Matrices And'Dé'terminants

w. .
After studying this unit students will be able to:

Display information in the form of matrices of order 2.

Calculate product of scalar quantity and a matrix.

Solve situations involving sum, difference and product of two matrices.

Evaluate the determinant and inverse of a matrix of order 2 by 2.

Solve the simultaneous linear equations in two variables using matrix inversion methnd and

Cramer’s rule.

e Explain with examples, how mathematics plays a key role in the develﬂpmcnt of new scientific
theories and technologies.

e  Apply concepts of matrices to real world problems.

Matrices are used for solving
system of linear equations by
several methods. These methods
are used in computer programs,
in traffic flow, schedule air line
flights, engineering, accounting,
economics etc




Introduction of Matrices

In a mathematical quiz between girls and boys, Class 8 (girls) scored 95 points, class 8 (boys)
scored 97 points, Class 9 (girls) scored 93 points, class 9 (boys) scored 90 points, class 10 (girls)
scored 96 points and class 10 (boys) scored 94 points. This information can be displayed as under:

gth  gth Qb
Q=[95 93 96] girls

boys
97 90 94

This method is no doubt easy to write and manipulate. In 1850, Sylvester introduced such
rectangular arrangement and he named it ‘Matrix’. Later Hamilton and Cayley made further
significant contributions to the Matrix Algebra. Today matrices are being used in almost every
academic discipline in building models, organizing data and solving real world problems.

Matrix (plural Matrices)

A Matrix is a rectangular arrangement of numbers. w

If A= [a] is a matrix, with only one

e.g. [1] ‘ [3 * « 15 6] . [0] row and only one column. Canitbe
21715 6 called a row matrix or a column
matrix?
A Model Matrix :

— TOWS

Ri ¢—

95 93 96] Rie——
Muds Nymes——Q= 07" 0' 24

Square bracket , — &_gz_a
v

columns

The numbers used in a matrix are called 'elements' or 'entries' of the matrix.

Elements of a matrix are written within the square brackets in a definite order, in rows and

columns.
e Capital alphabets are used to name a matrix while elements of a matrix are usually

represented by small alphabets and numbers.

Row: Horizontal arrangement of elements in a matrix is called a row.

[5 2 6

3 17
First row and second row of a matrix are represented by Ri and Rz respectively.

Column: Vertical arrangement of elements is in a matrix called a column.
[5 2 6

. s
First column, second column and third column of a matrix are represented by Ci, Cz, Cs

respectively.
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The number of rows and columns may be equal or unequal in any matrix, huwever the number of
elements in different rows and in different columns remains the same. In [g ] there are 2

rows and 3 columns. There are 3 elements in each row and 2 elements in each culumn
Order of Matrix

If ‘A’ is a matrix with ‘m’ n'umbn:_r of rows and ‘n’ number m

of columns, then order of the matrix is m-by-n. . ;
Two matrices are equivalent

Order of [g] is 2-by-1 i.e. 2 rows and 1 column. if and only if they have same
rank.
Equal Matrices

Two matrices are said to be equal if and only if their:
(i) order is same (ii) cnrrespnndmg elements are same.

Example:
Check whether the following pairs of matrices are equal or not. Mention the reason in each case.

® [(—5)’-] Es]

» Matrices on both sides of equality are of order 2-by-1
e Corresponding elements of the matrices on both sides of equality are also equal
Hence both matrices are equal.

(i) A = [ =[13 17]
Drder of rnatnx A is 2-by-1. Order of matrix B is 1-by-2. Order is different, we can say A # B.

@E=fF 3 . r=[7 3 - UL Check Point:

Since the correspnnding elements are not equal. -~ E # F. Can you ﬁﬂud the value of x
Example: from [‘E 3]:[2
Find unknowns from the following if possible. Mention the reason, if your
[x +2 ] o answer is no.

3 y—4

Comparing the corresponding élements of two eqﬁal matrices, we get
'x+2=9,5=53=3, y—4=7,
Now fromx+2=9, wehavex 7 and from y — 4= 7, we have y = 11,

Types of Matrices

Row and Column Matrices
A matrix having only one row is called a row matrix while a matrix having only one column is
called a column matrix.

Row matrices: [5 3], [a + s + d], E ':']

Column matrices: [:], E:;}, E]
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Rectangular Matrix

A matrix with unequal number of rows and columns is called a rectangular matrix.

a+d 23 L 4 1 s
[d + e f] . l Y3 3} and are all rectangular matrices.
g+h i L; 5 8 6
. 3 3 3
Square Matrix
A matrix with equal number of rows and columns is called a square matrix.
5 3 9 8
‘ ] . |0 8 2 |and [5] are all square matrices.
1 Al 5

Null Matrix (Zero Matrix, Additive Identity Matrix)

A matrix of any order, having all the elements equal to zero, is called a null matrix.

A null matrix is represented by capital English alphabet *O’, while its elements are all zeros.
Null matrices may have any order.

02 ‘-[ﬂ U]. O1= [0], Oi2= [0 0] are all null matrices.
0 0
Diagonal Matrix

A square matrix in which every element except the primary (principal) diagonal elements is zero
is called a diagonal matrix.

1 0 0
A Z[\E 0 ] B= [ﬂ [}]‘ C=]0 0 0} are diagonal matrices but D —[g ] is not a
0 15 0 51 . 0 0 S 0

diagonal matrix. :
Scalar Matrix

A diagonal matrix in which all the elements of primary diagonal are equal and non-zero is called
a scalar matrix.

b [[5} g _is a scalar matrix of order 2, but Q = [{5} 3] is not a scalar matrix, since its primary

diagonal clements are zeros and secondary. diagonal clements are nonzero.
Some more examples of scalar matrices are:

347 0 0
o volloZa asah| 0 5 0
0 0 2x5

Unit Matrix (Multiplicative Identity Matrix) 1 . .
A scalar matrix in which all the primary diagonal elements are equal to 1, is called a unit matrix.
Unit matrix is represented by 1.

1 0 i 0 0
h=[1].l1=[ﬂ J,IJ‘[E é {1}]
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Write the most appropriate type of following matrices.

Vo
182.0 0 3 as 3—5
R SO
: 5 5x3

Transpose of a Matrix

If rows (columns) of a matrix P are changed into columns (rows) then the resulting matrix is called
transpose of the matrix P. Itis rcprcsentcd by P'.

Example:
If a matrix G represents number of gold medals and silver mcdals won by three friends, as under:
Gold  Silver
medals medals :
£ s Azka
G=|5 | Aemen  thenfind G'. (W Key Fact: |
1 7 Khansa If order of a matrix P
is m-by-n, then ord
Solution: - Azka Aemen Khansa et moiricieond

of p'is n-by-m.

g S 2 1" Gold mledm'.s'
G 3 6 7| Silver medals

' Symmetric Matrices and Skew Symmetric Matrices

_ Forasquare matrix A~
Example:
From the following, check for symmetric and skew symmetric matrices.

If Sf:[g :] then, s*=[g

As S =S8, therefore S is a symmetric matrix. WA Check Point: |

If T= [5 “] then, T'= [ A e [-3 A3 A

As T=T., lhen:['urchhdnoldb}fmmutlrilc matrix. [ o 2]" '[2 2]
0 then find x=?

If y--.[_z A A

e e L B B B

As V =-V'_ therefore V is a skew symmetric matrix.




w
o All the square matrices of order 1 are symmetric e.g. [9].

¢ (A)=A
e All the symmetric matrices are square but every square matrix is not necessarily symmetric.

s, e

1. Write the number of rows, columns and order of the given matrices.

@ [1+2 4+5 O [*7° dfs © [[] @m+2x1+5]

2. Check whether the following pairs of matrices are equal or not.
Wl V-V &
a s
0 1| & yie-16

3%0
1 1+0 040 7
{c)[ ] [2] “ [an 1- 0] [ --1?+15 17:::-]
3. Hyder, Hassan and Ahmed scored 7 points, 11 points and 10 points respectively in a
mathematical quiz. Display the data in a row matrix (R) and a column matrix (C).

4.  Write the most appropriate type of the following matrices.

(b) [1 2 3], [1+2+3]

5 0 0 0 15x3

(a) i B (b) [u 3+ 0] (©) [9><5 ]
[ V625

e 17 + 15— 32 6+2 0

D s 1941 . © L343

19=29% v
5. Check for symmetric and skew symmetric matrices from the following.

[8 2 3 0 9 0 -2 -

@:l2s 6l o Wyl @ |2 0o -2
3 6 3 : : . BRE T
[0 =7 0 -5

@ [; ol © [ 7ol

6.  Write a symmetric and a skew symmetric matrix of order 3.

Addition, Subtraction and Scalar Multiplication of Matrices

Addition and Subtraction of Matrices
Two matrices can be added or subtracted only if their order is same.

Consider A = [g] ,B=[5 3],C= [g] Here addition and subtraction of A and B is impossible

because their order is not same.
However, addition and subtraction of A and C is possible as their order is same.
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. mln the process of addition or subtraction of matrices, only corresponding elements are

added or subtracted.
e Matrices of same order are conformable for addition and subtraction.

Example: If A = [*;c%| and B=[,7® |thenfind A+B, A—B, B+A, B-A

e L 25"53]+[9iﬂz]=[5513133143?%] |
o ' s =
A‘B=[2653]‘[9132]=[:s—§ 2 1= 58] W
smiay, 3+4=[1242 %] =[77] 5 S 1]
B_Az[?a-2+-3]=[?9 00 2
9 —2-65 —58

Scalar Multiplication of a Matrix :
Scalar multiplication of a matrix means multiplication of a matrix with a constant.

If a matrix ‘C’ is multiplied by 2, then each of its element is doubled.
Z2X2 2%0

It c- E g] then,2C=2><[§' g]:[2x6 2xn]=[142 g]

Commutative Property of Matrix Addition

If A and B are two matrices of same order, then A+ B=B + A, is called commutative property
of matrix addition. .
Example:

If P= [g 3 and Q = [; g], then verify the commutative pruﬁcrty of matrix addition.

Solution:
Commutative property of addition for above matrices is P + Q = Q4P
S My 21 I5+7 3+21_112 5
LHS:P+Q= - -
uspe= 3 =bii stal=l: 16l
- 2Lid5 3 7+5 2+3 12 5
HS:Q+P= = =
REROFR=s ol oI5 s aioi=ls: 14
As, P+ Q=Q + P, therefore commutative property of matrix addition is verified.

Can you verify the commutative property of matrix addition for:
A=[x]and B =[x y]? '
Associative Property of Matrix Addition

IfA, B and C are three matrices of same order, then (A+B)+C=A+(B+C), is called
associative property of matrix addition. °. |
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: 97 10 12 1 5
Example: [f R=|5 3 ,S=[13 ?]andT=[6 7
8 6 5

], then verify associative property of
2 5 -

mairix addition. :
Solution: Associative property of addition for matrices is (R+S) +T = R+ (S+T).
. . [9 7 10 12 1 & 9410 7+12 1 S5
LHS:(R+S8)+T={|5 3|+]13 7[|}+6 7 |=15+13 3+7|+]|6 7
8 6 5 2 5 - :

. 8B+5 6+2 D

19 19 1 5 19+1 1945 20 24
= 118 1ﬂ]+[ﬁ 4 l = [13-1—6 1047 |= lzﬂ, 1?\
13 8] 5 - 1345 8+(-4)] lig a4
9 7 10 12 1 §
R.H.S;R+(s+n=[5 3]( 13 -;]+ 6 7 D
B8 6 .y 2 5 —4
9 7 10 + 1 1245
=15 3+(13+E- T 4+7 D
8 6l \[s+5 24 (-4
9 71 [11 17] [9+11 7+17] [20 24]
=I5 3 +l19 14]=[5+19 3+14l=‘-[24 17]
8 6l l10 -2 Ils+10 6-21 li8 4
As. L.H.S = R.H.S, therefore associative property of matrix addition is verified.
Additive Identity in Matrices

Additive identity is such a matrix which causes no change in any matrix A while ‘adding to” or
‘subtracting from’ it. Any matrix and its additive identity matrix have the same order.

: s (W W CheckPoint: |
If A =[‘;\ then O = [g]u. the additive identity of A. Takiﬁg B e B of ahins
order, verify that:

It is observed that: A+0=0+A= A (i) K(A+B)=kA+kB
If B= [ﬁ], then the associated additive identity (ii) (h+k)A=hA+kA
matrix will be O1 =[0]. : (iii) (hk)B = h(kB)

where h and k are constants.
Additive Inverse of a Matrix

Additive inverse of a matrix *A’ is such a matrix which when added to A, gives additive identity
matrix of the same order.

Example (@): 1f X =[5 9] then find X" B \ EFEI T
-9 4 5 4 e Matrices A and B are called
(b): Find T from 5 x E g] -2T= [3 9 additive inverses (negative) of

. _5 0 eachotherifA+B=0.
Solution (a): it X=[ 5 9] then -x=[7 | o Additiveinverse ofamatrix has
B the same order as that of the

®) 5"? {Z]]PZT:B ;] matrix.

=

5x3 5x2 _[5 4
5x 1 SKD]FZT [3 2




=a_[15 1ﬂ]_2T:_[§ :1 i 15 4 [15;5 1ﬂu]

-15 4-1u] [—m

= -2 T= [5

adb o o B TERETS (i B I

-10 -6
-1[—=10 -6 ol it ['5
—2 =2

Multiplication of Matrices

Two matrices A and B are conformable for product AB, if:
number of columns in A = number of rows in B
Example:

ifA=[> 3] and B=[ 7], then find AB and BA, if possible.

Solution:
Finding AB
As number of columns in A = 2 = number of rows in B. So, product AB is possible,

w-[o @ [BHES &8I 2 (4]

Here
T i —

L

elements of Ci of B

Finding the sum of products of corresponding elements of R; of A and C, of B.

Ml

r )

elements of C) of B

. Finding the sum of products of corresponding elements of Rz of A and C; of B.

Finding BA

Since number of columns of B = 1, but number of rows in A = 2,

So, product BA is not possible.

B R N e T e e I N R S

* In multiplication, the first matrix contributes its number of rows and the second matrix _

contributes its number of columns, in the resultant matrix. i.e. If order of matrix A is m-by-n
and order of matrix B is n-by-p, then order of AB is m-by-p.

* If A and B are two matrices which are conformable for product AB then B and A are not
necessarily confirmable for product BA.




Example:
Check whether the following pairs of matrices are conformable for multiplication or not?
Mention order of product if possible.

@ A= [g] and B = [g] () E= [g]tand F= [g]
Solution:
M A=[3] andEi:[g] |
Here, number of columns in B # number of rows in A, so product AB is not possible.
() E= [g]r =[6 3] andF=[g]

Here, number of columns of E = number of rows of F. So, product EF is possible.
Order of E is 1-by-2 and order of F is 2-by-1, so order of EF is 1-by-1.

Example: IfA = g g] and B = [Z g] then find AB and BA. Also check whether
AB = BA or not. What is concluded from the result?

h 3 7 2
Solution: AB=[> 2| x[{ & LW Ky Faci:
2x7)+(6x4) (2x2)+(6x9) matrices, then C = AB
_[S+1z 10427 @7 37 ~ isdiagonal.
;4;2454;54 38 58
Ba=le ol*ls g

=[?><5+2:-:2 7X342x%6
4%x54+9%x2 4x3+9%6
=[35+4 21+12] 3[39 33

20+ 18 12+ 54 38 66
We see that AB # BA.

From this result it is concluded that:

Commutative property does not hold in matrix multiplication, in general.

Associative Property of Matrix Multiplication
Associative property of multiplication holds in matrices. If A, B, and C are matrices and products
AB and BC are possible, then:
(AB)C=A (BC)
Example: Verify Associative property of matrix multiplication for:
5 3 B —?] __[6]
X=lp ¢ Y=I5 41 254
Solution: Associative property of matrix multiplication is: (XY)Z=X (YZ)

5 3 b 5x1+3x5 5x(=7)+3x4
LHS: (mz':(; :x[; 47])"[i]=[z§1is:5 zz(—?)Iﬁ:il“ﬂ
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20 -23|[6] [20x6-23x4] [120-92
|32 “|32x6+10x4]| |192+40| [ 232

s xon -3 e 1D e

-[f dxlbil-B ral-REEaaeid- [232

As L.H.S = R.H.S, so associative property of matrix multiplication is verified.

Distributive Property of Multiplication over Addition / Subtraction

e A(B+C)=AB+AC (left distributive property of multiplication over addition)
e A(B-C)=AB-AC (leftdistributive property of multiplication over subtraction)

Example (a): Verify A(B+ C)=AB + AC
A=[5s 2],B= [ﬁ]and c=[3}
(b): Verify A(B — C) = AB — AC if A = [‘;], B=[5],C=[7].
Solution:
@ LHS: AB+0)=[s 2J([§]+[}])=15 21[S H =5 2)[7]
=[5x 7 +2x 6] =[35+12] = [47]
RH.S: AB+AC=[5 2][2]+[5' 2][;] =[5X6+2x4]+[5x1+2x2]

=[30+8]+[5+4]=[38+9]=[47]
Comparing both the results, it is concluded that L.H.S = R.H.S
*. Left distributive property of multiplication over addition is verified.

4 4 4
(b) LHS: AB-C) = [3} (51-07D = L] 15-7]= [8] [-2]

| Hebel =[ _185]

| 8 x (-2)
RHS: AB-AC = [;] [5]-[:} (7] =-[; ' 2] - ['; 2 ;
gt i i A e ’

From both the results, it is concluded that L.H.S = R.H.S
. Left distributive property of multiplication over subtraction is verified.

(A+B)C=AC+BC (Right distributive property of multiplication over addition)
(A-B)C=AC-BC (Right distributive property of multiplication over subtraction)
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Multiplicative Identity in Matrices

Multiplicative identity is such a matrix which causes no change in any matrix A when multiplied
with A: %

Multiplicative identity matrices of orders 1, 2, 3, ...n are represented by I, Iz, Is,..In

or simply by L. ' e

If I is multiplicative identity matrix of square matrix ‘S’ then IS=SI=S.

E }], [ﬂ, [1 1] etc. are not multiplicative identities.

Since multiplicative identity matrix can never be a rectangular matrix, so multiplicative
identity matrices are only possible for square matrices.

Commutative property of matrix multiplication can hold in particular cases:

(i) AxI =I1xA =A (if A and I are conformable for either multiplication.)

(i) BxO0=0xB=0 (if O and B are conformable for either multiplication.)

—_—

1. Findx,y, z, from the followings, if possible. Mention the reason if not possible.

[ ]

@k 91-12 ¥ o 30 3 ol w0 2

e = 5 5.5 0]
o-F =18 S of B F ol
@[ 3)=[1] o F*+hs 3=l 7

L rx) (361 _o[-2%] [X ¥ % 5 3 21_[0 0 0
(‘}S[By]_[zﬁ]_-zl y ] m[—z —4 5]+.2x[1 6 3]"[0 8 11
5. Find the additive inverses of the following.
g 0.3 T _
R=[7 -9 —1] 5 S=[3 —-ﬁ] ,T=[5s -6 1].
-8 5 6 -9 4

s 1 A= 2 3, 8=[2% | M b ;_?lzl,thenfmd

(i) 2A+2B—3C (i) A-3B

1. 2 1 -2 2 0 2 2 2
a1 a=[3 Ale-[; T c=[5 ok p-[elE=ls &
Then check whether: (i) A+B=C (ii))C+D=E (iii) D+ D=E (iv) E-D=C
5. Taking matrices A and B from Q.3, verify commutative property of matrix addition.
6. Taking matrices A, B and C from Q. 3, verify associative property of matrix addition.
7. Taking matrices A and B from Q. 4, verify that A'+ B'= (A + B)". i
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8. Find the matrix ‘Z’ from these equations.

. 5 i 45 g 51_a7_1[5
(1}4[1“]—52'-»4’3[';,g | G z+[ 2] =32 -[3]
9. (a) Mention the order of the indicated products where possible.

o2t @ s axltd @] Y«

ol H S RO R L F I P
(vii) [3] x(5] (viii) [5] % [3] . (%) [S]1x[9 3]

) [9 -3]x[s] (i) 1x[10) i[5 10]x[77]
(xiii) [2] x [ 10] w3 2x[? ] e[} x5 -2

(b) Perform the indicated products in part (a) where possible.
1 v T | 3 0
0. 1A=[; 3].B=[> “]andc=[3, I then
(1) Find AB and BA, check whether AB = BA or not?
(1)  Find AC and CA, check whether AC = CA or not?
(iii) Verify A(B+C)=AB+ AC
(iv) Verify(A-B)C=AC-BC
(v)  Verify the associative property of matrix multiplication.
(vi) Find A%, B4, A+B, A-B, (A +B)(A -B), A>- B2,
(vii) Check whether (A + B) x (A = B) = A2— B? ornot ?
(viii) Check whether (A — B) x (A + B) = A2— B2 or not?
(ix)  Check whether (A + B) x (A — B)-= (A — B) x (A + B) or not? .
(x)  Verify that (AB)' = B'A' and (A%)'= A

Multiplicative Inverse of a Matrix

Before we discuss inverse of a matrix, we need to examine the determinant of a matrix,
Determinant of a Matrix :

When a matrix has m rows and n columns, it is called an “ m-by-n" matrix and is also called
dimensions of a matrix. If a matrix has the same number of rows and columns, it is called a square
matrix. With every square matrix is associated a number called its determinant, defined as follows
for 2-by-2 matrices: ) |

The daitenninant of its matrix [; ;] isdenoted : :I andis defined as follows:
g e e,
T e
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Example:
Find |A], when A=[3 §]. R ——

The theory of determinants is attributed to a

DetA=|A] =[5 $ German, Gotttfried Wilhelm Leibiz. His work
_s expanded upon the earlier work of Japanese
=(5x3)-(6%2) mathematician Seki Kowa.

= 15—-12=3

e Every square matrix has a determinant either zero or nonzero. :

e Determinants can be represented by D1, D2, Ds,...

e The determinant of a matrix is not a matrix rather it is a number.

e While writing determinant of a matrix, the elements of the matrix should be written inside
the vertical bars instead of brackets used for matrices.

Example: Evaluate the determinants

Dl=‘14 _Bz|=(—4x-2)—(8x1)=8—8={]
D, =[Y5 V| = (VB x—VB) - (VI xVA) = ~(V8)' ~VE=-5-2=-7
S N Y .

Singular and Non-singular Matrices

‘Given that A is a square matrix, then

Example: .
From the followings, check for the singular and non-singular matrices.

5 10 _[5 5]
‘q_[s s] vi=1s B
Solution: |4] = |2 19| =5x6-3x10=30-30=0

3 6
As |A] = 0, therefore A is a singular matrix. WA Check Point:.
7 5 l Can you find determinant of
- =7v5—-15#0. 4
|BI |3 V5 V5 ¢ a rectangular matrix? :

As |B| # 0, therefore B is nnn-singulai' +natrix. :
Adjoint of a Matrix |
Adjoint of a square matrix A (of order 2) is a square matrix obtained by:
(i) interchanging the positions of primary diagonal elements of A.
(i) changing the signs of secondary diagonal elements of A.

Ulnir-G13 Matrices And Derermimants
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Adjoint of matrix A is represented by adj A.

— 5 -3 Interchange the positi o =3 Change the signs of -2 3 o s I
IfA = 5 c::'tpﬁ m:;'::l iagnpnfl“m“ B, oy flasdodl [_ 4 5] ade
elements elements

Finding Multiplicative Inverse of a Matrix

c : ;
# 0 mean Aisnon singular.

c d

. a bl . : A1
Any matrix A = g ,will have an inverse A™ ifand only

A djoint of A.

d
Then A~ = : [

_ . We canalso write: A™ =
-ad-bc|-¢ a

ad —bc

5 4 :
Example: If A= 2 6l find A",

5
Solution: A =[

4
” 5]’ Compute the value of the determinant A.

5

4
i ot P

Since the determinant does not equal 0, therefore A™ exists.

‘=5x6-4x2=30— S =2

Adjoint of A.

"23| -2 ad e

. 6- B
A l[ 5], use formula: A" =

6 413 =2
This can be writtenas: A™'= | 22 22(_| 11 1l
2 5|74 5
' 22 22 11 22
* Inverse of a square matrix, if exists, is unique and(A=1)~1 = A.
® A matrix A is invertible if its inverse exists.
e A™'A =1, Iis identity matrix.

s o
Example: If B= &5 find B™' also verify that BB™ =B~ B=I.

8 2]
Solution: IfB= 6 3 then [B|=5x3-2x6=15-12=3% 0, B exists.

3 -2

Adjointof B =[
-6 5

], apply formula: B = i.f'h:ljrarint of B

8|
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3 =2 -2 (B W KevFace: ]

= =] |1
B"=«-[3 2}= 3 :; = 3; If A and B are square
3 3
|

matrices, then |AB|=|A| X |B|. -
cnec: pop= L[ 3 2|5 2]_if1s-12 6-6 ] _1f3 o]_[1 o0
3|6 5|6 _3 -304+30 -12+15| 3|0 3 0 1] «

.
3
Similarly=BB"=15 21| 3 -2 _ A 15-12 6-6 | _1{3 0=I 0=I
- 316 3])|-6 5] 3|-30+30 -12+15| 3|0 3] (0 1

Verify: (AB)"' =B™'4™, by taking Aand B nonsingular matrix.

Solution of Simultaneous Linear Equations

A large-scale use of matrices in almost every field is in the form of solution of simultaneous linear
equations, While studying Economics, Statistics, Medical Sciences, Engineering etc, one has to
find the solution of linear equations in two or more variables. However, our study at this level is
confined to the solution of simultaneous linear equations only in two variables.

Conversion of Matrix Equation into System of Linear Equations

: S - x] 19 ; 5x+23;]_9'
ERIE SqNn [3 1u]"ly] = [23]' Gan bowrttenas [31 +10y) = 23]*

Now comparing the corresponding elements of equal matrices
5x+2y=9,3x+10y=23
Which is a system of two linear equations in two variables x and y.

Conversion of System of Linear Equations into Matrix Equations

By the converse process mentioned above, the system of linear equations can be rewritten in matrix
equation:

ie. Sx+2y=9, 3x+10y=23 [ W CheckPoint:
writing in matric form, we have Is AB =1 = BA always true?
[Sx i e ] ' '

3x +10y 23 ~

or [g 120] E] = [33] orAX=Bis the required matrix equation.

Solution of System of two Lincar Equations in Twe Variables

We discuss here two methods for finding solution of liner equations in two variables.
(a) Matrix inversion method (b) Cramer’s rule
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(a) Matrix Inversion Method
Let us find the solution of:
S5x+4y=14 ; 3x+Ty=13
This system of equations can'be rewritten in matrix equation as follows:

5 4] [x] _ 114 .
[3 ?] [V] = [13 NN ;| _ . |
where A = [g ;] is a matrix of coefficients, X = E] is a matrix of variables and

B = [};] ié a matrix of constants.

Now equation (i) can also be written as:

AX =B

ATAX=A'B (Pre multiplying wlthﬁlif it ::Justs)
IX=A'B (A1A=))

X=A'B .. (ii)

This equation mchcatcs that the values of the vanables in the matrix X are equal to the
corresponding elements in the matrix A B. To find A"' B, we need A",

As, ] A | =|§ ;l = 35— 12 = 23 # 0, so inverse is possible,
Also,adj A= 7 4]

Now, A™1 =-l-—|xad]A———x[_ ]

Substituting the values in equation (ii), we get‘
1
[‘;]=ix [ 14 - 2x[28-52]- B x4
23 -3 51l13] 237 l—-42+65 .La'x 23
2

x| _[2
[v] i [1]
Comparing the elements of both matrices, we see that x = 2 and ¥ =1 solution set = {(2, 1)}

Example:

Solve system of linear equation 3y = 24 — 9x, 2y + 6x = 10 (if possible) by matrix inversion
method.

Solution: Writing the given system of linear equations in arranged form. i.e.

9x+3y=24, 6x+2y=10.

Which can be written in matrix equation as:

3 X
2l [l
of AX=B=X = AlB
Now JAI=[] 3|=9x2-6x3=18-18=0
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As the matrix A is a singular, so its multiplicative inverse dues not exist and solution of given
system of equation is not possible.

(b) Cramer’s Rule

This method is named after Gabriel Cramer (1704 -1752). This rule uses determinants to find the
solution of system of linear equations.

Consider a system of linear equations as x+ 2y =6, 4x—-2y=4.

Writing it in matrix equation, we get:

s —2 [v] [ o ax=B

The special formulac used in this method are: x = =% and y = EDE

D
Where, D = |A| = |1 _g =—2 — 8 =- 10 #0. (non singular)

Original C: of A

Now D, = l |=—12—B=—ZD
Contributed by B

[Grghdiciora |

D, = @ |..4 24 = —20
Contributed by B

. ; D
.Usmgx=Fx }'.—ﬂ
_ 20 L 228
X" =T
x= 2 y = 2 and solution set = {(2, 2)}

1. (a) Mention singular and nonsingular matrices from the followings.

=[3 3 s=[T5 <=l
p=[° b"'”a] = ﬂi”] (wherea # 0butb = d)

(b)If|P| =9and P = [1 31 + then find k.

(©1If |T|=3 and adjT= [ then find x.
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2. (a) Find the multiplicative inverses of these matrices if possible.

eelf 7. s=Bl. 7= 3 . v=f 35ieems
(b) IfR = [i £ ;] then verify that RR" =R™ R=1.
3 K ¥= [; ' g] and Z= [f g] , then verify that (YZ)'=Z"'Y "', .

4. What is relationamong | A |, | A | and [adjA| ifA = [g ;] ?

5. Write these matrix equations into system of linear equations if possible.

o[£ [ =9 @ B A[ -5

w@x[] - @ eaf-mo

6. (a) Write the systems of linear equations in matrix form. ;
(i) x+y=2 (i) 2x+y=90 (iii) y=3
x—y=4 5y—.x=lﬂ x=4

AL 1
V) S = AR o =
(iv) 5% 3y =1, 5 4x = 2

(b) If matrix of coefficients of 5x — 4y = 30, 10x — ky = 60 is singular then find k.

7. (a) Use Matrix Inversion Method to solve the following systems of linear equations

if possible. ;
(i) 4x+3y=-6 (i) -x+2y=15
- x+2 =1 Sx+4y=3
(iii) 2y =10-16x ivy 9-x =17
24x =15 -3y 14y + 2x =18
(b) Use Cramer’s rule to solve following systems of linear equations if possible.
() 2x+3y=5 () x=3-2y
5x+10y=10 4y=3-3x

(i) —x+=y =20 (v) ‘16x-10+2y=0

8 6
=X ==y=10 15-3y-24x=0
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Appllcatmns of Matrices

The most difficult part of solving a problem in algebra is almost always translating the problem
situation to mathematical language. Once an equation is translated, the rest is usually
straightforward. In this section, we study systems of equations and how to solve them using
matrices. We can use matrices to help us solve problems that involve. systems of equations. Using
matrices often simplifies the process of solving these systems.

Example:

Anas bought 3 cream puffs and 5 pringle packs paying Rs.650. Abid bought 4 cream puffs and 2

pringle packs paying Rs. 400. Find how much each item costs? (Hint: Either matrix inversion
method or Cramer’s rule can be used).
Solution: :

Let x be the cost of a cream puff and y be the cost of a pringle pack, then Anas’s shopping is

represented by 3x + 5y = 650 and Abid’s shopping is represented by equation 4x + 2y = 400
Writing in matrix equation

51 [x] _ [650 =
2 [y]_ g0l W ASEE N

Now by using Cramer’s rule
—tal=13 Sl=g—20=_
=lal=[; >|=6-20=-14
p, = [%°0 3| =1300- 2000=-700, D, =|> ©39| = 1200 - 2600 = —1400

400 2 Y 14 400
Nuw,x=%‘~ and y=£:f -
=700 —-1400 —an” —
- — and y = — = x=50 and y=100

So, each cream puff costs Rs. 50 and each pringle pack costs Rs. 100.
Example: "
Naveed is a chemist who is preparing an acid solution to be used as a cleaner for machine parts.
The machine shops need several batches of 200 ml of solution at a 48% concentration. He only
has 60% and 40% concentration solutions. The two solutions can be combined to make the 48%
solution. How much of each solution should Naveed use to make ZHD ml of solution?
Solution:
Let x represent the amount of 60% solution and Iet y represent the amount of 40% solution.
x+y=200 The total of two amount must be 200 ml.

Now write an equation that represents the proportions of each solution needed.

"t 60% + 40% = 48%

T 60% (x) +40% (y) =48% (x+y) Each part contribute to the total

0.60 (x) +0.40 () =0.48 (x +y)  Multiply 100 to remove the decimals

12x—8y=0 ~_ Write the equation in standard form
Step 1: Write a system of equations. Then write the system as a matrix equation.

Unir-013 = Metrices Ancd Determinars
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x+y=200, 12x-8y=0 inmatrix form: AX=B, and X=A"'B

' 200
1 1 x=m,whéreA= 1 l,x= [x]and3=[ ]
12 -8 » 0 - 12 - -8 y 0
Step 2: To solve the matrix equation, first find the inverse of the matrix A.

5o -8 .=l
At=—L | 7! Where |A|=-8-12=-20and Adjointof A=[ ]

20|12 - 1] <12 2
' —8  —177200
X s , whereX=A"'B -
—20|-12 1]fo

x] 1 [-1600] [80
y| —20|-2400] | 120
We have x =80 and y = 120.
This means that 80 ml of the 60% solution is added to 120 ml of the 40% solution to make

200 ml of the 48% solution.
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In a quiz, Abdullah correctly replied 15 out of 20 questions from literature and science,
getting Rs.125. If every correct literature reply is credited Rs. 5 and every correct
science reply is credited Rs. 10, then find the number of correct replies of literature and
science separately.

3. If Asad bought 3 notebooks and 2 books paying Rs. 600 and Iman bought 4 notebooks
and 1 book paying Rs. 550, find the cost of each notebook and book? (Use Cramer's
rule). - '

4. Sum of ages of two sisters Sundas and Zenab is 22 years. If Sundas is 1 year older than
twice the age of Zenab. Find the ages of both the sisters by using matrix inversion
method. :

- Two trucks have capacities of 10 tons and 12 tons. They made a total of 20 round trips to

g haul 226 tons of sand to the community park. How many round trips did each truck
- make? : ;

6. To make 20 kg of aluminum alloy with 70% aluminum, a metallurgist wants to use two
metals with 55% and 80% aluminum content. How much of each metal should he use.

) Soybean meal contains 16% protein and corn meal contains 9% protein. How many
pounds of each should be mixed together in order to get a 350-1b mixture that is 12%
protein? ' .

8. The perimeter of a lot is 190 m. The width is one fourth of the length. Find the

dimensions.
!
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B [ have Learnt

Displaying information in the form of matrices of order 2.

Calculating product of scalar quantity and a matrix.

Solving situations involving sum, difference and product of two matrices.
Evaluating the determinant and inverse of a matrix of order 2 by 2.

Solving the simultaneous linear equations in two variables using matrix inversion ‘method
and Cramer’s rule.

e Explaining with examples, how mathematics plays a key role in the development of new -
scientific theories and technologies.

e Applying concepts of matrices to real world pmhlems

MISCELLANEOUS EXERCISE-3

1. Encircle the correct option in the following.

i. If [g g]t=’§ E]-thenx=

(@ 6 (b) 4 () -6 (d) —4
y 0 x
ii. If ]3=[l'i z {]l then
0 1
(@ y=x=1 (b)) x=z=0 (c) x=z=1 (d) y=z=1,x=0

iii. Additive inverse of unit matrix of order 2, is

Ld o [33]l e kil o [

iv. Multiplicative inverse of a null matrix of order 2, is

e [ ] © [0 0 (4 impossible
v. A isa symmetric matrix if '
- @A'%A G@)#E-A" @©U@Y=-A @ @)=4
1 0
[5] * [0 2
) [ ® [ © [ @ impossible
vii. Order of matrix A is 1-by-2 and order of matrix B is 2-by-3 then order of AB is
(@) 1-by-3 (b)  3-by-1 (c) 2-by-2 (d) 3-by-2
viii. If AB=B, then A=.....
(b)y A’ (c) B (d) B!
e a-
e 45 45 30
@ [95] ® - [so © [45 50] (d) [? c B
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x. If |T|=-1 then T != :
(@) -T (b) adjT (c) —-adjT d T
xi. Matrix equation fory+x=144+yandx+2y=x+13 is

@ [ oxbl=[55] o [ PlxBl=[3
© [p Axbl=[55] @ [ PxBl=[35

xii. The matrix of coefficients for x —y =3, is

(@) [3] RO © E] @[3
xiii[l 2][3]=
@[3 6] ®) [7] ©15] (d) impossible
xiv. If A and B are two matrices, conformable for the product AB then (AB)*=
(a) A'B! (b) (BA)' (c) B'A! (d) AB
xv. If [:g 2 i 1]is singular matrix, then x =
(a) 4 (b) 6 - (9)-6 (d)-4
xvi.Ifadj A = [g ‘35] then | A |= . |
@ |adjiA| ~ (b) |AY] ©) |-A| (d)alla,b,c

2.1 P=[> 7] then show that PP = PP =1,

3. Solve: Sx—-4=y: 2y+8=10x by Matrix Inversion Method if possible.
- 4. Use Cramer’s rulc for solution of 5x + 2y = 19 and 10x + 4y = 38, if possible.

3. The daily sum of labour and the material costs of Haani’s and Massab’s Home Industries are
Rs.20,000 and Rs.40,000 respectively. If labour and the material rate, for both the Home
Industries is same but Haani’s Home Industry has 6 workers who make 80 items and Massab’s
Home Industry has 12 workers who make 160 items, find the labour and the material cost.




