %f confidence: | Probability that a population parameter is contained within a
: m confidence interval; also called level of confiderize. ;
N - L) cur. 4 \.- _'-:-‘—.-_,_ '.
 All outcomes in which the original event does not 0¢ Mexin ﬁﬂiﬁumber of values that are free to vary after certain restrictions has
! el desien: An experiment where by each element is given the ‘_1[ m:l. S ues.,
d elonging to the different categories or treatments.
L3

Ol events: | : '
. - PObabiliies of gy, vents for which the occurrence of any one event affects the
m(‘mnbinaﬁou of simple events.

e Occurrences of the other events.

. i l m‘ﬂfﬁmﬁe'

R EGHADEOVADIY e probabilty of an event, given that some olher i :
already occurred.

221 .



Random variable with either a finite number of values or 5

countable number of values.

[IBRIGIREERERTS] Events that cannot occur simultancously.

“Il is a criterion for selection of an efficient estimator.

BRI Specific value or range of values used 10 approximate some population
parameter. \

m Sample statistic (such as the sample mean) used to approximate a population
parameter. ’
“The collection of favorable outcomes to a happening from the sample space,

m For a discrete random variable, the mean value of the outcomes

[IEESEmenE Application of some treatment followed by observation of its effects on the
“subjects.

Tanits: Subjects in an experiment.
m Rule stating that  different items can be arranged n! different ways.

Finite populatio elor: Factor for correcting the standard error of the mean
whm a samplc size :xceeds 5% of the size of a finite population.

nda Snle: Rule stating that, for a sequence of two events in which the
firstevent can occurs m ways and the second can occur i ways, the events together can
occur a total of mn ways.

MSmemcm of claim about some property of a population.
SifEsE Method for testing claims made about populations; also called test of

e Events for which the occurrence of any one of the events docs not
ai’fed the pmbahth‘hes of the occurrences of the other events.

ere Statistics: Collection of methods that help make decisions about & populallﬂﬂ
l:asecl on sxmple results.

e Range of values used to estimate some population -
of confidence; also called a confidence interval. ;

sred fes i Hypothesis test in which the critical region is located in the tiiioes
efi-tailed fes
area of the probability distribution. SNt

“coifi jence: Probability that a population parameter is contained within a
dence interval; also called degree of confidence.

pa:ucular confi
i rule; Rule for determining the probability that event A will occur on one
mal ami event B will occur on a second trial.

o —E—y

mﬁn}'&;ﬂi‘?ﬁve events: Events that cannot occur simultaneously.
ﬁ@fﬁmﬂ;ﬂgﬁmtj. Errors from external factors not related to sampling.
Iy pothesis: Claim made about some population characteristic, usually involving the
case of no difference. :
5t Ratio of the probability of an event not occurring to the event occurring,

usua]ly e:-:pressed in the form of a: b where a and b are integers having no common
factors.

[Z0dds in favour: Ratio of the probability of an event occurring to the event not occurring,
usually expressed as the ratio of two integers with no common factors.

[ One-way _a.liﬂlysis of variance: Analysis of varianzs involving data classified into
groups according to a single criterion only.

mﬂmpl&: I WO Sam) i & values m‘
S = "H p]e Wl'ljch. are d [ldel]t m I‘l‘ll.‘-: sense ﬂ:l.at ‘h
; . E:pe ¥ 1 dﬂl& a]

[ Paramete

Arameter: /. summary measure calculated for population data.

EPBitestimate; Single value that serves as an estimate of a S m' .

RS stimate
on fom;:L ‘variance: Estimate of the variance that is common to two
¥ computing a weighted average of the two sample variances.

e being smdlehfg@-mmﬂaﬂpng The collection-of all elements whose cham:tmsnr;s_

-



is classnﬁed mtn two or more categones

Ehdomisample: Sample selected in a way that allows every member of the population
to have. Ihe same chance of being chiosen.

Randomselection: Selection of sample elements in such a way that all elememnts
available for selection have the same chance of being selected.

4

i: varighles] Variable (typically represented by X) that has a single numerical
value (dmaunned by chance) for each outcome of an experiment.

A sample tha:. contains the same characteristics as the

cunespondmg popu!auon

glitstaileditests Hypothesis test in which the critical region is located in the extreme
nght ared of the probability distribution.

m A portion of the population of interest.
@&i7es Number of items in a sample.

ﬂmh:r brdien dotin:

Sampling distribu ionof saiaple means: Distribution of the sample means that is
obta.med when we repeatedly draw samples uf the same size from the same population.

Rampling ecror: Difference between a sample result and the true population result;
results from chance sample fluctuations.

bilify Variations of a statistic in different samples.

a2

# Probability of making a type I error when conducting a h :

perimental outcome that cannot be further broken down.

3 ra!lc[&n:l samples Sample of a particular size selected so that every e
samplf-*- of the same size has the same chance of being chosen.
i@ﬂﬁr normal distribution: Normal distribution with a mean of 0 and a stan T
ldc\rj;aﬁun equal to 1
~gfandard score: Number of stand
n;m also called z-score.

ard deviations that a given value is above or below the

re calculated for sample data.

- sampling: The sampling method in which samples are drawn from each

g e

‘stmrum
r-sﬁm‘g&ieﬂmmbmty Guess or estimate of a probability based on knowledge of
* relevant circumstances.
ﬁ‘.__ig‘ﬁ@?Col]oction of data on the elements of a population or sample.
{“Systematic sampling: Sampling in which every K" element is selected.
[“f-distribution: Bell-shaped distribution usually associated with sample data from a
population with an unknown standard deviation.

[_‘]_;e_:j*ujmdependmu{ Test of the null hypothesis that for a contingency table, the row
variable and column variable are not related. :

["!‘Es’fs’taﬂshc Sample statistic based on the sample data; used in making the decision
about rejection of the null hypothesis.

_Treatment: S
Egrﬁ‘;ﬁfaaroﬁsf Property or characteristic that allows us to distinguish the different
rom one another; used in analysis of variance.

UiYeeidiagram: Graphi e .
event, am: Graphical depiction of the different possible outcomes in a compound

CIostailed tests A .

H ;
and right extrome ypothesis test in which the critical region is divided between the left
areas of the probability distribution.



~ “Sratistics - XNl

- IPSIRERR Rejecting the null hypothesis when it is true.
EEFEEILEREOE Accept the null hypothesis when it is false.

fimators] Sample statistic that tends to target the population parameter thay iy

[iiiorm disirbatons Probability distribution in which every value of the random
variable is equ :

ally fikely.
" JNEREBIE A characteristic under study or investigation that assumes different values for
different elements.

miples: In analysis of variance, the variation among the different

HBIES! In analysis of variance, the variation that is due to chance,

[ZESEGRES Number of standard deviations that a given value is above or below the o

A]tmnaﬁve hyppth 22

Acceptance region ot
ttributes ;

J;:ssaciation of attributes ;;g

Analysis of variance i

ANOVA table

Rivariate probability distribution 56
Bivariate probability function 57
Bemoulli trial 79
Binomial experiment 82
Binomial probability mass function 82
Binomial frequency distribution 93
Bias 15
Block 204

Combination

Compound event {(]I:.-'
Complementary event
Cond.itinnal probability 4
ggzh.nuous random variable =
tinuous uniform distribution :ﬁ?
Confidence interval y B
Confidence limits s
Ence region o
C
onfidence coefficient igg

Confidence level 209
Composite hypothesis 233
Class Frequency _268
Classification of attributes 268
Contingency table 275
Coefficient of contingency 282

Completely randomized design 296

Dependent events 07
Discrete random variable 32
Discrete uniform distribution 71
Degrees of freedom 213
Dichotomy classification 268

Event

Equally likely Events
Exhaustive events
Estimation

Estimator

Estimate

Efficiency
Experimental design
Experimental material
Experimental unit
Extraneous factor
Experimental error

EE
Factorial
Finite population 02



Goldfish bowl method 159

Hypergeometric experiment 98
Hypergeometric probability . 98
distribution

Hypothesis testing 232
Impossible event 06
Independent events 08
Infinite population 152
Interval estimation 209

Joint distribution 56

Level of significance 235
Length of confidence interval 209
Local control 96

i

Mutually exclusive events 07
| Mathematical expectation 41
Marginal probability distribution 57
Multiway classification 275
Normal distribution 120

“Non-Sampling error 156

Non proha'oility sampling 158
methods

Null hypothesis 233
Negative attributes 267

Qutcome 06
Odds 24
One tailed test 235
One way classification 268
Order of classes 269
Permutation 02
Probability 05
Probability distribution 1
Probability function 34
Probability mass function 34
Probability density function 51
Population 152
Parameter 155
Probability sampling methods 158
Proportion 176
Point estimation 195
Pooled estimator 207
Precision of confidence interval 210
Positive attributes 267
Random experiment 05
Random variable 32
Random digits 75

e NP S T |

. ggatistl

o5 Xl

s 15
2o 10
Rejection rer.g g 595
jzatio .
Rﬂﬂdﬂﬂ"'z’a i 295
Replicﬂlion
05
gample space 3
i vent
gjmple : m
ven
Sure € » 5
standard normal va:na_b e
Standard normal distribution 123
Sampling survey 152
gl 152
Pk 153
Sampling frame 43
Sample design S
T e 153
Sampling
Statistic 154
i 155
Sempling with replacement 156
Sampling with
out
Simple replacement 157
Straif 158
Saufied random 2
sampling 160

Systematic 62
Sampling distribution 1
162
Standard error
Statistical inference 194
gignificance level 209
simple hypothesis 233
Type-1 error 233
Type- 11 error 234
Test statistic 235
Test of significance 235
Two tailed test 236
Treatment 293
Two-way classification 268

Unbiasedness 197
Ultimate class 27(
Ultimate class frequencies 27(
Uniformity trial 29«

Width of confidence interval

ule’ i
| s coefficient of association o i
|

Yule’s correcti
on of continui
Yield e
2
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