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Preface

This Textbook for Mathematics Grade 12 has been developed by NBF according to
the National Curriculum of Pakistan‘2022-2023. The aim of this textbook is to
enhance learning abilities through inculcation of logical thinking in learners, and
to develop higher order thinking processes by systematically building the
foundation of learning from the previous grades. A key emphasis of the present
textbook is creating real life linkage of the concepts and methods introduced.

“This approach was devised with the intent of enabling students to solve daily life

problems as they grow up in the learning curve and also to fully grasp the
conceptual basis that will be built in subsequent grades.

After amalgamation of the efforts of experts and experienced authors, this book
was reviewed and finalized after extensive reviews by professional educationists.
Efforts were made to make the contents student friendly and to develop the
concepts in interesting ways.

The National Book Foundation is always striving for improvement in the quality of
its textbooks. The present textbook features an improved design, better
illustration and interesting activities relating to real life to make it attractive for
young learners. However, there is always room for improvement, the suggestions
and feedback of students, teachers and the community are most welcome for
further enriching the subsequent editions of this textbook.

May Allah guide and help us (Ameen).

Dr. Kamran Jahangir
Managing Director




Application of Mathematics

Functions and Graphs: Functions represent relationships between variables and
their graphs provide a visual representation of these relationships. They are used
to study trends like profit versus cost in businesses, population growth over time
or changes in speed in physics. Functions help in predicting outcomes-and
analyzing real-world data effectively.

Limit, Continuity and Derivative: Limits describe how functions behave near
specific points, continuity ensures smooth graphs without breaks, and derivatives
measure rates of change like speed or growth. These concepts are essential in
physics to calculate instantaneous velocity, in economics for cost optimization
and in biology for population growth modeling.

Integration: Integration helps calculate areas under curves, volumes, or
accumulated quantities. It is widely used to determine total distance from
velocity, analyze energy consumption and compute areas in construction
projects. Integration also has applications in physics, such as finding work done by
a variable force. :

Differential Equations: Differential equations describe changes in dynamic
systems, modeling real-world processes like population growth, chemical
reactions and motion. They are used in engineering to design systems, in physics
to describe heat flow or wave motion and in biology to model disease spread.

Kinematics of Motion in a Straight Line: This studies the motion of objects along
a straight path using concepts like displacement, velocity and acceleration.
Applications include calculating stopping distances of vehicles, analyzing free-
fall under gravity and predicting the motion of objects in linear transport

systems.
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Analytical Geometry: Analytical geometry combines algebra and geometry to
study the properties of shapes on the coordinate plane. It is used in designing
structures, solving distance and slope problems and planning urban layouts. It
plays a significant role.in architecture and engineering.

Conic Section: Conic sections include ci'rcles, ellipses, parabolas, and
hyperbolas, which have various applications. Ellipses describe satellite orbits,
parabolas are used in designing headlights and bridges and hyperbolas are applied
in communication systems and radar design.

Inverse Trigonometric Functions and Their Graphs: Inverse trigonometric
functions calculate angles from trigonometric values, essential in navigation,.
surveying, and architecture. Their graphs help solve problems involving slnpes

elevation angles and real-world measurements requiring precision.

Solution of Trigonometric Equations: Trigonometric equations model periodic
phenomena such as sound and light waves. Solving these equations is crucial in
designing musical instruments, analyzing alternating electrical currents and
studying wave patterns in physics and engineering.

Numerical Methods: Numerical methods approximate solutions for complex
problems using algorithms. They are widely used in weather forecasting,
structural analysis of buildings and financial risk modeling. These methods make
it possible to solve equations that are difficult to handle analytically.
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FUNCTIONS AND GRAPHS

Functions have many applications in real life. One is the use of
function in signal processing applications in engineering, including
noise reduction, modulation, and filtering. For example, functions in
audio processing are used to analyze and alter sound waves, which
makes it possible to design devices like equalizers and noise-
canceling headphones. Similar to this, functions are essential to the
encoding, transmitting, and decoding of signals for wireless
communication systems in the telecommunications industry.

After studying this unit, students will be able to:

Recall definition of function, find its domain, codomain, range and its types.

Find inverse of a function and demonstrate its domain and range with examples.
Know linear, quadratic and square root functions.

Sketch graphs of linear and non-linear functions.

Plot graph of function of the type y = x" when (i) » is a + ve or — ve integer and x # 0,
(ii) m is a rational number for x > (.

Plot graph of quadralic function of the form y = ax? + bx + ¢, where a, b, ¢ are integers
anda # 0.

Draw graph using factors and predict functions from their graphs.

Find the intersecting points graphically when intersection occurs between (i) a Imr
function and coordinate axes (ii) two linear functions (iii) a linear function and a quadratic
function.

Diaw the graph of modulus functions.

Solve graphically appropriate problems from daily life.

Classify algebraic and transcendental functions and describe trigonometric, inverse
trigonometric, logarithmic and exponential functions.

Define logarithm, and derive and apply laws of logarithm.

Graph and analyse exponential and logarithmic functions.

Apply the concept of exponential functions to find compound interest.

Solve problems involving exponential and logarithmic equations.

Identfy the domain and range of transcendental functions through graphs.

Interpret the relation between a one-one function and its inverse through a graph.

Demonstrate the transformation of a graph through horizontal shift, vertical shift and scaling.



1.1 Function

A function f from a set A to a set B assigns to each element of A cxactly one element of B. The setAis
called the domain of the function and the set Bis called the co-domain uf the function.

Mathematically, it is written as f : A— Bandisreadas f is a ﬁ.mctmn from A to B.

For example, if we are given two sets A = {—1,1,2} and B = {1, 4, 9}, F

then f = {(—1, 1), (1, 1), (2, 4)} isa function because each element of the m
set A is assigned to exactly one element of the set B. i.e. there is no A

repetition in the first element of ordered pairs in f. The first element of 5
each ordered pair in f is called pre-image while its corresponding second

element is called image of the first element. For example, in (2,4), 2 isthe -
pre-image of 4 and 4 is the image of 2.

-1

1
2
If x is independent variable and y is dependent vanable, then in general, a function f from A to B
is written as f (x) = y.
For example, in the above example,
f(-1)=1,f(1)=1and f(2) =4
Explanation: As discussed above, a function relates an input to an output.
For example, if a tree grows 15 cm every year and the height A
of the tree is related to its age as follows:

h(age) =age x 15
then the height of the tree after 10 year is #(10) = 10 x 15 = 150 cm
*h(10) = 150’ is like saying 10 is related to 150 or 10 — 150
Here, 10 is the input and 150 is the output of the function.
1.1.1 Domain of a Function
The set of all possible values of independent variable

; F . L Kry Farts
which qualify as inputs to a function is known as the runction i y 1 1
domain of the function. In the above example, A ::tlm! in whieh -

are used is called a real valued

Domain of function f = Dom f ={-1,1,2}

How to Find the Domain of a Function

To find the domain, we ensure that there is no zero in the denominator of a fraction and no negative

sign inside a square root. In general, the set of all real numbers is considered as the domain of a

function subject to some restrictions. For example:

(i) When the given function is of the form f(x) = 3x + 8 or f(x) = x* 4 2x — 5, the domain
will be “the set of all real numbers”.

(i) When the given function is of the form f(x) = —-—— the domain will be the set of all real numbers
except 2. \

function.
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(iii) In some cases, the interval be specified along with the function such as, f(x)=x+1,
0 <x < 10. Here, x can take the values between 0 and 10 in the domain.
(iv) Domain restrictions refer to the values for which the given function cannot be defined.
1.1.2 Range of a Function
The set of all the outputs of a function is known as the range of the function or after substituting the
domain, the entire set of all possible values as outcomes of the dependent variable.

In a"funqt:iun y = f(x),the spread of all the values y from minimum to maximum is the range of the
function. In the above example,

Range of function f = Rang f = {1, 4}

How to Find the Range of a Function

+ Substitute all the values of x in the function to check whether it is positive, negative or equal to
other values. Eliminate the values of x for which the function is not defined.

«  Find the minimum and maximum values for y.

1.1.3 Codomain of a Function

The codomain is the set of all possible outcomes of the given function.

In general, the range is the subset of the codomain. But sometimes the codomain is also equal to the
range of the function. In above example,

Codomain of function f = {1,4,9}

Inshort:

» Whatcan go into a function is called the domain.

» What may possibly come out of a function is called the codomain.
» What actually comes out of a function is called the range.

In the adjoining figure,

+ Theset {a,b,c} isthe domain.

« Theset{l,2,3,4,5} isthe codomain.

« Theset{1,2,3} istherange.

" Example 1: Find the domain and range of a function f (x) =2x?—4,

e — - o

Solution: f(x) = 2x% — 4

The given function has no undefined values of x.
Thus, the domain is the set of all real numbers.
Domain = (—o0,00) =

If we put x = 0 in the given function, we get f(x) = —4.
For all real values of x, other than 0, we get an output on how long that car has been

greater than —4. | :
Hence, the range of f(x) is [—4, o). driving (the input). ]

Key Facts

A function is like a machine that
takes an input and produces a
.corresponding output. For
example, the distance a car has
traveled (the output) is dependent

GRADE 12 e/ : s : " National Book Foundation




m UNTT-01: FUNCTIONS AND GRAPHS

Example 2: .
Find the domain and range of function g(x) = Vx — 3.
Solution: g(x) =+Vx -3

The given function is defined for all real numbers x greater than or equal to 3.
Thus, the domain of g(x) is [3, o).

If we put x = 3 in the given function, we get g(3) = 0.

For all real values of x, greater than 3, we get an output greater than 0.
Hence, the range of g(x) is [0, ).

L

1.2 Types of Functions f
1.2.1 Into Function A B
A function f: A — B is said to be into function if there exists at least one
clement or more than one element in B, which does not have any pre- -
images in A, which simply means that every element of the codomain is =
not mapped with elements of the domain. i.c., range(f) # B.
In the adjoining diagram, f = {(a, 1), (b, 3). (¢. 3)} is an into function.
Some examples of into functions are:
e f(x) =sinx where f: R — R is into function because it doesn’t cover all values in

the interval R. ’
o g(x) = x? where g: R — R is info function because it doesn’t map to any negative real

numbers. »
o h(x) = e* where h: R = [0, ) is into function because it doesn't map to zero.
1.2.2 Onto (Surjective) Function _
For any two non-empty sets A and B, a function f @ A — B will be onto 1f /—5-\‘
every element of set B is an image of some element of set A. i.e., for every A B
v € B there exists an element x in A such that f(x) - v which implics
rang(f) = B. i
In the adjoining diagram, f = {(a, 2), (b, 1), (c. 3)] is an onto function.
Some examples of onto functions are: i A

e f(x)=x (Identity function) .

e g(x)=e* wheng:R— R (Exponential function)
. e h{(x) =x* (Square function)

e« m(x) =x* (Cubic function)

« p(x)=c (Constant function) ‘
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1.2.3 One to One (Injective) Function f
For any two non-empty sets A and B, a function f: A — B will be one-to-one A//.__.\ B
if distinct elements of set A have distinct images in set B. In the adjoining
diagram, f = {(a, 2), (b, 1), (¢, 3)} is a one-to-one function. "i-l
A function f: A — B is one-to-one if f(x1) = f(x2) implies x1 = xa. :
i.e., an image of a distinct element of A under f mapping (function) is distinct.
Some examples of one-one functions are:

by f(x)=2 (Identity function)

: g(x) = 2x + 3 (Linear function)

h(x) = e* (Exponential function)

m(x) = Vx (Square root function, defined for x > 0)

L]

1.2.4 Injective Function

A function which is both into and one-one is called an injective function.

1.2.5 Bijective Function

A function which is both onto and one-one is called a bijective function.

Bijective function shows one-one correspondence between the elements of two sets.

Key Facts
Various types of functions are mentioned in the below table:
Based on ne-one function, Many-one function, Onto function, Bijective Function, Into
Lh:menus function, constant Function

[Based on the Identity function, Linear function, Quadratic function, Cubic function,
equation olynomial functions
Eased on the [Modulus function, Rational function, Even and odd functions, Penudtc

B ions, Greatest and smallest integer function, Inverse function, Composite
nctions

Based on the |Algebraic functions, Trigonometric functions, Logarithmic functions,
omain ponential functions

Example 3: Check whether the function f(x) = 2x + 3, is one-to-one or not if
domain = {0.5, 1, 2} and codomain = {4, 5, 7}
Solution: Putting 1, 2 and 0.5 in f(x) = 2x + 3, we get f(0.5) = 4, f(A)=5and f(2) =7
As, for every value of x, we get a unique f(x) thus, the function f(x) is one to one. .
Example 4: Check whether the function is one-to-one or not: f(x) = 2x? + 1.
Solution: To check whether the function is one to one or not, let:
f(x) = f(xz)
2(x;)* +1=2(x;)* +1
| (x1)? = (x;)?
| Since (x;)? = (x3)? is not always true, therefore the function is not one to one function.
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. Example 5: Check the type of function f(x) = x* — 1'if Dom f(x) = {1,~-1,2,~2)} and
Codom f(x) = {0, 3, -3}
‘Solution: Given f(xj = x? = 1 with Dom f(x) = {1, —1,2,~2} and Codom f(x) = {0,3, -3}
Substituting the elements of the domain in the function, we get:
f(1)=1*=1=0
f(=1) = (-1)2 -
f(2)=22~-1=3
f-2)= (-2*—1=3 =
Therefore, Rang f(x) = {0, 3}. As, Rang f(x) = {0,3} # {0, 3, 3} Codom f(x).
So, the given function is an into function. -
Example 6: Find the type of the function f(x) = 3x + 2 definedon f: R — R.
Solution: Let, f(x) =y = y=3x+2 = y-2=3x = I=L_2
Substituting the value of x in the given function f(x), we get: :
fR=f(5)=3(5)+2=y-2+2=y

Since, we ght back y after putting the value of x in the function. Hence the given function is an
onto function.

1.3 Inverse Function

The inverse of any function f(x) is a function denoted by f~*(x) which reverses the effect of
f(x) and it undoes what f(x) does. In mathematics, the inverse function is also denoted by f~.
If f: X - Y, then f~1: Y = X. i.e., If the application of a function f to x as input gives an output
of y, then the application of inverse function f~* to y should give back the value of x.

It can be illustrated in the following diagram as:

J(x)

/'\ Key Facts |
X (Domain of [) Y (Range of /) | o Ify = f(x) is bijective function :
then x = f~1(y).
n- If fog(x) = gof(x) = x,

theng = f" and f =g7" ;
X (Range of f77) Y (Domain of f~1) \ « FH1=s
| o)
From'the above diagram:

dom f=rang f~* and rang f=dom f~'
i.e., The domain of the given function becomes the range of the invers¢ function, and ih rangs of
the given function becomes the domain of the inverse function.
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Note that f~1 is not the i'ecipmcal of f and not every function has an inverse. If a function f(x)

has an inverse, then f(x) never takes the same value twice. [n simple words, the inverse function

exists only when f is both one-one and onto function. Can we say that the inverse function is also

a bijective function?

Moreover, the composition of the function f and the inverse function f~ gives.the domain

value of x.

fof '(x) = fof (x) = x

. 1.3.1 Steps to Find an Inverse Function
Consider a function f(x) = ax + b.
e Replace f(x) with y, to obtain y = ax + b.

e Solve the expression for.r to obtain x = "':h.

e Replace x with f~1(y) to get f~1(y) = =
. Interchangeywithxintheﬁmctionf“(y) =?-:—bandgetimrerseﬁmctiun

fx) =
1.3.2 Graphofan In\rerle Function YA s e
If the graphs of both functions are symmetric with respect to the : :",:x
line y =x then we say that the two functions are inverses of each St
other. This is because of the fact that if (x, y) lies on theﬁmcnnn., f.-' y=fl()
" then (v, x) lies on its inverse function. : o
! ’f
Example 7: - =] # =
Find the inverse function of f(x) = % definedon fiR=R. ’ / ;=
()  Find domain and range of function and its inverse, . :
(i) Provethat fof~'(x) = flof(x) =x
5 Solution:
(i) Given functionis f(x) = ;’_c—z
Dom f(x) = R - {2}
‘ ; To find inverse function, let: _
X
Je== @ ya-Yw=x = xy—x=2y
= x(y-1)=2y = x=ﬁ
= - Sl 7 \ v
- =3 e x=f7'00
|

= f (x) = x-szl ...... Replacing y with x.
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From the inverse function, we see that:
Dom f~1(x) = R — {1}

Hence,

Domf=R—-{2}=Rangf™! and Domf '=R-—{1}=Rangf
fof () = fUF N = F(5) = -zi—*;—m=’;‘=x (i)
flof(x) = fU(f(x) = f"(;-z _EETT}=,;_,+3=2T,:=" (ii)

From (i) and (ii), we get:

fof“’{x) = flof(x) =x
R

Find the domain of following functions.

(M f)=x*-6 (i) g(x) = ﬁ
(iv) i(x) = 5:,_2 (v) J'(x) - z; — (vi) k(x) = \f-f—'i'_

2. Find the domain and range of the functions.
() f)=x+7 (i) fO) =222 +1 (i) f(x)=2Vx—5
(iv) f(X)=Ix-2|-3 (v) f(x)=1+sinx (vi) f(x)=3+Vx—-2
(vii) f(x) =2 (vii) () = T2 (ix) fO)= (x —1)%+1
®) f(x)= ) f(x) =5 (i) fQ) =5

3. Giventhat A ={0,1.2,3},B= {p,q.r,s} and f = (0, p). (1, ), (2,7, (3.S}E-Chﬁkwheﬂwr
the function is one to one, onto and/or into.

4. = {2.3.4.5), B= {b, c, d, ¢}. The function is defined as f = {(2, b), (3, c), (4, e). (5, €)}.
Check whether the function is one to one; into or onto.

5. Check whether the functions arc one-to-one or not.
(i) fx)=4x-7 (i) f(x)= 6x% +2 (iii) f(x) = —

6. Check the type of function g(x) = 2x? + 3x + 1if Dom g(x) = [ﬂ 1,2,3} and
Rang g(x) = (1,6, 15, 28, 35}

7. Find the type of the function h(x) = 2x + 1 defined on h: R = R.

8. Iff:A— Bisdefinedby f(x) === forallx € A where A=R— {3} and B=R {1},
Then show that the function f is bijective.

o ORADR A S
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9. Find the domain and range of inverse functions when:

(i fx)=4x=3 i) () == (i) fx) = ﬂ
) fO)=VIFZ ) f@=x+6 i) flx)= ’: :

Also pn:we that f(f~1(x)) = fH(f(x)) = x.

. 1.4 Linear, Quadratic and Square Root Functions
1.4.1 Linear Function
The function of the form,
y=ax+b,abeRnra=0
is called linear. It is a polynomial function
of degree one.
For example, f(x) =x+ 2, g(x)=2x-1
are linear functions.

The graph of a linear function is a straight
line and the slope of any two points on the
line is the same. The domain and range of
the linear function is R.

1.4.2 Non-linear Function .
A function that is not linear is called a non-linear function. A nonlincar function is a function whose
plotted graph form a curved line. For example, quadratic function, cubic function, square root

function and exponential function etc. The slope of every two points on the graph of non-linear is not
the same. Let us recall the shapes of the graphs ﬂf quudmlu: and square root functions here.

(a) Quadratic Function
The function is of the form.

| y=ax*+bx+c:a,b,ceRna+0
is called quadratic.
It is a polynomial function of degree two.
For example, f(x) = x* + 3x — 2 and
g(x) =5 — 2x? are quadratic functions.
The domain and range of the quadratic
function is R. The graph of a quadratic

equation is U-shaped and is parabolic in
nature.

3 fix)
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(b) Square Root Function

The function of the form y = vx , where
x = 0 is called a square root function.
For example,

f(x)=Vvx +2and g(x) =VxZ -3

are square root functions, -1o
The domain of square root function depends upon its formation.
1.5 Plotting Graph of Function of the Typey = ™
151 Graph of the Functiony=x";neZAx# 0

For plotting the graph of the function
y =x";neZ Ax # 0, we take different integral values
of n. For example, the table for the function y = +x? is:

x 0 0.5 2] £

fixy=x | 8 0125 | 1 | 8
a(x)=—x5 | 0 |—0,125 | -1 | ~8

We observe that graphs of y = x* and y = —x have
the same shape but opposite behavior.
The graph of y = x™ forn= -2, -1, 0, 1, 2 is shown below.

From the above graphs, we observe that:

» the graph of y = x° is a horizontal line passing through y = 1.

> the graph of y = x* is a straight line bisecting first and third quadrant.

» the graph of y = x~* is a hyperbola passing through first and third quadrant,
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»  the graph of y = x? is a parabola starting from origin and opening upwards.
» the graph of y = x~2 has exponential behavior with two branches.
» The graphs of y = x™ pass through (1, 1).

Example 8: Draw the graph of y = x*, |
Solution: -
Table for some values of x and y for the function is: .

| x|=15|=-11 0] 1]15 k

. y[506| 1|0 | 1 |506

' From the figure, we can see that the graph of »
y = x* is U-shaped which opens upward starting 4
from origin. The value of y increases slowly for
real numbers —0.5 < x < 0.5. 1
After that it increases abruptly.

=2 1 o 1 2

1.5.2 Graph of the Functiony=x";n€QAx>0

For plotting the graph of the function A
y=x"neQ Ax >0, we take different
integral values of n. For example, the table
for the function y = x3/2 is:

x 05 1 [4] 6 ‘ "
fFx)=x¥ 035 1 | 8 | 147

We observe that graphs of y = x3/2 has exponential behavior. -0 s 0 5 0

The graph of y = x™ forn = —3, —%, 0, g,i is shown below.
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From the above graphs, we observe that:

» the graph of y = x~2/3 is closer to y-axis.

» the graph of y = x™%/? moves away from y-axis as compared with the graph of y = x~%/3,

> the graph of y = x1/2 is closer to x-axis.

» the graph of y = x*/* moves away from x-axis as compared with the graph of y = x1/2,

» The graphs of y = x™ pass through (1, 1).

1.5.3 Graph of Quadratic Function

We know that the polynomial function of degree two is called a quadratic function. This function is
of the form:

f(x)=ax?+bx+c;abceRanda+0
The graph of the quadratic equation is a parabola.
For example, y = x? + 2x + 1 and y = 2 — 3x? are quadratic functions.
Understanding the Graph :
o a: The coefficient a, affects the direction and width of the parabola. If a > 0, the parabola opens

upwards. If @ < 0, the parabola opens downwards. The larger the absolute value of a, the
narrower the parabola.

« b: This coefficient affects the position of the vertex horizontally (left or right) and slope of the
parabola at the vertex.

e C: Th]S is the y-intercept. So, the pomt (0, ¢) is on the parabola.

* x=—— :s equation of axis of synunetry and is also the x-coordinate of the vertex.

Example 9: Draw the graph of y = 2x* +3x -2,
Solution: ;
y=2x%+3x—2 (i)
Companng(i)mth}r ax?+bx +c, wehavea=2,b=3andc = -2
Step 1: Determine whether patabola opens upwards or downwards.
As a > 0, therefore parabola opens upwards.
Step 2: Find and draw the axis of symmetry.

Equation of axis of symmetry is:
SN ATURS COMR
¥ Za 22) 4 .

Step 3: Find and plot the vertex.
The x-coordinate of vertex is x = — -
To find the y-coordinate, substitute value of x in equation (i).

y = 2(——) +3(--)_ T

So, the vertex is ) _?)'

Step 4: Find some more points if needed and plot the graph.

—0.75,-3.125)
-4




Table for some values of x and y for the function is:

x|—-2|-1] 0| 1
y| 0 |-3|-2]| 3

Form the figure, it is clear that the graph of function y = 2x? + 3x —2 is parabola.

Example 10: Draw the graph of y = 4 — 2x2
Solution: y = —2x? + 0x + 4 (i)
Comparing (i) withy = ax? + bx + ¢, wehavea = —=2,b = O0andc = 4
Step 1: Determine whether parabola opens upwards or downwards.
As a <0, therefore parabola opens downwards.

Step 2: Find and draw the axis of symmetry. Equation of axis of symmetry is:
8.

Step 3: Find and plot the vertex.
The x-coordinate of vertex is x = 0. To find the y-coordinate, substitute value of x in
equation (i). We get y = —2(0)* + 0(0) + 4 = 4 y-axis

So, the vertex is (0, 4). i
Step 4: Find some more points if needed and plot
the graph. 2
Table for some values of x and y for the | \ x-axis
function is: 3z o 2

xi=2|-=11 0| 1 |2
y|—4| 2 | 4| 2 |-4

The sketch of the graph is shown in the figure. -+

1.6 Drawing Graph Using Factors
Letus draw the graph of quadratic function using factors.

Weknow thaty = ax + bx + cis a quadratic function where a # 0 and the graph of such a function is
a parabola. These graphs can be tricky to sketch manually, but factoring the quadratic gives us all of
the information we need to do so successfully.

Procedure:
The points where any parabola intersects the x-axis will be the solutions to the equation:
a+bx+c=0 (i)
Now if we can factor equation (i) in the format:
(x—x1)(x—x2) =0,
then by the zero product property, we get:

x=x; and x=1x,
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‘This means that x, and x, are the x-intercepts. In other words, graph will intersect x-axis at (x,, 0) and
(x,, 0). The constant c tells us what the y-intercept will be. More specifically, the constant term ¢
places the y-intercept at (0, ¢), giving us a third specific point on y-axis. Likewise, the value of atells
us whether our parabola will open up or down. If a is positive, the parabola opens upward. If it is
negative, the parabola opens downward.

We can also figure out the vertex of the parabola by factoring the quadratic equation.
X14x; *
|

The x-coordinate of the vertex ofa parabola is the arithmetic mean of two x-intercepts = =—=,

Once we have the x-coordinate, we can determine the y-coordinate by plugging the x value into the
given function and solving for y. With these four specific points including both x-intercepts,
y-intercept and the vertex of the parabola, we can create an accurate sketch of the graph quickly and
easily. 1 i
Example 10: Draw the graph of y = x* — 8x + 12 using factors,
Solution: _
Given function is: y = x2 — 8x + 12 il 8 |
To get x-intercepts, put x> —8x + 12 =10 \iidatad
After factorization, we get:

Xy =2 x3=6
= The graph intersects x-axis at (2, 0) and (6, 0).
To find y-intercept, put x = 0 in the given function
which gives y = 12.
Therefore y-intercept is (0, 12).

X14%; _ 2+6 _

Vertex: x-coordinate of vertex = =— = =——= 4 %1(2,0 5 J(6,0)

Substituting, x = 4 in given function, we get:
y-coordinate of vertex = 4% — 8(4) + 12 = —4 5 (4,-4)
- Vertex = (4, —4)
As a = 1 > 0, therefore parabola opens upward.

=X

The graph is symmetri¢ about x = 4. The sketch of the graph is shown in the figure.

Example 11: Draw the graph of y = —x? + 4x — 4 ysing factors.
Solution: : L
Given function is: y = —x* + 4x — 4
To get x-intercepts, put:
—x244x—4=0=>—-(x>—4x+4)=0=2>x*—4x+4=0
After factorization, we get repeated roots:
=2, x,=2
This shows that the graph intersects x-axis at (2, 0),
which is the vertex of the parabola.
To find y-intercept, put x = 0 in the given function
which gives y = —4.

(2,0)
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Therefore y-intercept is (0, —4). . . _

a = —1 < 0, shows thar the parabola opens

downwards. As the graph is symmetric about Draw th: graph of

x =4, therefore parabola also passes through y=2x"+6x+4
using factors.

(4, —4). The sketch of the graph is shown in the figure.

1.7 Predicting Functions from Their Graphs
The method is explained with the help of following examples.

Example 12: Predict function from the graph.

Solution:
The graph shows a line passing through points

(2,0) and (0, —-2).
Slope of the line is:

2—-0
Equation of the line is:
y—0=1(x—2) (Point slope form of the line)
y=x-2 '
Which is the required function.

Example 13: Predict function from the graph.

Solution: _

The graph shows a parabola passing through points

(2,0) and (—1,0) and (0, —4). We know that the

equation of the parabola is quadratic.

Now, the equation of the parabola passing through
(p.0) and (g, 0) is of the form:

y =a(x—p)(x — q) wherep = 2,q = =1 and 4 35
a > 0 as the parabola opens upwards.

Substituting the values of p and ¢ in the above

equation, we get:

y=a(x—-2)(x+1) (i)

Since the parabola passes through (0, —4), therefore

from (i), we have: : Key Facts
—4=qa(0-2)(0+1) = —4= a(-2) =2 a=2 I Equation of parabolic function
Therefore from (i): : Bl R Fm;'lﬂ through (p, r) and
y=2x-2)(x+1) = y=2(*-x-2) &4 ""*

Which is the required function. ;‘;ﬂ;;’ﬂ;;;ﬁ;t;ﬂ i




1.8 Graph of Modulus Functions

A modulus function (absolute valued function) determines a number’s magnitude regardless of its
sign. Ifx isareal number, then the modulus function is denoted by:
=|x| or f(x)= |x| wherex€R.

The modulus function takes the actual value of x if it is more than or equal to 0 and the function takes
the minus of the actual value x ifit is less than 0.

1.8.1 Domain and Range of Modulus Function

The domain of modulus function is R while its range is the set of ion-negative real numbers, denoted .
as [0, o). Any real number can be modulated using the modulus function.
Example: Consider the modulus function f(x) = |x|. Then:
« Ifx=-5theny= f(x) = —(=5) = 5, since x is less than zero.
o« Ifx=6,theny = f(x) =6, since x is greater than zero.
. o Ifx=0,theny = f(x) = 0, since x is equal to zero,
1.8.2 Graph of Modulus Function
Consider the modulus function f(x) = |x|
Table shows the values of f(x) below:

x |-3|-2|-1]10]|1] 2] 3
li(x}SElUlZB

It can be inferred that for all possible values of x,
the function f(x) remains positive.

1.9 Finding the Intersecting Points Graphically

1.9.1 Intersection Point between a Linear Function and Coordinate Axes

As we know that the graph of a linear equation is a straight line and thﬂ points of intersection of the
line with axes are called intercepts. ”
h

Example 14: 1 .
Find x-intercept and y-intercept of the function: f(x) = Ll 2,0+ 3, =125 (0. 4)

3
Solution:

il

z 16 fol3 T CUAN

fl 0 | &4 |2

The graph of line f(x) = =

—%% is shown in the adjoining i
figure. From the graph it is clear that: - —
« The line crosses the x-axis at (6, 0).
So, its x-intercept is 6. x and y-intcrce.pts of “_liﬂ*'-" e -3
o The line crosses the y-axis at (0, 4). and -5 respectively. Find points of
So, its y-intercept is 4. intersections of line with axes.




Table of values for g(x) =5 + 3x — 2x?

1.9.2 Intersection Point between two Linear Functions

While solving simultaneous linear functions graphically, keep in mind the follomng points.
1. Draw each linear function on the same set of axes.
2. Findthe coordinates where the lines intersect.

Example 15: Find the graphical solution of f(x) = E-;-'—-x and g(x) = x — 3.

Solution: -..:-
Table of values of function f (x) = <= is: L6
2
£ Lo riye 04, 1)
f (x] 0 3 1 L, . 0 2 4 \
Table of values of function g(x) = x — 3 is: A o
¥ Tajlols 2 S
gx)| 0 |-3| 2 /4

The graph of functions £ (x) = = and g(x) = x — 3 is shown in the adjoining figurc.

From the graph it is clear that the both linear functions intersect each other at point O(4, 1).

Therefore, point O(4, 1) is the graphical solution of the given linear functions.

1.9.3 Intersection Point between a Linear Function and a Quadratic Function

As we know that the graph of a quadratic equation is a curve. The point of intersection of a linear

function and a quadratic function is a point where both the graphs intersect each other.

Example 16: Solve f(x) =3x + 4 and g(x) =5 + 3x — 2x? graphmall}r

Solution:

Table of values for f(x)=3x+4 is:
x 0 |-11]1

f| ¢ [ 117

Comparing the graph of

g(x) =5+ 3x — 2x?, with

y= ax? + bx + ¢, we have:

a==-2,b=3andc=5

Here, a = —2 < 0, so the curve will open

downward.

A(-0.7,19

x [=2]-1]Jo[1] 273
gx)|-9| 0 |5]|]6]| 3 |—-4
Both the graphs intersect each other at:
A(-0.7, 1.9) and B(0.7, 6.1).

Hence, solution set is: {(—0.7, 1.9), (0.7, 6.1)}




1.9.4 Solving Problems Graphically from Daily Life
See the following example to understand the method.

Example 17: Two airplanes are moving along the paths representing f(x) = x + 2 and
g(x) = 2x — 4 respectively. Draw the graph of
paths of both planes and find the point, where
both planes pass.

~ Solution:
In the figure, red line represents the path of

first plane while blue line represents the path
of second plane.

The graph shows that both planes pass thmugh
| the point (6, 8).

T e 122 s e

1. Plot the graph of the functions:

(i) f(x)=3x-2
(iv) g(x)=x*+4

(i) fx)=-x*+1
(iv) fQ)=3xz

(ii) f(x)=3x

(V) gx)=x*-x-6
Plot the graph of following functions.

Gi) f) =203
W) f@)=2-x"3

Gii) f)=1-2x
vi) glx)=+v2x+1

(i) f(x)=1+x"?

i) f@) =23
3. Find possible x-intercept, y-intercept and vertex of the following functions and then plot.

i) fx)=x*4+2x+1 (i) f(x)=x*—4x+4

(iii) f(x)==x%+2x (iv) f(x)=9- x?
4, Draw the graph of following function using factors.

(i) fx)=x*-2x+1 (i) f(x)=x%—7x+12

(iii) f(x) =x% —2x (iv) f(x)==2x*+x+3

v) f(x)=4x?-4x (iv) f(x)=6—-x*—x '
5. Predict algebraic functions from the following graphs.

(1) (ii) (iii) (iv) |
2 / : (0,3) .
/‘ ~1,1) ' (1,1 /\
= 'l y L a u 1 z {-1 “ ) (z'_]; ] {-I.li‘l-ﬂ’m.u 2
2
0,- l‘,l -4 -5

i

Plot the graph of following and find point of intersection of function with axes.

(i) y=x+3 (i) y=6—3x (iii) y = x2 — 5x
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7. Find graphical solution of:

(i) f(x)=4-3x, gx)=—-x+1 (i) f(x)=22+x), g(x)=x*+1 2

r (iii)) f(x)=5+3x, glx)=—-x2+5 (iv) f(x)=1, g(x)=—-2x24+2x+5
(v) f(x)=2+3x+x% g(x)=5+3x—2x?

8. Draw the graph of following modulus functions.

@) f(x) =-15|x|] (i) f(x) =1+2|x]| (i) f(x) =3|x| +x
9. The equations for supply and demand are given by two linear equations:
Supply equation: S(x) = 2x + 10; where x is quantity and S(x) is the price.
Demand equation: D(x) = —3x + 40; where x is quantity and D(x) is the price.
Find the equilibrium point where the price of supply equals the price of demand by drawing
the graphs of both equations.

10. Suppose a ball is thrown into the air and its height h(t) after t seconds is given by the parabolic
trajectory: h(t) = —6t% + 10t + 5. If this ball hits a wall 10 m high representing the
equation: h(t) = 9t. By drawing the graphs, find out when and where the ball reaches the wall.

11. Two asteroids are following the parabolic paths represented by f(x) = x% — 7x + 12 and
g(x) = x(x — 3). By drawing the graphs of both trajectories, find out the place from
where, both asteroids will pass. -

A -

1.10 Algebraic and Transcendental Functions
1.10.1 Algebraic Function .
An algebraic function is a function that involves only algebraic operations. These operations include
addition, subtraction, multiplication, division, and exponentiation. ~
Types of Algebraic Functions :
Main types ofalgebraic functions are:
(i) Polynomial Functions
A function of the from p(x) = a,x" + a,_;x" ! + -+ a;x +a, where ag,ay,...,a,are
' constants and n is integer, is called a polynomial function. Some examples are:
» f(x) = 3x + 7 (linear function)
» f(x) = x% — 2x + 5 (quadratic function)
*  f(x) = x® — 7x + 7 (cubic function)
* f(x) = x*—5x? + 2x — 8 (biquadratic function)
*  f(x) = x® — 7x + 3 (quintic function)
(ii) Rational Functions
A function that is composed of two functions and expressed in the form of a fraction is a rational
function. If f(x) is a rational function, then f(x) = p(x)/q(x), where p(x) and g(x) are
polynomials and q(x) # 0, is called a rational function. Some examples are:

f(x) =

x—4
43" y(x)_x2+5x'+1



(iii) Power Functions

The power functions are of the form f(x) = k x® where'k' and 'a'are any real numbers. Since 'a' is a

real number, the exponent can be either an integer or a rational number

Some examples are: .

f(x) = x?, f(x) = x~*(reciprocal function) and f(x) = Vx — 2 = (x — 2)2

Properties B

* Algebraic functions are closed under addition, subtraction, multiplication, division and
cﬂmpnsitinn.

. * Algebraic functions are easy to solve, differentiate and integrate.

Application

* Physics and Engineering: Simple mechanical system, the motion of objects under constant
acceleration.

* Geometry: Many curves suchas circles and ellipses.

1.10.2 Transcendental Functions

The functions which are not algebraic are called transcendental. These functions can only be

expressed in terms of infinite series. Some examples are:

» Exponential functions: f(x) = e*, g(x) = a3*

+ Logarithmic functions: f(x) = log,x, g(x) = Inx: where base a is a positive constant.

« Trigonometric functions: f(x) = sinx, g(x) = cosx, h(x) = tanx

+ Inverse trigonometric functions: f(x) = sin"'x, g(x) = cos™1x

» Hyperbolic functions: f(x) = sinhx, g(x) = coshx, h(x) = tanhx

* Inverse hyperbolic functions: f(x) = sinh™'x, g(x) = cosh~1x

» Special functions: Bessel functions, Gamma functions, error functions etc.

Properties :

* These functions are not expressible in terms of a finite combination of algebraic operation of
addition, subtraction, division, multiplication, raising to a power and extracting a root.

* These functions often exhibit more complex behavior like periodicity (in the case of
trigonometric functions) and rapid growth (in the case of exponential function).

Application

* Science and Engineering: Exponential and logarithmic functions are critical in modelling
growth, decay and oscillation in natural systems.

* Signal processing: Trigonometric functions are fundamental in analysing waves, sounds and
signals.

* Mathematical analysis: Many problems in calculus, differential equations and complex analysis
involve transcendental functions,

1.10.3 Logarithmic Functions
Logarithmic functions form a fundamental class of transcendental functions. These functions are

inverse of exponential functions. They play a crucial role in mathematics, science,

engfneering and
many applied fields.
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Definition: If you have an exponential function of the form y = a* where a > 0 and a # 1, then
the logarithmic function is defined as:

x = loga()
Replacing y with x, we have:

y = loga(x)
Here, log, (x) is read as logarithmic of x to the base a.

Base of the Logarithms
The base of logarithm determines its specific type. Some types are:
« Natural logarithm: It is written as log.(x) = Inx where e =2.71828... is called
'Euler’s number.
« Common logarithm: It is written as log,(x) where a = 10.
« Binary logarithm: It is written as log, (x) where a = 2.
Properties
« The logarithm is the inverse of exponential. If y = a" then x = log,(¥).
This means log,(a*) = x and a'%8a0) =y,
»  The domain of log, (x) is x > 0 because we cannot take the logarithm of zero or a
negative real number.

Laws of Logarithms
e Product Rule: log,(xy) = log,(x) + log,(y)
¢ Quotient Rule: log, (;5) = log,(x) — log,(y)
« Power Rule: log,(x™) = nlog,(x)
« Change of Base Rule: For any positive basesa # 1and b # 1:
i) = log,(x)
Ba log, (@)

Note: As a* = 1, therefore log,(1) = 0.

Graph of Exponential Function

= If the base, a is greater than 1, then the function increases
exponentially at a. growth rate of 4. This is known as
exponential growth.

« [Ifthe base, a is less than 1 (but greater than 0) the function
decreases exponentially at a rate of a. This is known as
exponential decay.

» If the base, @ is equal to 1, then the function trivially
becomes y = 1. This means exponential function always
passes through (0, 1).

+ The points (0, 1) and (1, @) are always on the graph of the functiony =a* :

* Exponential function takes only positive values and its graph never touches x-axis.

* The domain of the exponential function is the set of all real numbers, whereas the range of this
function is the set of positive real numbers.

"y




Graph of Logarithmic Function

When graphed, the logarithmic function is similar in shape
to the square root function. .
The logarithmic function always passes through the point 8
(1,0) because |og (1) = 0. .

The curve approaches to y-axis but never touches it. I' /’
The domain of the logarithmic function is the set of all e |

Example 18: Draw the graph of f(x) = e~%5%.
Solution:
Table of values for f(x) = e~05¥ 10

positive real numbers, whereas the range of this function is = u{ . =
the set of all real numbers.

For a = 1, the value of function increases as x increases.

For 0 < a < 1, the value of function decreases as x increases.

x |-5|=-2|=-1]0}|1}| 21| 3

gy 122716 1]06]04]0.2 5

Graph is shown in the adjoining figure.

Example 19: Draw the graph of: P
(i) f(x)=Inx (i) g(x) =In(x+3)

In(x +3)

Solution: :
Table of values for f(x) and g(x) is: //”,’/‘r

100'10'514104/’:24a-u1u
feo| - [-23[-07] 0o [14] 23

g | 109|113 ] 1.3 [14[19] 2.6 2

Graph of both functions is shown in the

adjoining figure. ' "

Applications

Growth and Decay Model: Logarithm functions are used to model phenomenon that grow rapidly
at first and then slow down such as population growth or the spread of deceases.
pH Measurement in Chemistry: The pH of a solution is the logarithmic measure of the hydrogen

in cm concentration.
pH = —log;o[H"]

Sound Intensity (Decibels): The decibel scale which measures intensity, is a logarithmic scale:
Decibels = 10 x logye ([ln)

here I is the intensity of the sound and 1, is the reference intensity.
Information Theory: Logarithms are used in information theory to measure information content

and entropy.
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« Financial Models: Logarithmic functions are used in finance particularly in modelling the time
value of money and compound interest.

« Computer Science: Logarithmic functions appear in algorithms and data structures.

Conclusions

Logarithmic functions are powerful tools for dealing with exponential growth and decay as well as

for measuring and comparing quantities on vastly different scales. Their unique properties and

applications make them essential in both theoretical and applied fields. Most of the applications, we

find, are in the fields of engineering and computer technology.

Example 20: Suppose that Rs. 30,000 is invested at 8% interest compounded annually. In ¢ years,

it will grow to the amount A(t) given by the function: A(t) = 30,000 (1.08)*

(i) How long will it take until then is Rs. 150,000 in the account?

(ii) Let T be the amount of time it takes for the Rs.30,000 to double itself. Find T.

Solution:

(i) We set A(t) = 150,000 and solve for t.

150,000 = 30,000 (1.08)* = (1.08)' =

Taking natural log on both sides, we get:
In(1.08) =In5 = tin(1.08) =In5

In5 1.6094
- In(1.08)  0.07696 = 20.9

Therefore, it will take almost 20.9 years for Rs. 30,000 to grow to Rs. 150,000,
(ii) To find the doubling time T, we set A(t) = Rs. 60,000, t =T and solve for T.

60,000 = 30,000 (1.08)" = (1.08)" = :z =2
Taking natural log on both sides, we get:
In(1.08)" =n2 = T In(1.08) = In2
- In2 i I].E’El.'i:i *
h‘l{‘l.ﬂﬂ] 0.07696

Therefore, doubling time is about 9 years.
Example 21: In 2020, the population of the country was 249 million and the exponential growth
rate was 0.9% per year. If P(t) = F,e" is exponential growth function, then:
(i)  Find the exponential growth function for the given data.
(i) What would you expect the population to be in the year 2028?

150,000 _ 5
30,000

Solution: Key Facts

(i) Here B, = 249, r = 9% = 0.009 The function P(t) = Pe™
The population growth function, gives: models the growth in the
P(t) = 249 x %009 (@ quantity while the function

P(t) = P,e " models the

(ii) In 2028, we have t = 8.
‘ decay or decline in the

To find the population in 2028, we substitute 8 for ¢ in (a).
P(8) = 249 x e®009%8 = 249 x 0072
= 249 %X 1.0747 = 267.6
Therefore, population of the city in 2028, will be about 267.6 million.

quantity where r > 0.
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'% I Exercise 1.3 EaEE e

Draw the graphs of functions.
(i) f(x)=e** (i) gl === (iii) h(x) =2 — e*
(iv) h(x) =1+ e~ ¥ (v) f(x) =In(2x) (vi) g(x) =log(x+ 1)

(vii) h(x) = 3 + log(x) (viii) f(x) = €%°* and g(x) = In(0.6x)
2. The number of compact discs N (in million) purchased each year increasing exponentially is

e N(t) = 7.5(6)°% .
Where t = 0 corresponds to 2024, t = 1 corresponds to 2025 and so on, t being the number
of years after 2024.

a. After what amount of time will one billion compact discs be sold in a year?
~ b. What is the doubling time on the sale of compact discs?
3. Suppose that Rs. 50,000 is invested at 6% interest compounded annually. After t years, it
grows to the amount A given by the function:
A(t) = 50,000(1.06)"
a. After what amount of time will Rs. 50,000 grows to Rs. 450,0007?
b. Find the doubling time.

4. The exponential growth rate of the population of the city is 1% per year. After how many
years, the population will be doubled?

5. The population of the world was 5.2 billion in 1990. The exponential growth rate was 1.6%

© per year at that time.
a. Find the exponential growth function.  b. Find the population of the world in 2000,
c. In which year the world population was 8 billion?

6. Students in a mathematics class took a final exam in monthly intervals thereafter. The
average score S(t), after t months was given by:

St)=68—20log(t+1); t=0

What was the average score when they initially took the test (t = 0)?

What was the average score (i) after 4 months (n) after 24 months?

Graph the function.

After what time was the average score 507

2 If P(t) = B,e** denotes the growth function of oil and the exponential growth rate of the
demand for oil is 10% per year, when will the demand be doubled?

8. Approximately two third of all Aluminum cans distributed are recycled each year. A
beverage company distributes 250,000 cans. The number still in use after t years is given by
the function:

&t oww

N(t) = 250,000 @t

a. After how many years will 60,000 cans be in use?
b. After what amount of time will only 1,000 cans be in use?




1.11 Domain and Range of Transcendental Functions through Graphs

If a weight is attached to a spring and the
weight is pushed up or pulled down and
released, it tends to rise and fall alternately.
The weight is said to be oscillating in
harmonic motion. If the position of the
weight y is graphed over time the result is the
graph of a sine or cosine curve.

1.1.1 Graph of y =sin® and y = cos@

To graph the sine or cosine function, we use the horizontal axis for the values of @ expressed in
either degrees or radians and vertical axis for the values of sinf or cosf. Ordered pairs for these
points are of the form (8, sinf) or (8, cos@).

sinf | 0 | 03 | 05 | 0.7 |0.87 097 097 |087 | 0.7 | 0.5 0.3 0
cosf |1 |097[087]| 07 | 05|03 03 |-05 |-07 |-0.87 |-097 | -1

8 | 195° | 210° | 225° | 240° | 255° | 270° | 285" | 300° | 315° | 330° | 345° | 360°
sinf |-03 |05 |-0.7 |-087 |-097 | -1 |-097 |-087 |07 | 05 | 03 | O

7] 0] 15°] 30° | 45° | 60° | 75° | 90° | 105° | 120* | 135° | 150 | 165° | 180°
1
0

cosf | -0.97 | -0.87 |-0.7 | 0.5 | -0.3 0 03 | 05 0.7 | 087 { 057 | 1

5

ES -1

From the behavior of graphs of sine and cosine functions, we can easily predict the domain and
range of both functions whig:h are:

Function Domain Range

y=sinf | R=0¢€(—0,0)=-0<f <o ye[-1,1]=-1<y<1
y=cosf | R=0¢€e(-0,00)==0<f <0 ye[-1,1]=-1<sy<1
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1.11.2 Graph of y = tan@ and y = cotf
Similarly, by drawing the graph of y = tanf
and y = cotf , we can easily predict the domain
and range of both functions as follows.

Function y = tanf

i3
Domain | 8 # (2n+ 1)-2-:nez

Range R :
‘ ; i
2
Function y = cotd -
Domain @#nmnel

1.11.3 Graph of y = secf and y = cosecf

Domain and range of y = sec@ and y = cosec8 is obvious form the graphs of both functions shown
below. _ i
3 ; 3
i 1
2n n o o 2n = -m ] ™ Zn 5
| 1
-2
-3
Function y = sec Function y = cscd
3
Domain H¢(2n+1}i;nez Domain @=nmnel
Range y=-ly=21 Range ys-1y21
I or y€(—o,—1] U [1,0) or ye(—oo,—1] U [1,c0)
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1.11.4 Inverse Trigonometric Functions

Inverse trigonometric functions, also known as arc functions or anti-trigonometric functions,
are the inverse functions of the standard trigonometric functions (sine, cosine, tangent, cotangent,
secant, and cosecant). They are used to find the angle when the trigonometric ratio is knnwn For
example, arcsin(x) finds the angle whose sine is x.

Table below shows notation, domain and range of inverse trigonometric functions.

Usual Domain Range of usual | Range of usual
Name uf‘ Definition | of x for real | principal value | principal value
notation
result (radians) (degrees)
arcsine y=sin'(x) | x=sin(y) | -1<x<1 2 <y<al ~90° < y < 90°
arccosine |y=cos' (x) [ x=cos(y) | —1=<x=<1 0<ys<n 0°<y<180°
arctangent | y=tan™' (x) | x=tan(y) R w2 <y<nl2 ~90° <y < 90°
arccotangent | y = cot™! (x) | x = cot(y) R O<y<m 0°<y<180°
- 0<y<mn?2 0°<y<90°
aresce = 1 - >
]| i b Sy k=1 orm/2<y<nm or 90° <y < 180°
- —n2=y<0 —90°<y<0
- 1 - >
arccosecant | y=csc™ (x) | x=csc(y) k=1 or0<y< a2 or 0° <y < 90°

1.12 Relation Between a 1-1 Function and its Inverse through Graphs
1.12.1 One-One Function and its Graph
One to one function is a special function that maps every element of the range to exactly one element
of’its domain i.e., the outputs never repeat.
Examples: (i) The function f(x) = x — 3 is a one-to-one function since it produces a different
answer for every input.
(ii) The function g(x) = x? — 1 is not a one-to-one function since it produces one output 0 -
for the two inputs 1 and —1.

[

-]
1— 1
L)

-2 ll/ 2

Mot a One-One Function




1.12.2 Horizontal Line Test

The horizontal line test is used to determine whether a function is one-one when its graph is givén. To

test whether the function is one-oné from its graph just take a horizontal line (consider a horizontal

stick) and make it pass through the graph.

« If the horizontal line does not pass through more than one point of the graph, then the function is
one-one.

« Ifthe horizontal line passes through more than one point of the g;mph then the function is not one-one.

Examples: If we draw horizontal lines on the above graphs, wie observe that:
(i) The graph of f(x) = x — 3 passes horizontal line test, so it is ono-one function.
(i) The graph of g(x) = x? — 1 fails horizontal line test, so it is not ono-one function.

2
Horizontal line 4
0 2 J  a [ 2
Horizontal line
2
/ 2
f(x) is one-one function. g(x) is not a one-one function.

By using horizontal line test, check whether the function y = x* is 1-1 function or not.

1123 Inverse of One-One Function _ :
Suppose f: X — Y is a one-one function. Since every element y of Y corresponds with precisely
one element x of X, the function f must determines a “reverse function” g: Y — X
whose domain is Y and range is X. Then f and g imply that:

fy=y  and gy ==x !

f@) =y and g(f(x))=x
. he function g is given the formal name as “inverse of f.
From the above discussion it is clear that: .
Dom f = Rang g and "Rang f =Dom g a

) e A

Let f be a one-to-one function with domain X and range Y. The inverse of f is a function g with
domain Y and range X for which:
flg(y)) = y foreveryyinY and g(f(x)) =x foreveryxinX.
Symbolically the inverse of a function f is denoted by f~*. Thus, g(x) = f~*(x). It is to be noted

that ; () is not the same as [f(x)]~1. In terms of this new notation, we have:
UG =) ==«
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1.12.4 Properties of the Inverse of One to One Function

Here are the properties of the inverse of one to one function:

« The function f has an inverse function if and only if f is a one to one function.

» Ifthe functions f and g are inverses of each other then, both these functions are one to one.

* [ and g are inverses of each other if and only if‘f(g(x)) = x,x in the domain of g and
g (f(x)) = x, x in the domain of f.

» If f and g are inverses of each other then the domain of f is equal to the range of g and the
range of g is equal to the domain of f.

« If f and g are inverses of each other then their graphs will make reflections of each other on
‘the line y = x.

» Ifthe point (a, b) is on the graph of f then p-nint (b, a) is on the graph of f~1.

Example 22: Find the inverse of f(x) = — ;% #: , then represent f and f~* graphically.

Solution: Given that f(x) = m ;X # ;

Since f is a one to one function, therefore:
fU ) === [Replacing x with £~3(x)]
Solving for f~1(x), we get:

1 ! -
2f~1(x)-3 b4 zf 1(x) —-3= x

= =

1+3x

= 2fx) =143 > fi(x)=1

Graph of function f(x) and f~*(x) are shown in the adjoining figure. From the graph it is clear
that if any point (@, b) is on the graph of f(x) then point (b, a) is on the graph of f~1(x).
Challenge: Can you find inverse of f(x) given in example 23, by any other method?

Example 23: Given that f(x) =3 — 4x is one to one. Find its inverse and represut fand 1
graphically.

Solution: Given that f(x) = 3 4x or y=3—4x

Solving for x, we get:

2 4x=3-y = x=34;:"

= fo)=2

= f7'(x) =23 [Replacingy with x.]
Graph of function f(x) and f~*(x) are shown
in the adjoining figure, From the graph it is
clear that the point (3, 0) is on the graph of f(x) Tl i

and the point (0, 3) is on the graph of f~(x).
Therefore, both the graphs are reflections of each other.
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1. Find the domain and range of the ﬁznctiéns graphically.
(@ f(x)=sin G) (i) g(x) = 3cos (-;) (iii) h(x) = 2tanx
(iv) ¥ = cot G) (v) y = 2sec(2x) (vi) y = sin(2x)

Determine whether the given function is one to one by examining its graph. If the function is
eone to one, find its inverse. Also draw the graphs of inverse function.

1

6 fGx)=3x+3 (i) gx)=x(x—5) (i) h(x) = (x +1)?
) f()=23-8 ) go=% (i) h() =
(vii) f(x)=x*+2 (viii) g(x) =5 (ix) h(x) = |x|

1.13 Transformation of a Graph through Vertical Shift, Horizontal Shift

and Scaling
1.13.1 Vertical and Horizontal Shift
A sniftis arigid translation as it does not change the shape or size of the graph of the function. A shift
oy changes the location of the graph.
Vertical Shift: A vertical shift adds/subtracts a positive constant to/from every y-coordinate while
leaving the x-coordinate unchanged.
Horizontal Shift: A horizontal shift adds/subtracts a positive constant to/from every x-coordinate
while leaving the y-coordinate unchanged.

Key Facts
Vertical and horizontal shifts can be combined into one expression.

Yad Shifis are added/subtracted to the x or f(x) components. If the positive constant is grouped
with the x, then it is a horizontal shift, otherwise it is a vertical shift.

In this section, we will discuss the geometric effects on the graph of y = f(x) by adding or
subtracting a positive constant ¢ to f or to its independent variable x.
The summary of vertical and horizontal shift is elaborated in the table 1.1 below.

Original Add a positive Subtract a Add a positive Subtract a positive

function constant ¢ to positive constant ¢ to x. constant ¢

y = f(x) F(x). constant ¢ " from x.

from f (x).
r"y=f(:) y=f@+c | y=fx)—c | y=flx+c) y=fx=o)
' Geometric Shifts the Shifts the Shifts the graph ¢ | Shifts Thc graph ¢
effects graph ¢ units | graph ¢ units | units left. units right.
| up. down. ' |




y=x2-3

Table 1.1

Example 24: Sketch the graphof (a)y =vx (b) y=vx—2 (¢) y=vx +2
Which kind of shift did you observe after sketching the graphs.

Solution:

(a) y = Vx

(b) y=vx-2

©© y=vx+2 |
1

of ] F []

-2

of 2 4 'I

Above graphs show a horizontal shift. The graph. of the function y = vx — 2 can be obtzined by

transforming the graph of given function 2 units right to the origin while the greph of y = VX + =
can be obtained by transforming the graph of given function 2 units left to the origin.

Example 25: Draw the graph of y = |x| and then sketch the graphs of:

@y=Ilx-1 ®y=Ilxl+1 (c) y=|x-1]

(e) y=|x-1]-1

Hy=lx+1-1

- Which kind of shift did you observe after sketching the graphs.

Solution: Table of the values of the function y = |x| is given as:

X

0

+1

2

+3 [ +4 [ +5] +6

(x)

0

2

3-| 4] 51 6

The graph is shown in the adjoining figure. :
Sketch of other graphs is shown in the table below.

(d y=Ilx+1]

(a)y=|x|-1

b) y=|x|+1

Horizontal shift 1 unit right |




(d)y=|x+1|

UNIT-01: FUNCTIONS AND GRAPHS

©y=Ilx-1]-1

Horizontal shift 1 unit right
Vertical shift 1 unit down

1.13.2 Scaling (Stretching/Compressing)
Scaling is a non-rigid translation in which the shape and size of the graph of the function is altered. A
scale will multiply/divide coordinates and this will change the appearance as well as the location.
Vertical Scaling: A vertical scaling multiplies/divides every y-coordinate by a constant while
leaving the x-coordinate unchanged.

Horlzontal Scaling: A horizontal scaling multiplies/divides every x-coordinate by a constant while
leaving the y-coordinate unchanged.

Note: The vertical and horizontal scaling can be combined into one expression.

In this section, we will discuss the geometric effects on the graph of y = f(x) by multiplying or
dividing with a positive constant ¢ to f or to its independent variable x.

The summary of vertical-and horizontal scaling is elaborated in the tables 1.2 and 1.3 below.

Horizontal shift 1 unit left Horizontal shift 1 unit left .

Vertical shift 1 unit down

Original Multiply Multiply f(x) by | Divide f(x) by a | Divide f (x)bya
f(x)bya a negative positive constant | negative constant
function e
= (%) positive constant c. £ c.
y constant c.
y = cf (x); y=cf(); _f&®, S
b c>0 c<0 - y ¢ e A
Figure is Figure is Figure is stretched | Figure is stretched
compressed by | compressed by by changing y- by changing y-
Geometric changing y- changing y-values | values by 2 in the | values by 2 in the
effects values by 2 in by 2 in the same direction. opposite direction.
the same opposite '
direction. direction.
-2 i "'
-J -2 ol 2 4 o llz
y =2t y=yé/) y=1/-i
Table 1.2




Example 26: Draw the graph of y = |x| and then sketch the graphs of:

(a) y =|15x| and y = |-15x| (b) y= 1%

|x|
15

© y= ==

Which kind of scaling did you observe after sketching the graphs.

Solution:

Table of the values of the function y = |x]| is given as:
x |0 |+1/42( 43 ]44[45] 46
foolS 1213 4] 5] 6

The graph is shown in the adjoining figure.
Sketch of other graphs is shown in the table below.

Onginal Multiply x by | Multiply x by Divide x by a Divide x by a
function a positive a negative - positive constant | negative constant
y=f(x) constant c. constant c. c. g
y=f(x) y=f(cx); |y=flcx); y = f(x/c) y = f(x/c);
c>0 c<0 c>0 c<0
Geometric Figure is Figure is Figure is stretched | Figure is stretched
effects compressed by | compressed by | by changing x- by changing x-
changing x- changing x- values by 2 in the | values by 2 in the
valuesby 2 in | values by 2 in | same direction. opposite direction.
the same the opposite
direction. direction.
i -II i &
Z | 2 o
-3 [ -2 2 =3 [} 2 -y ] 2 ] 4
L =2 2
- 3 4| - -+
y=2x? y = (22)° y = (=2x)° y = (2/2)°
Table 1.3

(a) y = |1.5x| = |—1.5x|

(b) y=|x|] +1.5 and (c) y = |x| = (-1.5)

Figure is compressed by changing
x-values by 1.5 in both cases.

Figure is stretched by changing y-values by 1.5 in both
cases but with opposite behavior.




Draw the graphs of the given functions and then sketch the graphs of other fumctions using
translation. Verify the results using graphical calculator.

L y=lxl @y=Ilx+2] ®O) y=lx-2] (@) y=Ix1+2 (d) y=I|x]-2

2. y=x* @y=x*+4 (b)y=x*-4 (©y=(x-4)? () y=(x+4)7?

3. y=vx (@ y=vx+3 () y=vx-3 () y=Vvx+3 (@ y=+vx-3

4 y=x () y=x+4+5 ()y=x-5 (c)y="5x (d) y = —5x .
5. y=x @y=x*+1 () y=x*-1 ©Qy=x-1)7° ) y=(x+1)>

6. y=x*+4

(a) y=(x*+4)-3 b) y=(x*+4)+3

(©) y=(x-3)*+4 (d) y=(x+3)7+4
7 y=x @y=3¢ () y=-3* @©@y=%  @y=-%
8. y=x* @y=(Bx)* (b) y=(-3x)* (0 y=(§)2 (d) :F(‘%‘)z
9. y=vx @ y=v2x () y=2x () y=2vx+3 (d) y=v2x+5

i ] 7 :
S Review Exercise

1. Tick the correct option in each of the following.
(i) - Which of the following is an example of exponential growth function?

(@ f)=3x+4 () f(X)=3*%x5 () fx) =2 (@ f(x)=x*
(i) The exponential decay function is expressed by:

@) fx) =a.b50<b<1 (b) f(x)=a.bX;b>1
) fx) =a.b50<a<1 (d) f(x)=a.b%a>1
(iii) The logarithmic function f(x) = log,x is defined for:
(a) all real numbers (b) x <0 (¢c) x>0 (d) x=0
(iv) What is the value of logs125? : ' "
(a) 25 ® 5 (c) 4 (d 3

(v) A function f: A — B is said to be onto if:
(a) Every element of the set A has a unique image in the set B.
. (b) Every element in the set B has a preimage in the set A.
3 (¢) Some elements of the set B have no preimage in the set A.
(d) f is both one to one and onto.
(vi) The function f(x) = x + 1, where f:{1,2,3} — {2,3,4}, is:
(a) one to one but not onto (b) onto but not one to one
(¢) both one to one and onto (d) neither one to one nor onto




(vii) The function f: R — [0, o) defined by f(x) = x* + 1, is: -

(a) onto but not on to one (b) one to one but not onto
(¢) neither one to one nor onto (d) both one to one and onto
(viii) A function f: A — B has an inverse if and only if:
(a) f is one to one (b) f is onto
(c) f is both one to one and onto (d) f is neither one to one and onto
(ix) The inverse function of f(x) = x?, is: .
‘ @ '@ =x7 ®f@=Vx3 @ =V @f'x)=Vx
(x) The function f(x) = sinx, where f: (=%, 2| — [~1,1], is:
(a) one to one but not onto (b) onto but not one to one
(¢) both one to one and onto (d) neither one to one nor onto

- —_—

(xi) The inverse function of f(x) = =; x # 0, is:
@ fm=1 ®fW=-x ©f'®W=x @f'@®=1

(xii) Scaling refers to:
(a) increasing the size of an object.
(b) decreasing the size of an object.
(¢) maintaining the properties while resizing an object.
(d) changing the shape of an object.
(xiii) Which of the following statements is true for the uniform scaling?
(a) both width and height change proportionally.
(b) only the width changes.
(c) only the height changes.
(d) width and height remain unchanged.
(xiv) What is the effect on the graph of f(x) when it is replaced by f(x + 2)?

(a) It shifts 2 units to the right. (b) It shifts 2 units to the left.

" (c) It shifts 2 units up (d) It shifts 2 unit down.
(xv) The domain of y = sin~(x), is:
(a) [0,00) (b) (=90, ) (©) [-1,1] (d) [0,1]
. 2. Find the domain of the given functions.
(@) fF(xX) =4+Vx+2 (b) f(x)=xv2x -3
© fx) == @ f(x)=vx?-5x+4
3. Find the domain and range of the given functions.
(@) f(x)=1+x? (b) f(x) = (2x + 1)?
(© fx) =9—+x @ f(x)=3+Va-x?
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ﬁ*’t:b.‘-: '-;""-Fl.‘ﬁ::l;::_p:-: ;Ji‘i“

4. Draw the graph of f(x) = v/, then sketch the graphs of the following functions.
(a) f(x) =+vx-2 b)) flx)=vx+4 (c) flx) =—Vx |
@ fE =1+Vx=2 () f(x)=4VX ® f(x) =—3Vx ; ‘
. 5. Graph the given functions, : :
(a) y =2+ 2sinx (b) y=—tanx
(c) y =3 — cosecx (d) y=cos(x+m) ‘
6. Find the domain and range of the inverse function of f(x) = log(x? + 1).
7. Show that f(g(x)) = g(f(x)) = x, when: l
f(x) =e* and g(x) = Inx.
8. The population of a town grows exponentially according to the formula P(t) = 1000 e°°5¢ l

where t is the time in years. After how many years, will the population reach 50007
9. A company has the following cost and revenue functions: +
C(x) = 5x +10; where x is the number of units produced.
D(x) = 15x; where x is the number of units sold. ! _
Find the equilibrium point where cost equals revenue. ‘




LIMIT, CONTINUITY AND DERIVATIVE

After studying this unit, students will be able to:
e« Demonstrate and find the limit of a function.

« State and apply theorems on limit of sum, difference, product and quotient of functions to
algebraic, exponential and trigonometric functions.

e Demonstrate and test continuity, discontinuity of a function ata point and in an interval.

« Apply concepts of transcendental functions, limit of a function and its continuity to real world
problems.

¢ Calculate inflation over a period. Calculate (!eprecmtmn with the hﬂl]] of straight-line method.
¢ Recognize the meaning of the tangent to a curve at a point.

e Calculate the gradient of a curve at a point. Identify the derivative as the limit of a difference
quotient. Calculate the derivative of function. Estimate the derivative as rate of change of
velocity, temperature and profit. Recognize the derivative function.

« State the connection between derivative and continuity.

e Find the derivative: function, square root, quadratic and logarithmic functions.

s Apply the differentiation rules to polynomials, rational and trigonometric functions.
= Apply thedifferentiation to state the increasing and decreasing function.

+ Apply differentiation to real world problems. .

e Find higher order derivatives of algebraic, implicit, parametric, trigonometric, inverse
trigonometric functions. Describe the ability to approximate functions.

« Explain differentials to approximate the change in quantity. Calculate errors.
o Findextreme values by applying second derivative test. Explain and find critical point.
+ Apply derivative and higher order derivative to real world problems.

" The word calculus is a diminutive form of the Latin

word calx, which means stone. In ancient civilization,
small stones or pebbles were often used as a means for
reckoning consequently, the word calculus can refer to
any systematic method of computation. However, over
the last. several hundred years, a definition of calculus
means that the branch of mathematics concerned with
the calculation and application of entities known as
derivatives and integrals.
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2.1 Limits of Functions

Two of the most fundamental concepts in the study of calculus are the notions of function and the

limit of the function. In this first section, we shall be especially interested in determining whether the

values f(x) of a function f approach a fixed number L as x approaches a number'a’ using the symbol

'—" forthe word 'approach’ we ask f(x) = L as x — a.

2.1.1 Limit of a Function as.x Approaches to a Number

16—x*

- 4+x .
Whose domain is set of all real numbers except —4. Although f(—4) is not defined, nonetheless,

f(x) can be calculated for any value of x near —4. The table shows that, as x approaches to —4
from either the left or right, the functional values f(x) approaches to 8. That is, when x is
near —4, f(x) is near 8. We say 8 is the limit of f(x) as x approaches to —4. We can write as:

Consider a function:  f=

f(x)—8 as x— —4 or lim 16— =8
=4 44+ x

x f(x)
-4.1 8.1
-4.01 8.01
-4.001 8.001
-3.9 7.9
-3.99 7.99 L
-3.999 7.999 -

16 -x" _(@+x)(4-x)

E : impli cellatio = s
orx = —4, f can be simplified by can n f(x) Ao e *

The graph of f is essentially the graph of y =4 — x with the exception that the graph of f hasa

hole at the point that corresponds to x = —4. As x get closer and closer to -4, represented by the

two arrowheads on the x-axis. The two arrowheads on the y-axis simultaneously get closer and x
clusur tu the: numher

sassmsm

]nmiﬂﬂ Dl!‘lnltlnm !f ,l" (x] can be mad: m’l:unrmnlg.ur cluscr toa i' nite numbcr hy takmg x suﬁ' cmmly
close to but different from a numbera, from both the left and right side of @, then lxl_rg f(x)=L : .
x — a~ denote that x approachesa from the left and x = a™ denote that x approaches a from the right.
Thus, if both slde:s have the common value L,

llm f(x)= ]ln'Lf(x) =L .
We say that: ~limf (x} exist and write lim f(x) = L
Note: The existence of a limit of a function fata does not depend on whether [is actually defined for !
a but wnly on whether [is defined for neara. :

"
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Example 1: Using the graph, check whether the limit of the function exists or not.

' - xX<5
f(x)'"[—x+m x>5
;i?,f(x)=x+2=? i ;Lrg+f(x)=—x+m=—5+1n=5 :
x—=5 f(x) 7 - x = 5% f(x)
49 6.9 51 49
; 499 | 699 ) O\ 5.01 4.99
4999 | 6.999 Z . 5.001 4.999
L Since 11_121_ flx) # ,HIEL f(x), we concluded that :l}_:!} f (x) does not exist.
' Example 2: Evaluate. a lim 2 b. lim1=<2X
=) X x—0 X
Solution: '
| a. b.
x=0" E | x=0 I
x x
-0.1 0.998341 —0.1 —0.0499583
—0.01 —0.0049999
-0.01 0.9999833 Z0.001 Z0.0005001
-0.001 0.999998 —0.0001 —0.000510
a. lim&=1 liml—msx=“
o R e it
x = 0% _simE x =07 SR
. x : d
0.1 0.0499583
0.1 098341
e 4 0.01 0.0049999
4 0.01 0.9999833 0.001 0.0005001
0.001 0.999998 0.0001 0.000510
Example 3: Evaluate: a. lim 15 . lim 10x c. Li_lg(x’ — 5x + 6)
3x-1 x-1 — 26
d. xl_iﬂll Bx+2 ¥ E-IH x2+x—-2 £ E-IE(BI i 2)
Solution: ,
a. lim15=15 . lim 10x = 10(5) = 50
x—5 *

x—=3




; I. _z - s 25 - ssssmmEm |-l-|'I'I‘ii-------'--l'---"F-l--!--'-"'"""l"l"“"l"‘*:
c xl_rsé(x Sx+6)=25-254+6=6 Thmrems o6 Likies: ]
d.* I Bzl _ B(=1)-1 =i~ i ' i. Ifcisconstant, then limc = ¢. :
x=-16x42  6(-1)42 —6+2 ; i :
; i il If cis constant, then :

G 3}.’2::4.,_2’ rikrea © imef(x) =e2RIs

By simplifying first we can apply theorem v, i, li_rpa [f(x) + g(x)] = lim f (x)-+’|‘|ﬂ g(x)

e el i B R AR =l
— 2 —_ - - H i :
x=1x24+x—-2 x-1(x—1)(x+2) B i “,'.“[{*} ,_1 bk i
1 1 ' - x=a g(x) Ll__ll‘l.iix} 2 .

=§l‘}(x+z) 3

srmmmmees

v lm{GO)” = L_ J(x)] =

f_ ]in%(gx e 2)6 — (3(2) ey 2)6 - (4)5 = 4u96 l\...---ﬂn.-o- -p-!'ll‘----E
X :
4X+5 3
Example 4: Evaluate: a. lim =~ b. lim :ﬂﬁ
Solution:
a. b.
4x +5 3
- lim4x + 5 = 25 x—Vx
8 X2 — - * lim ——— =
s S J T oty xﬂT82x+1ﬂ' Jl@2x+1ﬂ 6%0
= Z_ — _13
l’_‘}} x"=25=0 . = £ Nx (apply theorem iv)
4x +5 25

x—3Yx Jimx- Vx _—8—(-8)"/s

= ] = X2

i = =
x+02x+10  lim 2x+10  2(-8) + 10

R E"3

We can't simplify to remove zero from the 8- (=25 5 8472

I
]
I
I
I
]
I
I
I
: x—+—8 2x+10
I
1
I
]
]
]
1

1 e 3 !

denominator, so limit x — 5 doesn’t exist. 1

—6 T -6

1. Use a graph to find the given limit, if it exists.

imJx — 1 x2-1 **-3x . lxl
o }rlvl—g o b. I,i.r.'; x-1 e !L“& x d. }:I-Tn x
x x<2 xt x<0
e. limf(x), where f(x) = : f. limf(x), where f (x) = { x=0
x-ﬂ.f {1 +1 x=2 ﬂf ‘J— 1 x>0
& x=0 xz =




AND DERIVATIVE
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| _ UNIT-02: LIMIT, CONTINUITY

| 2. Use the given graph to find each limit (x — 1), if it exists.
a t _ b. 4

. e

7 < 7 .
- Evaluate the following. '
L 3 x-Ez f:; s l‘-.“l% 3. };i.'.‘% x:;i 6. !Eax:-z-;::e
Ty _-',.‘_‘.'1% 8. lm&HE 9 Ll_:_g(x—#)'(?-a)” 10. lim (x - %)
: 11. xl_i_@gv&:%-—:s 12. Jiri_:;u;“T'“_ 13. lim 2= | |
2.2 Continuity

| In the case of limit, we have used the phrase “connect the points with smooth curve”. The phrase
provides the concept of graph that is a nice continuous curve that is, a curve with no gaps or breaks.
Indeed, a continuous function is often described as one whose graph can be drawn without lifting
pencil from paper.

Before moving towards the precise definition of continuity, we demonstrate in figures some intuitive
examples of functions that are not continuous or continuous at a number.

| Fig (ii) .
\\“ {Discontinwous) o ( H )

| o Tl B

; pA, ey

Fig {i). 1

L £ (x) does not exist and (1) is not defined. Jim e 2y does not exist and £(1) is defined.
Fig (iii) 4 Fig (iv) 4 || Fig(v) 4
@
. } - F t . F ; > |
| 1 1 1
| 7 (x) exist but £(1) is not defined. | | 71/ (x) exist and f(1) is defined but || x—i/f (x) existand f(1) is defined |
: ATf(x) # £(1) and U = f(1) |
' |




2.2.1 Continuity at a Number

hFigurcs (i) - (v), at page 47, suggest the
threefold conditions of continuity of a
function at a number a (instead of 1 we

Definition: Continuity

: A function is said to be continuous at a number a if

{6 f(a) is defined
il. li__n;f(x) exits,;md

consider a).
P Llﬂ f(x) = f(a)
Example 5: The rational function
x3-1
fx)=——r7
-0 +x+1)
S - x=—1

=x*+x+1,x%1
is discontinuous at 1 since f(1) is not define.

From graph, we observe that lmi f(x) = 3. We can

Ll

P
k]
"

also state that f is continuous at any other number x # 1. 2
Example 6: Given figure shows the graph of the piecewise function defined

x? x<2 4
f(x)=1 5 xX=72
-x+6 x>2

Now f(2) is defined and is equal to 5. Next, we have

= i 2 =4
i ) = iy

lim f(x) = lim —x+6=4

v

This implies limit exists: ;lri_r.r_! f(x) =4.

Since lin% f(x) # f(2) = 5, therefore f is discontinuous at 2.
xX—+

Example 7: Let f(x) = m«;:ﬁ,_ for x # 2. Show how to define f(2) in order to make f

x2~
continuous function at 2. 4

Solution: Although f(2) is not defined, if x # 2, we have

5
___D—-—
x*+x-6 (x—2)(x+3) x+3 H“‘T

LRy = x2—4 (x=2)(x+2) x+2

The function £ (x) = = is equal to f(x) for x # 2, but is also




continuous at x = 2 having the value of % Thus fis the

continuous extension of f to x = 2 and

M- iz s

The graph of f is shown in figure (i).

The graph of its continuous extension is shown in figure (ii).

¥+x-6 i
_— x
5
- =72
1 X

We can also observe that x = 2 is removable discontinuity for
the f(x) = ..._tz;._

2,2.2. Continuity on an Interval

'y
) PN
4
e >
1 2 3
Fig (ii)

A function is said to be continuous on an open mmrval (a, b) ifitis continuous at every number in the
interval, A function f'is continuous on a closed interval [a, b] if it is continuous on (a, b] and in

addition, it is continuous on [a, b)

Iim L f (x) f(a) and 11m _f (x) = f (b)
Example 8:

i JFlx)= ?11? is continuous on the open interval (—1, 1)
but is not continuous on the closed interval [—-1, 1],
since neither f(—1) nor f(1) is defined.

b. f(x) =v1—x2 is continuous on [—1 1] we can observe from
figure that lim f(x) = f(=1) =0 and Jim f(x)=f(1)=0

c. f(x) =+x—1 iscontinuous on [1, =) since
}iﬁlf(x) =f(1)=0

0.5

[
.

0.5 1




Continuity of a Sum, Product and Quotient: If fand g are functions continuous at a numbera,

then ¢fic a constant), f + g, fg and £ ,(g(a) # 0) are also continues ata.

Removable Discontinuity: If ;];]-[-2 f(x) exists but f is either not defined ata or f(a) = Li_rﬂf (x),
then £ is said to have a removable discontinuity ata. For example the function 5;1'_:11 is not defined
at | but ii_l:r{f{x) = 2. By definition f(1) = 2, the new function

xt =1

flx) = [I-—l x#1
2, x=1

is continuous at every number.

__

In problems 1-8, determine the numbers (if any), at which the given function is discontinuous.

4 f(x)=

. f(x)=x%—5x+6 2. f(x)—xm 3. f(x)-xz T
X x<0 °*
5 f(x)_g.mZx 6 f(x)=1x21' nEIEz
X, x=22
sinx 2
T, x+0 ¥ x#6
7 ) X R (ﬂ:{:—s‘
f(x) 3 -0 4 12, =x=6

In problems 9-14, determine whether the given function is continuous in the indicated intervals.

9. f(x)=x*+1 a. [-1, 3] b. [3, @)
10. f(x) == a. (-3, 3]. b. (0, 10]
1. f() =% a. [1, 4) b. [1, 9]
12. f(x)=Vx?T-9 a. [-3, 3] b. [3, =)
13. f(x) = 2 a. [-4, -3] b. [-10, 10]
. m 3n
14, f(x) = sin> a .5 b [5.F
In problems 15-18, find the values of m and nso that the given function is continuous.
mx, x<4 - x_z—_d. x£2
15: f{x‘)={ 5 16. f(x}—{:};zi —
mx, x<3 mx —n, x<<1
17. f(xj={ n, x=3 18. fx)=
—-2x+9, x>3 2mx +n,




2241 | x*+1
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19. Prove that the equation T+3 T 3% = 0 has a solution in the interval (=3, 4).

1, xrational

20. Prove that f'[x}=[ 0, xirrational

is discontinuous at every real number. What does the graph of f look like?

2.3 Rate of Change of Functions
2.3.1 Tangent of a Graph

Suppose y = f(x) is a continuous function. In the figure(i), the graph of f possesses a tangent line

L at a point P, and then we would like to find its equation.
To do so we need: (i) the coordinates of P and '

(ii) the slope m,, of L.
The coordinates of P pose no difficulty since a point on
a graph is obtained by specifying a value of x, :
say x = a in domain of f. The coordinates of point of
tangency are (a, f(a)).

*1

P

Tangent line L at P
—
" X
- Fig (i)

As a means of approximating the slope m;qy, we find the slope of secant lines that pass through

the fixed-point P and any other point Q on the graph.

If P has coordinates (a, f(a)) and if we let Q have coordinates (a + Ax, f(a + Ax)), then from

fig (ii) the slope of the secant line through P and Q is

_ change in y-coordinate
~ change in x-coordinate

— [lat+dx)—f(a) B

(a+dx)—a Ax

Mgec

Ay
Then, mg,, =

When the value of Ax is close to zero either positive
or negative, we get points Q and Q' on the graph on ‘
each side of P, but close to the point P, we expect that
the slopes Mpq and mpg, are very close to the slope
of the tangent line L. See fig (iii)

YJ

i

&y = fla+ha)-f(a)




Dnﬂnltlnu 'l'lngﬂt lln

Let y = f(x) be a continuous function. At a point (a, f(a)) the tangent line to the graph is the line
that passes through the point with slope.

L
"
.
"
5
I
i
L]
.
L]
"
L]
L]
Ll
L1
.
"
¥
Ll
"
L]
L]
"
L]
.
-
0
L
L
-

& _f(a+Ax)—f(a) . Ay
- TR Theen = Ax g z!:ic-u Ax
whenever the limit exists. ]
The slope of the tangent line at (a, f(a)) is also called the slope of the curve at the point. The .
tangent at (@, f(a)) is unique since a point and a slope determine a single line.

Example 9: Use definition to find the slope of the tangent line to the graph of f(x) = x? at

(1,f(1))-. FEmsEEsEEEEEEEESEEESEEEEE ERAEE
‘We summarize the deﬂnimm
Solution: into 4 steps:
i. f(1)=1>=1foranyAx # 0 e Evaluate fat a and a + Ax: f(a)
F(1+8%) = (1 + Ax)? = 1+ 2Ax + (8x)? and f(a +42)
e Find Ay

ii. Ay = f(1 4 Ax) — f(1)
= 1+ 20x + (Ax)? — 1 = 2Ax + (Ax)* = Ax(2 + Ax)
g By _ Ax(2+0x) _

e Divide Ay by Ax, Ax+0
Ay  f(a+Ax)— f(a)

sssamsmsassSSsSSEEEEEEEEE e SEEEEER RS S

-
S —————————— e LA E LR L R DL Ll Rl L Ll L L bk e

o= T =24 0x ol e
Slope of the tangent is given by: * Compute lim
Ay
iv. mmn=llm-:%=ﬂm2+ﬁx=2 Megn = Jim =

Example 10; Find the slope of the tangent line to the graph f (x) = —x? + 6x at (4, f 4).
Solution: '
i. F(4)=—(4)*+6(4) =8, forany Ax # 0
f(4 + Ax) = —(4 + Ax)? + 6(4 + Ax) = 8 — 24x — (Ax)*
ii. Ay = f(4+Ax) - f(4)
= 8— 2Ax — (Ax)? — 8 = —2Ax — (Ax)? = Ax(~2 = A%)

10
l" u}

—2-Ax - 0 10
i, A2 82020 o g Ay e
Ax Ax
Blope of the tangent is given by:

V. Mo = i 5= i, —2 = s =2

From graph we observe that the slope of line is —2 at (4, 8).

=




Key Facts
A Tangent May Not Exist: The graph of a function f will not have a tangent line at a point

. whenever.
i.  f is discontinuous at x = a, or

ii.  The graph of f has comer at (a. f(a). _
Moreover, the graph f may not have a tangent line at a point where
iii.  The graph has a sharp peak.

/Num:mmﬂ No tangent at & No tangent at @
— = \ \o/
s e e . B
(a) ' (b) (©) 1

2.5.2 Rate of Change

The slope %—;— of a secant through (a, f(a)) is also called the average rate of change of f at a. The

¥ « . % i i
slope Mgy = ﬂr_{lo % is said to be the instantaneous rate of change of the functions at a, if Mg, = %

at a point (a, f (a}), we would not expect the values of f to change drastically for x values near a.

r Y

Remark: The line L is tangent at P but intersects the
graph of f at three points. but is not tangent to the graph.

v

2.4 Instantaneous Velocity

Almost everyone has an intuitive notion of speed or velocity as a rate at which a distance is covered
in a certain length of time. When, say, a bus travels 60 miles in one hour, the average velocity of the
bus must have been 60 mil/hr. Of course, it is difficult to maintain the rate of 60 mil/hr for the entire
trip because the bus slow down for towns and speeds up when it passes cars. In other words, the
velocity changes with time. If a bus company's schedule demands that the bus travel the 60 miles
from one town to another in one hour, the driver knows instinctively that he must compensate for
velocities or speeds below 60 mil/hr by travelling at speeds greater than this at other points in
journey. Knowing that the average velocity is 60 mil/hr doesn't, however, answer the questions, what
is the velocity of the bus at a particular instant?

v __ distance travelled
ave =

Average velocity: e




e

Consider a runner who finishes a 10 km race in an elapsed time of 1 hour and 15 min (1.25 hr). The
runner’s average velocity or average speed for the race was

But suppose we now wish to determine velocity at the instant the runner is one half hour into the race.
Ifthe distance run in the time interval from 0 hrto 0.5 hris measured to be 5 km, then

5
Vave = =—= = 10 km/hr

0.5
Suppose ifa runner's completes 5 km in 0.5 hr and 5.7 km in 0.6 hr, however, during the time interval .
from 0.5 hrto 0.6 hr
57-5
Vs =7 km/hr

S 06=0%

Definition: Instantaneous Velocity
Lets = f(t) be a function that gives the position of an object moving in a straight line.
The instantaneous velocity at time t; is
t At) — f(t
I (LT L (VY
At=0

lim
whenever the limit exists.

EEmssmssmEEEE sy

At T At—0 At

prasssmsam

- SEssssdssamnnEEE L - B ) -

Example 11: The height s above ground of a ball dropped from the top of the tower is given by
= —4.9t? 4+ 192 where s is measured in meters and t in seconds. Find the instantaneous velocity
of the falling ball at t; = 3 sec.
Solution: We use the same four step procedure:
Step 1: f(3) = —4.9(3)% + 192 = 147.9 forany At # 0
f(3+At) = —49(3 + At)? + 192
= —4.9(At)? — 29.4At + 147.9
Step2: As = f(3 + At) — f(3)

= [-4.9(At)% — 29.4At + 147.9) — 147.9 Ballat¢=3
= At[-4.9At - 29.4]
it As _ At(—4.9At-294) 1 \ .
At At

= —4.9At — 29.4
Siep 4: v(3) = limpe.g 5y =limpro(—4.,58 — 29.4)
= --29.4 m/sec
‘ The minus sign is. significant besause the ball is moving opposite to the positive or upward
direction. The number f(3) = 147.9 m is the height of the ball above the gmund at 3 seconds.
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f In problem 1- 6, find the slope of the tangent line to the graph of the given function at the
indicated point.
fx)=2x-1;(x, f(X))=47)
f(x) = --;-x+ 3; (a, f(a))
f(x)=x*+4; (-1, 5)
f(x) =x*-5x+4; (2, -2)
f)=x%; (1, fQ1)
1 1 1
=2 ()
In problem 7-8, find the average rate of change of the given function in the indicated
interval.
7. f(x) =23 +2x%* —4x; [-1, 2]
8. f(x) =cosx; [-n, n]

A B b R e

In problem 9- 10, find the instantaneous velocity of the particle at the indicated time.

9. f(t)=—4t*+10t+6;t=3
Iﬂ,f(t)=t2+ﬁ:t={}
11. The height above ground of a ball dropped from an initial altitude of 122.5 m is given by

s(t) = 122.5 — 4.9t?, where s is measured in meters and t in seconds.
i. What is the instantaneous velocity at = %?

ii. At what time does the ball hit the ground?
iii. What is the impact velocity?
'12. The height of a projectile shot from ground level is given by s(t) = —16t? + 256t ,
where s is measured in feet and t in seconds:
. i. Determine the height of the projectileatt =2, t =6, t =9 and t = 10,
ii. What is the average velocity of the projectile between t = 2 and t = 5.
iii. Show that the average velocity between t = 7 and t = 9 is zero, also interpret.
iv. At what time does the projectile hit the ground?

v. Determine the instantaneous velocity at time ¢t = 8.

vi. What is the maximum height that the projectile attains?




- ¥ I | i S BT s M
o BT XTI uu’l o 1 T S,

2.5 TheDerivative Functions

In this section we will discuss the concept of a “derivative™ which is the primary mathematics tool
thatis used to calculate and study rates of change.

f(x+ax)—f(x)

We have studied a slope of tangent line: a!:irt-nn Ax

For any x, if the limit exists, then it can be interpreted either on the slope of a tangent line to the curve

¥= f(x)as x = x, or as the instantaneous rate of change of y with respect to x = x,. This limit is so

important that it has special notations. 5
' - fxo+Ax)=[(x)

You can think of f"(read *f prime™).

AEEEEEEEEEE R AR SRS E S EEE RS EEES IR R E R

Deﬁnltiun. The De:-iuﬂve Funcﬂuns
f(xo + Ax) — f(x)

The function f' defined by the formula: f* (x )= ﬂ:-n e

: is cailed the derivative of f with respect to x. The domain of f” consists of all x in the domain

: ol f fm‘ which ﬂ'u. Ilmlt exlstsi S { ; 5

1
.
favan sesssssessamE et T TR T TR R NN R TR TR R AR LA R LA AR R LR

Example 12: Find the derivative of f (x) = 13 byr definition.

Solution: We have: f'(x) = J_E..]u f(x "'ixx)—f (x)

Key Polnt: Notatlon
Many ways to denote the
derivative of a function

C (x+Ax) = (0)? %% + 2xAx + Ax?— x? J"=f{")‘ §
S v ix w3ty gt
: 5 dy _ df _df(x) _
i 1 V'
2xvAx + Ax? I 4
]l"‘l — e = lim 2x + Ax = 2x We also read d_ as “the derivative
A=) Ax Ax—0 x

of y with respect of x™ and ;—_‘5

Example 13: Find the derivative of and (di) £(x) as “the derivative
X

y=f(x)=—-x*+4x+1 of f with respect of x™.
e y'and f' (used by Newton). .
: = f(x+84x)—f(x
Sebthens Ay s fr iR = 108 » £ (used by Leibniz).
= Ax|[=2x — Ax + 4] Input
- tn p—
Therefore f'(x) =¥ = g-. Function y = f(x). opera r
) Output
 Ax[—2x — Ax + 4] e Derivative ¥' = ‘:{-
= Jw}u Ax e Process is alse called
= lim[-2x=Ax+4] =—-2x + 4 | differentiation. d
Ax—0 -
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Example 14:

. a. Find the derivative of b. Find the slope of the tangent at x = 9.
y = f(x) = Vx, by definition. '
Solutlon:
a. f(x)=\f:?,f(x+dx)=\fx+ﬂx i b. Theslope of the tangentat x = 9 is
i
VX ¥ Bx —x : d}'l S P
}'I f (I) b ﬂll-'ﬂ Ax : x=0 = 2&' x=9 = zﬁ_ﬁ
1 T | |
= lim tionalise) = ——
IR i — v Toonsiis) = oo |

2.6 Rules of Differentiation

2.6.1 Power and Sum Rules

The definition of derivative has the obvious drawback of being ;'alher clumsy and tiresome to
apply. For example, to find the derivative of function like f(x) = 5x'°° + X% isatime taking job.

Here, we will develop some important theorems that will enable us to calculate derivatives more
efficiently.

Theorem 2.1: Power Rule

If n is a positive integer, then: %x“ = nx"1

Proof:
Let f(x) = x™, n a positive integer. By binomial theorem we can write:

flx+Ax) = (x +Ax)" = x™ +nx""'Ax + n(HZI_ 1 x"1(Ax)2 + - + (AX)"
- “{“ 1, n-1 - : n n
. . . [x"+nx"lAx+———x""1(Ax)% -+ (Ax)"]-x
Thus: o [x"] = f'(x) Iim ﬂx
I e e (ORI CO
= A0 Ax
= lim(nx™®1+ Mxn—l (Ax) + - +(ﬂx)"'1)
Ax=s0 21
d p, - n—-1
X =
A power rule simply states that differentiate x™: i " m gx™l
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Example 15: Find: —[x"] 4x3, [x"'] = 7%, %[x“] = 50x*%, %[xm“} = 200x1%°,

d
d—[xall = 31x3ﬂ s R e e ok L L Lb T e it
- . Derivative of constant function: :
i d d 5
We can apply this formula for all real {| s [c]= —[r..*x“] = r:i[x“] =¢0x? 1 =0
like: i
tiumbess - —[c] = 0 like =-[10] =
d _SEN - A .‘.::.': ..-.::.‘:::::::::...-......:'::::::::::"':::::::::'-::::::.:.:'; .
E[‘G‘] pa xx] =% T3 - | Theorem: i Theorem: ;
: 1fn is any real number :: Ifc is any real number
L[] = dair = 2 s s Li2s :
— |25 =25 =— P—x" =™ i—f-‘ x)| =cfx
ax : = @ [f (O] = of @)
dr1 d __, 1 : Sum and Difl‘erenu Rule.
dx L—r] i lf f and g are differentiable function, then
df11_d __so_ 50 ] s [f(xJ +g()] = f'(x)+4' ) |
o M e In words, the derivative of a sum equals to the sum
' . <2 i of the derivatives and the derivative of difference i is i
—[mxs] = 1{} X3 = m:a = %_ i equal to the difference of the derivatives. E
3x3 B e e S SR et B i e L A A S s '
Example 16:
. G a6 ¢ =9 o dla5 1.4 3
i M[2:: +x77] ii. dx[4x Sx* +9x +?]
d d 1d
"—'E[ZIE]-!-E[I_B] _4—"‘{1'5]—-__[14]1‘9'_{13] +'_[?]
d
= 2,-&; [x8] + (—9)x~71 = 4(5)x* —5(4}1'3 +9(3)x2+0
= 2(6)x% —9x~10 = 20x* — 2x3427x%

9
=125~

iii. o [5x71 - 2x]

d 1d
P PRy (o s ) [
_sdxlx ] 5 [x]
1 -5 1
L e P . ¢ (L
5x Ex i *

R i



Example 17: Find the derivative of the following w.r.t. x.

, 3 4
| a. y=(x+1)* b. y=x+1)(x-2) c y=13::x
|

Solution:
a y=(x+1)2=x*+2x+1

& £ 2
a;-—a[x +2x+1]-— (x)+2 (x]+—(1]-2x+2+{]-2x+2

ERTeT 3 2
b. y=x+1Dx-2)=x*—-x-2 C. y=x X s X

3x T 3x ' 3x

iy .8 . d ¥t x

e Lo L rys
=2x=-1=-0=2x-1 ay_14d 14 1

II
LI b
H
wa|

Note: In the different contents of science, engineering and business functions are often expressed in
variable other than x and y. Correspondingly, we must adapt the derivative notation to new symbols,

forexample:
Function Derivative Function Derivative
' dv 1 = dH 3
Vt=4t " = —= = =zb " =——-=-—5
() V= H(z) red H'(z) P e
dA
A(r) = nr? A)=—=2nr |r(@) =48°-360 r'(8) = & = 1262 -3
dr do
2 1. Find the derivative of the functions w. 1. t. x.
L 1
2 y=x? b. f(x)=4x3 c. f(x)=9 d f(x)=6x>+3x2-10
: 2. Determine f'(x).

a f(x)=v5 b. f(x)=+5x c. f(xX)=5vx d f(x)=+V5x
3. Determine f'(x).
a. f(x) = x*(x®+5) b. f(X)=(x+9(x—-9) ¢ f(x)= (x%+x3)3

d. f(x) = =3x"%4+2/x e f(x)= ax’+bx'+cx+d (a, b, ¢ and d are constants)
£ f(x)= x*+2xi+ 3x*+ oy




PR, L e e R
4. Find2X.
3 '

a y= x:,":.cﬂ b. y=(x*-5)(2x+3) c. y=(4x%*—3)(7x*+x)
5. Find slope of tangent at x = 1.

a. ¥y= x*+3x b. y=x%*-x? ,
2.7 TheProduct and Quotient Rules :
We will develop techniques for differentiating products and quotients. If functions whose derivative
are known.

2.7.1 Derivative of a Produet .

You might be considered conjecture that the derivative of a product of two functions is the product of
their derivatives. However, simple examples will show this not pos_siblc.

Consider: R
f(x) = x*and g(x) = x* Theorem: Product Iluh
The product of their derivative is:
f'(x)g' (x) = (2x)(3x?) = 6x° d
But their product is: d—x‘[f(x]'ﬂ ()] = fF()g' () + g()f'(x)
y = f(x)g(x) = x° and 3= =y’ = 5x* # 6x° | The first function times the derivative of the
- second function plus the second function
mmedmvauvc of first ﬁmctmn . I

MGG IEE A NEEBEESERIRERERERRR AR sassasamans

If fand g nred_tffcrenﬂahle functions, then

Thus, the derivative of the product is not
equal to the product of their derivative.

Example 18: Fm-d Y if y = (4x% — 1)(7x3 + x).

Solution: We can use two methods to find & -— . We can mthcr use the product rule or we can
multiply out the factors in y and then d1fferentmt= We provide both methods.

Method It The Product Rule Method 11: Multiplying First

g = —[(4: - 1)(7x® + )] y = (4x2 — 1)(7x® + x) = 28x° — 3x% —x -
d ;

dy = (4x%— 1}——(?1‘3+ x)+(7x3+ r)—-(ll-xz-:l} e [28x5 = 3x® — x] = 140x* - 9x2 -1

dx

1
I
]
]
I
l
—Em ——— el { gy
I
I
Y - (a7 - D@ + 1 + 72 + 1) (E) |
I
I

— = 140x* —9x* -1
dx

Both derivatives are same.




Example 19; Fiﬂd:—: if y=[1+x%Vx]

d
Solution: Apply the product rule % = [(1+ x3)Vx]

d : : B '
=(1+"3)Eﬁ+ﬁdix(1+xa) =(1+13)Ex2 1 +Vx(3x%)

_ (+xd) +3x5 $_1ed+exd _ 7x0+1
- T2vx 2Jx 2Jx

2.7.2 Derivative ofa Quotient

Just as the derivative of a product is not generally the product of derivatives, so the derivative of a
quotient is not generally the quotient of the derivatives. The correct relationship/method is given by
the following.

Theorem: Quotient Rule
i If f and g are differentiable functions aml g(x) #+ 0, then,

d f(x)] _ gWF @) - (g’ (x)

i [E310 [9(x)]?
The denominator times the derivative of numerator minus the numerator times the derivative
i of denominator all divided by the denominator square.

3x%-1
2x3+5x2+7
Solution; Apply the quotient rule:
Derivative of .
Denommator nUmEEon Mumerator Dervative of Depommnator
dy (2x*+5x2+ ?)%[sz —1] - (3x% - 1){-15‘:,—‘[2::'3| + 5x% + 7]
' dx @Cx3+5x2+7)2

Example 20: Differentiate y = W.ILL. X.

_ (2x? +5x% + 7)(6x) = (3x* — 1)(6x? + 10x)
57 (2x3 + 5x2 4 7)2

_ —6x*+6x% + 52x

"~ (2x3 +5x2 4+ 7)2

2.8 The Connection Between Derivatives and Continuity
* Ifafunction is differentiable ata point, itis automatically continuous at that point.

* But the reverse is not always true. A function can be continuous at a point and still not be
differentiable (like a sharp comer or cusp, for example | x | is continuous but not differentiable).




Summary of Differentiation Rules:

1
1. y==;
2. y=(x*-7(x*+4x+2)

3. y=(Tx+1)(x*—x*—-9x
) . i[ﬂ _ af'-fg'
_3xt+4 o x=2 dx g7 X

o Lll=0,Slcfl=cf [ftgl=ftg
« Zlfgl=fg' +af'

L A= ' Afm=
4 x241 > xt4x+1
3x%+ b a0l - - .

6. ¥y = o S 7. y:(“+—z)(3x3+2?} E.y:z 3% Q. =ﬂx+_2
3x-1 x X T=x x3-x
x442x3-1 > 2D 2.4 472 2

0,y=202 il y= s y= EEE gy, o O

x (x3-10) 3x-2 (x-1)2

Find the slope of the tangent line to the curve at the point whose abscissa is given.

4x—1 54

4. 3 = el 5. ymeme, x= i
2x+5 - 3 a
6. y=—n, x=1 17. y=(2vx+1)(x*-6), x =0

2.9 Derivations of Trigonometric Functions

The main objective of this section is to obtain formulas for the derivatives of six basic
trigonometric functions. We will assume in this section that the variable x in the trigonometric
functions sinx, cosx, tanx, cotx, secx and cosecx is measured in radians. We also need the limits
in results and restated as follows:

sinAx 1 — cosAx

=1 and lim =0
Ax—0 Ax

lim
Ax—0

We start the problem of differentiating f(x) = sinx. Using the definitions of derivative

d v [l 8%) = f()
) =f'() = Jim =

N sin(x + Ax) — sin(x)
g Sinx = Jim =

dx

sinxcosAx + cosxsinAx — sinx

= lim

| Ax—0 Ax




[ \UNITOSEIVIT CONTINUITYAND DERIVATIVE L™ = )

' { ~ [cosAx—1 si (cosx)cosx — sinx(—sinx)
= lim |sinx [—-————] + cosx [ | =
Ax—0 Y Ax 1)

=} =
cos?x

. cosAx—1 sinAx L cos?x + sin’x
= s im, =7+ cosxim, 10
= sinx(0) + cosx(1) - 1 = secly
; ; cos?x
sinx and cosx independent of Ax

i i 2
—tanx = sec®x

d
Thus, we have -&;slnx = COSX

2 4 o 2
In a similar manner it can be shown BIRINL | 35 WEE = e &

st :_x': o i For y = secx
dy d d 1
EI ‘ % E 2 F= e T = ——
ample 21: Find o Ify = xsinx P i e

L ‘
Solution: oy Txsinx] cusx%(l) 4 {1}-5—:;“;-

I
I
I
I
I
|
|
I
I
]
]
]
I
]
I
I
I
1
1
]
I
I
I
I
I
I
1
1
= xLsinx + sinx 2 : cosx
=g3e 2. X use product rule i
I cosx(0) — (—sinx)
= xcosx + sinx(1) = xcosx + sinx y = S
|
Example 22: Find 2 if y = S0 = MExuRy
P s TG o Y = Teconr ' cos?x
1 [a
Sol L4y _ d [ sinx 1 |5-secx = secxtanx
N B L=
% Ghian d S = g d 1+ ] Similarly, icnsecx = cosecxcotx.
- dx dx i :
2
(1 + cosx) ! Example 23: Find :x—"" ify = —
_ (1 + cosx)cosx — sinx(0 — sinx) : & & ek o
(1 + cosx)? : Solution: dr  dx Lx-cotx
v cosx + cos?x + sinx i d d
S (x — cotx COSX — COSX — cotx
(A + cosx)? | = )T ax )
1+ cosx 1 i RS
" = = ! ] Ty o i) e 2
Ard T - (x — cotx)( si;u:} m:::sx(i (—cosec®x))
x — cot x
The other Trigonometric Functions: | : :
B I _ —xsinx + cotxsinx — cosx—cosxcosec’x
dm J’; nx R : (x — cot x)2
d_y s il = : —xsinx + cosx — cosx—cosxcosec?x
x dx dx cosx h v (x — cotx)?
2T ¢ '
€osX 7= sinx — sinx % cosx : —xsinx—cosxcosec’x
— o4 =
cos?x ; (x = cotx)?
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Example 24: Find % if ¥ = sinx(2 + secx)

Salutlnn:% = i[sin.;c(z + secx)]

. d
= sinx = (2 + secx) + (2 + secx) 7 (51nx) = sinx(0 + secxtanx)) + (2 + secx)(cosx)
1
= sinxsecxtanx + 2cosx + secxcosx = sinx—x tanx + 2cosx + secxcosx

= tan?x + 2cosx + 1 = tan®x + 1 + 2cosx

= sec’x + 2cosx (1 + tan®?x = sec?x)

2.10 Derivatives of Inverse Trigonometric Functions

The derivative of an inverse trigonometric function can be obtained. Research reveals that the
inverse tangent and inverse cotangent are differentiable for all x. However the remaining four
inverse trigonometric functions are not differentiable at either x = —1orx =1

Inverse sine function:

»» Differentiate w.rt x
For -1<x<1 and—gﬁ:}' -::rz-r.

1
: & = —tany
: i g
y =sin"!x ifand only if x = siny i dx dx
:: 1 = sec? dy
; 2 , - s
Differentiate w.r.t x : y dx
dx d : dy _ 1 _ 1
dx _dx 7 dx 1+tan?y 1+ x2
d Ly = 1
. msyd—y Etan Xy forx€R
dx
gt L PR,
d_}'_ 1 _ 1 Similarly, Ecut ¥ —, forxeR

dx  cosy [1—sin?

4 . _sin v Inverse secant function:
£ sin~1x = — - For|x| >1and0 <y <= or m<y <
—sin"lx =7—5 ,for —1<x<1 or |x]| y<3 =

y = sec”!x ifand only if x = secy .
S i =1 T !
Similarly, |5 cos™x = —x=2 1| Differentiate w.r.t X

for —1<x<1 dx _ d
ax =@ x 1+ tan’y = sec’y
Inverse tangent function: _ dy
Be . . 1= secytanya tan?y = sec?y — 1
Fnr—a-::x{aand—;cyr::; dy y
s T —————— - 2ay
y = tan~! x if and only if x = tany o- dx _ secytany tany = /sec {

T T e e e Y



Example 26: Differentiate y = tan™12x

= T - — T
secyysec’y—1 xVx? -1 Solution: = = < tan~112x
d s 1
—sec lx = for [x] > 1 1 d
dx xvx2-1"' =— 12
£ 1+ (120 "dx 1 %
g d o A ; d 12
Similarly, |=—cosec™'x T for [x| > 1 Etan"ﬂx -

Example 25: Example 27: Differentiate y = sec™! x2

i B
Solution: & = ~=gec 1y2

Differentiate y = sin~'5x w.r.t. x. =

dy d . - 1 d
Solution: — = —sin~15x = ,—x2
. 5 x2f(xDZ -1 dx
1 d 1 '
= —5x K : (2%
VI-(5x7 dx e &
2
isin*15:nc Shaell Al —sectx? = ———
dx Vi—a50 dx o i =y

Y Ercrcise s S —

Find the derivative of the given functions w.r.t. x.

l. y=x%—cosx 2, y=4x3+x +sinx
3. y=3cosx — Scotx 4. y = sinxcosx
5. y=(x% + sinx)secx & i = BB
5+sinx
o RN _ sinx
' ,T' Y= Tetanx ol x2+sinx
9 — Cotx 10. y = (1 + cosx)(x — sinx)
it 4 x+1

Find the derivative of the given functions w.r.t. x.

Il.y =sin™1(5x - 1) 12.  y = 4cot™! §
sin~1x » : see-i
S sinx FH" : fagia=o
15. y = xsin~1x + xcos™? - P T
Yy =xs X+ xcos™'x 16. y T
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2.11 Product Rule

Inthis section, we will derive a formula that expresses the derivative of a composition fog in terms of
the derivative of fand g. This formula will enable us to differentiate complicated functions.
Suppose we wish to differentiate:
y= {5+ 12 (i)
We can write ¥ = (x° + 1)(x5+ 1)

d d d

2= H D@D+ + D@+ D)
= (x4 1) (5xH) + (x* + 1) (52%)
=2(x° +1)(5xY)...... (ii)

AILL Tower Rult e K ' The-nrem' I’nwer Rult for Functluns

If n is an integer and g is a d!ffﬂrenhahle
funcunn then,

2l [g(r:-r* =rlg@Ig')

'Lyl e EEmaEw

From (i), y = (x® + 1)?

o A g3 & g
"{E—Z(I +1) dx(x +1)

P
P
H

prerss s a
"

= 2(x5 + 1)(5x%) ...... (iii)

From (ii) and (iii), both expressions are same.

=—10(7x° - x*+z)'1“-‘-d—x(?x5— x*+2) (5% — 1)*[~102° + 6x + 40]

(5x +1)°

=—10(7x5 — x* + 2)711(35x* — 4x7)

2_1%3
Example 28: Differentiate w.r.t. x. | Example 29: Differentiate y = E:x+:;3 WLt x.
a. y=2x3+4x+1)* E
- : i dy _ d (x?-1)°
b. ]"' e (?:5“:,4+2}1n : Sllhlﬂml. E d,I__{Ex-l-l]'B
1
Solution:
: E (5x + IJBE&-{J;‘ -1} -(x?-1)° %(Ex +1)®
a Z=L@x+ax+1) | = G T DT ‘
]
= 4(2x3 + 4x + 1)*! £ (2x*+4x+1) i _ (5x+ 1)83(x? — 1)(2x) — (x* — 1)*8(5x + 1)’ (5)
o E = (5x + 1)1 .
= k] 3 2z
L Eh R L E 6;'{5: +1)8(x% — 1) —40(x* - 1)°(5x2 + 1y
b. y=(7xf-x*+2)"" : (5x + 1)6
]
dy _d 5 -10 : —1)%(5x + 1)7[6x(5x + 1) — 40(x* - 1)]
it Gt il Y
&= H D | Gx+ D
!
|
1
I
1




2.11.2 Chain Rule: A power of a function can be written as a composite function. If f(x) = x™ and
u = g(x), then f(x) = f(g(x)) = [g(x)]" is a special case of the chain rule for differentiating

composite function.

sEmsssssssssEmsE e T T T T

i Theorem: Chain Rule :
i If y = f(x) is a differentiable formula of u and u = g(x) is a differentiable

| function, then 2 = 2.2 = £(9(x)).9'(®)
Example 30: Differentiate w.r.t. x.
a. y=tan’x b. y = (9x3 + 1)%sin5x
Solution:
5 gt b. ¥ = (9x3 + 1)?%sin5x
dy :—: =(9x3 + 1) :—xsin5x + sinsxﬁl['i‘:x3 +1)2

d
_— =1y
e 2tan“"'x ! tanx

= 2tanxsec’x

=(9x% + 1)%cos5x(5) + sin5x. 2(9x> + 1)27x?

]
]
]
]
|
1
1
I
L]
I = (9x3 + 1)[45x3cos5x + 5cos5x + 54x?sin5x]

2.12 Implicit Differentiation

2.12.1 Explicit and Implicit Functions

A function in which the dependent variable is expressed solely in terms of the independent variable
x,namely y=/(x) is said to be an explicit function, for example, y = %xﬂ — 1 isan explicit function,
whereas an equivalent equation 3y — x3 — 4 = 0 is said to define the function implicitly or y is an
implicitofx. & '

2.12.2 Explicit Differentiation

To illustrate this, let us consider the simple equation:

xy=1 i | A
One way to find % is to rewrite this equation as:
!
e

s d 2
From which it follows that: Ei—' = —-xiz wie. ()
Another way to obtain this derivative is to differentiate both sides of (i) before solving for y in
terms of x.

From()  —(xy)==1
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: dy
10y + cosy)—=2
This method of obtaining derivatives (L0 any) o = &

is called implicit differentiation.

4 d(y) B9 d(x) e : Example 31: Use implicit differentiation
ddx dx E to find 2 if 5y? + siny = x?
Y
Zdy=0 I .
X3 +y ! Solution: i [5y? + siny] = i [x?]
o : d ,. d
dx e 1 l Ea}' +a$il‘l}’~2x
If we take, y =7, we get : dy dy
@y 1 E S(Eya—)+cnsyd—x—2x
dx =~ x2 | '
1
1
I
i

z dy i dy 2x
lving for — w e =
So g dx e obtain dx 10y +cosy

2.13 Derivative of Exponential Functions
The derivative of exponential is: :—xe" = e*| like ﬁe“ =e%*.3

Example 32: Differentiate y = x?e%* w.r.t. x.
Solution: 2= = - [x?¢"¥]

d
- xZ%EE" + E“ax? = x2¢5% 5 4 5% 2x = 5x2e5% + 2xe5* = xe®*(5x+2)

2.14 Derivative of Logarithmic Functions
We find the derivative of common lugarithmic which iscuntinuous functions.

d 1 a 3 - 5
Elnx =~ |like In(:r +1) = ,de{x x-’-+1
Example 33_: Differentiate In(4x® + 2x% + 9) w.rt. x.
Solution: y = In(4x® + 2x% + 9)
dy 1 3 1 . _ _4x(3x+1)
dx 4 +2x2 + 95“" +2 +9) = e U H ) = o a0 '
_— n.2
Derivative of y = a*: En" = n‘.m
We will apply the chain rule to find the derivative of parametric equations. .
Example 34: Differentiate y =4377+5 wrt. x.
Solution: Taking [n both sides
Iny = In43~*+5
Iny = [sz +5).ln4
- g in4. == (Sx + 5) 2 = yina (6x) = ma(43*+5)6x = 6In4(43* +5J.r
y
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Example 35: Find d—y if x =tant,y = 4t + 1

Solation; 2 =2 & _ &
"dx  dt "dx Ex?
dy d
NN 4t 4+ 1) = 122
T: ( +1)
dx
Semas St
T (tant) sec’t
W5 dy _ 12t2
|
’ dx seczt
Example 36: Findﬂ'- fawit y=—
1412* 142
B & s
Snluﬂnn.dx e

de d[1-t2
dt  dt\1+¢2

(1 + t‘}a—(l -t -(1- t’)a-(l +t?)

(1+t?)?

_f1+ t3)(—-2t) — (1 —t3)(2t)

?

(1+1t2)2

2.15 Differentials

W
v

IMIT, CONTINUITY AND

dy _
dt

=2t =2t -

DERIVATIVE /- ot Sttt

2t + 2t3
(1+t2)2
—4¢

T

d( 2t )
T dt\1+¢2

. (1+ l:z)a-t-(]!t) - (Zt)a‘rif(l + t?)

(1 +t2)?

_(1+9)(2) - 2021

_2+2£2—

(1 +2)2
4t?

1 +t2)2

_Hi—-6)
“aver

We have already discussed the derivative of finding slope ofa tangent line to the graph of a function

y = f(x).
_ f(x+ Ax)

—fx) _

&
ax

ec

. PE~. Ax
For small values of Ax ,

Mgee = Mygn OF Ax

We have: -}:- = f'(x)

Ay = f'(x)Ax

= Myan = f'(x)

+
x x+Ax X

Fig (a)

Fig (a): Geometric representation of
the derivative at a point on the curve.
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Definition: The increment Ax is called the differential of the independent variable x andis |
denoted by dx. i.e. ‘
The function f'(x)Ax is called differential of the dependent variable y and is denoted by dy.
iie dy = f'(x)Ax = f'(x)dx

t.

-

T T

Since the slope of a tangent to graph is xt
_rise f'(x)Ax Tungent line /| .
Mtan -E_f(x)_ Ax Ax #0 -n:
It follows that the rise of the tangent line can be interrupted in dy Bx
Ay =dy ;
. x x+Ax v
Example 37: a) Find Ay and dy fory = S5x% +4x + 1 X

b) Compare the values of Ay and dy for x = 6, Ax = dx = 0.02
Solution:
a) Ay = f(x + Ax) = f(x)
= [5(x+Ax)*+4(x +Ax) + 1] — [5x% +4x +1]
= 10xAx + 4Ax + 5(Ax)?
Ay _ 10xAx + 40x + 5(Ax)?

b) When x = 6, Ax = 0.02

Ay = 10(6)(0.02) + 4(0.02) + 5(0.02)?
= 1.282

Whereas dy = (10(6) + 4)(0.02) = 1.28

Ax Ax

Ay = dy
ﬁy_ (10x + 4 + 5Ax)Ax 1282 = 1.28
Ax Ax s g

The difference in answers is, of course
5(0.02)* = 0.002

ay _
MTHE_f(x)_lnx+4

li

:—i =10x + 4
dy = (10x + 4)dx

Since dx = Ax. We observe that
.Ay = (10x + 4)Ax + 5(Ax)? and
dy = (10x + 4)Ax differ by the amount 5(Ax)*.

2.16 Approximations

When Ax = 0, differentials give a means of “predicting” the value of f(x + Ax) by knowing the
value of the function and its derivative at x. From fig if x is changes by an amount Ax, then the




corresponding change in the function is Y4

Ay = f(x + Ax) — f(x) and so il ﬁ

fx +Ax) = f(x) + Ay [ Ay = fCx+ ) - £(x)
For small change in x, take Ay = dy

flx+4x) = f(x) +dy L

= f() + f'(x)dx RO G

. Example 38: Find the approximated value of V25.4 .
Solution: First, identify the function f(x) = Vx
We wish to calculate the approximated value of f(x + Ax) = Vx + Ax when x = 25 and
Ax =0.4; (25.4 = 25 + 0.4) '

R

o - 1
Now.dy-ixzdx=—ﬂr

2vx
We have; f(x+ﬂx} = f(x) + dy
_f(x)+w_z.x 4‘+r H+T{n4) 5.04

Find the derivative of functions w.r.t. variable invohr&d

137 o — 1Y — 5
1. y=( _F) 2. f(x)= (xzﬂ 3. y=@Bx—-1)*-2x+9)
4. f(8) = (26 + 1)3tan?s 5. y = sin2Zxcos3x 6. f(x) = (sec4x + tan2x)®
L+sindt x
7. hit) = o 8. f(x) =tan (CBS'E)
‘ Use implicit differentiation to find 5
9. 4x?+y?=8 10.x+xy—y2—20=0 1.y*—-y?=10x -3
. 12. x3y? = 2x? 4 y2 13. xy = sinx +y 14. x + y = cosxy

15. xsiny — ycosx = 1 16. siny = ycos2x

i dy
Fmda-;

— 23,57 — A% P
17.y = x% 18. y = e**(1 + Inx) 19.y = =5y

20.y = In(e* + e7%) 2Ly =In(x +Vx? +1) 22,y = e"**cosx
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Find % of the parametric functions.
B.x=t+3,y=t+1 Ux=t'+5,y=t-3
_ 81 g1 - =
B.x=om Y =5 26. x = sin28 ,y = cos48
Find Ay and dy.
27.y=x*+1 28.y = sinx ’

Use the concept of the differential to find the approximated value of the given expressions.
29. (1.8)° 30. V37 31. sin31° 32.tan (3 +0.1)

2.17 Higher Order Derivatives

2.17.1 The Second Derivative

The derivative f'(x) is a function derived from a function y = f(x). By differentiating the first
derivative f'(x), we obtain another function called the second derivative, which is denoted by
f"(x). In terms of the operation symbol we define the second derivative with respect to xas the
function obtained by differentiating y = f (x) twice is successive.

d (djr)
dx \dx
The second derivative is commonly denoted by
2
£, ¥y, 5. DY

Normally, we shall use one of the first three symbols.

Example 39: Find the second derivative of y = x* — 2x* wrt. x.
Solution: The first derivative is: % = 3x% — 4x

The second derivative follows from differentiating the first derivative:

dz
P i

(3.’: —4x) = 6x — 4
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Example 40: Find the second derivative:
a. sin3x . b. (x*+1* g a%*

Solution:
a. The firstderivative is: ' = i—: == :—x (sin3x) = 3cos3x

The second derivative is: Yy == = (3cos3x) = —9sin3x

4
x2 dx
b. The first derivative is:

dx

|

d d
| y*=—3’=—(x3+1)4—4(x3+1)3 =2 = 12233 +1)?
|l To find the second derivative, we will use product and power rule

2

o B - # 2(3 o 2 d 3 3 3 34
Y=g = D = 2[R D D) =]

=12[x?3(x® + 1)23(xz)+(13 + 1)32x)] = 12x(x3 + 1)?[11x3 + 2]
c. The first derivative is: y' = -ﬁ = %(e“’) 26

The second derivative is: y' = dz—’; =
2.18 Higher Derivatives

Assuming all derivatives exist, we can differentiate a function y = f(x)-as many times as we
want. The third derivative is the derivative of the second derivative. The fourth derivative is the
derivative of the third derivative and so on. We denote the third and fourth derivative, by —= 2 and

(2e%) = 4e**

'ﬂy , respectively and define them by:
dsy_ d (d%y
: dx3 ~ dx\dx?
. : d'y _d (d’y
: dx*  dx\dx®

In general, if n is a positive integer, then the nth derivative is denoted by:
d"y . d (d“"y)

dxn  dx\dxn-1
Other notations for the first n derivatives are:
Fi@), £, £ (), fOx), vt e e e f )
Vo Y Y P Y
Doy, Dy, Dy DAy, .coinuiD%%y



Example 41: Find the first five derivatives of
f(x) = 2x* — 6x% + 7x% + 5x — 10 wrt. x.
Solution: We have

Example 42: Find the third derivatives of.y = -,-

Solution: Wehavey = — = x~3

X
x3

dy .
f'(x) = 8x3 — 18x% + 14x + 5 - =3
f"(x) = 24x? — 36x + 14 iy

T (-3)(—4)x~5 = 12x~5

f"(x) = 48x — 36
f@(x) = 48
fPx).=0

dy —60 .
T (12)(-5)x~% = —60x~% = =

Fxercise 2.8

Find the second derivative of the ﬁmcﬁuns w.r.t. the variable involved.

. y==-x3+6x+9 2. f(x)=130x2—x3 3. f(x) =(=5x+9)?

4, y=2x5+5x3—-6x* 5 YV =20x-3 6. y——

7. fx)=x>(Bx—-4) 8 f(x)=@x*+5x—-1)* 9. f(x)=cosl0x

10. f(x) =tan2 11. f(8) = sin?56 12. f(6) =550
3. f(x)=e"x2+1) 14 fGx) =G +Din(x2+1)
Find the indicated derivative.
T ol o Y =2, &y
15.y=4x" +x =Ny e 16. y==; =5
o y 1" 1)
17. f(x) = cosmx;  f""(x) 18. f(*) = s f9() -

19.L¢tffx} =xa + 2x
a. Find f'(x) and f"(x)

. gl . ' (x+Ax)—1"(x)
b. In general; f"(x) = :E:%:Tu_'__u
provided limit exists. Use f"/(x) obtained in part (a) and use definition to find f"(x).

20. Show that ,(rg) f'g+2f'g" +fg"

(g =f"g+3f"g +3fg"+/g"
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2.19 Eitrema of Functions

Suppose a function f is defined on an interval I. The maximum and minimum values of f on I (if
exist) are said to be extrema of the functions. We have two kinds of extrema.

sErsEssmEnEE

Definition: Absolute Extrema
i L. Anumber f(c) is an Absolute Maximum of a function f if f(x) < f(c) for

: every x in the domain of f.
: ii. A number f(c) is an Absolute Minimum of a function f if f(x) = f(c) for
; every x in the domain of f. )

Absolute extrema are called global extrema. Figure shows several possibilities:

a y b ¥

Absolute
maximurm

s |
fle)
*‘/ \ x ¢ / A /’\
/ c \ b x .E‘y
ot \M-ﬂe} w—

minzmum “"‘."'.“-'m S

Example 43:

i. Forf(x) =sinx, f(3)=1isits absolute maximum

and f () = —1 is its absolute minimum.

g
i i, The function f(x) = x? has the absolute minimum
; i £(0) =0 but has no absolute maximum.
5
4 2 2 Il
1 : ;
ii. f(x)= : has neither an absolute maximum nor = =

an absolute minimum.
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] e
Example 44: : bsolute
maximum
i." f(x) = x* defined only on the closed interval at *
[1, 2] has the absolute maximum 2
f(2) = 4 and the absolute minimum f(1) = 1 1 Absolute
minimum
ii.  On the other hand, if f(x) = x2 is defined on ' ! :
the interval (1, 2). f has no absolute extrema. i 4 RSO y
. maximum

3
iii-  f(x) = x? is defined on the interval [-1, 2]. .
f has absolute maximum f(2) = 2 and lute

i
now the absolute minimum is f(0) = 0. ;‘:}n

g

-
L]

Result: A function f continuous on a closed interval [a, b] always has an absolute :
maximum and absolute minimum on the interval.

2.19.1 Relative Extrema T
The function pictured in fig(a) has no absolute extrema. i
However, suppose we focus our attention on values
of x that are close to, or in a neighborhood of the

(c1)

numbers ¢, and c,. 3
As shown in fig(b), f(c,) is the maximum value of the .
function in the interval (a,, b,) and f(c,) is a minimum - l:) —
value in the interval (a,, b,). These local or relative, .| 2 © ‘:_2 ,
extrema are defined as follows: Fig (a) .

4 4

Relative
y = f(x) maxima y =

Relative
minima

" . .
/ s c, I ayc by az ¢ by
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| Definition: Relative Extrema o) i
{ i Anumber f(c1) is a Relative Maximum of a function f if f(x) < f(c,) but every

x in some open interval that contains ¢;. :
ii. A number f(c,) is a Relative Minimum of a function f if f(x) = f(c,) for every

x in some open interval that contains c;.

sssssamssmEm

rEs s m e

e e e T g g

. q Relative
Result: From fig, we suggest if ¢ is a value : o ing
at which a function f has a relative extremum,
_ : nemm\ e _/'/ﬂ.m;u
then either f’(ﬂ'} =0 or f'(l'.'} does not exist. minimum +— [r— ol

Critical values: A critical value;f a function f isa number_inqc in its domain for which
f'(c) = 0 or f'(c) does not exist.

Example 45: Find the critical values of

a f(xX)=x>-15x+6 c. f(x)=£ b. f(ﬂ=(x+4)§
Solution:
a. fG)=2—15x+6 | c. f)==

f'(x) =3x%2—-15 "R

' _ x(x=2) | :
f'(0) = 3(x +V5)(x — V/5) f'(x) =557 i by quotient rule

The critical values are those number for
' which f'(x) = 0, namely —V/5 and V5.

b, () =(x+4)

Now f’(x) = 0whenx = 0and x = 2,
whereas f'(x) doesn’t exist when x = 1,
However, inspection of f reveals x = 1

fllx) = -Z-(x + 4):3‘1' is not in its domain and so the any critical
3

fr) =—2—

values are 0 and 2.
. :
3(x+4)3

We observe that f'(x) doesnot exist,
when x =-—4 since —4 is in the domain
of f. We conclude it is a critical value.

R
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2.20 Second Derivative Test for Relative Extrema
Concavity: We know about the concavity:

QEESL IR L e

concave up concave down

\ Holds b.
water
Spills
water

The figures (a) and‘{b} illustrates geometric shapes
that are concave upward and concave downward, / F\

respectively. Often a shape that is concave upward

is said to “hold water” whereas a shape that is — =
concave downward “spills water”. " ——s
Concave down Concave down
Concave up
The graph in the fig(c) is concave upward on the interval (b, c) and concave downward on (a, b) and
(c,d).

Cnncnvity and The Second Derivative Test

mamsaman P ——————————— e T T A T P T TR U R AT RN LR LR R L LR L LR L el bl ittt

Deflnltlnn. Teat fur l:nneavlty

: Let f be a function for which f"exists on (a, b).

| 1f f"(x) > 0 for all x in (a, b), then the graph of fis concave upward on (a, b).
Iff‘ (x) < 0 for all x in (a, b) then the graph uff is concave dnwnward on (a. b)

I
I

I —

ammma

Example 46: Determine the interval on which the gmph of f (x) =—x3+ Exz is concave upward
and the intervals for which the graph is concave downward. .

3 ] 2 15
Solution: f(x) = —x” +3x ‘ ?
fi(x) = —3x% + 9% 1
3 10
f (x)=—ﬁx+9=ﬁ(-x+i)
We observe that "' (x) < 0 when 6 (-x + ;) > 0or 1‘
0" 3 3 |
x{g and that f (x)-::ﬂwhcnﬁ(—x-ﬁ-;)-:[}mx}z. ‘
1f follows that the graph of f is concave upward on |
5 10 l
(—o0, ) and concave downward on (—E, m). > nl ]
Z Zz 1
|
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2.21 Point of Inflection
In the example 47 function changes concavity at the point that corresponds to x = %. As x increases
through %, the graph of f changes from concave upward to concave downward at the point G, -zf)

02: LIMIT, CONTINUITY AND DERIVATIVE

a point on the graph of a function where the concavity changes from upward or downward or
reverse is called a point of inflection.

. Deﬂni;luu-. Pnint nl‘ Inﬂectlnn e e

| Let J be a continuous at ¢, a point (¢, f(c)) is point nfmﬂecuun if there exists an open :

interval(a, b) that contains ¢ such that the graph of fis either:
i.  Concave upward on (a, ¢) and concave downward on (c, b) or

i ii.  Concave downward on (a, c)and concave upward on (c, b).

L e T T R ——

Example 47: Find points of inflection of f(x) = —x3 + x? \
Solution:
f'(x)= —3x*+2xand f"(x) = —6x +2 \

Since f"(x) =0 at— the point (3, z_‘F) is the only possible point of inflection. We have
f'(x) = ﬁ(—x +;) >0 for x < -5
T 1
fr@) =6(-x+3) <0 for x>}
Implies that the graph of f is concave upward on (—nu, ;) and concave downward on G" m)_
1 2 # - - -
Thus, (%: (%)) or (5' z—?) 1S a point ﬂmeEMINL

R R LS mEaALEEEE wEw ] P L e R L e ]

Ih.'llnlﬂun: Semnd Derlntive Tut fnr Rel:tlv.re Extreml
Let f be function for which f" exists on an interval (a, b) that contains the critical numberc.

i. Iff"(c) > 0, then f(c) is a relative minimum.

sersrrrerrssssnersssaa

FErrEsssssEEs s
S

ii. Iff"(r:} <0, thenf(r:) is a relative maximum.

e
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Example 48; Find the critical point and also relative extrema by second derivative test

for f(x) =x*—x2 _
Solution: f'(x) = 4x3 — 2x = 2x(2x%> - 1) 05
f(x)=12x* — 2
For critical values take f'(x) =0

22(2x% —1) = 0 | | 'V“ \_/

0.5

_n =VZ V2
) i
The second derivative test is summarized as:
X Signof f(x) | f(x) | Conclusions £(e) <0
" —
0 f'(x) = —ve ul Rel. max Fiai o -\
% f'x)=+ve | — |Rel.min
e -1
._"ﬁ f'(x) = +ve — | Rel. min >
Z 4 ) = Ca
1. Find the critical values of the function.
i. f(x)=2x*—6x+8 ii. f)=x3+x-2
iii. f(x)= x:ﬂ iv. f(x) = cosdx
v. fl)=@x- 3)& vii f(x)= 2 (x+ 1)3
2. Find the absolute extrema of the function on the indicated interval.
i.  f(x)=-x*+6x:[1, 4] ii. fE)=(-1)*:[2 5]

r
iii. fx)=x:[-1, 8]
v. f(x)=1+5sin3x: [ﬂ, E] vi.
3. Use the second derivative to determine the intervals on which the function is concave

upward and concave downward.
i. fx)=—-x*+7x i f(x)=-x*+6x" +x—1

iv. fx)=x-6x*+2:[-312]

f(x) = 2cos2x — 4cosx : [0, 2m]
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iii. f(x)=(x+5)5 iv. f(x)=x(x-4)3
V. f(x}=x%+2;r Vi. f(x'}=x+§
4. Use the second derivative to locate all points of inflection.
i f)=x*-x+2x+x-1 i () =2 +4x
ifi. f(x)=sinx iv. f(x) = cosx

v. f(x)=x-—sinx - : vii f(x) =tanx

5. Use second derivative test to find the relative extrema of the function.

i f(x)=-(-2x-5)2 ii. f)=x3+3x2+3x+1
iii.  f(x) = 6x° — 10x? iv. fE)=x*+
v. f(x) =cos3x, [0, 2] vi. f(x) = cosx + sinx, [0, 2m]

6. Determine whether the give function has a relative extremum at the indicated points.

i. f(x) = cosxsinx, x= . f(x)=xsinx, x=10

-

i, f(x)=tan?x, x=m iv. f(x) =(1+sinx)3, x =%

2.22 Applications of Derivatives

Many real world phenomenon involve changing quantities like the speed of the rocket, the inflation
of currency, the number in a bacteria in a culture, the stoke i intensity ofan earth quake, the voltage of
an electrical signal and so forth. In this section we will develop the concept of limits, continuity,
derivative and extrema of function for use in real world problems. Another important application of
the derivative is to find solution of the optimization problems. For example, if time is the main
consideration in a problem, we might be interested in finding the quickest way to perform a task and
if cost is the main consideration we might be interested in finding the least expensive way to perform
atask. Mathematically, optimization problem can be reduced to finding the largest or smallest value
of a function on some interval and determining where the largest and smallest values occurs, Using
derivatives, we will develop the mathematical tools necessary for solving such problems.

GRADE 12 _—
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Example 49: A side of a cube is measured to be 30cm with the possible error of +0.02cm . What
is the approximate maximum possible error in the volume of the cube?

Solution: The volume of a cube is V = x3, where x the length of one side. If Ax represents the
error in the length of one side, then the corresponding error in the volume is:
AV = (x + Ax)? — x3

We use differential: dv = 3x2dx = 3x2Ax
as an approximate to AV. Thus, for x = 30 and Ax = +0.02, the approximate maximum error is:
dv = 3(30)%(10.02) = +54cm?

Example 50: A square is expanding with time. What is the rate at which the area increases related
to the rate at which a side increases? “
Solution: At any time the area A of a square is a function of length of one side of x:
A=x?
Thus, the related rates are derived from the time derivative.

X
dA dx . . .
== sz (diff w.r.t “t”)
is the same as: E=2:m:‘£ 2

dt

Example 51: Air is being pumped into a spherical baloon at a rate of 20 cubic feet/min. At what
rate is the radius changing when the radius is 3ft?

Solution: As shown in fig, we denote the radius of the baloon by r and its volume by V. As per
A — . av

statement, air is being pumped at the rate 20t /min , means we have: - 20ft3 /min

In addition, we require % | r=3

4
'We know the relation between Vand ris V = 5”3

Diff w.r.t “t”
j—: = %rr(:irz) :
£
But %E = 20, therefore ~ 20 = 4nr? - &
LA
dt mr?
Thaus, & l,._g = ;f—:n = 0.18 ft/min
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Example 52: Find two non-negative numbers whose sum is 15 such that the product of one with the

square of other is a maximum.

Solution: Let x and y denote the two non-negative numbers (i.e. x = 0 and y = 0). It is given
that: 2 X4y =AY ..ceredl)

Let p denote the product: p = x. },z (Product = one number. square of the other)

Wecanuse y = 15 — x to express p interms of x:  p(x) = x(15 — x)?

The function p(x) defined any for 0 < x < 15.

If x > 15, then y = 15 — x would be negative.

p'(x) =x2(15-x)(-1)+ (15—x)* = (15— x)(15 —3x)

Thus, any critical value is x = 5.

Testing the end points of the interval reveal p(0) = p(15) = 0, is the minimum value of the
product. Hence, p(5) = 5(10)? = 500 must be the maximum value. The two non-negative
numbers are 5 and 10. |

Example 53: A rectangular plot of land that contain 1500 m? will be fenced and divided into equal
portions by any additional fence parallel to two sides. Find the y : iy
dimensions of the land that require the least amount of fencing. [ — + —
Solution: Let us introduce variable x and y so that xy = 1500. Then the function we wish to
minimize is the sum of the lengths of the five portions of the fence. -

y

L=2x+3y - Hencex = 15v10m, is required minimum
Buty= 15:“ e have ! amount of fencing.
1
L(x) =2x+ 20 ! o 4500
i L(15V10) = 2(15V10) + 7 = 15V10
, 45110 i -
L(x)=2- ) ; xy = 1500
I
For critical value, L'(x) = 0 L - _ 1500 1500
x? = 2250 | x  15V10
1
x = 15V10 E y = 10v10m
For 2™ derivative: 1" (x) = ﬂg i : -
i Dimension of land:
- When x = 1510 !
o--1 xy = 15V10 x 10v10

L"(15vV10) > 0
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Price Growth Model: The price level at time P, considering inflation can be modeled as:
P(r) = Pe", where, P(t)= Price at time t, Po = Initial price, continuous annual inflation rate,

t= Time(in years)

To find the rate of change of price with respect to time, take the derivative of P(t) with respect to

d - dP(t
t. EP{!}=H:J‘E , The a’()

. represmt-é the instantaneous rate of change of the price level or

how fast prices are increasing at a time t.

Example 54: The price of a product is modeled as: P(r) =200¢"", where t is the time in years
and P (t) is the price at a time t. Find the rate at which the price is increasing after:

a. 0 years b. 5 years c. 10 ears

Solutions: The price inflation is P(f) = 200", the derivative gives the rate of price increase:

L _ 20000316 =6e"”

& Art=0, %f:’l — 200(0.03)¢"™® = 6¢° = 6units/year

b. Att=5, L) ~200(0.03)"" = 6" = 6. 92units/year

c. Att=10, @ = 200(0.03)e* """ = 6¢"* = 8.10 units/year

Using Straight Lines: Derivatives help analyze a line rclationship in real life scenarios. Straight
lines appear in situations, where variables change at a constant rate and derivatives calculate the
rate or optimize related process.

Example 55: Economics, Marginal Cost and Revenue: A company’s Revenue R(x) from selling
x units is given by: R(x)=50x The total cost C(x) for producing x units is: C(x)=30x+200 .

a. Find the marginai revenue and marginal cost.
b. Determine the break-even point (units sold where revenue equals cost).
c. Interpret the meaning of the straight-line equations and slopes.

Solutions: a. Marginal Revenue and Marginal Cost:

d ; a
« Marginal Revenue (R'(x)): R'(x)= ¥ (50x) =50, revenue increases by 50/units.

¢ Marginal Cost (C'(x)): Ci{x)= % (30x + 200) = 30, cost increase by 30/units.
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b. Break-Even Point: At break even, revenue equal costs:
R(x) = C(x)
50x = 30x+ 200, which gives, x=10.
The company breaks even when 10 units are sold.
c. Interpretation of Slopes:
e The slopes of R(x) is 50, showing revenue grows faster than cost.
e The slopes of C(x) is 30, representing slower cost growth.

. According to Einstein’s theory of relativity, the mass m of a body moving with velocity v is

m= '"—“uz , where my is the initial mass and c is the speed of light. What happens to m as
i

v=c"?

. Jix) = g’r_-;;’ ; f g is continuous at 3. What is K?

. The volume v of a sphere of radius ris v= (335) 3. Find the surface area s of the sphere if s is

the instantaneous rate of change of the volume with respect to the radius.

. The height S above ground of a projectile time t is given by

5(t) = %gtl + ot + S,

Where g, v, and s, are constants. Find the instantaneous rate of change of S with respect to

ratr=4.

. The side of a square is measured to be 10cm with a possible error of 0.3 em. Use differentials
to find an approximation to the maximum error in the area. Find the approximate relative error
and the approximate error.

. A woman jogging at a constant rate of 10km/hr crosses a point A heading north. Ten minutes
later a man jogging at a constant rate of 9km/hr crosses the same point heading east. How fast
is the difference between the joggers hanging 20 minutes after the man crosses A?

MNorth

I
¥

East

x

. A plate in the shape of an equilateral triangle is expanding with time. A side increases at
a constant rate of 2cm/hr. At what rate is the area increasing when side in 8cm?
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8. A rectangle expands with time. The diagonal of the rectangle increases at a rate of lin/hr and
length increases at a rate of %rmm"hr How fast is its width increasing when the width is 6 in
and length is 8 in? :

9. The side of a cube increases at a rate of Scm/hr. At what rate does the diagnnal of the cube
increases?

10. A particle moves ona graphof y* = x + 1 snthat:-—: = 4x + 4. What is:—:when x=8?

11. At 8:00 am ship §; is 20km due north of S,. Ship S, sails south at a rate of 9km/hr and S,
sails west at a rate of 12 km/hr at 9:20 am. At what rate is the distance between the two ships
changing?

12. Find two non-negative numbers whose sum is 60 and whose product is a maximum?

13. If the total fence to be used is 8000 m, find the dimensions of the enclosed land in figure that
has the greatest area. -

14. An open rectangular box is to be constructed with a square base and a volume of 32,000 cm?.
Find the dimensions of box that require the least amount of material.
15. A company determines that for the productionof x units of a commodity its remove and cost
functions are, respectively, R(x) = —3x?+4970x and G(x) = 2x% 4+ 500. Find the
maximum profit and minimum a'.re:rlage cost.

16. If the inflation rate is l::«cm'tinl.uuu.lsIz.F compounded 4% per year and the price of a commodity is
~ $50 today. :

a. Derive the function for the price of the commodity over time.
b. Find the price after 8 years. '
¢. Find the instantaneous rate of price at t=8 years.
17. A company models its operational cost as: C(t)=500¢"*" 100z, where tis the time in years.
a. Find the rate of change of cost at any time t. '
b. Determining the rate of increase in cost is minimal.
18. The price of commodity P(#) is given by: P(t)=150(1 +0.05¢)*, where t is measured in years
and P(7) is the price level.

a. Find the instantaneous rate of change of prices at t= 3years.
b. Calculate the inflation rate at t=3 years.
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- A ship sails in a straight line. Its distance d(r) (in nautical miles) from port is modeled by:

d(t)=15t where t is time in hours.

a. Find the speed of the ship. b. Calculate the distance after 3 hours.
¢. Explain the meaning of the slope.

A cyclist is traveling along a straight path, and the distance traveled s(t) (in meters) is given by:

-s(f) = 5¢* +3t, where, t is the time in seconds.

a. Find the speed at any time t.
b. Determine the speed at t=4 seconds.
‘c. Interpret the significance of the slope in this context.

. Tick the correct options.
: . = : 4 im L& .
Pl iﬂ f(x) =3 and ll_ﬂ g(x) = 0,then ,lﬂLn; e
2 3 b. 0 c. Exist d. Doesn’t exist
" -1,x<0 x 3
i, Iff(x) = [Zx Ty ‘: > o then lim £(x) = 0,is:
& 1 b. -1 c. 0 -

iii.  If fand g are continuous at 2, then 5 is continuous at:

a. 0 b. 1 c. 2 il 3
2 x#0 ;
iv.  The function f(x) =4 = ' , is continuous at;
1, x=0

a. ﬂ h I C. ""1 d- ﬂi]
v.  If fis differentiable for every value of x, then [ is:

a. Discontinuous _b. Continuous

c. Finite d. Infinite

vi.  Ifk is a constant and n is positive integer, then & k™ is:

a. nk™1 b. k™1 c. Innkm™ d 0

vii.  If f(2) = 2,g(x) = »2, then & [Qf{{z?]

a. 2x b. 3x c. ?-x d. ;xz



viil. If y = f(x) is a polynomial function of degree 2, then - f(x) is:

a 0 b. 1 c. -1 d 2
If f is differentiable for every value of x, then f'is continuous for:
a. Some value of x b.. [0, oo]
c. Every value of x d. [0, —o0]
If f(t) = 2¢t* is absolute minimum at:
a 3 b. 0 c. =1 d 1
; x>
. Evaluate. :l‘lﬂ orsi v
. Find the derivative. y =2
XCOSX

. If f(0)=—-1and g'(0)=6, whatis %[xf(x) + xg(x)] atx = 07
. Find -E:—f, when x? +y3 =27

. Use differential to find an approximate of v/65.

7. An oil storage tank in the form of circular cylinder has a height of 5 m. The radius is

measured to be 8 m with a possible error of £0.25 m. Use differentials to estimate the

maximum error in the volume. Find the approximate relative error and the approximate

percentage error.

. A 15 fi ladder is leaning against a wall of a house. The bottom of the ladder is pulled away
from the base of the wall at a constant rate of 2 fi/min. At what rate is the top of the ladder

sliding down the wall when the bottom of the ladder is 5 ft from the wall?
. Find the absolute extrema of f(x) = x3 — 3x% — 24x + 2,

a. [-3,1] b. [-3, 8]

10. Graph the function: f(x) = x +:—r
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. | UNIT

INTEGRATION

After studying this unit, students will be able to:

o Find the general antiderivative of a given function.

e Recognize and use the terms and notations for antiderivatives.

. e State the power rule of integrals. _

» State and apply the properties of indefinite integrals.

» Integrate functions involving the exponential and logarithmic functions.

« Identify when to use integration by parts to solve integration problems.

» Apply the integration-by-part formula for definite integrals.

« Solve integration problems involving trigonometric substitution.

» Integrate a rational function using the method of partial fraction.

« State the definition of definite integral.

» Explain the terms integrand, limits of integration and value of integration.
» State and apply the properties of definite integrals.

« State and apply fundamental theorem of calculus to evaluate the definite integrals.
o Describe the relation between the definite integral and net area.

» Find the area of a region bounded by a curve and lines parallel to axes, or between a
curve and a line or between two curves,

« Find volume of the revolution about one of the axes.
o Demonstrate trapezium rule to estimate the value of a definite integral.

« Apply concept of integration to real world problems such as volume of a container,
consumer and producer surplus, growth rate of a population, investment return time
; period, drug dosage required by integrating the concentration.

There is a lot of applications of integration in various fields. For
example, we use definite integrals to calculate the force exertedon | |
the dam when the reservoir is full and we examine how changing
water levels affect that force. Hydrostatic force is only one of the
many applications of definite integrals. From geometric
applications such as surface area and volume, to physical
applications such as mass and work, to growth and decay models,
definite integrals are a powerful tool to help us understand and
model the world around us. A view of Tarbela dam is shown below.

e+ iR | el : DNoticus! Books Enepesion



__UNIT-03: INTEGRATION R T

‘3.1 Integration

This unit examines the process by which we determine functions from their derivatives. We are
already familiar with inverse operations. For example, addition and subtraction are inverse of each
other. Similarly, multiplication and division are inverse of each other. In the same way, the inverse
operation of differentiation is anti-differentiation or integration.

This unit provides two processes and their relationship to one another. One step is to find function
from their derivatives. In the second step, we can determine things like area and volume through
successive approximations. This process is called integration. This is very important area in
mathematics and was discovered independently by Leibnitz and Newton.

The process of finding a function from one of its known values and its derivative f(x) has two steps:

The first is to find a formula that gives us all the functions that could possibly have £ (x) as a
derivative. If f'(x) is defined as derivative, then f(x) is called anti-derivative and the formula that
gives them all is called the indefinite integral of f (x). The reverse process of derivative or anti-
differentiation is the main topic of this unit.

Definition 3.1:
A function F'(x) is called an anti-derivative of another function f(x) if:
Fix) = f(x)

Forexample:

1 1 1 1 .
xt, 43, xtenm, sx*+c (cisany constant)

are anti-derivatives of x' since the derivative of eachisx’,
Above example shows that a function can have many anti-derivatives. In fact, if F(x) is any anti-
derivative of f(x) and cis any constant, then F(x) + ¢ is also an anti-derivative of f(x)since:

d =4 2 ril=- =

L[F(x) +c] = = [F()] + 5 [c] = f@&) + 0= F(x)
Therefore, if F(x) is any anti-derivative of f(x) on a given interval, then for any value of ¢, the
function F(x) + ¢ is also an anti-derivative of f(x)on that interval.
Symbolically we write:

[f(x)dx=F(x) +c

Where the symbol, «[" is called “integral sign’and ¥(x) is called integrand. The symbol d indicates
that the integration is performed with respect to the variable x. The arbitrary constant ¢ is called
‘constant of integration’.
For Example,

LI .
As, - (x%) = 4x

Therefore, [4x3dx=x*+ ¢
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As mentioned above, the constant c is arbitrary constant. Therefore,
x*,x"’_+ 1,x* — V2, x* + m etc. all are anti-derivatives of 4x3,

Key Facts

e The vannhle other than x, can also be used in
indefinite integrals.

e Anumber of indefinite integral formulae are
found by reversing derivative formulas.

‘Let us derive some basic and common
integral formulae with the help of
differentiation.

Formula 3.1: fx"dx——+ c, n#-l

Derivation: We have,

ML
dx n+1

Integrating both sides of (i) with respect to x, we have:

d x‘ﬂ.‘l‘l
fd_xln+1+ < dx=[ *dx

N+l

(n+1].t“
& ] -n+1] E[] n+l el ok gt oy {i)

Hﬂ+c-_fx“d.‘r

sty
i fxdx——+c,n=-1

.
Besccssnma ssssss

[F@If' dx =LEEZ 4 ¢ n oz —1

e e

Formula 3.2: I_-:-d.t =lnx+c

Derivation: We have, ” 3 ;
Zlinx+ cl=2 | , (ii)

Integrating both sides of (ii) with respect to-x, we have:
- A 1
IE[Inx+ cldx = f;dx
Inx+ c=[2dx
x

I B EEES s s Is s s aE s aE EE RS E S EE S may

f%dx=£nx+c -

In general,

JEBanl e




Formula33: [e*dx=e*+ ¢

Derivation: As,
iiﬁ'" + c]l=¢e* | (iii)

Integrating both sides of (iii) with respect to x, we have:

J%[e"+ c]dx=fexdx

e* 4 ¢ = [e¥dx .

..........................................................

In' general’ ..........-...'.:.-.;...;.;;.;.---.---_.._---.___.-._--,._
Igf(x}f’(x)d_r ] gﬂﬂ +c :

Formula34: [a*dx= ﬁu" +ca>0, az1l
Derivation: As,

2o+ 4= w

Integrating both sides of (iv) with respect to x, we have:

f% T?;-a"+ c]dx:_fa"dx

In general,

Theorem 3.1: _
(i) A constant factor can be moved through an integral sign. That is:

Jef(x)dx=c [ f(x)dx '
(ii) An anti-derivative of a sum is the sum of anti-derivatives. That is:
[[fG) + g(0)] dx = [ f(x)dx + [ g(x)dx
(iii) An anti-derivative of a difference is the difference of anti-derivatives. That is:
[[f(x) — g(x)] dx = [ f(x)dx — [ g(x)dx
(iv) In general, [[af (x) £ bg(x)ldx =a [ f(x)dx £ b [ g(x)dx




Example 1: Evaluate (i) [(4x7 — 2x® + 9x + 3)dx

Solution: (i) [(4x” — 2x3 + 9x + 3)dx
=4[ x7dx—2 [x*dx+9 [xdx+3 [dx
Integrating term by term, we get:
_ =t x4 (x2 x8  xt gyl
-4(-3—)—2(7)+9(?)+3x+c il g

2 3.2 3
‘ Gi) [ dy=f(5-25) dy = [(&-2) dy

=JO?=2y)dy=[y*dy-2[y dy

=I+1

¥
=Z+1

—2(§)+c = —i—y3+c

+3b
Example 2: Evaluate (i) [ il T dx (i) [e®*dx

axZ+bx+c
1
. ax+=b
— . B v 1 _1p 2ax+b
Sﬁl“mn' (l} Exz +bx+c dx 2 'r ﬂxz +bx+c dx
=Z2In (ax? + bx +¢) +C
(ii) [e¥*dx =3 [ e3*(3)dx = ;e +¢
" Esin':l x
xample 3: Evaluate [ — dx
i = -1 ! = 1
Solution: Here, f(x)=sin"'x = f'N)=7=5
So, by using formula:
Jef@f (x)dx = ef® ¢+ ¢
We have:
e Esln'l x o
] X
7, e sk i

Evaluate the following integrals. _
1. J(x?-3x+9)dx 2. [(2+8y+V2)dy 3. [ (ﬁ i :%) dy
232 o
4. f(4+xP)dx s. JA+x@-xax 6 [(VE+z)dx
@
7. fe*—e +1)dx 8. [(eF+Ddx 9. [xe*dx
10. [S5%dx 1. [77dy 12, [ +5 - Fdx

* MNational Book Foundation




2x+1 e 3
13. Ix2+3 14. [ —dz 15 _f(x=+e3’+x°)dx
16.  [(3x% + 2x)(x® + x? + 9)%dx . J(5€5* = x73 4 3%)dx
18. [(z% +V3z+2-Lydz.
3.2 Integration of Trigonometric Functions .
While evaluating the integration of trigonometric functions, keep in mind the following formulae.
As, é (sinx + ¢) = cosx therefore, [ cosx dx = sinx + ¢ .
Similarly, é (cosx + ¢) = —sinx implies, [ sinx dx = —cosx + ¢
In the same way, % (sinkx + ¢) = kcoskx implies, [ coskx dx = “1" +c
And, ﬁ (coskx + ¢) = —ksinkx  implies, [ sinkxdx = — m:kx +c
Using above pattern, following formulae can be deduced easily.
[ sec’xdx = tanx + ¢ and J cosec?x dx = —cotx + ¢
fsecxtanx dx = secx+c¢  and J cosecx cotx dx = —cosecx + ¢
Example 4: Evaluate: ' *
() [sin2xdx (i) fcos < dx (iii) [ sec?mx dx

(iv) [ 5 cosec? % dx V) | 1§ 9 sec3x tan3x dx -

Solution:

o .

i) [sin2xdx = f-%sin?ﬁx @)dx = 2[sin2x(2)dx
_1 __ —cosix € - —COS2x
=s(—cos2x +¢) = . === ol _
(i) fcnsE dx = ; ( ) dx = ;fcosgs-’f- G dx .
5(sm +c) = ; in —+-c - gsins?x+£'

(iii) . [ sec®mx dx

j';seczmx (m)dx = &fsec’mx (m) dx

=$(tanmx-ll-r) = -:-‘-(tanm)+i = -:-l-(tannu)+ﬂ
r_[i\r) _[IScnsecz"?xdx = 5}:;[ cnseczl—x(;)dx = —(-cnt—+)
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= —%cat% +2_‘,—sc - -%cnt%+ c

(v) [9sec3xtan3xdx = [3x3sec3xtan3xdx = 3 [ sec3xtan3x (3)dx
= 3(sec3x+c¢) = 3sec3x+3c = 3sec3x+C

Example 5: Prove that:

(i) [secxdx = In|secx + tanx| + ¢

(i) [ cosecx dx = In|cosecx — cotx| + ¢

(iii) [tanx dx = — In(cosx) + ¢ = In(secx) + ¢

Solution: v
(@) [secxdx= [HEEELEW g0 [Multiplying and dividing by (secx + tanx)]
e - N
- IHM = In|secx + tanx| + ¢ =h[f(m+c
(i) [cosecx dx = _fm“::::“_u:u:"m dx
o e e
=f%“%dx = Infcosecx — cotx | + ¢
y d
(i) [tanxdr = [EEgy = [, _ (@@,
= —ln(cosx) +¢ = In(cosx)™* +¢ ‘ _
= !"Ft::";c _-= In(secx) + ¢ Prove that

J cotx dx = In(sinx) + ¢
3.2.1 Integration of Sin®x and Cos*x
Sometimes it is difficult to evaluate integrals directly. Using trigonometric identities, we can easily
evaluate integrals. For example, the integrals of sin’x and cos’x cannot be solved directly and can be .

handled using following relations.
AR ST L
2 : P i

sin®x cos’x : R
. Evaluate [ cos?x dx
Example 6: Evaluate [ sin®x dx 'r
Solution: [sin?xdx = [*= ﬂ:’hdx = i_[ dx —= [ cos2x dx

1 i (slnzx *

<4 2

z 2

1 1
+c=;x—:sin2x+c



s i

Example 7: Integrate (i) B8sec9x —tan3x  (ii) cos®7x
Solution:
(i) f(8sec9x — tan3x)dx = [ 8sec9x dx — [ tan3x dx
8 1
= 5[ sec9x (9)dx — 3 [ tan3x (3)dx _
= %Inisecﬂx + tan9x| — In(sec3x) + ¢
(if) _[1:0527.‘:: dx = [2R2% gy =2 dx + [ cosl4x dx

sinl4x
z( )+ —-x+—sm14x+c

' Exercise 3.2 ABEMRIEN 5 ]

Evaluate the integrals and recheck your answer by differentiating.

1.  f(sinmx — 3sin3x)dx ' 2. [ -sec? (;- y) dy
3. - Bn:usecz(Zx)]dx 4, j’% (cosec?x — cosecx cotx)dx
5 Jr cos®z 6. [(1+tan?6)do . 1+c:s4t de
T sw.-t:2 (5x —1)dx 9. [(tanSx +cos7x)dx 10. [(cot9y —3)dy
Evaluate the integral. .
1. f(tan®26 + cot?26)dg 12. fsinz(Ly)dy
[ cosecllx tan11x dx 14. [ cosf(tan@ + secf)do
J cosec? (E;—i) dx 16. [ {cusx)% sinx dx
17. [eYsine¥dy 18. [9tan(x + 7)dx

3.3 Integration by Substitution '

There are many functions that cannot be integrated by simple techniques and can be integrated easily
by using method of substitution. It is an integration technique which involves making a substitution
to simplify the integral. In this method any given integral is transformed into a simple form of
integral by substituting the independent variable by others. The exact substitution depends on the
form of the given integral, as some substitutions are more appropriate for certain problems than
others. The choice of substitution is not always immediately obvious. The ability to recognise an
appropriate substitution comes from practising many different examples.

Mostly, we substitute trigonometric functions in place of variables to integrate algebraic functions.

However, there is no hard and fast rule for selection of trigon ometric functions toreplace variables as
some other substitutions are also used.

GRADE 12 : RS
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Key Faets
Usually, the method of integration by substitution is extremely useful when we make a
substitution for a function whose derivative is also present in the integrand. Doing so, the
function simplifies and then the basic formulas of integration can be used to integrate the

I function.
Example 8: Evaluate [ 3x? cos(x®) dx

Solution:
In the equation given above the independent variable can be transformed into another variable

say t by substituting:

=t @) I"_ oty
: e G e The method of substitution to
Differentiation of (i) gives: flod un s Fis ased vl
S bstiru::ifdtff 'i: £ (i) and Gi) '(iizhe — - itis setup in the special form.
u ng the values of (1) and (11) in given integral. i
J 3x% cos(x®) dx = [ costdt =sint +¢ 'rw%:{r:}:_g{ﬁ;h Iy
Again, substituting back the value of t, we get: &

J 3x% cos(x?) dx =sin(x?) + ¢

e | caeeine —

(

Example 9: Integrate: [ =5 dx Integrate:
Solution: Let u =tan"'x then du= 1 ::, dx x sin(x? — 3) with respect to x.
'Iherefnre.f’: —dx= [e'du =e“+c= e '* 4 ¢

Formula3.5: [ ;:!1_—:5 dx = sin™? (TE) +c
Derivation: Substituting x = a sinf, we have dx = a cosé@ df

1 - ‘_1"__ it 1
J‘w dx-fm ﬂCﬂSHdﬂn—ImﬂCﬂﬁﬂdﬂ

SLsSsrasaREtR iR aRssasdasTarnn

x=asinf = sin@ =E

1 s
=_f—ﬁ ——— a cost df =_f—msg cosé d@

[T T——
"

=jdﬂ=ﬂ+c=siu'1@+c

"
L T —

= @ = sin™?t G)
Note: We can app]y the formula du-ecuy too. i..................“.-.u......"'hu .

Formula3.6: [Va?—x% dx= -Ezisin‘l'(z) +=—=%+¢

Derivation: Substituting x = a siné, we have dx = a cosf d@
K JVaZ=x? dx = [\[a? — (asinf)? a cosf dB = [Va? — aZ sin?@ a cosf d@
= [aV1 - sin?6 acosf dd = [a cosd acosd d8 = a? [ cos? d6
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2 [1c0s20 jg _ & f(1 + c0s20) df =< (9 + ""*‘")

- a? fsin26 2 5in@ cos@ »
-?5"'“( to=Lg4 2 (2ehdeod) o

. a? . e S g A x2
=6 +-(sin6 V1 —sin?8) + c = <-sin 1(;)+?(; ’1—;)”
_—--sin“(a)+ ( ’dz_x='+c——sln'1(n)+" —+rc

1

Example 10: Evaluate: g e

5—4x-—

1 o) 1 _ 1
Soltlon: [ == s = s e

=J‘ﬁ =gin™ (z +x +c (Using direct formula)
Note: We can also solve by substituting x + 2 = 3sinf

Formula3.: [ == dx=In(x +Vx7—a?) + C
Derivation: Substituting x = a secf, we have dx = a secf tanf d@

j';gl_-;gdx =_[E-;!;]_—i__n,nsecﬂtanﬂdﬂ

1 2 i),
=Imﬂ$&tﬂtﬂnﬂdﬂ = Im a secl tan@ d@

_[———asenﬂtanﬂdﬂ = [sec8 df = In[secf + tanb] + ¢

,:-nz
In[secﬂ+ sec?f — +c-!n[ '——*1\+C—-Iﬂ[

!"[E"' ”‘:’ |+c=!n["+-—ii +c=In(x+Vx2—a?)—Ina+c

r

= In(x + V2% — a?) + (c — Ina) = In(x +VxZ —a?) + C
Note;, Expression :;;!t—a; can also be integrated by making the substitution x = acosh@.

Formula 38: [ == dx=In(x +Va?+x%) + C
Derivation: Substituting x = a tan8, we have dx = a sec’6 df

Im ."T——F—-aseczﬂdﬂ IW a sec?6 dé
= [ e 5?00 = [ g asec0do = [sec0 dd




| TSI\

= In[secf + tanf] + ¢ = In[tand + secd] + ¢ = In[tanf + V1 + tan?8| + ¢

=!ﬂ[£+ ‘1+%\+E=In[£+ 'ni-';xi\*l-f = Iu[i.'._n +x .+l‘.'.'
a a a a a a |
i EW[JH-‘ITLHEI'l"""=‘31'1(3'5+1.r‘¢15+Jc5]|—l.'m:+(:

= In(x + VaZ + x2) + (¢ — Ina) = In(x + Va? + x2) +C

| Formula 3.9: faz”, dx-»-tan"( )+ c
This formula can easily be proved by substituting x = a tané.

Example 11: Evaluate: [

m
o 1 S S
Solution: 'r.t‘-l-ix-l-sdx_ -rx=+4x+4+1dx "-r(xq-z}*ﬂﬂ*dx
=-tan" (x—”) +c=tan"(x + 2)+¢ (Using direct formula)

Note: We can also solve by substituting x + 2 = tanf

3
Example 12: Evaluate: [ x(x? — a?)7 dx
Solution: Putting x? — a? = u

= 2xdx=du = xdx= d?“
o | iall 3 au T
Jx(x*—-a®idx = [(u) 5 = E[(u)z du
1 @it 1, uf 1 :
- 2 = X = Lei2_ 233
“ it = Pp E ppeeiw
. Use suitable substitution, to evaluate the integrals.
L [ 2 = 3. JQx+7)(x2+7 :
5 o " fw . J@x+7)(x* + 7x + 3)F dx
x2 y dx
4. Jx’-i-:dx 3. -ryz-u-ny-l-:ﬂ 6. Im
L. 43755 _2ax+b
7 J (4x7 +1)3 8. Jxtvax dx %4 ax? +bx+cdx
dx z
9. I[1-3x}= i I1+:4 dz o, -"1+.1|:z




3.4 Integrationby Parts

Integration by parts is a special method of integration that is very helpful technique to evaluate a
wide variety of integrals that sometimes do not fit any of the basic integration formula. This method
is used to find the integrals by reducing them into standard forms.
[ f)g(x)dx = f(x) [ gG)dx — [[f'(x) [ g(x)dx] dx m
Formula (1) is called the formula for integration by parts. Using this formula, we integrate the
product of two functions. The important thing to use this formula is the selection of given functions
given in the product as a first or second function. The function whose integration can easily be found .
is considered as the second function while the first function is chosen whose derivative could be
easily found. In formula(1), f (x) is treated as first function while g (x) asa second function.

- Key Facts
- Integration by parts is not applicable for functions such as [v/x sinx dx.

+ Wedo not add any constant while finding the integral of the second function.

« Usually, ifany function is a power of x or a polynomial in x, then we take it as the first
function. However, if the other function is an inverse trigonometric function or
logarithmic function, then we take them as first function.

« Ifthe product of functions contains exponential and trigonometric functions, then we
can select any one of the two as a first function.

Example 13: Evaluate the integral: [ xe* dx

Solution:  In the integral [ xe* dx, we take *x” as a first function as its derivative will reduce
it and ‘e*’ as second function.

Jxe*dx =x [e*dx - I[di‘(x)j'e"dx]dx
=xe*— [l.e*dx =xe*—e*+¢
Example 14: Evaluate: (i) [x?Inxdx (i) [xtan™'xdx

Solution: ¢
(i) Inthe integral [ x? Inx dx, we take ‘Inx’ as first function and *x2’ as second function.

~ [x?Inxdx = [(inx) (x¥)dx = Inx [ x*dx = | L;-";(Inx) I x‘dx] dx

=lnx. S - f1 By =X _21x2dx

3 x 3 3
xXinx 1 X _ xinx X
o — .?+ c = : = + ¢
(i) Inthe integral [ x tan~'xdx, we take ‘tan~'x’ as first function and ‘x’ as second

function.
. [xtan™lxdx = [ (tan™x) (x) dx

GRADE 12 =




=tan"'x [ xdx — [ [:t(tan"x}fxdx] dx

x? x2 . P2wanlx IJ- xt

_ =Ly o
tan“x. :z +1 " 2 2 F

tan~2 1 2 tan~—1 1 2
= : x-—;f(l—-xiﬂ)dx - "—E(x—l:an 1x}+|’:

Example 15: Apply integration by parts to evaluate:
(i) [Va¥=xZ dx (i) [VaZ+x%dx
Solution:
(i) [VaZ—=x% dx = [Va? —x? (1) dx,
Here, we take ‘Va? — xZ * as first function and ‘1’ as second function.
. [VaZ=xZ dx = [Va? — xZ (1)dx

=VaT =2 [ 1dx - [ [ (Va¥=x7) [ 1dx| dx
= V=T () - [ B (o)t = VT T — [ iy d
=x/at—x? - [ L dx
= m—fﬁ's{_—’f,dxﬂ'?ﬁiﬁdx
_[\Gi-—_xfdx. = xm—f@—_ﬂdx+a’ﬂn'1(ﬂ+c
fmdx+fmdx=m+azsin'l(§)+c
Zj'mdx=x\h?—_xr+a’sin'1(£)+c
[Vaz =x7 dx =xﬁ=_! sin"(q)+-=
(i) fvaZ+x? dx = [VaZ +x? (1) dx,

+—sm"‘1 (ﬂ) +C

Here, we take ‘VaZ? + x2 ' as first function and ‘1’ as second function.
o JVaT¥x% de= [Va? ¥ x2 (1)dx
=VaT+x [ 1dx — [ [ (VaT ¥ 27) [ 1dx] dx

=VaT T 2% (x) - [ e (W)dx = xVaT 27 — [ iy dx
=xVaT ¥ 2% - [ L Ly
= oVaT ¥ 2% — [ foiydy + [ gy dx

JVaZ¥x% dx = xW—j’mdx+a1x§mn“1(§)+c
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J'\"ui'i*:x:i dx+j'w}ai+xz dx = xVa? + x2 4+ atan™! (E)+c
2 [Va? +x% dx = xm+utan'1(n)+c
_I\JE!-P.'«\'.! a s - 4 ﬂ'_.'l.' a‘*+x a s x
SVRTFR dx = T 20wt (5) 4 = B 42 (G v e

Using integration by parts, prove that:
fVxT=a? dx = rﬁ?—%mshﬂ (’-;-) +ec

Example 16: Apply integration by parts to evaluate: .
[ e**sinbx dx :
Solution: Let, 1 = [e®™sinbx dx = [(sinbx)(e™) dx

= sinbx [ e™dx — [ [i(sinbx) ) e"‘dx] dx
= sinbx (<) — (b cosbx) ()] ax
= sinbx (=) - 2 [[( cosbx)(e*)] dx
= sinbx (?) —_E :msbx [e™dx— [ {;—I (cosbx) [ e®™* dx} dx]

I = sinbx (ﬁ) —-E cosbx (—':) o | {(—b sinbx) (5“—1)] dx]

I = sinbx (——) —-Ecnsbx( ) ——]e“slnbxdx +c

I = sinbx (T“) -Emsbx(—“- -—EI+ c

: 5 e f—l = 1 e sinbx — -E-e""‘cusbx +c
(“H 2 )l e‘“ [ sinbx - —cusbx] +¢
I—e“Lx - sinbx —ix msbx]+cx

a4+ ‘3
———cosbx|+ C

+ b2

b
2T
I=e [a,+ = smbr P vy

VR Firroer . RN

Evaluate the integrals using integration by parts.

1. [ilnxdx 2. [(nx)? dx 3. [ sin(lnx) dx

4, [x*Inxdx 5. [ysin2ydy 6. [e*cosxdx

7. [xsecTlxdx 8. [In(2x+3)dx 9. [x%e*dx

10. Jxcosxdx 11. [ecos™'xdx 12. ftan 'xdx

13. [xsec’xdx 14, [x*sinT'xdx 15. f[in[x+V1+ x?)dx
16. [x3e*dx 17. [x?*sinxdx 18. ‘[1?":
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3.5 Integration by Partial Fraction

When the terms in the sum:
3 4 ;
Prri ey ®
are combined by means of a common denominator, we obtain a single rational expression:
7x + 22 =
- {(x+4)(x4+2) (“}
Suppose that we are faced with the problem of evaluating the integral:

Tx+ 22
/ (x+4)(x+2) e )

From (i) and (ii), we have:

7x + 22 = 3 R 4
) [x+4}(r+2]dx I x+4) * {x+2]] dx = [ (x+4) dx+ [ (x+2)

e f (x+4) {.\'.'+2]

This example illustrates a procedure for integrating certain rational fractions QE::;, where the

degree of P(x) is less than the degree of Q(x). This method, known as partial fractions consists
of decomposing such rational fractions into simplest component fractions and then evaluating the
integral term by term.

" x3-2x
Example 17: Evaluage: [ dx

x2+3x+2

Solution: We observe that degree of numerator is greater than that of denominator.

xi-2x e 5x+6 . ;
| Fmmdx =[x =3+ ax @ B o

Sx+6 _  Sx+6  _ A Lo o fioEe
Now, x2+3x+42  (x+1)(x+2) x+1 T x+z Eﬂlmtn J ﬁfx&ﬁdx
By equating numérat::r, we get:
Sx+6=A(x+2)+B(x+1) (ii)

Ifwesetx = —2 and x = —1, we get B = 4 and A = 1, repectively.
JEZdx=flx—3++]dr=fxde—3[de+ [ Zdx+4[

x243x42 x+1  x+2

5 -3x+in(x+1) +4in(x+2)+c

-

x242x44
{x+1)3 dx

Solution: Given frdction can be written as:

x*+2x+4 _ A B c

(x+1)7  x+1 i (x+1)2 + (x+1)3

Example 18: Evaluate: [




EEEEE  vvooveeranon /AR

By equating numerator, we get:
2+2x+4=Ax+1)*+Bx+1+C
2 4+2x+4=Ax2+(2A+B)x+ (A+B+C)
Comparing coefficients of like powers of x from both sides, we gat:
A=12A+B=2andA+B+C=4
Solving the equations, we have:
A=1B=0andC=3
J- x* t2x4d

1
{x+1}3 -[ L+1 i [x+1]= [x+1]=] dx = -r Hldx +3 I (x+1)3 dx

= [dx+3[G+DPdx =lnx+ D) -+ D +e

3
=Iﬂ(x+1)—w+ﬂ

3x2+5x+3
(x+2)(x2+1)

Solution: Given fraction can be written as:

3x245x+43 A | Bx4C
(x+2)(x2+1) x+2  x2+1
3x2 +5x+3=A*+ 1)+ (Bx+C)(x+ 2)
3x2+5x+3=(A+B)x*+ (2B + C)x+ (A + 2C)
Equating coefficients:

Example 19: Evaluate: [

A+B, 2B+C=5A+2C=3

| Solving the equations, we have: -
| A=1B=2C=1

i :2+5x+3 2x+1
S [oresveren {x+2}(x=+1} =J (x *an ax
= fmdx + Ix=+1dx + f;mdx

=In(x+1)+n(x*+1)+tan"'x+c

I AP——————————m—————x

Evaluate the integrals using partial fractions.

1. jﬁ% x 2. [ dx 3. [S——dx
4 [ 5. J ﬁ’% dc 6 [ (11:1:?::3}
10. [ dx 1. ij:wTﬂdx 12. _fm dx




3.6 The Definite Integral
This section introduces the definite integral, a ﬁmdamental mathematical tool that establishes
relationships between area and other essential quautmes including length, volume, density,
probability, and work.

3.6.1 Partition of the Interval

A partition of the interval [a, b] is a collection ~ $7 y=f(x)

of points:
a=x<x<x<x3< <X <x,=b
that divides [a, b] into n subintervals of lengths: f(xz)

Axy =x;— x5, Ax; =x; — x4, f(xy) f(xn)

ﬂx; = X3 = X7y ey ﬂx,. =X, — Xp1

The partition is said to be regular provided all £x0) L/

subintervals have the same length: H =
i i _a Xp= ETHYE\ Xn-1 Xn=b x

In the figure, each partmnn looks like a rectangle. M B di

For a regular partition, widths of the rectangles

approach to zero as n is.made large.

Area of first (left most) rectangle = length x width= f(x;) * Ax;

Area under the curve = sum of areas of n rectangles

= f(x1)Ax; + f(x2)Ax; + f(x3)Ax3 + -+ + f(xp)Ax,

T

Axy,

= Z FEETAE: csie D)
k—

Expression (i) represents approximation of sum of areas of n rectangles.
Based on our inductive concept, the area under the curve and between the interval [a, b] is:
n

4= lim Z FG)AXy i e (i)

k=1
Expression (ii) provides the fundamental concept of integral calculus and form the basis of the
following definition.

Definition 3.2: A function f is said to be integrable on a finite closed interval [a, b] if the limit:
mn

Jm, ) fCxe)tne
exists and does not depend upon the choice of partitions or on the choice of the points x;, in the
subintervals. In the such case, we denote the llmll by the symbol:

[ F)dx = Jim Z FO)AK o o (i)

k=1
Expressmn (iii) is called the definite integral of f from a to b. The numbers a and b are called
lower limit and upper limit of integration respectively and f(x) is called the integrand.




Theorem 3.2: If a function f is continuous on an interval [a, b] then f is integrable on [a, b] and
the net signed area under the curve between the interval [a, b] is:

A= fﬁﬂa

In the simplest cases, definite mtegra]s of continuous functions can be calculated using formulas
from plane geometry to compute the shaded area.
Example 20:

Sketch the region where area is represented by the definite integral and evaluate the integral
using an appropriate formula from geometry.

@) Jf3dx G) [2,(x+3)dx i) ) VI—x%dx .
Solution:
(i) Graph of the integral is the horizontal line y = 3. 7

So, the region is a rectangle of height 3 drawn over 3

the interval froml to 5. 2

From figure (1), we have: 1

5 i
3dx = area of rectangle = 4 x 3 = 12 sq. units

h i : T 0 12345 x

(i) Graph of the integral is the line y = x + 3. . - Fig()

Whenx =—2, y=—2+3=1

When x=2, y=2+3=5

So, the region is trapezoid where base ranges
fromx=—-2tox = 2.

From figure (2), we have:

_[_zz(x + 3)dx = area of trapezoid :

=2(1+5)(4) = 12 sq. units Bl A0

Fig. (2)
(iii) Graph of the function y = V1 — x? is the upper

: ¥ ‘
semi-circle of radius 1 centred at the origin. - ‘
So, the region is upper right quarter-circle of radius 1
centred at origin. i
From figure (3), we have:
-1 V] 1 X

fniv'l — x2dx = area of quarter circle
- E x 1(1)% = E $q. units Fig. (3)

Example 21: Evaluate the following.
@) Jo(x—1dx () fy(x—1)dx
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Solution:
(i) The graph of the integral is the liney = x — 1.
When x =0, y=0-1=-1
When x=1, y=1-1=0
The region is a triangle fromx = 0tox = 1.
From figure (4), we get: :
J(x — 1)dx = area of triangle = -;-(1}(1) = 5q. units

(ii) The graph of the integral is the liney = x —1.
Whenx =0, y=0—-1=-1
When x=1, y=1-1=0
When x=2, y=2-1=1
The regions are two triangles fromx = -1tox =0
and-x = 1 to x = 2. From figure (5), we get:
i = 1ydx = [, (x = 1)dx + [ (x = 1)dx
= area of triangle A; + Area of triangle A»
=2 (1)(1)+ (1)(1) = 1 5q. units
Note: In the figure (5), the area of triangle A, is below the x-axis and the area of triangle A; is
above x-axis, therefore:
A1=~3 and A> = > which implies Ay + A2=— += =0
Butmcannmbenegatwe mmfommsuchcases,wetnkenetmm
A1+Az=-+-=l '

3.7 Pmparﬂunf'l‘hammlnm
In the finite closed interval [a, b], when upper limit of integration in the definite integral is greater
than the lower limit of integration (a < b), the following facts are true.
(i) If lower and upper limits of integration are equal, then area is zero. i.e.,
: a

L f)dx =0

2
fxd.r:ﬂ
2

(ii) If the lower limit of integration is greater than the upper limit of integration, then:
a b
[ r@ax == [ saax
b a

Which states that interchanging the limits of integral reverses the sign of integral.
For example, '

Fig. (5)

For example,

[0 —1dx = — [{(c—Ddx = 3
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(iii) If c is the point between a and b then:
b
[ FGYdx = [ f(x)dx + [* dx
For example, in figure (5), we have: |

ﬁ@—nm=ﬂu—nﬁ+ﬁ@-nu
Theorem 3.3:

If f and g are integrable on [a, b] and ¢ is a constant, then cf, f+ gand f — g are integrable on
[a, b] and the following statements are true.

W [ : cf(x)dx=c j': f(x)dx (The constant has no effects of limits on it.)
@) [PUG) +g(@dx= [ fdx 2 [° g(x)dx
Showing that the limit of a sum or difference is the sum or difference of the limits.
i) f;lc fx) £d g())dx=c [2 f(x)dx + d [° g(x)dx
Example 22: Find:
@) A2 +59()dx if [* f(x)dx =2 and ¥ 9(x)dx = 4
@) [, 4f@dx if [2f(x)dx=3 and [} fGIdx =1
Solution:
@ [LI2f() +5g(0)dx = [*, 2f(x)dx + [* Sg(x)dx =2 [* fGydx + 5 [* g(x)dx
=2(2) +5(4) = 24 '
G) 2 4f(dx = 47, f(x)dx = 4[[2, fGIdx + f] f(x)dx]|
=4(3+1)=4%x4=16

1 B e

1. Sketch the region where area is represented by the definite integral and evaluate the
integral using an appropriate formula from geometry.

G) [ xdx (i) JO,xdx i) [7(x— Ddx
(v) [J(x+ 1)dx v 2, 2dx

2 § el
2. Evaluate the integrals in each part when f(x) = ; J::} 1

i L[fede ) [Lfxde i) [f@de () [ fedx




3. Using the area shown below in the figure, evaluate the integrals. o ,

i |
R d 14 | |

y=fix)

¥ £
M
g [

-+

(i) j': f(x)dx (i) [, f(x)dx (iii) j: F(x)dx
(v) J;fx)dx ) [, fGxydx W) [ f@)dx

4. Find: _ '
JBF() - 29(0))dx if [°f()dx =4 and [° g(x)dx =5

5. Find: _ '
[HfGddx if [7f(ddx=1 and [} f()dx =2

6. Find:

7 f@dx if [1fGIdx =1 and [ f()dx = =5

7. Use appropriate formula from geometry to evaluate integrals.
0 [G-xde (i) [jR+VI-*ldx (i) [ Vi®—4dx

3.8 Fundamental Theorem of Calculus

In this section, we will establish two basic relationships between definite and indefinite integrals that

together constitute a result called the 'Fundamental Theorem of Calculus'. We will provide a
. powerful method for evaluating definite integrals using anti-derivatives.

We consider a non-negative and continuous function /" on y

an interval [a, b]. The arca A under the graph f over the

interval [a, b] is represented by the definite integral:

b
A= I f(x]dx e g (i)

From (i), we have:

A(a) =10 [Themundmthecuneﬁnmatuaistbeamnbnvcihesinglepuintamd
hence is zero.] .
Similarly, A(b) = A [The area under the curve from a to b is A.]

o
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The formula A"(x) = f(x) provides that A(x) is an anti-derivative of f (x) which implies that
every other anti-derivative of f(x).on [a, b] can be obtained by adding a constant to A(x).

By definition of anti-derivative, suppose:

F(x) = A(x) + c.........(ii)

We check what happens when we subtract F(a) from F(b). From (ii):

Fla)=A(a) +c......(ili{) and F(b)=AD)+c......(iv)
Subtracting (iii) from (iv):

F(b) — F(a) = 1[1!{!:) +c]-[A(a) +c]=Ab)-A(a)=A-0=4A
Therefore, from (i), we have:

b
A= [ fG)dx = F®) = F(@) e ®)

Statement: The Fundamental Theorem of Calculus states that if f is continuous on [a, ] ad F is
antiderivative of f on [a, b], then: o

b &
[ r@rax=F®) - Fa)

This can be written as:
b
[ Feoax = IFGIZE = F&) - Fea)

We can emphasise that a and b are values for the variable x.

SsssssssssssssdsdaddssdsadadandReRERaEREEEREREEE S TrIrrITrIrrrIrY SamsssssssanEesd

Thua, the definife mtegmlcmhe evaluated by ﬁndmg an:.r ¢ anti-derivative of the mtr.grnl and um
i subtracting the value of this anti-derivative at the lower limit of integration from its value at the :
upparhmn ofi mtcgrauom :

511 AEssAsSEARAARSRAE A T T T e R

Example 23: Evaluate: j; x dx

First, we apply upper limit

32 12
Solution: I xdx = I I =% TN and then lower limit.

=218
g 1_2_4
Example 24: Evaluate: j'z (3x% —x + 1)dx
Solution: [ {3:2—-x+1)dx=|x‘——+x| =?'—%
=(22-% R B o
=(22-Z+2)- (-2° -5+ 2))

=(B8-2+2)-(-8-2-2)=8+12=20

TR - 1::1}{‘;;_
o 110




'Applying limits, we get:

Example 25: Evaluate: [ V2xZ + 1 xdx d _

Solution: We can apply two methods. i Evaluate: .ﬁ" LIRRECE
Method-1: By substitution but without changing the limits. ' »
Let u = 2x? + 1 which implies du = 4x dx

Thus, f:a.-‘zx!+lxdx—1_[zd 2x% + 1 X 4xdx
=12va xdu—-xl-u:I (Substituting for u)

- |; (2x% + l}ilmI ' (Resubstituting for x)

= %[2(2)2 + 1]':' - %[Z[l'l)z % 1]%: _;_[g; it 1;]

=l _21
-5(2'? 1) : .
Method-2: By substitution with changing the limits.
Letu = 2x* + 1 which implies du = 4x dx

Whenx = 0,u =2(0)2+1=1 and whenx=2,u=2(2)’+1=9'
Thus, f:¢2x5+1xdx=%j;1342x!+1 X 4xdx

1,9 1 By ituti -
=11V xdu=2x -u:L (Substituting for u)

——[9z ] =1@7-n=2=2

Example 26: Evaluate: [ dx whena =%,b =1

a i1-cosx 3
b 1 b 1 1+cosx b 14cosx
Solution: [ ——dx=[ =f
a 1—cosx @ 1-cosx  1+cosx a 1-cos®x
b 1+cusx
~ Ja sinZx I [sln’: slnz.r] dx

=f:[cuseczx + cotx cosecx]dx
= |—cotx|} + |—cosecx]’
Applying limits and substituting values of a and b, we get:
b 1 4 3 b4 L e
Ia i A (mt; - cat;) - (msec; - msec:)
P o R R (i = 8 il
=—(5-1)-(F-V2)=F+1-%+V2
=1+V2-3




Example 27;: Evaluate: [ x Inx dx
Solution: Taking Inx as first function and mtegmtmg by parts, we get

J{xnx dx = [{ {Inr)(x)dx‘linxx—l - [ = —dx
=l[nxxr?|1—5_[1 xdx=|!n.rx—l —1:('5-'
=(1nex-‘—z.—ln1x1—z)-i( ) (lx-w——ux )—-—+% .
-20-f43=243

I A= —e—e—a

Evaluate the definite integrals.

1
1. [ (x+3)dx 2. [ [y+ady 3. [iex+1Ddx
o
4. [Y6x*-4x+5)dx 5 [ ,(12x5-36)dx 6. [*x cos9do
k|
z 4 x*+8 2
7. [§ sec’20 d6 8. =Sk 9. [% x—cosmxdx
10 4 cosyx : 11 E i 12 _l'-:: 1 + cosé de
. f S dx : _[E sinx cosx - i ey
3 B 3
13. [*: (seex+tanx)®’dx 14. [% cos’xdx 15. [; Inx dx
4 z
r x x m 1 w -
16. [, (E! —24) dx 17 ¢ e dx 18. [# tan~'ydy
m
2 sinx
19. Iﬂ_ (2 + cosx)(5 + cosx) dx 20. -rZ x{x+1}

3.9 Areaand Volume

The definite integrals have applications that extend far beyond the area problems. In this section, we
will also apply definite integrals for finding the volume. We have an inductive idea of what is meant
by the area of certain geometrical figures. It is a number that in same way measures the size of the
region enclosed by the figure. The area of a rectangle is the product of its length and width likewise
the area of a triangle is half the product of lengths of the base and the altitude.

The area of a polygon may be defined as the sum of the areas of triangles into which it is decomposed

and it can be proved that the area thus obtained is independent of how the polygon is decomposed
into triangles.




However, how do we define the area of a region in a plane if the region is bounded by a curve? We

evencertainlhatsm:haregionhasanm?lnmesnm:waywlumeqfwﬁdsmhefmmdbyusing .
definite integration. !

3.10 Area of Bounded Region 4y

3.10.1 Area Between a Curve and the X-axis
If f is a non-negative continuous function on [a, b],
then the area underthegrn;phoffﬁ'omatobis:

A= L )

Example 28: Find the area of the region bounded by the line 2y + x = 8, the x-axis and, the
lines x = 2 and x = 4. 4
Solution: In the graph, CD is the given line. g
2Zy+x=8 = y=':i= }r=4—§-

Required area = area of trapezium ABCD

= area between line CD and x-axis fromx=2tox=4

= fiis = £ (4= e = fox-5];
= [4® -%] - [¢@ -Z] = 16 - 4) - (8- 1) = 5 5q. units

3.10.2 Area Between Curves

If the function f(x) is greater than the function g(x) for all x between a and b, then the area
under the graph of f(x) minus the area under the graph of g(x) is the area between the curves.
Thus, the area between the curves f(x) and g(x) is:

b
e j [f(x) —g(®))dx ; f(x)> g(x)

Example 29: Find the area of the region bounded by graphs of*

fO)=(x~1)?and g(x) =3—x Ln e
Solution: To find the limits of integration, we find
common points of both functions by solving
f)=g(x) = (x-1)?=3-x
= x*-x-2=0
After solving, we get:
x=-—landx =2 :
For-1<x <2, g(x)> f(x) :
(Also clear from the graph of both curves.)

R P
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Thus, the area of region bounded is:
2 2 2
A= 196 - f@Ndx= [ (3= G- D2de [ @+x-xP)dx
-1 -1 -1
= e 2 2 O 2
=lex+ 5 -5 =[2@+5-F] - 20 + G-
= Noluoklydle g 8 el e B ERE s
=[++2-] [2+?+3]—-ﬁ 2+2-2-1=8-3-05=45sq. units

3.11 Volume of Solids of Revolution
3L Dise Method

Consider a region bounded by the graph of y = f(x) and the x-axis between x = a and x = b
that is rotated about x-axis. If a = xy < x; < x; ... < x, = b is partition of the interval [a, b],

the volume V of the resulting 3-D region can approximated by the sum of volumes of discs
obtained after rotation.

The radius and height of discs D; are f(x); and Ax;
Respectively. Thus:
n

=V

V=) nlf)lax,
i=1

Letting Ax; = 0, we have:

Volume of disc = area of base x height = (nrr?)(h)

V= nIbU(x)]zdx

a
Example 30:
Find the volume of the solid
obtained by rotating the graph y = x?
between x = 1 and x = 2 about x-axis.
Solution:

2
V=n j (]2

z 2z
V= nf (x?)%dx =nJ' x*dx
1 1

i
] E 515 = ?.1_“ its
5], =3 (2 ) S~ cu.uni
Note: If a solid is obtained by rotating the regions bounded by the graph x = g(y) about y-axis,

we can also use the disc method to find the volume as follows.

V =n[ lg()]%dx

x!‘r

V=m
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Example 31:

Find the volume of the solid generated when the
region enclosed by y = Vx,y =0andy = 2

is revolved about the y-axis.

Solution:

First sketch the region and the solid. The cross
section taken perpendicular to the y-axis and

disk suggests that we can rewrite y = v¥ as x = y2,
Thus, g(¥) = y? and the volume is:

V=n j Oy = = f “Otiyen f yedy

5|2 32
V=m %- =;_r(25_u5)=_5r£ cu. units
0

3.12 Applications
3.12.1 Consumer and Producer Surpluses
Economists use the definite integral to define the concept of consumer and producer surpluses.
The demand for a commodity by consumers as well as the amount supplied to the market by the
manufacturers can often be expressed as a function of the per unit price. Let D(x) and S(x) be the
number of units demanded and the number of units supplied, respectively, when the commodity sells
ataprice x per unit.
Ifthe demand equals the supply:

D(x) = S5(x) .
The market is said to be in equilibrium and the corresponding price of the commodity is called the
equilibrium price. If p is the equilibrium price and b is the price at which the demand of the
commodity is zero (b (s)=0), the integral:

b
Cs = f D(x)dx
P
is called the consumer surplus. Similarly, the integral:

p
Pr = j S(x)dx

where S(c) = 0, is called the producer surplus.
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Example 32:
Suppose the demand and supply of a commuodity selling for x dollars a unit and
D(x) = 1000 — 20x and S(x) = x? + 10x, respectively. Find the consumer and producer surplus.
Selution: From the graph it is clear that D(x) = 0 when b =.50, §(x) = 0 when ¢ = 0 and
D(s) = 5(x) forp = 20. Cs represents the area under the graph of D(x) on the interval
[20, 50] and Ps is the area under the graph of S(x) on [0, 20]. We have:

: .
Cs = f D(x)dx = j(mou — 20x)dx
600y (20,600)
= |1uuux-—x2| = $9000 c\ 5004
400+ ®
And,
_ 3004 @ %,
Ps = f S(x)dx-j (x% + 10x)dx 0t /o
-+ + /| - ;
Ps =|;;3+5,| - 34665.5? 0 10 20 30 40 ¥
0 > b

3.12.2 Rectilinear Motion

If f(t) is the position function of an object moving in the straight line, then we have:
velocity = v(t) = % and acceleration = a(t :
By using the definition of anti-derivative, the quanuues § and v can be written as indefinite integrals.
S(t) = fv()dt and v(t) = [a(t)dt
By knowing the initial position S(0) and the initial velocity v(0), we can find specific values of
the constants of integration.
[ Key Facts

(i) For upward motion:
B3 S =0, v(0) >0, a=g=-98m/s?* = -32ft/s*?
A (ii) For downward motion:

1 S5(0)=h, v(0) =0, a=g=98m/s* =32ft/s?

Example 33:
The position function of an object that moves on a coordinate line is S(t) = t* — 6t. Where § is
measured in centimetres and t in seconds. Find the distance travelled in the time interval [3, 9].

Solution: The velocity function:

v(t) =;£=2t—ﬁ

nnpllesthatvz DmeE t < 9. Hence the distance travelled is:

S(t) —Iv(t)dt-I(Zt 6)dt

3
=|t? —6t|} =(81—54)—(9—-18) =4cm
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3.12.3 Work

In physics when a constant force Fmoves an object a distance d in the same direction, the work done
isdefinedas W = Fd.

Definition: Let F(x) be a continuous force acting at a point in the interval [a, b], then the work

done W by the force on moving an object from a to b is:
b

W = f F(x)dx
3.12.4 Motion of Spring a
Hook's law states that “when a spring is stretched (or compressed)
beyond its natural length, the restoring force exerted by the spring is
directly proportional to the amount of elongation (or
compression)”. Thus, in order to stretch a spring, x units beyond its x
natural length, we need to apply the force:

F(x) = kx; k is spring constant.

R
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Example 34:
A force of 130 N is required to stretch a spring 50 cm. Find the work done in stretching the
spring 20 cm beyond its natural (unstretched) length.

Solution:

x = 50cm = 0.5m and F = 130N

Substituting values of x and F in F = kx, we have:

130=kx05 = k=260N/m

Thus, F=kx = F=260x

Now,x = 20 cm = 0.2m, so that the work done in stretching the spring by this amount is:

5
é 26
W = f 260x dx = |130x%|3 = =" 52]
0

1. Find the area of region bounded by the curve y = x2, the x-axis, lines x = 1 and x = 3.
2. Find the area under the curve y = v6x + 4 (above x-axis) from x = 0 to x = 2.
3. Find the area of region bounded by the curve y2 = 4x and line x = 3.

4. In the figure, a sketch of the function ]
¥ =3(0.2x? +x) is shown. Find: ;
(i) the area of region A. - 3
(ii) the area of region B. 2
(iii) area of the region fromx = 1to x = 4. !

: A
(iv) area of the region from x = —1tox = —4. 35 S 1 1 3+
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5.  Find the area bunded by the graph:
(i) y=1+cosx ;[0,3m] (ii) y=—1+sinx ; [—3—" =

6.  Find the area of the region bounded by the graphs of y = x,¥y = —2x and x = 3.

7. Find the area of the region bounded above by ¥ = x + 6, bounded below by y = x? and
bounded on the sides by the lines x = 0 and x = 2.

8.  Find the area bounded by the curve y = x® + 1, the x-axis and the line x = 1.

9.  Find the area of the region enclosed by x = y? and y = x — 2 integrating with respect
to y.

10. Find the volume of the solid that is obtained when the region under the curve y = v/x over
the interval [1, 4] is revolved about the x-axis.

11. Find the volume of the sloid that results when the shaded region is revolved about the

indicated axis.
() y=v3-x (i) y=3-2x N\
about x-axis about y-axis
2
] ll i 1 3 2 o 15 \:

12. An object moves in a straight line according to the position function given below. If f is
measured in centimetres, find the distance travelled by the object in the indicated time
interval:

(i) S() =t2-2t; [0,5]
(iii) S(t) = 6 sinmt ; [1,3]

13. It takes a force of 50 N to stretch a spring of 0.5m. Find the work done in stretching the
spring 0.6m beyond its natural length.

14. Aforce F =2 x b is needed to stretch a 10 inch spring an additional x inch. Find the work
done in stretching the spring 16 inch.

15. Find the consumer and producer surpluses, when:

(i) S(x)=24, D(x)=100—-2x
() S(x)=x*—-4, D(x)=—-x+8
(iii) SG) =20 +3x, D(x) =36 —x? .
16. Find the total revenue obtained in 4 years if the rate of increase in dollars per year is:
f(t) = 200(t — 5)2

17. Find the total revenue obtained in 8 years if the rate of increase in dollars per year is:

£(t) = 600V1 + 3t

18. Find the area bounded by the curve f(x) = x* — 2x? + 1 and the x-axis in the first
quadrant bonded by the line x = 1.5.

(i) S(e)=t>-3t2-9t; [0,4]
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. Select the correct option in the following.

(i) If f is integrable, then it is:

(a) discontinuous (b) unbounded (c) continuous (d) linear
(i) If f'(x) = 3x? + 2x, then f(x) is: : :

(a) 6x+2+¢C b) x*+x%+c  (c) 3x*+2x%+c (d) 1.52° +x°+¢
(iii) [+ (x?)dx is equal to:

(@ x*+c (b) 2x+c¢ © S+c (d) 2x+c¢
(iv) [sin2xdx is:

o) 25, () 2cos2x+c () -T=4c (@) -=E4e
(v) fs d.t is:

(a) 3 (b) 4 (c) 5 (d) 6
(vi) j'r;:"cusxdx is:

@ -3 ®) 3 © 3 @ -3
(vii) <= [, t3dt is equal to:

(a) t* (b) ¢3 (©) x® (d x*—16
(viii) What is relation between [ xdx and [ tdt ?

@ J]xdx< [ ede ®) [ xdx> [} tde

(©) J:xdx# [ tdt @ [Pxdx=[’tdt
(ix) Area under the graph of f(x) =4 ; [2, 5] is:

@ 2 (b) 4 © 5 @ 12
(x) [Vxdx is:

(a) x':' +c (b) ;:’5 +c (c) gxg +c (d) I% +c

. Evaluate:

() [odx (i) [ x(x®+1)%x (iii) [ cos?3x dx
(v) J ;_—‘-}f::-;-f—ﬂdx (v) [sin"lxdx (vi) [ 2xsin3x dx
(vii) [ xZe*dx (viii) ﬁ(sinz:rﬂﬁmsdt-x)dx (ix) J; ’ m;

. Use the substitution u = 2x + 1 to evaluate f W — dx.

4. A model rocket is launched upward from ground level with an initial speed of 60m/s.

(a) How long does it take for the rocket to reach its highest point?

(b) How high does the rocket go?

. Suppose that a parachute moves with a velocity V(t) = cosmt m/s along a coordinate line.
Assuming that the parachute has the coordinate § = 4m at time t = 0 sec, find its position.




DIFFERENTIAL EQUATIONS

After studying this unit, students will be able to:
= Identify and construct first order differential equations from practical situations.
» Give the concept of solution of differential equation.
~» Solve differential equations of first order and first degree of the form:
= geparable variables equations,
= homogeneous equations,

* Solve real life problems related to differential equations such as population growth
and decay, cooling/warming law, flow of electricity, series circuit, economics and
finance, radioactive decay etc.

Differential equations are mathematical equations that describe relationships between a function
and its derivatives. They are essential for modeling real-world phenomena in various fields. These
equations are used to describe how quantities change over time and how they relate to each other.
Differential equations are essential tools for modeling dynamic systems in real life.

These equations have wide-ranging applications across various fields of science and engineering, as
they are fundamental in modeling dynamic systems and natural phenomena. In physics, they
describe the motion of objects under forces, such as in Newton's laws and wave propagation. In
biology, they are used to model population dynamics, the spread of diseases, and the interaction
between species in ecosystems. In engineering, differential equations are crucial for analyzing
electrical circuits, control systems, and mechanical vibrations. In chemistry, they help in
understanding reaction rates and diffusion processes. In economics, they are used to model
investment growth, market behavior, and optimization problems. Overall, differential equations
serve as powerful tools for understanding and predicting the behavior of systems that change over
time or space.
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Introduction

Many problems in engineering and science can be formulated in terms of differential equations. The
formulation of mathematical models is basically to address real-world problems which have been
one of the most important aspects of applied mathematics. Differential equations arise in many areas
of science and technology, specifically whenever a relation involving some continuously varying
quantities and their rates of change in space and/or time (expressed as derivatives). This is illustrated
in classical mechanics, where the motion of a body is described by its position and velocity as the
time varies. Newton's laws allow relating the position, velocity, acceleration and various forces
acting on a body and state this relation as a differential equation for the unknown position of the body
as a function of time. Such equations are called differential equations.

A mathematical model is a mathematical construction such as a differential equation, that simulates
a natural engineering phenomenon. Most applications of differential equations take the form of
mathematical models. For example, consider the problem of determining the velocity v of a falling
object.

Newton's second law of motion tells us that the net force on the

object is equal to the product of the mass, m and its acceleration, ‘;_"
- : dv _ t
¥ m; =F
This law is a differential equation as it contains derivative.
Ignoring air resistance, for an object falling close to the Earth's
surface the force is F = mg, directed downward, where g is

approximately 9.80 meters per second per second. Thus, the

differential equation:
dv
m—-=mg
is amathematical model corresponding to the free-falling object.

— Key Facts
A good mathematical model has two important properties:
« [tis sufficiently simple that the mathematical problem can be solved.
» It represents the actual situation sufficiently well so that the solution to the
l mathematical problem predicts the behavior of the real problem.

4.1 Differential Equation

A differential equation is an equation containing one or more derivatives of an unknown function. A
differential equation is an ordinary differential equation if it involves an unknown function of only
one variable. For now, we will consider in this unit only ordinary differential equation just call them
differential equation (DE). The word differential equation means involvement of derivative and
equation are must.
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Suppose we have function:

f(x) =y = x* + c,wherecisarbitrary constant. 0]
Differentiating (i) with respect to x, we get:

L >
o =’ _ . (i)
This is called a dlﬂ'crenhal equatmn

e san am mrmamEmrrmr e Ee s

{ The smnplest dlﬂ'crentml aquatmns are of thn fonn

: _ Z=f@ or y=f@) ‘
Where f is known function of x. :
A mathematical equation containing the derivatives of one dependent variable, with respect to -
: one independent variable, is said to be a differential equation (DE). £
Some more examples of differential equations are:

dy o dy &y dy dy\*  dy

E—ZI 1, dx 2+2 x+]f-~x, E_—I+}', xy(a) +xa+x

Where, y is a dependent and x is an independent variable.

4.2 Order and Degree of Differential Equation

The order of the differential equation is the order of the highest order derivative present’in the’
equation. Here some examples for different orders of the differential equation arc given.

» %-z: =1, the order of the DE is 1.

» x—+ —5=0, the order of DE is 2.

dx?
4.2.1 Typesof DEw.r.t. Order .
(i) First Order Differential Equation
Adifferential equation containing first order derivatives is called first order differential equation.
= fy)

Forexample, %" = 3x isafirstorder differential equation.

(ii) Second Order Differential Equation

The equation which includes the second-order derivative is called the second-order differential
equation. Itisrepresentedas:

S =F s

Forexample, y" 4 xy'+ y = 0 isasecond order differential equation. 1
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4.2.2 Degree of Differential Equation
The degree of the differential equation is the POWer --«--wsorrmresrsrmessrscsscss sy

of the highest order derivative in the equation. DB, lesces
Examples: ; \ / :
» £—3=D, degreeis 1. d?y ¢ dy

o . : — +x(—)+y=x+1 :

» (¥y2+6y'=9, degreeis2. 5 dx? dx :

> (v)P—xy'+y=0, degreeis3.

Key Facis
~* Order and degree (if defined) of a differential equation are always positive integers.

« y'—log (y") +3 =0, is not a polynomial equation in ¥"and the degree of such
differential equation cannot be defined.

Example1:
Determine the order and degree of the following differential equations.
d a? dy a*y\? | _d?y d
() S @ Z-3Z+x=0 @@) (L) +xZ-L+y=1
Solution:

(i) order: 1, degree: 1 (ii) order: 2, degree: 1 (iii) order: 3, degree: 2

Some more types of differential equations are as follows.
« Ordinary differential equations (ODE)
+ Partial differential equations (PDE)
« Linear differential equations
* Nonlinear differential equations
« Homogeneous differential equations
. * Non-homogeneous differential equations
We will here discuss only ordinary differential equations.

4.2.3 Ordinary Differential Equation (ODE)

If in a differential equation, only one independent variable is involved, the equation is called an
ordinary differential equation. It contains one or more of its derivatives with respect to the
independent variable.

The general form of nth order ODE is a function F of x, y and derivatives of y.
F(x‘ }"J’,’r ren ey }‘m'”) = y(ﬂ]

Which is called an explicit ODE of order n.




Examples of ODE are:
@ y—-4y+2=0

Key Facts
(i) (2x+3y)dy = (x=2y)dx=0 If a differential equation is not ODE,
(iii) xy"-=5y"+11=y itis then PDE.
iv) O +4'+2y=1
4.2.4 Linear and Non-Linear Differential Equations
Differential equations are classified into linear DEs or nonlinear DEs.
Ann" order differential equation is said to be linear if it can be written in the form:

dan n-1 d
an() T+ G () Ty + ok () T+ B0 (@)Y = £(X)

that is, it satisfies the following two conditions:

(a) the dependent variable (y) and all its derivatives in the equation are linear (i.e. of power one).

(b) all the coefficients a,(x), ay—; (x), ... , @, (x), ag(x) and the function f(x) are either constants
or depend only on the independent variable (x).

Note: If any one of these two conditions is not satisfied, then the DE is said to be nonlinear DE.

Example 2:

Identify linear and non-linear differential equations in the following.

. dy .y A2y dy e @by a?y
(1) okl (ii) m=3;+y=1 (1i1) d—x';+}'m—2=ﬂ

v) 2= () Ly12xy=0 i ("I'——"')2 PR L P
dx y dx? 3 dx?  dx
Solution:

(i) linear (ii) linear (iii) non-linear
(iv) non-linear (v) linear (vi) non-linear
Note:

The differential equation y?(x — 3)% = 2xy? is not linear, but it can be reduced to linear
differential equation if we divide both sides of it by y* as follows:
Lx-3)2=2L

2 ax  yr
or (x—3) % = 2x which is linear differential equation.

4.3 Concept of Solution of Differential Equation

Differential equations are mathematically studied from several different perspectives, mostly
concerned with their solutions as the set of functions that satisfy the equation.

A solution of a differential equation is any function f defined on some interval I that reduces the
equation to an identity.

|

M_




To solve a differential equation such as :—i’ — x = 0, we mean to find an unknown function

y=f(x)ory=f(xy).
Consider a simple first order differential equation:

. L =fx) - @)
Equation (i) can be solved by integration. If f(x) is continuous function, then integrating both
sides of (i) gives:

y=[ f@ax=F@) +e
Where F(x) is an anti-derivative of f(x).
For example, the solution of differential equation :—f =1+ e? implies:

}'=f(1+ez")dx=x+%eh+c
— Key Facts
Only the simplest differential equations admit solutions given by explicit formulas.
However, some properties of solutions of a given differential equation may be
determined without finding their exact form. If a self-contained formula for the solution
is not available, the solution may be numerically approximated using computers.

Example 3:
Show that x? + y? = ¢ is a solution of the differential equatiuuy%+x = 0. Also plot the
graph of solution.
Solution: We have x?+y? =¢
Differentiating w.r.t. x, we get:

2x+2y£—=ﬂ or y§+x=ﬂ

Hence, x? + y? = c is the solution of differential equation y%+x =0,
We note that the solution, x? + y* = ¢ depends upon an arbitrary constant c.
By choosing different values of ¢, we get different solutions.
o x

Letus take c = 1,4, 9, 16,... then we get different solutions as:
x2+y?=1=1?
x24+y? =4=2? 4
x24+y2 =9=32 e
x?2+y? =16 = 4% and so on. b
These solutions represent a family of circles with radii 1, 2, 3, 4, .., with centre (0, 0) in Fig. (i).
Thus, the solution, x? + ¥? = ¢ represents a family of infinite number of circles.
From this example, it has been observed that there are two types of solutions of a
differential equation. |
(i) general solution (i)  particular solution




A

4.3.1 General Solution of DE

The solution that contains as many arbitrary constants as the order of the differential equation is
called a general solution. It is the relation between the independent variables x and dependent
variable y which is obtained after removing the derivatives (by integration) where the relation
contains arbitrary constant to denote the order of an equation. In the above example, x? + y* =c is
the general solution.

4.3.2 Particular Solution of DE

&y ™
(] il
S e T T R

The solution free from arbitrary constants is called a particular solution.

If particular values are given to the arbitrary constant, the particular solution of the differential
equations is obtained. In the above example, x% + y2 = 4, x2 4+ y? = 9 etc. are the particular
solutions. ;
Key Facts
| » The solution of a first-order differential equation contains one arbitrary constant
whereas the second-order differential equation contains two arbitrary constants.

* The general solution of a differential equation represents a family of curves.

 The particular solution of a differential equation represents a particular curve for a
particular value of constant from the family of curves.

Example 4:

4 1
Verify that y = ':—6- is a solution of the differential equation g_% —xyz=0.
Solution: Given solution is:

y=5 Q) 2 -
. s T : Find the DE corresponding to the equation
tiating (i) with respect to x, we get:
Diiferetintg (0 .y g i y = 3x2 + c. Of which type the family of
L A,

—_— does th lution t?
e T P Curves e 50 represen

Substituting for y and -:% in the left side of given differential equation:
1
dy 1_::’ x"i__x_’_ x2 _ﬁ_x_’_
dx xyz—-;-x(-l—ﬁ =Z-x(g=""%=0

Which is true ¥x< R.

¥ : : . . i 1
Thus, y = % is a solution of the differential equation ﬁ —xyz =0,

Example 5:
Is the function y = xe* is a solution of the differential equation
y" —2y' + y = 0 on the interval (—oo, +0)?

Solution: Given solution 18:




Differentiating (i) with respect to x, we get:

y' = xe* + e* (ii)
Differentiating (ii) with respect to x, we get:
y" = xe* + 2e* (iii)

Substituting the values in the left side of given differential equation:
y" =2y'+y=xe* + 2e* — 2(xe* + e*) + xe*

= xe* + 2e* — 2xe* — 2e* + xe* =0
Which is true Vx€ R. Thus, y = xe* is a solution of the differential equation
y" = 2y" +y = 0 on the interval (—oo, +20),
Note: In examples (4) and (5), we notice that the constant function y = 0 for (—e0 < x < +)
also satisfies the given differential equation.

) Key Facts

* Asolution of differential equation that is identically zero on any interval is often called
atrivial solution.

« Every differential equation that we write necessarily has a solution either real or
imaginary. For example, the differential equation (¥")? + 1 = 0 has noreal solution.

4.4 Formation of Differential Equation
‘We can form a differential equation by eliminating the constants appearing in an algebraic equation;
the solution of differential equation.
Let us find the differential equation corresponding to the equation y = e*,
Now, ¥y = e* gives y' = e* and solving both equations, we get:
¥ =p=
which is a differential equation.
Example 6:
Find the DE corresponding to the equation y = acosx + bsinx

Solution: Given that
= acosx + bsinx

y' = —asinx + bcosx

¥" = —acosx — bsinx = —(acosx + bsinx)

y" = =y or y" + y = 0 is required differential equation.
Note: y = acosx + bsinx is a solution of differential equation y" +y = 0.
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Example 6: i
Eliminate the arbitrary constants from the following equation and form a differential equation of
the lowest order: y = A sin(Zx — B)

Solution: Given that:
y = Asin(2x — B) (i)
Taking derivative of equation (i) with respect to x.

. AP i
e 2Acos(2x - B)

Again, differentiating w.r.t x, we get:
j:—’; = —4Asin(2x — B) = —4[Asin(2x — B)]

d? diy
F” =—4y = Sat 4y =0 :

o e e—

Which is a second order differential : :
equation (ODE). Its physical interpretation | 0 Vot Squation GTPAI

is that the acceleration varies as the distance y i e Y i
varies. This essentially illustrates the "here @ and b are arbitrary constants, is a solution
differential equation governing the simple of differential q";“m: fad

harmonic motion. ?@,4‘ ;;) =0

4.4.1 Explicit and Implicit Solution

A solution of a differential equation that can be written in the form y = f(x) is said to be an

explicit solution while a solution of the form f(x,y) = 0 is said to be an implicit solution.
Example 7:

Prove that, for —2 < x < 2, the relation x> +y> -4 =10 ié an implicit solution of differential
equation:

&Y
dx ¥
Solution: Given equation is: 5
x2+y?—4=0 ()

By implicit differentiation, we have:

2:-|-_2y%=ﬂ =. %=—§

Note: The relation x2 + y2 — 4 = 0 in this example defines two explicit differentiable
functions y=v4—x2 and y= —v4 — x2 intheinterval (-2, 2).
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4.4.2 Number of Solutions
A given differential equation usually possesses an infinite number of solutions. e.g.,

(i) For any value of ¢, the function y = f+ 1 is a solution of the first order differential
equation:

x%-i-y: 1 on the interval (0, o)

The solution y = =+ 1 represents infinite number of solutions for various values of c.

In particular, for ¢ = 0, we obtain a constant solution y=1.

(ii) The functions y = ¢, cos4x and y = ¢, sind4x where ¢; and ¢; are arbitrary constants,
are solutions of the differential equation:

y'+16y=0

It is to be noted that the sum of solutions y = ¢, cos4x and Y = €3 sindx:

¥ = €4 cos4x + c; sindx

is also a solution of differential equation y” + 16y = 0.

| i s SR —

X

Find the order and degree of each of differential equations.
(i) (1—=x)y" —4xy'+5y = cosx (i) y'+2y=1+x?

(i) (") =3y +2y=x (v) O'V-yy"+2=0
2
® Y2+ (2) =0 o) 2= 1+(2)

(vii) 23 £ x2S 4 4 (2 )+4z}r—-3y=ﬂ

Eliminate the arbitrary constants from the equations.

() y=ae*+be*+¢ (i) y=cos(x+b)
(i) y=mx+c (iv) y=bx?+2ax

Verify that the indicated function is a solution of the given differential equation.
@ 2y'+y=0 - y=e'§

(ii) %’ -2y =e¥* ; y = e3* + 10e%*

(iii) y" =25+ y? : y = StanS5x

(iv) y'+y=sinx H y= %sinx ——-_}cusr + 10e~*

) x3dy-—2dx=0 ; y=—5+6



(vi) y'—£y=1 s y=xlnx,x>0
4. Find the order and degree, if defined, for the differential equation dy — sinxdx = 0.
5. Verify that the function y = a cos x + b sin x, where, a, b € R, is a solution of the

4
differential equation :x—‘: +y=0.

6. Show that y, = x? and y, = x are both solutions of: ,
xzy" el "I'xy' $ 5}" =0 : g - .
(i) Are ¢y, and c;y; also a solution? (i) Checkif y,+ Yy, is also a solution.

4.5 Solution of Differential Equation

We know that the solution of an algebraic equation say, x> — 5x + 6 = 0 , is the value of x that
satisfies the given equation.

But the solution of a differential equation say, y dy = x dx , means to remove derivative from the
given differential equation by using some technique/procedure. All these techniques involve
integration. After removing derivative, the dependent variable y in terms of independent variable
x (explicit: y = f(x) or implicit: g(x, y) = 0) willbethe solution of differential equation.

4.5.1 Solution of Differential Equations of First Order and First Degree

To solve the first-order differential equation of first degree, some standard forms are available to get
the general solution. Some of them are:

+ Variable separable differential equations

« Reducible into the variable separable differential equations
+ Homogeneous differential equations

» Equations reducible to homogeneous differential equations
(i) Variable Separable Differential Equations

A first order differential equation of the form:

Y = @)

whcrefinth:ﬁmcﬁnnofxonlymdgistheﬁmcﬁunufyoﬁly.issaidmbcscparahlnormhave
separable variables. j

For example, the equation %" = y3xe?**Y is separable. We can write it as:
d
2 = e (%) = f()90)

The equation %=y+sinx is not separable. We cannot writc y +sinx in the form of
f()g).
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Example 8t Solve & %z

dx
Solution: We first separate the variables of given equation as follows:
ydy = x%dx

Integrating both sides, we have:

[ydy = [x*dx

2%

3y? = 2x*+ 60y

= 3y?=2x?4¢ (¢ = 6¢,)

Note: To avoid lengthy process, we write constant at one side only.
Example 9: Solve (1 + x)dy —ydx =0
Selution: The given equation can be written as:

(1+x)dy = ydx
& o X
¥ T 14x

Integrating both sides, we have:
AR i
_f}_—‘]'u_JE = Iny=In(x+1)+inc
= Iny= In[c(x+1)]
Taking antilog on both sides, we have:

y=c(x+1)
dy _ 1 - :
MIE Solve oy
Solution: The given equation is:
dy 1 A
oo = tanydy—;dx
[tanydy = f—i—dx = ° =In(cosy) = Inx + Inc
= O=n(cosy)+Ilnx+Inc = In(cxcosy) =0
= ginlcxcosy) _ g0 = cxcosy =1
=  xcosy = xcosy=C . {§=CJ

(ii) Initial Condition and Initial Value Problem (IVP)

We have observed that general solution of differential equation contains the same number of
arbitrary constants as is the order of differential equation. Sometimes we need to find the solution of
DE subject to the supplementary conditions. : \



Suppose we want to find the solution of differential equation % = f(x,y) subject to conditions

y = yg at x = x,. If we substitute x = xo and y = y,, in the solution of §= f(x,y) then we get
a particular value of constant obtained in the general solution. Thus, a particular solution is
obtained with the choice of some values of variables given in the differential equation. We call
y(xg) = yp as initial condition and the differential equation of % = f(x,y) becomes an initial
value problem as follows:

2 = f(x,y), y(xo) =¥o

Example 11: Solve the initial value problem: =~ == —f, y(1)=3

Solution: The given equation can be written as:
ydy = —x dx

Integrating both sides, we get:

[ydy= [—-xdx = %’-= ‘sz“'c » x4+yi=2c 0)
Using the initial condition i.e. x = 1,y = 3 in equation (i), we get:

12432 = 2¢ = 2c=10 = ¢=5
Substituting the value of ¢ in equation (i), we get:

x¥4+y?=2x5 = x2+y*=10
Which is a solution of initial value problem representing a circle with centre (0, 0) and
radius V10.
Example 12; Solve % = 2x suchthat y(2) = 4.
Solutlon: Given equation can be written as:

dy = 2x dx

Integrating both sides, we get:

fdy=f2xdx = y=2(Z)+c = y-x*=c )
Using x = 2,y = 4 in equation (i), we get:

h=2"= g = c=0

Substituting the value of ¢ in equation (i), we get:

y—x2=0 (ii)
Which is a solution of initial value problem.
Note: The general solution (i) represents a family of parabolas for different values of ¢ whereas
the particular solution (ii) represents a member of family that passes through (2, 4).

mmmmamwﬂuzw.mﬂfmmm
MMﬁMMMWMHWMMI@ l.




1. %-—-—'—L 2. :%:4}* 3. %=§

4, 2= g2xtdy 5. ZoXX 6. 2y(x+1)dy = xdx
7. :x_r + y%sinx =0 8. (sinx + cosx)dx = coty cosx dy

Solve the initial value problems.

9. % =cosx ; y(0)=1 10. Zz—i- =4xe™* ; y(0)=2

d
1L Z4+(EE)y=0 ; yw=1 122 Z+ytanzx=0 ; y(0)=2
13, Z=yria ; y(0)=-2 4. (1-xdy+ytdx=0; y(0) =2
15. 2(y —1)dy = (3x% + 4x +2)dx ; y(0) =-1

4.6 Homogeneous First order Differential Equations

Before considering a homogeneous differential equation of first order, we need to recall a
homogeneous function.

4.6.1 Homogeneous Function
Ifa function f has the property that:
f(tx,ty) = t"f(x,y)
where te R", ne R. Then J issaid to be ahomogenous function of degree n.

Example 13; Check whether the function

@O fxy)=Vx2+y? (i) feN=x?+y*+2 (i) () ==t4
are homogeneous or not. If homogeneous then find degree.

Solution;

i floy)= /Ty sy ——
Replacing x with tx and y with ty, we have: Check whether the functions are
flex, ty) = -.i(tx)?‘ T = JOB 0 wl fmw '

=t/ +y7 = tif(x,y) @ fGy)=x*-3xy+y?
() fx,y) =x— [xy + 5y

- f(x,¥) is homogeneous function of degree % ER
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(i) fly)=x*+y>+2
flx,ty) = (tx)* +(ty)* +2= 2x? +t*y* +2 = *f(x,y)
=~ f(x,y) is not homogeneous function,
i) fOoy)=5-+4
i B s -
faxty) = ;=44 = —+4=1"f(xy)
= f(x,y) is homogeneous function of degree 0.
4.6.2 Homogeneous Differential Equations
A differential equation of the form:
M(x,y)dx + N(x,y)dy = 0 ()
is said to be homogeneous if both M and N are homogeneous functions of the same degree.
In other words, differential equation (1) is homogeneous if
M(tx, ty) =t"M(x,y) and N(tx,ty)=t"N(x,y)

have the same degree n. The differential equation can be reduced to separable variables by either

substituting ¥ = ux or x = vy, where u and v are new dependent variables. In particular, if we
choose y = ux, then:

& = — =
——=utx= or dy = udx + xdu

Hence the differential equation becomes:
P(x,ux)dx + Q(x, ux)[udx + xdu] = 0

= x"P(1,u)dx + x"Q(1,u) [udx + xdu] = 0

= [P(1,u)dx + uQ (1, u)]dx + xQ(1,u)du = 0

= T T PawdxtueGw)

Key Facts
l « To solve homogeneous differential equations, we have to write out whole procedure

for each problem. Therefore, it is not recommended to follow the equation (2) as a
formula.

| « Thesubstitution x = vy also leads to a separable differential equation.
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N dy-#:,'_yz
Example 14: Solve o

Solution: Putting y = ux inthegivmdiffcrmﬁalequnﬁnn,wehavc %=u+x%’

Therefore, given differential equation leads to:

du x? $ux? du 1+4+u?
— = =_, et —
u+xd‘x 2x ux u+xdx 2u
du 1+uf du  1-u? 2u dx
= —_——— e — = —_= = ==
xdx 2u “ xdx 2u l-uzdu x
Integrating, we get :
2u dx
Il—uidu_fx

~ln(l-u)=Ix+lnc = n(l-ud)+Inx+Ilnc=0
= Infex(1-u®)]=0

Taking antilog, we have:
1-u¥)=1 = cx(l—r—z)"'i (replacin “b}'l
cx = w)=1 ... (replacing u by 7)
2. A
= cx x;-zy)=1 = xz_?z=§ - Le-y=lx {%=E)

Example 15: Solve the initial value problem:
r%':y-f-xe% ; y()=1
Solution: Given equation is homogeneous of degree zero and can be rewritten as:
D=lier; y)=1 -
Substituting y = ux in the given differential equation, we have 2% =1u + x
Therefore, given differential equation becumes

£x
dx

g . 2= du _ u
u+xE-?+er = u+xdx—u+‘e
= eUdu=% = j'e'“du=jE
. x x
P
= =—eY=lhx+c = =—e r=Ilnx+c (i)

Substituting, x = 1, y = 1 in equation (i), we have:
- —e'=ml+c = c=-—e!
Therefore, (i) leads to:

oF . _Y
—e r=[nx—e"1 = e l_¢"x=|nx




I aercise 4.3

Check whether the functions are homogeneous or not. If homogeneous then find degree.
L fE=6xy*-x? 2. fy)=x*-y 3. flxy)=2%-7

xy

Solve the homogeneous differential equations.

4, (x—y)dx+xdy=0 5. ydx—(y-x)dy=0 "
AR Al dy _ yi+yx iy _

6. dx x+y 1. dx = x2 8 dx  x+y3y
dy _ 363 +y3 dy _ x+3y

% =T T 10 &=y

11. [y+xcnt(§)]dx—xdy=ﬂ

Solve the initial value problems.

12. x}rz-g-=}r3—x3; y(1) =2

13.  (x*+2y®)dx = xydy; y(1)=1

4. 2x22=3xy+y?; y(1) = -

15. (x+ye¥)dx—-xe§dy=ﬂ: y(1)=0

4.7 Applications of Differential Equations

Differential equations can be applied in solving problems arising in engineering and physical
sciences such as physics, chemistry, biology and economics etc.

First order ordinary differential equations are used to calculate the movement or flow of electricity,
motion of a pendulum and a falling object, to explain thermodynamics concepts and population
growth etc. Also, in medical terms, they are used to check the growth of diseases in graphical
representation.

Example 16:

A ball is thrown downward from a tower having height 20m. Develop a differential equation
representing the flow phenomenon and find the velocity of the ball after 1 second. Also find the
velocity with which the ball hits the ground. Neglect the air resistance.

; : d :
Solution: For downward motion, acceleration a = d—: can be written as:

o or dv = gdt

dv
dt
That is required differential equation.
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Now, integrating both sides, we get - —

vmgete A thermometer showing the
Att =0,v =0, the constant c; = 0. temperature of 20°C indoors is placed
Thus, v =gt ......(i) outdoors. After 8 minutes it reads 25°C
and after another 8 minutes it reads

Substituting the values, ) ) :
B 30°C. Using Newton's law of cooling,
v=98x1=98m/s find the outdoors temperature,
Which is velocity of the ball after 1 second.
g Now from (i)
2 = gt where Siis the distance covered by the ball.
' dS = gtdt
Integrating both sides, se have:
S=gS46 o (ii)

Att = 0,5 = 0, therefore from (ii), c; = 0.
and, S= g:z—z implies
20 = 98x% or t= 202sec

Now from (1)
v =9.8x 202 =19.8m/s

Thus, the velocity with which the ball hits the ground is 19.8m/s.

Example17:
According to Newton, cooling of a hot body is proportional to the temperature difference between its

temperature T and the temperature T, of its surrounding medium. Ifa body at 90°C is allowed to cool
in air with temperature 30°C and if it is observed after 5 min the body has cooled to 70°C, find the
temperature of the body as a function of time.

I Solution: The mathematical formulation of Newton’s law of cooling in this problem is:
dr
T e (T - Tu) ............ (1) ;
Introducing a proportionality constant k > 0, the above equation can be written as:
E = k(T =Tp) erererernn(?)
Here, T is the temperature of the body and ¢ is the time, T} is the temperature of the surrounding

and % is the rate of cooling of the body. Substituting, T, = 30° in equation (2), we get:

& kT~ SO
T=k(T-30) = L=kt
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Integrating both sides, we get:

In(T — 30) = kt + Inc  where c is the constant of integration.

In(T -—30)=Ine** +Inc = In(T —30) = In(ce**)
Taking antilog, we get: _

: T—30=ce®* ... (3)
Imposing the initial condition T'(0) = 90°, we find:

90-30=c = ¢=60

Therefore (3) implies:
T—30=60e¥* = T=60e"+30........... 4 -
To find the value of constant k, we use the second condition T(5) = 70° in (4).
70 = 60e%* +30 = 60e5k =40 = k== , A8

sk=tn(3) = k=3in(3)=-0081
Substituting the value of k in relation (4), we have:

T = 60e~%981¢ 4 30
Which shows the temperature of the body as a function of time.

T Eeriie 4 e e e v

1. Thomas Malthus in 1798 proved that increase in population of a country or a city ata certain
time is proportional to the total population of the country at that time (‘;'—; ot P). If at present
the population of city A is 20 million and after 4 years, it is expected to be 25 million, what
would be the population of that city after 12 years?

2. Ayesha was preparing a pizza in a baking oven. She observed that temperature of the cooked
pizza was 150°C. Four minutes after removing from the oven, the temperature of pizza was
90°C. How long will it take to cool off to a temperature 0f 40°C if room temperature is 20°C?

3. In a culture, the rate of growth of bacteria is proportional to the population present. If the
population of bacteria becomes four times in two days, how much the population would be
after ten days at the same rate if the initial population was 207

4. Most of the radioactive substances disintegrate at the rate proportional to the amount present.
If the amount of a radioactive substances is 50 grams and its half life is 1000 years, find the
amount of substance present after 800 years.

5. A thermometer showing room temperature of 80°F is placed on a block of ice with a
temperature of 30°F. Afier one minute the temperature of thermometer is 40°F. How long will
ittake for the thermometer to have a temperature of 70°F?

6. A ball is thrown upward with a velocity of 40m/s. Develop a differential equation

| representing the flow phenomenon and find the velocity of the ball after 1 second. Also fmd
the maximum height attained by the ball. Neglect the air resistance.
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B Review Exercise T

1. Select the correct option in the following.
(i) The order of differential equation :——2( ) +y=0,is:

(a) 1 (b) 2 (c) 3 (d 4
(ii) The degree of differential equatmu + 9y = sinx, is:

(@) 0 ) 1 ) 2 (d 3
(iii) y=81i 1s a solution of the differential equation:

@ <X+8y=32 ® Z+ey=32

() Z+5y=32 & Z+4y=32

(iv) f(x,y) = :;‘ is a homogeneous function of degree:
(@ 1 (b) 2 (c) 3 (d) 4
(v) The solution of the differential equation dy = dx is:
(@) y=x+c¢ b) y=x*+c¢ () y’=x*+¢ (d) y’=x+c
(vi) The number of arbitrary constants present in the general solution of a differential
equation of first order is:

(@) 1 (b) 2 (c) 3 (d) 0
(vii) The differential equation % = e**” has solution:

(@) e*™¥ =c (b) e*+e¥ =c (c) e*+e¥ =¢ d) e*+e™¥ =c
(viii) The general solution of y?dy — x?dx = 0 is: :

(@ x*=y2=¢c () X*+y3=c (c) ¥*—-yi=c¢c d) x2+y?*=c
(ix) The solution of cosx siny dx + sinx cosy dy = 0 is:

(a) sinx cosy =c (b) cosxcosy =c (c) cosxsiny=c¢ (d) sinxsiny=c¢
(x) Which of the following cannot be the order of differential equation?

(a) -1 () 1 , (c) 10 (d) 100
2. Find the order and degree of the differential equations.
: dy\? dy i3 2\ 4
‘ 0 x() +2/Z+y=0 ) 2= J1+(%)

3. Verify that the indicated function is a solution of the given differential equation.
(i) 2%’+y=ﬂ;y=e"§ (ii) ﬂ+2l‘.:13,a'=2"l:,:;:*=£'—-§-s.'*‘2“"
(i) Z£=25+y%; y=5tanSx (iv) x2dy+2xydx=0;y=

x2

4. Solve the differential equations.

i s 2 dy oy dY 24 y*
() S=xnx (ii) (y+1};+xsinx (iii) E:—‘-:—:-—;y(l)=2




KINEMATICS OF MOTION IN
A STRAIGHT LINE

After studying this unit, students will be able to:

« Recognize distance and speed as scalar quantities, displacement, velocity and
acceleration as vector quantities.

»  Sketch and interpret displacement-time graph and velocity time graph.

« Use differentiation and integration with respect to time to solve simple problems
concerning displacement, velocity and acceleration.

« Use appropriate formula for motion with constant acceleration in a straight line.

» Apply the concept of mechanics to real life problems such as motion of vehicle on roads,
projectile motion, free fall motion, relative motion animation.

« Explain the need for a vector valued function.

« Construct vector valued function.

* Identify domain and range of vector valued functions.

*. Identify difference between scalar and vector valued functions.

+ Explain derivative of a vector function of a single variable and elaborate the result.
Apply vector differentiation to calculate velocity and acceleration of a position vector.

* Apply concepts of vector valued functions to real life word problems (such as
engineering and transportation).

We see leaves falling from trees, movement of rockets and
water flowing from the river. We walk, we run, we drive a car
these are the activities that we carry out in our day-to-day life.
These activities can be defined as motion. Motion is the change
in position or orientation of a body. For example, a body on the
surface of the Earth may appear to be at rest, but that is only
because the observer is also on the surface of the Earth. The
Earth itself, together with both the body and the observer, is

mm:'ing if‘ its orbit around the Sun and rotating on its own axis at
all times in the same way.




5.1 Scalar and Vector Quantities

Physical quantities are divided into two categories, scalars and vectors. If only a magnitude is
required to express a quantity, then the quantity is known as scalar and if both magnitude and
direction are required to express a quantity then the quantity is known as vector quantity. e.g. time,
distance, mass are scalars and velocity, acceleration, weight are vectors.

5.1.1 Distance

Distance is a scalar quantity since it only describes how much path is covered by a moving object
regardless of direction. For example, you travel 3Km due north and then Zkm due west then the total
path covered is Skm.

5.1.2 Speed

Speed is also a scalar quantity since it represents how fast an object is moving regardless of its
direction. For example, if you drive a car at the speed of 50km/hr it represents how fast you are
moving no matter you are moving in which direction.

5.1.3 Displacement B
Change in position of an object is known as displacement. Itisa
vector quantity because it includes both the magnitude i.e.
distance between the initial position and final position and the
direction i.e. straight path from the initial position to the final
position. For example if you move along a curved path going
from A to B then the straight path AB is the displacement.
5.1.4 Velocity

Velocity is also a vector quantity, since it describes both how fast and in which direction an object is
moving. In other words, rate of change of displacement with respect to time is called velocity. For
example, a car moving 50km/h due west then its velocity is 50km/h westward.

5.2 Displacement-Time Graph
A moving object has different positions with respect to time. At any time “t’ what is the position
of object is represented on a graph known as displacement-time graph. While drawing the graph:
« Displacement values are drawn along y-axis (vertical axis)(time dependent quantity).
» Time is taken along x-axis (horizontal axis)(independant quantity).
Note that independent values are taken along x-axis and the dependent values along y-axis.
5.2.1 Displacement-Time Graph for Uniform Motion
This-is the graph between the displacement and the time when the motion of object is uniform.
This graph is always a straight line and slope of this line is non-zero.

¥ J-axis

A Figurel: Displacement

time —>» 12
P X-AXIS

Here are some key points




5.2.2 Slope of Displacement-time Graph

Let after time ‘t” the object moving with uniform
speed is at point ‘P’ where its displacement is ‘d’.
From figure slope of the graph = % :

By definition, ratio of displacement d with time ‘¢’
is velocity of the object. Therefore:

Slope of graph = velocity of the object

>A  X-axis
Since time is always non-negative and the displacement may be positive or negative.

Therefore, slope may be positive or negative. Greater the value of slope means higher the velocity -
(+ve or -ve ) of the object and smaller the value of slope means lower the velocity of object. If slope

of'the graph is zero (line is horizontal), then velocity of the object is zero.
5.2.3 Direction of Slope '

If slope is positive, it indicates that particle is moving in the positive (anti-clockwise) direction and

the negative slope indicates that particle is moving in the negative (clockwise) direction.

+ "
4 ¥-axis A y-axis
time
|5 o 3 X-axis
§ .
; B
e £
> g
0 time —» X-axis _ '
Positive slope Negative slope

5.2.4 Velocity-Time Graph
" The velocity time graph is the graph plotted between the

velocity of the particle with the passage of time. From the
graph we can extract various kinds of information e.g.
velocity and speed of particle at any time ¢, distance
travelled by the particle, acceleration, average speed and
average velocity etc. Velocity is plotted along y-axis and -
time along x-axis. e P X-axis
When the particle is moving with constant velocity then the
graph is a horizontal line. Constant velocity means for

‘ different values of time the velocity is same. o . -
Abody is said to have a uniform acceleration if its velocity is changing by an equal amount in eq
intervals of time.

y-axis

Velocity

o
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In the case when body is moving with uniform acceleration the velocity-time graph is along a
non-horizontal and non-vertical line.

A y-axis y-axis
2
2 g
= G
=
' > >
O  time —  %-axis v time —>  X-axis
- Positive acceleration Negative acceleration
| 5.2.5 Slopeof Velocity-Time Graph J-axis 4
Case I: When velocity is constant.
As we know that when velocity is constant then the %"
graphis along a horizontal line so its slope is zero. ‘g'
Case II: When acceleration is uniform. >
For the particle which is moving with the uniform ' Time (t) X-axis

acceleration the graph is non-horizontal and non-
vertical line. Consider any of the case with + . A
positive or negative acceleration. A

Let at time t, the velocity is v, and at time t,

C$1’2.—F1

i 2 :
velocityis v, - g e
meﬁgureslupeuf]ine=% I~ Viita—t; i v
G : : 5
SR _ Change in velocity _ 0 let T
2ty Change in time accgiemﬁon + = Ptz 3 -

Thus, slope of the graph of velocity-time graph is the acceleration of the particle.

Areabetween the Graph and the ¥-axis
The area between the graph and the x-axis gives the displacement of the particle in that interval of the
time.
Example 1:
Draw the velocity-time graph of a moving particle with given data. Find its acceleration and
retardation. Also find its displacement in the time interval 2 sec to 5 sec.

Time=tsec |0 | 1|2 |3([4]S5
Velocity=vms| 2 | 5|8 | 8| 8|40

=3}
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Solution: g Fais
From the graph it is clear that particle is
accelerating from point A to C as its velocity is
increasing G with the passage of time.

Velocity m/sec
= bl e e A Oh o= OB

o

For the slope of line |AC| take any two points

3
on the line say B and C and draw horizontal 8 :
line through B and vertical line through C 2 s ;
intersecting at point L. £ ;

k-
acceleration = slope of |AC| > 1
lcLl _8-5 _
=H = E = 3‘mf'S'EE2 0 1 2 3 4 5 6  X-axis

time (sec)

From the graph it is clear that particle motion is retarding from E to G as the velocity of the particle is
decreasing with the passage of time. Draw a horizontal line through F and a vertical line through E

meeting at M.
g
0-8 -8 5
SI = e———— T e 5
ope of EG e 4 % :
Thus, retardation = —4m/sec? z 4
Displacement of the particle from g__ ;
t=2 sec to t =5 sec is the area between *
the graph and the x-axis. 0
This is area of the region PCEFQ.
Displacement = area of the region PCEFQ . :
= Area of rectangle PQFT + Area of rectangle TSEC  § 6
+ Area of triangle FSE E :
1 g 3
= (IPQ| % [PT) + (ITS| X ITC]) + 5 (ISFI X ISE]) 3 2
1
=(Bx4)+@xD+3(1Ax4) =12+8+2=22 =

Displacement Function

A function which gives the displacement of moving particle at any time ‘¢’ is known as displacement
functione.g. S(t) =32 +6t+1. Att =0;5(0)=0+0+1=1 is the position of the particle
andatt=3;5(3)=3(3)’ +6(3)+ 1= 46sothedisplacement ofthe particleatt=3is 46 - 1=45.




1. A cyclist rides in a straight line for 20 minutes. He waits for half an hour, then returns in a
straight line to his starting point in 15 minutes. This is a displacement-time graph for his

journey. - W =

(i) Work out the average velocity for each 6 —[ T n
stage of the journey in km/h. 5,3'_"'1 -

(i) Write down the average velocity for the §3 ¥ 4l I, 55 \ e
whole journey. ' N i .

(iif) Work out the average speed for the whole o/ 1|D z[u — o m\cm..sb
journcy. Time (minutes)

2. Thisis a displacement-time graph for a car travelling along a straight road. The journey is

divided into 5 stages labelled A to E. T o

(i) Workout the average velocity for each E:ﬁ- ) i e S ’ 2 il
stage of thejourney. e b 41 Rl R |

(i) State the average velocity for the whole § eof—| S— s
journey. - ' __l_ N ||

(iii) Workout the average speed for the whole o/ | | | | | | N\e |

: 10 1030 11 1130 12 1230 13 1330
journcy. #3010 1030 Time{minutes)

3. Fatima left home at 10:00 and cycled north-cast in a straight line. The diagram shows a
displacement time graph for her journey.

(i) Find the Fatima's velocity between 10:00 ,2*_’ k. -+ H T EE]

and 11:00. § N1 | T

- - [ | - P SR Nt

On her return journey, Fatima continued

passed her home before retumning. f
(ii) Estimate the time that Fatima passed her 4} _‘ R
home. 0 11 12 13 14 15 16
(iii) Find Fatima's velocity for each of the last
» two stages for her journey.
(iv) Calculate Fatima's average speed for her
entire journey.

4. An electric train starts from the rest at a station 4 and moves along a straight level track.
The train accelerates uniformly at 0.4 m/s’ to a speed of 16 m/s. The speed is then
maintained for a displacement of 2000 m. Finally the train retards uniformly for 20 s
before coming to rest at a station B, For this journey from A4 to B,

(i) Find thetotal time taken 5

(ii) Find the displacement from A to B

(iii) Sketch the displacement-time graph, showing clearly the shape of the graph for
each stage of the journey.

RTINS
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5. Using the following data, draw time-displacement graph for a moving object.

Time(s) 0 2 4 6 8 10 12 14 16
Displacement(m) | 0 2 4 4 4 6 4 2 0

Use the graph to find aw:ragé velocity for first 4 5, for next 4 s and for last 6 s and the total
displacement. '

6. Ahmed leaves home at 11 am. He cycles at a speed of 16 km/h for 90 minutes. He stops for
halfan hour. Ahmed then cycles home and arrives at 3 pm.

(i) Draw adisplacement-time graph to show Ahmed's journey.

(ii) What is Ahmed's average speed on the return part of his cycle.

7. Dabeer leaves at 14:00. He drives at an average speed of 14 km/h for 3 % hours.

Dabeer stops the journey for 30 minutes. He then drives home at 70 km/h.
Draw a displacement-time graph to show Dabeer’s journey.

8. A helicopter leaves Islamabad at 09:00. It flies for 45 minutes at 80 km/h. It lands for 20
minutes. The helicopter then returns to its base in Islamabad, flying at 100 km/h. Draw a
displacement-time graph to show the journey.

9. The diagram shows the velocity-time graph of the motion of an athlete running along a
straight track.

4v(m/s)
For the first 4 5, he accelerates uniformly from rest to
avelocity of 9 m/s. .l
This velocity is then maintained for a further 8s.
Find: (i) therate at which the athlete accelerates.
(ii) the displacement from the starting point £X
of the athlete after 12s. 0 4 12 (s

10. The diagram shows the velocity-time of the motion of a cyclist riding along a straight
road. He accelerates uniformly from rest to 8 m/s in 20 s. He then travels at a constant
velocity of 8 m/s for 40 5. Then he decelerates uniformly torestin 15 5. Find:

(i) The acceleration of the cyclist in the first 20 s of
motion.

(ii) The deceleration of the cyclist in the last 155 of -
motion. ol 20 60 75 t(s)
(iii) The displacement from the starting point of the cyclist after 75 s.

11. A particle moves 100 m in a straight line. The
diagram is a sketch of velocity-time graph of
the motion of particle. The particle starts with
velocity u m/s and accelerates to a velocity of 10m/s.
The velocity of 10 m/s is maintained for 7s and then

v(m/s)

\ t(s)

o 3 0 1

10
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the particle decelerates to rest in a further 2 5. Find:
(i) Thevalueofu. |
(ii) The acceleration of the particle in the first part of the motion.
12. A car is moving along a straight road. When t = 0 s, the car passes a point A with velocity
10 m/s and this velocity is maintained until £= 30 5. The driver then applies the brakes and
the car decelerates uniformly, coming to rest at point B when t=42 5.
(1) Sketch avelocity-time graph to illustrate the motion of the car.
(ii) Find the distance from A4 to B.
13. A particle moves along a straight line. The particle accelerates from rest to a velocity of
20 m/s in 15s. The particle then moves at a constant velocity of 20 m/s for a period of time.

The particle then decelerates uniformly to rest. The period of time for which the particle is
travelling at a constant velocity is 4 times the period of time for which it decelerating.

(i) Sketcha velocity-time graph to illustrate the motion of the particle.

Given that the displacement from the starting point of the particle after it comes to rest
is480m.

(ii) Find the total time for which the particle is moving.

14. Amotorcyclist M leaves a road junction at time ¢ =0 s. He accelerates from rest at a rate
of 3 m/s’ for 8 s and then maintains the velocity he has reached. A car C leaves the same
road junction as M at time ¢ =0 s. The car accelerates from rest to 30 m/s in 20 s and then
maintains a velocity of 30 m/s. C passes M as they both pass a pedestrian,

(i) Onthesame diagram, sketch velocity-time graphs to illustrate the motion of Mand C.
(ii) Find the distance of the pedestrian from the road junction.

5.3 Velocity as Derivative of Displacement Function
Let a particle be moving and its position can be determined by the displacement function S.
By definition velocity is the time rate of change of displacement. So we may write:
v = velocity = i .
dt
This gives us the instantaneous velocity of the particle at time “t’. For a particular value of ‘t”
we will get the velocity of the particle at that particular time.
Example 2: A particle is moving such that its position can be determined by the function
§= t? + 2sint. Find its velocity at any time ‘¢’ Also find its initial velocity and velocity at
time ¢ = Z (S is in meters and ¢ is in seconds).

Solution:
The position function (Displacement function) is
5 = t? + 2Zsint
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Differentiate it w.r.t ‘t’
B o 264 Foout
i cos
v(t) = 2t + 2cost sisavnd])

(1) shows the velocity of the particle at any time ‘t”. To find the initial velocity put t = 0 in (1).

v(0) = 2(0) + 2cos 0 = 2m/sec
Now put t = Zin (1).

u(g)=z(%)+2cosg=-23£+2(-1-)=2—"+1=2“+3m»"“" *

2 3 3
Which is the velocity of the particle at t = .
5.3.1 Acceleration as Derivative of Velocity and Displacement -
Let the position of the moving particle at any time ‘t” be determined by the function S(t).
By definition the acceleration of a particle is the rate of change of velocity w.r.t time; so

. dv
a = acceleration = —

dt
Which is acceleration is a derivative of its velocity.
2

ds d fds d“s
As = — _,—_.—(_)=—' i
we know that v e Hence a =\t <2 is the acceleration as

derivative of its displacement.

Example 3: The position function of a moving particle is given by S = VE +In (¢ + 1).

Find the velocity and acceleration of the particle at any instant of time ‘t’. Also find its velocity
and acceleration at t = 1 and t = 4. Here S is measured in meters and time in seconds.
Solution:

Giventhat S =T+ In(t+1)
Differentiate w.r.t ‘t’

ds 1 t'%+ 1
dt 2 t+1
i s
v(0) = 55+ 15 snuk by '
Equation (1) shows the velocity of the particle at any time ‘t’. Differentiate (1) w.r.t °t".
de 1 = __1 2
—=-ili-ms sissureill) )
Which is the acceleration of the particle at any time ‘¢’

Velocityatt =1
Putt = 1 in Eq. (1).

Velocity at t = 4
Put t = 4 in Eq. (1).
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Accelerationatt =1
Put t = 1in Eq. (2).
1 1

i ar

a(l) = - L 1)2] = —-;-mfsec’

Acceleration att = 4
Put t = 4 in Eq. (2).

1 1 1 1 37
S _’4(4)%-+ c4+n=l =~(m*5) = s

5.3.2 Displacement as an Integral of Velocity
fr * As we know that for a moving particle

ds —
7 S
Integrating both sides w.r.t ‘t’
ds
J'Edt =Il’dt

S=det

5.4 Velocity as Integral of Acceleration

For a moving particle we have:

dv_a
-

Integrating both sides w.r.t ‘t’, we have:
dv
"Edt = I a

o v=fndt

Example 4: The acceleration of a moving particle at any time ‘¢ is given by
: a = 24t + cost
Find its velocity and position at any time ‘t’. Given thatatt = 0;v = Oandat t = %;5‘ =
Solution:
Given that a = 24t + cost

v =fadt

= v = [(24t + cost)dt + A = 12t* + sint + A
Where A is constant of integration.

z
=



 cramER
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It is given thatat t = 0; v =0, so
0 = 12(0)* + sin(0) + A

= A=10

Hence v = 12t? + sint
Which is the velocity of the particle at any time ‘t’.
Also 5= [v(t)dt

=5 S = [(12t? + sint)dt

S=4t>—cost +B
Where B is constant of integration.

A n nd
Gwenthatatt=;;5=?,merefnre

£=4 . 3—_:::15(%)+B

2 2
= B=0
Hence S = 4t3 — cost

Which is the position of particle at any time “t’.
5.5 Application of Mechanics in Real Life Situation
Example 5:

A stone is projected vertically upwards with a velocity of 10m/sec. Find the height attained
by the stone at any time ‘t’. When will it attain its maximum height? Also find the maximum
height attained by the stone and the total distance travelled when it hits the ground.

Solution:
Since the stone is thrown vertically upwards. So a = —g m/sec?.
Since, v=[adt

v=[—gdt =—gt+A
Given that at t = 0;V = 10m/sec therefore

10=—g(0)+ A
= A =10
Thus, v =—gt+10
Which is the velocity of the stone at any time ‘t’.
Also S =[vdt
= S = [(—gt + 10)dt
= S =—2gt*+10t +B

At t =0;5 = 0, therefore:
0=0+0+B= B=0

Hence, = —%gtz + 10t




Which is the height attained by the stone at any time ‘t’. Now when stone attains its
maximum height its velocity becomes zero. i.e.
-gt+10=0

10
= =-—35ec
q

Which is the time after that stone attains its maximum height. Put the value of t in

§ =—2gt? +10¢.

s=-30(5) +10(3)
? _ 50, 100_so
g a g

. : . d 50
Thus, stone will attain a maximum height of G meters.

Total distance travelled by the stone = distance travelled in upward direction
+ distance travelled in downwards direction
50 .50 _ 100

a g g

| \u_'l't.'i*.r ‘::

1. A projectile is launched vertically upward from an initial height of 129 ft with an initial
velocity of 87 ft/s.
(1) What are the position, velocity, and acceleration functions?
(i1) When will the projectile hit the ground?
(iii) What is its impact velocity?
(iv) When will the projectile reach its maximum height?
(v) What is the maximum height of projectile?

2. An object has its position defined by S = t* — 9t2 + 24t + 20 in feet.
(i) What are the velocity and acceleration functions?
(ii) What are the position and velocity of the object when its acceleration is
—6.5ft/s*?
(iii) Find the displacement and the total distance travelled by the particle from
t= 15stot = 7s.

3. A person is standing on top of the Meinar-e-Pakistan and throws a ball directly upward
with an initial velocity of 96 ft/s. The Meinar-e-Pakistan is 176 ft high.
(i) What are the functions for position, velocity, and acceleration of the ball?
(ii) When does the ball hit the ground and with what velocity?
(iii) How far does the ball travel during its flight?
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4. A particle moves along a line such that its position is:
S=2t3-9t? + 12t — 4,fort = 0.
(i) Find t for which the distance S is increasing
(ii) Find t for which the velocity is increasing.
(iii) Find t for which the speed of the particle is increasing,.
(iv) Find the speed when t = 2s.
(v) Find the total distance travelled in the time interval [0, 4].

5. The position of an object moving on a line is given by §= 6t — t3,t = 0, where S :
is in metres and t is in seconds. '
(i) Determine the velocity and acceleration of the object at t = 2.
(ii) At what time is the object at rest?
(iii) In which direction is the object moving at t = 557
(iv) When is the object moving in a positive direction?
(v) When does the object return to its initial position?

6. A particle P moves along the x"-axis. The acceleration of P in time t seconds, when t = 0,
isa =(3t + 5)m/s? in the positive x-direction. When t = 0, the velocity of P
is 2 m/s in the positive x-direction. When t = T, the velocity of P is 6 m/s.
Find the value of T.

7. A particle P moves along the x*-axis. At time t seconds the velocity of P is
v=(3t*— 4t +3)m/s.Whent = 0, P is at the origin 0. Find the distance of P from O
when P is moving with minimum velocity.

8. A particle P moves along the x-axis in a straight line so that, at time t seconds, the

. i 1“:""2:2, D‘_:tiﬁl
velocity of P isvm/s, wherev ={ 43z t>6

&2 " :
Att = 0, P is at the origin 0. Find the displacement of P from O when:
(i) t = 6s, ' .
(ii) t=10s.
9. A particle P moves along the x*-axis. At time t seconds the velocity v of P is increasing

3
in the direction of x-axis given by v = {E* =gtn Oses4
16 — 2t, t>4
When t = 0, P is at the origin 0. Find:
(i) the greatest speed of P in the interval 0 < ¢t < 4,
(ii) the distance of P from O whent = 4,
(iii) the time at which P is instantaneously at rest for t > 4,

(iv) the total distance travelled by P in the first 10 5 of its motion,
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10. A particle P moves along the x*-axis. The acceleration of P at time t seconds is
a =(4t — 8) m/s?, measured in the increasing direction of x. The velocity of P at time
t seconds is v m/s. Given that v = 6 when t = 0, find:

(i) v in terms of't.
(ii) the distance between the two points where P is instantaneously at rest.

11. A particle P moves along the x*-axis and its acceleration after a given instant ¢ is
given by a = (4t — 9)m/s% t = 0. When t = 1, P is moving with velocity of
—3m/s.

(i) Find the minimum velocity of P.
(ii) Determine the times when P is instantaneously at rest.
(iii) Find the distance travelled by P in the first 4-;-‘ seconds of its motion.

12. A car moving on a straight road is modelled as a particle moving along the x*-axis,
and its acceleration a m/s?, after a given instant t, is given by

1
S {4 = Et 0st<8
0 t>0
The car starts from rest,
(i) Find a similar expression for the velocity of the car, as that of its acceleration.
(ii) Find the time it takes for the car to reach its maximum speed.
(iii) Show that the displacement of P form O is given by:
5={z:2—;‘5:3 0st<8

16:-‘—;'5 t>8

(iv) Calculate the time it takes the car to cover the first 1000 m.
13. A particle is moving with constant acceleration a with an initial velocity v; and after
time ¢ it covers a distance S. Prove that:
(i) vy=v;+at
(i) S=vt+3at?
(iii) 2aS=vf —vf

5.6 Vector Valued Function _

Vector valued functions provide a useful method for studying various curves both in plane and in
three-dimensional space. We can apply this concept to calculate the velocity, acceleration, arc length
and curvature of an object’s trajectory.

Definition: A vector valued function is a function where the domain is the subset of real numbers

and the range is a vector. In three dimensions r(t) = x(¢)f + y(t)f + z(¢t)k, where x, y, and z are
the functions of r or may be constants.



The example of the vector valued functions is
r(t) = 3t + tj + (sint)k

5.6.1 Domain and Range of Vector valued Function

The domain of a vector-valued function 7(t) = x(t)i + y(t)j + z(t)k is the set of all t’s for which
all the component functions x(t),y(t) and z(t)are defined. If r(t) is defined in terms of
component functions and the domain is not specified explicitly, then the domain is the intersection
of the domains of the component functions. The range of a vector-valued function is the set of all
possible output values that the function can produce, which are the vectors.

Example 6: Find the domain of r(t) = In|t — 1]i + e'f + Vtk
Solution: Here x(t) = In|t = 1], y()=e' and z(t)= vt
Domain of x(t) is (—o0,1) U (1, )
Domain of y(t) is (—oo, 00)
Domain of z(t) is [0, 0)
Thus, the domain of the function is
{(—o,1) U (1,)} N {(=0,)} N {[0,)} = [0,1) U (1, )

5.6.2 Construction of Vector Valued Function

Consider a particle is moving in space then its vector function can be constructed by considering it
motion along x-, y- and z-axes. Suppose that the motion of particle along x- and y-axes is in circular
shape and z-axis is changing linearly 3 times with time, then its vector function is given by

r = (cost)i + (sint)f + 3tk
5.6.3 Scalar Valued Function

A function from a vector to some constant is known as scalar valued function.

For example, when we take the magnitude of the vector or the dot product of two same vectors then
the vector valued function becomes a scalar valued function. Let us consider the vector:

r = 30+ tf + (sint)k
Its magnitude is || = |31 + tf + (sint)k|
= /32 + t2+ sin?t = /9 + t2+sin?t
The value the function ¥9 + t%+ sin? t also depends on the scalar variable 1.
In this case the domain of the function ranges 0 to I Key Facts

infinity (as we considering ¢ as time) and the Av:;.mrt::h::“ﬁm:l:::: lzla‘;si’f:-rcﬁ
range of the function is from 9 to infinity. =oaraine g

axes whereas scalar valued function
5.6.4 Derivative of a Vector Valued Function gives one scalar value.
Aninstantaneous rate of change is known as the —
derivative of vector valued function.

s 7 M e .___& TR -_
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For example, the function represents the positien of an object at a point in time t, the derivative
of that function represents its velocity at that time on the same point. Consider a function f(t)
which has three components that is f;(t), f2(t) and f3(t). The function f(¢) is said to be
differentiable if all of its three components are differentiable.
f® = AT+ L] + (DK
Then f(t) is differentiable at t = t;, and its derivative is given as
f(to) = f'1(to)i + f12(t0)] + f'a(ta)k

Or we may write it as

df d d d
= fito)i + == fo(t)] + < fa(tok

Example 7: Find the derivative of the vector function f(t) = 3t%i + 8t] — tl, katt=5.
Solution: £ (¢) = 3t +8¢] — Sk
; = 2 (3t2)1 + - (80)f — -(:-) k=32@)i+85 (0] -5 ™k

—— =3 x 2t + 8 x 1j — (=3t3 "Dk = 6ti + 8j + —3t~*k
U = 6ti + g+ -y

df af o
= dt—ﬁ(ﬁ)t+aj+{5},ﬁ 3ut+Bj+m§

5.6.5 Velocity and Acceleration of a Vector Valued Function

The derivative of the vector valued function gives the velocity of the function at the partlcular point
and if we take again the derivative of the velocity function then it will be acceleration of the function
at the particular point.

Consider the function in space
| f(8) = O+ L)) + fs (DK
Then f(t) is differentiable at t = t; and its derivative is given as

; fl(te)=v(te) = f'1(t)t + f'2(to)] + f'a(to)k  where f'(to) = v(ty)
Which gives the velocity of the function at t = t, and for the acceleration of the function again
we differentiate the velocity function to get the acceleration

alte) = Z:9(to) = F's () + "o (t0)] + Fa(eo)F
Example 8: Find the velocity and acceleration of function f(t) = 2t2f + 3t*f — t3k att = 1.
Solution:  v(® L f(t) =5 (i +23eh)j - % (t?)
v(t) = 2 X 2ti + 3 x 4t%] — 3t2k = 4ti + 12¢3] - 3¢%k ‘
v(t) = 4ti + 12¢%] — 3c%k
. v(1) = 4(1)i + 12(1)%] — 3(1)%k = 4i + 12f — 3k
\
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For acceleration we differentiate th-e \relm:ity'
a(t) = —I:I'(t) == (4:)! += (12t3)j - -—(3t=)E
a(t) =4x 10+ 12 X 3t%j — 3 x 2tk = 4i + 36t%] — 6tk
a(1) = 41+ 36(1)%] - 6(1)k = 4i + 36] — 6k

QI sorcise 53— —

1. If r(t) is the position of the particle. Find its domain and the range at given point

Also find its first and second derivative. )
L or(t)=((+1)i+(t*—1)j+5tk, t=2
i, r(6) =i+ + 0k t=-2 '

iii. (t) = eti +;e“j +5e~'k, t=1In2
iv. r(t) = (cos2t)i + (3sin2t)j +5tk, t=0
2. Find the velocity and acceleration of the functionat t = 0
i 7(t) = (3t + 1)i+V3tj +t%k
ii. r(t) = (-.F)H' - 1Etz)j’—2tk
iii. () = (In(t2 + 1))i + (tan~1¢)j + VtZ + 1k
iv. r(t) = %(t + )2+ 2(1- %% + %tk
3. Find the scalar valued function in term of the magnitude
i. r(t)=0@Bt-7Ni+tj—t*k
ii. 7(t) = (% )i+ =+ 16t2) ] - 2tk
iii. 7(t) = (In(t? + 1))i + (tant)j + sectk
iv. 7(8) = (¢ + 1)¥/% +2(1 -2 +3t3%k

| neview ercise

1. Choose the right option.
(i) Which of the following quantities is a vector?
‘(a) Charge (b) Mass (c) Momentum (d) Time

| Netonal Book Foundation |
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(ii)

(iii)

(iv)

(vi)

(vii)

(viii)

Which of following is scalar quantity?

(a) Displacement (b) Weight (c) Force (d) Work
Which of following can be used to determine the magnitude of velocity?
(a) Area under acceleration-time graph

(b) Area under velocity-time graph

(¢) Gradient of an acceleration-time graph

(d) Gradient of a velocity-time graph

The winner of 400 metre race must have the greatest:

(a) acceleration (b) average speed

(c) instantaneous speed (d) maximum speed

A car travels 100km. The journey takes two hours. The highest speed of the car
is B0km/h, and the lowest speed 40km/h. What is the average speed for the
journey?

(a) 40km/h (b) 50km/h (c) 60km/h (d) 120km/h

A car travels 6.0km along a main road in 6.0 minutes. It then travels 2km

along minor road in 6.0 minutes. Which calculation of average speed for the
whole journey is correct?

Minor road
6.0km 2km
—————— e S =
"/ 6Ominute R
Main road ;

80 _ o g7.km 120 _ 4 g km

{a) Ti_ﬂ = 0.67 min (b) 80 15 min
= 720 ™m — ggn
{c) B.04+12.0=20 e (d) B.0 x 12.0 =96 e

Which person is experiencing an acceleration?

(a) A driver of a car that is braking to stop at traffic light.

(b) A passenger in a train that is stationary in a railway station.

(c) A shopper in a large store ascending an escalator (moving stairs) at a
uniform speed.

(d) A skydiver that is falling at a constant speed towards the Earth.

A child is standing on the platform of station. A train travelling at 30m/s

takes 3.0s to pass the child. What is length of train?
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(ix) A heavy object is released near the surface of earth and falls freely. Air
resistance can be ignored. Which statement about the acceleration of the object
due to gravity is correct?
(a) The acceleration depends on mass of the object.
(b) The acceleration depends on volume of the object.
(c) The acceleration is constant.
(d) The acceleration is initially zero and increases as the object falls.
2. The graph shows the movement of a car from point A to point D, D is 500m from A, .
note that there are two slant lines AB and CD. The slant lines indicate that car is
moving,. The flat line BC indicates that car is stopped or is at rest.

£ I
500

£ 400

£ 300

gzm

10::1’
0

0 10 20 30 40 50 60 770
Time(s)

(1) Calculate the speed of car during the first 10 seconds.

(i)  For how long did the car stop?

(iii) What is speed of car on its journey from C to D?

(iv) On which part of the journey did the car travel faster?

(v)  What is average speed of the car for whole journey?

(vi)  What is the average speed of the car for the time it was moving?

3. The graph below shows how the speed of an athlete varies during a race.

- 7

e \
84

> . /

2 \
I T VO T TN O R

Time(s)
(i) Calculate the acceleration of athlete during the first 4 second.
(i)  What was the athlete doing between the 4*" and 14*" second?
(iii)  Calculate the deceleration of the athlete in final stage of the race.
(iv)  How far has the athlete moved in the first 4 seconds?
(v)  What is the total distance travelled by the athlete?

t'F"!T_" I— o . " = N——

FET g l""-..f" "1, i | £




KINEMATICS OF MOTION INASTRAIGHT LINE

SRS S LN 145

4. Letv(t) =i+sin3t represent the velocity of an object moving on a line. At t =§
the position is 4.
(i) Write the acceleration function.
(ii)  Write the position function. .
(iii)) Att= %, is the object speeding up or slowing down? Explain your answer.
(iv)  Ontheinterval [%, ], what is the velocity of object when acceleration is 37
5. A particle moves along y-axis so that its velocity v at time ¢t = 0 is given by
v(t) = 1 — tan'(e®). Attime t = 0 the particle isat y = —1.

X (a) Find acceleration of the particle at time ¢t = 2.
(b) Is the speed of particle increasing or decreasing at time t = 2? Give a reason for
your answer.

(c) Find the time ¢ = 0 at which the particle reaches its highest point. Justify your
answer. '




After studying this unit, students will be able to:

« Find the condition of concurrency of three straight lines.

« Find the equations of altitudes, right bisectors and medians of a triangle.

+ Show that altitudes, right bisectors and medians of a triangle are concurrent.

+ Find the area of triangular region whose vertices are given.

« Recognize homogeneous linear and quadratic equations in two variables.

Investigate that second-degree homogeneous equation in two variables represents a

pair of straight lines through the origin and find acute angle between them.

« Apply concepts of analytical geometry to real life world problems such as aviation, to
track stars, distance between planets and satellites, space science and engineering.

Analytic geometry known as coordinate geometry is a branch of mathematics that combines algebra
and geometry. It involves the study of the geometric shapes using the coordinates and equations.
Analytic geometry is used in physics and engineering, as well as in fields like aviation, rocketry,
space science, spaceflight, computer graphics, astronomy, cartography and robotics etc.

It serves as the cornerstone for many contemporary geometric disciplines, including algebraic,
differential, discrete, and computational geometry.




6.1 Point of Intersection of two Straight Lines
We know that two non-parallel lines intersect each other at one and only one point.

Let hiawx+biy+ci1=0 ..covenneee... (1)
and Liaxx+bzy+c2=0 ...coovvrenen. (2)
be two non-parallel lines and P(xy, 1) be the point of intersection of /; and /2. Then:
X1 b1+ 120 s (3)
axx1+bay1+c2=0 ................ (4)
For the solution of (3) and (4), we proceed as follow:
ai b4 5 a4 i bi 1
az ﬁzfx‘czxaz\bz
TR LAEE .  w 1
bicz —bac;  aze,—asc;  azb, —azhy
= 207he - 820700
ARG, e ayb;~az by " ayby—azby

; _ ((Pac2=bzcy azcl-ﬂir-‘z). " § ; :
& P, y) (ﬂ1bz-ﬂzb:'ﬂ1hz—__dab1 is the required point of intersection where

ayb, — azby # 0 otherwise Iy || L.

Key Facis
e Ifli || b, thenayb; — azb, =0 = a;b, = azb, = ?-%
2 2
- a by _ L
e Ifhi L L thenmim=-1= ('-E:*) ('—-E:') ==-1=aa; =-bb;

6.2 Condition for Concurrency of Three Lines
6.2.1 Concurrent Lines

Three or more lines that intersect at one common point are said to be concurrent lines. When a third
line passes through the point of intersection of the first two lines, then these three lines are known as
the concurrent lines.

6.2.2 Pointof Concurrency

The point of intersection of three or more lines is known as the “point of concurrency.” It is the point
where three or more lines intersect.
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Three lines are concurrent if the point of intersection of two lines, lies on the third line (i.e., satisfies
the equation of the third line)

I Key Facts

The diameters of a
circle are concurrent
at the center of the
circle.

To check the concurrency of three lines, we use
the following methods.

Consider three straight lines whose equations are:

gzt iy + e =0 i (1)
ax+by+c2=0 ....oooeeeeen. ) .
M BV F3=0 ciissesisnes (3)

The system of homogenous equntions (1)-(3) can be written in matrix form as:

PR —

If the lines (1) to (3) are concurrent then they must intersect at a point O(x, y) which can be found by
solving equations (1) to (3) simultancously. The system (4) has a non-trivial solution if the
determinant of coefficients of the three lines is zero. i.e.,

a, by o
a; by ¢ =0
az by c3

Whict is the condition of concurrency for the three lines. Thus, if the determinant of the coefficients
of the given lines is 0, then the lines are concurrent.

Example 1: -
Find the value of k if the lines: -—
3x+y-3=0, Sx+ky-3=0, Ix-y-2=0 Check whether the lines:
are concurrent.- 3x+4y-7=0, i
Solution: | . 2x—3y+5=0, .
‘ i i inesis: 3x—5y+8=0
i 1 :
The d;temTant_ n; coefficients of the given lines is gl Sotl
D=|5 k —3| .
3 -1 =2

By solving the determinant, we get:
p=3| * “3|-1|§ |+(—3)|5 "l 3( 2k—3) - 1(=10 +9)—3(- 5 - 3K)
=1 el

-9+ 1+15+9%=3k+17
As. the three lines are concurrent, therefore:

-7
W+ T=0 = k=7 2 k=7 ‘




() Direct Method

In this method, we first find the point of intersection of two lines and then check if the point lies on

the third line. It ensures that all three lines are concurrent. - _

Consider equations of three lines as follows:

4x—-2y—-4=0....... ) What are collinear points?
y=x+2 pe—) Are concurrent lines coplanar?
2+3p=26 ... (3)

Step 1: To find the point of intersection of line (1) and line (2), substituting the value of 'y’ from
equation (2) in equation (1) we get:
4x-2(x+2)-4=0
- 4x-2x—4-4=0
2x—-8=0 = 2x=8 = x=4
Substituting the value of x in equation (2), we get:
y=4+2=6
Therefore, line (1) and line (2) intersect at the point (4, 6).
Step 2: Substituting the point of intersection of the first two lines in the equation of the third hn:
we get:
2(4)+3(6)=26 = 8+18=26 = 26=26
This implies that the line (3) also passes through the point (4, 6). Hence the three lines are
concurrent.
6.3 Concurrent Lines in Triangles
In a triangle, the three angle bisectors, perpendicular bisectors, medians and altitudes are examples
of concurrent lines.
« Incenter: The point of intersection of three angle bisectors of a triangle is known as the incenter
ofatriangle.
+ Circumcenter: The point of intersection of three pe:pcn&cﬂar bisectors of a triangle is known
- as the circumcenter of a triangle.
» Centroid: The point of intersection of three medians of a triangle is knuwn as the centroid of a
triangle.
* Orthocenter: The point of intersection of three altitudes of a triangle is known as the orthocenter
ofatriangle.

A DA A

Circumcenter Centroid
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Theorem 6.1:

Altitudes of a triangle are concurrent. M)
Prooft s
Let AQx1, y1), Bixz, y2) and C(x3, y3) be the three

vertices of a tnangle ABC. In the figure, AD, BE and CF

aie altitudes of BC, CA and AB respectively.

First, we find the equation of altitude AD. B(x2, y2) D

- ==_ Ya=X¥z
Slope of BC = —--—--xa_ =

Clxs, v3)

Slope of altitude of AD = —23=%2
Y3=¥2
Lquation of altitude AD is: )
X3 — X
y=n=-Jf@-x) ...
37 Y2

=2 Y- ya— y2)=—(x3 — x)(x —xy)

(Point-slope form)

2 (X3 —x)x+ Va—y)y—x1(x3 —x) = y(ya—y2) =0 ......(])
By symmetry, equations of altitudes BE and CF are respectively as follows.
G —xa)x+ (7 —y3)y =200 —x3) = ¥2(y1—y3) =0 ......(2)
(K —2x+ V2 =¥y — X3 — %)) —ya(y2 =) =0  ......(3)
The determimam of coeflicients of the three lines is:
X3 — Xz Ya—Ya2 —x1(x3 — x3) — ¥1(¥a — ¥2)
Xy — X3 Yi—¥a —x2(%1 — x3) — ¥2(¥1 — ¥3)
Xz — X Y2—n —x3(x; = x1) = ya(¥2 — 1)
Adding R2 ana R3 in Ry, we get:
0 0 0
X3 — X3 1= —xz(%; — x3) — ¥2(¥1 — ¥3)
X2 — X h i sl ) —x3(xz — x1) — y3(¥2 — 1)
Thus, the aititudes of a triangle are concurrent.
Theorem 6.2 Alxi, )
Right bisectors of a triangle are concurrent.
Proof::
Let A(x1, y1), B(xz, y2) and C(x3, y3) be the three
vertices of a triangle ABC. In the figure, 0D, OE and ﬁf
i i rBC d AB respectively.
HI:E- nght blBECtFIrS o1 B[I:,m ﬂ-ﬂ b l::cr ij ] B(xz, 2) D Clx3, 1)
J First, we find the cquation of right bisecto .
" +
Coordinates of mid point D of BC are (""J'Tx’ 4 u)

=0

F E

)

2




}'z
X3z— X3z

Slope of BC =

Slope of right bisector 0D = —X3—%2

Equation of right bisector OD is:

3 _Jr'z:.l"a 3'3.-; x:( ’Hzﬂ) (Point-slope farm)
= (y-22(y, - }'z)"—(xs - x)(x — 2%y

2
" After s1mpl1ﬁcatinn, we get:
—X2)x+ (¥3 'J'z)?‘%(—"‘az - 2;%) - %(}’32 -5 =0 ...

- By symmetry, equations of right bisectors OE and OF are respectively as follows.
| 1= X)X+ 01 =3y =502~ 1) =002 =3 =0 ....c0. (2)

(G2 =x)x+ 2 =)y = ;2 -6 =202 =) =0 ......(3)
The determinant of coefficients of the three lines is:

1 1

X3 = X3 Y3 =¥ =3 (x3* —-Tzz)—'z' 0s* — 2%)
1 1

f=%  W=¥ ;-5 -n)

Xz — Xy n=»n . "'%(Izz ‘-":.z) —i'()'zz = )’123

Adding Rz and Rs in Ry, we get:
0 0 0
1
X1 = X3 Y1=Ys =200 =i®) -- 01% = ¥5%) =
2 2 0
1
X=X V2= -3 =) =22 - »?)
Thus, the right bisectors of a triangle are concurrent,
f Theorem 6.3:
Medians of a triangle are concurrent.
. Proof: . Alx, )

Let A(x1, 1), B(xz, y2) and C(x3, y3) be the three
vertices of a triangle ABC. In the figure, AD, BE and CF

are medians of the triangle.
First, we find the equation of median AD. :
Coordinates of mid point D of BCare (4322, 222%)  Big,) D Clxs, y3)

Using two-point formula, equation of median AD is:




= (22— ) (& — y) = (22

}'1) (* — %)

= % = x:)J’_( z:-ta - -‘*’1)1’1= hﬂh - -"'1)"""_(m B h)x‘

2

+ (BB gy)a - (N~ )y - -t (B -x)n~0 )
By symmetry, equations of medians BE and CF are respectively as follows.

(}"3'?}"1 yg)x (x"_"1 i xg)}’_(y_lzh - yg)xg + = )ya =0 {3)
The determinant of coefficients of the three lines is:

Y2 + ¥ X2 + X Va2 + ¥ X2 + Xx
BE52-n) -(F57-m) -GEFR-n)a+(GF2 o)y

y + Vs Xy + Xy V. + ¥ X + X
nin ) -@Eia_,) _@in_).Eiao),

Y1+ ¥ X + X +y X + x
B2-n) -(BF2-x) -EFE-n)m (B -n)n
Adding Rz and R; in Ry, we get:

0 0 0

Y.L +y x, +x v + ¥ X+ x
=) Fy-a) ~*3 b= y)u+ (B - x)

+y Xy + X% Y + ¥ X + x;
(}'12 2_3’3) _(12 2_i’cz) _(12 z"}'s)xs"'(lz "1'3)}’3

=0

Thus, the medians of a triangle are concurrent.

Example 2:

Find (i) circumcenter (ii) centroid and (iii) orthocenter of a triangle ABC with A(0, 0),

B(6, 0) and C(0, 6). Also prove that circumcenter, centroid and orthocenter are collinear.
Solution:

Given that A(0, 0), B(6, 0) and C(0, 6) are vertices of triangle ABC.
(i) Circumcenter is the point of intersection of three perpendicular bisectors of triangle.
First of all, we find the mid points of three sides. B(0, 6)

Mid-point of OA = C (5=, 5°) = C(3,0)

040 'U+6

Mid-point of OB = E( = E(0, 3)

Mid-point of AB — G (==, “‘““) G(3,3)




- 6=0
Slope of OA = <=2 =0, Slope of OB = =— = oo (undefined)
6=0

Slupenfﬁﬂ=m="1
Now, we find slopes of right bisectors.
; : TIEE. T
Slopeofnghtbwecturﬂn—shp“fm =
TP T ORI DI W ()
SlopenfnghtbmectanF—mupeumB—m 0
y 1 i = i ::::_—1=
Slope of right bisector GH_SInpenl' T 1
Equation of right bisector CD is:
y—0=00 (x-3) = X=3=0 iiaa (1)
Equation of right bisector EF is:
}"—3=n{x—0} = }'_'3=u tntunt&)
Equation of right bisector GH is:
y—3=1(x-3) =2 y—-x=0 ......(3

Equations (1), (2) and (3) are equations of right bisectors of sides of triangle ABC.
Solving (1) and (2), we see that: x=3, y =3
.. Circumeenter = G(3, 3) ......... (A)
(ii) Centroid is the point of intersection of three medians of a triangle.

First of all, we find the mid points of three sides, B(0, 6)
Mid-point of OA = C(3, 0)
Mid-point of OB = D(0, 3)
Mid-point of AB = E(3, 3) D 3
Equation of median OE is:

y=-0 x-0 i

Sk b (two-point formula)
= y=x |
Equation of median AD is:

y—0 x-6 i

350 0=6 (two-point formula) I Medians of a trianglel;?s:':
= —=6y=3x-18 = 3x+6y—18=0 each other (i.e., bisect each

= x+2y—6=0 ... (5) S X
Equation of median BC is: I erintheratio2:1)

y=6 x-=0 %
o—6 _ 3-o (two-point formula)

0(0,0) C Als, 0)

= 3y—18=—-6x = 6x+3y—18=0
= 2x4+y—6=0 .......(6)
Solving (4) and (5), we see that: x=2,y=2
. Centroid = P(2,2) ......... (B)
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(iii) Orthocenter is the point of intersection of three altitudes of a triangle.
As the triangle is right angled, therefore two of its sides OA and OB are also altitudes.

The third altitude is OC.
Slope of OA = 0, Slope of OB = oo (undefined) B(0, 6)
6=0 :
Slope of AB=-—>= ~1 c
Slope of altitude OC = ————=—=1
Slopeof AB -1
Equation of altitude OA is: 0(0, 0) A(6, 0) .
y—0=0(x-0) = y=0 ... )
Equation of altitude OB is: Key Facts
y—0=0(x—-0) = x=0 ... (8) oy In a right triangle, the ”
Equation of altitude OC is: %@ orthocentre is the vertex

y—0=1(x—0) = y=x=0 i)
Equations (1), (2) and (3) are equations of right bisectors
of sides of triangle ABC.

Solving (7) and (8), we see that: x=0,y =0
». Orthocenter = 0(0, 0) ......... (C)

I containing right angle.

Now we prove that circumeenter G(3, 3), centroid P(2, 2) B(O, 6)

and orthocenter O(0, 0) are collinear.

0P=JZ-0)+(2-0) = VE+4=V8= 2V2 6(3,3)
PG={J(3-22+(3-2)2=VIi+1=1V2 P(2,2)
0G=@-02+(3B-0)7=VI+9=v18= 3V2 0(0,0) A6, 0)

Now, OP+PG=2V2 + V2 =3V2=0G

Which shows that circumcenter, centroid and orthocenter

are collinear in any triangle.

Example 3:

The points P(- 1, 2), Q(3, - 2) and R(6, 3) are vertices of a triangle PQR. Show that altitudes,

right bisectors and medians of the triangle are concurrent.

Solution:

Let (xi,m)=(-1,2), (x2, y2) =(3,— 2) and (x3, ») = (6, 3), then:

We know that the determinant of coefficients of the three altitudes is:
X3 — X2 Ys—Y2 —x1(x3 — %3) = ¥1(¥3 — ¥2)
Xy — X3 Yi~=)s —x2(x1 = x3) = ¥2( 1 — ¥3)
Xz — X Yi= Yy —x3(x = x1)— ¥3(¥2 — Y1)

Substituting the values xi=—1,)1=2,x2=3,12=-2, 13 =6 and ys = 3 in above determinant,
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we get:
6~3 3+2 1(6—3)-2(3+2) 3 5 -7
sl =8 2-3 -3(-1-6)+2(2-3)|= |-7 -1 19
3+1 -2=-2 -6(3+1)-3(-2-2) + —4 -12

: Adding Rs in R, we get:
: 3 5 -7
-3 -5 7

4 -4 12

3 5 -7
3 5 -7
4 —4 -12

=0 (R and R: are identical.)
Hence altitudes of triangle are concurrent.
Now, the determinant of coefficients of the three right bisectors is:
=% ' PN "%(xsz—xzz)—%(?sz -~

1
=% N~ —iEu'-x% —i(hz - ¥3%)

(Multiplying Rz by 1)

e e T e

1
' X2 =X =N -E(-'fz: gy B 'zl‘()'zz “« 3143

Substituting the values x;=—1,1=2,x2=3,y2=-2, x3 =6 and y5 = 3 in above determinant,

we get:
6— ~-136-9)-2(9-4
3 3+2 !(3 ) 2( ) 5 . N
“1=8 . 2-3 -;(1-36)-1(4=9= -7 =320
|
: 3+41  -2-2 -l@-p-lu-e| '+ T |
Adding R in Rz, we get: }
3 5 -16 0 0 0 |
-3 -5 16| = |-3 -5 16| (AddingR;inR;)
. 4 -4 -4l |4 -4 -4 , |
= u i

Hence right bisectors of triangle are concurrent.
Again, the determinant of coefficients of the three medians is:

() AR ) (B Y u (S )
(=) OP-s) -CR-nno(BE - )
(;;:_n g y,) _(iL? i -"":i) "(’"’%ﬁ - y;)x; +(x_1____;:z e x;) V3

Substituting the values x;=—1, y1=2, x2=3, y2=—2, x3 = 6 and 3 = 3 in above determinant,
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we get:

=243 _,
8
(32+2) - = 3)

(2-3) -(22-¢)

& (-z; 3

243

-1.5 —-55 -1.5+11 -1.5

4.5 0.5 -135+1]| = 45

-3 5 18 -15 -3

Adding Ri in R2, we get:
-1.5 -55 9.5 0 0
1.5 55 -95| = |-3 -5
-3 5 3 4 —4
= ﬂ .

Hence medians of triangle are concurrent.

6.4 AreaofTriangular Region

The area of a plane figure is the space covered by it.
Consider AABC as given in the adjoining figure with
vertices A(x,, ), B(x;,3,), and C(x,, ;).

In the figure, we have drawn perpendiculars

BD, AE and CF from the vertices of the triangle to
the x- axis.

Notice that three trapeziums are formed:

ABDE, AEFC and BCFD.

We can express the area of triangle ABC in terms of
the areas of these three trapeziums as follows.

=\ 12

r 1

16| (Adding Rz in R;)
—4

-2)-0+(32+1)@
)@ +(FH= -3) -2
() @+ -0)o

=55
0.5

95

-12.5
5 3 .
0

Alx,, )

L J

Area of AABC = Area of Trap.ABDE + Area of Trap.AEFC — Area of Trap.BCFD .... (1) '

Now, Area of Trap.ABDE =§ x (BD + AE) x DE

=2 2+ 1) % (1~ x2)

1
Area of Trap.AEFC = & (AE + CF) x EF

= 2% 1+ % (0 —x)
Area of Trap.BCFD =§ x (BD + CF) x DF

=§*(w+y:)*(xa—xz)

| Area of trapezium is:
- = %:-c (sum of lengths of parallel

I sides (altitude) |

Recall

sides) * distance between parallel
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Substituting these values in equation (1), we can find area A of triangle ABC as follows.
1 1 1 :
A=Zx0rty)xm—x)+ox(n+y)x(-—x)=3x(2+y) X (x-x)

2
1
== %[z +y1) X (01 = x2) + 01 +33) X (x3 = ;1) = 02+ 1) < (13— x2)]
1
=Ex[xm~m+x1yl—.rm+x;y1—1m+x3}'3—st—nyz+x:,m—x3}’3+xﬂ’ﬂ
1
=E><[x1{yz-3¢}+xz(}u—yn}+xs{y| =y2)] “ y k
. ol Find the area of a triangle whose vertices
=325 Y2 1 are givenas (1,-1), (-4, 6)and (-3, -5).
x3 ya 1

Key Facis

« Ifpoints A, B and C are collinear, then area is zero.
= [fthesign of value of area obtained is negative, ignore it as the area cannot be negative.

= Area of a triangle can also be found by finding the length of three sides of a triangle
using the distance formula and then applying Heron's formula.

Example 4:
Find the area of triangle if points (4, — 2), (- 2, 4) and (5, 5) are vertices of a triangle.
Solution:

Here,xi=4, m=-2,2=-2, ;»=4,x3=5and y3=5 . AT e—

2 S T | b Ll Find the area of parallelogram

Area of triangle = 2 xlxg ¥, ==x|-2 4 1 shown.
x3 ¥y; 1 s 5 1 At

1 B Fiz.8

=%x[4(4=5)+2(-2-5)+ 1(—10-20)] \ 2

2 El-‘l.ﬂ{l s G4, 4}

=E=<f-4 14— 3[]]—-><[—48]- -24 W dnRins
rﬁu i rl

. Area of triangle = 24 square units EenuES bORRMBE L RS

1. Which sets of lines are concurrent in the given figure? Also, tell the point of concurrency.

(1) (ii)

p n
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(3]

. Check whether the lines are concurrent or not.
(1) 3x—4y-13=0, 8x-11y-33=0, 2x-3y-7=0
(i) x+2y-4=0, x—y—1=0, 4x+5y-13=0

3. Determine the valueofaiftheline2x—y+3=0, x—y=0, 3x+ay+1=0
are concurrent.

4. Showthatthelines x+y+1=0,x~y+1=0 and x-axis are concurrent. Also prove that
x-axis bisects the angle between x+y+1=0 and x—y+1=0.

5. - Find the equations of altitudes and their point of concurrency in the triangle ABC when

- A(4,-2), B(5,5) and C(-1, 3). What is the name of point of concurrency?

6. Find the equations of right bisectors and their point of concurrency in the triangle XY Z when
X(0,0),Y(7,0)and Z(7,4). What is the name of point of concurrency?

7. Find the equations of medians and their point of concurrency in the triangle DEF when
D(-6,-4), E(6,—4) and F(— 2, 4). What is the name of point of concurrency?

8. Prove that(a)altitudes, (b) rightbisectors and (c) medians of the following triangles are
concurrent.
(i) A(4,6),B(7,2),C(2,3) (i) P(-4,0),Q(2,0),R(0,3)

9. Find the area of triangles.
(i) A(1,1),B(4,5),C(12,-1) (i) D(3,1),E(2,3),F(2,2)

10. By finding area of triangle, show that points A(6, 0), B(— 3, 6) and C(3, 2) are collinear.

11. Using the formula of area, find x if the points P(3, 2), Q(-1,x), R(7, 3) are collinear.

12. Vertices of a triangle are (3,—4), (4, h) and (2, 6). Find h if area of the triangle is 10 square

units.
13. Find the area of following figures.
i (ii)
? & B _:_"l_'T.: R
; @.3) _ TTeb [ 11
| AN
- a2 . i | |
;‘./ :-- -4 -3 P —F{j{”“ \1; 4 ‘ t o
A : AN
- = 9 1 1 3 B A T
_*__”_ =2 '3i}_ -l (4, +3)
(=3.,/-1) —9] (2 +1) | S
_ -3 TS .

14. Find the area of triangle bounded by the lines:
(i) 4x-5y+7=0, x-2=0 and y+1=0
(if) x-2p-6=0, 3x-y+3=0 and 2r+y-4=0

o R —
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6.5 Homogeneous Equations in two Variables
Let f(x, ¥) = 0 be any equation in two variables x and y. The equation f(x, y) = 0 is called a
homogeneous equation of degree n if
Sk, ) =k™x,y) evvea (1)
where k is any real number and  is a positive integer.
6.5.1 Homogeneous Linear Equations in two Variables

An equation of the form ax + by=0is calleda Key Facts
. homogeneous linear equation in two variables and In the homogeneous system of
always passes through origin. equations, no equation has a

If we take n= 1 in equation (1), then we get: constant term. A homogeneous
Jlhoe, ) =kf(%,3) .oovrrrrrnn (2) linear system may have one or
Equation (2) is called homogeneous linear equation infinitely many solutions. But it

in two variables. Consider: has at least one trivial solution
always. l

JE, ) =ax+by=0 .......... (3) 2>
Replacing x by kx and y by kv, we have:

[flkx, ky) = akx + bky =k (ax + by) = kf(x,y) ....... (4)
From (4), itis clear that equation (3) is homogeneous linear equation in two variables.
Forexample, x—4y=0is a homogeneous linear equation in two variables x and y.
6.5.2 Non-Homogeneous Linear Equation
An equation of the form ax + by + ¢ = 0 is called a non-homogeneous linear equation in two
variables.
Forexample, 2x—5y+7=0 isanon-homogeneous linear equation in two variables x and y.

6.5.3 Joint Equation i
Consider two straight lines represented by: - _

ax+by+ea=0 ... (5 Show that 2x + 3y = 0 is homogenecous
ax+bhy+o=0 ... (6) linear equation in two variables.
. Multiplying equations (5) and (6), we have:
(ax+by+alax+by+ec)=0 ... (@7
: Equation (7) is called joint equation and can be re-written as:
ax® +2hxy + by? + 2gx + 2 te=0 .......(8)

Equation (8) represents a pair of lines and can be resolved back into two linear equations.
If we put ¢, = ¢,=0inequations (5) and (6), then:
ax+by=0 ... (9
ax+by=0 .....(10)
Equations (9) and (10) represent a system of homogeneous linear equations in two variables.
Multiplying (9) and (10), we get:
(ax+ by ax+by)=0 ........(11)

———




Equation (11)is special joint equation and can be re-written as:
@@ + aibaxy + ambixy + biby? = aiax® + (aibz + azby) xy + bibay?
If we put @ia2= a, ajbs + asby =2h and bib2 = b, then we get:
axct + 2hxy + by? =0 RSO 4 ¥4
where a, hand b are not simultaneously zero.
Equation (12) represents a special pair of lines passing through origin and can be resolved back into
two homogeneous linear equations. This equation is called general second-degree homogeneous
equation.
Any point P(x, ) that satisfies aix+ by =0 or axx + by =0 will also satisfy equation (12).
For example, 62 — 4xy + 8)? = 0 is a homogeneous quadratic equation in two variables x and y.
Equations (9) and (10) can also be written as:
y=mx and y=max where m; and m; are slopes of lines passing through origin.
Their joint equation is:
G-mx)y-mx)=0 = P—(m+m)xy+mmx ... (13)
Equation (13) is another special type of second-degree homogeneous equation.
Comparing equations (12) and (13), we have:

m':“ = _{m;:mz—}=% = mmy ——-% and m;+m; =%ﬂ
6.5.4 Homogeneous Quadratic Equations in two Variables
If we take n = 2 in equation (1), then we get:

floe, )=k (53) oo (14)
Equation (14) is called homogeneous quadratic equation in two variables. Consider:

fx, ) =ax? + 2hxy + by* =0.......... (15)
Replacing x by kx and y by ky, we have:

flke, ky) = atke)® + 2h(kx)(ky) + blky)? = k*(ax® + 2hxy + by?) = k2f(x, ) ... (16)
From (16), it is clear that equation (15) is homogeneous quadratic equation in two variables.

Key Facts
l The most general equation of second degree: ax® + 2hxy + by? + 2gx + 2fy + ¢ =0
Represents a pair of lines if: c % 7 '
) lh b fl=0

I g f ¢ g
Theorem 6.4:
Every homogeneous second-degree equation:

al+2hy+ b2 =0 .......... (1)

represents a pair of lines passing through the origin. The lines are:
(1) Real and distinct if i* > ab
(i)  Real and coincident if i’ = ab
(iii)  Imaginary if i* < ab
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Proof: Multiplying equation (1) by a, we have:
a® x* + 2ahxy + aby* = 0
a*x* + 2ahxy + I’y — I’ y* + aby’ = 0
(@ax+hyP -y (W —ab)=0
(@x+hyy —(yVhZ - ab)?=0
(@ax+hy+yvh?-ab)(ax+hy-yvhe—ab) =0 ....(2)

Which shows that equation (1) represents a pair of lines through origin From equation (2):

ax+hy+yVhi-ab=0 and ax+hy-yVh®-ab=0

or a.r*l-y(.&-##h!- ab)=0 ...... (3)
ax+yh-vhT-ab)=0 ...... (4)

From Equations (3) and (4), it is clear that the lines are:

(i) Real and distinct if #2>ab  (ii) Real and coincident if #* = ab

(iii) Imaginary if h* < ab

Note: It is interesting to note that even the lines are imaginary, they pass through the real point
(0, 0) as this point lies on the joint equation.

Example 5:
Find the straight lines represented by x> — 7xy + 12)* =0
Solution:
X-Txyp+122=0 = X-3xy-dxy+12)7=0

= xx-3)-dkx-3)=0 = (-3)x-4)=0
= x-3y=0 or x—4y=0
Which are required straight lines.
6.5.5 Angle between Lines Represented by ax? + 2hxy + by =0

We have already proved that ax® + 2hxy + by? = 0 represents two straight lines:

ax+yh+VhZ=ab)=0 ... (1)
ax+y(h-vRZ=ab)=0 ... @)
Slopes of (1) and (2) respectively are:
m = =% fm} and mz = = \Tm}
= :nl+mz=% and m1m2=§ and

If @ is the measure of acute angle between (1) and (2), then:

S 4h? 4a
tan @ = A" MMa _ J(mi+mg)—dmym, _ JT"‘T _2vh?-ab

1+mym, 14+mym, 145 rre Rl



Special cases:

(i) When @ =0, thentan # =0 and equation (3) implies h> - ab=0 or h2 = ab
which is the condition for the lines to be coincident.

(i) When & =90° then tan # = undefined and equation (3) implies @ + b =0 which is
condition for the lines to be orthogonal. i.e., sum of coefficients of x* and y? is 0.

Example 6:

Find measure of acute angle between lines represented by 6x% —xy—)*=0.

Solution: .
Given cquation is 6x° —xy—y* =0
Here. a=6, |/ == b=-1

—
If @ 1s the measure of acute angle between lines, then:

1
2VhZ-ab ZJI"’E 5

— = = o = —] -l = L]
tan & e iogrery . 1 = @ =tan" (1) 45

Example 7:
Find a joint equation of straight lines through the origin and perpendicular to the lines
represented by 3x% + Sxy+ 27 =0
Solution:
32 +5xy+24=0 = 3+ 3xy+ 2y +22=0
= 3x(x+)»)+x+y)=0 = (x+y)Bx+2y)=0
Thus, the lines represented by the given equation are:

Key Facts
- —3 u d 3 + 2 = [} H
Xy sl ; If y=mx.......(J)
BN =-x ...(1) and y= =3 e (2) is equation of line passing
The line through (0, 0) and perpendicular to (1) is: through origin, then the line
y=x or y-x=0 .0 a8l perpendicular to (i) through
The line through (0, 0) and perpendicular to (2) is: ainis y=——7%
s originis y -
y= T or 3y-2x=0 ...... (4) - i

Joint equation of lines (3) and (4) is:
G-0)Cy-2x)=0 = 3P -2y-3xy+27=0
= 3P-Sxy+23=0 or 22-5xp+3y*=0

R G e

1. Find the lines represented by each of the following joint equations.
(i) X+5x0+672=0 (i) TE-2p-97=0
(i) x*+6xy=0 (iv) »*—8xy+12y2=0
(v) 5 +3xy-27=0 (vi) »-3xp-)y*=0

—
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2. Find measure of acute angle between lines represented by the following equations.
i FP-y=0 (i) ¥ +50+47=0
(iii) 15— 19xp+ 67 =0 (iv) 102 -xy—-972=0
(V) 52-3xy-2=0 (vi) 72+ 20-97=0

3. Show that the lines represented by following equations are real coincident or real distinct

or imaginary.
(i) FP+dxy-212=0 (i) 42— 1290+972=0
. (i) **+xy+y?=0 (iv) #-97=0
4. Show that the angle between lines represented by the following equations is right angle.
A (i) 2+5x-12=0 (i) x*—2(tan @) xy—y* =0

Explain the reason of right angle between lines.

5. Find a joint equation of the lines through the origin and perpendicular to the lines:
(i) 22-Txy+6y°=0 (i) 22+ 17xy +607°=0
(iii) 3= 13xy- 102 =0 (iv) 2®+3xy-282=0

6.6 Application of Analytic Geometry

Analytic geometry is used in physics and engineering, and also in aviation, rocketry, space science,
and spaceflight. It is the foundation of most modern fields of geometry, including algebraic,
differential, discrete and computational geometry. See the following examples for understanding.
Example 8:

An engineer needs to design a traffic intersection where three straight roads meet. The roads are
represented by the equations of lines. The roads are given by the following equations:
2x—4y+5=0,7x—8y 4+ 5 = 0 and 4x + 5y = 45

Determine if the roads are concurrent and if so, find the point of intersection of roads.

Solution:
2x—4y+5 =10 (1)
: 7x—By+7=0 2)
4x+4y-11=0 (3)
Multiplying equation (1) by —2 and adding with (2), we get:
—4x+8y—10 = 0 (4)
Tx—8y+7 =0 )

3x-3=0 = 3x=3 = x=]
Substituting in equation (1), we have:
21)—4y+5=0 = —-d4y=-7 = y=§

Showing that two roads meet at (1, %)



Putting (1, I)inequaﬁon (3), we get:

an+4(3)-11=0 = 4+7-11=0 = 0=0

Therefore, third road also pass through (1, 9 Hence the three roads are concurrent.
Example9:

A triangular park is bounded by three straight roads that meet at points A(2, 3), B(8, 5) and C(5, 10).
A city planner needs to determine the area of the park for landscaping purpose. How can he
determine the area of the park?

Solution:

Here,x1=2, =3, x:=8,»=5,x3=5and 3 =10

1 ¥ 1 . |2 3 1
Area of triangular park==x |z ¥, 1 mexlg 5 1
: 25 ¥y 1 5 10 1

==X [2(5 — 10) — 3(8 — 5) + 1(80 — 25)]

1x [~ 10 -9 +55] =3 x [36] = 18

. Area of the plot = IBSquare:.tmts
Example 10:
A railway engineer is designing an intersection where two rail tracks meet at a junction. The joint
equation representing the tracks is given by x* — 4xy — 12)" = 0. Determine the angle between the
individual lines representing the tracks.
Solution:
Given joint equation of the tracks is:

x? —4xy —12y2 =0 = x242xy—6xy—12y* =0
= x(x+2y)—-6y(x+2y)=0 = (x+2y)(x—=6y)=0
The lines representing the tracks are:

x+2y=0 (0

x—6y=0 (i)
From (i) and (ii), we have:

y=-3x (iid)

y= 15 (I‘:‘I?)
Slopes of lines (iii) and (iv) are:

i 1
my =-— E and My = E

ST o/ o
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If 6 is angle between both tracks, then:

« WO |
m, —m, . gt3

Tané =1+m1m2 %— i

@ =Tan"1(0.727) = 36.03°
Therefore, angle between the tracks is 36.03°

} 1. Three jet fighters are flying straight in different directions along the lines
| 2x—y—14=0, x+y—-1=0and3x+2y—-7=0
| Check whether the jet fighters will pass through a single point or not. If yes, find that point.

2. A farmer owns a triangular shaped piece of land with comners at points X(3, 7), Y(6, 2) and
Z(10, 8). Calculate the cost of planting maize crop @ Rs. 300 per square unit.

3. Hira s designing a triangular section of a roof with vertices at points P(4, 1), Q(9, 5) and R(7, 10).
She needs to calculate the area of the section to determine how much roofing material is
required. Find the area calculated by her.

4. A landscaper is designing a triangular garden bed with vertices A(1, 4), B(5, 1) and C(8, 6).
Calculate the cost of planting mango trees in the garden @ Rs.70 per square unit.

5. Acivil engineer is tasked with designing a roundabout where three main roads converge. The
equations of roads are 2x +y —11.5=0, x—4y+ 1=0and 3x - 2y — 12 = {}
Find the coordinates of the point to design the roundabout.

6. Asad is arranging a flashlight in a marriage ceremony. The pusiﬁun of the flashlight is at the
intersection of lines 2x + y —23 = 0, 0.5x —y + 3 = 0 and x — y = 1. Find the position of
the flashlight.

- 7. A surveyor is mapping‘nut_-a triangular park where three straight walkways meet. The
walkways are represented by the equations of linesx + y—4 =10, 2x—y — 2= 0and
x — 2y + 2 = 0. Find the coordinates of point of intersection of the walkways.

8. An astronomer is studying the behavior of light rays passing through a converging lens. The
lens focuses the rays at the origin. The equation of rays is given by 3x? — 4xy + y2 = 0. Find
the path of individual light rays and angel between rays.

9. A welder is designing a support structure for a building. The structure is made up of
beams intersecting at origin. The equations ef the lines representing the beams are shown |
by the joint equation 2x* —8xy? = 0. Find the equations of iron beams. ‘
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1. Select the correct option. . A .

(1) The lines p, q and s are:
(a) parallel (b) concurrent ’
(c) perpendicular (d) collinear
(i)  If the determinant of coefficients the three lines is 0, then the lines are:
(a) concurrent (b) intersecting (c) parallel (d) perpendicular
(iii)  'Which of the following equations is homogeneous?
(@) X +5x=0 (b) 2x+3y+1=0
(c) ¥ +5xp=0 (d) 4y+8=0 1
(iv) Which of the following equations is not homogeneous?
(@ P +3xy=0 (b) 2x-3y =0
(c) x*+3y°=0 (d) 5x-5=0
(v)  Equation ax+ by + ¢ =0 passes through origin if:
(@ a=0 T Be=a (c) b=0 (d) a=b=c=0
(vi) The lines represented by ax? + 2hxy + by* = 0 are real and distinct if:
(a) W >ab (b) K*=ab (c) *<ab = (d) K*<ab
(vii) The lines represented byax® + 2hxy + by* = 0 are coincident if:
(a) W*>ab (b) k*=ab - (¢) h*<ab (d) h*<ab
(viii) The lines represented by ax® + 2/xy + by* = 0 are imaginary if:
(a) h*>ab (b) h*=ab (c) h*<ab (d) #* = ab
(ix) The lines represented byax’ + 2hxy + by? = 0 are perpendicular if:
(a) a—b=0 (b) b—a=0 (c) atb=1 (d) a+b=0
(x)  Half the determinant of vertices of triangle gives its: _
(a) perimeter (b) area (c) volume  (d) both (a) and (b)
(xi) If the determinant of three points is zero then the points are:
(a) collinear (b) non-collinear (c) imaginary (d) concurrent
(xii) The point of intersection of three angle bisectors of a triangle is called:
(a) incenter (b) circumcenter (c) centroid (d) orthocenter
(xiii) The point of intersection’of right bisectors of a triangle is called:
(a) incenter _(b) circumcenter (c) centroid (d) orthocenter
(xiv) The point of intersection of three medians of a triangle is called:
(a) incenter (b) circumcenter (c) centroid (d) orthocenter
(xv) The point of intersection of three altitudes of a triangle is called:
(a) incenter (b) circumcenter (c) centroid (d) orthocenter
(xvi) Which of the following is perpendicular to y = = Sx?

(@ y=2x (b) y=-2x . (€) =% (@) 2y=-*




8,

9.

RS

Prove that altitudes, right bisector and medians of triangle ABC are concurrent when:
A(0, 0), B(a, 0), C(b, c) where a, b and ¢ are not equal.

Find the value of m if the points (6, 1), (-2, —3) and (8, 2m ) are collinear.

Find a relation between x and y if the points A(x, y), B(- 4, 6) and,C(- 2, 3) are collinear.

o
[X Lo

The points A (0, 3), B (a, 0) and C (0, =3) are the vertices of a triangle ABC right angled at B.

Find the values of a and hence the arca of AABC.

. Acircle has a centre at point P(5, 3) and radius r=5. This circle intersects the y-axis at

one intercept and the x-axis at two intercepts. What is the area of the triangle formed by
these three intercepts?

Find the area of the triangle formed by joining the mid-points of the sides of the triangle
whose vertices are (0, —1), (2, 1) and (0, 3). Find the ratio of this area to the area of the given
triangle ABC. "
Find the value of m, such that I, b, /s intersect each other at one point.

hix—y=1;, h:2x+y=5; L:(2m—-5x-my=3
Find the area of triangle bounded by the line 2x — y + 10 = 0 and the coordinate axes.

10. Find the area of triangle bounded by the lines:

X-xy-62=0, x—y+3=0

11. Find the area of the figure shown below.

1 p=(1,-2)




CONIC SECTION

After studying this unit, students will be able to:

L

. & @

Demonstrate conics and members of its family i.e. circle, parabola, ellipse and hyperbola. *
Derive and apply equation of a circle in standard form i.e. (x —h)2 +(y —k)? =12

Find the equation of circle passing through: three non collinear points, two points having its
centre on a given line, two points and equation of tangent at one of these points is known,
two points and touching a given line.

Find the condition when a line intersects the circle and when it touches the circle.

Find the equation of tangent to a circle in slope form and a normal to a circle at a point.

Find the length of tangent to a circle from a given external point.

Derive and apply the standard equation of a parabola.

Sketch graphs of parabolas and find their elements.

Find the equation of a parabola with the following elements: focus and vertex, focus and
directrix, vertex and directrix.

Find the condition when a line is tangent to a parabola at a point and hence write the equation
of a tangent line in slope form.

Find the equation of tangent and normal to a parabola at a point.

Derive and apply the standard form of equation of an ellipse and identify its elements.
Convert a given equation to the standard form of equation of an ellipse, find its elements and
draw the graph.

Find points of intersection of an ellipse with a line including the condition of tangency.

Find the equation of a tangent to an ellipse in slope form.

Find the equation of a tangent and normal to an ellipse at a point.

Derive and apply the standard form of equation of a hyperbola and identify its elements. .
Find the equation of a hyperbola with the following given elements: transverse and conjugate
axes with centre at origin, two points, eccentricity, latera recta and transverse axes, focus
eccentricity and centre, focus, centre and directrix. .
Find points of intersection of hyperbola with a line including the condition of tangency.

Find the equation of tangent to a hyperbola in slope form.

Find the equation of tangent and a normal to a hyperbola at a point.

Apply concepts of conics to real life problems (such as suspension and reflection problems
related to parabola, satellite system, elliptic movement of electrons in the atom around the
nucleus, radio system uses as hyperbolic functions, flashlights, conics in architecture).

]




7.1 Conics and Its Family Members

The plane shapes like circle, ellipse, parabola and hyperbola, which

are formed with the intersection of a right circular cone and a plane al A
are known as conic section. First of all, we will discuss that what isa

right circular cone and a plane. When the line segment OP rotates

about the circumference of a circle of any radius greater than zero

with O as fixed point the shape formed is called a right circular cone.

The fixed point O is called the vertex of the cone. The ray OA iscalled

the axis of the cone, as OA is perpendicular to the radius AP of the

circle that's why this cone is called right circular cone. The line

segment OP (or any line segment) which join the point O with the
circumference of the circle.is called generator (ruling). Note that a

flat or two-dimensional surface that extends indefinitely is called a 0

plane. '

Circle: When we cut a cone with a plane so that plane is perpendicular to the axis of cone and not
passing through vertex then the intersection is a circle.

Parabola: When we cut a cone with the plane such that plane is parallel to any generator or ruling
not passing through the vertex then the intersection is a parabola.

Ellipse: When we cut a cone with the plane such that plane is slightly tilted not passing through the
vertex then the intersection is an ellipse.

Hyperbola: When a cone is inverted and is joined with an erected cone such that the vertices of the
two cones lie at the same point and their axes of are also same then a shape is formed shown in the
figure. When plane intersects the cone parallel to the axis of the cone such that the plane does not pass
through the vertex O, then the shape formed on the plane is called hyperbola.

VY

Circle Parabola Ellipse Hyperbola

Note: In case when the plane passes through the vertex then the intersection of plane and the cone isa
point ora pair of intersecting lines. These conic sections are known as degenerate conics.

7.2 Circle _
Itis set of all points in the plane which are equidistant from a fixed point in the plane.

The fixed point is called the centre of the circle and distance of any point on the circle from the centre
is called the radius of the circle.
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7.2.1 Equation of Circle in Standard Form

Consider a circle with centre at C(h, k) and radius r. Take any point

P(x, y) on the circle. Then by definition of the circle. : P(x.7)
|CP| =7

= Jx-h2+@-ki=r

Squaring both sides

= (x=h)?+(—-k)}=r? .
This is the standard form of equation of circle with centre at C(h, k) and radius r.

In particular if the centre of the circle is at origin, i.e. (h, k) = (0, 0) then equation of circle is g
(x—0P2+(y—-002=r2 = x24y2=1r?
Example 1: Find the equation of circle with centre at (2, — 5) and radius 3 units. .

Solution: Given that the centre (h, k) = (2, —5) and radius r = 3.
Equation of circle is (x — h)? + (v — k)* = r?
Putting values of h, k and r, we get required equation of circle as follows:
(x—=224+(y—-(-5)*=3* = (x-2)2+@H+5?=9
7.2.2 ‘General Form of Equation of Circle
As we know that the standard form of the equation of circle is:
(x—h?+O -k =r?
= x? ~ 2hx + h* + y* = 2ky + k* = r?
=x?+y?—2hx —2ky+h*+k?*-r?=0 (i)
Letting h? + k? — r? = ¢, —2h = 2g and —2k = 2f, the equation (i) becomes:
2 +y2+29x+2fy+c=0
Which is the general form of the equation of circle.
Theorem 7.1: Prove that xZ + y2 + 2gx + 2fy + ¢ = 0, represents a circle in general.
Proof: Given equation is:
2 +y*+2gx+2fy+c=0
= (x2+2gx)+ (*+2fy)+c=0 _
‘=2 (x2+29x+ 8- gD+ (PP +2fy+f2P-fD+c=0
P +29x+ )+ P+ 2fy+ O+ (g - f*+c)=0
>@x+9?+0+f)=g+f2~c A

== QP+l - Nt = (V@ +-¢) | :
Comparing it with (x — h)2 + (y — k)2 =r%,wehave h=—g; k== fir=4/g* +f? —c.
Thus, the given equation represents a circle with centre = (h, k) = (— g,— f) and
radivs=r= /g2 + f2—¢ '
Note: Asr=.[g2 + f2 —c, so
i. risarealif g2 +f2—c>0ie. g +f2>c
ii. risimaginaryifg?+ f2—c<0ie. g?+f2<¢
Thus, condition for a real circle is g2 + f2 > ¢ and for an imaginary circle is g% + f2 < ¢
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Example 2: Find the centre and radius of the circle x? + y? — 6x — 10y + 18 = 0.
Solution:
To find the centre and radius we convert the given equation of circle into its standard form
(x2 —6x) + (y2—10y) +18 =0
(x2—6x+9-9)+(y*—10y+25-25)+18=0
(x2—=6x+9)+(y*—10y+25)—-9-25+18=0
(x—3)2+(y—-5P-16=0=> (x—-3)2+(y—-5)37=16
(x—3)2+(y—5)1=42
Cnniparing it with (x — h)? + (y — k)? = r?, we have:

Centre = (h, k) = (3,5) and rgdius =r=4

7.2.3 Equation of a Circle with Different Conditions

Example 3: Find the equation of the circle passing through the points (1, 2), (2, 3) and (3, 5).
Solution:

Consider a circle which passes through the points P(1, 2), R(3,5)

Q(2, 3) and R(3, 5). Let C(h, k) be the centre of the circle

Then, |PC| = |QC]

=Jth=-1)2+(k—-2)2=,/(h—2)?+ (k—3)? 0.3

Squaring both sides: !
(h—1)2+ k-2 =(h-2)*+ (k- 3)? :

=>h?—2h+1+k*—4k+4=h*~4h+4+k*—-6k+9 P(1,2)

=2h+2k=8

>h+k=4 (i)

Also |PC| = |RC|

=2 J(h—1)2+ (k—2)2=./(h—3)2 + (k —5)2

Squaring both sides:

(h=12+(k—=2)2=(h—-3)2+(k-5)*
= h?-2h+1+k?®—4k+4=h?*—-6h+9+k*—10k + 25
= 4h 4+ 6k = 29 gy -
Multiplying (i) with 4 and subtracting (ii) from it, we get:

= 4h + 4k = 16

_4h+6k=_29
—2k = -13 = k=2
Putting in (i), we get:

13 5
=§h+—=4=&h=4—"§-= -hi'-
Thus, the centre of circle =C _?5-,-‘-23
The radius of circle is:

reie= 1+ + (23 = JO + 0 - T - B




Equation of the circle with centre C (—5 22) and radius r = r—:"- is:

[ _'(_'i)] "'[ i -(JE_E) " (x+§)z+(y_}23)z _ 130

=tx=+51+i—5+y 13}..}. 1:“

=x2+y2+5x—13y+25+£—13—n=u

=x2+y2+5x—13y+16=0

Ennpie 4: Find the equation of the circle passmg through the points (1, 0), (0, 1) and having its
centre on the line x — 2y+3=0..

Solution: Consider a circle which is passing through the two given points P(1, 0) and Q(0, 1).
Let C(h, k) be the centre of the circle.

Given that C(h, k) lies on the line x — 2y + 3 = 0. Thus:

h-2k+3=0 )

Also |PC| = |QC|

> Jh-1DT+ k=02 = J(h—0)2 + (k= 1) Qo, 1)
Squaring both sides

= (h—=1)2+ (k- 0)? = (h—0)2 + (k — 1)?

=h*—2h+1+k*=h>+k®-2k+1 P(1, 0)

= -2h+2k=0=>-h+k=0 ' '

=h=k i)

Using equation (ii) in equation (i), we get:

k—2k+3=0=-k=-3=23k=3

Putting the value of k in (ii), we get h = 3.

Therefore, the centre of the l:m:le is C(h, k) = C(3,3).

The radius of the circle is:

r=|CPl=J@B-1?+B-002=V4+9=v13

The equation of the circle with centre at (3, 3) and radius V13 is:
(x—3)2 + (y - 3) = (V3)*

= x2—6x+94+y2—6y+9=13 = x2+y?—6x—6y+5=0

Example 5: Find the equation of the circle passing through the point (2, 3) and the line

x + y — 4 = 0 is the tangent to the circle at (3, 1).

- Solution: Consider a circle passing through the point Q(2, 3) and having tangent line

x + ¥ + 3 = 0 touching the circle at point P(3, 1). Let C(h, k) be the centre of the circle. Now
|CP| = |CQl

= Jh=-32+k-1)2=(h-2)¢+(k=-3)*

x—2y+3=0




Squaring both sides;
h=32+(k-12=(h-2)2+(k-3)?

= h2—6h+9+k?—2k+1=h*-4h+4+k>—6k+9

= —2h+4k=3

= 2h—4k = -3 (i)

Since CP is perpendicular to the tangent line x + y — 4 = 0. P(3, 1)

Thus, (slope of CP) x (slope of tangent line) = —1

> (h-a)(-n it s s x+y—4=0
= h—k=2 (i)
Solving equation (i) and (ii)), we have: hzlz_l and kz;

Thus, the centre of the circle is C ﬂ ,2). The radius of the circle is:

o rmtrt= (G G- - O -y

Therefore, the equatlcm of the circle with ccmmat(E z andmdms——ls
(-—— ( —— (ﬂ) = xi- 11:+E+}r ?y+T=-543

= x24+y?—11x - ?y+3ﬂ+———=ﬂ = x2+y?-11x—-7y+30=0

Example 6: Find the equation of the circle passing through the point (-1, 2), (3, 2] and touching
theline x—2y+1=0. .
Solution: Qf3, 2)
Consider a circle passing through the given points P(—1, 2)
and Q(3, 2). Also, the circle touches the line :
x — 2y + 1 = 0 at point A. Let C(h, k) be the centre
of the circle. From figure:

ICP| = |CQ|
=2 Jth+1)2+(k=-2)2=,/(h—3)2+(k—-2)2
Squaring both sides;

(h+1)2 4 (k—2)2 = (h—3)? + (k — 2)2
= h?4+2h+1+Kk? — 4k + 4= h? — 6h + 9+ k? — 4k + 4
=8h=8 = h=1 (i)
Also, |CP| = |CA|, where |CA| is the distance of point C from the line x — 2y + 1 = 0.
Therefore,

J(h+n_i+(k—z)==:}’*"“-n+1"', ()

A e ey srm

124(-2
Putting h = 1 in above equation (ii).

= A+ D+ (-2 =224 o Aoy = o




Squaring both sides: . Key Facts

% o 2 P The distance 'd' of a point
=’4+[k—2}2=%%4+k2—4k+4=um P(% y,) from a line
4k% — 8k + 4 - ax+ by +¢=0, is the
= k? — 4k + 8 = —————— = 5k? — 20k + 40 = 4k? — 8k + 4 | length of the perpendicular
5 drawn from the point to
2ki-12k+36=0=2(k—6) 2 =0=2k-6=0=> k=6 the given line as shown
Thus, centre of the circle is C(h, k) = (1, 6) and radius of the circle is: | below:
=t d = 1250+ BYo + ¢l
r=|CPl=y(1+1)2+(6-2)2=vVa+16 =20 - )

Equation of the circle with centre at (1, 6) and radius v/20 is:
(x = 1)*+(y - 6)* = (V20)'

S x?—-2x+1+y* =12y +36=20

S x?4+y?=2x-12y+17=0

Which is required equation of circle.
7.3 Line and a Circle
Consider a circle x* + y* =r? (i)
and a line y = mx + ¢ which implies:
mx—y+c=0 (ii)

The centre of the circle is at (0, 0) and its radius isr.
i. When line intersects the circle at two distinct points.
When the line intersects the circle then the distance between the

centre and the line, is less than the radius of the circle. i.e.,
Im(0)-0+c|
m2+(~1)?

- ?J;-'—cr or le| <rvmZ+1
= 2<riim*+1)

Which is the condition that the line will intersect the circle at two distinct points. :

ii. When the line is tangent to circle. 2
When the line is tangent to the ctrcie then distance between the centre and the line is equal to the

radius of the circle. i.e.,

Im(0)-0+¢| _ [ - S i
o R B ek S lel = rvm?2 + 1

me+1

= c=+rym?+1
Putting the value of ¢ in y = mx + ¢, we get:
y=mxt% rm
Which are the equations of the tangent lines to the circle x* + y? = r?.
iii. When the line neither touches nor intersects the circle
When the line neither touches nor intersects the circle then distance of the centre from the line is
greater than the radius of the circle i.e.;




|m{0)-0+c]
mi+1

>r :%}11’ = e >rvmZ +1

=c2>ri(m?+1)

Example 7: Check whether the line x 4+ 2y — 3 = 0 is tangent to circle x? + y? = rZ or not.
Solution: Equation of circle is x> +y? =16 or x%+y?=4%

= radius of the circle =r = 4

Equation the lineis x + 2y — 3 = 0.

=2y=-x+3 = J’=—%x+§ =hm=—-;~ andc:%

The line is tangent to the circle if c = rvm? + 1

=:-EI=4’(-—%)2+1=4\E=4x%§=2\f§=:|§|=2v’§I

Which is not true. Thus, the given line is not a tangent to the circle.

- QY Gercise 7. B eSS

Find the equation of circle when its centre and radius is given:
(i) Centreat(3,—1) andradius2 (i) Centre at (—;, ~3) and radius 3
(iti) Centre at G,a) and radiusis a;a # 0

2. Convert the following equations of circle into standard form and hence find their centre and radius:
(i) x2+y?—4x+6y—36=0 (i) S5x2+5y*—2x+4y—27=0
(ii) 4x*+4y? +2ax+by—a® =0

3. Find the equation of circle passing through given three non-collinear points.
@® (0,2),(20),(1,3) G (13)366.67)
(iii) (0,0),(a,0),(0,b);a#0,b+0

4. Find the equation of circle with centre lying on the line x 4+ y = 2 and passing through the

"« points (2,—2) and (3,4).

5. Find the equation of circle passing through the points (1, —2) and (4, —3) and whose centre
lies on the line 3x + 4y = 7.

6. Find the equation of the circle passing through the points (2, 1) and touching the line
x + 2y — 1 = 0 at the point (3, —1).

7. A circle touches the line 2x — 3y + 1 = 0 at point (1, 1) and passes through the point of
intersection of the lines x + y + 1 = 0 and x — 3y + 5 = 0. Find the equation of circle.

8. Equations of two diameters of a circle are x — y = 3 and 3x + y = 5 and its radius is 5.
Find the equation of circle.

9. A circle touches both the axes in the first quadrant and area of the circle is 137 square units.
Find the equation of the circle.

10. The two points A(4, 3) and B(2, 5) lie on the circle and the centre of the circle lies on the
perpendicular bisector of the chord AB, The distance between the centre and the chord AB is

V7 . Find the equation of the circle.
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11. Find the equation of the circle passing through the intersection of the circles |
Cy:x? +y?—8x —2y+7 = 0and C;: x% + y% — 4x + 10y + 8 = 0 and passes through
(—1,—-2). (Hint: equation of the required circle is C; + AC; = 0;1 # —1) :
12. The diagram shows a rectangle PQRS and the circles C; and C,.
Both the circles touch each other and three sides of the rectangle.
The coordinates of the points P, Q, R and S are (0,4), (1,1),(7,3)
and (6, 6). Find the equation of the circles C, and C,.
13. A circle has its centre at the point C(0,1) and a line touches the
circle. The point P(3,5) lies on the line touching the circle.
The distance between P and C is five times the radius :
of the circle. Find the equation of the circle and the point where the line touches the circle.
14. The three lines 2x —y +1=0;2x + ¥y — 3 = 0 and x — 2y + 4 = 0 touch the circle.
Find the centre of the circle. Also find the equation of circle.

7.4 Equation of Tangent and Normal to a Circle at a Point on the Circle
7.4.1 Equation of Tangent at P(x,,¥;) on a Circle

Consider a circle x> + y2 + 2gx + 2fy +¢c =0 (1)

Let P(x;, y,) be a given point on the circle.

Differentiating equation (i) w.r.t x, we get:

d d
zx+zy§+zg +2fa-”£+n -0

dy dy 2x+29 x+g Px. y1)
=2 atP(xy, ) =m = 024
e (x1uy1) =m Nt ]

Which is the slope of the tangent line at the point P(xy, ¥1).

By point-slope formula, equation of the tangent line at point P is:

-y, = —[X2t8 i
y—m" Ay (x —x;)

=2+ =) =—(x; + g)(x—x1)

200 +y—0n+Hyy=—(x; + g)x + (x1 + g)xx

=2 +y-0h+ A+ +gx— (i +9)x =0

2 +gx+n+fy—yI—fyi—x—gx=0

2@ +x+n+Hy—-Gi+yi+gx+fn)=0

Since the point P(x,, y,) lies on the circle x* + y? + 2gx + 2fy +¢ =0
So,x2 +y2 +2gx, +2fy, +c=0

Key Facts

or X +yi+gxi+fy+@x+fy+ec)=0 S :
or X} +yi+gx,+fy=—@x, +fy,+c)=0 (ii) l Dcnvn_tw;:t;:omt ott: t
Putting in equation (ii), we get: curve l:r 1.: t;;: o :
Tt @x+On+y—[—@gx+fr+]=0 tangent ine curvea

2 +0x+n+Ay+ @+ fri+c)=0 ' l that point. i

Which is the required equation of tangent line at P(xy, ¥1)-




4 "
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7.4.2 Equation of Normal at P(x,, y;) on a Circle
Since normal line is perpendicular to the tangent line, so its slope is:

1 wn+f Key Facts
Y Aline which is perpendicular
By point-slope formula the equation of normal line is: to the tangent line at the point
- : yi+f PNl of tangency is called the
I e =% I normal line at that point.
2@ +90-y)=01+)x-x) 2
' 2x+9y—(u+gn=01+Nx=0n+)x

2x+g)y—E+gn—-0n+f)x+01+f)x1 =0

=-m+x+x+@Qy-xn—gntxan+fx=0

= -0+ fx+ s+ @y—gn+[x =0 :

= (yy + f)x = (x; + g)y+gy: — fx, =0 (Multiplying both sides of equation by —1)

S+ fx—(x;+9)y— (Fxy—gy) =0 :

Which is the equation of the normal line at point P (xy, ¥1).

Example 8: Fmdtheequauonuftnngentandnormaltothecuclex +y2—4x+2y—5=0at

point P(1, 2).

Solution:

Given equation of circle is x2 + y? —4x + 2y —=5=0

Differentiating w.r.t x, we have:
2x+2y 2 -4+22-0=0

=(2y+2)‘—’=-2x+4=§=;‘—:=;—*:’.

Pl 5. N |
atP(l 2)=m - pkt

By the point-slope formula equation of the tangent line is:
y=ym=mx-x) = y-2=3(x-1)

= 3y—6=x-1 = x-3y+5=0
Since normal is perpendicular to the tangent line. Thus, slope of the normal line is —3 and
by the point-slope formula, equation of the normal line is:

y=—2==3(x-1) =2 y—-2=-3x+3 = 3x+y-5=0

Alternatively
Equation of circle is x2 + y? —4x + 2y — 5 = {l
Comparing it with x? + y2 + 2gx + 2fy + ¢ = 0, we have:

2f=2 = f=1 and c=-5
Given point is P(1,2).ie,2;, =1y, = 2
Equation of tangent line is:
(e +g)x+0On+fy+@xy+fyr+e)=0 (i)
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S}lbstituting the values of xy, ¥4, 9, f and ¢ in equation (i), we have:
A-2x+@+Dy+((-2)1+1(2)-5)=0 = —x+3y+5=0
Equation of normal is:

O+ x=x+y—Fx1—gy)=0 (i)

Substituting the values of x;, ¥;, g and f in equation (ii), we have:
C+)x—-(1-2)y—-(1x1—-(-2x2)=0 =23x+y-—>5

. _

Find the points of i mtersectmn of the given line and the circle.
(i) x—y+1=0; x2+y*-3x—-8=0
(i) 2x+y+4V5=0; x*+y?—2x+4y—11=0
(iii) 3x+2y+1=0; x> +y*—-x+y+2=0 .
2. The equation of a circle is x* + y? — 4x + y — 7 = 0 and the equation of line is
2x — ¥ + ¢ = 0. Find the value(s) of ““c” such that the line:
(i) intersects the circle at two distinct points.
(ii) is tangent to circle.
(iii) has no common point with the circle.
3. The tangents to a circle (x — 1)? + (y — 2)? = 32 are perpendicular to the line
x + 3y — 6 = 0. Find the equations of the tangent lines.
4. Find the equations of tangent and normal to the circle x? + y* 4+ 3x 4+ 2y +3 = 0 at the
point (2,—-1).
5. Find the equation of the tangent to the circle 36x? + 36y — 72y + 11 = 0 at the point on
the circle with abscissa > . .
6. Find the equation of the normal to the circle x? + y? — 2x 4 2y — 11 = 0 at the point on the
circle with ordinate —4. '
7. Circles with equations x? + y? — 2y — 3 = 0 and x? + y* — 8x + 4y + 11 = 0 touch each
other externally. Find the equation of the common tangent to the given circles.
8. Show that the tangent line at any point P on the circle is always perpendicular to the radial
line through point P.
9. A(=5,-1) and B(1,5) are two points on the circle x? 4+ y® = 26. Find the point of '
intersection of the tangents to the circle at A and B. Show that the point of intersection of the
tangent lines, the midpoint of chord AB and the centre of the circle are collinear.
10. A normal line cuts the circle with centre at (1,2) at the point (3, 5). Find the other point of -
intersection of the normal and the circle. Also find the equation of the circle.

7.5 Position of a Point with respect to a Circle

Let x2 + y2 + 2gx + 2fy + ¢ = 0 be the equation of a circle and P(x, ,¥,) be any point in the
plan¢. We want to check that the given point lies outside, on or inside the circle.

The centre of the circle is C(—g, —f) and the radius of the circle is r = Jg? + f% — c. Observe
that P lies outside the circle if |CP| > r, P lies on the circle if [CP| = r and P lies inside the circle

if |CP| < r. Combining all these; we may write |CP| £ r
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N T =T e RN ry
Squaring both sides

(1 + 9P +0n+*S g2 +f2-c
2xl+2gx,+ g2 +yi+2fn+f2S g2+ f2-c
Sx+29+ g2 +yiH2fn+fi-g? - f2+c S0
sxt+200 + g2 +y2i+2fm+cS0

Which is the condition that a point lies inside, on or outside the circle.

Example 9: Check whether the point P(2, 4) lies outside, on or inside the circle:
2x2+2y?—6x+8x+1=0

Solution: Given equation of circle is 2x? 4+ 2y? — 6x +8x+1 = 0.

First make the coefficients of x? and y?one. Dividing both sides by 2, we have:

P(xy . 3)

1
xz+y2-3x-+4::+-z-"—"ﬂ
Given point is (2, 4). So:
1 1
x2+yl—3x;, +4x, & (2)2+ (4)2 - 3(2) + 4(4) s

1 61
=4+15—ﬁ+1ﬁ+i=-2—-}ﬂ

Thus, the point lies outside the circle.
7.6 Length of a Tangent Drawn from a Point Lying outside the Circle
Let x2 + y% + 2gx + 2fy + ¢ = 0 be the equation of a P(x1. 1)
circle and P(x, , y;)lies outside the circle.
The centre of the circle is C(—g, —f) and the radius of the
circleisr = .ng_-I-TZTc
Two tangents can be drawn from the point P to circle. Thus,
; both tangents have the same length. i.e., |AP| = |BP|.
Since PCA is a right-angled triangle, so by Pythagoras
theorem:
: ICAI* + |AP|? = |CP|?
=12+ |AP]2 = (VCx + )7 + 01+ ?)
P+ f—c) +|AP|* = (-JE +2gx, + g2 +y{ +2fy, +f2)2

=8 +[2 o+ |APP = + 297, + 47 +yi+2fn+f?
= |AP|? = x{ + y# + 2gx, + 2fy; +¢

= |AP| = Jx; + Y2 +2g%, +2fy, +¢
Which is the length of tangent line.
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Example 10:

Find the length of the tangent line to the circle x* + y? + 3x — 4y + 15 = 0 from the point
£1.2).
Solution:

Equation of circle is x* + y? 4+ 3x — 4y + 15 = 0 and the point (1, 2) lies outside the circle.
Length of tangent line = \/xZ + yZ + 3x, — 4y, + 15 = /12 + 22 + 3(1) — 4(2) + 15

=vy1+4+3-8+15 = /15 units
5 TRy
E

1. Check whether the given point lics inside, outside or on the given circle
(i) (3,5); x*+y?—6x+2y—18=0 '
(i) (1,6); 2x2+2y*—4x—16y+5=0
(iii) (=1,-2); x2+¥?+6x+4y+9=0

2. Find the length of the tangent to the circle x® + y? — 18x + 16y + 10 = 0 from the point
(=1, —1) lying outside the circle.

3. Find the length of tangent to the circle 3x? + 3y? + 18x — 24y + 50 = 0 drawn from a
point (=3, 1) lying outside the circle.

4. The point P(—11, —10) lies outside the circle x? + yZ + 6x + 8y + 5 = 0. Find the
equations of the tangents to the circle drawn from point P. Also find the points of contact.

; o iy D
5. A quadrilateral ABCD is circumscribing a
circle. Prove that AB + CD = AD + BC A

6. Two tangents are drawn from a point P(6, 1) lying
outside the circle ¥ + y2 —8x — 2y + 14 = 0.
Find the area of the shaded region.

7. From a point P lying outside the circle ¥
a tangent and secant lines are drawn.
Prove that |AP|? = |PB| - |PD|

7.7 Parabola :

Itis the set of all the points in the plane which are equidistant from a fixed point and a fixed line in the
plane (fixed point not lying on the fixed line). )
The fixed point is called focus of the parabola and the fixed line is called its directrix. The ratio of
distance at any point on the parabola from its focus to its directrix is called cccentricity of the

parabola and is denoted by “e”. Since by the definition, points on the parabola are equidistant from
the focus and the directrix thus eccentricity of the parabolais 1.

194,77 RN i S el AR

P
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7.7.1 Standard Equation of Parabola
Consider a parabola with focus F(a, 0) where a > 0
and directrix x = —aorx +a = 0.
Take a point P(x, y) on the parabola then by definition
of the parabola:
|PF| = |PM|
Where |PM| is the distance of the point P from the directrix.
— ——— _ Ix+al
=J(x—a)’+(y-0) =T
x2—-2ax+a’+y?=|x+al
% Squaring both sides, we have:
= x? — 2ax + a? + y* = x* + 2ax + a*

= —2ax + y* = 2ax = y? = dax (a)
Which is the equation of the parabola.
Similarly,
e If we take focus at F(—a, 0) the equation of parabola is y? = —4ax. (b)
e [f we take focus at F(0, a) the equation of parabola is x% = 4ay (c)
e If we take focus at F(0, —a) the equation of parabola is x? = —4ay (d)

Y y

N nf s
X
N+ > X
Feem 49 Fi0,-a
4 :
. Gy oy whm =iy
(b) (c) (d)

7.7.2 Elements of Parabola
Directrix: The fixed line is called the directrix of parabola.
" Focus: The fixed point (not lying on the directrix) is called the focus of the parabula.

Axis of Parabola (Axis of symmetry)
The line which passes through the focus and is perpendicular to the directrix is cal!nd axis of

parabola and its equation is ¥ = 0. Axis of parabola is also known as axis of symmetry.

Vertex of Parabola:
The point where the parabola cuts its axis is called vertex of the parabola. In this case 0(0, 0)
is the vertex of the parabola which is closest to the focus.

Chord of a Parabola: ROE:
A line segment with its end points on the parabola is called chord of parabola.

Focal Chord:
A chord of the parabola which passes through the focus of parabola is called focal chord,



Focal Distance:

The distance of any point of the parabola from the focus is called focal distance.
Latus rectum of Parabola:

A focal chord of the parabola which is parallel to the directrix of a parabola is called latus rectum
of the parabola and its length is 4a.

7.7.3 Standard Equation of Parabola \ 4 | é
When the vertex is at any arbitrary point V(h{k)

V(h, k) and the axis of symmetry is parallel _// | @

to x-axis then equation of parabola then:
(y — k)? = 4a(x — h) < >

or (y—k)?=—4a(x—h) v v

Similarly, equation of the parabola with

vertex at any arbitrary point V(h, k) and

the axis of symmetry parallel to y-axis is V(h, k)
(x—-h)? =4aly—-k) VR K)

or (x—h)? = —4a(y—k) % o

7.74 Length of Latus Rectum of Parabola |

Consider the parabola y? = 4ax. Its focus is at

F(a, 0) and vertex is at V(0, 0).

Let / be the length of the latus rectum AB then x=-a (a.1/2)

IFA| = .. Therefore, the coordinates of A are (a, 7). l
Since the point A(a, 3) lies on the parabola y* = 4ax “ ] v
Thus, it must satisfy its equation. i.e.;

G_)z = 4a(a) =#£:T=4az = |2 = 16a® = | = +4a

Since length is always positive, so the length of latus rectum of the parabola is:
[=4a

5

-

>
F(a,0)

B(a.=-1/2)

Example 11: _
Find the equation of parabola with focus at (2, 5) and the equation of directrix is x + 8 = 0.

Solution: directrix

Consider any point P(x, ) on the parabola with - y-axis

Focus at F(2,5) and equation of directrix x + 8 = 0. ” T et

By the definition of the parabola /f\”” )
|PF| = |PM] \

= JGx-22+-5?2= __—If::L F2.5)
-+ \t"‘
0(0, 0) x-axis




Squaring both sides: .
2 (x—22+(y-5P=(x+8)2 = (y-52=x+8)?2-(x—2)2
=2 (y—5P=x*+16x+64—x*+4x—4
= (y—5)?=18x+ 60 =a-(y—5)2=1g(x+‘3_"
Which is the required equation of parabola.
7.7.5 Elements of Parabola and its Graph
To find the elements of parabola when its equation is given; first we convert the given equation
into the standard form and then compare it with one of the four standard equations and then find
the elements of parabola.
Example 12: Find elements of parabola with equation y = x? — 3x + 7 and draw its graph.
Solution: Given equation of parabola is: '
y=x?=3x+7 x2-3x=y-7
==xz—3x+§=;;r-—?+5 =&( —-})z=y—¥
Letx—3=X and y—22=Y then X =Y or X2 =4(})Y
Which is of the form X? = 4aY where a =-i-.
Now we write the elements of the parabola.
Vertex: We know that vertex is at (0,0) i.e. (X,Y) = (0,0)
=X=0 and Y=0
3 3
==rx-;=[l and y—’;—9=n = x=z and ==

Thus, the vertex of the given parabola is at G.!}).
Focus: The focus of the parabola is at (0, a). i.e., (X, Y) = (0,a)

=X=0 and Y=a =>x-§=ﬂ am‘.:l}lr—~’—;|l'3=l =n:=% andy =5

+
Thus, the focus of the parabola is at G, 5).
Axis of Parabola: Equation of axis of parabola is X = 0.
=>x—§=ﬂ or x=§
Which is the equation of axis of parabola.
Directﬂx.EquaﬁonofdirecuixofpuabolnisY=—a or Y+a=0
_=:-}-——+-=ﬂ =}---—-I‘.]
Which is the equation of dll‘m of pamboln.
Length of Latus Rectum:
Length of latus rectum is 4 = 4(%) = 1 unit @
Graph: To draw the graph of parabola, we find its e ¥G/2.19/4) directrix

x-intercept and y-intercept. For x-intercept put y =0
in the equation y = x2 — 3x + 7. We have: 4
x2—2x+7=0 g |
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= y = (=) -4()(@) _ 34V5-28 _ 3+iV19

1) 2 2
Which are complex numbers thus parabola has no x-intercept, For y-intercept put x = 0
in equation y = x® — 3x + 7. We have: -
y=0-0+4+7=2y=7
Thus (0,7) is the y-intercept of parabola.
7.7.6 General equation of Parabola

Prove that the equation y = ax? + bx 4 ¢ where a, b, ¢ are real numbers with a # 0 represents a
parabola.

Proof: Given equation is '
y=ax*+bx+c =ax*+bx=y—c
Since a # 0; dividing both sides by a.
- JAL T
x +ﬂx-—-n(y c)

2 .
Adding :'? to both sides, we have: -

2 b b? g | b®
i it T R e |
A% 4 b2 1 b2-4ac 1 b2-4ac
=a(;7c+2‘:t 2—;[y—c+;: "'E[JH_ == =4(:)[y+ =
-b\* _ 1 =b?+4ac .
#{e-g) =g~ B
Which is of the form (x — h)? = 4p(y — k) where h = m%:k = - bz::w and p =-g::.

(i) is the equation of parabola with vertex (— =, — 222

2a’ 4a
downwards accordingasp > O orp < 0.

Example 13: Find elements of parabola with vertex at (2, 3) and focus at (7, 3).
Solution: Given that vertex is V(2, 3) and focus is F(7, 3). Therefore, h = 2 and k = 3. Observe
that y-coordinate of both V and F is same, thus y = 3 is the axis of parabola. Since x-coordinate
of V is less than x-coordinate of F. Thus branches of parabola open on the right side.
The distance between F and V is “a”. i.e.,
a=|FV]|=(7-2)2+(3-3)2=v/25+0=5
So, the equation of parabola is: '
(y — k)? = 4a(x— h) ' .
=2(y—32=405)(x—-2) =>(y—3)*=20(x-2)
Which is the required equation of parabola.
Example 14: Find elements of parabola with focus at (3, —1) and its directrix is 3x — 4y + 1 = 0.
Solution: Given that focus of the parabola is at F(3,—1) and directrix is 3x —4y +1=0.1If
P(x, y) is any point on the parabola then by definition of parabola.

|PF| = |PM|; where |PM] is the distance of P from directrix. Therefore: ‘
JE=3R2+ (@ + 17 = AutL '

and its branches open vpwards or

V@492
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Squaring both sides, we have: ‘ "
Ix—ay+1

= 25[x2 —6x +9+y% + 2y + 1] = 9x% + 16y* + 1 — 24xy + 6x — 8y
= 25x% — 150x + 25y2 + 50y + 250 = 9x? + 16y? + 1 — 24xy + 6x — By
= 16x2 + 9y? + 24xy — 156x + 58y + 249 = 0
Which is the equation of parabola.
Example 15: Find elements of parabola with vertex at (2, 3) and nquahun of directrix is y = —4.
Solution: As we know that the focus of the parabola is on the opposite side of vertex as that of
directrix, so in this case it opens upwards. Therefore its equation is: :
(x - h}z = 4a(y—k) (1)
Given that the vertex is (2,3), so h=2and k = 3. Also, the distance between vertex and

344l _
Voisi:

directrix isy = —4 or y + 4 = 0. Therefore, a =
Putting this value in equation (i), we get:
(x=2)2=4(7N(y—=3) or (x—=2)>=28(y-3)
Which is the required equation of parabola.
1. Find focus, vertex, axis of symmetry, directrix, length of latus rectum, end_p;uints of the
latus rectum of parabola with the given equations. Also draw the graph of the parabola.
@) y*=6x (i) y*=—2x (i) x>=24y (iv) x* = -5y
v) y*=2y—-12x-71=0 (vi) 3x+42x+y+149=0
(vii) 4y? +4y=15-32x (viii) 9x* — 6x = 108y + 26
2. Find the equation of the parabola in mh of the following.
(i) Vertex at origin and focus (0, — — (ii) Vertex (—8, —9) and focus (_E _g)
(iii) Vertex (—6,—9) and dxrecmx. x= “"131 (iv) Vertex (5, —1) and y-intercept: — 2=

(v)  Focus (—3,—1) and directrix y =2

(vi) Opens left or right with vertex (7, 6) and passes through (—11,9).
(vii) Opens up or down and passes through the points (11, 15), (7, 7) and (4, 22).
(viii) Vertex (10, 0); axis of symmetry: ¥ = 0; length of latus rectum= 1; a < 0
(ix) Vertex (4,2); axis_; of symmetry: x = 4; length of latus rectum = ;-: a>0
(x)  Vertex at origin; opens left; distance between focus and vertex is i— units.

3. Find the equation of the parabola with the focus at (psiné, pcosf) whose directrix is
xcosf + ysinf = p.

4. Find the coordinates of the vertex of cach parabola by differentiating its equation both
sides and then solving for horizontal (or vertical) tangent.
(i) y=x*-—4x+10 (i) 4x*+24x+39-3y=0
(iii)) y*—10y+4x+28=0 (iv) "y =14y = —3x — 45y




UNIT-07: CONIC SECTION

7.8 Equation of Tangent and Normal of Parabola |
7.8.1 Condition for a Line to be Tangent to a Parabola '
Consider a parabola (y — k)? = 4a(x — h) (D \
and a line . y=mx+c - (2) |
On solving these equations, we will get the points of intersections of the line and the parabola.
Using equation (2) in equation (1), we have:
' [(mx + ¢) — k]? = 4a(x — h)
= [mx + (c — k)] = 4a(x — h) ‘
= mix? + 2m(c — k)x + (c — k)? = 4ax — 4ah i
= m?x? + {2m(c — k)x — 4ax} + (c — k)  + 4ah =0 ‘
= m?x?* + (2m(c—k) —4alx + (c —k)* + 4ah =0 |
On solving this equation, we will get at most two values of x. But for the line to be tangent to the ) }
parabola it must intersect only at a point. i.e., Both values of x should be same, thus discriminant \
of the above quadratic equation must be zero. i
(2m(c — k) — 4a}? — 4m?*{(c — k)? + 4ah} = 0 ‘
= 4m?(c — k)? — 16am(c — k) + lntiua2 — 4m?*(c = k)? = 16ahm? = 0 ‘
= —16am(c — k) + 16a® —16ahm? = |
= —16afm(c—k)—a+hm?]=0 = m(c—k)—a+hm?*= []
a-m*h

= m(c—k) =a—m?h = c—k=—

a—mth a—m2h+mk
+k=

=c=

m
Puttmg this value of c in equation (2), we get:

a-mZh+mk m2h-mk—-a
mx + =Mmx—
Lo m - m

Which is the equation of tangent to the parabola. Here m is the slope of the tangent line.

Particular Case:
When the vertex of the parabola is at (0, 0) i.e.; h = 0 and k = 0 then equation of the tangent line is:

y=mx—m > y=mx-= = y=mx+_
Example 16; Find the equation of the tangent to the parabola y? — 6y — 16x + 25 = 0 with the '
slope 1/2. :

Solution: Equation of parabola is:
y2 — 6y —16x +25 =0
=>y2—6y=16x—-25=y? -6y +9=16x—25+9
=>(y—-3)¥=16x—-16 =16(x—1)
=2(y—-3) =44)(x-1)
Which is of the form (y — k)? = 4a(x — h)
Here h = 4; k = 3 and a = 4 and given thatslopeism = %, therefore equation of tangent to the
parabola is: Rty

F g ——

—— \Nutonl Bock Foundetion |



Putting values, we get: )
2) 4—=(3)-4 1-2 4
y=1ix- ) 4K T P

z i
= y=§x-—(2—3—ﬂ)=%x+9 = 2y=x+18
= x—2y+18=0
7.8.2 Equation of Tangent Line to the Parabola at a Given Point

Nlu

Consider a parabola (y — k)? = 4a(x — h) (1)
and let P(x,,y,) bea gwcn point on the parabola. Differentiating equatmn (w.r.tx
‘ 2y-i)L=4a = F=72%
: Slope of tangent at P(x;,
Thus, equation of the tangent line at P(x,, y,): is
y;y1=m(x—11) = T J’l__(x x1)

= m-k@-y)=2alx-x) = O1—Ky=01-ky,=2ax—2ax,
= 2ax—(n—k)y—2ax;+0n—Kk)y1 =0
Which is the equation of the tangent line at P(xy, y4).
In particular if vertex is at (0, 0) then h = 0, k = 0. Then, the equation of tangent line is:
2ax — (y; —0)y —2ax; + (3, =0)y1 =0 = 2ax—y,y—2ax;+y{ =0
Since (x;,¥; ) lies on the parabola, so y7 = 4ax, and we have:
2ax — y,y — 2ax; + 4ax, =0 = 2ax-—yy+2ax, =0
7.8.3 Equation of Normal Line to the Parabola at a Given Point
As, we know that normal line is perpendicular to the tangent line.
Thus; slope of the normal line is

=1 _bn=k)
alupa of tangent Ilne 2a

Equation of the normal line at point P(xy, y,) is:

Sty —uh t)(I —X)
= 2a(y—y1) —.-(J"I —kB)x=x) = Oh—=Kx—x)+2aly-y)=0
Which is the equation of normal line at point P.
In particular if vertex of the parabola is at (0, 0), the equation of normal becomes:

0h—0E—x)+2aly—y) =0 or y(x—x)+2a(y—y;)=0
Example 17: Find the equations of the tangent and normal to the parabola y? — 6y +8x —=9 =0
at point P(3, 1),
Solution: Equation of parabola is y* — 6y +8x -9 =0
Diff. w. r. t. x, we have:

Zyd—"—ﬁﬂ+8=ﬂ = (Zy—ﬁ)d—"— -8 =2 —=—=—

Slope of tangent line = m =—atl‘-‘ =-— =1

-1-3
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Thus, equation of tangent line at P is:

y-(D=1(x-3) = y+1=‘x—§

= 4y+4=4x-1 = 4x—-4y-5=0

Since normal line is perpendicular to the tangent line, so slope of the normal line is _Tl = -1.
Equation of normal line is:

y—{—1)=—1(x—%) = y+1=-x+%

= 4y+4=—4x+1 = 4x+4y+3=0

Which is the equation of normal line.

10.

11.

12.

Exercise 7.8

Find the points of intersections of the line x — 2y + 3 = 0 and the parabola y* = 8x + 1.

Also find the chord intercepted. Is the chord a focal chord?

For what value(s) of ¢ the'line 2x + 2y — ¢ = 0 never touches or intersects at different

points of the parabola x* —x + 2y + 3 = 0.

Find the value of a so that the line ax — 2y + 3 = 0 is tangent to the parabola:
y2=2y+3x+7=0;a%0

Prove that the line 3x +y — 5 = 0 is tangent to the parabola y? — 2y + 6x — 6 = 0. Also

find the point of contact.

Find the equation of tangent and normal to the parabola 2y? =3y + 11x — 16 = 0 at the

point (1, —1).

- Find the equation of tangent and normal to the parabola x* — 5x + 2y + 6 = 0 at the point

where abscissa is 1. 4
Find the equation of tangent and normal to the parabola y* = 18x at the end points of its
latus rectum.

Let P(at?, 2at,) and Q(at3, 2at;) be any two points on the parabola y? = 4ax, Prove that
the chord joining P and Q is a focal chord if t;t; = —1.

A tangent line is drawn to the parabola at any point P. Prove that the line segment of the
tangent cut off between P and directrix subtends a right angle at the focus.

Prove that tangents at the end points of any focal chord intersect at right angles on the
directrix.

Prove that tangents to the parabola at any point P on the parabola make equal angle with line
joining P and its focus and the line through P parallel to the axis of parabola. ( Reflecting
property of parabola).

Prove that the semi latus rectum is a harmonic mean between the segments of any focal chord.
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7.9 Ellipse , . 5

Itis the set of all the points in the plane such that the sum of the distances F ‘ P
of each point from two fixed points in the plane remains same. The two ‘A
fixed points are known as foci (plural of focus) of the ellipse.

The midpoint of the foci is called the centre of ellipse.

7.9.1 Standard Equation of an Ellipse
Consider an ellipse with centre at origin and the foci on x -axis. Let the foci be F;(—c,0) and

F2(c, 0). Also suppose that sum of the distance of each pint of ellipse from foci is 2a which is

constant.

Take any point P(x, y) on ellipse then by definition of ellipse: . y4
: |PFy| + |PF;| = 2a P(x.y)

=§'1f(x+c)z+(}'—U]E'I'J(x—ﬂ]'z*‘l"(}f—ﬂ}:=2ﬂ ///_m :
AAARAR A LT NG
Squaring both sides, we get:

(x+c)+y*=4a’+((x—c) +y?) —4a/(x —c)? + (y)? v
22+ +2cx+y¥ =40 + P+ 0% - 2cx + y¥ — 4a[(x — 0)2 + y2
=4a./(x—c)?+y’=4a’—4cx = afJ(x—c)2+y?=a®-cx
‘Again, squaring both sides, we have:

a?[(x — c)? + y?] = a* + ¢%x? — 2a%cx
= a?[x? + ¢? — 2cx + ¥?] = a* + c¢%x? — 2a%cx
= a?x? + a®c? — 2a’cx + a’y? = a* + c%x? - 2a%cx
= (@%x® —c%x?) +a’y? =a'—a?’c? = (@?-cDx?+a’y?=a*(@*—c?) (i)
Sincea>c¢c = a’>c¢? = a?—-¢2>0
Let a? — ¢2 = b (say), thus, equation (i) becomes;

Tl ARk o &3S 4
;'x*df i bb T wei e e

ividing sides by a®b*, we have: ey + ~533 = 353

o . i et s P(x.y) g—1 71O
= =+ 77 = 1 is the equation of ellipse in standard form. - 0 »
Note: If we take foci on y-axis i.e. F;(0,—c) and \, -
. 2 2 T,
F, (0, ¢) then equation of ellipse will be: %4 1”__2 -t :
: a

Elements of Ellipse v

2 2
Consider the ellipse =+ =1
Following are its elements.

Foci
The two fixed points Fy(—c, 0) and F;(c,0)
are known as foci of ellipse.




Major Axis

The line which passes through both the foci of ellipse is called major axis of the elhpsc and its
“length is 2a. In this case major axis is x-axis.
Vertices

UNIT-07: CONIC SECTION

The points where the ellipse cuts its major axis are known as the vertices of ellipse. In this case

vertices are A;(—a, 0) and A, (a, 0).

Centre

The mid-point of both the foci (or both the vem::eﬂ] is called the centre of the ellipse. In this case

(0, 0) is the centre of ellipse.

Minor Axis '

The line passing through the centre of the ellipse and perpendicular to the major axis is known
as minor axis of the ellipse. Its length is 2b. In this case y-axis is the minor axis.

Co-Vertices

The points where the ellipse cuts its minor axis are known as co-vertices of the ellipse. In this case

B, (0, —b) and B, (0, b) are co-vertices of the ellipse. Note that the mid point of the co-vertices is
also the centre of ellipse.

"Chord

A line segment with its end points on the ellipse is called chord of the ellipse.
Focal Chord

A chord which passes through any of the foci is called focal chord. e.g., B;B; is focal chord.
Latus Rectum

A focal chord which is perpendicular to the major axis is called latus rectum of the ellipse. There
are two latus rectums (latera recta) of an ellipse through each of the foci. The length of both the
latus rectums is same and is %.
Eccentricity

The eccentricity e of ellipse is E ie,e= E- since ¢ < a thus eccentricity of the ellipse is always
less than 1.
As we know that:

z z ;
b2=a2_c.2 - ﬁ:ﬁ_i = -E-) =1—G)
a

‘Directrices
There are two fixed lines corresponding to each fom lying outside of the ellipse and are
perpendicular to the major axis at a specific distance = = These lines are known as directrices of the

| ellipse. In this case these are the vertical lines and their equations are:

2
a a a
x—:I:;orx—;i;-zorx_ + t
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The table shows summary of the elements of ellipse.

,/-_ _—-'\ 32 m £ 2

T L= W pia=i
Centre - 0(0,0) 0(0,0)
Foci (—c.0) &(c,0) (0,—c) & (0,c)
Major Axis x-axis with equation y = 0 y-axis with equation x = 0
Minor Axis y-axis with equation x = 0 x-axis with equationy = 0
Vertices (—a,0) & (a,0) (0,—a) & (0,a)
Co-Vertices (0,—b) & (0,b) (=b,0) & (b, 0)
Directrices e y=d=

Note: Equation of the ellipse with centre at arbitrary point (h, k) is:

=-h)?  (y-k)? (x-n)? , (y-k)* _
i s v or s o e B

Example 18: Find the equation of an ellipse with foci (—3,0) and (3,0) and the sum of the
distance of any point from the foci is 10.
Solution: Given that foci of the ellipse are F,(—3,0) and F5(3, 0). Take any point P(x, ¥) on the
ellipse, then by definition of ellipse:
|PFy| + |PF;| = 10
2JE+32+ (@ -02+(x=3)2+(y—-0)2=10
=V(x+3)+y*=10-{(x-3)* +y?
Squaring both sides:
(x+3)%+y% =100 + ((x — 3)? + y?) — 20,/(x — 3)? + y2

= P+ 6x+94 =100 +4% — 6x +9+ y* — 20/(x = 3)2 + 2
=20{(x—3)2+y?=100—12x or 5/(x—3)*+y? =25~ Sx
Again, squaring both sides:

25((x — 3)2 + ¥2) = 625 + 9x% — 150x
= 25(x% — 6x + 9 + ¥?) = 625 + 9x2 — 150x
= 25x2 — 150x + 225 + 25y?) = 625 + 9x% — 150x
= 16x2 + 25y2 = 400

Divide both sides by 400, we get the required equation of ellipse as:
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Example 19: Convert the equation of ellipse 4x? + 9y? + 8x — 36y + 4 = 0 in standard form.
Also find its elements and draw the graph.
Solution: Given equation of ellipse is:
4x* +9y* +8x—36y+4=0 = (4x? +8x) + (9y* —36y) = —4
= 4(x% +2x) +9(y? — 4y) = -4
S4x2+2x+1-1]+9y* -4y +4—-4]=—4
24(x+1)?-4+9(y-2)2-36=-4 or 4(x+1)?*+9(y-2)*=36
Dividing both sides by 36, we get:

3 -2 z _ 92
{r;:l] +[_v42} = o {x;zl} +brzzz} i
Which is the standard form of the equation of ellipse.
Letting x + 1 = X and y — 2 = Y, the equation becomes:

X* y?
§+'2—2=1

Its major axis is along x-axis. Hencea = 3 and b = 2.
Now we find its elements.

Centre: As the centre of ellipse is (0, 0), therefore (X,Y) = (0,0)

=X=0 Y=0
=x+1=0 y—=2=0
=x=-1 y=2

Thus, the centre of ellipse is at (—1, 2).

Foci: As we know that ¢ = +Va? — b? hence for the given equation ¢ = +V/9—4 = +V/5
therefore foci are Fy(—c,0) = (—V5,0) and F;(—c,0) = (=V/5,0).

Major Axis: As major axis of ellipse is along x-axis hence its equation is ¥ =0
=>y=—2=0 = y = 2 is equation of major axis.

Minor Axis: Equation of minoraxisis X =0 =x+1=0 =x=-1

Vertices: The vertices of given ellipse are (—a,0) = (—3,0) and (a,0) = (3,0).

Co-Vertices: Co-vertices of given ellipse are (0,—b) = (0,=2) and (0, b) = (0, 2).

Directrices: The equation of directrices is X = :l:ﬂ—cz iex+1= :l:%

-_ﬂ:i_l_?-v’i_-a-u"s‘
MEETE - B
r_-?ﬂf—_ﬂ ) 9% & Minor axis ,,_9""'3
[ a B
3% B,(02) 4

The graph is shown in the
adjoining figure.

A

0
- g
Ay (=3, 0N_F,(=V5,0) + F,{JE,{}} A(3,0) |Major axis




Favrcise 7

1. Find the centre, vertices, co-vertices, foci, eccentricity, length and equation of major axis,
length and equation of minor axis, directrices, and length of latus rectums for the following
equations of ellipse. Also draw the ellipse in each case

M I+l=1 ) 2x2+3y2=30
Gi) S40= (iv)  x?+9y% +6x — 90y + 225 = 0

(v)  16x* +9y2—32x +36y—92 =10
2. From the given information, find the equation of ellipse in each of the following.
(i)  Vertices (—4,6), (—16,6) and co-vertices (—10, 2), (=10, 10)
(ii) Centre at (—8,5); vertex (=8, 15); Focus (8,5 + V5)
(iii) Eccentricity is *ﬂ centre (~5,5); co-vertex (~8, 5)
(iv) Eccentricity is > and passes through the point {3 1) with centre at (0, 0);
major axis a]ung y-axis.
(v) Focus at (3,4); directrix x = 5 and ecc:nmclty -

(vi) Centre at (1, ~1); horizontal tangents are y = 7 am:l ¥ = —9-and vertical tangents are
x=6and x = -4,

(vii) Length of latus rectum is 4; cncnm at (0, 0) and eccentricity 15 ; major axis along y-axis.
(viii) Centre at (1,1); eccentricity i is ¢ 2 and one of the directricesisx = 5,

3. Find the coordinates of the vertices and co-vertices of the following ellipse by differentiating
both sides of equations and solving for horizontal and vertical tangent lines

() 20%+3y?+2c-3y-5=0 (i) S o,y
(i) X2 +3y2+x—y=5=0  (iv) x*+2y?—6xr—4=0

7.10 Equation of Tangent and Normal to Ellipse
7.10.1 Condition of Tangency

Consider the ellipse {x M + [’;:Jz =1 - (1)
and the line _v mx +c (2)

on solving (1) and (2) simultaneously we will get the common points, from (2) put the value of y
in equation (1)

(x—h)? (mx+c- .l-:]2

R b a5 :

b%(x — h)? + a?(mx + ¢ — k)? = a2h?

b*(x? — 2hx + h?) + a*{m2x% + 2m(c — k) + (c — k)?} = a?b?

(0% + a?m®)x? + (=2b2h + 2a*m(c - k))x + b%h? + a?(c — k)? — a?b? = 0
which is quadratic equation in x.

]
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If' Disc > 0 then equation will have two distinct real roots so, line will cut the elllpse attwo different
points. . - s

If Disc < 0 then equation will have no real roots, i.e. there is no common point.

If Disc = 0 then equation will have one real root i.e. there is only one common point. Thus line
will be tangent to the ellipse if Disc = 0.

= {—2b%h + 2a’m(c — k)}* — 4(b? + a*m?) [b*h? + a%(c — k)? — a?b?] = 0
= 4{=b*h + a’m(c — k)}* — 4(b* + a*m?)[b?h? + a?(c — k)* — a?b?] =0
= P2 + a*}a&{ k)? — 2a?b2hm(c — k) — p3E — a2b*(c — k)? + a?b* — a?b?m?h?
— a*b*m?h? - a*mP(e= k)® - a*b*m* =0
Taking common —a?b?
—a*b?[2hm(c— k) + (c = k)? = B> + m?h* + a®m?] = 0
= 2hm(c—k)+(c—k):—b>+m?*(a*+h?) =0
= b? = 2hm(c - k) + (c — k)* + m*(a® + h?)
is the condition for the line to be tangent to the ellipse. In particular when centre of the ellipse is
at (0,0) then h = 0 and k = 0. In this case the condition reduces to
b? = 2(0)m(c — 0) + (c — 0)? + m*(a® + 0)
= b? = ¢? + m*a®
= r:2 b* — m?a®
= ¢ = Vb%Z — m?a? provided that b*> = m?a® = 0
Put value in equation (2)
y = mx + Vb?* —m?a?
Are the equations of the tangents to the elllpsc -I- — = 1 in the slope form.
Example 20: Find the equations of the tangent to the ellipse % + :—: = 1 with slope %
Solution: Equation of the ellipse is 2 +2 = 1.

Here a? = 2; b? = 16and given thatm =,

Equations of the tangent to ellipse are y = mx £ VbZ —m?a?
Putting the values; we have:

y=txt fiﬁ—%(z) > y=1x4+2 = 2y=xiV6&2
are the required equations of the tangent lincs.

Example 21: prove that the line V3x -2y +8=0is tangent to the elhpsc — + —=1.
Solution:

Equation of line is \F 3x — zy +8=0 )
and equation of ellipse 1 is — + —=1

X +4l'_‘}r =16 (2)




From equation (1) 2y=+3x+8=y=

Put in equation (2)

2
3x+8\ -
x2+4(rz ) =16

3x2 + 16v/3x + 64
=>x‘+4(x 2 T—x )=16
= x2 4+ 3x% + 16V3x + 64 = 16
= 4x? +16V3x +48 =0
Dividing both sides by 4
=x2+4/3x+12=0
Taking its discriminant
= Disc.= (4V3)" - 4(1)(12) = 48 — 48
=> Disc.= 0 this shows that line is tangent to the ellipse.

7.11 Equations of Tangent and Normal to an Ellipse at a Given Point
Consider the equation of ellipse

=N O =k)
R :
= b*(x — h)? + a*(y — k)? = a?b? (1)

Let P(xy, y;) be any point on this ellipse. Differentiating equation (1) w.r. t. x

= 2b%*(x—h) + Za’(y—k)% =0
dy  b*(x—h)
: =&~ T@G-B
At point P(xy,y,)
dy b (x;-h)
R )
is the slope of the tangent line at point P(xy, y,). Thus, equation of tangent line at this point P is
b2 (x, —
ye=yi= -;%1—-_—%(«! —-)
= a’(y1 =) = y1) = —b*(x; — W) (x — xy)
= b¥(x; —h)(x—h+h-x)+a*( -y —k+k—y,)=0
= b*(x; — W) (x - h) = (x; - )]+ a?(n =Ky =k) = On = K)] =0 '
= b2(xy = h)(x = h) = b (x; = B)?* + @*(3, = k)(y = k) = a* (3 — k) = 0
= b*(x, — h)(x = h) + a®(y, = K)(y = k) = b*(x, — h)? + a?(y; — k)?

|
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Since, the point P lies on the ellipse, thus from equation (1) we have
b%(x; — h)? + a?(y, — k)? = a®b?
= b*(xy — h)(x — h) + a®(y, — k)(y — k) = a?h?
Dividing both sides by a?b?
L G-hGE-h 01-Ro-k) _
a? b2
is the required equation of the tangent line.
In particular case if the centre of the ellipse lies at origin, then h = 0, k = 0. In this case equation

1

of tangent is
= + 52 =1
xx Y1y .
C i |

7.11.1 Equation of Normal

As the normal line is perpendicular to the tangent line thus,
-1
slope of tangent line
~1 _a’(0n—k)

B (x—h) bi(x,-h)
EI . e k
Thus, equation of normal line at point P is
a*(y; — k)

y—n =m&'3€1)

= b%(x; — h)(y = y1) = a®(y1 — k) (x — x1)

= a’(y, —k)(x—x,) — b?*(x; —h)(y —y1) =0
is the equation of the normal line.
In particular if the centre of the ellipse is at origin, then h = 0 and k = 0. So, equation of normal
becomes

slope of the normal line =

a?(yy — 0)(x —x) = b*(x, —0)(y —y1) =0
= a?y, (x = x,) = b*x; (y —y) =0
Example 22: Find the equations of tangent and normal to the ellipse x2+2y:—2x+4y=0at
point P(0,0).
Solution:
Equation of ellipse is x? + 2y? —2x + 4y = 0
Differentiating w.r. t. x

d d
zx+4}-ay-2+4£-=u

d
= (4y+4)-&%=-—(23—2}
dy 2x-2_  x-1




UNIET=07: CONIC SECTION

| At point (0,0)

| gy U=1 1
| dx — 2(0)+2 2 :

is the slope of the tangent line at P(0,0). Thus, equation of tangent line is

Y=y =m(x—x;)

1
==-}r—ﬂ=-(x—u}=a2y=x =ce-idy =0

Now slope of the normal line is — — Thus equation of normal line at point P(ﬂ 0) is

| y— ﬂ——Z(:r-ﬂ]=a~y'*—zx o
| 2x+y=0
. Alternatively
Equation of ellipse is x® + 2y? — 2x + 4y = 0, convert it into standard form, i.e.:
(x2=-2x)+2(y*+2y)=0
=@ -2x+1-1D+202+2y+1-1)=0
=[(x—=1)2-1]+2[(y+1)*-1]=0
=x-1)%-1+2(y+1)2-2=0
= x-1)2+2(y+1)2=3

Dividing both sides by 3
— 12 2
o (x 3l}l 2(y + 1)
(x-1 (- ('*1))2
=4 3 + 3/2 =1
Comparﬂtw:thstnndardequauunu = +b' =8 . Lh=1;k=-1;a%=3;b*> = 3/2
Equation nftangent line is
(@ —R&x=h)  Gi—k-k
2 3 2 =1
a b
Putting the values
3 (0—1)(x - 1) 0-(-D)y—(-1) =3
3 3/2
-x+1 1
< = ch +2(y?:|- )=1=¢—x+1+2y+2=3=}—x+2y=ﬂ
_ =x—-2y=0
And the equation of normal line is ;
a?(yy = k)(x —x;) = b?*(x; —h)(y —y,) =0
Putting the values

=3(0-(-1))(x-0)-3/2(0-1)(y-0) =0
=3x+3y=0
= 2x +y = 0, is the equation of normal line,
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1. Find the points of intersection of the line and ellipse and also find the length of chord
intercepted x —y+1=0;x* + 2y®*+3x—7y-11=0,

2. Find the value of m so that the line 5x +y — 20 = 0,m # 0 touches the ellipse
xT= + y?z = 1. Also find the point where it touches the ellipse.

3. Find the equation of tangent to the ellipse x? + 2y? — 3x + 5y — 3 = 0 with slope 1.

4. Find the equations of tangent to the ellipse 3x* + 4y® = 12 which are perpendicular to the
liney+ 2x = 4.

5. Find the equations of the tangent and normal to the ellipse 2x? + 3y? —5x — 10y +5 =0
at the point (3,2).

6. Find the equations of the tangents anid normal to the ellipse 15x% + 6y —8x —=5y +2 =10
at the point with ordinate %

7. Prove that tangent at any point to the ellipse make equal angles with the line joining the
point with the foci (reflecting property of ellipse).

7.12 Hyperbola

It is the set of all points in a plane such that the difference of the distances of each point from
two fixed points in the plane is same. The two fixed points are known as foci of the hyperbola.
The midpoint of foci is known centre of the hyperbola.

7.12.1 Standard Form of the Equation of Hyperbola
Consider a hyperbola with centre at &
origin and foci on x — axis. Let the
foci be F;(—c, 0) and F;(c, 0) and the
difference of the distances of each
point from the foci is 2a.

a(—a.0]

Take any points P(x,y) on hyperbolathen =~ A(-<0)
by the definition of the hyperbola

I'PFll — IPF?_I = 2a

=2Jax+0)2+@-02-Jx-c)2+(@-02=2a

= Jx+c)2+y?=2a+/(x-c)?+y?
squaring both sides

(x+ )2 +y? = 4a? + 4af(x— )2 + ()2 + (x - €)* + %)
= X% + F 4+ 2cx + Y% = 4a? + 4a[(x — O)F + Y2 +A2 +.2 — 2cx + ¥F




= 4a,/(x — c)? + y? = 4cx — 4a®

= aJ(x —c)? +y? = cx — a?

Again, squaring both sides

a?[(x — ¢)? + ¥*] = c*x* + a* — 2a®cx

= a?[x? + ¢ — 2cx + y?] = c¢*x? + a* — 2a’%cx

= a’x? + a?c? —,Zﬁzcx +a?y? = c?x? + a* - pdlcx
= (c2x? — a?x?) — az},z g . S il
=5 (cz o az]xz o azj,z i az(cz s RZ)

sincec>a= c¢?>a? _ \Eglﬁ/

= ct—-a*>0

< —»
Letc? —a? = b2 0(0,0) x — axis
Therefore b%x? — a?y? = a?b? /_m
Dividing both sides by a?b?, we have: v
2 2

5 8-
is the standard form of the equation of hyperbola. Similarly, if we take the foci on y — axis the
equation of hyperbola will be

},2 x!

@
Elements of Hﬂurlmln

Z

Consider the hyperbola ;; "F =1
Foci
The two fixed points Fy(—c, 0) and F;(c, 0) are the foci of the hyperbola.
Centre

The midpoint of both the foci is called the centre of the hyperbola.

Focal Axis or Transverse Axis or Real Axis

The line which passes through both the foci of hyperbola is called the focal axis. In this case
x-axis is the focal axis with equation y = 0 and its length is 2a.

Conjugate Axis or Imaginary Axis

The line passing through the centre of the hyperbola and perpendicular to its focal axis is known
as conjugate axis or imaginary axis. In this case y-axis is conjugate axis and its equation is x = 0.
The length of conjugate axis is 2b.




Vertices

The points where the hyperbola cuts its focal axis are known as the vertices of the hyperbola. In

this case A;(—a, 0) and A, (a, 0) are vertices of the hyperbola. Note that the mid point of the
vertices is the centre of the hyperbola.

Co-Vertices 3

The points (0, —b) and (0, b) lying on the conjugate axis and equidistant from the centre are

known as co-vertices of the hyperbola.

Focal Length

The distance between the two foci is called focal length and its value is 2c. e
Chord '

A line segment with both end points on the same branch of hyperbola is called chord of the i
hyperbola.

Focal Chord

A chord of hyperbola which passes through the focus of the hyperbola is called focal chord.

Latus Rectum

The focal chord which is perpendicular to the focal axis is called latus rectum. There are two latus

2
rectums one through each of the foci. The length of each latus rectum is 2.

Eccentricity
The eccentricity of hyperbola is e = E since ¢ > a thus eccentricity of the hyperbola is always
greater than 1.

The equation of hyperbola with centre at (h, k) when the axis of symmetry remains parallel to the
coordinate axis is:

O-k? _ (x-m? _

o) A e P

a? b2 a? b2
The table shows the summary of elements of hyperbola.
Sketch and y —axis
Equation B,(0,b)
» s A X — axis

B, (0,-R)

=1
Centre 0(0,0) 0(0,0)
Foci (—c,0) & (c, 0) (0,—¢) &(0,c)
Vertices A,(—a,0) & A,(a,0) A,(0,—a) & A;(0,a)
Co-Vertices B, (0, —b) & B,(0,b) By (—b,0) & B(b,0)




s T
| Focal Axis x-axis with equation y = 0 y-axis with equation x = 0
i:?ug y-axis with equation x = 0 x-axis with equation y = 0
s
ici c c
| Eccentricity e g
| a a
, . -
| Directrices gl e L e
x iﬂﬂrx :te y :i:aﬂr.? :I:e
; I.-al“s b! bz
| : Rictin length of latus rectum 2 - length of latus rectum 2 =
i Example 23: Convert the equation of hyperbola 4x? — 9y? — 16x — 18y — 29 = 0 into

standard form and find its elements.
Solution: Given equation is:

| 4x? - 9y? — 16x — 18y — 29 = 0

‘ = 4(x? — 4x) —9(y2 + 2y) = 29

| S 4x*—4x+4-9H-92+2y+1-1)=29
24(x-2)2—-4]-9[(y+1)*-1]=29 =24(x—-2)2-16—-9(y+1)2+9=29
=24(x-2)-9(y+1)* =36
Dividing both sides by 36:

| (x=2)?  (y+1)?

9 4
is the standard form of the equation of the hyperbola.

=1

Letx—21=Xandy+1=Y

= (4x% — 16x) — (9y% + 18y) = 29

(x=2)* (y+1)* _
or v ) =1

. X .y

the equation reduces to D= ;

Centre: Centre of hyperbola is at (0, 0). i.e., (X,Y) = (0,0)
=2X=0 Y=0
=2x-2=0 y+1=0
>x=2 y=-1

Therefore, (2,—1) is the centre of hyperbola.
Vertices: The vertices of given hyperbola are (+a,0) i.e. (X,Y) = (+a,0)

=X=+a
=2x=-2=4%3
>x=43+2
=2x=5x=-1

.Hence vertices are (=1, —1) and (5, —1).
Covertices: Covertices hyperbola are (0, +b) i.e. (X,Y) = (0, b)

=»X=0
=2x—-2=0
=x=2

Thus, covertices are (2, —3) and (2,1).

Y=0
y+1=0
i =]

=2Y=4+b
=y+1=42
=2y==-11+2
2y==-3,x=1
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Foci: Foci of the hyperbola are (£c,0) i.e. (X,Y) = (£c,0)

=>X=%c =2Y=0
=2x-2=%c =y+1=0 x
=2x=2%xc =y=-1

As we know that b? = ¢? — @
=222=¢2-32 =,2=13 =c=+13
Thus, x=2+VI3 andy =1
= (2 4 V13, —1) are foci of the hyperbola.
Eccentricity: Eccentricity of the hyperbola is e = < = Y22
Focal Axis: Equation of focal axisis Y = 0 = y + 1 = 0 and the length of focal axis is
2a = 2(3) = 6 units .
Conjugate Axis: Equation of conjugate axis is X = 0 = x — 2 = 0 and the length of conjugate
axis is 2b = 2(2) = 4 units.
Directrices: The equation of directrices of hyperbola are X = +<
Sx—2= ;|;— =3 :|:—
Latus Rectum: Thalcngthufﬁach latus rectum of hyperbola is 2— = 2--= —umts
Example 24: Find the equation of hyperbola with centre at (2,4) ami the Iengr.h of semi transverse
and conjugate axis are 3 and 5 units respectively. Also, the transverse axis is parallel to x — axis

Solution: Given that centre of the hyperbola is at (2,4) and length of semi transverse and
conjugate axis are 3 and 5 respectively. Soa =3 and b =5

Since transverse axis is parallel ) axis
to x-axis, so equation of 3
hyperbola is:
(x—h? (y—k)?

a? 7

2.4
Putting the values we have
—2)2 —4)2 >
Fxgzﬂ (?524] i - / 0(0,0) \ x — axis
(x—2)2 {y—&)z S ¥
9 25

Example 25: Find the equation of hyperbola with centre at (0, 2) and it passes through the points
(1,1) and (4, 7).

Solution: Let the equation of hyperbola be

=

(x u}? _ -K)?

= 1.

bi
Given that centre is at (0, 2) thus equation is
-0 2 _2}2 52 @_2]2
e - =1 (1
Given that it passes through the point (1.1); so from Eq (1)
r_a-2¥ ; : I _—
a? b? a? b2




A

Also, it passes through the point (4,7), so from Eq (1)

42 (7-2)?
o
16 25
=-5=1 T - |
Multiply Eq (2) by 16 and then subtract Eq (3) from it
1 —E=16 »»  putting the values in Eq (1)
. a sz : v x* y? h
625 ! 79\ 79y
= i | (@) (B
" 1
12=15 i or ‘
b i
g 2 2z
b? = 2 put in Eq (2) Pt R
iy W, : R
N i
e ; is the required Equation of hyperbola.
= - 15 I
@ g Spsirg :
I
12t - )
g Jaa g o o

Example 26: Find the equation of hyperbola with centre at origin with eccentricity gand length

of its latus rectum is 3.
Solution:
Let the equation of hyperbola be
E-h=1 s} i
¥ ¥
: s ¥ _ =Tl
= Given that e _;mz;—— 3 weee(2) :_:) (%) ;

or
a8t Bt

36 9
is the equation of hyperbola

4 3 a
Since ¢ = ae =:-c=a(5)=?

2
. 3
also b2 =ct-al= ?“ —a?

=——g*t=— : esonsaiifd)

5 4 25

e et el e L L |y pp——

302 -
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Example 27: Find the equation of hyperbola in the standard form with centre at origin and
eccentricity %; also, length of its semi conjugate axis is 3, which is along y — axis.

Solution:

Let the equation of hyperbola be **  put the value of b

x?  y? 32=3a2 =a2=ﬂ
ot ;S —- (1) u 7

4 put the values of a® and b? in Eq (1)
Given thate = zand b = 3

X2yt 7% »y* &
L bt = CE - at = (ae)z o az — HI(EE s 1) (H_._;') 32 81 9

ws g FLE e X
_a(e 1) e o-

Example 28: Find the equation of hyperbola with centre at origin and eccentricity V3. Its one
focus is (3,0) and the directrix is x = 1.

is the required equation of hyperbola

Solution: As the ¥ coordinate of focus is zero; so its transverse axis is along x- axis. Equation
of directrixisx=1orx—-1=0.
Take any point P(x, ¥) on the hyperbola then by definition

distance of point from focus

= - . N 2§
-distance of point from line

distance of point P from focus = /(x = 3)* + (y — 0)?

=Jx2—6x+9+yt=Jx*+y?—6x+9

distance of point from directrix= ﬂ:'.:% = |x—1|
putting values in Eq (1)
Jxi+y?—-6x+9
= lx — 1
=>V3lx -1 =yx2 +y?—6x+9 Alternate Method
squaring both sides Given that e = V3 and focus is (3,0) = ¢ =3 .

3(x—-1)2=x*+y*—6x+9
3x2 —6x+3=x*+y*—-6x+9
=22 —y? =

sae=3 sav3i=32a=V3=a’=3
also b? = ¢? — a?

2
2=32_-(y3) =9-3=6
Dividing both sides by 6 =b ( 3
¥ putting values in= — 3= =1
376" i

£ 2 = 1 s the requi ation of hyperbola.
; T ¢ required squation o
is the required equation of hyperbola 3 6 115 4 P
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|
|
I. Find the centre, vertices, co-vertices, foci, eccentricity, length and equation of transverse
axis, length and equation of conjugate axis, directrices and length pf latus rectums for the
| given equations of hyperbola. Also sketch the hyperbola in each case.
|

() O ) Y

| @ 36 81
g is -10)? (x-1)?
| (1) (.vmj i

(iii) —16x2+9y*+32x+ 144y —16=10

(iv) x*—4y?+2x—40y—135=0
2. From the given information find the equation of hyperbola in each of the following.
(i) + Vertices: (8,14), (8, —10); conjugate axis of length 6 units.
i

| (i) Verices (-22),(~16,5) and end points of conjugate axis are
(-23):(-2-3)
(iii)  Vertices are (=5,1), (—5, —7) and foci are (=5, =3 + v97), (-5, -3 — V97).
(iv)  Foci are (8 -5+ V53),(8,—5—V53) and end points of conjugate axis are
(15,5); (1, —5).
(v)  Vertices are (0, 9), (0,—9) and passes through the point (8,15).
(vi)  Eccentricity is ;; centre at (1, 1) and passes through (=7, 2), focal axis is horizontal.
(vii) Focus (5,3); directrix y = =2 and eccentricity ;
- (viii) Centre at (0,0); length of latus rectum is 5, eccentricity %: conjugate axis along
x -axis.

3. Find the vertices of the following hyperbolas by differentiating the given equation and
solving for horizontal/vertical tangent lines.

12 .
@ -y

us (y=1)* (x+1)* _
(i1) RS el

(iii) 5x%2—5y?+25x—5y+20=0
(iv) —x2+4+y?—10x—-4y—28=0




7.13 Equation of Tangent and Normal to a Hyperbola

: i _hi —I2
Funsldcr the hyperbola (xﬂz) - U'h:} I e« (1)
and the line y=mx + ¢

on solving Eqgs (1) and (2) simultaneously we wil get the points of intersections of the line and
hyperbola; for this use Eq (2) in (1)
(x=h)? _ (mx+c=k)? _ 1

a? b
= b%(x — h)? — a?(mx + (c — k))? = a®b?
= b2x2 — 2b%hx + b2h? — a®m?x? = 2a*m(c — k)x —a*(c — k)* — a’b? =0
= (b? — a?m?)x? — 2(b%h + a?m(c — k))x + (b*h? — a*(c — k)? — a®b*) =0
which is quadratic equation in ‘x’.

If discriminant of this equation is greater than zero or positive the equation will have two distinct
values of x so line will cut the hyperbola at two distinct points. If discriminant of this equation is
negative then the roots of the equation will be imaginary i.e. there is no point of intersection and if
value of discriminant is zero then equation has repeated roots i.e. there is only one point of

intersection. In this case the line will be tangent to the hyperbola, so condition for the line to be
tangent to hyperbola s

Disc =0
= (2(b%h + a*m(c - m}u)2 — 4(b? — a®m?)(b*h? — a?b? — a*(c — k)?) = 0

= 4(b%h + a*m(c — k)" — 4(b? — a?m?)(b*h% — a?b? — a*(c — k)*) = 0

Dividing both sides by ‘4’

(b2h + a?m(c — k)" = (b% — a?m?)(b?h? — a?b? — a*(c —k)*) = O

= ph? + at*(c - k)2 + 2a*b*mh(c — k)* - PFh? + a?b* + a?b?(c — k)* + a®b*m?h? —
a*b?m? — a*yf*(c—k)* =0

= a?b2[2mh(c — k)? + b? + (c — k)* + m*h? — a*m?] =0

Dividing both sides by a?b?

= (2mh + 1)(c = k)? + b? + m*h? — a*m? =0

is condition for tangency.

In particular when centre of the hyperbola is at (0,0); then h = 0, k=0;

In this case condition of tangency is

(2m(0) + 1)(c — 0)? + b? + m?(0)? — a’m? = 0

c2+bt=—a*m?=0

c? = a?*m? - b?

from here we have ¢ = +Va?m? — b? provided that atm?—b* = 0.

Putiny=mx+¢
y = mx + v a?m? — b? -‘

are the equations of the tangents to the hyperbola with slope m.

e —
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2 2
Example 29: Find the equations of tangents to the hyperbola % —Z = 1 with slope g

2
Solution:

; o W Ak
Equation of hyperbola is T~ ==l
here a? = 3; b? = 2 and the slope is given to be gi.e.m=
Equation of tangents to the hyperbola are

Wi~

y = mx ++a?m? — b2
. put the values
Zex [3(2) -2
==X —_— —
. g 3
7
y=3% :I: \-‘12 or 3y = 7x + V129 are the required equations of the tangent lines.
Example 30: Check whether the line x — y — 1 = 0 is the tangent to the hyperbolaf;— ’-"; =1
Solution: '
The equation of hyperbola is i;— - !;* =1 or 3x2 —4y?2 =12 OB i .

Equation of lineisx —y—-1=0

=y =x—1putinEq(l)

=23x?-4(x-1) =12 = 3x% —4x? + 8x — 4 =12

or =x2—8x+16=0

compute its discriminant 5%

Disc = (—8)2 — 4(1)(16) =64 —64 =0

this shows that the line is tangent to the hyperbola.

7.14 Equation of Tangent and Normal to the lfyperliuln at a Given Point

Consider the hyperbola )R 1 and point P(x,, ¥;) be any point on the hyperbola.

a? b
Equation of hyperbola may be written as
P2(x—h)?:—a?*(y—k)2=a?b? i n
- Differentiate w.r.t. ‘x* -
dy _ b% rx—h
2 —h 2 2 __,_ (
2b [.1' } a (}' k) 0 T dx a2 y — k
at point P(xy, y;)
= % = b— ) is the slope of the tangent line. So, equation of the tangent line is
b!

y== p (J' k) (x —x) :
= a*( = k)(y — y1) = b?¥(x, — ﬁ){x-xij

_——
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= b(x; — h)x — a*(yy — k)y = b*(x, — h)x; + a*(; —K)y1 =0 .o (2)

Since the point P(x;, y;) lies on the hyperbola so from Eq (1) : '

b2(x, — h)? — a®(y, — k)? = a®b®

= b(x, = h)(x, = h) = a*(yy — k)(» — k) = a?b?

= b2x,(x; — h) = b*h(x; — h) — a®>y,(y; — k) + a?k(y, — k) = a*b?

= —b2x,(x; — h) — a®y,(y; — k) = a®k(y, — k) — b?h(x, — h) — a®b?

put in Eq (2)

b%(x; — h)x — a®(y, — k)y + a®k(y, — k) — b*h(x, — h) — a’b? =0

is equation of tangent line at point P(xy,y,).

In particular if centre of the hyperbola is at (0,0) then h = 0,k = 0 so equation of tangent line
reduces to ‘
b%(x, — 0)x — a%(y, — 0)y + a?(0)(y; — 0) — b2(0)(x; — 0) — a?h®* =0

= bxyx — a*y,;y —a?b?* = 0

or

b%x,x — a%y,y = a?b? dividing both sides by a®b?
xx_yy

a?  b?

Now we find the equation of the normal line.
Since normal line is perpendicular to tangent line, thus

1
slope of normal line = — slope of tangent line
__@0-k
ﬂ;@ TP B
yi=k
the equation of the normal line at point P is
a’(y; — k)

y—h= m(x x;)
= b%(x; — h)(y — y1) = —a?(y; — k)(x — x,)

or

@® = k) (x—x,) + b*(x; =) (y —y1) =0

is equation of normal line.

In particular if centre of the hyperbola is at (0,0) then h = 0,k = 0 so equation of normal line in
this case is

a?(yy = 0)(x = x1) + b*(x; — )y — 1) =0

= aly(x—x) + b*x;(y =) =0

= a’y,x — a’x,y; + b%xyy — b*x,y, = 0

= a?y,x + blx,y — (a® + b%)x,y, =0
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Example 31: Find the equation of tangent and normal to the hyperbola 4x* — 9y? — 16x —
18y — 29 = 0 at the point (5,—1).
Solution:, Equation of the hyperbola is 4x? — 9y — 16x — 18y =29 =0

Differentiating w.r.t. ‘x’

dy d
Hx—iﬂya—lﬁ 1a—y=
dy 8(x-2) 4(x-2)
=’_13("+1)E+B("_2J=“ Tdx 18 +1) 9y +1)
' at point (5,—1)
- AL S SR

dx  9(=1+1)
it means tangent line is vertical; so its equation is x = constant
=x=50x-5=0
A g

= =10
Slope of tangent line co

Slope of normal line = —

it means normal line is horizontal; so its equation is y = constant
=y==lory+1=0

I ATNE-rressse——

1. Find the length of chord intercepted by the line 2x + y — 1 = 0 and the hyperbola
2x2 -3y + 7Tx —4y +13 = 0.

2. Find the value of m so that the line 3x + 4y + m = 0 is tangent to the hyperbola
x2—y2—Tx—-2y+13=0. _

3. Find the equation of tangent to the hyperbola x2 — 2y? + 4x — 6y + 11 = 0 which is
parallel to the line 4x — 8y + 7 = 0.

4. Find the equations of tangent to the hyperbola 2x? — 4y2 + 6x — 8y — 7 = 0 which is
perpendicular to the line x + 2y + 5 = 0. Also find the point of tangency.

5. Find the equations of the tangent and normal to the hyperbola
6x% — 6y% = 14x + 21y — 5 = 0 at the point (2, 3).

2
6. Find the equations of the tangents and normal to the hyperbol ( ( } 1at

-|-I] '?2
the point whose ordinate is 3 and abscissa is an integer.
7. Prove that the tangent at any point on the hyperbola makes equal angles with the lines
joining the point with the foci of the hyperbola.

8. The line 12x — 5V11 — 50 = 0 is tangent to the h}rperbnia = =X = 1. Find the point

where the tangent line intersects the focal axis of hyperbola. A.Isu f' nd the ratio in which
this point of intersection divides the distance between the foci.

-




7.15 Application of Conic Sections

Conic sections are counted as one of the prominent topics in Geometry and possess numerous
applications in science and technology, including astronomy, optics, and even architecture. Here we
are discussing some of them. .
Example 32: A train track is 8ft wide and goes through a semi-circular tunnel of radius 13ft.
How high is the tunnel at edge of the track?
Solution:

Let the centre of the tunnel be at origin.

Given that radius of tunnel is 13ft. So equation of
the circle is (x — 0)% + (y — 0)% = 132
>x2+y2=169 = ... (1)

The track is 8ft wide. Let h ft be the height

of the tunnel at the edges of the track so
coordinates of the A are (—4, h) and B are

(4, h). 0(0,0) _ 13fc
Since the point B(4.,0) (also the point A(—4,0))

lies on the circle, so from Eq (1)

4% + h* = 169

=»>h?=169-16 =h?=153 or h=+v153

Example 33: The cable of a suspension bridge hangs in a shape of parabola. The tower supporting
the cable are 200t apart and 100t in height. If the lowest point of the cable is 20ft above the
bridge at its mid point. How high is the cable from either tower at a distance of 40ft horizontally?
Solution: A(—100,100) A(100,100)

The vertex of the parabola is (0, 30) and it opens__//
upwards, so equation of parabola is:

(x — h)? = 4a(y — k) 1004t
» .
(x — 0)? = 4a(y —30) o
= x? = 4a(y — 30) ) < 200ft -

The coordinates of the point A are (—100,100) and B are (100,100). As the point B(100,100)
(also, the point A(—100,100)) lies on parabola

So, from Eq (1)

(100) = 4a(100 — 30)

= 10000 = 280a = a =22 =222
Put in Eq (1).
=>x2=4(%)(y—3u) = x? _=%E(y-_30) - (2)




e
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The point which is at a distance of 40 ft from tower is at a distance of 100 — 40 = 60ft I‘Inm
origin. Let h be the height of the cable at this point C.
The coordinates of E are (60, h) and the point lies on the parabola, so from Eq (2):

1000

(60)*=——(h - 30)
1000 :
= (h-30)=3600x——=252 =h=230+252=552ft

7.16 Use of Conic Section

Example 34: The head light of an automobile is in the shape of parabola. The bulb is placed at
the focus which is 2 inch from its vertex. The depth of the head light is 3inr:hes What is the
width of the head light at its opening? ,

Solution: i‘“‘-’
Consider the vertex of the
parabola is at origin and it opens on
the right side. Given that focus is at
_ 2inches from the vertex; so
(a,0).=(2,0) a=2

As we know equation of this parabola i 0(0,0)
is ¥? = 4ax so in this case

y: = Bx s D)

Let ‘w’ be the width of the parabola, so
coordinates of the points A and B are
A(3,—3) and B(3,).

Since the point B(3,) (also point A(3,~3))

lies on the parabola, so from Eq (1)
L:.= 8(3) = w =48 inches

Example 35: According to Kepler's law planets have elliptical orbits with Sun at one of the foci.
If the longest distance of the planet from the sun is 4.4 billion km then write the equation of the
orbit of the planet taking its centre at origin. A
Solution:

Consider the ellipse with centre at origin
andltsma_]uraxis is along x — axis. Thus, its

nquatmn:s-—+——l s k1)

Let the Sun be at its focus F;. The planet will
be at maximum distance from Sun when it is
at Azand its distance from Sun is minimum J
when it is at 4;.

o r'm%iﬂm;




Given that |F,4,] =74 =2a+c=74..(2)
ﬂﬂdIF1A1I=4.4 m‘ﬂ—lﬂ=4.4 ' ...{3}
Adding Eq (2) and Eq (3)
2a=118 =a=59
Subtract Eq (3) from Eq (2)
2c=3 =c=15
since b? = a® — ¢? = (5.9)* — (1. 5)2 = p®=3256 =>b=57
put the value in Eq (1)
x2 y?
+
(5.9)*  (5.7)?
Which is the required equation of the orbit. ' R

=1

Example 36: Cross section of a nuclear cooling tower is in the shape of hyperbola with equation

z 2
3%,- - f;; = 1. The tower is 150m tall and the distance from the top of the tower to the centre of

hyperbola is half the distance from the base of the tower to the centre of hyperbola. Find the
diameter of the top and the base of the tower.

Solution: : A y—axis
Equation of' the hyperbola is

— - == s CE)

Let r; and 1, be the radii of the top and the

base of the tower.
Given that

|0Al = 2|0B| = 2|04| = |0B|
also = |0A| + |0B| = |AB|
= |0A| + 2|04| = 150 = |0A| = 50 150
|0B| = 2|0A| = 2(50) = 100
= |0B| = 100
Thus, coordinates of the points P and Q are
(r1,50) and (1, —100). Since the point l B ' !
P(ry,50) lies on the hyperbola so from ¥ Q(r:.~100)
Eq (1)
n?  (50)°
302 44%7

Q00 442 Wﬂ‘ ‘

rj_: 221 + 252 I

' A P(r'h 50)

=1

=900 222



Taking square root

V222 + 25¢ 33 /33.30
o 222 4+ 25 =333I_'I r1=3ﬂ(—)-4541
30 22 22 22
Tha diameter of top of tower = 2r; = 2(45.41)
=90.82m
Also, the point Q(r;, —100) lies on the hyperbola,
so, from Eq (1)
r?  (=100)? _ rn? (1000 _ . n? 252
05 - T e T et i T
rz2 112 + 252
‘Jﬂﬂ e 112
Taking square root
112 ‘ 5 2731
=E=\-‘ + 25 =Z?31 =:rrz=3ﬂ( )=-;r4_4g
30 11 11 5 e et

‘The diameter of base of tower = 2r, = 2(74.49) = 148.98m

1.

A cell phone company has installed three signal towers A, B and C at different locations to
provide service to their customers. Tower A is located at the position (—2, 10) and covers an
area up to 8km, tower B is located at (—3,5) and covers an area up to 6km and tower C is
located at (10, —1) and covers an area up to 5km. A man is standing at a position of (12, 3),
which tower will provide service to the man?

The tyre of a car is ui‘ radius 15 inches and it revolves 1000 times in a minute. What is the

speed of the car in — ‘?

. A batsman hits !I'.he ball. The ball attains the maximum height of 25m and drops on the

ground at a distance of 80m from the batsman. Assuming the origin at the position of batsman

write the equation of path of the ball. Is it possible for a man of height 1.6m to catch the ball, .

standing 70m away from the batsman?

Playing team coaches use parabolic shaped antennas to listen the conversation between the
players in the ground. If the antenna has the cross section of 18 inches and depth of 4 mchcs
then where the microphone should be placed to hear the gconversation?,

Man A is standing at one focus of the whispering gallery which is 16 feet from the nearest
wall. The man B is standing at the other focus 100ft away. What is the length of the
whispering gallery? How high is the elliptical ceiling at the centre?

The orbit of a planet is in elliptical shape with Sun setting at one of its two foci. The .
eccentricity of the ellipse is 0.085 and the minimum distance of the planet from the Sun is
105 million miles. What is the maximum distance of the planet from Sun?




7. The control towers are located at points Q(—500, 0) and R(500, 0) on a straight shore where
the x-axis runs through. At same moment both towers send a radio signal to a ship out at sea,
each travelling at 300m/us. The ship received the signal from Q, 3us earlier the message
from R. Find the equation of hyperbola containing the possible location of the ship.

8. An architect’s design for a building includes some large pillars with cross sections in the shape

of hyperbolas. The curve can be modelled by the equa,um-—--'r:— 1 where the units are in

meters. If the pillars are 4.2m tall. Find the width of the top of each pillar. Also find the width
- at the middle of the pillar.

1. Choose the correct option. :
(i)  The eccentricity is the ratio of distance of a point on the conic section from:

(a) Focus to (b) Directrix to (c) Vertex to (d) Directrix to
directrix focus directrix vertex

(i)  Eccentricity of circle is: ] '

(a) e>1 (b)e<1 ©)e=1 (d) e=0
(iii)  The focus of the parabola x? = —16y is:

(a) (4,0) (b) (—4,0) (©) (0,.4) (d) (0,—4)
(iv) Lengﬂmfthelanmrecmmetheellipse%;+’—';=lis: ;

@ 2 ®) = © 3 @3
(v)  Equation of the directrices of ellipse i—:— +L=1is:

@ y=1+5 (b}y-t,—"f | {c}x z @ x=%
(vi) Encenu'mt}r of the hyperbula— ~L=1is

@ 7 ® I (c) Y258 OF
(vii) Equation of conjugate axis of the hyperbola ¢ xd}l U::}z =1is:

(@ x=1- b) x=-1 {c}y 3 d y=-3

(viii) Length of the tangent drawn from the point (1, 2) to the circle
2x2 4+ 2y2+3x+2y—-6=0is
(@ 11 (b) Vi1 © 5 T E
(ix) The chord joining the two points (at,?, 2at;) and (at;?, 2at;) on the parabola
y? = 4ax is focal chord if:
(@) t; +t;=1 ®) ty+t,=—1 (c) titz =1 (@) tyt, = -1
(x)  Exactly one tangent can be drawn to a circle if point Lics: :
(a) outside the circle (b) on the circle (c) inside circle  (d) centre of circle
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. A point P(a, b) lies outside a circle with centre at origin. P(a, b)
From P a tangent is drawn to the circle at point A(2, 2v3). oo
If the area of the triangle POA is 10 sq units then find
equation of the circle and the coordinates of the point P. '

. On the Siri Nagar highway overhead steel bridges are

constructed to cross the road. They are supported by the

parabolic arc over them. The highway is 300t wide and

walkway is 15ft above the highway. The centre of the

parabolic arc is 10/t high from the walkway. Find the equation of the pamhohc arc take
origin at the mid of the road.

. Ifr; and r; are the minimum and maximum distance from a focus of an ellipse then prove
that semi-major axis is the arithmetic mean between r; and r; and semi-minor axis is the -
geometric mean between ry and 7.

. A hyperbolic mirror has the property. that the light directed at the focus will be reflected
to the other focus. If one of the foci has coordinates (24, 0) and the top mount point of mirror
has coordinates (24, 24). Find the vertex of the mirror.




INVERSE TRIGONOMETRIC FUNCTIONS
AND THEIR GRAPHS

After studying this unit, students will be able to:

] * Find domain and range of the principal trigonometric functions and inverse
trigonometric functions.

« Draw graphs of the inverse trigonometric functions of cosine, sine, tangent, secant,
cosecant and cotangent within the domain from —2n to 2x.

State, prove and apply the addition and subtraction formulae of inverse trigonometric
functions. -

Apply concepts of inverse trigonometric functions to real life word problems, such as
mechanical engineering, architecture to find height of the building, angle of elevation
and depression, identifying the angle of bridges to build scale models.

Inverse Trigonometric Functions play a crucial role in mathematics, particularly in calculus,
geometry, and engineering, by enabling the determination of angles from known trigonometric
function values. These functions are also essential in fields such as physics, engineering, and
computer graphics. They are widely used to solve equations involving trigonometric functions,
analyze periodic phenomena, and develop algorithms for 3D rendering and modeling. A solid
understanding of these functions and their properties allows us to address complex problems in both
theoretical and applied mathematics, making them a powerful tool in any mathematician’s toolkit.




8.1 The Inverse Trigonometric Functions

Inverse trigonometric functions are the inverse operations of basic trigonometric functions
cosine, sine, tangent, secant, cosecant, and cotangent.
The primary inverse trigonometric functions include:

» ArccosorCos™ the inverse of cosine function.
Arcsin or Sin™"  the inverse of sine function.
Arctan or Tan™  the inverse of tangent function.
e ArcsecorSec® the inverse of secant function. !
» ArccscorCsc™®  the inverse of cosecant function. Overlay of all six trigonometric
= ArccotorCot™ the inverse of cotangent function. function on one graph

These functions are used to find the angle whose trigonometric function value is given. For
example, if we know that the cosine of an angle is 0.5, we can use the arccosine function to find

the angle which is 60° nrg radians.

8.1.1 The Principal Cosine Function 5 l‘&;a‘t:ﬂlat Principal and Inverse Trigonometric
Consider the following graph of cosine function, | functions are written in capital letters; e.g.,

: SR . i cosine function:
You will observe that an infinite number of x ;

: ¥ = cos x with xe(—00, +), ye(—oo,+e0)
values are found for which y = cosx = 0.5 for | Principal Cosine function:
each x € (—o0, +o0),

| y = Cosx with xe [—g*;—r], ye[—1, 1]
By this, one can record infinitely many solutions ! Cnsme inverse function:

e i L |

to the equation cosx = k where k € [-1,1]. i J’ Cos™ x with xe[-1, 1], ye [_ z _]

SeEseee LA AR R L R R L T T T Y L L L]

m/\/\ﬁl\/\ .....
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If we need an interval for x where there is only one solution to cosx = k for k € [=1,1], we

choose the interval from 0 to . We have an option to consider an interval x € [, 2rr] or many
others. It is a mathematical convention to choose x € [0, 7] A e

In the interval [0, 7], we can find a unique solution y = Cosx
to the equation Cos x = k, where k € [—1, 1].

We write this solution as x = Cos™! k.

In other words, “x is a real number in the interval

[0, ] whose cosine is k™.

The cosine function defined on x € [0, 7] for which
there is only one solution of the equation Cos x = k
where k € [-1,1] is called the Principal Cosine Function.  ~'¥




Example 1: Find the principal value of Cos™ (-3)
Solution: Lety = Cos™? (-—i—) then Cosy = —%, where y € [0,7]

Consider Cosy = — : We need to find y whose cosine value is — %
2 2
= Cosy = Cos = Since Cos y < 0 = y lies in Quad IL.
3 y

-y=2 = (1)

8.1.2 The Inverse Cosine Function

For the cosine function y = Cos x where x € [0, 7] and

y € [-1, 1], we define an inverse cosine function

y = Cos~(x) where x € [-1,1] and y € [0, ]. y=Cos'x .

For x € [-1,1], y = Cos™* x is a real number in the "\

interval [0, ] whose cosine is x. — }

In view of above, we observe that: _ = = "
Cos~1(1) = l} since Cos(0) =1
- . m

Cos™3(0) = dooe CB[E)S0 . T L e

Cos™1(-1) = 1t since Cosm= —1 If y = Cos x with
8.1.3 The Domain and Range of Inverse Cosine Function xe[0,n];ye[-11] !

To find the domain and range of inverse trigonometric function, : then
switch the domain and range of the original function. y = Cos™'(x) with !
For the cosine function y = Cos x xe[-1,1];ye[0,7]
Domain = [0,n] and Range = [-1,1] =~ 7 e
For the inverse cosine function y = Cos™ x
' Domain = [—1,1] and Range = [0, n]

{ ------------------------------------------- B T e

: The inverse tngonomctn: ﬁ.lncnnn s domain is a real number and its range is a rca!

EErsEEL R

--------------------------------------------------------------------------------------------------------------

Since graph of the inverse trigonometric function is a reflection of the graph of the ongmal .
function about the line y = x.

Therefore, to graph the inverse trigonometric function, we use the graph of the trigonometric
function restricted to the domain specified earlier and reflect the graph about the line y = x as .
shown below. X "

{_|1 :Il']
14

¥ = Cos™ ' x

(0, 1) 9
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8.1.4 The Principal Sine Function
To define pringipal sine function, we need an interval for x where there is only one solution to

sinx = k for k € [—1, 1]. Such a solution is possible in the interval [—g,-:-]

In the interval [—%.%], we can find a unique solution to the equation Sin x = k, where

k € [—1, 1]. We write this solution as x = Sin~* k.

In other words, “x is a real number in the interval [— ;—r,;—' whose sine value is k.

The sine function defined on x € [—;,-;5 for which there is only one solution of the equation
Sin x = k where k € [—1,1] is called the Principal Sine Function.

z1” : Rm |
¥ = Sinx : Sinx = sinx ; xe[—i,-z—

: » Sin~! and sin are not inverses
of each other (They do not
cancel each other)

:  sin does not have an inverse

- : ® The functions that are inverses
(=3.-1) 5 ¢ are Sin™! and Sin.

L L T T T T SR
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Example 2: Find the principal value of Sin~* (— %)

Solution: Lety = Sin™! (— Tli) then Siny = — lﬁv where y € [_'rzi':"]

Consider Siny = — % [We need to find y whose sine value is — % A
= Siny = Sin (— f) Since Siny < 0 = ylies in Quad-IV. I _'. mm
=ay=--:-' : Findﬂiﬂprinfipalwluuof
s (-3)= -3 0 S
(i) cos* ()

8.1.5 The Inverse Sine Function

For the sine function y = Sin x where x € [——:—,’z-r] 1Y y=Sn"'x
xl

and y € [-1, 1] we define an inverse sine function p

y = Sin~(x) where x € [~1,1] and y € [_gg]

In view of above, we observe that:

Sin“1(-1) = —% since  Sin (— ;—t) = —1
sin~! (%) =1 since  sin(F) =+
Sin1(1) = = since  sin(3) =




Clrigonometric B

s s

8.1.6 The Domain and Range of Inverse Sine Function
To find the domain and range of inverse trigonometric ﬁmﬁtiun. switch the domain and range of

the original function. gasenshanincanaens s
For the sine function y = Sin x i If_',-r Smanhxe[—— ] yE{ 11]
Domain = [-—-E,;fr] and Range = [-1,1] ~ i Then y = Sin™*(x) with :

mmsmE

kL
For the inverse sine function y = Sin™' x xe[-L1]ye [-g.;]

Domain = [-1,1] and Range = [__ ¥

Since graph of the inverse trigonometric function is a reflection of the graph r.:nf the original
function about the line y = x.
Therefore, to graph the inverse trigonometric ﬁlnctinn, we use the graph of the trigonometric

function restricted to the domain specified earlier and reflect the graph about the line y = x as
shown below.

¥ - axix ;I v Y y=Sn"'x
" y
/ y = Sinx
1
-+ = x — axis
L ] n2
7"
® The expression Sin~! x is not the same as —. In other words, —1 is not an exponent.

SI
It simply means the inverse function.

Remember that there will be no solution if k lies outside the interval [—1, 1]
Cosx = cosx; x€[0,m]

Cos~! and cos are not inverses of each other. (They do not cancel each other)
cos does not have an inverse The functions that are inverses are: Cos™! and Cos

8.1.7 The Principal Tangent Function

We know that an infinite number of x values can be found from y = tanx = 1
foreach xe R — (Zn + 1)% where n € Z. By this, one can record infinitely many solutions to
the equation tanx = k where k € (—co, +0). If we need an interval for x where there is only one

solution to tanx = k for k € (=00, +), we choose the interval between — g and + %

In the interval (—Eg) we can find a unique solution to the equation Tanx = k,

where k € (—o0, ).
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We write this solution as ¥ = Tan™? k. In other words, .
“x is a real number in the interval (— 325 4 :4) whose tangent

value is k. The tangent function defined on x € (—E,’—;) L4

ulill

for which there is only one solution of the equation
tan x = k where k € (—oo, o) is called the Principal
Tangeﬁt Function.

; + :
oo e * B -=

| 4 ' 4 Bk e A S AN kA R Akda
% ! 4 i

| ¥ = Tanx : Tan.tmtlnx;xe(-——z-.;) ; }
i ' ; Tan™?! and tan are not inverses f
- : of each other :
: : : i (They do not cancel each other) :
i _ wl ' tan does not have an inverse ;
L : :
‘4 i The functions that are inverses are :
i -1 H
v + 4 Tan™" and Tan |
- —W brsssasnsnanssnsnsesd and saaEmaad 'TITIt L

Example 3: Find the principal value of Tan~1(v/3).
Solution: Lety = Tan™*(V3) if and only if Tany = v/3, where y € ("E‘;)

Consider Tany = V3 [ We need to find y whose tangent value is V3]
= Tany = Tan (E) Since tany > 0 = y lies in Quad 1.
=¢y=§ =Tan‘1(w/_§)=g | P 5
. 8.1.8 The Inverse Tangent Function 2t y=Tanlx
For the tangent function y = Tan x where x € (—E,E T R -TI- ----- {::;_
. Y € (—o0, +00), we define an inverse tangent function = 4 * G
y = Tan"1(x) where x € (—o, +0) and y(x) € (—_ E’zE . — ____jij;'_ __________
In view of above, we observe that: -L,-% . T : |
Tan™1(—o0) = —E since Tan (—E = oo -3t 7
Tan™'(1) = :-1 since  Tan G) =1 . - _
Tan"1(0) =0 since Tan(0) =0

Find the principal value of Tan™?! (- %).

-1 i 1 : wy
Tan™"(w) = = since Tan (z) =
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8.1.9 The Domain and Range of Inverse Tangent Function

To find the domain and range of inverse trigonometric function, switch the domain and range uf

the original function. prassnseassanssanssasse
If Tan x with

For the tangent function y = Tan x o wi

E XEl—, ryE( m,m)
Domain = | —= )andﬂange._(—m ) :the£ 2 z)

: ¥ = Tan™1(x) with
: xE(—m nn) ye(—— =

For the inverse tnngent function y = Tan™' x

.Domain = (—oo, ) and Range = —% E)

-
e e e T

Since graph of the inverse trigonometric
function is a reflection of the graph of the
original function about the liney = x.

Therefore, to graph the inverse trigonometric
function, we use the graph of the trigonometric
function restricted to the domain specified
earlier and reflect the graph about the line y = x --”"
as shown in figure.

'y

sl

8.1.10 The Principal Cotangent Function

To define principal cotangent function, we need an i L
interval for x where there is only one solution to 5

cotx = k for k € (—o0, +0). Such a solution is
possible in the interval between 0 and m. In the
interval (0, 1), we can find a unique solution to

{2 y = Cotx

the equation Cot x = k, where k € (—oo, ). 0 -l
We write this solution as x = Cot™ k.

The cotangent function defined on x € (0, ) for

which there is only one solution of the equation {2

Cot x = k where k € (—o0, o) is called the i '

Principal Cotangent Function.
Example 4: Find the principal value of Cot™*(—v3)

Solution: Lety = Cot™'(—v3) if and only if Coty = —V3, where y € (0, 7).
Consider Coty = —v3  [We need to find y whose cotangent value is — V3]

Tany=—% Since, Tany < 0 = Coty < 0 = y lies in Quad Il

=I'*'l':.-'il't'_)r=Treu:1(_§) ﬂ 'E_.- _—
wymiy SRR Find the principal value of Cot (1)

-
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8.1.11 The Inverse Cotangent Function

For the cotangent function y = Cotx

where x € (0, ) and f(x) € (—o0, +00),

we define an inverse cotangent function

y = Cot™(x) where x € (—o0, +0)

and y € (0, m).

In view of above, we observe that:

Cot™1() =0 since Cot(0) =00 .
Cot™1(0) =3 since  Cot(3) =0
Cot™1(—)=m since Cot(w)=—o

- R SR e N
Yy=0 '
8.1.12 The Domain and Range of Inverse Cotangent Function
To find the domain and range of inverse trigonometric ﬁmctmn, switch the domain and rnnge of

fuiont o { If y Cntx wrth

For the cotangent function y = Cot x :

; 0, € (—o0, ) then ;
Domain = (0,n) and Range = (—co, ) ;i(cu?l{x) Emh ) :
For the inverse tangent function y = Cot™' x - [ (-m ou] iye (ﬂ rr}

| —— smmat

Domain = (=, ) and Range = (0,m)

Since graph of the inverse trigonometric function is a
reflection of the graph of the original function about
the line y=2x.

Therefore, to graph the inverse trigonometric
function, we use the graph of the trigonometric
function restricted to the domain specified earlier and
reflect the graph about the line y = x as shown in figure.

8.1.13 The Principal Secant Function

Consider the following graph of secant function and observe that an infinite numher of x values
found for which y = secx = 1 for each y - axis
xER—[2n+1}-E where n € Z.

By this, one can record infinitely many solutions to
the equation secx = k where k e R — (—1,1).

If we need an interval for x where there is only one == 5 :: :

solution to secx = k fork € R — (—1,1), we choose  amm—tpmeerii 2l =3 % B yeni

the interval from 0 to w except 4; We have an option
to consider an interval x € (&, 27), x # -323

or many others. It is a mathematical convention
to choose x € [0, ], x # f

¥ —axly
FuCari, o

2
=3
il
<3
-
&

Y = secx
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In the interval x € [0, ], x = '-;, we can find a
unique solution to the equation Secx = k,
where k € R — (—1,1). We write this solution
as x = Sec™! k. In other words, *x is a real
number in the interval [0, %) U (’—; , ] whose
secant value is k”. The secant function defined i it . S
onxe[0,m],x = Efur which there is only one o' v -
solution of the equation sec x = k where,

k € R — (—1,1) is called the Principal Secant
Function. =¥ ;

u¥

Example 5: Find the principal value of Sec™1(—2).
Solution: Lety = Sec™*(—2) if and only if Secy = (—2), where y € [0, 7], ¥ € %

Consider Secy = (—2) [We need to find y whose secant value is (—2).]

= Cosy =—-; Since Cosy <0 = Secy-lczn = y lies in Quad II.
= Cosy = Cos (z—“) :

2

= . = ; e 2 5
= Sec'f(—z) = X Find the principal value of Sec™ (ﬁ)
3

8.1.14 The Inverse Secant Function y = Soc-1x ‘E
For the secant function y = Sec x i |

whemxe[ﬂ,ﬂ],x#Eand}reﬂ—(—lll). —‘J
we define an inverse secant function y = Sec™2(X) =T e
where xe R — (=1,1) and y e [0, 7], x #%. i

In view of above, we observe that: [’—

SEC_ltl) =0 since Sec(n) =1 ST T T T [ F 3 Jﬂ
Sec™'(—=1) == since  Sec(m) = -1

4

8.1.15 The Domain and Range of Inverse Secant Function |
To find the domain and range of inverse trigonometric function, switch the domain and range
of the original function. For the secant function y = Sec x

Domain = x € [0,m], x # > and Range = R — (-1, 1)

For the inverse secant function y= Sec ™ty .
Domain = R — (—1,1) and Range = x € [p, ], x # =




Since graph of the inverse trigonometric function is a
reflection of the graph of the original function about
the liney =x.
Therefore, to graph the inverse trigonometric
function, we use the graph of the trigonometric
function restricted to the domain specified earlier
and reflect the graph about the line y = x as shown in
the adjoining figure. - _
8.1.16 The Principal Cosecant Function
The graph of cosecant function from —2m to +2m
’ is shown in the adjoining figure.

From the graph it-is clear that cscx = k for

k € R — (=1, 1), has many solutions.

To define principal cosecant function, we need an yul
interval for x where there is only one solution to r; m:

cscx =k forkeR —(-1,1).

Such a solution is possible in the interval from
nm

T m .
—3 to+ 7 except 0. In the interval xE(—;,;),

x # 0, we can find a unique solution to the
equation Cscx = k, where ke R — (-1, 1).
We write this solution as x= Csc™' k. In other words,

“x is a real number in the interval [—E v (ﬂ,g
whose cosecant value is k™. The cosecant function.
defined on x € (— 2, ), x3 0 for which there is only

one solution of the equation Csc x = k where
k € R — (—1,1) is called the Principal Cosecant
Function.

Example 6: Find the principal value of Csc~(2).
. Solution: Lety = Csc™!(2) if and only if
Cscy = (2), wherey € [-%,%],y € 0.
Consider Cscy = (2) [We need to find y whose cosecant value is (2). ]
= Siny =§ Since, Siny >0 = Cscy > _ﬂ = y lies in Quad I.

= Siny = Sin (E)
S o fcnere m—

= Csc~1(2) = ;_’ Find the principal value of csc-l.(__,‘(')




8.1.17 - The Inverse Cosecant Function x=-1
For the cosecant function y = Csc x where t'+ 1

x E(—-E,-E),x # 0and f(x)e R — (=1,1),

y = Csc™(x) wherexe R — (—1,1),x # 0 i
mom ¢ r K o T 3 "-.:h
and y €(~5.5). ‘—“’\

Iﬂ “ﬂw ﬂfﬂbﬂ?ﬂ, we Gbme thﬂt. T YT STTEY. - | PP .I .............................. — .
17 - _n —— = -

Csc~1(-1) & since ( ) 1 il 1

Csc™(e0) =0 since  Csc(0) = o v \

- _T . my _ '
Csc™(v2) =+ since  Csc ( ‘) =2
8.1.18 The Domain and Range of Inverse Cosecant Function

To find the domain and range of inverse trigonometric function, switch the domain and range
of the original function.

For the cosecant function y = Cscx
Domain = (—-E.E).x #0 and
Range =R —(-1,1)

For the inverse cosecant function

y=Csc™lx
Domain = R -(-1,1) and
Range = (—— =), x+0

Since graph of the inverse trigonometric function is

areflection of the graph of the nngmnl function uhout
theliney =x.

Therefore, to graph the inverse trigonometric function, we use the graph of the trigonometric

function restricted to the domain specified earlier and reflect the graph ahuul the line y = x as shown
in the figure.

Properties of Inverse Tﬂguﬁnmetrit Functions

Property 1 o ’
e Cos™(Cosx) = x for x € [0,n] and Sin™*(Sin x) = x for x € [—3.3]
e Tan!(Tanx) =xforx € (—— Z) and Cot™*(Cotx) = x forx € (0,m)

e Sec*(Secx)==xforx€ [D.;) U (-2-,11r]
o Csci(Csex) =xforxe[-5,00u (03
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Property Il

e Cos(Cos™'x) =xforx € [-1,1] and Sin(Sin"'x) = x forx € [-1,1]

e Tan(Tan™'x) = xforx € (—oo,+) and Cot(Cot™*x) = x for x € (—co,+00)
e Sec(Sec™'x) = x for x € (—o0,-1] U [1,0)

e Csc(Csc™*x) = x for x € (—oo0,—1] U [1, o0)

Property Il

o Cos(—x)=m—Cos™'x forx € [-1,1]

e Sin'(—x)=-Sin"'x forx €[-1,1] :
: o Tan!(=x) = =Tan"(x) for x € (—oo, +0)

¢ Cot™*(—x) =m— Cot™(x) for x € (—oo, +00)
. e Sec'(—x) =m— Sec™!(x) for x € (—o0,~1] U [1,00)

e Csc™*(— x) = —Csc™(x) for x € (—o0,—1] U [1,00)

Property IV
e Sin™! L) Csc™*(x) forx € (—eo,—1] U [1,00)

e Cos™? (;) = Sec™!(x) for x € (—e0,—1] U [1, )

-1(1) _ [Cot™(x) if x>0
. (f) _[—E+Cnt'1(x) ifx<0 -
Property V

* Sin"'(x) +Cos™'(x) = Z forx € [-1,1]

e Tan™(x) + Cot™*(x) =§ forx € (—oo,+e0)

* Sec!(=x)+Csci(—x) = ; for x € (—oo,~1] U [1,0)
Property VI

* Sin7'(x)= .{:05 1(V1-x? -Tan'i(;,—,) Cot‘l("ﬁ’) SEc“I(ﬁ)— Csc™ (z)
¢ Cos™(x)=Sin"'(V1—x?)= Tan“‘("m) Cut*‘(m Sec™ ‘(;)=Csc“( 1—:)

v TN =sin (o) = Cos~ (i) = ot (§) =See (V) = et (F2E)

1. Find the principal values of each of the following without using a calculator.

i Cos (%) ii.  Sin"i(1) ii.  Tan"(v3)
iv. Cott (J?i) v. Sec™1 (%E-) vi.  Csc™}(—v2)
vii.  Cos™(-3) viii. Tan™!(%) ix.  Csc™l(-2)




=
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2. Find sum of principal values of the following inverse trigonometric expressions

without using calculator.
i. Tan-l(1)+Cos™*(~3)+sin"t(-3) i Cos™ (3) + 257 (3)
iii. Tan™'(V3) — Sec™(-~2) iv. Cot~1(—v3) + Csc™!(-2) — Cos™ (?)

3. Find the exact real number value of each without using a calculator.

i Cns." [sin G)] ii. Sin~! [r:us (- 2?")] iii. Cos~! (sinuT"

iv. Cos™! (cns%) v. Sin (Tan" %) vi. Cos (2 Sin~! ?)
vii. sin[2sin~?(2)]  viii. Cos(Sin" ix. sin[Cos™ (-3)]
X Sin [:Sin'1 2+ Cos™ %] xi. Cos (Sin™ 3+ Cos™ 5

13
xii. Cos[Sec™*(3) + Tan~1(2)]

4. Find the unknown angles and use a calculator to evaluate the following as real numbers

to three decimal places:

i, Cost(2) =sin2() ii. sin~(§)=Cos*( ) iii sin* (=) =—Cos™*( )
iv. Tant(%)=cos™*( ) v. Tan"1(-12)=—Cos™*( )

vi. Cot-1 (—%)=—5in'1 ) vii. Sec™1(2.041)= Tan“( )

viii. Sec™1(—v/5)=Cot? () ix. Csc™1(1172)=Sin"*( )

ot (- ()

8.2 Graphsofinverse Trigonometric Functions

Drawing graphs of trigonometric functions is a fundamental skill. It allows the problem solver to
interpret and understand the relationship visually between two variable quantities. Graphs provide
an intuitive way to analyze the behavior, identify the trend and solve problems.

Graphing becomes valuable in case of inverse trigonometric functions, where the restricted domain
and range were not enough to understand the problem.

Plotting these graphs, we gain insights the characteristics, such as symmetry, continuity, and
asymptotic behavior. Whether it is engineering or navigation, the ability to draw accurately and
interpret graphs of inverse trigonometric functions is essential for solving real-world problems

involving angles and distances.




Following table helps in drawing graphs of the inverse trigonometric functions.

Inverse Inverse sine | Inverse Inverse Inverse Inverse
cosine function tangent secant cosecant cotangent
function function function function function
Domain Domain Domain Domain Domain Domain
[""11' 1] [_1: 1] R {_ma _1] {-Wr = 1] R
U [1,0) U [1, w0)
Range Range Range Range Range Range
nm m . L 0,
35 | (-3.3) |oa-§ |[-33]-© .( )
non periodic | non periodic | non periodic | non periodic | non periodic | non periodic
function function function function function function
odd function | neither even | odd function | odd function | neither even | neither even
nor odd nor odd nor odd
function function function
strictly strictly strictly strictly strictly strictly
increasing decreasing increasing decreasing decreasing decreasing
function function function function with | function with | function
respect to its | respect to its
domain domain
one to one one to one one to one one to one one to one one to one
function function function function function function
graphically | graphically | graphically | graphically | graphically | graphically
Cos™?(x)is |Sin'(x)isa|Tan™'(x)is |Sec™'(x)isa |Csc™'(x)is |Cot™!(x)is
areflection | reflection of | areflection | reflection of |areflection | areflection
of Cos(x) Sin(x) across | of Tan(x) Sec(x) of Csc(x) of Cot(x)
across the the line across the across the across the across the
liney = x y=x liney = x liney=x liney = x liney =x
S-shaped Smooth Smooth S-shaped
curve curve curve curve
approaches approaches approaches approaches
but never but never but never but never
reaches the | reaches the | reaches the | reaches the
horizontal vertical vertical horizontal
asymptotes | asymptote | asymptote | asymptotes
y=tz J'=g y=0 |y=0and
: y=n
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key points key points key points
include include include

(—1, ), (-1.%). (-1.-5)
(0240 | 00)(17) | 0.0, (1.9)

Adding or subtracting constants affects the graphs horizontally or vertically (horizontal and
vertical shifts).

Multiplying by constants to stretch or compress the graph (stretching and compressing).
Multiplying by negative values shows reflection of the graphs across axes (Reflections).

8.2.1 Graphofy=Cos 'x ‘
The graph of the function y = Cos™" x represents the angle y whose cosine is x. The domain of

this function is x € [—1,1], and the range is y € [0,7]. This means the output values y will

always be within this interval, corresponding to angles in radians from 0 to .

Construction Steps:
e Draw the coordinate axes. Mark x-axis with values from —1 to 1 and y-axis with values
from 0 to m.

e Choose an appropriate scale.
«  Mark the points (1,0), (09,%),,(05,5), (0.%), (-05,%), (~0.9,%F), (-1,m)

on the graph.
e Connect these points with a smooth curve.
Properties:

* Domain and Range: The domain is [—1,1] and the range is [0, xr].

e Key Points: (1,0), (ﬂ. E), (-1,m)

e Appearance: The graph appears as a smooth curve starting from (1,0), decreasing through
* the key points, passes through the point (1, 0) and ending at (—1, ).

¢ Monotonicity: The graph is monotonically decreasing smoothly (it always decreases as x

increases).
e Neither even nor odd function
¢ Reflection: The graph of y = Cos™x, is a reflection of y = Cos x across the line y = x. .

e This means that the x and y coordinates of the points on the graph of y = Cos x are
switched to obtain the points on the graph of y = Cos™'x

Cos™}(—x) =m —Cos™'x forx € [-1,1]

& PWiloelien Sysameiys (Symmetri_c about the line y = E)

Symmetry along the range [0, 7r] reflects across the vertical axis at x = 0.
¢ Inverse Function: Cos(Cos™'x) = x for x € [—1,1] and
Cos™*(Cos x) = x for x € [0, 7]




e Identities: Cos™'x = Sin™? (V1 — x2) for x € [0,1] and

Cos™'x = m — Sin™* (V1 =x2) for x € [—1,0)
y — s x y=Cos 1x

1 0 or 0°
0.9 n/6 or 30°
0.5 n/3 or 60°

0 m/2 or 90°
-0.5 |2n/3 or120°
"Bx-axs | —09 | 5mw/6 or 150°
-1 m or 180°

x=0

8.2.2 Graphofy=Sin"1x
The graph of the function y = Sin~! x represents the angle y whose sine is x. The domain of this

m

function is x € [—1, 1], and the range is y € [— =) E] This means the output values y will always

be within this interval, corresponding to angles in radians from —Z to 2.
Construction Steps:
e Draw the coordinate axes. Mark x-axis with values from —1 to 1 and y-axis with values

from -§ to g and choose an appropriate scale.

* Mark the points (1,5), (0.9,5) , (05,%), (0,0, (-05,-%), (—0.9,—§), (—1, ~2) on
the graph and connect these points with a smooth curve.

Properties:

e Domain and Range: The domain is [—1,1] and the range is [—%; ;

e Key Points: (1,5), (0,0), (-1,-%)
e Appearance: The graph appears as a smooth curve starting from (—1,—2Lt , increasing

through the key points, passes through the point (0, 0) and ending at (1, E)

e Monotonicity: The graph is monotonically increasing smoothly.
[Sln"(— x) = =Sin"'x forx € [-1, 1]]
(Symmetric about origin)

The symmetry along range [—gﬂ shows that graph is reflected across origin.

« (dd Inverse Function:

e Reflection: The graph of y = Sin™x, is a reflection of y = Sin x across the line y = x.
e Inverse Function: Sin(Sin"*x) = x for x € [-1,1] and
Sin"}(Sinx) =x forx € [—’—;,;]




* Identities: Sin™"x = Cos™ (V1 —x%)forx € [0,1] and
Sin"'x = — Cos™! (V1 — x2) forx € [-1,0)

¥ — axis

2w} x y=Sin"1x

"2y =Sin~lx 1 /2 or90°

i 0.9 n/3 or 60°
0.5 n/6 or30°

s =y 0 0 or 0°

-05 | —w/6 or —30°
-09 | —w/3 or —60°
-1 -m/2 or —90°

8.2.3 Graphofy = Tan1x
The graph of the function y = Tan™? x represents the angle y whose tangent is x. The domain
of this function is x € (—oo, +0), and the range is y € (—E,E ) This means the output values

y will always be within this interval, corresponding to angles in radians between —Fz— and %
Construction Steps:

s Draw the coordinate axes. Mark x-axis with values from —co to +oo and y-axis with
values from — E to % and choose an appropriate scale.

¢ Mark the points (-m, -%) : (-1.?, —g) , (— 1, —E) , (—[l.ﬁ, = E) (0,0), (1.5), (1.?, g)
(ﬂ.ﬁ,%) . (m, E) on the graph and coni:mct these points with a smooth curve.
Properties:

e Domain and Range: The domain is (—oo, +0) and the range is . E).

2'2
» Key Points: (—M. - 'E), (—1-?’, = g), (0,0), (1-?* "::') (m' %)

e Asymptotes: Draw two horizontal asymptotes y = -§ and y = -E approaching the tangent
curve at x = oo,

5 m " [
e Appearance: The graph appears as a smooth curve starting from (—m.—i), increasing
through the key points, passes through the point (0, 0) and ending at (+m. 1:—)

e Monotonicity: The graph is monotonically increasing smoothly between two horizontal
asymptotes.

. __[Tan™*(— x) = —Tan™*(x) for x € (—oo, +m]]
s e [r (Symmetric about origin)

The symmetry along range (- g.fzﬁ) shows that graph is reflected across origin.
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Reflection: The graph of y = Tan"'x, is a reflection of y = Tan x across the line y = x.
Inverse Function: Tan(Tan 'x) = x for x € (—o0, +0) and

-1 = -
Tan™"(Tan x) —xfuer( z'z)

Identities: Tan™*(x) + Tan™ e) = E forx > 0 and

Tan"'(x) + Tan™* (%) = —-% forx <0 X yz'l'an'i:ﬂ
- |-m/2 or —90°
-1.7 | =n/3 or — 60°
-1 | —mn/4 or —45°
—0.6 | —m/6 or —30°

. 0 0 or0°
0.6 m/6 or 30°
1 m/4 or 45°
1.7 m/3 or 60°
o n/2 or 90°

8.24 Graphofy=Cot lx

The graph of the function y = Cot™* x represents the angle y whose cotangent is x, The domain

of this function is x € (—oo0, +0), and the range is y € (0,7 ). This means the output values y

will always be within this interval, corresponding to angles in radians between 0 and m.

Construction Steps:

* Draw the coordinate axes. Mark x-axis with values from —co to +co and y-axis with values
from 0 to m and choose an appropriate scale.

e  Mark the points (—oo,m) , (—1 5—“) (—1 3—“) " (-IZI.IEn..z?"r 3 (U,E).

(063) (1:3)(17.2). C+.0) o e g
e Connect these points with a smooth curve.

Properties:
- « Domain and Range: The domain is (—o9, +0) and the range is (0, rr)
e Key Points: (—w,m), (-1.7,%), (0,0), (1.7,%) (+00,0)
. *  Asymptotes: Draw two horizontal asymptotes y = 0 and y = m approaching the cotangent

curve at x = Foco,

¢ Appearance: The graph appears as a smooth curve starting from (—oo,m), increasing
through the key points, passes through the p'mint (ﬂ,%} and ending at (40, 0).

* Monotonicity: The graph is monotonically ﬂecmasing smoothly between two horizontal

asymplotes.
* Neither even nor odd function

* Reflection: The graph of y = Cot™'x, is a reflection of y = Cot x across the line y=x.




This means that the x and ¥ coordinates of the points on the graph of y = Cot x are switched
to obtain points on the graph of y = Cot™'x.
Cot™*(— x) = m — Cot™*(x) for x € (—o0, 4+w)
(abuut the liney = E)

The symmetry along range (0, m)reflects across the vertical axis at x = 0.
Inverse Function: Cot(Cot™*x) = x for x € (—oo, +) and

Cot™(Cot x) = x for x € (0,m)
Identities: Cot™*(x) = Tan™ e) forx#0

Reflection Symmetry:

X | y=cCot™=x

+co 0oro0®°
1.7 n/6 or 30°
== 1 m/4 or 45°

re==n

0.6 m/3 or 60°
0 n/2 or90°
—0.6 | 2 /3 or 120°
-1 |3m/4 or135°
i -1.7 | 5n/6 or 150°

—o0 mor 180°

8.2.5 Graphofy =Sec 'x

The graph of the function y = Sec™ x represents the angle y whose secant is x. The domain of
this function is x € (—o0,—1] U [1, ), and the range is y € [D,%) V] (Enr] This means the

output values y will always be within this interval, corresponding to angles in radians between 0 and 7.
Construction Steps:

Draw the coordinate axes. Mark x-axis with values from —oo to +0 and y-axis with values
from O to m.

Choose an appropriate scale.
Mark the points (+m,§) 2 (2%) , (1.4,%) , (1.2,%), (1,0),(-1,m), (—1.2, EE),

(~1425), (-2.2), (~e.2) on e rph
Connect these points with a smooth curve.

Properties:

Domain and Range: The domain is (—o0, —1] U [1, ) and the range is ["l %) u G;"]-

w in T T
Key Points: (—m, ;), (—2, -3—), (—-1,m), (1,0), (z, E)‘ (+m,;)
Asymptotes: Draw a horizontal asymptote y = — approaching the secant curve at x = +00.
Appearance: The secant graph appears increasing from (1, 0), moves along the horizontal
asymptote y = g and ends at (+nu, %) The secant graph appears decreasing from (—1,7),

moves along the horizontal asymptote y = g and ends at (—m, -E)




e Monotonicity: The graph is monotonically increasing and decreasing smoothly (it always
increases/decreases as x increases/increases) along the horizontal asymptote y = E 3

» Neither even nor odd function

e Reflection: The graph of y = Sec™x, is a reflection of ¥ = Sec x across the line y = x.
This means that the x and y coordinates of the points on the graph of y = Sec x are

switched to obtain the points on the graph of y = Sec™*x.
Sec™!(—x) = m — Sec™1(x) for x € (—oo0,—1] U [1,00)

* Reflection Symimetry: [ (symmetric about the line y = %)

The symmetry along range [0, ]/ {‘E] reflects across the vertical axis at x = 0.
s Inverse Function: Sec(Sec™*x) = x for x € (—o0,~1] U [1, ) and
Sec'(Secx) = xforx € [L'I. E) v (E,rr]

2
» Identities: Sec™'(x) = Cos™ G) for x € (—oo,—1] U [1,00)

=0 : x y=Seclx
T ,;:‘m o0 n/2 or90°

y =Sec1x *2 n/3 or60°

/ = 1.4 n/4 or 45°

g L ;f ) 1.2 /6 or 30°

Chenaiaiieam—— L2 . ‘_TI. 1 0oro0°

" " 3 -1 m or 180°

; , -1.2 | 5z/60r 150°

-1.4 | 3m/4 or 135°

R BE OEE & ER K H.-u:";_':.:, -2 | 2n/3 or120°
song ¥ by —ce /2 or90°

8.2.6 Graphofy=Csc 'x

The graph of the function ¥ = Csc™! x represents the angle y whose cosecant is x. The domain
of this function is x € (—e0,—1] U [1,00), and the range is y € [—g,ﬂ} U (ﬂ.ﬂ. This means
the output values y will always be within this interval, corresponding to angles in radians between

0 and m.
Construction Steps:

*  Draw the coordinate axes. Mark x-axis with values from —co to +c0 and y-axis with values
from 0 to m and choose an appropriate scale.

*  Mark the points (1,5), (1.2.5) . (14,5), (2.2), (+o0,+0), (-1.-%) , (-1.2.- ),
(-—1-4, —%), (—2. a E), (—o0, —0) on the graph and connect them smoothly. ;

G e




Tl L emibeatl

Properties:

Domain and itlnge: The domain is (—o0, —1] U [1, o) and the range is [U, E) u G'- H]-

Key Points: (—o0,%), (=2,25), (=1,m), (1,0), (2.2), (+.%)

Asymptotes: Draw a horizontal asymptote y = 0 approaching the cosecant curve at
x = too,

Appearance: The cosecant graph appears decreasing from (1,’-2[), moves along the
horizontal asymptote y = 0 and ends at (40, 0). The cosecant graph appears increasing
from (—1, —g , moves along the horizontal asymptote y = 0 and ends at (—oo, —0).

Monotonicity: The graph is monotonically increasing and decreasing smoothly (it always
increases/decreases as x increases/increases) along the horizontal asymptote y = 0.

_[Csc™(—x) = —Csc™(x) forx € (-, —1] U [1, m)]
Odd Tnverse Function: | R e

The symmetry along range “%r;:] /{0} shows that graph is reflected across origin.

Reflection: The graph of y = Csc™x, is a reflection of y = Csc x across the line y = x.
This means that the x and ¥ coordinates of the points on the graph of y = Csc x are
switched to obtain the points on the graph of y = Csc™'x.

Inverse Funetion: Csc(Csc™'x) = x for x € (—o0,—1] U [1, ) and
Csc™'(Cscx) = xforx € [— E,ﬂ) U (ﬂ,’—;]
Identities: Csc™*(x) = Sin™* (-__1;) for x € (—o0,—1] U [1,0)

x=-14% x=1

T o i x y= Csc1lx
y= L x 400 +0or +0°
j 2 n/6 or 30°
1.4 m/4 or 45°
" 1.2 /3 or 60°
quw—mﬁ—'rl‘fwrﬁ"ﬂ#“' y=0 1 n/2 or90° :
i e 21 | —n/2 or —90°
—12 | —m/3 or —60°
—-1.4 | —m/4 or —45°
v -2 -n/6 or —30°
—oo —0or —0°
x=0




4 1.1-i

. =1
W.ﬁ'l*ﬁf

5 iL.x+y=1iix2+y?=

vii. 6.43 + 7.66i

. =5 53 .
e iii. —2i

viii. =1 + i
ii~v3< 2 <3

iv. (~v3-1)x +(v3-1)y+4(V3+1)S0 < —x+y+4
viiv3(x2—=y2+1)—2xy=0

vwxl+y?i=1

6 LZA+D) i 2 (1+V3)
ii. —E(?? + 38i)
11.7.936 cos(t +39.39°)

S as

8 i =—=i i
2

2

1. ic b iiiLa ivd vb vid viic viid ixb

2. L0 iivVZ i vZ2T  iv.—2=—-2§ 3. i.3(x - 60)(x + 6i)
34 34

4 z=% 5. z—_z—:+—1 6. 2+ 11i 7. .'z=%‘ﬁ

500
9. 0.3 cost

12. V61 cos(t + 86.33%)

REVIEW EXERCISE

il —(vV341) 7. i.1+2V3i

iv. —2v3 + 2i v.V3+i

ii. 0.4756

10. 0.8 cost

xb
ii. 4(x — V10i)(x + V10i)
8.2

; Exercise 2.1
I Lix3 ii. 3x2 iii. 3x1 iv. 1x4 v. Ix1
2 i rectangular i, Square - iii. column iv. square
3. 1 lower triangular  ii. scalar iii. diagonal
v. diagonal _ vii. upper triangular  viii. diagonal
- - F1
d i 2 V5 1] neither symmetric .. |6 neither symmetric
- L lo s 9] norskew symmetric  11- |2 | nor skew symmetric
. L0
[0 =1 -9] (3 -6 9
. 5 R v.|-6 2 0 ‘
LY F 0. LS 0 B
skew symmetric symmeiric
Exercise 2.2
7/2 1/2 1 . [1 1/21 . [-1/3 -4/3
b & [5;2 4 ] [ ] . [z | i 1/3 ~2/3
0 -=1/3 *2{3 [0 =3/2 =4
2 143 2/3 18 ii. 3/4 0 -5!4]
B s 3 | 8/9 5/9 0
i & B2 [-8 0 =
ivelaf3 2 13/5] 3. €=|0 -8 {J]
/2 135 3 | 4 -4 1

vi. 2x2

V.TOW Vi. square
iv. identity
ix.scaler

S .
iii. [ﬁ z]s}rmmetnc

S 0 0
o8 41

13 3

neither symmetric
nor skew symmetric

ii. |2/5 1/3 277

2/3 1/2 2/5
2/7 1/4 2;9]



4 i.A= [ 85 _";*32] [U 2 1 “ iii. [}::] wherexe R

iv.z=4t=0, x? +y? —Zﬂv.u——lﬂ;ﬁ'=9 vi.—4,3

6. a=-9, f=-1 10.  skew symmetric 3 4 3i 1 13 6i
1 3 _1 1 0 1 5 5 5 5- 5 5
2 = - 3+121 r 7 19=i 14
2x=[; o Sl r=l 5 Slbx={=2 20 Iy aem ¥
1 1 —6+6i 7 T 18-3i
5 5 5 5 5 5
Exercise 2.3
I 15 il iii.—-6 iv. 16 + 8i
2. i.=17 ii.27 iii. 1 =161 iv. — 17 + 11i
3. singular ii. Non-singular iii. Non-singular iv. singular
4016123 -4 - 1+S V.-
11 1 -4 i 1 3 242 =24i
DR = Y 3 nm o= [3 31
"T;-?“-:;"'q—‘ |55 -1 =i lo 5 Lelo 19
£ oA 11—1? 19 | |2z s |3 o0 3
L9 9 3.9 5 5 11 22 44 ? =
Exercise 2.5
1 3 511 0 O 1 -18][1 O 0 0
l.ii]Jo 1 1|0 1 0 ii. |0 1“0 1 ﬂ 1 2?][ 1 Gl
0 0 Ui 0 1 0 o01lJlo o 0 1
1 -2 3/21M1 0 0
1 -8 1 0 2/5 01 2
iv.|0 1 —B;‘El [ﬂ 10 v-[ ] vii |0 0 0
[I} 0 1 0 0 1l e 2 JHE il L 00 0

2. 1.3 ii.2  dii.3  iv.2

12 -5 -3 -2 0 21 .[0 -6 6 -8 5 2
3zl-4 -1 —1] n;[m -15 —16|iii.=[3 -9 6 iv. [-18 18 —]

2 1 1 -6 6 6 2 -4 6 1s -6 3
= Exercise 2.6
X3 ?13
1. i. |2x3 ii. | 2., 213 iv. does not exist.
X3 5 3
X3
=10
. . ?Ia 17x4
2 LA=H; ﬁ-‘l’a ii. A =2; —x3 ar)t—-? 5.1'3 ‘
X3
3 i ;:—:;—:—: ii. No solution iii. ;* ;: “_T iv. =7;=7:5
4 1 —d, _._L._z- )
i.3;1:2 ii ?,T,l} iii. solution not possible as A is singular iv. Tl iy
i T W% | i 3'-".3.11 ¢ AT . S 9. a2,
11’ 11’11 ni2'3' 12 id. 4 2" 4 v.2; 3; 5

=

13/31 -8/31 -1/31
19/62 5/62 —11/62

7. A = +4, no solution; 1 # +4 unique solution

-3/62 9/62  5/62
]1 1;1




10.[1 0 0 1.1 0 =2
0 1 —5.‘;1:'2+_v’2+1ﬂy’+16=ﬂ 01 ﬂ‘;x'2+8x’—3y*+4=ﬂ
0 0 1 0.:0 1

2 [ 01 . " 13 o 3]
01 ﬂ}; 2x'"° =5y —4x'-8=0 0 1 2|;2x'=7y'+11=0
0 0 1 0 0 1

REVIEW EXERCISE
l. i.b ii.d iii.d ivb wv.c vib viid viiic ixc x.d

2. -11,3,10;87 4. 113
SRR o 3: Vects
Exercise 3.1
l. i =70—5] ii.—220—16] iii. —71 + 28] iv.~21-27  v.-181+ 155
3ilt+3y ii. #f = =51+ 8f; B = 71 — 11§ iii. 81— —

4.im=4/3 ii. 1+2f+3k —2142j+6k, At-2Ak
Sigel—mf+mk V5 i3  7id=+2ViT iildl =B a5

: & 15 i H 7 1 £x
E.n.ﬁj—ﬁﬁ i, — EHMTJ ?E ;r+;§ ii. I—12f+5k
10.i.D(—2, 1) i, x = ﬁand]r-3 M, i. PS=5-F
16. AC=d+b, CD=b~-d, EF=—-b, DA=-2d, EB=2(G-b),FA=ad-b,FC =2d

} Exercise 3.2

. .15 ii.90 iii.—16iv.147 v. 4
-30

2. i.8= m_l(zf_) ii. 8 = ms"(J_) mEnms“ﬁ.ﬁ_
iv.8 = ms"ﬂT v,E-cns‘f;ﬁ)

3. i cos™ (4 ii, 90°
i 29
g 2 4 - -
l.cosa = —;cosp = m,mr=ﬁ ==
6. i, 45°45° . ji, iﬁstﬁjiﬁﬁ
: 7. i.-4502
8. F=i+2f+k
14. 350/V11joules 15. 28 units 16. 150v3
. Exercise 3.3
1. i (4, =15, = 7ii (30, 11,-27) iii. (4, — 6, 2)
2 L 13,-8.3} i, (3 15
3 3 78 185 )
Tt VavEe Jﬁi‘ fﬁﬁ

. para[lel—»i'+—}—ﬁﬁ perpcndmular—-i+ mj—ﬁﬁ 5. . d= —EE—%}+§£

6. i.a=1+2j+3k 9.i L‘F ii. 6



10. i.3v/59 ii. 5/VZ  a=74.21°p = 60.50°y = 45.29°

11. V75 12. Eitherd=0 or b=0 or Both arezero
14.iVIBT i 11V6  15.0 3 (7-30+3(1—t)j+ek i (-3 (at+20),-3(2¢ +3),¢)
16. 11i + j — 5k 17. 151 — 20f +7k; —9i — 26 + 19k; 61 —46] + 26k
Exercise 3.4
1 i-14.-20
2. L2 =8
3. iA=-1/2 .
4. i.A=2 6. i. zero ii. 68 7.i.27/6 ii. 3

REVIEW EXERCISE
Ld e ii. b iv.b  wv.ec viid wvii.b wiii.b ix.c x.a
i.2/3 n.-3/20 :
VZ 4 19 5. =11/2
8. Ground speed = 235.492 km/h true course= 64.872°
9. Speed = 237.816 km/h direction = 107.980°

e e e e S a

b b=

- Enrclsedl.l

1. {i] ﬂ-l=‘1‘1ﬂ2=?¢ﬂ3=10,ﬂ.‘=13,ﬂ1ﬂ—31,ﬂ15=46
“[] ﬂ1=2,ﬂ2=5ﬂ.3—~3ﬂ.4—11ﬂ1“'—"29ﬂ15=—‘1‘4
1 F 4 _ 10 15
(il) @4 =3.,02=3,83= ,a.;— =5 =
(iv) ay=2,a;3 =5,a;= lu Ay = 1? am = 101, a;5s = 226
(V) a, = -1, iz = ﬂ, iz = 3, a, = 8, Qip = Bﬂ,ﬂ15 =95

. 3 4 15 _ 99 112
{""1} a1=ﬂ, u2=g.a3=- ﬂ4—F, ﬂlu——"ini.ﬂlﬁ—m
1

5'!
—_— a [ —
@10 = T 512 U5 T Team

(vii) a; =1,a; = _%.n:; =iﬂ¢ i _::
{Vl“] a, = 1| az = 4! as = 9! g = 15 g = IUU. .'a15 = 225

{i){} a, -"‘«'1 a; = 5_ iy = —6, ay = ?, Qg = 13, g = —18
(xX) a;=-2,a,=-1,a3 =4,a4 =-7,a59 = —25,ay5 = 40
2. (i) ag=29 (ii) a9 =56 (iii) ay =225, (iv) @z =—235
(v) az; = 528,528, (vi) azo =% (vii) Q43 =43 (viii) agy = 67
3 ()ap,=2n-1 (i) ap=3" (iii) ap=+vV2n (iv) a, = n(n+l)
: Exercise 4.2
| {i]a1=4,ﬂ.3=?,ﬂ3=lﬂ,a4=13 ﬁi}ﬂl—? ﬂ;—lz ﬂg—l? E4—~22
(iiiya; = 16,a; = 14,a; = 12,a, = 10 (iv)a, = 38, a; = 34, ﬂg = 30, a.4 =256

3 5 _3 —E 13 _“
Wa=ya=1a=50,=3 v a == a =1, aa-— =, a,

2. (i) The next three terms of the sequence are 17,21,25
- (ii) The next three terms of the sequence are 20, 23,26

791U
(iii) The next three terms of the sequence are - 2+ =
(iv) The next three terms of the sequence are 0.22, 0.27, 0.32 3. ay, = 057
23 _ ~ __
4. ﬂ1=19,ﬂ2-—ﬂ3—14 aq = . 2 ﬂ1=3,ﬂz—5,ﬂ3—2 ay 1
105 _a-c

10. ag = 240 feet 11. S50 = Rs 39000 12. HB=?

o T o —— T -




13. ()12 ()5 (i) 4V5 ) Z+4.  14.b=0 15. x=-9y=24
16. ﬂl =9,ﬂ2= 13 17. Aiﬂ' _B,Az =—B,A3=—13 £
Exercise 4.3 y

.  S§,=116 2.5, = 10100 3.5,, = 10500 4.5, = 375 5.5, = 240,6.-210 7.5, = 240
8. §,=25509.5, = 2500 10.5,, = 34036 11.5,, = —140 12. §,, = 1155 13.162

14.104 15.5,= 1060 '16.5, = 387 17.5, = 816 18.5, = 162 19.5, = —220

20.ay =7,a;=19,a3 =31 21.a, =1, a,=5a,=9

22.a; =6, a,=36, a,=66
26.38,750

The sequence is geometric (r =%}
a, =3,a; =

—6,a; =12,a, = -24
?aﬂ1=12,ﬂ2=6ﬂa=33‘=§-

10.a, = 22,05 = 22
13.ay=2,as =4
16. a, = 56 17.a5; =3
20. 6,12,24 21.2.4 22.4.2, 1,%

23. a,,=62,950 : 24.45 25.12,280,000
Exercise 4.4
1. The sequence is not geometric
2. The sequence is not geometric 3.
< 4. The sequence is not geometric 5.
6. a;=27 az=-9,a;=3,a,=-1
10 10
8. ay =T,ﬂ5=T 9, ﬂ4=54,ﬂ5=152
11, ﬂ4=2?‘;ﬂ5=g’ 12. ﬂ.4=1,ﬂ5=3
14, a = 100 15. s = 3z
18. as = -1 19. g ==
25 18 24. 10,20,40

28. 3100 fi. (approximately) 29. 127

25.14,28,56 26. 2%5 ft 27.1512589(appro)
30. 81

Exercise 4.5
1.176, 2.93.15 3.13.28,600 4.947.11 5.114681 6.732
7.10.66 8. 165, 9. 300 10. 189 1.4 12.0.51 13. 4
4.0 @1 ) 3 M o) 15. 70 - 16. 800
Exercise 4.6
1 1 1 1 1 1
| !'5 2.—; 3.—7—? 4.5“‘1 - T E.ETT
i 1 1 1 a9 a 5 5 5 5
Exercise 4.7 ;
137
: 1 B} 2.8043.63 4.45n 5.15550 6. -524327.43,8.2 9. 30 £ 10, z 3k

45045 2520
1LE5.,(-1)*2% 1.3

1 kuc+ 1)

n (2n’4+3n +7)
20.

14. n'+3n
—

15. (2n +9n + ?] 16. -(Z:uz +Sn +5)
| 17. %(an +3n-1) 18 @ +;)(2“ +1) 19, n (2n+2n’+11n +1)

> 2l.n(n+1) %
' 22. n(2n’+8n*+7 n=2) 23.2"(n—1)+1 P Y Wl e “:;::?: 2
: 3.77"'-42n-21 _6n+7 2 25 59 2541 100
| R L 2. 1-=5 7.9 28— % e W
Exercise 4.8
1. 780ft 2. 1065, no because the auditorium has only 1065 seats 3. 491,70044
4. axn=524288 5. a=0328 or 32.8% 30361.4082 7. 964615




8. 32000 9. r=295 10. Rs. 1420418.205 11 . Rs. 100625
12. Rs. 726000 13. Rs. 69000 14. Rs. 356015.99

Miscellaneous Exercise
l.ha (i)c ()b (ivia (v)c (vi)d (vipb(viii)a (ix)b (x)a (xi)c (xii)b (xiii)a
{ﬂ\'} c (I‘r)h [Iﬂ}b (xﬂi) d 2. 3p 55,2 30,1,23 4, 6,10,14,

i | &

Oy =

-

5.2-[10"* —9n —10] 6.4,6,9 7.6,18,54,162 8.n=—1 9. a;=%,0,=1,a3=
10. () 5 (i) —4920 11, n(n + 1)? 12.%(2713- 3n®+13n-6)

Exercise 5.1
. ()5 (i) 35 3. No 4.y+1 5 -12  6.m=6 7. Onlyl isazeroof P(x)

8. 2.—3,‘?1 9. S =(x—4)(F+3x-2)+0 10. x* + 10x + 24

Exercise 5.2
LOo+DE-3)p+2) 2.(x-DE+1)2x-1) 3. (x-2)x+3)2x+3)  4.(x=3)37 +4x+12)
5. (t—1)*+2t+5) 6. Other two factors are (x —6) and (2x + 1) 7.(2x = 1)(x - 5)(x - 2)

8. (2x + 1)22 + x + 36)
Exercise 5.3
I. Semby 12cmby 2em 2. 650 3. 6 units by 8 units by 3 units 4. 9 units by 11 units by 25 units
5. Length of one side of square ABFG is x+4. Area= (x+4)". The length of rectangle ACED = 3x+7.
6. y+1,y=1
_ REVIEW EXERCISE
1. () (@ (@) (@ (i) ®) (iv) (@) v) (b)) (vi) (e) (vii) (b) (viii) (c)
2. 167 +4y+4 3. 252 +10p+4 4. Yes 5. Sc'-13x -34r+24
6. 48 7.x+4 8 y+5

Exercise 6.1

— p—

, 1. 3628800 ii. 7920 iii. 11/63 iv.n-1 v. 7/90
. 14! s G oo (1)1 (n-1)!
7 sl AL n+ir S L LI,
= Mo "Ixie oo "fn{u-u(n—ﬂ!
5. 1.6 ii. 6 7.i.31 ii. 8 fii.3 iv.10 v.6 o wi.l21 wii 1l viii.2 ix. 4
%5 '
Exercise 6.2

2.4.7 i 13 15 iv.8 v.29 vi.6 vii.9 viii.8 ix. 10
3.i4 iS5 ii.2 iv.8 v.2  wvi.3 vii. 4l

4. 60 5. 60480 6.1296 7.18 8. 576 0, 1260 10. 720; 120

11.45360 12,108 13.4320 14. 210 15. 8640 16. 360

17.72 18. 94 19. 30,240 20, 86400 21. 6,6,6,24 22. HOELRA 22. MULTAN
Exercise 6.3

2.i. 13 ii.22 iii.51 iv.é v.1l wi.5 313 i3 iii.6  iv.5

4.i.9;3 ii. 62;27 ii, 10; 5 iv. 14; 4

5.1. 4368 ii. 3003 6.55 7.i.120 ii. 186 iii. 186 8.1i.45 ii. 120

9,."C;-n 10. 120 11,10 12. 300500200 13.63 14. 175616




REVIEW EXERCISE

1. iib il © iil, a iv.a v.d vi.d vii. b viii. d ix.c X. c
2, 24 3. 90 4. 600 5. 360 6. 32,659,200
O Unit7: Mathematical Induction and Binomial Theorem I
Exercise 7.2
5 3
Lo 32x2 4+ B0xz+B0Vx + 2+ 104+ L
Vx xZ xI
s 729 | 729y . 1215y @ 135y7 | 13s5y*  9yS | S
. =t et aa +195:= TixT e e
a 15
iii. 128 — 448x2 + 672x% — 560x7 + 280x® — B4x7 + 14x° — x7
15 5 5
- 210 2T E _ anid yE
1v. e SJ?T'g'l' 1“,5 lﬂy'z‘+5:§!
2 32x° _ 40xd  20r 15 45 243
! 243 27 2 x  xT  32x5
i X6 ﬁx5+15x‘_zux3+15x=_5+1

y |y 32 ¥t ys g6

iii. 2187u” — 5103u® + 5103u’ — 2835u* + 94543 — 18942 + 21u — 1
5 * 5

iv. Iv.a%22 4 20abV3 + 30ab®VZ + 20ab3V3 + 45ab*V2 + b532

Ve V.1+48x—4y+24x? - 24xy + 6y? + 32x3 — 12x%y + 6xy® — y? + 16x* — 32x3y +
24x?y? — Bxy? 4 yt

\ fol gty B 32 36, 33 0 9 aek . 95 8 . Bie 216 | 108 , 216 81
. Vi xt 5 x3y o xiyl - xy? + ad + zx3 +.-:1yz + xyiz +;|.-=': ® x%z2  xyz? + ¥iz2  xzd +rx’ + xt
3.1.2 + 1200x2 + 20000x* ii. 8x% — 12x +2 -2
i, 1= 3x + 2x? + 102 + 5x* — 11x5 + 8x6 — 257
iv. 2.01090301 »
32 x* ; : —. 3
VatZ+ Vi, 8a%Va? -1 + 8a2(VaZ — 1) 4, Exﬁy?
5§ <3000 ii. 0.946176x* iii. 70a* iv, 735960
. 15 .. 40095 ;
6. i—a'*h® il. ===p'%g" iii. —12x%y3 iv. —270y8x?
7. i 1980 ii. 5 - (r: 1) Qh-T-1prtl
10. — 5940 11. 14 13.12,2 18. 1, 6, 15, 20, 15, 6, 1
19. 21 times 20. 56 times
) < Exercise 7.3
I i143x346x+ 10x 0<x<1 SRR PR . SR AR e |
33 3%x 3Ta? 3340 4 3 |
3z 37 |

s 3
o L W st jeteBiEgNiuy
2igixt  dgies le}s s TR T+ 3<x<3




2 1 1 5 1 :
V_,:;_ _ll+ﬁ)x+(.....?+_.._!):2_(.__z+—,)x‘ -6<x<6 vi. 1
37 3237 128.3%F 12837  16.3%

2. i.2.0052 ii. 1.2963 iii. 1.0099 iv. 0.9859 3. g

7. #[ﬂ* + 7n + 8)x™

1 -
8. i.% ii. (2)° iii. (~3)8 iv 2vZ
Exercise 7.4
1. 1,8,4,7 2.a5 b2 3.1
4.2.525 b.3,33 1,0l 8.8 9.8

REVIEW EXERCISE

1. i.d i.c iii.d iv.d wv.b viic wvii.b wiiiha ix.b x.b

3.232 6.78

EXERCISE 8.1
I. (i) cos(180° + 60°) = — cos 60°, cos(180° — 60°) = — cos 60°, sin(180° + 60°) = — sin 60°,

Sin(180° - 60°) = sin 60°, tan(180° + 60°) = tan 60°, tan(180° — 60°) = — tan 60°

(i1) cos(90° + 60°) = — sin 60°, cos(90° — 60°) = sin 60°, 5in(90° + 60°) = cos 60°,
sin{90° - 60°) = cos 60°, tan(90° + 60°) = — cot 60°, tan(90° — 60°) = cot 60°

(iii) cos(180" + 30°) = — cos30°, cos(180° - 30°) = - c0s30°, sin(180" + 307) = - sin30’,
sin(180° — 30°) = sin30", tan(180° + 30°) = tan30", tan(180°—30") = — tan30°

{iv}ms(n‘+§)=—ms%+ cnnﬁr—%]=—cm§, sin{m+ < ]=—smi

sin(m—3) = sin% » tan(m+3) = tan % . tan(r— %) = tan 5

ol ). o~ - ). 5 49 -0
(2 2)- (3). (3 +3)=eo(®). wn(3- D)=ca(?)
o o2+ 2) = sf2) . cos(- 9 — ) . s +) = ~eo(5).

i (- ) o)  on (5 +2) =-er(5) . n - )= o (3

i £ e _ 1+V3
2 (@) cos157=12 (b cos 165°=-20  (0) cos 4= (4 sin 75 =70

S T R ——— \ o




_(a) cos 120==-§ (b) sin 120°= E,um 120°=-y3  (c) cos 75° = "fg
() caslu5°=l;:-r.? (€) cos 285°= “;_‘ () sin15°=L=1
]

@) c0s90 (i) cos56 (i) sinZ (iv)sin92° (v) an30° (vi) tan2m
. cos(a + _'E‘ cos(a — f) =—

() sin(@=p) =42 (i) cos(a—p)= E (iii) tan(a — B) =42
. (i) sin(a +8) IE (i) cos(a + f)=-2 = (iii) tan(a + §) = _ﬁ

- (1) nsc{a+ﬁ)=% (ii) 5ec{u+ﬁ)=£ (iii) Gnl{d+ﬁ)=ﬁ
- () sﬁl(a+p_)-_%’-sin(a~ﬂ)mlﬁ (i) cos(a+B) =~ ,cos (@~ f) ==
(iii) tan(a + B) =7, tan(a - B) = 5

13.() 12sin8 - Scusﬂ—rsm{ﬂ+p}whcrer‘13and¢3 tan!(- =

12
(ii) 3 sin @ +4 cos 8 =r sin(@ + ) wherer=5 and ¢ = t.nn'?(;) (iii) Do yourself.
14. ()@ =45°  (b) sin8 =‘I,-%,ms 6= % (c) 0.9285  (d) 22°

58
EXFRCISE 8.2

1. mzﬂ=—é, stEE—g, 111 quadrant

2, sm2q=-2}r\{1__,m52ﬂ=1 2y? . tan 2= I_J;% 3. cos 15°= Hm:ﬂnn=ﬂ.9ﬁﬁ
4, (i) sin26= =, cos20 = —i,tan28= 2 sin E:-= %,nus§= é,m%=§

20 22 2032 3022 e . e 2, e

() tn 20 = 625’° Zﬂ—ﬁ,:mzﬂ——i::,sm§=;%,m%= s__?'““g':"%

(iv) sin 20 = —-,cusZE=~—t 23-:%,5;“%: %,ms:—=-%,mg=u 1’5:
(v) 'sin 20 =~ 1, cos 26 = 0, tan 26 = undefined, sin & = %ﬁ,cm§= %,M% %
(vi) stE—-ﬁ ,€0520 =~ tan20 = V3, m.:i ?,m%% , .:;- 3
5.(1) sinaﬂg.cusﬂ=§,mﬂ=: (ii) smang,msgz_g'me=_;

sas . 15 8 . -
(m}smﬂn;,cusﬂ=—-ﬁ,mﬂ&=-—%ﬁ- (iv) smﬁ=%ﬁ,mﬂ=—i,-tanﬂ=—l
o 1 e AR :

60 ; BT Wy WF. 0%

T.00) == ) —[1 = 7cos2a — cos4a + cos2a cosdal (ii) ; [3 4 cosda + cosBa]



EXERCISE 8.3

(ii) 5[cos 16y + cos 4y]

(iv) 3[sin 15x+sin5x] (V) %[cus 6u—cosdu] (vi) cos120° - cos 80°

(vii) 3 [sin 40° —sin 6°] ~(viii) sin 104° - sin 8°
(x) 2[sinu+ sin v]

. (i) 2sin 50° cos 20°

1. (i) 2[sin26x+ sin 6x] (iii) sin8¢-sin2 1

(ix) cos 60° - cos 90°
(xi) sin 2u — sin 2v
(ii) 2 cos45°sin31°

2

(iii) 2 cos35°cos 23°

(iv) 2cos % cos % (v) —2sin 15°cos 5° i
~ REVIEW EXERCISE
LG a (i) b (iii) c (iv) d V) b vi) a
(i) ¢ (viii) d (ix) b (x) ¢ (xi) d (xii) a
2.0 & G) -3 (i) -3 :
3. (i) sin(f +45% or cos(f —45° (ii) sinl20" or cos30’
4. (i) tan 60°=1.732 (ii) cos90°=0 5. anf=2 9. |1
EXERCISE 9.1
. i Maximum value(M) = 4 ; Minimumvalue(m) = 0
ii. Maximum value (M) %‘ :  Minimum value (m) %
iti. Maximum value (M) 1—51 - Minimum value (m) %
iv. Maximum value (M) % . Minimum value (m) %
2. i. Maximum value (M) | :  Minimum value (m) 1
il. Maximum value M) = ’1"211‘ . Minimum value (m) = - %
iii. Maximum value (M) = 1—33~ :  Minimum value (m) = - %
iv. Maximum value (M) = 73 ; Minimum value m) = &
3. i. Domain=Dy=] -00,00 [=R; Range=Ry=[-7,7]

'ii, Domain=Dy=] —00,00 [=R;

iii. Domain=Dy=] -00,00 [=R;

Range=Ry =[-1,1]"
Range=Ry =[-1,1]

iv. Domain= Dy =] ~00,00 [=R; Range=Ry =0
v. Domain=Dy=] -00,00 [=R; Range=Ry =0
vi. Domain=Dy=] -00,00 [=R; Range=Ry =[-6,6]




EXERCISE®S.2

iii. even iv. even

vii. odd  viii. odd

- Characteristics
seresmessssssesissssssscessecesdaeeeop Domain = (-00,00)=R
Range = [-2.2]
Period = 2rn
Amplitude = 2
3 Nature = odd function
51\ In 4 il b ek
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ufa
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v
i
1]
[}
1
]
]
¥
]
L}
L]
i

w

(-00,00)=R
[-'2! 2]
i
i3
2
even function
; Characteristics
i Domain = % <x=< %—+1%
: Range = ] -00,00 |
b3 A Period = _le.
Amplitude = Nil

Nature = odd function

%




iv.

¥ y-axis

k. y-axis

vi.

Characteristics
Domain = (-00,00)=R
Range w! L4
Period = 4m
Amplitude = 1
Nature = even function
‘Characteristics
Domain = (-00,00)=R
Range = [=2,2]
: _ 2w
Period =
Amplitude = 2
Nature = odd function
o/
Characteristics
Domain = (-00,00)=R
Range = [=3,3]
Period = 27
Amplitude = 3

even function
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.= even function
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y-axis
a. each cycle is E}E second

b. k= 20,160

c. 180

d. V(t) = 180 Sin 20, 160t

h(t) = —8.5 Cos () + 105
y = 2 Cos [2mx] + 18

REVIEW EXERCISE

i b ii. a iil. ¢ iv. a
vi. a vii. a viii. b iX. ¢
xi. a xii. b xiii, ¢ . xiv. b

Xvi. ¢ xvii. d . Xviil. a




Lo

Period = -2— s Amplitude = —20 ; Vertical shift = 24

h(t) = =20 Cos ("?‘ )+ 24

The height is 32 m after Sminutes.

Maximum height = 22 m, Minimum height =2 m.

a.
b. The height is 12 m after 30 seconds.

c. One complete revolution takes place in 120 seconds.
a.y =10Sin 1440 £, y = 10 Sin 1440 (¢ -%)‘

b. Domain = {t /t = 0,t € R}, Range = {y/ =10 <y < 10,y € R}

ii.

iv.

Vi.

Vii.

viil.

Domain
Domain

Domain

Domain
=]-0,0[=R
=]-e0,0[=R
=]-00,0 [=R
=]~o,00[=R
=]-w,0[=R
=]-00,00[=R
R-3, n€Z
=]=-00,00[=R
=]-o,0 [=R

=]-0,0 [=R

=]-®,0[=R

Range
Range=[-2, 2]

Range=[-5,5]

Range-[-;.;]

-

-Range=[—%;%.]

Range=[-3,3]
Range=[-7,7]
Range=] - 00 00 [
Range=[-9,9]
Range =[7, 9]
Range =[2, 12]
Range =2, 10]

-
3,
&

T =
leﬂﬂ
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GLOSSARY

Adjoint of a matrix: A matrix of order 2, obtained by interchanging diagonal elements and changing
the signs of non-diagonal elements.

Algebraic expression: A statement in which variables or constants or both are connected by

arithmetic operations (i.e. +,—, x, +).

Allied angles: The angles connected with basic angles of measure £ by a right angle or its multiple, are
called allied angles.

Arithmetic mean: A number M is said to be arithmetic mean between two numbers a and b if a, M, b are
in AP

Arithmetic sequence: An arithmetic sequence is a sequence in which each term, after the first, is found
by adding a constant. :

Arithmetic series: The sum of the terms of an arithmetic sequence is called an arithmetic series.
Arithmetico-geometrico sequence: This sequence is the result of term-by-term multiplication of a
geometric progression with the corresponding terms of arithmetic progression.

Column: The vertical arrangement of objects.

Column matrix: A matrix having only one column.

Combination: If in the arrangements of objects their order is not important then this arrangement of
objects is called combination.

Complex number: The number of the form a + ib, where a and b are real number and i = «f—__l ;
Complex polynomial: If z is a complex variable, then the expression ay + @,z + azz* + -+ a,z" is
called complex polynomial of degree n if @, # 0 and n is a non-negative integer.

Conformable for matrix addition: Matrices of same order so that they may be added.

Conformable for matrix multiplication: If number of columns of first matrix is equal to the

number of rows of second matrix so that they may be multiplied in that order.

Conformable for matrix subtraction: Matrices of same order, so that they may be subtracted.
Conjugate: Two complex numbers differing only in the sign of their imaginary parts.

Constant polynomial: A polynomial having degree zero is called a constant polynomial.
Consistency criteria: A system of homogenecous linear equations is consistent if Rank A = Rank A,.
Consistent system: A system of equations is consistent if it has at least one solution.

Cross product of vectors: The product of vectors resulting in a vector quantity.

Cubic polynomial: A polynomial having degree three is called a cubic _

Deductive reasoning: Deductive reasoning is a logical approach where someone moves from general
ideas to specific conclusions.

Determinant of a matrix: A number obtained by subtracting the product of non-diagonal elements
from the product of diagonal elements, in a square matrix of order two.

Diagonal: A line joining any two vertices of a polygon that are not joined by any of its edges;
clements running from the upper left corner to the lower right corner of a square matrix.

Diagonal matrix: A matrix in which all the non-diagonal elements are zero but at least one

element of the diagonal is non-zero. .
Direction angles: The angles that a non-zero vector © makes with the coordinate axcs in the positive
direction arc known as direction angles of 7.

Direction cosines: Coines of direction angles are called direction cosines.
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Domain of trigonometric functions: The domain of a function f(x) is the set of all possible values of
‘x" such that function f{x) is defined. '

Dot product of vectors: The product of vectors resulting in a scalar quantity.

Equal vectors: Two vectors @ and bare equal if both have the same magnitude and direction.

Equality of complex numbers: Two complex numbers are said to be equal if both have the same real-

and imaginary parts.
Equality of matrices: Two matrices are equal if both have the same order and the same corresponding

elements. -

Even function: A function is even if and only if f{—x) = f{x).

Factor theorem: A polynomial p(x) has a factor x — ¢, if and only if p(c) = 0.

Factorial: Factorial of an integer n is denoted by n! = 1 x2x 3 ..(n — 1)n,

Fundamental law of trigonometry: This law is stated as: cos(a — B) = cos a cos f + sina sin 8
Geometric mean: If a, G, b is in a geometric sequence, then G is called the geometric mean of a and b.
Geometric sequence: A geometric sequence is one in which each term after the first is found by
multiplying the previous term by a constant called the common ratio.

Geometric series: The sum of the terms of a geometric sequence is called a geometric series.

Graphic solution: Method of solving two simultaneous equations by plotting the graph of each

equation.
Harmonic mean: A number H is said to be the harmonic mean between two numbers ¢ and b if a, H, b

are in H.P.

Harmonic sequence: A sequence is called a harmonic sequence if the reciprocals of its terms are in-an
arithmetic sequence.

Imaginary part: The coefficient / in any complex number.

Inconsistent system: A system of equations that has no solution is called inconsistent.

Inductive reasoning: It is a method of reasoning in which general principle is derived from
observations.

Inequality: The relation between two comparable quantities, which are not equal.

Irrational expression: An algebraic expression that is not rational is called an irrational expression.
Linear polynomial: A polynomial having degree one is called a linear polynomial.

Lower triangular matrix: A square matrix in which all the elements lie above the main diagonal are
Zero.

Matrix: A rectangular arrangement of numbers enclosed within square brackets.

Modulus of a complex number: It is the distance of a complex number from its origin.

Negative of a vector: A vector having the same magnitude but the opposite direction is called the negative
of the given vector.

Non-singular matrix: A matrix with non-zero determinant.

Null matrix: A matrix with all entries to be zero.

0Odd function: A function is odd if and only if fi—x) = —f{x).

Order of a matrix: If a matrix has m number of rows and n number of columns then the order of the
matrix is m-by- n.

Ordered pair: A pair set in which x is designated the first element and y the second, denoted by (x, y).
Parallel vectors: Two non-zero vectors @ and b are said to be parallel ifd = Ab.

Periodic function: A periodic function is a function where values repeat after a specific time interval.

Periodicity: The periodic behavior of trigonometric functions is called periodicity.
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Permutation: The arrangement of numbers or things in a definite order is called permutation.
Polynomial: Algebraic expressions consisting of one or more terms in which exponents of the variables
involved are whole numbers.

Position vector: The vector used to specify the position of a point P with respect to the origin O is called
the position vector of P.

Quadratic polynomial: A polynomial having degree two is called a quadratic polynomial.

Range of trigonometric functions: The range of a function f{x) is the set of all possible values of the
function f(x) can take, when ‘x" is any number from the domain of the function.

Rational expression: An algebraic expression of the form P(x)/Q(x), where P(x) and Q(x) are polynomials
and Q(x) = 0. ;

Rectangular matrix: A matrix having an unequal number of rows and columns.

Remainder theorem: If a polynomial p(x) is divided by x — ¢, then the remainder is p(c).

Row: Horizontal arrangement of clements.

Row matrix: A matrix having only one¢ row of elements.

Rule of product: If event A can happen in m ways and event B can happen in n ways then pair

(A, B) can happen in m X n or mn ways.

Sequence: A sequence is an arrangement of objects or numbers in a particular order followed by some
rule.

Scalar matrix: A diagonal matrix with equal diagonal elements.

Scalar quantity: A physical quantity that can be completely specified by its magnitude only.
Simultaneous equations: Set of equations satisfied by the same solution.

Singular matrix: A matrix with zero determinant.

Skew symmetric matrix: A matrix whose transpose is not equal to the matrix itself.

Solution of equations: The solution of an equation is the process of finding the values of the unknown
involved in the equation.

Square matrix: A matrix having an equal number of rows and columns.

Symmetric matrix: A matrix whose transpose is equal to the matrix itself.

Terminating decimal fraction: A decimal fraction whose decimal part is finite.

Transpose of a matrix: A matrix obtained by interchanging rows and columns of a given

matrix.

Triangular matrix: A square matrix that is either upper triangular or lower triangular is called a triangular
matrix.

Triangular numbers: A triangular number counts objects arranged in an equilateral triangle.

Unit matrix: A diagonal matrix having all diagonal elements equal to one.

Unit vector: A vector that has magnitude 1 is called a unit vector.

Upper triangular matrix: A square matrix in which all the elements lying below the main diagonal are
Zero.

Vector quantity: A physical quantity that is completely specified by its magnitude and direction.
Zero matrix: A matrix having all elements equal to zero.

Zeros of a polynomial: A value of the variable for which the value of the polynomial is zero.

Zero polynomial: A polynomial having “0" as the only term.

Zero vector: A vector in which the initial and terminal points coincide.



SYMBOLS AND ABBREVIATIONS USED IN MATH

is equal to

is not equal to

is member of

is not member of

empty set

union of sets

intersection of scts

if and only if

line Segment AB

measurement of side AB

measurement of angle A

is congruent to

is perpendicular to

triangle
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implies that

e

and

-

or

is less than

is greater than

is less than or equal to

is greater than or equal to

at the rate of

percent

Pie

“lalglivialvialc b

ratio

proportion

therefore, hence

because, since
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that is

approximately equal to

square root / radical

for example

such that

¢ [

corresponding to

is parallel to

factorial

permutation
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