CONIC SECTION

After studying this unit, students will be able to:
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Demonstrate conics and members of its family i.e. circle, parabola, ellipse and hyperbola. *
Derive and apply equation of a circle in standard form i.e. (x —h)2 +(y —k)? =12

Find the equation of circle passing through: three non collinear points, two points having its
centre on a given line, two points and equation of tangent at one of these points is known,
two points and touching a given line.

Find the condition when a line intersects the circle and when it touches the circle.

Find the equation of tangent to a circle in slope form and a normal to a circle at a point.

Find the length of tangent to a circle from a given external point.

Derive and apply the standard equation of a parabola.

Sketch graphs of parabolas and find their elements.

Find the equation of a parabola with the following elements: focus and vertex, focus and
directrix, vertex and directrix.

Find the condition when a line is tangent to a parabola at a point and hence write the equation
of a tangent line in slope form.

Find the equation of tangent and normal to a parabola at a point.

Derive and apply the standard form of equation of an ellipse and identify its elements.
Convert a given equation to the standard form of equation of an ellipse, find its elements and
draw the graph.

Find points of intersection of an ellipse with a line including the condition of tangency.

Find the equation of a tangent to an ellipse in slope form.

Find the equation of a tangent and normal to an ellipse at a point.

Derive and apply the standard form of equation of a hyperbola and identify its elements. .
Find the equation of a hyperbola with the following given elements: transverse and conjugate
axes with centre at origin, two points, eccentricity, latera recta and transverse axes, focus
eccentricity and centre, focus, centre and directrix. .
Find points of intersection of hyperbola with a line including the condition of tangency.

Find the equation of tangent to a hyperbola in slope form.

Find the equation of tangent and a normal to a hyperbola at a point.

Apply concepts of conics to real life problems (such as suspension and reflection problems
related to parabola, satellite system, elliptic movement of electrons in the atom around the
nucleus, radio system uses as hyperbolic functions, flashlights, conics in architecture).
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7.1 Conics and Its Family Members

The plane shapes like circle, ellipse, parabola and hyperbola, which

are formed with the intersection of a right circular cone and a plane al A
are known as conic section. First of all, we will discuss that what isa

right circular cone and a plane. When the line segment OP rotates

about the circumference of a circle of any radius greater than zero

with O as fixed point the shape formed is called a right circular cone.

The fixed point O is called the vertex of the cone. The ray OA iscalled

the axis of the cone, as OA is perpendicular to the radius AP of the

circle that's why this cone is called right circular cone. The line

segment OP (or any line segment) which join the point O with the
circumference of the circle.is called generator (ruling). Note that a

flat or two-dimensional surface that extends indefinitely is called a 0

plane. '

Circle: When we cut a cone with a plane so that plane is perpendicular to the axis of cone and not
passing through vertex then the intersection is a circle.

Parabola: When we cut a cone with the plane such that plane is parallel to any generator or ruling
not passing through the vertex then the intersection is a parabola.

Ellipse: When we cut a cone with the plane such that plane is slightly tilted not passing through the
vertex then the intersection is an ellipse.

Hyperbola: When a cone is inverted and is joined with an erected cone such that the vertices of the
two cones lie at the same point and their axes of are also same then a shape is formed shown in the
figure. When plane intersects the cone parallel to the axis of the cone such that the plane does not pass
through the vertex O, then the shape formed on the plane is called hyperbola.

VY

Circle Parabola Ellipse Hyperbola

Note: In case when the plane passes through the vertex then the intersection of plane and the cone isa
point ora pair of intersecting lines. These conic sections are known as degenerate conics.

7.2 Circle _
Itis set of all points in the plane which are equidistant from a fixed point in the plane.

The fixed point is called the centre of the circle and distance of any point on the circle from the centre
is called the radius of the circle.
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7.2.1 Equation of Circle in Standard Form

Consider a circle with centre at C(h, k) and radius r. Take any point

P(x, y) on the circle. Then by definition of the circle. : P(x.7)
|CP| =7

= Jx-h2+@-ki=r

Squaring both sides

= (x=h)?+(—-k)}=r? .
This is the standard form of equation of circle with centre at C(h, k) and radius r.

In particular if the centre of the circle is at origin, i.e. (h, k) = (0, 0) then equation of circle is g
(x—0P2+(y—-002=r2 = x24y2=1r?
Example 1: Find the equation of circle with centre at (2, — 5) and radius 3 units. .

Solution: Given that the centre (h, k) = (2, —5) and radius r = 3.
Equation of circle is (x — h)? + (v — k)* = r?
Putting values of h, k and r, we get required equation of circle as follows:
(x—=224+(y—-(-5)*=3* = (x-2)2+@H+5?=9
7.2.2 ‘General Form of Equation of Circle
As we know that the standard form of the equation of circle is:
(x—h?+O -k =r?
= x? ~ 2hx + h* + y* = 2ky + k* = r?
=x?+y?—2hx —2ky+h*+k?*-r?=0 (i)
Letting h? + k? — r? = ¢, —2h = 2g and —2k = 2f, the equation (i) becomes:
2 +y2+29x+2fy+c=0
Which is the general form of the equation of circle.
Theorem 7.1: Prove that xZ + y2 + 2gx + 2fy + ¢ = 0, represents a circle in general.
Proof: Given equation is:
2 +y*+2gx+2fy+c=0
= (x2+2gx)+ (*+2fy)+c=0 _
‘=2 (x2+29x+ 8- gD+ (PP +2fy+f2P-fD+c=0
P +29x+ )+ P+ 2fy+ O+ (g - f*+c)=0
>@x+9?+0+f)=g+f2~c A

== QP+l - Nt = (V@ +-¢) | :
Comparing it with (x — h)2 + (y — k)2 =r%,wehave h=—g; k== fir=4/g* +f? —c.
Thus, the given equation represents a circle with centre = (h, k) = (— g,— f) and
radivs=r= /g2 + f2—¢ '
Note: Asr=.[g2 + f2 —c, so
i. risarealif g2 +f2—c>0ie. g +f2>c
ii. risimaginaryifg?+ f2—c<0ie. g?+f2<¢
Thus, condition for a real circle is g2 + f2 > ¢ and for an imaginary circle is g% + f2 < ¢
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Example 2: Find the centre and radius of the circle x? + y? — 6x — 10y + 18 = 0.
Solution:
To find the centre and radius we convert the given equation of circle into its standard form
(x2 —6x) + (y2—10y) +18 =0
(x2—6x+9-9)+(y*—10y+25-25)+18=0
(x2—=6x+9)+(y*—10y+25)—-9-25+18=0
(x—3)2+(y—-5P-16=0=> (x—-3)2+(y—-5)37=16
(x—3)2+(y—5)1=42
Cnniparing it with (x — h)? + (y — k)? = r?, we have:

Centre = (h, k) = (3,5) and rgdius =r=4

7.2.3 Equation of a Circle with Different Conditions

Example 3: Find the equation of the circle passing through the points (1, 2), (2, 3) and (3, 5).
Solution:

Consider a circle which passes through the points P(1, 2), R(3,5)

Q(2, 3) and R(3, 5). Let C(h, k) be the centre of the circle

Then, |PC| = |QC]

=Jth=-1)2+(k—-2)2=,/(h—2)?+ (k—3)? 0.3

Squaring both sides: !
(h—1)2+ k-2 =(h-2)*+ (k- 3)? :

=>h?—2h+1+k*—4k+4=h*~4h+4+k*—-6k+9 P(1,2)

=2h+2k=8

>h+k=4 (i)

Also |PC| = |RC|

=2 J(h—1)2+ (k—2)2=./(h—3)2 + (k —5)2

Squaring both sides:

(h=12+(k—=2)2=(h—-3)2+(k-5)*
= h?-2h+1+k?®—4k+4=h?*—-6h+9+k*—10k + 25
= 4h 4+ 6k = 29 gy -
Multiplying (i) with 4 and subtracting (ii) from it, we get:

= 4h + 4k = 16

_4h+6k=_29
—2k = -13 = k=2
Putting in (i), we get:

13 5
=§h+—=4=&h=4—"§-= -hi'-
Thus, the centre of circle =C _?5-,-‘-23
The radius of circle is:

reie= 1+ + (23 = JO + 0 - T - B




Equation of the circle with centre C (—5 22) and radius r = r—:"- is:

[ _'(_'i)] "'[ i -(JE_E) " (x+§)z+(y_}23)z _ 130

=tx=+51+i—5+y 13}..}. 1:“

=x2+y2+5x—13y+25+£—13—n=u

=x2+y2+5x—13y+16=0

Ennpie 4: Find the equation of the circle passmg through the points (1, 0), (0, 1) and having its
centre on the line x — 2y+3=0..

Solution: Consider a circle which is passing through the two given points P(1, 0) and Q(0, 1).
Let C(h, k) be the centre of the circle.

Given that C(h, k) lies on the line x — 2y + 3 = 0. Thus:

h-2k+3=0 )

Also |PC| = |QC|

> Jh-1DT+ k=02 = J(h—0)2 + (k= 1) Qo, 1)
Squaring both sides

= (h—=1)2+ (k- 0)? = (h—0)2 + (k — 1)?

=h*—2h+1+k*=h>+k®-2k+1 P(1, 0)

= -2h+2k=0=>-h+k=0 ' '

=h=k i)

Using equation (ii) in equation (i), we get:

k—2k+3=0=-k=-3=23k=3

Putting the value of k in (ii), we get h = 3.

Therefore, the centre of the l:m:le is C(h, k) = C(3,3).

The radius of the circle is:

r=|CPl=J@B-1?+B-002=V4+9=v13

The equation of the circle with centre at (3, 3) and radius V13 is:
(x—3)2 + (y - 3) = (V3)*

= x2—6x+94+y2—6y+9=13 = x2+y?—6x—6y+5=0

Example 5: Find the equation of the circle passing through the point (2, 3) and the line

x + y — 4 = 0 is the tangent to the circle at (3, 1).

- Solution: Consider a circle passing through the point Q(2, 3) and having tangent line

x + ¥ + 3 = 0 touching the circle at point P(3, 1). Let C(h, k) be the centre of the circle. Now
|CP| = |CQl

= Jh=-32+k-1)2=(h-2)¢+(k=-3)*

x—2y+3=0




Squaring both sides;
h=32+(k-12=(h-2)2+(k-3)?

= h2—6h+9+k?—2k+1=h*-4h+4+k>—6k+9

= —2h+4k=3

= 2h—4k = -3 (i)

Since CP is perpendicular to the tangent line x + y — 4 = 0. P(3, 1)

Thus, (slope of CP) x (slope of tangent line) = —1

> (h-a)(-n it s s x+y—4=0
= h—k=2 (i)
Solving equation (i) and (ii)), we have: hzlz_l and kz;

Thus, the centre of the circle is C ﬂ ,2). The radius of the circle is:

o rmtrt= (G G- - O -y

Therefore, the equatlcm of the circle with ccmmat(E z andmdms——ls
(-—— ( —— (ﬂ) = xi- 11:+E+}r ?y+T=-543

= x24+y?—11x - ?y+3ﬂ+———=ﬂ = x2+y?-11x—-7y+30=0

Example 6: Find the equation of the circle passing through the point (-1, 2), (3, 2] and touching
theline x—2y+1=0. .
Solution: Qf3, 2)
Consider a circle passing through the given points P(—1, 2)
and Q(3, 2). Also, the circle touches the line :
x — 2y + 1 = 0 at point A. Let C(h, k) be the centre
of the circle. From figure:

ICP| = |CQ|
=2 Jth+1)2+(k=-2)2=,/(h—3)2+(k—-2)2
Squaring both sides;

(h+1)2 4 (k—2)2 = (h—3)? + (k — 2)2
= h?4+2h+1+Kk? — 4k + 4= h? — 6h + 9+ k? — 4k + 4
=8h=8 = h=1 (i)
Also, |CP| = |CA|, where |CA| is the distance of point C from the line x — 2y + 1 = 0.
Therefore,

J(h+n_i+(k—z)==:}’*"“-n+1"', ()

A e ey srm

124(-2
Putting h = 1 in above equation (ii).

= A+ D+ (-2 =224 o Aoy = o




Squaring both sides: . Key Facts

% o 2 P The distance 'd' of a point
=’4+[k—2}2=%%4+k2—4k+4=um P(% y,) from a line
4k% — 8k + 4 - ax+ by +¢=0, is the
= k? — 4k + 8 = —————— = 5k? — 20k + 40 = 4k? — 8k + 4 | length of the perpendicular
5 drawn from the point to
2ki-12k+36=0=2(k—6) 2 =0=2k-6=0=> k=6 the given line as shown
Thus, centre of the circle is C(h, k) = (1, 6) and radius of the circle is: | below:
=t d = 1250+ BYo + ¢l
r=|CPl=y(1+1)2+(6-2)2=vVa+16 =20 - )

Equation of the circle with centre at (1, 6) and radius v/20 is:
(x = 1)*+(y - 6)* = (V20)'

S x?—-2x+1+y* =12y +36=20

S x?4+y?=2x-12y+17=0

Which is required equation of circle.
7.3 Line and a Circle
Consider a circle x* + y* =r? (i)
and a line y = mx + ¢ which implies:
mx—y+c=0 (ii)

The centre of the circle is at (0, 0) and its radius isr.
i. When line intersects the circle at two distinct points.
When the line intersects the circle then the distance between the

centre and the line, is less than the radius of the circle. i.e.,
Im(0)-0+c|
m2+(~1)?

- ?J;-'—cr or le| <rvmZ+1
= 2<riim*+1)

Which is the condition that the line will intersect the circle at two distinct points. :

ii. When the line is tangent to circle. 2
When the line is tangent to the ctrcie then distance between the centre and the line is equal to the

radius of the circle. i.e.,

Im(0)-0+¢| _ [ - S i
o R B ek S lel = rvm?2 + 1

me+1

= c=+rym?+1
Putting the value of ¢ in y = mx + ¢, we get:
y=mxt% rm
Which are the equations of the tangent lines to the circle x* + y? = r?.
iii. When the line neither touches nor intersects the circle
When the line neither touches nor intersects the circle then distance of the centre from the line is
greater than the radius of the circle i.e.;




|m{0)-0+c]
mi+1

>r :%}11’ = e >rvmZ +1

=c2>ri(m?+1)

Example 7: Check whether the line x 4+ 2y — 3 = 0 is tangent to circle x? + y? = rZ or not.
Solution: Equation of circle is x> +y? =16 or x%+y?=4%

= radius of the circle =r = 4

Equation the lineis x + 2y — 3 = 0.

=2y=-x+3 = J’=—%x+§ =hm=—-;~ andc:%

The line is tangent to the circle if c = rvm? + 1

=:-EI=4’(-—%)2+1=4\E=4x%§=2\f§=:|§|=2v’§I

Which is not true. Thus, the given line is not a tangent to the circle.

- QY Gercise 7. B eSS

Find the equation of circle when its centre and radius is given:
(i) Centreat(3,—1) andradius2 (i) Centre at (—;, ~3) and radius 3
(iti) Centre at G,a) and radiusis a;a # 0

2. Convert the following equations of circle into standard form and hence find their centre and radius:
(i) x2+y?—4x+6y—36=0 (i) S5x2+5y*—2x+4y—27=0
(ii) 4x*+4y? +2ax+by—a® =0

3. Find the equation of circle passing through given three non-collinear points.
@® (0,2),(20),(1,3) G (13)366.67)
(iii) (0,0),(a,0),(0,b);a#0,b+0

4. Find the equation of circle with centre lying on the line x 4+ y = 2 and passing through the

"« points (2,—2) and (3,4).

5. Find the equation of circle passing through the points (1, —2) and (4, —3) and whose centre
lies on the line 3x + 4y = 7.

6. Find the equation of the circle passing through the points (2, 1) and touching the line
x + 2y — 1 = 0 at the point (3, —1).

7. A circle touches the line 2x — 3y + 1 = 0 at point (1, 1) and passes through the point of
intersection of the lines x + y + 1 = 0 and x — 3y + 5 = 0. Find the equation of circle.

8. Equations of two diameters of a circle are x — y = 3 and 3x + y = 5 and its radius is 5.
Find the equation of circle.

9. A circle touches both the axes in the first quadrant and area of the circle is 137 square units.
Find the equation of the circle.

10. The two points A(4, 3) and B(2, 5) lie on the circle and the centre of the circle lies on the
perpendicular bisector of the chord AB, The distance between the centre and the chord AB is

V7 . Find the equation of the circle.
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11. Find the equation of the circle passing through the intersection of the circles |
Cy:x? +y?—8x —2y+7 = 0and C;: x% + y% — 4x + 10y + 8 = 0 and passes through
(—1,—-2). (Hint: equation of the required circle is C; + AC; = 0;1 # —1) :
12. The diagram shows a rectangle PQRS and the circles C; and C,.
Both the circles touch each other and three sides of the rectangle.
The coordinates of the points P, Q, R and S are (0,4), (1,1),(7,3)
and (6, 6). Find the equation of the circles C, and C,.
13. A circle has its centre at the point C(0,1) and a line touches the
circle. The point P(3,5) lies on the line touching the circle.
The distance between P and C is five times the radius :
of the circle. Find the equation of the circle and the point where the line touches the circle.
14. The three lines 2x —y +1=0;2x + ¥y — 3 = 0 and x — 2y + 4 = 0 touch the circle.
Find the centre of the circle. Also find the equation of circle.

7.4 Equation of Tangent and Normal to a Circle at a Point on the Circle
7.4.1 Equation of Tangent at P(x,,¥;) on a Circle

Consider a circle x> + y2 + 2gx + 2fy +¢c =0 (1)

Let P(x;, y,) be a given point on the circle.

Differentiating equation (i) w.r.t x, we get:

d d
zx+zy§+zg +2fa-”£+n -0

dy dy 2x+29 x+g Px. y1)
=2 atP(xy, ) =m = 024
e (x1uy1) =m Nt ]

Which is the slope of the tangent line at the point P(xy, ¥1).

By point-slope formula, equation of the tangent line at point P is:

-y, = —[X2t8 i
y—m" Ay (x —x;)

=2+ =) =—(x; + g)(x—x1)

200 +y—0n+Hyy=—(x; + g)x + (x1 + g)xx

=2 +y-0h+ A+ +gx— (i +9)x =0

2 +gx+n+fy—yI—fyi—x—gx=0

2@ +x+n+Hy—-Gi+yi+gx+fn)=0

Since the point P(x,, y,) lies on the circle x* + y? + 2gx + 2fy +¢ =0
So,x2 +y2 +2gx, +2fy, +c=0

Key Facts

or X +yi+gxi+fy+@x+fy+ec)=0 S :
or X} +yi+gx,+fy=—@x, +fy,+c)=0 (ii) l Dcnvn_tw;:t;:omt ott: t
Putting in equation (ii), we get: curve l:r 1.: t;;: o :
Tt @x+On+y—[—@gx+fr+]=0 tangent ine curvea

2 +0x+n+Ay+ @+ fri+c)=0 ' l that point. i

Which is the required equation of tangent line at P(xy, ¥1)-
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7.4.2 Equation of Normal at P(x,, y;) on a Circle
Since normal line is perpendicular to the tangent line, so its slope is:

1 wn+f Key Facts
Y Aline which is perpendicular
By point-slope formula the equation of normal line is: to the tangent line at the point
- : yi+f PNl of tangency is called the
I e =% I normal line at that point.
2@ +90-y)=01+)x-x) 2
' 2x+9y—(u+gn=01+Nx=0n+)x

2x+g)y—E+gn—-0n+f)x+01+f)x1 =0

=-m+x+x+@Qy-xn—gntxan+fx=0

= -0+ fx+ s+ @y—gn+[x =0 :

= (yy + f)x = (x; + g)y+gy: — fx, =0 (Multiplying both sides of equation by —1)

S+ fx—(x;+9)y— (Fxy—gy) =0 :

Which is the equation of the normal line at point P (xy, ¥1).

Example 8: Fmdtheequauonuftnngentandnormaltothecuclex +y2—4x+2y—5=0at

point P(1, 2).

Solution:

Given equation of circle is x2 + y? —4x + 2y —=5=0

Differentiating w.r.t x, we have:
2x+2y 2 -4+22-0=0

=(2y+2)‘—’=-2x+4=§=;‘—:=;—*:’.

Pl 5. N |
atP(l 2)=m - pkt

By the point-slope formula equation of the tangent line is:
y=ym=mx-x) = y-2=3(x-1)

= 3y—6=x-1 = x-3y+5=0
Since normal is perpendicular to the tangent line. Thus, slope of the normal line is —3 and
by the point-slope formula, equation of the normal line is:

y=—2==3(x-1) =2 y—-2=-3x+3 = 3x+y-5=0

Alternatively
Equation of circle is x2 + y? —4x + 2y — 5 = {l
Comparing it with x? + y2 + 2gx + 2fy + ¢ = 0, we have:

2f=2 = f=1 and c=-5
Given point is P(1,2).ie,2;, =1y, = 2
Equation of tangent line is:
(e +g)x+0On+fy+@xy+fyr+e)=0 (i)
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S}lbstituting the values of xy, ¥4, 9, f and ¢ in equation (i), we have:
A-2x+@+Dy+((-2)1+1(2)-5)=0 = —x+3y+5=0
Equation of normal is:

O+ x=x+y—Fx1—gy)=0 (i)

Substituting the values of x;, ¥;, g and f in equation (ii), we have:
C+)x—-(1-2)y—-(1x1—-(-2x2)=0 =23x+y-—>5

. _

Find the points of i mtersectmn of the given line and the circle.
(i) x—y+1=0; x2+y*-3x—-8=0
(i) 2x+y+4V5=0; x*+y?—2x+4y—11=0
(iii) 3x+2y+1=0; x> +y*—-x+y+2=0 .
2. The equation of a circle is x* + y? — 4x + y — 7 = 0 and the equation of line is
2x — ¥ + ¢ = 0. Find the value(s) of ““c” such that the line:
(i) intersects the circle at two distinct points.
(ii) is tangent to circle.
(iii) has no common point with the circle.
3. The tangents to a circle (x — 1)? + (y — 2)? = 32 are perpendicular to the line
x + 3y — 6 = 0. Find the equations of the tangent lines.
4. Find the equations of tangent and normal to the circle x? + y* 4+ 3x 4+ 2y +3 = 0 at the
point (2,—-1).
5. Find the equation of the tangent to the circle 36x? + 36y — 72y + 11 = 0 at the point on
the circle with abscissa > . .
6. Find the equation of the normal to the circle x? + y? — 2x 4 2y — 11 = 0 at the point on the
circle with ordinate —4. '
7. Circles with equations x? + y? — 2y — 3 = 0 and x? + y* — 8x + 4y + 11 = 0 touch each
other externally. Find the equation of the common tangent to the given circles.
8. Show that the tangent line at any point P on the circle is always perpendicular to the radial
line through point P.
9. A(=5,-1) and B(1,5) are two points on the circle x? 4+ y® = 26. Find the point of '
intersection of the tangents to the circle at A and B. Show that the point of intersection of the
tangent lines, the midpoint of chord AB and the centre of the circle are collinear.
10. A normal line cuts the circle with centre at (1,2) at the point (3, 5). Find the other point of -
intersection of the normal and the circle. Also find the equation of the circle.

7.5 Position of a Point with respect to a Circle

Let x2 + y2 + 2gx + 2fy + ¢ = 0 be the equation of a circle and P(x, ,¥,) be any point in the
plan¢. We want to check that the given point lies outside, on or inside the circle.

The centre of the circle is C(—g, —f) and the radius of the circle is r = Jg? + f% — c. Observe
that P lies outside the circle if |CP| > r, P lies on the circle if [CP| = r and P lies inside the circle

if |CP| < r. Combining all these; we may write |CP| £ r
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Plx;,.y)

N T =T e RN ry
Squaring both sides

(1 + 9P +0n+*S g2 +f2-c
2xl+2gx,+ g2 +yi+2fn+f2S g2+ f2-c
Sx+29+ g2 +yiH2fn+fi-g? - f2+c S0
sxt+200 + g2 +y2i+2fm+cS0

Which is the condition that a point lies inside, on or outside the circle.

Example 9: Check whether the point P(2, 4) lies outside, on or inside the circle:
2x2+2y?—6x+8x+1=0

Solution: Given equation of circle is 2x? 4+ 2y? — 6x +8x+1 = 0.

First make the coefficients of x? and y?one. Dividing both sides by 2, we have:

P(xy . 3)

1
xz+y2-3x-+4::+-z-"—"ﬂ
Given point is (2, 4). So:
1 1
x2+yl—3x;, +4x, & (2)2+ (4)2 - 3(2) + 4(4) s

1 61
=4+15—ﬁ+1ﬁ+i=-2—-}ﬂ

Thus, the point lies outside the circle.
7.6 Length of a Tangent Drawn from a Point Lying outside the Circle
Let x2 + y% + 2gx + 2fy + ¢ = 0 be the equation of a P(x1. 1)
circle and P(x, , y;)lies outside the circle.
The centre of the circle is C(—g, —f) and the radius of the
circleisr = .ng_-I-TZTc
Two tangents can be drawn from the point P to circle. Thus,
; both tangents have the same length. i.e., |AP| = |BP|.
Since PCA is a right-angled triangle, so by Pythagoras
theorem:
: ICAI* + |AP|? = |CP|?
=12+ |AP]2 = (VCx + )7 + 01+ ?)
P+ f—c) +|AP|* = (-JE +2gx, + g2 +y{ +2fy, +f2)2

=8 +[2 o+ |APP = + 297, + 47 +yi+2fn+f?
= |AP|? = x{ + y# + 2gx, + 2fy; +¢

= |AP| = Jx; + Y2 +2g%, +2fy, +¢
Which is the length of tangent line.
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Example 10:

Find the length of the tangent line to the circle x* + y? + 3x — 4y + 15 = 0 from the point
£1.2).
Solution:

Equation of circle is x* + y? 4+ 3x — 4y + 15 = 0 and the point (1, 2) lies outside the circle.
Length of tangent line = \/xZ + yZ + 3x, — 4y, + 15 = /12 + 22 + 3(1) — 4(2) + 15

=vy1+4+3-8+15 = /15 units
5 TRy
E

1. Check whether the given point lics inside, outside or on the given circle
(i) (3,5); x*+y?—6x+2y—18=0 '
(i) (1,6); 2x2+2y*—4x—16y+5=0
(iii) (=1,-2); x2+¥?+6x+4y+9=0

2. Find the length of the tangent to the circle x® + y? — 18x + 16y + 10 = 0 from the point
(=1, —1) lying outside the circle.

3. Find the length of tangent to the circle 3x? + 3y? + 18x — 24y + 50 = 0 drawn from a
point (=3, 1) lying outside the circle.

4. The point P(—11, —10) lies outside the circle x? + yZ + 6x + 8y + 5 = 0. Find the
equations of the tangents to the circle drawn from point P. Also find the points of contact.

; o iy D
5. A quadrilateral ABCD is circumscribing a
circle. Prove that AB + CD = AD + BC A

6. Two tangents are drawn from a point P(6, 1) lying
outside the circle ¥ + y2 —8x — 2y + 14 = 0.
Find the area of the shaded region.

7. From a point P lying outside the circle ¥
a tangent and secant lines are drawn.
Prove that |AP|? = |PB| - |PD|

7.7 Parabola :

Itis the set of all the points in the plane which are equidistant from a fixed point and a fixed line in the
plane (fixed point not lying on the fixed line). )
The fixed point is called focus of the parabola and the fixed line is called its directrix. The ratio of
distance at any point on the parabola from its focus to its directrix is called cccentricity of the

parabola and is denoted by “e”. Since by the definition, points on the parabola are equidistant from
the focus and the directrix thus eccentricity of the parabolais 1.

194,77 RN i S el AR

P
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7.7.1 Standard Equation of Parabola
Consider a parabola with focus F(a, 0) where a > 0
and directrix x = —aorx +a = 0.
Take a point P(x, y) on the parabola then by definition
of the parabola:
|PF| = |PM|
Where |PM| is the distance of the point P from the directrix.
— ——— _ Ix+al
=J(x—a)’+(y-0) =T
x2—-2ax+a’+y?=|x+al
% Squaring both sides, we have:
= x? — 2ax + a? + y* = x* + 2ax + a*

= —2ax + y* = 2ax = y? = dax (a)
Which is the equation of the parabola.
Similarly,
e If we take focus at F(—a, 0) the equation of parabola is y? = —4ax. (b)
e [f we take focus at F(0, a) the equation of parabola is x% = 4ay (c)
e If we take focus at F(0, —a) the equation of parabola is x? = —4ay (d)

Y y

N nf s
X
N+ > X
Feem 49 Fi0,-a
4 :
. Gy oy whm =iy
(b) (c) (d)

7.7.2 Elements of Parabola
Directrix: The fixed line is called the directrix of parabola.
" Focus: The fixed point (not lying on the directrix) is called the focus of the parabula.

Axis of Parabola (Axis of symmetry)
The line which passes through the focus and is perpendicular to the directrix is cal!nd axis of

parabola and its equation is ¥ = 0. Axis of parabola is also known as axis of symmetry.

Vertex of Parabola:
The point where the parabola cuts its axis is called vertex of the parabola. In this case 0(0, 0)
is the vertex of the parabola which is closest to the focus.

Chord of a Parabola: ROE:
A line segment with its end points on the parabola is called chord of parabola.

Focal Chord:
A chord of the parabola which passes through the focus of parabola is called focal chord,



Focal Distance:

The distance of any point of the parabola from the focus is called focal distance.
Latus rectum of Parabola:

A focal chord of the parabola which is parallel to the directrix of a parabola is called latus rectum
of the parabola and its length is 4a.

7.7.3 Standard Equation of Parabola \ 4 | é
When the vertex is at any arbitrary point V(h{k)

V(h, k) and the axis of symmetry is parallel _// | @

to x-axis then equation of parabola then:
(y — k)? = 4a(x — h) < >

or (y—k)?=—4a(x—h) v v

Similarly, equation of the parabola with

vertex at any arbitrary point V(h, k) and

the axis of symmetry parallel to y-axis is V(h, k)
(x—-h)? =4aly—-k) VR K)

or (x—h)? = —4a(y—k) % o

7.74 Length of Latus Rectum of Parabola |

Consider the parabola y? = 4ax. Its focus is at

F(a, 0) and vertex is at V(0, 0).

Let / be the length of the latus rectum AB then x=-a (a.1/2)

IFA| = .. Therefore, the coordinates of A are (a, 7). l
Since the point A(a, 3) lies on the parabola y* = 4ax “ ] v
Thus, it must satisfy its equation. i.e.;

G_)z = 4a(a) =#£:T=4az = |2 = 16a® = | = +4a

Since length is always positive, so the length of latus rectum of the parabola is:
[=4a

5

-

>
F(a,0)

B(a.=-1/2)

Example 11: _
Find the equation of parabola with focus at (2, 5) and the equation of directrix is x + 8 = 0.

Solution: directrix

Consider any point P(x, ) on the parabola with - y-axis

Focus at F(2,5) and equation of directrix x + 8 = 0. ” T et

By the definition of the parabola /f\”” )
|PF| = |PM] \

= JGx-22+-5?2= __—If::L F2.5)
-+ \t"‘
0(0, 0) x-axis




Squaring both sides: .
2 (x—22+(y-5P=(x+8)2 = (y-52=x+8)?2-(x—2)2
=2 (y—5P=x*+16x+64—x*+4x—4
= (y—5)?=18x+ 60 =a-(y—5)2=1g(x+‘3_"
Which is the required equation of parabola.
7.7.5 Elements of Parabola and its Graph
To find the elements of parabola when its equation is given; first we convert the given equation
into the standard form and then compare it with one of the four standard equations and then find
the elements of parabola.
Example 12: Find elements of parabola with equation y = x? — 3x + 7 and draw its graph.
Solution: Given equation of parabola is: '
y=x?=3x+7 x2-3x=y-7
==xz—3x+§=;;r-—?+5 =&( —-})z=y—¥
Letx—3=X and y—22=Y then X =Y or X2 =4(})Y
Which is of the form X? = 4aY where a =-i-.
Now we write the elements of the parabola.
Vertex: We know that vertex is at (0,0) i.e. (X,Y) = (0,0)
=X=0 and Y=0
3 3
==rx-;=[l and y—’;—9=n = x=z and ==

Thus, the vertex of the given parabola is at G.!}).
Focus: The focus of the parabola is at (0, a). i.e., (X, Y) = (0,a)

=X=0 and Y=a =>x-§=ﬂ am‘.:l}lr—~’—;|l'3=l =n:=% andy =5

+
Thus, the focus of the parabola is at G, 5).
Axis of Parabola: Equation of axis of parabola is X = 0.
=>x—§=ﬂ or x=§
Which is the equation of axis of parabola.
Directﬂx.EquaﬁonofdirecuixofpuabolnisY=—a or Y+a=0
_=:-}-——+-=ﬂ =}---—-I‘.]
Which is the equation of dll‘m of pamboln.
Length of Latus Rectum:
Length of latus rectum is 4 = 4(%) = 1 unit @
Graph: To draw the graph of parabola, we find its e ¥G/2.19/4) directrix

x-intercept and y-intercept. For x-intercept put y =0
in the equation y = x2 — 3x + 7. We have: 4
x2—2x+7=0 g |
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= y = (=) -4()(@) _ 34V5-28 _ 3+iV19

1) 2 2
Which are complex numbers thus parabola has no x-intercept, For y-intercept put x = 0
in equation y = x® — 3x + 7. We have: -
y=0-0+4+7=2y=7
Thus (0,7) is the y-intercept of parabola.
7.7.6 General equation of Parabola

Prove that the equation y = ax? + bx 4 ¢ where a, b, ¢ are real numbers with a # 0 represents a
parabola.

Proof: Given equation is '
y=ax*+bx+c =ax*+bx=y—c
Since a # 0; dividing both sides by a.
- JAL T
x +ﬂx-—-n(y c)

2 .
Adding :'? to both sides, we have: -

2 b b? g | b®
i it T R e |
A% 4 b2 1 b2-4ac 1 b2-4ac
=a(;7c+2‘:t 2—;[y—c+;: "'E[JH_ == =4(:)[y+ =
-b\* _ 1 =b?+4ac .
#{e-g) =g~ B
Which is of the form (x — h)? = 4p(y — k) where h = m%:k = - bz::w and p =-g::.

(i) is the equation of parabola with vertex (— =, — 222

2a’ 4a
downwards accordingasp > O orp < 0.

Example 13: Find elements of parabola with vertex at (2, 3) and focus at (7, 3).
Solution: Given that vertex is V(2, 3) and focus is F(7, 3). Therefore, h = 2 and k = 3. Observe
that y-coordinate of both V and F is same, thus y = 3 is the axis of parabola. Since x-coordinate
of V is less than x-coordinate of F. Thus branches of parabola open on the right side.
The distance between F and V is “a”. i.e.,
a=|FV]|=(7-2)2+(3-3)2=v/25+0=5
So, the equation of parabola is: '
(y — k)? = 4a(x— h) ' .
=2(y—32=405)(x—-2) =>(y—3)*=20(x-2)
Which is the required equation of parabola.
Example 14: Find elements of parabola with focus at (3, —1) and its directrix is 3x — 4y + 1 = 0.
Solution: Given that focus of the parabola is at F(3,—1) and directrix is 3x —4y +1=0.1If
P(x, y) is any point on the parabola then by definition of parabola.

|PF| = |PM|; where |PM] is the distance of P from directrix. Therefore: ‘
JE=3R2+ (@ + 17 = AutL '

and its branches open vpwards or

V@492
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Squaring both sides, we have: ‘ "
Ix—ay+1

= 25[x2 —6x +9+y% + 2y + 1] = 9x% + 16y* + 1 — 24xy + 6x — 8y
= 25x% — 150x + 25y2 + 50y + 250 = 9x? + 16y? + 1 — 24xy + 6x — By
= 16x2 + 9y? + 24xy — 156x + 58y + 249 = 0
Which is the equation of parabola.
Example 15: Find elements of parabola with vertex at (2, 3) and nquahun of directrix is y = —4.
Solution: As we know that the focus of the parabola is on the opposite side of vertex as that of
directrix, so in this case it opens upwards. Therefore its equation is: :
(x - h}z = 4a(y—k) (1)
Given that the vertex is (2,3), so h=2and k = 3. Also, the distance between vertex and

344l _
Voisi:

directrix isy = —4 or y + 4 = 0. Therefore, a =
Putting this value in equation (i), we get:
(x=2)2=4(7N(y—=3) or (x—=2)>=28(y-3)
Which is the required equation of parabola.
1. Find focus, vertex, axis of symmetry, directrix, length of latus rectum, end_p;uints of the
latus rectum of parabola with the given equations. Also draw the graph of the parabola.
@) y*=6x (i) y*=—2x (i) x>=24y (iv) x* = -5y
v) y*=2y—-12x-71=0 (vi) 3x+42x+y+149=0
(vii) 4y? +4y=15-32x (viii) 9x* — 6x = 108y + 26
2. Find the equation of the parabola in mh of the following.
(i) Vertex at origin and focus (0, — — (ii) Vertex (—8, —9) and focus (_E _g)
(iii) Vertex (—6,—9) and dxrecmx. x= “"131 (iv) Vertex (5, —1) and y-intercept: — 2=

(v)  Focus (—3,—1) and directrix y =2

(vi) Opens left or right with vertex (7, 6) and passes through (—11,9).
(vii) Opens up or down and passes through the points (11, 15), (7, 7) and (4, 22).
(viii) Vertex (10, 0); axis of symmetry: ¥ = 0; length of latus rectum= 1; a < 0
(ix) Vertex (4,2); axis_; of symmetry: x = 4; length of latus rectum = ;-: a>0
(x)  Vertex at origin; opens left; distance between focus and vertex is i— units.

3. Find the equation of the parabola with the focus at (psiné, pcosf) whose directrix is
xcosf + ysinf = p.

4. Find the coordinates of the vertex of cach parabola by differentiating its equation both
sides and then solving for horizontal (or vertical) tangent.
(i) y=x*-—4x+10 (i) 4x*+24x+39-3y=0
(iii)) y*—10y+4x+28=0 (iv) "y =14y = —3x — 45y
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7.8 Equation of Tangent and Normal of Parabola |
7.8.1 Condition for a Line to be Tangent to a Parabola '
Consider a parabola (y — k)? = 4a(x — h) (D \
and a line . y=mx+c - (2) |
On solving these equations, we will get the points of intersections of the line and the parabola.
Using equation (2) in equation (1), we have:
' [(mx + ¢) — k]? = 4a(x — h)
= [mx + (c — k)] = 4a(x — h) ‘
= mix? + 2m(c — k)x + (c — k)? = 4ax — 4ah i
= m?x? + {2m(c — k)x — 4ax} + (c — k)  + 4ah =0 ‘
= m?x?* + (2m(c—k) —4alx + (c —k)* + 4ah =0 |
On solving this equation, we will get at most two values of x. But for the line to be tangent to the ) }
parabola it must intersect only at a point. i.e., Both values of x should be same, thus discriminant \
of the above quadratic equation must be zero. i
(2m(c — k) — 4a}? — 4m?*{(c — k)? + 4ah} = 0 ‘
= 4m?(c — k)? — 16am(c — k) + lntiua2 — 4m?*(c = k)? = 16ahm? = 0 ‘
= —16am(c — k) + 16a® —16ahm? = |
= —16afm(c—k)—a+hm?]=0 = m(c—k)—a+hm?*= []
a-m*h

= m(c—k) =a—m?h = c—k=—

a—mth a—m2h+mk
+k=

=c=

m
Puttmg this value of c in equation (2), we get:

a-mZh+mk m2h-mk—-a
mx + =Mmx—
Lo m - m

Which is the equation of tangent to the parabola. Here m is the slope of the tangent line.

Particular Case:
When the vertex of the parabola is at (0, 0) i.e.; h = 0 and k = 0 then equation of the tangent line is:

y=mx—m > y=mx-= = y=mx+_
Example 16; Find the equation of the tangent to the parabola y? — 6y — 16x + 25 = 0 with the '
slope 1/2. :

Solution: Equation of parabola is:
y2 — 6y —16x +25 =0
=>y2—6y=16x—-25=y? -6y +9=16x—25+9
=>(y—-3)¥=16x—-16 =16(x—1)
=2(y—-3) =44)(x-1)
Which is of the form (y — k)? = 4a(x — h)
Here h = 4; k = 3 and a = 4 and given thatslopeism = %, therefore equation of tangent to the
parabola is: Rty

F g ——

—— \Nutonl Bock Foundetion |



Putting values, we get: )
2) 4—=(3)-4 1-2 4
y=1ix- ) 4K T P

z i
= y=§x-—(2—3—ﬂ)=%x+9 = 2y=x+18
= x—2y+18=0
7.8.2 Equation of Tangent Line to the Parabola at a Given Point

Nlu

Consider a parabola (y — k)? = 4a(x — h) (1)
and let P(x,,y,) bea gwcn point on the parabola. Differentiating equatmn (w.r.tx
‘ 2y-i)L=4a = F=72%
: Slope of tangent at P(x;,
Thus, equation of the tangent line at P(x,, y,): is
y;y1=m(x—11) = T J’l__(x x1)

= m-k@-y)=2alx-x) = O1—Ky=01-ky,=2ax—2ax,
= 2ax—(n—k)y—2ax;+0n—Kk)y1 =0
Which is the equation of the tangent line at P(xy, y4).
In particular if vertex is at (0, 0) then h = 0, k = 0. Then, the equation of tangent line is:
2ax — (y; —0)y —2ax; + (3, =0)y1 =0 = 2ax—y,y—2ax;+y{ =0
Since (x;,¥; ) lies on the parabola, so y7 = 4ax, and we have:
2ax — y,y — 2ax; + 4ax, =0 = 2ax-—yy+2ax, =0
7.8.3 Equation of Normal Line to the Parabola at a Given Point
As, we know that normal line is perpendicular to the tangent line.
Thus; slope of the normal line is

=1 _bn=k)
alupa of tangent Ilne 2a

Equation of the normal line at point P(xy, y,) is:

Sty —uh t)(I —X)
= 2a(y—y1) —.-(J"I —kB)x=x) = Oh—=Kx—x)+2aly-y)=0
Which is the equation of normal line at point P.
In particular if vertex of the parabola is at (0, 0), the equation of normal becomes:

0h—0E—x)+2aly—y) =0 or y(x—x)+2a(y—y;)=0
Example 17: Find the equations of the tangent and normal to the parabola y? — 6y +8x —=9 =0
at point P(3, 1),
Solution: Equation of parabola is y* — 6y +8x -9 =0
Diff. w. r. t. x, we have:

Zyd—"—ﬁﬂ+8=ﬂ = (Zy—ﬁ)d—"— -8 =2 —=—=—

Slope of tangent line = m =—atl‘-‘ =-— =1

-1-3
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Thus, equation of tangent line at P is:

y-(D=1(x-3) = y+1=‘x—§

= 4y+4=4x-1 = 4x—-4y-5=0

Since normal line is perpendicular to the tangent line, so slope of the normal line is _Tl = -1.
Equation of normal line is:

y—{—1)=—1(x—%) = y+1=-x+%

= 4y+4=—4x+1 = 4x+4y+3=0

Which is the equation of normal line.

10.

11.

12.

Exercise 7.8

Find the points of intersections of the line x — 2y + 3 = 0 and the parabola y* = 8x + 1.

Also find the chord intercepted. Is the chord a focal chord?

For what value(s) of ¢ the'line 2x + 2y — ¢ = 0 never touches or intersects at different

points of the parabola x* —x + 2y + 3 = 0.

Find the value of a so that the line ax — 2y + 3 = 0 is tangent to the parabola:
y2=2y+3x+7=0;a%0

Prove that the line 3x +y — 5 = 0 is tangent to the parabola y? — 2y + 6x — 6 = 0. Also

find the point of contact.

Find the equation of tangent and normal to the parabola 2y? =3y + 11x — 16 = 0 at the

point (1, —1).

- Find the equation of tangent and normal to the parabola x* — 5x + 2y + 6 = 0 at the point

where abscissa is 1. 4
Find the equation of tangent and normal to the parabola y* = 18x at the end points of its
latus rectum.

Let P(at?, 2at,) and Q(at3, 2at;) be any two points on the parabola y? = 4ax, Prove that
the chord joining P and Q is a focal chord if t;t; = —1.

A tangent line is drawn to the parabola at any point P. Prove that the line segment of the
tangent cut off between P and directrix subtends a right angle at the focus.

Prove that tangents at the end points of any focal chord intersect at right angles on the
directrix.

Prove that tangents to the parabola at any point P on the parabola make equal angle with line
joining P and its focus and the line through P parallel to the axis of parabola. ( Reflecting
property of parabola).

Prove that the semi latus rectum is a harmonic mean between the segments of any focal chord.
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7.9 Ellipse , . 5

Itis the set of all the points in the plane such that the sum of the distances F ‘ P
of each point from two fixed points in the plane remains same. The two ‘A
fixed points are known as foci (plural of focus) of the ellipse.

The midpoint of the foci is called the centre of ellipse.

7.9.1 Standard Equation of an Ellipse
Consider an ellipse with centre at origin and the foci on x -axis. Let the foci be F;(—c,0) and

F2(c, 0). Also suppose that sum of the distance of each pint of ellipse from foci is 2a which is

constant.

Take any point P(x, y) on ellipse then by definition of ellipse: . y4
: |PFy| + |PF;| = 2a P(x.y)

=§'1f(x+c)z+(}'—U]E'I'J(x—ﬂ]'z*‘l"(}f—ﬂ}:=2ﬂ ///_m :
AAARAR A LT NG
Squaring both sides, we get:

(x+c)+y*=4a’+((x—c) +y?) —4a/(x —c)? + (y)? v
22+ +2cx+y¥ =40 + P+ 0% - 2cx + y¥ — 4a[(x — 0)2 + y2
=4a./(x—c)?+y’=4a’—4cx = afJ(x—c)2+y?=a®-cx
‘Again, squaring both sides, we have:

a?[(x — c)? + y?] = a* + ¢%x? — 2a%cx
= a?[x? + ¢? — 2cx + ¥?] = a* + c¢%x? — 2a%cx
= a?x? + a®c? — 2a’cx + a’y? = a* + c%x? - 2a%cx
= (@%x® —c%x?) +a’y? =a'—a?’c? = (@?-cDx?+a’y?=a*(@*—c?) (i)
Sincea>c¢c = a’>c¢? = a?—-¢2>0
Let a? — ¢2 = b (say), thus, equation (i) becomes;

Tl ARk o &3S 4
;'x*df i bb T wei e e

ividing sides by a®b*, we have: ey + ~533 = 353

o . i et s P(x.y) g—1 71O
= =+ 77 = 1 is the equation of ellipse in standard form. - 0 »
Note: If we take foci on y-axis i.e. F;(0,—c) and \, -
. 2 2 T,
F, (0, ¢) then equation of ellipse will be: %4 1”__2 -t :
: a

Elements of Ellipse v

2 2
Consider the ellipse =+ =1
Following are its elements.

Foci
The two fixed points Fy(—c, 0) and F;(c,0)
are known as foci of ellipse.




Major Axis

The line which passes through both the foci of ellipse is called major axis of the elhpsc and its
“length is 2a. In this case major axis is x-axis.
Vertices

UNIT-07: CONIC SECTION

The points where the ellipse cuts its major axis are known as the vertices of ellipse. In this case

vertices are A;(—a, 0) and A, (a, 0).

Centre

The mid-point of both the foci (or both the vem::eﬂ] is called the centre of the ellipse. In this case

(0, 0) is the centre of ellipse.

Minor Axis '

The line passing through the centre of the ellipse and perpendicular to the major axis is known
as minor axis of the ellipse. Its length is 2b. In this case y-axis is the minor axis.

Co-Vertices

The points where the ellipse cuts its minor axis are known as co-vertices of the ellipse. In this case

B, (0, —b) and B, (0, b) are co-vertices of the ellipse. Note that the mid point of the co-vertices is
also the centre of ellipse.

"Chord

A line segment with its end points on the ellipse is called chord of the ellipse.
Focal Chord

A chord which passes through any of the foci is called focal chord. e.g., B;B; is focal chord.
Latus Rectum

A focal chord which is perpendicular to the major axis is called latus rectum of the ellipse. There
are two latus rectums (latera recta) of an ellipse through each of the foci. The length of both the
latus rectums is same and is %.
Eccentricity

The eccentricity e of ellipse is E ie,e= E- since ¢ < a thus eccentricity of the ellipse is always
less than 1.
As we know that:

z z ;
b2=a2_c.2 - ﬁ:ﬁ_i = -E-) =1—G)
a

‘Directrices
There are two fixed lines corresponding to each fom lying outside of the ellipse and are
perpendicular to the major axis at a specific distance = = These lines are known as directrices of the

| ellipse. In this case these are the vertical lines and their equations are:

2
a a a
x—:I:;orx—;i;-zorx_ + t
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The table shows summary of the elements of ellipse.

,/-_ _—-'\ 32 m £ 2

T L= W pia=i
Centre - 0(0,0) 0(0,0)
Foci (—c.0) &(c,0) (0,—c) & (0,c)
Major Axis x-axis with equation y = 0 y-axis with equation x = 0
Minor Axis y-axis with equation x = 0 x-axis with equationy = 0
Vertices (—a,0) & (a,0) (0,—a) & (0,a)
Co-Vertices (0,—b) & (0,b) (=b,0) & (b, 0)
Directrices e y=d=

Note: Equation of the ellipse with centre at arbitrary point (h, k) is:

=-h)?  (y-k)? (x-n)? , (y-k)* _
i s v or s o e B

Example 18: Find the equation of an ellipse with foci (—3,0) and (3,0) and the sum of the
distance of any point from the foci is 10.
Solution: Given that foci of the ellipse are F,(—3,0) and F5(3, 0). Take any point P(x, ¥) on the
ellipse, then by definition of ellipse:
|PFy| + |PF;| = 10
2JE+32+ (@ -02+(x=3)2+(y—-0)2=10
=V(x+3)+y*=10-{(x-3)* +y?
Squaring both sides:
(x+3)%+y% =100 + ((x — 3)? + y?) — 20,/(x — 3)? + y2

= P+ 6x+94 =100 +4% — 6x +9+ y* — 20/(x = 3)2 + 2
=20{(x—3)2+y?=100—12x or 5/(x—3)*+y? =25~ Sx
Again, squaring both sides:

25((x — 3)2 + ¥2) = 625 + 9x% — 150x
= 25(x% — 6x + 9 + ¥?) = 625 + 9x2 — 150x
= 25x2 — 150x + 225 + 25y?) = 625 + 9x% — 150x
= 16x2 + 25y2 = 400

Divide both sides by 400, we get the required equation of ellipse as:
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Example 19: Convert the equation of ellipse 4x? + 9y? + 8x — 36y + 4 = 0 in standard form.
Also find its elements and draw the graph.
Solution: Given equation of ellipse is:
4x* +9y* +8x—36y+4=0 = (4x? +8x) + (9y* —36y) = —4
= 4(x% +2x) +9(y? — 4y) = -4
S4x2+2x+1-1]+9y* -4y +4—-4]=—4
24(x+1)?-4+9(y-2)2-36=-4 or 4(x+1)?*+9(y-2)*=36
Dividing both sides by 36, we get:

3 -2 z _ 92
{r;:l] +[_v42} = o {x;zl} +brzzz} i
Which is the standard form of the equation of ellipse.
Letting x + 1 = X and y — 2 = Y, the equation becomes:

X* y?
§+'2—2=1

Its major axis is along x-axis. Hencea = 3 and b = 2.
Now we find its elements.

Centre: As the centre of ellipse is (0, 0), therefore (X,Y) = (0,0)

=X=0 Y=0
=x+1=0 y—=2=0
=x=-1 y=2

Thus, the centre of ellipse is at (—1, 2).

Foci: As we know that ¢ = +Va? — b? hence for the given equation ¢ = +V/9—4 = +V/5
therefore foci are Fy(—c,0) = (—V5,0) and F;(—c,0) = (=V/5,0).

Major Axis: As major axis of ellipse is along x-axis hence its equation is ¥ =0
=>y=—2=0 = y = 2 is equation of major axis.

Minor Axis: Equation of minoraxisis X =0 =x+1=0 =x=-1

Vertices: The vertices of given ellipse are (—a,0) = (—3,0) and (a,0) = (3,0).

Co-Vertices: Co-vertices of given ellipse are (0,—b) = (0,=2) and (0, b) = (0, 2).

Directrices: The equation of directrices is X = :l:ﬂ—cz iex+1= :l:%

-_ﬂ:i_l_?-v’i_-a-u"s‘
MEETE - B
r_-?ﬂf—_ﬂ ) 9% & Minor axis ,,_9""'3
[ a B
3% B,(02) 4

The graph is shown in the
adjoining figure.

A

0
- g
Ay (=3, 0N_F,(=V5,0) + F,{JE,{}} A(3,0) |Major axis
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1. Find the centre, vertices, co-vertices, foci, eccentricity, length and equation of major axis,
length and equation of minor axis, directrices, and length of latus rectums for the following
equations of ellipse. Also draw the ellipse in each case

M I+l=1 ) 2x2+3y2=30
Gi) S40= (iv)  x?+9y% +6x — 90y + 225 = 0

(v)  16x* +9y2—32x +36y—92 =10
2. From the given information, find the equation of ellipse in each of the following.
(i)  Vertices (—4,6), (—16,6) and co-vertices (—10, 2), (=10, 10)
(ii) Centre at (—8,5); vertex (=8, 15); Focus (8,5 + V5)
(iii) Eccentricity is *ﬂ centre (~5,5); co-vertex (~8, 5)
(iv) Eccentricity is > and passes through the point {3 1) with centre at (0, 0);
major axis a]ung y-axis.
(v) Focus at (3,4); directrix x = 5 and ecc:nmclty -

(vi) Centre at (1, ~1); horizontal tangents are y = 7 am:l ¥ = —9-and vertical tangents are
x=6and x = -4,

(vii) Length of latus rectum is 4; cncnm at (0, 0) and eccentricity 15 ; major axis along y-axis.
(viii) Centre at (1,1); eccentricity i is ¢ 2 and one of the directricesisx = 5,

3. Find the coordinates of the vertices and co-vertices of the following ellipse by differentiating
both sides of equations and solving for horizontal and vertical tangent lines

() 20%+3y?+2c-3y-5=0 (i) S o,y
(i) X2 +3y2+x—y=5=0  (iv) x*+2y?—6xr—4=0

7.10 Equation of Tangent and Normal to Ellipse
7.10.1 Condition of Tangency

Consider the ellipse {x M + [’;:Jz =1 - (1)
and the line _v mx +c (2)

on solving (1) and (2) simultaneously we will get the common points, from (2) put the value of y
in equation (1)

(x—h)? (mx+c- .l-:]2

R b a5 :

b%(x — h)? + a?(mx + ¢ — k)? = a2h?

b*(x? — 2hx + h?) + a*{m2x% + 2m(c — k) + (c — k)?} = a?b?

(0% + a?m®)x? + (=2b2h + 2a*m(c - k))x + b%h? + a?(c — k)? — a?b? = 0
which is quadratic equation in x.

]
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If' Disc > 0 then equation will have two distinct real roots so, line will cut the elllpse attwo different
points. . - s

If Disc < 0 then equation will have no real roots, i.e. there is no common point.

If Disc = 0 then equation will have one real root i.e. there is only one common point. Thus line
will be tangent to the ellipse if Disc = 0.

= {—2b%h + 2a’m(c — k)}* — 4(b? + a*m?) [b*h? + a%(c — k)? — a?b?] = 0
= 4{=b*h + a’m(c — k)}* — 4(b* + a*m?)[b?h? + a?(c — k)* — a?b?] =0
= P2 + a*}a&{ k)? — 2a?b2hm(c — k) — p3E — a2b*(c — k)? + a?b* — a?b?m?h?
— a*b*m?h? - a*mP(e= k)® - a*b*m* =0
Taking common —a?b?
—a*b?[2hm(c— k) + (c = k)? = B> + m?h* + a®m?] = 0
= 2hm(c—k)+(c—k):—b>+m?*(a*+h?) =0
= b? = 2hm(c - k) + (c — k)* + m*(a® + h?)
is the condition for the line to be tangent to the ellipse. In particular when centre of the ellipse is
at (0,0) then h = 0 and k = 0. In this case the condition reduces to
b? = 2(0)m(c — 0) + (c — 0)? + m*(a® + 0)
= b? = ¢? + m*a®
= r:2 b* — m?a®
= ¢ = Vb%Z — m?a? provided that b*> = m?a® = 0
Put value in equation (2)
y = mx + Vb?* —m?a?
Are the equations of the tangents to the elllpsc -I- — = 1 in the slope form.
Example 20: Find the equations of the tangent to the ellipse % + :—: = 1 with slope %
Solution: Equation of the ellipse is 2 +2 = 1.

Here a? = 2; b? = 16and given thatm =,

Equations of the tangent to ellipse are y = mx £ VbZ —m?a?
Putting the values; we have:

y=txt fiﬁ—%(z) > y=1x4+2 = 2y=xiV6&2
are the required equations of the tangent lincs.

Example 21: prove that the line V3x -2y +8=0is tangent to the elhpsc — + —=1.
Solution:

Equation of line is \F 3x — zy +8=0 )
and equation of ellipse 1 is — + —=1

X +4l'_‘}r =16 (2)




From equation (1) 2y=+3x+8=y=

Put in equation (2)

2
3x+8\ -
x2+4(rz ) =16

3x2 + 16v/3x + 64
=>x‘+4(x 2 T—x )=16
= x2 4+ 3x% + 16V3x + 64 = 16
= 4x? +16V3x +48 =0
Dividing both sides by 4
=x2+4/3x+12=0
Taking its discriminant
= Disc.= (4V3)" - 4(1)(12) = 48 — 48
=> Disc.= 0 this shows that line is tangent to the ellipse.

7.11 Equations of Tangent and Normal to an Ellipse at a Given Point
Consider the equation of ellipse

=N O =k)
R :
= b*(x — h)? + a*(y — k)? = a?b? (1)

Let P(xy, y;) be any point on this ellipse. Differentiating equation (1) w.r. t. x

= 2b%*(x—h) + Za’(y—k)% =0
dy  b*(x—h)
: =&~ T@G-B
At point P(xy,y,)
dy b (x;-h)
R )
is the slope of the tangent line at point P(xy, y,). Thus, equation of tangent line at this point P is
b2 (x, —
ye=yi= -;%1—-_—%(«! —-)
= a’(y1 =) = y1) = —b*(x; — W) (x — xy)
= b¥(x; —h)(x—h+h-x)+a*( -y —k+k—y,)=0
= b*(x; — W) (x - h) = (x; - )]+ a?(n =Ky =k) = On = K)] =0 '
= b2(xy = h)(x = h) = b (x; = B)?* + @*(3, = k)(y = k) = a* (3 — k) = 0
= b*(x, — h)(x = h) + a®(y, = K)(y = k) = b*(x, — h)? + a?(y; — k)?

|
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Since, the point P lies on the ellipse, thus from equation (1) we have
b%(x; — h)? + a?(y, — k)? = a®b?
= b*(xy — h)(x — h) + a®(y, — k)(y — k) = a?h?
Dividing both sides by a?b?
L G-hGE-h 01-Ro-k) _
a? b2
is the required equation of the tangent line.
In particular case if the centre of the ellipse lies at origin, then h = 0, k = 0. In this case equation

1

of tangent is
= + 52 =1
xx Y1y .
C i |

7.11.1 Equation of Normal

As the normal line is perpendicular to the tangent line thus,
-1
slope of tangent line
~1 _a’(0n—k)

B (x—h) bi(x,-h)
EI . e k
Thus, equation of normal line at point P is
a*(y; — k)

y—n =m&'3€1)

= b%(x; — h)(y = y1) = a®(y1 — k) (x — x1)

= a’(y, —k)(x—x,) — b?*(x; —h)(y —y1) =0
is the equation of the normal line.
In particular if the centre of the ellipse is at origin, then h = 0 and k = 0. So, equation of normal
becomes

slope of the normal line =

a?(yy — 0)(x —x) = b*(x, —0)(y —y1) =0
= a?y, (x = x,) = b*x; (y —y) =0
Example 22: Find the equations of tangent and normal to the ellipse x2+2y:—2x+4y=0at
point P(0,0).
Solution:
Equation of ellipse is x? + 2y? —2x + 4y = 0
Differentiating w.r. t. x

d d
zx+4}-ay-2+4£-=u

d
= (4y+4)-&%=-—(23—2}
dy 2x-2_  x-1
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| At point (0,0)

| gy U=1 1
| dx — 2(0)+2 2 :

is the slope of the tangent line at P(0,0). Thus, equation of tangent line is

Y=y =m(x—x;)

1
==-}r—ﬂ=-(x—u}=a2y=x =ce-idy =0

Now slope of the normal line is — — Thus equation of normal line at point P(ﬂ 0) is

| y— ﬂ——Z(:r-ﬂ]=a~y'*—zx o
| 2x+y=0
. Alternatively
Equation of ellipse is x® + 2y? — 2x + 4y = 0, convert it into standard form, i.e.:
(x2=-2x)+2(y*+2y)=0
=@ -2x+1-1D+202+2y+1-1)=0
=[(x—=1)2-1]+2[(y+1)*-1]=0
=x-1)%-1+2(y+1)2-2=0
= x-1)2+2(y+1)2=3

Dividing both sides by 3
— 12 2
o (x 3l}l 2(y + 1)
(x-1 (- ('*1))2
=4 3 + 3/2 =1
Comparﬂtw:thstnndardequauunu = +b' =8 . Lh=1;k=-1;a%=3;b*> = 3/2
Equation nftangent line is
(@ —R&x=h)  Gi—k-k
2 3 2 =1
a b
Putting the values
3 (0—1)(x - 1) 0-(-D)y—(-1) =3
3 3/2
-x+1 1
< = ch +2(y?:|- )=1=¢—x+1+2y+2=3=}—x+2y=ﬂ
_ =x—-2y=0
And the equation of normal line is ;
a?(yy = k)(x —x;) = b?*(x; —h)(y —y,) =0
Putting the values

=3(0-(-1))(x-0)-3/2(0-1)(y-0) =0
=3x+3y=0
= 2x +y = 0, is the equation of normal line,
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1. Find the points of intersection of the line and ellipse and also find the length of chord
intercepted x —y+1=0;x* + 2y®*+3x—7y-11=0,

2. Find the value of m so that the line 5x +y — 20 = 0,m # 0 touches the ellipse
xT= + y?z = 1. Also find the point where it touches the ellipse.

3. Find the equation of tangent to the ellipse x? + 2y? — 3x + 5y — 3 = 0 with slope 1.

4. Find the equations of tangent to the ellipse 3x* + 4y® = 12 which are perpendicular to the
liney+ 2x = 4.

5. Find the equations of the tangent and normal to the ellipse 2x? + 3y? —5x — 10y +5 =0
at the point (3,2).

6. Find the equations of the tangents anid normal to the ellipse 15x% + 6y —8x —=5y +2 =10
at the point with ordinate %

7. Prove that tangent at any point to the ellipse make equal angles with the line joining the
point with the foci (reflecting property of ellipse).

7.12 Hyperbola

It is the set of all points in a plane such that the difference of the distances of each point from
two fixed points in the plane is same. The two fixed points are known as foci of the hyperbola.
The midpoint of foci is known centre of the hyperbola.

7.12.1 Standard Form of the Equation of Hyperbola
Consider a hyperbola with centre at &
origin and foci on x — axis. Let the
foci be F;(—c, 0) and F;(c, 0) and the
difference of the distances of each
point from the foci is 2a.

a(—a.0]

Take any points P(x,y) on hyperbolathen =~ A(-<0)
by the definition of the hyperbola

I'PFll — IPF?_I = 2a

=2Jax+0)2+@-02-Jx-c)2+(@-02=2a

= Jx+c)2+y?=2a+/(x-c)?+y?
squaring both sides

(x+ )2 +y? = 4a? + 4af(x— )2 + ()2 + (x - €)* + %)
= X% + F 4+ 2cx + Y% = 4a? + 4a[(x — O)F + Y2 +A2 +.2 — 2cx + ¥F




= 4a,/(x — c)? + y? = 4cx — 4a®

= aJ(x —c)? +y? = cx — a?

Again, squaring both sides

a?[(x — ¢)? + ¥*] = c*x* + a* — 2a®cx

= a?[x? + ¢ — 2cx + y?] = c¢*x? + a* — 2a’%cx

= a’x? + a?c? —,Zﬁzcx +a?y? = c?x? + a* - pdlcx
= (c2x? — a?x?) — az},z g . S il
=5 (cz o az]xz o azj,z i az(cz s RZ)

sincec>a= c¢?>a? _ \Eglﬁ/

= ct—-a*>0

< —»
Letc? —a? = b2 0(0,0) x — axis
Therefore b%x? — a?y? = a?b? /_m
Dividing both sides by a?b?, we have: v
2 2

5 8-
is the standard form of the equation of hyperbola. Similarly, if we take the foci on y — axis the
equation of hyperbola will be

},2 x!

@
Elements of Hﬂurlmln

Z

Consider the hyperbola ;; "F =1
Foci
The two fixed points Fy(—c, 0) and F;(c, 0) are the foci of the hyperbola.
Centre

The midpoint of both the foci is called the centre of the hyperbola.

Focal Axis or Transverse Axis or Real Axis

The line which passes through both the foci of hyperbola is called the focal axis. In this case
x-axis is the focal axis with equation y = 0 and its length is 2a.

Conjugate Axis or Imaginary Axis

The line passing through the centre of the hyperbola and perpendicular to its focal axis is known
as conjugate axis or imaginary axis. In this case y-axis is conjugate axis and its equation is x = 0.
The length of conjugate axis is 2b.




Vertices

The points where the hyperbola cuts its focal axis are known as the vertices of the hyperbola. In

this case A;(—a, 0) and A, (a, 0) are vertices of the hyperbola. Note that the mid point of the
vertices is the centre of the hyperbola.

Co-Vertices 3

The points (0, —b) and (0, b) lying on the conjugate axis and equidistant from the centre are

known as co-vertices of the hyperbola.

Focal Length

The distance between the two foci is called focal length and its value is 2c. e
Chord '

A line segment with both end points on the same branch of hyperbola is called chord of the i
hyperbola.

Focal Chord

A chord of hyperbola which passes through the focus of the hyperbola is called focal chord.

Latus Rectum

The focal chord which is perpendicular to the focal axis is called latus rectum. There are two latus

2
rectums one through each of the foci. The length of each latus rectum is 2.

Eccentricity
The eccentricity of hyperbola is e = E since ¢ > a thus eccentricity of the hyperbola is always
greater than 1.

The equation of hyperbola with centre at (h, k) when the axis of symmetry remains parallel to the
coordinate axis is:

O-k? _ (x-m? _

o) A e P

a? b2 a? b2
The table shows the summary of elements of hyperbola.
Sketch and y —axis
Equation B,(0,b)
» s A X — axis

B, (0,-R)

=1
Centre 0(0,0) 0(0,0)
Foci (—c,0) & (c, 0) (0,—¢) &(0,c)
Vertices A,(—a,0) & A,(a,0) A,(0,—a) & A;(0,a)
Co-Vertices B, (0, —b) & B,(0,b) By (—b,0) & B(b,0)




s T
| Focal Axis x-axis with equation y = 0 y-axis with equation x = 0
i:?ug y-axis with equation x = 0 x-axis with equation y = 0
s
ici c c
| Eccentricity e g
| a a
, . -
| Directrices gl e L e
x iﬂﬂrx :te y :i:aﬂr.? :I:e
; I.-al“s b! bz
| : Rictin length of latus rectum 2 - length of latus rectum 2 =
i Example 23: Convert the equation of hyperbola 4x? — 9y? — 16x — 18y — 29 = 0 into

standard form and find its elements.
Solution: Given equation is:

| 4x? - 9y? — 16x — 18y — 29 = 0

‘ = 4(x? — 4x) —9(y2 + 2y) = 29

| S 4x*—4x+4-9H-92+2y+1-1)=29
24(x-2)2—-4]-9[(y+1)*-1]=29 =24(x—-2)2-16—-9(y+1)2+9=29
=24(x-2)-9(y+1)* =36
Dividing both sides by 36:

| (x=2)?  (y+1)?

9 4
is the standard form of the equation of the hyperbola.

=1

Letx—21=Xandy+1=Y

= (4x% — 16x) — (9y% + 18y) = 29

(x=2)* (y+1)* _
or v ) =1

. X .y

the equation reduces to D= ;

Centre: Centre of hyperbola is at (0, 0). i.e., (X,Y) = (0,0)
=2X=0 Y=0
=2x-2=0 y+1=0
>x=2 y=-1

Therefore, (2,—1) is the centre of hyperbola.
Vertices: The vertices of given hyperbola are (+a,0) i.e. (X,Y) = (+a,0)

=X=+a
=2x=-2=4%3
>x=43+2
=2x=5x=-1

.Hence vertices are (=1, —1) and (5, —1).
Covertices: Covertices hyperbola are (0, +b) i.e. (X,Y) = (0, b)

=»X=0
=2x—-2=0
=x=2

Thus, covertices are (2, —3) and (2,1).

Y=0
y+1=0
i =]

=2Y=4+b
=y+1=42
=2y==-11+2
2y==-3,x=1
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Foci: Foci of the hyperbola are (£c,0) i.e. (X,Y) = (£c,0)

=>X=%c =2Y=0
=2x-2=%c =y+1=0 x
=2x=2%xc =y=-1

As we know that b? = ¢? — @
=222=¢2-32 =,2=13 =c=+13
Thus, x=2+VI3 andy =1
= (2 4 V13, —1) are foci of the hyperbola.
Eccentricity: Eccentricity of the hyperbola is e = < = Y22
Focal Axis: Equation of focal axisis Y = 0 = y + 1 = 0 and the length of focal axis is
2a = 2(3) = 6 units .
Conjugate Axis: Equation of conjugate axis is X = 0 = x — 2 = 0 and the length of conjugate
axis is 2b = 2(2) = 4 units.
Directrices: The equation of directrices of hyperbola are X = +<
Sx—2= ;|;— =3 :|:—
Latus Rectum: Thalcngthufﬁach latus rectum of hyperbola is 2— = 2--= —umts
Example 24: Find the equation of hyperbola with centre at (2,4) ami the Iengr.h of semi transverse
and conjugate axis are 3 and 5 units respectively. Also, the transverse axis is parallel to x — axis

Solution: Given that centre of the hyperbola is at (2,4) and length of semi transverse and
conjugate axis are 3 and 5 respectively. Soa =3 and b =5

Since transverse axis is parallel ) axis
to x-axis, so equation of 3
hyperbola is:
(x—h? (y—k)?

a? 7

2.4
Putting the values we have
—2)2 —4)2 >
Fxgzﬂ (?524] i - / 0(0,0) \ x — axis
(x—2)2 {y—&)z S ¥
9 25

Example 25: Find the equation of hyperbola with centre at (0, 2) and it passes through the points
(1,1) and (4, 7).

Solution: Let the equation of hyperbola be

=

(x u}? _ -K)?

= 1.

bi
Given that centre is at (0, 2) thus equation is
-0 2 _2}2 52 @_2]2
e - =1 (1
Given that it passes through the point (1.1); so from Eq (1)
r_a-2¥ ; : I _—
a? b? a? b2




A

Also, it passes through the point (4,7), so from Eq (1)

42 (7-2)?
o
16 25
=-5=1 T - |
Multiply Eq (2) by 16 and then subtract Eq (3) from it
1 —E=16 »»  putting the values in Eq (1)
. a sz : v x* y? h
625 ! 79\ 79y
= i | (@) (B
" 1
12=15 i or ‘
b i
g 2 2z
b? = 2 put in Eq (2) Pt R
iy W, : R
N i
e ; is the required Equation of hyperbola.
= - 15 I
@ g Spsirg :
I
12t - )
g Jaa g o o

Example 26: Find the equation of hyperbola with centre at origin with eccentricity gand length

of its latus rectum is 3.
Solution:
Let the equation of hyperbola be
E-h=1 s} i
¥ ¥
: s ¥ _ =Tl
= Given that e _;mz;—— 3 weee(2) :_:) (%) ;

or
a8t Bt

36 9
is the equation of hyperbola

4 3 a
Since ¢ = ae =:-c=a(5)=?

2
. 3
also b2 =ct-al= ?“ —a?

=——g*t=— : esonsaiifd)

5 4 25

e et el e L L |y pp——

302 -




L R i BN UNIT-07: CONIC SECTION B it s

Example 27: Find the equation of hyperbola in the standard form with centre at origin and
eccentricity %; also, length of its semi conjugate axis is 3, which is along y — axis.

Solution:

Let the equation of hyperbola be **  put the value of b

x?  y? 32=3a2 =a2=ﬂ
ot ;S —- (1) u 7

4 put the values of a® and b? in Eq (1)
Given thate = zand b = 3

X2yt 7% »y* &
L bt = CE - at = (ae)z o az — HI(EE s 1) (H_._;') 32 81 9

ws g FLE e X
_a(e 1) e o-

Example 28: Find the equation of hyperbola with centre at origin and eccentricity V3. Its one
focus is (3,0) and the directrix is x = 1.

is the required equation of hyperbola

Solution: As the ¥ coordinate of focus is zero; so its transverse axis is along x- axis. Equation
of directrixisx=1orx—-1=0.
Take any point P(x, ¥) on the hyperbola then by definition

distance of point from focus

= - . N 2§
-distance of point from line

distance of point P from focus = /(x = 3)* + (y — 0)?

=Jx2—6x+9+yt=Jx*+y?—6x+9

distance of point from directrix= ﬂ:'.:% = |x—1|
putting values in Eq (1)
Jxi+y?—-6x+9
= lx — 1
=>V3lx -1 =yx2 +y?—6x+9 Alternate Method
squaring both sides Given that e = V3 and focus is (3,0) = ¢ =3 .

3(x—-1)2=x*+y*—6x+9
3x2 —6x+3=x*+y*—-6x+9
=22 —y? =

sae=3 sav3i=32a=V3=a’=3
also b? = ¢? — a?

2
2=32_-(y3) =9-3=6
Dividing both sides by 6 =b ( 3
¥ putting values in= — 3= =1
376" i

£ 2 = 1 s the requi ation of hyperbola.
; T ¢ required squation o
is the required equation of hyperbola 3 6 115 4 P
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| I Eacrcise 7.8 o s e e )

|
|
I. Find the centre, vertices, co-vertices, foci, eccentricity, length and equation of transverse
axis, length and equation of conjugate axis, directrices and length pf latus rectums for the
| given equations of hyperbola. Also sketch the hyperbola in each case.
|

() O ) Y

| @ 36 81
g is -10)? (x-1)?
| (1) (.vmj i

(iii) —16x2+9y*+32x+ 144y —16=10

(iv) x*—4y?+2x—40y—135=0
2. From the given information find the equation of hyperbola in each of the following.
(i) + Vertices: (8,14), (8, —10); conjugate axis of length 6 units.
i

| (i) Verices (-22),(~16,5) and end points of conjugate axis are
(-23):(-2-3)
(iii)  Vertices are (=5,1), (—5, —7) and foci are (=5, =3 + v97), (-5, -3 — V97).
(iv)  Foci are (8 -5+ V53),(8,—5—V53) and end points of conjugate axis are
(15,5); (1, —5).
(v)  Vertices are (0, 9), (0,—9) and passes through the point (8,15).
(vi)  Eccentricity is ;; centre at (1, 1) and passes through (=7, 2), focal axis is horizontal.
(vii) Focus (5,3); directrix y = =2 and eccentricity ;
- (viii) Centre at (0,0); length of latus rectum is 5, eccentricity %: conjugate axis along
x -axis.

3. Find the vertices of the following hyperbolas by differentiating the given equation and
solving for horizontal/vertical tangent lines.

12 .
@ -y

us (y=1)* (x+1)* _
(i1) RS el

(iii) 5x%2—5y?+25x—5y+20=0
(iv) —x2+4+y?—10x—-4y—28=0




7.13 Equation of Tangent and Normal to a Hyperbola

: i _hi —I2
Funsldcr the hyperbola (xﬂz) - U'h:} I e« (1)
and the line y=mx + ¢

on solving Eqgs (1) and (2) simultaneously we wil get the points of intersections of the line and
hyperbola; for this use Eq (2) in (1)
(x=h)? _ (mx+c=k)? _ 1

a? b
= b%(x — h)? — a?(mx + (c — k))? = a®b?
= b2x2 — 2b%hx + b2h? — a®m?x? = 2a*m(c — k)x —a*(c — k)* — a’b? =0
= (b? — a?m?)x? — 2(b%h + a?m(c — k))x + (b*h? — a*(c — k)? — a®b*) =0
which is quadratic equation in ‘x’.

If discriminant of this equation is greater than zero or positive the equation will have two distinct
values of x so line will cut the hyperbola at two distinct points. If discriminant of this equation is
negative then the roots of the equation will be imaginary i.e. there is no point of intersection and if
value of discriminant is zero then equation has repeated roots i.e. there is only one point of

intersection. In this case the line will be tangent to the hyperbola, so condition for the line to be
tangent to hyperbola s

Disc =0
= (2(b%h + a*m(c - m}u)2 — 4(b? — a®m?)(b*h? — a?b? — a*(c — k)?) = 0

= 4(b%h + a*m(c — k)" — 4(b? — a?m?)(b*h% — a?b? — a*(c — k)*) = 0

Dividing both sides by ‘4’

(b2h + a?m(c — k)" = (b% — a?m?)(b?h? — a?b? — a*(c —k)*) = O

= ph? + at*(c - k)2 + 2a*b*mh(c — k)* - PFh? + a?b* + a?b?(c — k)* + a®b*m?h? —
a*b?m? — a*yf*(c—k)* =0

= a?b2[2mh(c — k)? + b? + (c — k)* + m*h? — a*m?] =0

Dividing both sides by a?b?

= (2mh + 1)(c = k)? + b? + m*h? — a*m? =0

is condition for tangency.

In particular when centre of the hyperbola is at (0,0); then h = 0, k=0;

In this case condition of tangency is

(2m(0) + 1)(c — 0)? + b? + m?(0)? — a’m? = 0

c2+bt=—a*m?=0

c? = a?*m? - b?

from here we have ¢ = +Va?m? — b? provided that atm?—b* = 0.

Putiny=mx+¢
y = mx + v a?m? — b? -‘

are the equations of the tangents to the hyperbola with slope m.

e —
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2 2
Example 29: Find the equations of tangents to the hyperbola % —Z = 1 with slope g

2
Solution:

; o W Ak
Equation of hyperbola is T~ ==l
here a? = 3; b? = 2 and the slope is given to be gi.e.m=
Equation of tangents to the hyperbola are

Wi~

y = mx ++a?m? — b2
. put the values
Zex [3(2) -2
==X —_— —
. g 3
7
y=3% :I: \-‘12 or 3y = 7x + V129 are the required equations of the tangent lines.
Example 30: Check whether the line x — y — 1 = 0 is the tangent to the hyperbolaf;— ’-"; =1
Solution: '
The equation of hyperbola is i;— - !;* =1 or 3x2 —4y?2 =12 OB i .

Equation of lineisx —y—-1=0

=y =x—1putinEq(l)

=23x?-4(x-1) =12 = 3x% —4x? + 8x — 4 =12

or =x2—8x+16=0

compute its discriminant 5%

Disc = (—8)2 — 4(1)(16) =64 —64 =0

this shows that the line is tangent to the hyperbola.

7.14 Equation of Tangent and Normal to the lfyperliuln at a Given Point

Consider the hyperbola )R 1 and point P(x,, ¥;) be any point on the hyperbola.

a? b
Equation of hyperbola may be written as
P2(x—h)?:—a?*(y—k)2=a?b? i n
- Differentiate w.r.t. ‘x* -
dy _ b% rx—h
2 —h 2 2 __,_ (
2b [.1' } a (}' k) 0 T dx a2 y — k
at point P(xy, y;)
= % = b— ) is the slope of the tangent line. So, equation of the tangent line is
b!

y== p (J' k) (x —x) :
= a*( = k)(y — y1) = b?¥(x, — ﬁ){x-xij

_——
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= b(x; — h)x — a*(yy — k)y = b*(x, — h)x; + a*(; —K)y1 =0 .o (2)

Since the point P(x;, y;) lies on the hyperbola so from Eq (1) : '

b2(x, — h)? — a®(y, — k)? = a®b®

= b(x, = h)(x, = h) = a*(yy — k)(» — k) = a?b?

= b2x,(x; — h) = b*h(x; — h) — a®>y,(y; — k) + a?k(y, — k) = a*b?

= —b2x,(x; — h) — a®y,(y; — k) = a®k(y, — k) — b?h(x, — h) — a®b?

put in Eq (2)

b%(x; — h)x — a®(y, — k)y + a®k(y, — k) — b*h(x, — h) — a’b? =0

is equation of tangent line at point P(xy,y,).

In particular if centre of the hyperbola is at (0,0) then h = 0,k = 0 so equation of tangent line
reduces to ‘
b%(x, — 0)x — a%(y, — 0)y + a?(0)(y; — 0) — b2(0)(x; — 0) — a?h®* =0

= bxyx — a*y,;y —a?b?* = 0

or

b%x,x — a%y,y = a?b? dividing both sides by a®b?
xx_yy

a?  b?

Now we find the equation of the normal line.
Since normal line is perpendicular to tangent line, thus

1
slope of normal line = — slope of tangent line
__@0-k
ﬂ;@ TP B
yi=k
the equation of the normal line at point P is
a’(y; — k)

y—h= m(x x;)
= b%(x; — h)(y — y1) = —a?(y; — k)(x — x,)

or

@® = k) (x—x,) + b*(x; =) (y —y1) =0

is equation of normal line.

In particular if centre of the hyperbola is at (0,0) then h = 0,k = 0 so equation of normal line in
this case is

a?(yy = 0)(x = x1) + b*(x; — )y — 1) =0

= aly(x—x) + b*x;(y =) =0

= a’y,x — a’x,y; + b%xyy — b*x,y, = 0

= a?y,x + blx,y — (a® + b%)x,y, =0
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Example 31: Find the equation of tangent and normal to the hyperbola 4x* — 9y? — 16x —
18y — 29 = 0 at the point (5,—1).
Solution:, Equation of the hyperbola is 4x? — 9y — 16x — 18y =29 =0

Differentiating w.r.t. ‘x’

dy d
Hx—iﬂya—lﬁ 1a—y=
dy 8(x-2) 4(x-2)
=’_13("+1)E+B("_2J=“ Tdx 18 +1) 9y +1)
' at point (5,—1)
- AL S SR

dx  9(=1+1)
it means tangent line is vertical; so its equation is x = constant
=x=50x-5=0
A g

= =10
Slope of tangent line co

Slope of normal line = —

it means normal line is horizontal; so its equation is y = constant
=y==lory+1=0

I ATNE-rressse——

1. Find the length of chord intercepted by the line 2x + y — 1 = 0 and the hyperbola
2x2 -3y + 7Tx —4y +13 = 0.

2. Find the value of m so that the line 3x + 4y + m = 0 is tangent to the hyperbola
x2—y2—Tx—-2y+13=0. _

3. Find the equation of tangent to the hyperbola x2 — 2y? + 4x — 6y + 11 = 0 which is
parallel to the line 4x — 8y + 7 = 0.

4. Find the equations of tangent to the hyperbola 2x? — 4y2 + 6x — 8y — 7 = 0 which is
perpendicular to the line x + 2y + 5 = 0. Also find the point of tangency.

5. Find the equations of the tangent and normal to the hyperbola
6x% — 6y% = 14x + 21y — 5 = 0 at the point (2, 3).

2
6. Find the equations of the tangents and normal to the hyperbol ( ( } 1at

-|-I] '?2
the point whose ordinate is 3 and abscissa is an integer.
7. Prove that the tangent at any point on the hyperbola makes equal angles with the lines
joining the point with the foci of the hyperbola.

8. The line 12x — 5V11 — 50 = 0 is tangent to the h}rperbnia = =X = 1. Find the point

where the tangent line intersects the focal axis of hyperbola. A.Isu f' nd the ratio in which
this point of intersection divides the distance between the foci.

-




7.15 Application of Conic Sections

Conic sections are counted as one of the prominent topics in Geometry and possess numerous
applications in science and technology, including astronomy, optics, and even architecture. Here we
are discussing some of them. .
Example 32: A train track is 8ft wide and goes through a semi-circular tunnel of radius 13ft.
How high is the tunnel at edge of the track?
Solution:

Let the centre of the tunnel be at origin.

Given that radius of tunnel is 13ft. So equation of
the circle is (x — 0)% + (y — 0)% = 132
>x2+y2=169 = ... (1)

The track is 8ft wide. Let h ft be the height

of the tunnel at the edges of the track so
coordinates of the A are (—4, h) and B are

(4, h). 0(0,0) _ 13fc
Since the point B(4.,0) (also the point A(—4,0))

lies on the circle, so from Eq (1)

4% + h* = 169

=»>h?=169-16 =h?=153 or h=+v153

Example 33: The cable of a suspension bridge hangs in a shape of parabola. The tower supporting
the cable are 200t apart and 100t in height. If the lowest point of the cable is 20ft above the
bridge at its mid point. How high is the cable from either tower at a distance of 40ft horizontally?
Solution: A(—100,100) A(100,100)

The vertex of the parabola is (0, 30) and it opens__//
upwards, so equation of parabola is:

(x — h)? = 4a(y — k) 1004t
» .
(x — 0)? = 4a(y —30) o
= x? = 4a(y — 30) ) < 200ft -

The coordinates of the point A are (—100,100) and B are (100,100). As the point B(100,100)
(also, the point A(—100,100)) lies on parabola

So, from Eq (1)

(100) = 4a(100 — 30)

= 10000 = 280a = a =22 =222
Put in Eq (1).
=>x2=4(%)(y—3u) = x? _=%E(y-_30) - (2)




e
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The point which is at a distance of 40 ft from tower is at a distance of 100 — 40 = 60ft I‘Inm
origin. Let h be the height of the cable at this point C.
The coordinates of E are (60, h) and the point lies on the parabola, so from Eq (2):

1000

(60)*=——(h - 30)
1000 :
= (h-30)=3600x——=252 =h=230+252=552ft

7.16 Use of Conic Section

Example 34: The head light of an automobile is in the shape of parabola. The bulb is placed at
the focus which is 2 inch from its vertex. The depth of the head light is 3inr:hes What is the
width of the head light at its opening? ,

Solution: i‘“‘-’
Consider the vertex of the
parabola is at origin and it opens on
the right side. Given that focus is at
_ 2inches from the vertex; so
(a,0).=(2,0) a=2

As we know equation of this parabola i 0(0,0)
is ¥? = 4ax so in this case

y: = Bx s D)

Let ‘w’ be the width of the parabola, so
coordinates of the points A and B are
A(3,—3) and B(3,).

Since the point B(3,) (also point A(3,~3))

lies on the parabola, so from Eq (1)
L:.= 8(3) = w =48 inches

Example 35: According to Kepler's law planets have elliptical orbits with Sun at one of the foci.
If the longest distance of the planet from the sun is 4.4 billion km then write the equation of the
orbit of the planet taking its centre at origin. A
Solution:

Consider the ellipse with centre at origin
andltsma_]uraxis is along x — axis. Thus, its

nquatmn:s-—+——l s k1)

Let the Sun be at its focus F;. The planet will
be at maximum distance from Sun when it is
at Azand its distance from Sun is minimum J
when it is at 4;.

o r'm%iﬂm;




Given that |F,4,] =74 =2a+c=74..(2)
ﬂﬂdIF1A1I=4.4 m‘ﬂ—lﬂ=4.4 ' ...{3}
Adding Eq (2) and Eq (3)
2a=118 =a=59
Subtract Eq (3) from Eq (2)
2c=3 =c=15
since b? = a® — ¢? = (5.9)* — (1. 5)2 = p®=3256 =>b=57
put the value in Eq (1)
x2 y?
+
(5.9)*  (5.7)?
Which is the required equation of the orbit. ' R

=1

Example 36: Cross section of a nuclear cooling tower is in the shape of hyperbola with equation

z 2
3%,- - f;; = 1. The tower is 150m tall and the distance from the top of the tower to the centre of

hyperbola is half the distance from the base of the tower to the centre of hyperbola. Find the
diameter of the top and the base of the tower.

Solution: : A y—axis
Equation of' the hyperbola is

— - == s CE)

Let r; and 1, be the radii of the top and the

base of the tower.
Given that

|0Al = 2|0B| = 2|04| = |0B|
also = |0A| + |0B| = |AB|
= |0A| + 2|04| = 150 = |0A| = 50 150
|0B| = 2|0A| = 2(50) = 100
= |0B| = 100
Thus, coordinates of the points P and Q are
(r1,50) and (1, —100). Since the point l B ' !
P(ry,50) lies on the hyperbola so from ¥ Q(r:.~100)
Eq (1)
n?  (50)°
302 44%7

Q00 442 Wﬂ‘ ‘

rj_: 221 + 252 I

' A P(r'h 50)

=1

=900 222



Taking square root

V222 + 25¢ 33 /33.30
o 222 4+ 25 =333I_'I r1=3ﬂ(—)-4541
30 22 22 22
Tha diameter of top of tower = 2r; = 2(45.41)
=90.82m
Also, the point Q(r;, —100) lies on the hyperbola,
so, from Eq (1)
r?  (=100)? _ rn? (1000 _ . n? 252
05 - T e T et i T
rz2 112 + 252
‘Jﬂﬂ e 112
Taking square root
112 ‘ 5 2731
=E=\-‘ + 25 =Z?31 =:rrz=3ﬂ( )=-;r4_4g
30 11 11 5 e et

‘The diameter of base of tower = 2r, = 2(74.49) = 148.98m

1.

A cell phone company has installed three signal towers A, B and C at different locations to
provide service to their customers. Tower A is located at the position (—2, 10) and covers an
area up to 8km, tower B is located at (—3,5) and covers an area up to 6km and tower C is
located at (10, —1) and covers an area up to 5km. A man is standing at a position of (12, 3),
which tower will provide service to the man?

The tyre of a car is ui‘ radius 15 inches and it revolves 1000 times in a minute. What is the

speed of the car in — ‘?

. A batsman hits !I'.he ball. The ball attains the maximum height of 25m and drops on the

ground at a distance of 80m from the batsman. Assuming the origin at the position of batsman

write the equation of path of the ball. Is it possible for a man of height 1.6m to catch the ball, .

standing 70m away from the batsman?

Playing team coaches use parabolic shaped antennas to listen the conversation between the
players in the ground. If the antenna has the cross section of 18 inches and depth of 4 mchcs
then where the microphone should be placed to hear the gconversation?,

Man A is standing at one focus of the whispering gallery which is 16 feet from the nearest
wall. The man B is standing at the other focus 100ft away. What is the length of the
whispering gallery? How high is the elliptical ceiling at the centre?

The orbit of a planet is in elliptical shape with Sun setting at one of its two foci. The .
eccentricity of the ellipse is 0.085 and the minimum distance of the planet from the Sun is
105 million miles. What is the maximum distance of the planet from Sun?




7. The control towers are located at points Q(—500, 0) and R(500, 0) on a straight shore where
the x-axis runs through. At same moment both towers send a radio signal to a ship out at sea,
each travelling at 300m/us. The ship received the signal from Q, 3us earlier the message
from R. Find the equation of hyperbola containing the possible location of the ship.

8. An architect’s design for a building includes some large pillars with cross sections in the shape

of hyperbolas. The curve can be modelled by the equa,um-—--'r:— 1 where the units are in

meters. If the pillars are 4.2m tall. Find the width of the top of each pillar. Also find the width
- at the middle of the pillar.

1. Choose the correct option. :
(i)  The eccentricity is the ratio of distance of a point on the conic section from:

(a) Focus to (b) Directrix to (c) Vertex to (d) Directrix to
directrix focus directrix vertex

(i)  Eccentricity of circle is: ] '

(a) e>1 (b)e<1 ©)e=1 (d) e=0
(iii)  The focus of the parabola x? = —16y is:

(a) (4,0) (b) (—4,0) (©) (0,.4) (d) (0,—4)
(iv) Lengﬂmfthelanmrecmmetheellipse%;+’—';=lis: ;

@ 2 ®) = © 3 @3
(v)  Equation of the directrices of ellipse i—:— +L=1is:

@ y=1+5 (b}y-t,—"f | {c}x z @ x=%
(vi) Encenu'mt}r of the hyperbula— ~L=1is

@ 7 ® I (c) Y258 OF
(vii) Equation of conjugate axis of the hyperbola ¢ xd}l U::}z =1is:

(@ x=1- b) x=-1 {c}y 3 d y=-3

(viii) Length of the tangent drawn from the point (1, 2) to the circle
2x2 4+ 2y2+3x+2y—-6=0is
(@ 11 (b) Vi1 © 5 T E
(ix) The chord joining the two points (at,?, 2at;) and (at;?, 2at;) on the parabola
y? = 4ax is focal chord if:
(@) t; +t;=1 ®) ty+t,=—1 (c) titz =1 (@) tyt, = -1
(x)  Exactly one tangent can be drawn to a circle if point Lics: :
(a) outside the circle (b) on the circle (c) inside circle  (d) centre of circle
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. A point P(a, b) lies outside a circle with centre at origin. P(a, b)
From P a tangent is drawn to the circle at point A(2, 2v3). oo
If the area of the triangle POA is 10 sq units then find
equation of the circle and the coordinates of the point P. '

. On the Siri Nagar highway overhead steel bridges are

constructed to cross the road. They are supported by the

parabolic arc over them. The highway is 300t wide and

walkway is 15ft above the highway. The centre of the

parabolic arc is 10/t high from the walkway. Find the equation of the pamhohc arc take
origin at the mid of the road.

. Ifr; and r; are the minimum and maximum distance from a focus of an ellipse then prove
that semi-major axis is the arithmetic mean between r; and r; and semi-minor axis is the -
geometric mean between ry and 7.

. A hyperbolic mirror has the property. that the light directed at the focus will be reflected
to the other focus. If one of the foci has coordinates (24, 0) and the top mount point of mirror
has coordinates (24, 24). Find the vertex of the mirror.




