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QUADRATIC
EQUATIONS

‘ be able
Define a quadratic equation, -

Solve a quadratic equation in one variable by
¢ 'Factorization
©  Completing square method

Use method of completing square to derive the quadratic formula

Use the quadratic formula to solve quadratic equations

S H r 0
olve equations, reducible to quadratic form, of the type; ax*+ by?

Solve the equations of the type: ap (x) + b =c
: Pl

x

Solve equations of the type:
O Jax+b=cx+d.

O Jx+a+Jx+b=x+c.

0 J.r’ +Prem+x’+ prén=gq,

+c =0,

Solve exponential equations in which the variables oceur in exponents
Solve equations of the type (x+a)(x+ b)(x+¢)(x+d) =k where a+b=c+d.

v+ bx e

/ “t'ﬁbl "'an : Expression set I
equal to 0
- 2. - Quadratic term

| \x: bx\/b'- 4ac | | e

\ 2a Linear term

™,

S ~ Constant te
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Unit 1 Quadrotic Equations

Balls, Arrows, Missiles and Stones
When you throw @ ball (or shoot an arrow, fire gmissille
or throw a stong) it goes up into the air, slowing as it
iravels, then comes down again faster and faster ...

_and a Quadratic Equation tells you its position at all

times!

Quadratic Eguations arc useful in many other areas:

For a parabolic mirror, a reflecting telescope OF @
satellite dish, the shape is defined by a quadratic

equation.

Quadratic equations arc also needed when studying

lenses and curved mirrors.
Many questions involving
need quadratic equations.

Quadratic equation

A quadratic equation in one variable is an equat
ax’ +bx +ec=0,wherea, b, and ¢, arereal numbersand a#0.
P

time, distance and speed

the form

jon that can be written in

The name Quadratic comes
from"quad"meaning square
because the highest power
ofthe variableis 2.

this makes il Quadratic

—

sy~ 3x +3=0

s include
0, and x’=3x+l.

Examples of quadratic equation
0, 2x*-3=0, P¥+2x=

Max+l=
Solution of quadratic equations
Allthose values of the variable for which the given equation is true are called solution or roots
of the equation, and the set of all solutions is called solution sel.
x=-3,hencex=3 and

the quadratic equation ¥ —9=0istruconly forx= 3and
ic equationx’ ~9=0and

of the quadrat {3,-3} isthe solution

For example,
y=-3 are the solutions or roots

set.
We may solve quadratic equations by the following methods.

(a) by factorization
(b) by completing the square
(c) by quadratic formula

Mathematics X

Unit 1 Quadratic Equations . .
uation by factorization to it

A quadratic equatj e ' 2
ik quation can easj
is illustrated in th an casily be solved b YT e
e followin y splitting it in fa Th .
2 examples: ctors. The factorization meth
: od

ol -I" L |n SOI i
1 VIng a quadratic equation with factorization
Solve each quadratj i k e' u
q lic equation by factdftief™Check you
ais your results

) 2% +2%—-11=
R ) 1262 (+
£

Solution R 4
(i) Start by writi :
Y writing the equation iff the formA® + br +¢ = 0

2%+ 2 - 1] =1 i |

H given equation
i = U e

im0 : subtract | from cach side
= divide each si f ional
g e s ch side by 2 (optional step)
x+3=0 .
: -3_ or x-2=0 zero-product property

or x=2 solve

These soluti
ion can be checked by substituting them in the given equati
on.

2
-3 +24(-3)-11 =1 2020 +2(2)-11 =1

O, _ 1=1 (true) 1=1 (true)
rite the equation in the form att +bt+c=0
0 l'Zfl‘= t+1 given equation
2" -t-1=0 subtract 1and |
(3t=1)4t+1)=0 lactorize
it-1=0 or 4+ 1=0 zero-product property
1 -1 '
t= = or = — solve
; 3 solve

To check these solutions, substitute them intothe givenequation.
(2 Try This LSS
| Salve the following u[uaﬁoml
(i) a+Ta-8=0

| (i). 6p° + 7p-20=0




- . . Unit 1 Quadratic Equations

D S -
A ball is thrown straight up, from 3 m above the ground with a velocity of 14 m/s. When
I does it hit the ground?
—_ Solution .
AE; We can work out its height by adding.up these three things:
The BIght SUATES B 3 T: vecevreeevssssrssnssesssssssessessses s s s s 3
_E It travels upwards at 14 meters per second (14 MVS): ..cievmemermsennmennssssssisssins 14t
Re Gravity pulls it down, changing its position by about 5 m per second squared: ...—5¢% -
. o
_k Add them up and the height hzat any time 1 is: F%Eirﬁe R
oc . h'—3'+I4t-5t i
7 And the ball will hit the ground when the height is zero:
3+ 14t-58=0 S e
T 2 - '—“| ha h : _‘{
e Or 56— 14t-3=0. ——
2-. Which is a quadratic equation. : 5_'?2' /
N ek sy B ;'.'_"_f_!_j.'i. l ek
B Replace the middle term with —15 and | it ] R - i !
v e~ S-15t+t-3=0 E i | 4
W St(t—3)+ 1(t-3)=0 I S
: (5t+ 1)(t-3)=0 '
3l : : 1 [
= And the two solutions are: ] =
: 5t+1=0 or t-3=0 | g
3 t=—=02 or t=3 ! I .| |
d The "t =— 0.2" is a negative time which is L i
s impossible in our casc. : 1 :li.u th
! The "t = 3" is the answer we want: %_ f i S [ l__
e Bt B B

* The ball hits the ground after 3 seconds!

I (0,3) says when t=0(at the star) the ballisat3m.
3

E

,0) says that at 3 seconds the ball is at ground level.

Study Tip

The examples in the text are carefully chosen to prepare you for success with the exercise sets.
Study the step-by-step solutions of the examples, noting the substitutions and explanations. The
time you spend studying the examples will save your valuable time when you do your homework.
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Unit 1 Quadratic Equations

Some quadratic

S50

For examp] i
Ple, the quadratic equation x* + fy =

€q

LH f s

: equations g : S R
lution by factorization, ¢ not easily factorized and hence jt is not easy to find their

uatio = o : -
N canbe solved by completing the wuamcn:::::':é be easily factorized, Such quadratic

L

'y
1[53
X+ b= +E — app?
(1P T
x+=b|=|=p| -
[ 2 ] [2b] i
1 Tl
I+—h=+ [_z.b] -
1 4
x===bt | -b| -
3 [zb) ¢
(33 Try This
What must be added to obtainaperfect square? (i), ¥+35¢v (i) g'-4q

(l) Write the quadratic equation in its standard form.

(ll) Divide both sides of the equation by the co-efficient of x” if it is other than 1.

(iii). Shift the constant term to the right-hand side of the equation.

(iv). Square halfthe co-efficient of xand add the square to both sides.

(v). Write the left-hand side of the equation as a perfect square and simplify the

right-hand side. ‘ _
(vi). Take square root of both sides of the equation and solve the resulting equation to

find the solutions of the equation.

NOTHEORISAEER -
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. . . Uni | Unit 1 Quadratic Eations .

DE - - » .
C ‘& EJ Completing the square. S < Using the quadratic formula
A Solve each equation Solve the cquation 3x? - gy 4 9 = 3
2 R 0= Solution = o
- Solution i Leta=3 b=—gande=2 : ‘-:::::; ::Jliclll:; caIra;Ilam{—
. . . = I = e Ly = e
\ut Start by writing the equation in the form = ke=d. L bi m ity cqum;:; n{sm;;gg
. e e ¥
= -8+ 9=0 given equation % 3 5 quadratic formuta | 9Y P
2 X —8v=-9 subtract 9 from each side L1 Avold Rrrors S 2 -Or+4=0
Y. X (-8Y When completing the ~‘-'=:[—-ﬂ3__(_'"_ﬁf_‘_ﬂ§3_@ ron
e r=-8r+l6=-9+16 add | — : =| === Io square to solve an equation 2(3) . substitute fora, b and ¢
G b5 M make sure that ' =
K (x - 4]‘.‘ =7 the ]11-,‘I't'4:|:[ square o the coeflicient of ¥ is I. s ﬁi\,’]_i ; 2 @Sol h 15 |
= r=4=% ﬁ square root property o vouadd the term (b/2)to 6 simplify Ive :
c ) e : both sides of the i () 4x'+3x-2=0
= x=4 =7 add 4 to cach side equation. x=1% B ’ (ii). 9x' - d2v+49=0
n i R | (Gi).5¢ — 10x+ 13=0
n  [EEJ Quadratic formula e (6D _ - 0
= - - o IR P T = (). w | numbers A |
The general form of quadratic equationis av” = bx + ¢ =0, where a, band ¢ are real nu IO TR, ¥ X0
4 and “a” is not equal to zero. By using completing the square method we can derive the s oulI:;:f :’piece ofl'[slt%e gal_l'f;ei :es ptahn ofa glilr:“; product they are launching. The frame will be '
| adratic formula for the solution of all quadratic equations. . p the weight down, the final area should be 28 cm®. The in; I
| qmdﬂl ic for q ofthe frame has to be 11 cm by 6 cm. What should the widthx of the metal be? oo, |
; S ft th term to the right of the equation Solution . Area of steel before cutting: a |
ax- +hr=— shift the constant term he rig! ¢ e & b ‘
[ ax- + bx C shift the cons Area = (11 +2x) x (6 + 2x) cm® =4x + 34x + 66 cm? - g e !
X+ E,\. =-— divide all terms of both sides by a. Area of stfc] after cutting out the 11 x 6 middle: = |
| ey Area =4x" + 34y + 66 - 66 = 45 + dx 6 I
b ¥ : e s Since the area equals 28 ¢cm®. * . e N |
Add z = : ter hoth sides of the equation. k5 B af, l
TR o R s Or2¢ +17x  14=0.Herea=2b=17andc = 14 #
. , :
== —— 3 |
4 Al = —bEVb —dac b :
b) b -4ac | Vg 28 !
= x+ : = . - :
# £ ~(17)£J(7) -4(2)(-14) J
*_dac b* —dac x= e PR, g _
= X+ -b— =+ b ?3 =+ : 2(2} ubstitare the valu e AT |
2a da0 4a’ = :
_ —17£4401 _— 2a
b b’ —4ac x= Z i
= r==—2=% = [ 4
e r___.,a v is about -9.3 or 0.8
- ich i g The neeative value of & mak sense, s answer is:
2y = .__bi_b__%_c Which is the required quadratic formula. The negative value of ¥ make no sensc, so the answe
' i x = 0.8 cm (approx.)

| Lathenatios N -_"ﬂ‘f-*:ﬁmﬂpnp‘_qiﬂl .E .:‘ = e e __‘:i* T }ﬂ_:fk%:ﬁgl'em:ian*RA“—E}:?.; ¥t o

-




- Unit 1 Quadratic Equations

iseld -
1 Exerds

g equations by factorization.
(ii). (x-3)'=4
iR+ - 10=0/ - Jv).6F-13x+5=0
(v). 5;(?'— 1)=d@+1) /" (i) x(3x-5)=(x-6)x=7)
*. Solve gach of the follo i'mg equations by completing the square.
(}f o+ 6x-40= (ii). - 10x+11=0
(iii). 4% +12x=0 (iv). 5%~ 10x—-840=0
i{w'}-"gfw&n %éu (vi). (k= 1)(x+3)=5(x+2)-3
_Solve each of the following equations by quadratic formula.
(i) P-8x+15=0 . (i ¥-2-4=0

(iii). 4P +3x=0 (). 3x(x=2)+1=0
4 ; ]
e gl e p=n, WiltaE ot
6= 17x+ 12 5 15 2
- Find all solutions to the following equations
(). F-8+7=0 (i), 72+6x=x

(). A+4r+1=0 () x(x+10)=10(-10-x)

5. The equation (y+ 13)(y+a) has no linear térm. Find value of a.
The equation ax’+ 5x =3 has x = | as a solution. What is the other solution?
What is the positive difference of the roots of x* — Tx—9=07?
Yo '33_-...-_..._._

Verffy the answers of Exercise 1.1 by using an online calculator.

.@.—_..A._____h______ E PO S o) |

Solve the following quadratic equation x* —8x+15 =0 by
.{ij Factorization (ii) Completing square

Verify the answerby using an online calculator.,

Unit 1 Quadratic Equations - - .
Solution of equati

G of equations reducib] i
e e ¢ to quadratic form

ti ;
any of the method leamnt abuvz:.ms ¢an be reduced to the quadratic form and can be solved by

" :
Typ Equation of the form gy* +bx+ =0,

117 Solve 124* =11x? 42 =0

Solution By making substitution ¥ = the equation becomes

12y" = 11y + 2 = 0, which ; : e i
factorization, 18 a quadratic equation in terms of ¥ and can be solved by
(Br-2)@y- 1)=0

3y-2=00rdy-1=9

Polynomial of

2 ek yzi degree four is

3 called biguadratie
To find x, use the fact that y =x? therefore, o . Ikilm.dmt.l_g.
: 2 2 l LT s
X = 2:— L W
5 o . *

The given equation 12x* ~11x% +2 = 0 has four solutions.

Thus the solution set is {ig & l}
.52

Type Equation of the form a p(x)+ 5.8 c,
g : p(x)
Solve 2x+—=9
X .
Solution
2x+ 4 =9
X

Multiplying both sides by x, we get |

.r( 2x+ i] =9x . ' 1'
T &

= 21‘3 +4=9.’.' .

S OTEORISBER

e e
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2 4=0
= 25 -9x+ "
zation
hich is a quadratic equation in x and can be solved by factorl
whi
(2x- 1)(x -4)=0
1
' =— or x=4
=" re3

: 1
1 ; L gt
Hence the solutions are E’ 4 and the solution set1s {2 }

i " x—1 x+ 3 - 13
Example {ﬂ Solve T + i = WARNING o
: When you perform a sub

A Unit 1 Quadratic Equations ,3

)

slitution\

of variable, you must remember

Solution
: 2L 4 pte L to go back and to express they
x+3 x-1 6 answers in terms of the original}
' x-1 Th 1 x+3 variable i
=—— e —=—"_ L .
e TS y x-1

1

13
Therefore, the given equation reduces to y+; =

Multiplying both sides by 6y, we get
6y’ —13y+6=0, which is a qu
by factoring as follows:
. (2}'—3)(3_}!-—2):0
1= 2y-3=0 or 3y-2=0

adratic equation in terms O

; 3 . 2
P = — r 1= —
= ;] 2 3
: 3 x-1 3
lf == [h —
. & 22 o x+3 2
=  2x-2=%+9
= x=—]1 . "ﬁ_ :
If x=2,thﬁ x__];=g I
3 x+3 3
= Ix-3=2x+6
=] x=9

Thus the solution set is {-i ] 9}

f x and can be solved

Unit 1 Quadratic Equ-i:tiuns : .

“pg : \'F:. Recip[oca T
i l equatiﬂn Qf
ﬂ'l .

|_ﬂ Solve the following equations -

.(i} 2[x2+—]—]-9(x+-l~) |
2 S JH14=0 G B[I’“r-];}‘*?(x*l]ﬂ%“
X

I Example

X

| Solution

(i) The given equation j !
€quation is 2 x1+-;2-)—9[x+l)+14=0
. x

Let x+—=

Y, square both sj 2771

x th sides x +F+2=)’10r,r‘+_1_
x

Sy
Therefore, the given equation reduces as follows: L
2(»*-2)-9y+14=0 :
= 2y’'-4-9y+14=0
or 2y* -9y +10=0
The equation can be factorized
S Ry=-5)(y-2)=0

'Jf—:rl 0
; 2 r y=2
5
Now _y:5 il :}_=2
|

= x+—=_5. = ""“;=2

x 2 ” .
= u'+2=5x Bt
or 23t —4x-x+2=0 = ©-2r+1=0
= 2;2_‘45_H2=0 = (x=1)=0
= | 2x(x-2)-1(x-2)=0 x=1l
= (x=2)(2x-1=0

1
2

1 | .' = 1
rez,;.landl.'[hesoluuonseus 2.-2—,1 :

Given x=2 or x=

Hence the solutions &



g™
- ' 2o L)oaof 52
(ii) The given equation is 8({_4-.—:- —42{x-—

X

Let x—ls-y.Then (x-
x

Therefore, the given equation reduces to
8(° +2)-42y+29=0
8 +16-42y+29=0
8y*— 42y +45=0

S

e M == 7 \::.- -

" Unit 1 Quadratic Equations f[[

+29=0

=3
._or 8y -42y+30y+45=0 N
= 4y2y-3)-15Q2y-3)=0 ;
= - (2y-3)dy-15=0 |
‘=  2p-3=0or 4y-15=0 |
. 3 15 !
give y=— or y.iT
] " s
Now F=3 | and pRo
-1 3 xi—'l__lf i
x =E T '
or  2(x*-1)=3x - or  4(x*-1)=15x
=  2x'-3x-2=0 =  4x'-15x-4=0 !
(x=2)(2x+1)=0 (x-4)(4x+1)=0
(x=2)=0 or (Zx+1)=0 (x-4) =0 (4x+1)=0

.
4. 3

x=2 o x=

Hence the required solution set is 2, {2, % .4,

L

4

x=4

a1
=

Unit 1 Quadrarjc Equations

42 10274 4 up
V. The above equation reduces to
4y’ ~10p +4 =0
= 2y 5429
o7 @-)(-2)=0
= 2y-1=0 or y=2=0

Let 2% =

(Taking 2 common)

(Fe frc'ﬂ'orf:f_ug )

: 1
gives y:; or y=2
PYRR |

= 2 “-=5 or 2°=2

- =2 or 2x=

S L
- Thus the solution set is {—'I,l}, ———— —
: - |

nle @ Solve the equation 27 +.2* = 1q | One-to-One Property of ﬂ

' Ex |
Solution . | ponential Functions J

224 2% - 1 | t If b" =4~ [
= 2.7 eR.rro10=0 L then n=m J

Let szy_Then 2“":1
H
The above equation reduces to

ay+2_10=0
¥y

= 4" -10p+4=0

taking I commoen

Mathematics X -

= 2y’ = 5p+2=0




Unit 1 Quadratic Equations

) .2.) 0 factorizing
= 2y-Dy-2)=% .
= 2y-1=0 or y-2=0
— y:-_;- or y=2 g o
== or 2=12
= 2 |
= 95=2" or 2°=12
= x=-1 or x=1
Thus the solution set is {~1.1}. _ s
Type ' Equations of the form (x+a)(x +b)(x+c)(x+d)=

Q;.-here a+b=c+d
b Example !' Solve (x+1}(x+3][.¥—-2)(x-'4)=24

14(-2)=3+(-4)

g AS : :
Seleten the left side of the given equation, We have

So re-arranging the factors on
[(x+1}(x-2)] [{x+3]{x-—4ﬂ= 24
= (x’-x~2)(x‘—x—12]-24=0
Let x*~x =y . The above equation becomes e
(y-2)(y-12)-24=0
y 14y +24-24 =0

!

. Solve the following equations.

ik g o

SR e - g -

(iii). g% lﬁxz +5e0

,Z' (vii). 3[.\:1 ‘l—)*l 1 8y
: - +x’ 6 .x-l-x +26=0
(i), [f+i,]_[x_l]_4=0

X7 X

(xi). 331 _103 +1=0

ot o RPIRRE o L

F i1 ] 2
L R R S TR [ R AL TR PR L

BV (e + D+ 3)(x+5)(x+T)+16=0
2. Solve the r:quali-on-i*‘—x' -2 +2x +1=0

Vil Eunie 8

S - ”l

v Exerclsel2 w

\
(i1). =T +12=0
(iv). Xh2~ i =_:i'
‘ 2
(vil, =§
6

(X} 3 _103°49=0

i) gt Lg% 194

(Ki‘r]-l‘l;i'l!:Lj]!.‘-..__t“_r*.”*l:ﬂ

—J

= ¥ =14y=0

= y(y=14)=0

= y=0 or y=14

If y=0,then x’~x=0

=
x=0 or x=1.If y=14, then i -x=14

gives

x(x-1)=0

— i -x—-14=0

A0 15156 1457 _ 14457 1-57
S 20) g g 5 -

Thus the solution set is {0, 1 =

l+J§:f l-—JS_?}.
ol

SR R

repeat the process you'll just keep getting 6174 overand overagain.

Take any four digit number, follow these steps, and you'll end up with 6174.

I. Choose a four digit number (the only condition is that it has at least two different
digits).

2. Arran ;,m. the digits of the four digit number in descending then ascending order.
3. Subtract the smaller number from the higgero;:e.
. Repeat,
- Eventually you'll end up at 6174, which is known as Kaprekar's constant. If you then
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m Radical equations
An equation in which the variable ap
coprafion

For example,

Jx+2=3, J2x+3=2x+35,

To solve radical equations, we transform the givel
an equation that contains no radicalsby squaringit. ~
A solution of the transformed equation that does not satisfy the
original radical equation is called an extraneous solution.

Type Tﬁ‘i Equation of the form Jax+b=cx+d

. Example ([} Solve v27-3x=x -3

pears in one or more ra

given equation into

~ Solution

J27-3x=x-3

2 2
Squaring both sides, We get (Jz'r - Sx} =(x = 3)

27-3x=x"—6x+9
0=x —6x+9-27+3%

=

or x1=3x-18=0
(x=6)(x+3)=0

= x—-6=0 or x+3=0"

gives x=6 or x=-3

Now it is necessary 10 check the solution

J27-3x=x-3

J.’c+5=--J2x—-l, 3t +x+l=

' - root by squaring.

Unit 1 Quadratic Equations

dicands is called a radicil

2 are radical equations.

Check all roots (solutions)
of the trar'lsforn'!cd
equation in the original
equation to exclude
extraneous roots.

IEWecangciridof a square

factorizing

s in the original equation,

| ¥ x=-3 then 27-3x=x-3

If x=6,then J27-3x=x-3
,,2?—3(6)= 6-3

27-18=3

7

3
3=3 . (true) l

On chécking, we find that x =-3is an extraneous root.

Thus the solution set is{6}.

,,’2?* Y-3)=-3-3

27+9=-6
J36=-6

6=-6 (false)

"]WARNING'@' ; e R —
You can perform addition only with identical radical forms. Adding unlike radicals

¥ Um:“l';:lundratic Equations ) . |

| mep‘}' [m Equation of the form Vx+a++xtb= IEe
= ¢ s
Solve x+2
Te Y2 T w423
Solution 8
s A T
Squaring both sides, we get ;

(o2 7) - ()

x+2+x+?+2m-\fm=x+23
= x+94+2x+2- x4 T =x+23
= 2J(x+2)(h7) =14-x
Squarmg both sides again, we get '
S 4x+2)(x+T)=(14-x)
4(x* +9x+14) =196 28x + x*

= 4x" +36x+56=196 — 28x + 23
= 4y 42 9
% -2 43624287+ 56-196=0 (£
> 3 +64x-140=0 &9
= 3% 6x+70x- 140 =0 1)
=" 3x(x-2)+70(x-2)=0 Y. L A
= (x=-2)(3x+70)=0 y Q\ x i
= -, -

. x=2=0 or 3x+70=0 : ~ et
70 J\ /\

x=2 Of X== =—

On checking, we find that Bl is an extraneous root.
Thus the solution set is {2} A

is one of the most common mistakes made by students in al i
; 'y gebra! You can easily
Y
erify that V9 +16=3+4=7
+f O+ 16= JE‘S =5
7=J9 +/1629+16=3

—1 B oy /
L._'..l l“t o~
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WLW“

ﬁﬁiﬁm Equation of the form

i Example [E -
Solve the equation ‘.Il.r +3x+5+ m i
Solutinn

H'II +3Ix+ 5+ +ix+l=2

The given equation can be written as

—— T

¥ iyt
‘Squaring both sides, we gel

P35 =d+x 243x+1- 2(2)x +3x+1
Cadx+S=x +3x+5 _ 4 +3x+1

0=—4x* +3x+1

v adx+1=0

I

squaring both sides

I
-
+
tad
-
+
]
=

e
_

=

Bcauuful Number Rclatlonsh1ps
135=1'+3'+5
i75=1'+74+5
518=5"+1"+8"

+ ;93:5%9’-&-3’ ; o " } 0

Unit T Quadratic Equatins

1. Solve the following equations,
(). NE;‘:_z_l=r+3
(ifi). VAx+5=2¢-5
(vii). Vox+40-Vx+2i = Jx+35
Gy V2 +2x+4+\"_+2x+9 =5

' '@g{clsg 13- . %

(ii). V2x=1=x-2

i, m=2x+ 3

. Vo= T

(vii), V24=3+V2x+ 4= J6xr+13
(x). J2xl+3x+5+w‘212+3x+]=2

2. Find 2x + 5 if x satisfies vA0—9x ~27—x = V&

Revlew Exercise i

1 At the end of each question, Four circles are given. Fill in the correet circle only.

(i), 1f(x+ 1)(x—-5) =0, then the solutions are

O x=1,-5 O x=1,5
(i), ¥ —x~1=0,thenx=
o "%‘E o -u%

5 g my g
(i) - in simplified form is
O 1+24 O 1:6
111, Toapply the quadratic formula to 2.°

O a=2,b=-1,c=3
O a=2,b=-l,c=-3

(v). If ¥* — 3x — 4 = 0, then the solutions are

O x=4,-1 0 x=-4.1
(vi). [l‘lvrz +4x = 9= 0, the solutions are

zt.f_ _-2sV22

5 1 5 ;
(viip, & rz =0, the snluu:m are

O x=-1,-5 O x=-1,5
o) 1245 o lﬂ:ﬁ
2 2 £
0 26 O cannot be simplified
__'(-23 # =
O a=2b=l.c=
O a=2b=-l,c=0
0O 1—4 1 O x=-4,-1
O t\-’;t'j;__ 0 .T=—2i-@
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(v1ii). What are the solutions of the equati

on i +7x—18=07

Unit 1 Quadratic Equations

O 2o0r9

O 2or-9 O -20r9 O -20r-9 R gATEN
{ix). Which of the following values of x are roots of thexegll:ﬂtlﬂ ;
O x=lorx=-7 9
O x=3orx=35

O x==2o0rx=4 .
2. Solve 2w’ - 5w +2=0.

1. Find the constants a and b such that x = —1 and x

.+ 6 andx* +19x+ 34 are equal.

ar +bx+2=0.
4. Find all values of x such that x*+5

Challenge '

i - ion: 498 ~316x+132= -
5. Find the solutions to the equation: 49x’ 3t:;f:epmbablymaﬂemdtheaﬂoffaclﬂﬂﬂns-

Ifyou can factorize this successfully, you

=
)| betterand why?

L Activity =% T
Juwaria tried to solve the quadrati
but she made a mistake. In which line of her

mistake?
X+ i\'-—i =0
[Line 1]= x" +5x =2
[Line 2] =>x"+5x + (512 =2+ (502
[Line 3] = (x +5/2)' = 2+ 10/4
* [Line 4] = (x + 5/2) = 18/4

[Line 6] = x=+V18/2 - 5/2

Find some internet sites which solve qua

¢ equation x* + 5x—2 = 0 by compl

[Line 5] = (x +5/2) = +\(1874) = +(¥18)/(& ) = 1812

[Line 7]=> x =~ 4.62 or - 0.38 to 2 decimal places.

= 1 are both solutions to the equation

0

dratic equations. Which site do you think is

)

eting the square,
working, shown below, did she make the

e L

P OMIEORISAIES

Unit 1 Quadratic Equations

mmarizes important t
Explanatinn

© nf_@]____hwing table su

Coneepi
o

nles

opics related to quadratic Epiatiuns.

A quadratic equation can have om0,

" ax’ =
Quadrat +bx +c= 0, where a, b, and ¢ are i
ratic proliscriite e one, or two real solutions,
equation : g =-3  No real solutions
(x-2=0  One real solution
-;:=0 Two real solution
.| A symbolic technique for solvi =dr+2m=g
Facloriz ! ique for salvi
actorizing ﬂlllﬂllﬁﬂs;.b*mﬂoumezcm—rp?odw:l ¥ -3r+2=p
property: ifab = 0, then cithera=0or | (¥—INx-2)=0
b=0. ' x=1=0 or x=-2=0
=1 or =3
8 ion = =
i ]
: 3 =0 £ =11 is equivalent 1o x=+i].
X-6x=1
To solve & + kx = d symboli
Completing kY R wl-Grr9=1+8 (i]"’
the square add [—]wmhsidcloobhﬁw 2 2
2 = X =6x+9=]+9
perfect square trinomial. Then apply (x-3F=10
the square root property. x-3=s/i0
; =310
The solutions to ac + by +¢ =0 | 1© 0Ve 2" ~x-4=0,lta=2,
4 ==l,mdec=-4,
Quadratic | 2 Bven by rre - {17 — q2n )
Furrmuila I._b_t.b]'i‘_ S =
I = 22
Always gives the exact solutions. el
4

@J The following table outlines important concepts in this section.

The solutions to a = b are among the

el | ST i
i i . Check your results.
cjuations : : e

Sohve yIus =2

Zr+3=r Squar cach able.
£ =25 -3 =0 Rewnite equations
x=-lor x=3 Factor and adobe.
Checking reveals that 3 is the only
solution.

T eomplste @ oqnars of & guadradic cquation

Add and Subtract

2

' Coefficient Of *x
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i . . : . 2
Define discriminant (b’ 4ac) of the quadratic expressionax” +bx +¢.
Find discriminant of a given quadratic equation. i _mim;“
Discuss the nature of roots of a quadratic equation through ciscrimina. .
Determine the nature of roots of a given quadratic equation and verify the result by solving the

Determine the value of an unknown involved in a give
its roots is given. k
Find cube roots of unity. )
Recognize complex cube roots of unity as @ and .
Prove the properties of cube roots of unity. . :
Use properties of cube roots of unity to solve appropriate problcms.l )
Find the relation between the roots and the coefficients of a quadratic equation.
Find the sum and product of roots of a given quadratic equation without solving it.
Find the value(s) of unknown(s) involved in a gi\:cn quadratic g]uut_inn when P
o sum of roots is equal to a multiple of the product of roots,
' sum of the squares of rools is equal to a given number,

::, roots differ by a given number, _
o roots satisfy a given relation (e.g. the relation 20+ 50 =7 where o and [} are the roots

of given equation), ! :
"o both sum and product of roots are equal to a given number.

@ Define symmetric functions of roots'ofa quadratic equation. :
Evaluate a symmetric function of the roots of a quadratic equation in terms of its coefficients.

L]
@ Establish the formula, ;
- (Sum of roots )x+ (Product of roots) = 0,10 find a quadratic equation from the given roots.
@ Form the quadratic equation whose roots, for example, are of the type:
o 2a+1,2p+ 1, . :
o o, P

uation. .
e n quadratic equation when the nature of

* Unit 2 Thﬂ.ﬂj ﬂ‘[ (||l-'.-'-rﬂht, p'lU'UI;D:I_ - e : . :‘:’_1

o U+ ﬂ E: -L + .I_ ;
a f’ I
_ ek s ; g
® Describe the method of synt;e:i'::adl;::c'" R
@, Use synthetic division 1o e R N
o findquotientang remain iven polyno : s ?“W' !
- Otientan ainder when a given pol ial is divi i i
ey ket it oot spomomin g,
, Hets) ol unknowngs) ifthe F O iver
i j : :,}:;:: ;l:;b:cdcgnaliun ifone m:usrgzzﬁlii:iﬁi}vtzwm W
C Iquadratic (quanic) equation iftwo of :
the real i
@ Solve a system ulf f""q €quations in two variables wjien s Df'hew“f’“““m-g?""‘*
¢ .0 Oneecquation s linear and the other js quadratic, ;
o both the equations are quadratic. '

@, Solve the real life problems leading to quadratic equations

EI!] The discriminant of a quadratic equation - !
In the quadratic formula, the expression b’ c, is iscri el Uuzd’- ;‘:hr-a e
b =ul_l' \e cxpression b’ - dac, is called the discriminant of the g tic
The value of the discriminant is used i

et crimil to determine the number of soluti f i
e'quahf:-n and numbcn:ol‘.r intercepts of the graph of the related funclim?j;z?i:m:cgpu:gﬁgz
graphis the x - coordinate ofa pointwhere the graph crosses the x - axis. .

L__”Cfn-es Case(i) |  Case (ii) Case (iii)
Discriminant b’ —dac>0 b’ -dac=0 b*-dac<0
Nature of roots | The roots are unequal The root are The rool‘s are u:la;[ual
and real. Roots are 1 imaginary
¢ -Ro t equal. and imaginary.
rational if b=4ac is g
perfiect square -

otherwise they are
irrational.
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“Example ([}

R m Nature of roots of a l.|u-.1d|':|t|4. couat

Unit 2 Theery of quadratic equotions
i

' . 2 +2=0
Find discriminant of the quadratic equation X +9x

Solution ith ax +bx+c= (0, we have

Comparing the coofficient 2 40x+2=0W
a=1,b=9, c=2 s
Discriminant = b* —4ac = (9)" —4((D= 8-

jon (hrouah disct Aaninant
Example (8
Examine the nature of the roots of the fol

(i) x —-8x+16=0
(i) 6x*—x-15=0

lowing quadratic equations.
@i *+9x+2=0
(v) 4x2+x+1=0

Solution
(i) Comparing x* —8x+16 =0 with ax’ +
a=1,b=-8,c=16. b
Discriminant =b* —4ac=(- g)’ ~4(1)(16) =64 - 64=0
Since discriminant = 0, therefore, the roots'of the given equation are rea

equal.

bx+c=0,we have

In x* +9x+ 2,we have,
Here a=1,b=9%c=2
Discriminant =b’—4ac= —(9)Y - 4(1)(2)=81- 8 =73

t = 0, but not a perfect square, thcrefor-:: the roots are real, uneq

(i)

Since discriminan
irrational. y
(iiiy Herea= =6,b==1,c=- o sl G

Discriminant =b’ —dac=(~ 1)' -4(6)(-15)=1+360= 361=(19)

Asthe discriminantisa perfect square, therefore, the roots are real, unequal and rational.

(ivy Herea= =4,b=l, c=1
Discriminant = =b? —4ac=(1) -4(4)(1)
=1-16

=-15 *
As the discriminant is negative, therefore, the roots are imaginary and unequal.

1 (rational) and

ual and

Unit 2 Theory of quadratic e§uations
ﬁ’ﬁﬁ’ﬂ Determining and ve

rilying nature of roots.
Sxample [E¥  Determine the nature of roots of the following equations and verify the

resultsby solvmg them by factorization.

{

* Example.|

; (i) x —6X+9=IJ (ii) Iz+5x+6=0
Solution :

(i) *-6x+9=0

Here a

=1,b=-6, ¢=9.The discriminant is given by
b* —dac = (-6)" =4(1)(9) =36-36=0
Smoe the dlscnmmant is zero, the roots are real and equal.
¥ —6x+9=0
(x=3)(x-3)=0
, £=3,3
Which are real and equal. Hence the result is verified.
(iip x* +Sx+6=l_] :
Here a=1,b=5, c_=6. The discriminant is given by
b? —dac =(5) = 4(1)(6) =25-24=1=(1)
Since the d1s—::nn1mant is a perfect square, the roots are unequal and rational.
X 45x+6=0 .
(x+2)(x+3)=0
cx==2and x=-3
Which are real, unequal and rational. Hence the result is verified.
Without solving, determine the nature of the roots of the quadratic equation,
I - dx+6=0. _
We evaluate b’ 4ac usinga=3,b=-4,and c =6:
 b-dac=(-4y-4(3)6)=16 -72= 56

The discriminant is negative, so the equation has two complex roots.

Solution

Example | | Without solving, determine the nature of the roots of the equation.
W-Tx=-1
We rewrite the equation in the standard form
2¥-Tx+1=0 g 8
and then substitute a =2, b==7, and ¢ = 1 in the discriminant. Thus,
bl dac = (-7) - 42)(1) =49 -8 =41
The discriminant is positive and is not a perfect square; thus, the mots
are real, unequal, and irmational.

Solution

e

.'::e'rgFo R?SWE‘EE R




; Af qupdretic equntians
Yt 2 Treory 7 4

 naAture ol rouvts.

! EEER veier mining and verifying vl “,1- rwhﬁhlhl-’ given tluddr.mc equiltmns
| lucs of k10

| Example £3 Determine the setof va

have real roots. :

| 3 =

: l: I (i) ot +4x+1=0 (i) 25 +hx +3

i - Solution ; i

1
_ Comparing ky® +4x+1 =0 with the gl adratic ¢qt

Il ")
I i ) ax® +bx + =0, we haye
' ; p a=k, b=4,¢c=1
} i Discriminant = b* —4ac :
LB =474k =
' Since roots are real, so  b-dacz=0
..l = 41 -4k20
|l | B = 16-4k=0
i A 16> 4k
i i = azk
i or k<4
! i 4 (ii) . Compmg 212 + kx +3 =0 Wll]'l the ql.lﬂdrﬂtil: equatiﬂﬂ
i ax® + by + =0, we have _ ¢
: a=2, b=k, c=3 :
. Since roots are real, so  b’—4ac=0
[ = K-42)3)20
5 Discriminant = b —4ac= k" - 4(2)(3)20
{ o k-2420 .
IE Cor K224
| Fela

! ' |k_|azJE' o

I k2246 :

k2246, - k22{6 ¢
k22J6 o k<-26 '

v BRI DTEFARISAL L

Unit:2 Theary of quadratic equations . 5 oy ’ ' .i

v Exercise 2.1

1.Find the discriminant of the following quadratic equations:
M Mlya13= 0 (1), 4x* =5x 41 =0
5 = "
2. Examine the nature of the roots of the following cquations:
() 3x? ~5x41=0 (1) 62" +x -2=0 (1) 35 424 1=0
3. o sl of'l the roots of the fallow ing equations are l:qu.ll .
() ¥ kv +9=0 Wk 124 + hea 320 il —5x4k=0

4.Determine whether the followlng quadratic equations have real roots and if so
find the roots. :

(). 4x+1=0

() x*45x45=0 (D) 4 41244 9=0 Ui 6 4 x-2=0
5.Determine the nature of roots of the following quadratic equations and verify -
the results by solving them.
(il 3% =10x+3=0 (i), ¥* —6x+4=0
6. For what value of £ the roots of the following equations are:
fard reni (h) imaginan
Gk 20 43xe k=0

l1ii1.r‘_3=n

(idfy +2x+1=0 iy +5p+k =0

: 12x 8+ 2=08
- = 123 x 8+ Q87

: 1234 x 8+ 4= 9876 _-
l.’?-'l-:! ® 8+ 'J\\:'.‘D:T. .

123456 x 8 + Q87634
1234567 x 8 +.7 = 98763543
12345678 x 8 4+ 8= 98763432
123456789 x S+ 9= 087654321

It

de a1
Il

o L
o




ratic equations i ' ‘ .
unit 2 Theory o quod : = Unit 2 Theory of quadratic equations - .

- . . ’ i 2 L Fropertics of the ¢ i
” % ek s of the cube ronts of unity
" erties - The sum : §

their pmp - ! Fhe suni of the cube roots of unity is zero i.e. |+ m +m' =10,

Cube roots of unity 2 .
EEE. Cube root of unity fig= -1+i/3 TR -1-if3 3 o
Let x be a cube root of unity, 2 2 5 ‘
then x=1 [1}15 : 0 ' Then we havcl+m+m1=|+iﬂ+“f‘-hﬁ
=3ll= ' 2 2
=1 i : : 3
> pei=0 A J2-14+iB-1-if3
= (x-D+x+D=0 : §
—1=0 or x P px+l=0 =2
= %=1 1i 1= 4 --]i\r- -li]ﬁ : 2
i g orym——a - =0
g 2 3 Thus, the sum of the cube roots of unity is zero.
. where i=vJ-1=1"=-1 \r 2. The product of the cube roots of unity §s 1, ie. e =m' =1
: -]+IJ- 'I"'j 3 B S
I Thusthccubcrootsat'unltyﬂrel i and T, lfm=+'jE and m’:-lz_"‘ﬁ.
il . —1+i3 —l—*“r lex roots. t OO -r—ﬁl"'iﬁw.-—']_fﬁ\'
I# Hcrcllsthcrealrontand—————- = = S O hen 1-@-@ IL 2 } E J
mega). it
{8 - Let one of the complex roots be denoted by the Greek letter o (read as omega) <0 ~(i3) e
| uppose = s
It | L . 2 : : = (r iF=-1)
i : 1 .
2 _[-1+i3 _143
;- Then 0= 2 4
| : : ] : : « =4
(-1) +(iv3) +2(—l](h@]| 4
= =1
4
Thus, the product of the cube roots of unity is 1. | i

3. Each complex cube root of unity is reciprocal of the other e w=— and W' <
e

By property 2, we have w' =1.
= wew' =1

_1-3-2i3
SO




n
m Using Propernes of cubc wnts of u
Show that x* +)° =X+ Jx+y

ur 10 solve proble™
1w y)

" . Solution :R.H.S -(x+y)(:c+'-v}'){1"‘“’}'}
| ' ~ e )

‘ ]w+|‘. ty :i
‘ﬁ%« -(r+1)[;+[u::} . 1+w+w2 PR
7 a =(x+y)(' —-Xxy
= =x+1 ¢

|
|
| =LH.S & oo
“ frxam e |3 Evaluate w”, w®, w', W', W

F[ gdudol ™ we= W) =)’ =1
i

=13
w

W= (W) =) =1
: »= W) =" =1 il
B :':“ = w'-w'= (w’:l M -'(n wh=lw =1 .
!i (v properfy 3J} ik B

i .
i gL " |
: ; | PPN R ) 6

o B i e T

. 5 4 S LA
n'’ wew {“} w A1) ew oW

1 . - 5 3 L EY
" Example EJ show that (- er) +(-1-i3)=16
t4 e +,J'3 R

- N A
il - Sﬂluliﬂn " Since-w=— and 5

- Then 2w--l+:qr5 nnd 2wt =—-1- :J_
LHS =(-1+i3) +(-1- f\,r:l

= ('?'.ll +(20° :y
=&’ +8u"
=8w’4;_8(w']:
=8(1) +8(1
¢ S eis

= ' =16

=RHS

Mathematics X P«l‘(‘]ﬁ' l "K,,Tz @.«’*\ )

L A
{;}3

1. Fin-fl the cube roots of the following numbers, E W/
(i). -1 (ii). & | (iii). =27
2. Evaluate:
(i) w2ayty (ii). (14+w-w?y (iii). (14 3w- w‘)(l+w—2w’)

3. Prove that:

M- (+2w) 1+ 2w )1~ w-w?) =6  (ii). (~1+iy3)" (_, if3) =512w2 \‘) |

4., Shnwthat
(i) »- » =(x=y)(x- W (x=wly) (i) (14 w)(1+ w? ) (1+ w' )(l+w'L 1
- Roots and coefficients of a quadratic equation &

—F

"1 Relation hetween the roots and the co-cfficient of quadratic equation’

We expreSs the sum and the product of the roots of the quadratic equation in terms of its
co-efficient. Let o, B be the roots of the quadratic equationar’ +br+e=0: a#0 wherp
o —b— b —4ac ’,, 3
= 3nd B= - X
2a 2a
Then sum of the roots

2 Y T
a+a=“"+‘jf’ ~dac  —b—b? ~4ac

2a
_ b+ b’ ~dac b b ~dac

2a

_2_

Poe s |
a
and product of the roots

[ —b+B 4ac][ B e o ]
ufi=
2a 2a
= 2
(b ~(Vb* ~dac)
B =F +dac
ot

_£
a

=0 _ co—efficient of x
a  co-efficient of X*
' consiant term E
Product of the roots = af = = W ; 2]

'\!@jT ROR S,}._\LE M)

:“h

Thus sum of the roots = a.+p =




e
e

-

Unit 2 Theory of quadratic equations

- - ‘\
- . ' Jtic equation without
«enquadrd
ots of 2 &1V

The sum and pradur.t of 1o
solving it
e m fthecqualion,
. -W-itho;it. se;hring,ﬁnd the sum and product of theroots® ;
o 2-x-4=0 @ 6T
1 = Ix—-4=
Solution " ik
: ' =72, b=-3 20
d (st Ae=d=ir BECS
(i) In the equation & g g
Sum oflhe roots =-;-—=--—-i-‘ =5
C_ _—_'i =__.2
' Product of the 0018 =279
b
' @@ 3¢ +6x-2=0
. Here B=3,b=6,0=—2
|2 af b
L Sum of the roots =—4=_3'—_
L a
l c 2 2

Product of the roots = ; = _3- :

m The values of unk
\ Example 1.

Find the value of k s0 that the
to three times the product of its roots.

nown(s) involved in 2 given

sum of the roots of the equation

Solution

The givm equation is
2 + b +6=0
a=2,b=k c=0
- sum of the roots =i =-£
a 2

Here

pl‘OdUCt'thhCTDOlS =~c—=%=3

b “
; .~ sum of the roots = three times the product of roots

quadratic equation

1x2+h+{:-=0iscqua\

Unit 2 Theory of quadratic equations
. Example 12]

Find the value of g §
aif the sum of the
square of the roots of x* = 3ax+a° o
=~ a =0is7.

. Solution 1
, ion_; Let a, B be the roots of the equation x* —3ax+a* =0

-3
= an a 1

then o+ =~ : Lo

Given o’ +p* =7

= (a+B) -2ap=7
= (a)' -2(a*)=7
= 9%'-2a'=7 g
= Ta° -
= o=l
= a=*]

h Exﬂm I f i ] TK= Y
p E Flnd he ﬂ.lue Of": ifth roots Of X X+ k 0 diﬂ‘er i
e i Vi & 7 |) un!t)r_

Solution  Let a, o +1 be the roots of x* = Tx+k=0
Then + Bl
o+{a+l)= ] and
or 2a+1=7 ;
or o=3 S

=

i Example Ii 'l If L are '[he 1o0ls O 9 = ] +k=0 at
,_t: ,ﬁ 15 f Xz 2 X k ,ﬁ.ﬂdlhe'v’alucori‘sul:hlh

20+5B=17.
Solution If o, b are the roots of 9x* —=27x+k =0, then
- 27

a+p=—=3 i

p 9 (1)
k .

and of=— ii

. p 9 &
also  20+5p=7 (iit)

Solving (i) and (i), we get &= g p= %

Putting these values in (ii) we obtain [g][%]=

a(a+l)=.§=k
3(1+3) =k
k=12




5 . 5 Theory of quadratic equations 3
Unit 2 The : Sar ; Unit 2 Theory of quadratic equations .
5 ada & :
s and produﬂ" o q ic 1 Sk 3 3
. . P48 | SYmmetric functions of : -
: Let o, B be the roots of a quadratic roots of a quadratic equation
: 1,02 equati 3 :
25k =0 E | o +|':5 are called the functions of (& on, then the expressions of the form a+p , af
Pipx+c=0¢ function of the roo s ofthe roots of the quadratic equati ’
ax i . ts of an equation, we cquation. By symmetric
e in values when the root ; » we mean that the function remains invari
% © Here sum of the = _-b ; oots are interchanged. F ; riant (unchanged)
£ o gum of Roots = 3 ﬁff_szljmetrlc function of o and B or example, the functions a +f, o +p2, o® + B
i == 3 Ll Symmetri . ' 5
: and product of the roots = T o i ol Symmetric function of g -
i > product of ROOLS = % . Pl " he roots of a quadratic equation in terms of its coeffici
’ H sven condition LNF ] : o, [} are the rodts of ax’ coeflicients
According to give Wherea# 0. functions of the roots of a gi @' +bx +¢=0, then find the values of the i
5 N a given quadrati s z AETHE - -
| k. | e = W & O b 6w g PR S RENCe ey
' o e J - ‘ )~ 1 (i) o +p (iv) o +p
= m== : b B (i) eEoga
i - - A ®8 o
j i LT} v Solution
8 nt - (i) A
i"- i = n=10m 1 : : 8 the roots of the equation ax’ +bx+c=0
",.. : = 10[_12_] [ m= -2-] - sum of the roots =+ fi= b
i ; : i i a
L ‘ o (i)  Product of the roots = af =<
. 1 i Since o 487 ? T
i m=— and n=3. (iii)  Since o + P =(a+P) - 2ap @ ?f
! « Exercise2.3 - : =[“] . E[E)
1 T e a a =
. : g ; f the following 2 : e 2 ) g
I 1. Without SDIVi]Tlg the gquaiwn’ ﬁ_nd the sum aﬂd product& of the roots O - :‘)____2_.*: \_‘ ('{—-‘.’.‘j
; uadratic equat ions. : e Jl‘ \
& q : P, (O O b -2 i\ } \
dil ) (). 4x*-4x-3=0 (ii). 2 +5x+6=0 (iii). 3x” +2X i iio TR
. : . : t of its ) a
! 1 Fi:ldth-ﬁ:vﬂ.lun.t-:mfirifsu.rsl()‘fihercm-ﬁiﬂfh2 "‘h‘fﬁ:ms g mcpmdufl: 13 (iv)  Since o' +p’ = G
, ; fth s of 7 —Slor+ 62 =0is eal B8 e o’ +f’ =(o+p) -3upla+P) ooy
fo 3. Find the value of  if the sum of the square of the 100 i 5y Did You Know?
i 4 Find the value of  fthe oots of x* ~5x+k =0 differ by unity. =['E] £ 3[£J(_£] Bl Meiher Beltionsips
£ X A " : 1, A a a 31=t‘3+l:l:=9:
5 5. Fmt!:thevaiueofklfthemotsofx’-9:r+k+2-0 dlffe.rbythree. » Sbc 913=(4+9+1+3 =17
- 6. If o, p are the roots of 2 —5x+k=0, find k such that Ja+2p=12. i ; —-;’-" =
. ; 1 _qy—N=
7. Find the value of m and n if both sum and product of roots of the equation mx Ix-B _3be _ b s 3_abt_-i'
5 3 t.'l’" H'" -‘.lt
are equal to 5 .
¥ v : : : — T e WEs ) ] ¥ k- -: .' -- ¥hi _-' ] () - ‘_..@ Rg_SIAIEEa Mathemabies X -
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.f ==  Theory of quodratc equotns U""; T of ottt - -
. L | xs_lmple [Iﬂ Form a quadratic equation whose roots are 145 and 1-+/5.,
! :
[ oo Solution  Roots of the required equation are 145 and 15 &
) E+§=—;{i_ | Sumuftheroots=]+J§+]_J§=2 = :

1 B Product of the 10015 =(1+y5)(1-5) =~ (+5)} = 1-5 =4

: "f the required quadratic equation is
| - [
i _'___E (u+ﬁ='£'“ﬂ=};) x* —(sum of the roots) x + product of the roots = 0
i e g = x*-2x+(-4)=0
; { "b = X =2x—4=9
;_ !_ e Sk : . Forming an equation with the given roots is the reverse process of solving an equation.
!rh _, i i EE_*.'E!- g Eii'ﬁi' Example EL.' Form the quadratic equation whose roots are:

- ) —FtE T (ap) : s B b ity 7 BE

i a P ; 2 (i) 2a+1,2b+l b2 (iii) —,= s

: . (_E'_) —Z[E) (iiy a iii) =% {iv) o

a Fig g
SE_-E)—-—EEE ,_--—;-r" Solution (i) The roots of the required equation are 2a + 1, 2b +]
T (P [5) . sum of the roots = 2a+ 1+ 2b +1
a

'-..'-{' Y=2a0 ¥ =2ac =2a+2b+2

h = -——‘—::3—-' i ’ and product of the roots = (2a + 1)(2b +1)

i = ' e oiven = dab + 2a+ 2b +1

i a : . roots are gl ) ) .

il 3 shonatid uadratic equation whose . The required equation is given by

Q Hi or 5 = _

: be the roots of the quadratic equatmn axt+ bx+c=0, x = (sum of the roots) x + product of the roots =0

; @, P be b d op= = x* —(2a+2b+2 )x+ (dab+ 2a+2b+1)=0

i Then g AN AN il oo oo

j { f"": ".J : Which is the required quadratic equation.

Ved 5 5
§ Now ox’ +bx+c=0; a% O . . fr (i) The roots of the required quadratic equation are a’, b’ therefore,
: b c_ N i 55 —12
) s xl+;x+;-—0 Nod ,,:\ " x a’ or x b:
i x-a=0 or x-b =0

B S eyl :
)] e J:"‘-:U Y f i o 2 YR
= x . o \ : (x—a")(x-b")=0
_  —(a+B)x+op=0 - | x(x-bt)—al(x-b)=0

: B e : P xpi-alx+adb’=0
' Where § = 0.+ p = sum of the roots : . (az-bzkﬂzbiﬂu
i and P =af=product of the roots
Thus, the fc-rmula for-forming a quadratic equation whose r
x* — (sum of the roots) x + product of the roots = 0

Mathematies X ‘F@T EOR S-‘A-Tri\
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oots are given is

Which is the required quadratic equation.
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Unit 2 Theory of quadratic equations
n

1 1
dratic equation a1¢ 0%

(i) The roots of the required %
1 x=-1'
Sincex=—~ O b
a=l or BT
=0 b1 =0
(ax—l}fb-"]):o
a.r{bx-l)‘l{m_n:o
ahxz_ax_.bx+l;'u

ab’-(a-b)x+1=0 iGh
: tic equation-
Which is the required quadratic ¢4 o) ALY
jred equation are 3

L]

(iv) ~ Theroots of the requ

2 x==
Therefore e g 2
5

5x=12 or
5x-2=0 or
(5x-2) (2x-5)=0
51’(2!—5)—2(?.:(—-5)-‘—0

102 - 25x —4x+10=0

102 -29x+10=0 |

| Which is the required quadratic equation.

-

S e 9 94=95 - 40

i thisonc? J

g /_—9-24-!-16:25-40“‘]'.5;
CORH . e-er=6-4

Yo g2 d=B-4

=3=1
Matheniatics X ﬁ:;ELTﬁEEESﬁtEJ . % _1 .

Unit 2 Theory of Quadratic equations

' Exercise 2.4
e e -

LIf n_c, B are the roots of g2 +bx+c=0, find the values of
i), a’Bepiy (ii). (a-p)’
2. Find the quadratic equation whose roots are

Sc :
1, = (ii). 3.4 (iii). 3+2, 3-3
3. Form a quadratic equation whose roots
ax’ +bx+¢=0; a0
4. 1f &, B are the roots of 2x 43x 41

(iv). a, ~35

are square of the roots of the eﬁuation

=0, then find the values of

.2, 8 TR N
= (ii). = +.|_3"_ (1ii). _ﬂ_+;
5.1f o, B are the roots of3:c’—2x+5=0.ﬁnd the equation whose roots are & E

B«
6. If o, B are the roots of X —4r+2 =0, find the equation whose roots are a+l. ﬁ+l

o
| 1o il
-

.| Synthetic Division

.

We_are fami!ig: with the process of long division for dividing one polynomial by another. We
noticed that if the degrees of the polynomials in the numerator and denominator differ
considerably, then the process of long division indeed becomes very long. However if the
polynomial in the denominator is of the form x — g, then there is a shortcut method called
synthetic division.
Steps of Synthetic Division:
Step 1 If the divisor is x -, write r in the box. Arrange the coefficient of the dividend by
descending powers of v, supplying a zero coefficient for every missing power.
~lup L Copy the leading coefficient in the third row.
Step 3. Multiply the latest entry in the third row by the number in the box and write the result
in the second row under the next coefficient. Add the number in that column.
Step 4. Repeat step 3 until there is an entry in the third row for each entry in the first row. the
last numbers are the coefficient of the quotient in descending order. -
WARNING (] e
(a) symhcﬁccdivisioh,can be used only when the divisor is a linear factor. Don't forget to
’ writea zero for the coefficient of each missing term.
' ividi = in the box. For example, when the divisoris.x + 3. place
(b) When dividing by x - r. place rin the ey :
{!)in the box, since v +3 —x ~(=3). Similarly. when the divisoris.x -3, place +3 in the box,

| sincex =3 =x—(+3). AR

CATIEORISATER - |

e




- . Unit 2 Theory of quadratic equations

I L1

The roots of the required quadratic equation arc ; a

(iii)
I s
SinﬁexS; o
ar=1 or  bx=1
ax—l=0. or bx-1=0
(ax-1) (bx-1)=0
ax (bx—1) =1 (bx-1)=0
abx*—ax-bx+1=0

abxr’~ (a-b)x+1=0
Which is the required quadratic equation.

2|

w1

(iv)  The roots of the required equation are
2 =
Therefore x=-§ or I_E
5¢=2 or 2x=35
5x-2=0 or 2x-5=0
(5x-2) (2x=5) =0
5x (2x—5)-2 (2x-5)=0
10x* - 25x ~4x +10=0
102*=29x+10=0

Which is the required quadratic equation.

P

[ e ") 9-24-25-40
_/ 9-24+16=25-40+16
R (3- 42 =(5- 4)

y 3-4=5-4
DT o sh=

B

) - "{"-h.w

Lsinee =3 y-(13). - - |
. | :l l.l.'-"_ I=x ['__ ) é‘i! ﬂﬂ-ﬁﬁ@ﬁ YJ—EE—..\.. icttialics X

Unit 2 Theurg of quadray, €quatigng

. ;
Exercise 2.4

..+ br+e= 0, find the valyes of
(ii). (a-py’
on whose roots are

(ii). ~3,4 (iii). 3+4/2, 3-2 (iv). a,-24

3. Form a Quadratic equation
ax’® +bx + c=0; g0,

4. 11 o, B are the roots of 2x* 4+3x 4] =

LIF e, B are the roots of gy?
(). o’Bepiy

2. Find the Quadratic equati
: 1
{I].. 1, -2—

0, then find the values of

(. £, B 1] ) R
= (n). _'3?3_+E:_ (1ii). _+%_
5.1f @, B are the roots of 3.r2—-2x+5=0, find the equation whose roots are & B
* j B' u .
G.1f o, B are the roots ofx’—4x+2=[l.ﬁnd the equation whose mo!sasveu-lv-t—. B+l.
. A o

" Synthetic Division

We are familiar with the process of long division for dividing one polynomial by another, We
noticed that if the degrees of the polynomials in the numerator and denominator differ
considerably, then the process of long division indeed becomes very long. However if the
polynomial in the denominator is of the form x — a, then there is a shortcut method called
synthetic division,

Steps of Synthetic Division:

“tep B Afthe divisor is v - v, write rin the box. Arrange the cocfficient of the dividend by
descending powers of v, supplying a zero coefficient for ev ery missing power.
~tep o Copy the leading coefficient in the thied row,

Step A Multiply the latest entry in the third row by the number in the box and write the result
in the second row under the next coefficient. Add the number in that column.

Step L. Repeat step 3 until there is an entry in the third row for cach entry in the first row. the
last numbers are the cocflicient of the quotient in descending order. :

WARNING e : s

(a) Synllwlif?livisinh can be used olnly ‘\\'I!um :h;:]]u isor is a linear factor. Don't forg

[write s zero for the coellicient of eachmissing term. e

Sl |_.°:.rulﬁ. i Ll vl ph.a:erinlhl:box.Fnr-::x.wmplc.whmnllcdwlsnr:s.rfj,pluc‘c
i L] M T 1 v H 5

“‘:} 'W|||] m[dw“ il:ll :y+ 3 =y —(~3). Similarly, when the divisor is x -3, place +3 in the box,

| =3 inthe box, sincex + 3=y == )

o
) s
- ..IL"!{"‘".
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Unit 2 Theory of quadratic equations

i inder R whe
Example i_@ Use synthetic division to find the quotient O(x) and the remainder R when
the polynomial 3¢} —2x2 150 i8 divided by x—4.
. Suluﬁ}m_ ., LetP () =3x* -2x* -150
' =35 25 +0x-150
~ and s—gux—d=>act
Then by synthetic, division we have

4|3 -2 0 -150
12 40 160
s
5 10 40 10

Coefficients 1 Remainder

of quotient

Therefore, Q(x)=3x" +10x+40 and R=10

find the value of kif2 is a zero of the polynomial

Example [II] Use synthetic division to

2x* 4%+’ 8.
- Solution LeiP(.t)=21“+x’+kt‘-8
2y + 20+l +0x-8
Since 2 is a zero of p(x)=> P(2)=0
- x—2 isa factor of the polynomial Plx)
Now use synthetic division t0 divide P(x) byx—2.
202 1 k 0 -8
4 10 2k+20 4k +40
9 5 k+10 2k +20 4k+§2

L Remainder

Since the remainder is 4k+32.
P(2)=4k+32 by Remainder theorem

—
= 4k+32=0
— 4k=-32=0
_-a32 >
= k= 3
= k=-8

afathemanes

Unit 2
't 2 Theory of quadraric vl

Example m
{43 Use T
the factors of the pﬂly:l‘“ihehc division to fin

Solution Here A-d=x=l=g=]

and X-a=x+2=g=-2
] Let P(x)=x —mx 4 mx+12
ow use s;mthetic division to divide P(x

dihevalugs of mand nif x—1 and x+2 are

omial x* = mx? 4+ pye12

)by x=1and O(x) by x+2.

' L 12
| 2 1 l-m l—-m+n
1, 1= .
, i 1”"’"‘"1 13-m+n
=2  242m L Remainder
1 ~1-m 3+m+n
; T R
Since x—1 and x+2 are the factors of P{x].weﬁx:nder
13=m+n=0= (i)
3+m+n=0 = (i)
; Adding (i) and (ii), we get
164+2n=0
= In=-16
= n:—a
Putting n =8 in equation (i), we get
13-m—-8=0
= -m+5=0
= -m=-5
= m=5

Thus m=5 and n=-8.

E‘j‘.

Synthetic division is a method of performin
writing and fewer calculations.

The advantages of’ synthetic division ar¢
.| ituses few calculations, an
subtractions in long divisi

that it allows one to calculate without writing variables,

d it takes significantly less space er th i
on are converied to additions by swilching the signs at the very

g Euclidean division of polynomials with less

mpa‘peﬂhnnlmgdi\‘isi.un.ﬁlso.m

beginning, preventing signerrors.

Apathomatics X -
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- IIOI'I-II. . 5_1:2 +4= 0,use S)'[lﬂ'lﬁ'rﬂc
i uatt

E If-1and 2 are o0

Example |
division to find the other rools. :
Solution  Let P (x)= L5+ 4
=x'+0x _5x2 +0x+4
Since —1 and 2 are tWo roots of the cquati-::l-n P(x) g
x—2 are factors of P(¥) To find the quotient W¢

.11-:]H5"*]'4
a -4

_;Lllf‘]/
e i

P
=T ) 0

x-2=Q(x:'

the roots of the equation e \' l} } 1"1\
: ; 1‘1

Other factor is X' +
Other roots will b€
= (x+2)(-D=0
-2 or x=1
x)=0 are -2, 1.

o, therefore x+1 a0

¢ synthetic division.

= X=
Thus, the other r00ts of P(
4 . Exergi_se 25 -

sion to find the quotient Q(x) and the rem

d by the second binom
(ii

1. Use synthetic divi

polynpmial is divide
(i), 3420 —x-k x+3

(i), 2x' -3 #5x =T x+2

2. Use synthetic division to find

ial in each case:
) 2%t =T7x +12% - 27 x-3

the value of k if

: £ +4x +hx+8.
3. Use synthetic division to find the values of p and g if x+1 and x—2 are the factors of
X+ pxt+gr+6.
hetic

4. 1f x+1 and x~2 are factors of the polynomial £ +ax’ + bx+2 , then using synt

division, find the values of a and b.
5. One root of the cubic equation x’ ~7x-6=0 is3. Use synthetic divi
to find the other roots.”
6, If =1 and 2 are roots of the quartic equation x* - 5x' +3x* +7x-2 =0, use sy
use synthetic division to find other roots. - 1

O O g
‘T e

Suthurinatics X o
o

Dl
ainder R when the first

2 is a zero of the polynomial

sion of find the

nthetic

1 Example |E‘E}

Unit 2 Th ' : - & I
201y of quadratic equations +25 5 i =

2.7 15
imult

aneo i
More than one equat wav iy
are called simulape

O

ion which are

Ch are satisfied :
OUS equations, by the same values of the variables involved

A syste

m of Linea
. I equ 1 5
variables. A solution of: S cohiE

satisfi Ol system of li
es each equation in the Systel,::leare

of two :
'?lllaﬁOn:irnn;s;e v:lame]i; equations in the same
riables is an ordered pai
pair that

' Solution of one Ij
ne linear equati
: on and one quadrati
¢ equation

Solve the system,
2x+y=10
| 4x* +y* =68
Solution
x+y=10 (i)
4x*+y* =68 (i)
From equation (i) we have
y=10-2x (i)
‘Substlluting this value of y in equation (ii) we hav
; [~
4x* +(10-2x)" =68
4x* +100+4 x* - 40x = 63
or = 8x'-40x+32=0
X =5x+4=0
(x=1)(x-4)=0
=  x-1=0 orx-4=0
which gives x=1, or x=4.

(Dividing by 8)

Substituting these values in (iii) we have
For x=1, y=8 and for x=4, y=2 -

. The solutions of the given system are (1,8) and (4,2)
» f o A

or solution set ={(1, 8), (4.2}

Mathematics X -



e

aglipe i - - —

Unit 2 Theord of quadratic gqiatiogs
n :

F {i Example Golve the system
x—-y=T, ¥ +37F y=-1.
i )
" golutiongd XY =7 ("
& adgy+y =-1 (ii)
From equation (i) we have
x=T+Y (lll)
Substituting this value of X in‘equ o
(1+y) 3TV T
* y‘ +1=0

(i) we have
1

ation

49414y +y +2 Y

5yt 4 35:,:-!—50 =0
y (Dividing bY 3)

% or
= }’1"'1}""10:0

3 (y+2)(y+5)=0
is - y2=00r k5=

' y=-2 or y==3

(iii)wehave for y=
~2) and (2,-5)

=
S;bsﬁtuliqg these values in
E - The solutions of the given 5Y

E orsc-tion set ={[5,-_-2],{2, =50 =
p ituted in the samd

2, x=3 and for y=-5, x=2.

stem are (3,

jonforxory obtained from an equation must not be subst

the first equation of the system
x+2y=-1

WwW+y=2

The ex
equation. From

We obtain

&
% x=-1-2y .
I Substituting [incc-rrem'lyj in the same equation would result in
ke _ (1-2y) + 2y =-1

-1=-1

The substitution x = ~1 =2y must be made in the second equation.

Unit 2 Theory of quadratic equatigns
m Solution whep
both equatig
n
i Example [ Solve the system =¥
Faytayg
b
. Solution | x'4y2_y

(uadratic

(i)
2% -y =38 (if)
Add (i) and (ii) to eliminate ;o
+yt=4q
2 -y =8

¥ =12
=4
i . * :iz
S S
Wt;bstlmte the values of x in (i) gives the corresponding values of 'y
en x=2, we get (2]3+y2=4 When x=_—2,weget(-2)j+y’=4
y'=0 )
- d+y' =4
y=0
y=0

-.". the solutions of the given system are (-2,0) and (2,0) and the solution set i
4 S
{( 2? 0) » {2? 0)}

*  Exercise 2.6
1. Solve the following system of equations.
(i). 2x—y=3

) 2 +J’1=2 x+4y* =32 -

{nr:l 2I _4 g ) .T"'I‘4I=_'p‘
EEhY= (V). 4" +5y" = 4 (vi). 5x* =y +9
X =2x+y*=3 3+ =3 Byt eas

{\“ii}.4x1+3y3f:5-_— 0 :
2554+ 3_14: -4=0

Challenge |
2. Solve the sylsllem of equations.
(i, x+y=9 (). y-x=4

a3y + 27 =0 2w+ =8



Unit 2 Theory of quadld\ic equations

n of Quadraﬁc Equations .

Real Life Applicatio
tangular shed isbeing g :

u Example ({3 Suppose 2 1¢°
; 120 square feet and is 7 feet
B

‘uilt that has an area of 120 SqUE= -
. 1ongerthanitiswide. Dstennmcttsdlmcnsmns. MR r‘il W

L ﬁg}utior_u_ =l
Letxbe the width of the shed. Thenx
. length. Since arca equals width tumes

the following equation.

: e+ 7)=120
&+ Tx=120
2+7x-120=0
x+15)x-8)=0

x+15=0 or
x==15 or
Since dimensions cannotbe negative, the solution tha
dth, sothe dimensions of the shedare

7 feetlonger than the wi
mber of shares of {'i’i'-.llﬁtﬂﬂ SmLk iiihange

| Example [ Amanpurchasedanu
stock for an amount of Rs. 6000. Ifhe had paid Rs. 20 less

per share, the number of shares that could have been W
rchased for the same amount of money would have = ; =

increased by 10. How many shares didhebuy? :

Solution  Suppose the number of shares purchased

The amount paid per share =) then x3.=

If the man had paid Rs. 20 ess per share i.e. Rs. (v—20),

have been x+10
therefore (x+10)(y—20)=Rs. 6000 — (i)

+7 represents the
length, we solve e

- arca is cqual 10 120 square foot

distributive property
subtract 120 from cach side
factorize
zero-product prop crty
solve
{has meaning isx= 8. The length is
g feetby 15 feet.

x-8=0
=8

oy
™ ﬁiiﬁEi'iiiiii'iﬁﬂ ™
=x

Rs. 6000 — (1)
the number of shares would

; ) 000 .
From (i), we get y = ﬁ;— Substituting in (i) we have

tx+1u1[i'é’9-zn}=sooo

6000x —20x* +60000-200.x = 6000x
20x* +200x-60000=0 (Dividing by 20)
2 +10x-3000 =0 e s
(x-50)(x+60)=0

Cx=50 or x=-60

is not admissible, so we neglect it. Thus the number of shares p

=
=
=
.=
=

Since x=-160

W
N

urchased is 50.

Unit 2 Theory

10.

of quadratic equations ' ]

* [Exercise2.7 .

Find twﬂ [ CLIET W 7
3 Onse i € Posit
t Ly P Slll\re int{!gel“s whOSB pl‘Od I.
uct 15 2-
0. € integers.

The length of
. a hallis s
F meter CR
ind the length and width ofthser::zlrle than its width. If the area of the hall is 36.
i 5q. m.

The sum of tw

0 numbers is ]
Tpe sum of the squares of tw, -
Find the numbers; s

The
- .area of a rectangular field is 252 s
ger than its width. Find is sides

One sidé of a re
ctangle is 3 centi
rectangle is 54 squats oot ntimeters less than twi '
centimeters, then find the si ice the other. If the area of th
J ¢ sides of the rectang] e
e.

The length of one sid 3
e of right tri
the hypotenuse i nght triangle exceeds th
The sides Df:;.? Il,: :m'm"tms then find the lencg:]?::-%‘it;:gg::ufm bg_i?’ centimeters. If
i ¢

Akt ght triangle in cm are (x—1), x, (x+1). Find the si angle.
g s ought some goats for Rs. 9000, = b e sides of the triangle.
h ad paid Rs. 100 less for each, he would *— BAr T 7% 2

ave got 3 goats more for the same N i ay
of money. amount - - . ¥
How many goats did -

h ;

each case is uniform? ¢ buy, when the rate in

m;t;mrui:-f their square is 65. Find the nuﬁbem
s is 100'. One number is 2 more tha n th.e other.

uare
quare meters. The length of its side is 9 meter

—— o e

)| _Review Exercise 2_}d

14. At th (k] I.II::IES are Ven. IIH n ﬁle correct circle ol Y.

{i). If the sum of the roots of
(a+ 1)+ (2a+3)+(Gat+4)=0
{ii}%ﬂ x o1 02 O3
. The sum o ic equation i
roots in 98. T]':emeg:lsafiizsq Eﬁl‘ﬂhc e R T a
O #-2x-15=0 |
: O #-4x+15=0
(iii). If a, b, ¢ are positive re
\ qxz+hr+c=0_afealwa3}s
O real and positive
O rational and unequal

O F-22+15=0
O none of these
al number, then both the roots of the equation

O real and negative
O none of these




— 5 g.uudl'ﬂf‘c equutiﬂns 2 . Unit 2 Themg of q”"dmtit-zquaﬁun; - - . .
ory

s : Al } - =
;—‘- ¥ - . hcn {he va‘lﬂe i a b t b
w gap ot o3 © The soluti
(iv). If2 and b are the roots © - 5 ’% 7 ‘ ¢ solution to an equation are called the roots of the equation.
v} 3 ; 2 E g . s TS : Er o
O- 3 O 3 ox 1K= p are equal- 4 © The quadratic formulais =  y— 2% b’ ~4dac
-= : £ ' 2a
tion | :
e of k the roots of the equet ts of the following 1 @ EREIE::“T;I:M Quadratic formula undemeath the square root sign is called the -
t value - 1 toots scrimi ant. i
ETts tﬁl-ﬁ} . 4 products of the Discriminant = b’ - 4ac
3, pratuate (- wB) A e sum 304
ation bk 3
4. Without solVIt® il 2 +4x=0 ok + 1)x +k-5=0 el b*~4ac>0 b’ —dac=0 b*—dac<0
: ns = 24 (
dratic €quatic (i) jon 3¢ T . .
qua 3 5 ¢ o 1001S of the equ? . ] Nature of roots | Th€ foots are unequal|  Therootsare | The roots are unequal
Q). 48 - s e UM O ” . and rca}l:]%gats are equal. and imaginary.
the value © ts _ o differ by umt; - rational if b=4ac is
R -md ] to the P ot of 2 _getkT 1=0di licative inverses of the perfect square
iy e of kif the roots © ots are the multipt : : otherwise they are
. ue 0 - . A
6, Find the va s equation hose T S 2. find.the other root. | i l irrational. I
ind the g o e R T L . .
7.Find ¢ _ T b=Y dratic gquation 2t . division 10 ®) A function of the roots of an equation, which remains unaltered when any two of the ]
roots © £ {he roots of the qué o —3.Use gynthetic R ~ rootsare interchanged is called Symmetric function of the roots. - !
g.1f onc @ alue of k- i ze_kux-kﬁﬁms 3 ; : @ For finding the equation ax’ + bx + ¢ =0, (a<>0) when roots are given
Also find “ﬁ;ﬁ cubic xF : . x' =(sum of the roots) x + product of the roots = 0 where

Sum of roots = - 2
; a

Product of roots = =
a
Synthetic division is a method of performing Euclidean division of polynomials with
less writing and fewer calculations. ‘ : 3
The advantages of synthetic division are that it .al!o“ts one to calculate without wnt:]:l:E
variables, it uses few calculations, and it takes ?‘E}‘ﬁmtl}' less space Uﬂdlz!-'_":" :
long division. Also, the subtractions in long division ﬁogmcd to additions by
itchi i inni ting sign ;

switching the signs at the very beginning, preven : e 82
@ A system of Linear equations consists of two or more linear equations in the same

; variables. ' £ ol : ; ir that satisfies
Q A solution of system of linear equations in two variables is an ordered pair

each equation in the system.

® @

Qu d I. 'liertlff
Dl'ud-ex kX |5X Jb I*zaﬂdﬁﬁd t (4

Jong division method.
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® Solve [ea“lfe

d on variations:

Unit 3 Variatign ¢ .

E:'-‘-.':f‘-__l 1 "'c mpor : —
ks s L S =
Direct variation is the re Iatianéhi

o et the o i incp between two Quantities, whereby if one quantity increases
“decreases orif one quantity de,
We often make use of ope ty
variation is necessary for yg,

i reases or GEC!‘eaScs. If one quantity increases, the other
cases the other increases, itis called inverse variation.

pe of variation or another in our daily life. Thus knowing of
For example, - ; '

% 1If a person pushes a car, he
has to apply more force.

© If a mother pushes the cart of
her child, she has toapply less
force.

» In a marathon race an athlete
who has more speed than
other participants will reach
the finishing line in less time.

' & Onmotorway from Peshawar
to charsadda, from the same
two cars if one car has to
reach in less time, then its
b speed must be increased.

T4 - * ; ] =
[SIE Ratio, Proportions and Variations
LSRN Ratio. '
A ratio is used to compare two or more quantities of the same kind which are measured in
same unit. The ratio of two quantities a, b of the same unit can be shown as:

£xample 1 Write the following ratio in simplified form:
@M 3:12 (if) 6a : 18b

“Solution () 3:12=1:4 (i) 6a:18=a:3b
“xasaple @ Divide Rs. 5070 among three persons in the ratio 2 = J : 6.

Solution Given ratio = 2:5:6

ios=13
e 2 780 A ratio is said to be in its
" = 5070 x—= Rs. . :bwhena
Share of 1" person 13 simplest forma : bw
5 950 and b are u}tegm \E'llhhno
o — = Rs. 195 common factors(other
Share of 2 person = 5070 %73 than 1)

6
= — = Rs. 2340
Share of 3" person 5070 = T




Unit 3 Variatigy

: pivalent- .
ratios a_fﬁ::?a pmpﬂm(m 1s gl\fcn as
rm

ortio al
' :: Enéq gion th m;:sﬂt?e general f o
: Apﬁwﬂmm fouiquan“ues 1 equgl to Zero- =
1fa,b, G d ual to 7erd, dno i Proportion is a comparison
a_ € whereb not 4 :iten 85 of the quantity of a part to
b d equa'iiﬂns can also be wit the quantity ofawhole. |
The above e -
a:biic:
Y gah=cid and 6 are called means of the

RN T

5 &
: 3‘__Ec hcwnmnas'idr 6
Theproportioh 3= g o extremes of tHEPT

- dSaIecauedt iad %6
pwpomonand?'::]ofa prupﬂﬂmn are equal. ied

The cToss produ
: : fx.
Example 2y x are in & proportion Find the value 0
33 - bi, a!__ ’ Y
“sslution!
According to the

opoﬂiﬂn.
74 and3 % 8=24

question _ .
(a’ -b") =(a2 +ab+b
(a>-b") x
2k
(a—b)a?+ab+b’) (al+ab +b)
(a-b)(a+b) x

1 1

or Ak

ath x
or x-'—ﬂ‘*'b

ERER Veriations ,
In Mathematics, we usually dcatl with two types olffqttltaen:aluﬁ
variables) and Constant quantities (or constants). t. On the other har )1
unchanged under different situations, 1t 1 ca\l{e;lamnstan 'ﬁable‘ : 3
aquantity changes under different situations, itiscalledava b T and of
ile speed of 2 iy

For example: 4, 2.7 18,% etc. are constants wh
commodity, population ofatown etc. are variables.

The change of variable pammeters is called as variation.

_ kjnthpmﬁr:c X

Unit 3 Vqriutinn

Kinds of Variation

There are two
: a3 2
types of variation, Dnrcct\v’ariationandIn\rercharialionv
a. Direct Variation

If we borrow books f ;
cturning the books, w?:lil:hge s;hc-ol library and are late in

ned Rs. 15 per d
overdue book. The table below shows the fine for];n ov:irdizrbiz?

No.ofdays(x) | 1 | 5 7 T IR
tonE) Il T 2 T3 13 5 "‘Tn
WL T L0 J 6 e | 5 | e

From the table we notice that if the number of d
(Rs. ) will also increase proportionally,
will also halve. This is called direct p
proportional to the number of days (x) a
yisdirectly proportional tox.

ays (x) the book is overdue increases, the fine
L.e.ifxis doubled, y will also double; if x is halved, y
roportion. We say that the fine (Rs. ¥) is directly
book is overdue, We say that y varies directly as x, or

If y varies directly as x, this relation is written as

yox - or y=k
It is clear from the above statement that 2 = k-
X

Where k is_a constant of a direct relation, and is called constant of variation.

Example |23
Given that y varies directly with x and y =27 when x =3. Find

(i) An equation connectingxandy. (i) The value of y whenx=11. -

Solution ;
Since y is directly proportional to x, then
yex = y= kx
(i) Putting the given values of x =3andy =27
?- =k = k=9
So the equation connecting ¥ and y is = 9x

(i) Puttingx =11 in above equation.

Which:is the required value.




Unit 3 Variation v Unit 3 Variation . - .

' & ] — : . ' b. Inverse Vaﬂation
. mmm : . : The following table showy :
w28 stheti '
- 1e 3 - 1 speeds. e taken by a car 1o travel a distance of 120 km at different
Examplé wing table-

follo e e 2 J :
m Jete the 5 : i e
LI y o x, then €0 p T T D 3 18 | 2250 Speed x km/h 10 T 55T Ry B
x B S - - -2 1 20 40 | i
' EL:’} 6l . ~m ey 2 s T4 3t i

: - You can notice that as the speed of car increases

s’;r*'_‘__'-_"_ 4 * 3
. solution e @ the time taken decreases Proportionally i.e, if
y =kt x is doubled y will be halved. If x is tripled then
0 p xekap® 3 will be reduced to 1 of its original valye.
. he valuesin () bk X k= 2 Similztrly as the speed of car decreases the time
Putting 6 % 7 o taken increases proportionally, This relationship
‘_,_1’5. * (i) . is known as inverse proportion. We say that the
Equation (i) becomes L ' | ; speed of car, x kmv/h varies inversely to the time y
_5in equatiﬂﬂ (i), ' ! .hc-ms taken.
Putting X = 5 15_q5 | _ If y varies inversely to x i
3 = j=—X2A=E T : s
: ye3 9 g Le ym; or Fez xy=k
' lue of y : :
Which is the conESPm!dmf:;a I] Where k is a constant and k is not equal to zero.
. g x= 8inegquation{lt , e .
e _3x8=12 Example [{3§ Ifx varies inversely toy and x =3, when y = 12
= Find the value of y when x = 6.
i of y. e —r— =
Which is the corresponding valu; . ¥y Solution 52 1 o ok k &
. _ 18 in equation (1l ~ %
- umng'p-lslneq 3 l 3 X 3 -
e 13=:i"E o x=12 : Putting x = 3, y = 12 in equation (i) Inverse varjation
& 2y = ¢ ; . k when one quanmy increases !‘dau-uses
Which is the corrésponding value of x. . i 3 while another quantity decreases / increases.
i . - : -
Puﬂing} = 22.5 in equation () : 1 or 3=k o=k ory =%
2 guiti g < GRS ' Putting the value of k in equation (i) |
: T2 : 36 ¢ '
Which is the corresponding value of x. . L (i1)
So complete table is given as under. . : l Putting x = 6 in equation (ii) e
L PR T, i : i 5 ine vdlue ot y.
ol e e e 15 | y _36_ 6 which is the required corresponding
o T T T - g :
6 L



Unit 2 Variation

ity of gas in 2 comfainer Varies
ua
on the d

: 7 AL i
i e in 10 N/m°, its vglume is
Example 7 B ie PoC 1 \when pressur® i .
inverselyto itsvolume'v Jie. v
25m’. Find the g
pressure when the volume is 200 k @
ﬁ%;ll.‘l.ﬁﬂ;_—_" P -l'[;'- or e V - 25[[13 in equa[ion (I)
e R L S
: values P= ; - -
P'I.l.tl‘lng th'e or 'I'C = 250 ; T i
M 25~ For direct proportion, ,
3 ; : 1
jon (i i yolp,= xJx,but for inverse |
For equation (1) $e 250 (ii) ptO]pOl'liDl'l, 5 e
V

=x [x,0r
J:-J:I:;{:1 = ;,y: Note the -::rder!

1= 20m® in equation ()
putting V=2 250 ,—_-12.5N-"mz ofx, and x;.

pP=——

20

ai . is
1. Which is the greater ratio; 5:70r silver is used. How It g9l

io7: ms of
2. Goldandsilverare mixed in the ratio 7:4.1£36 gra

d.
K} lIIJF":.ridt: the annual profit of Rs. 40,000 ofa factory amon

1 e =22 : 27, find the value of x.
4. K 11 :x-1 22 : 21,
5 Thmisadire:clvariationbetw&en _andyWhtﬁl A
' (i). y when x =9 (i) x when y = At
6. There is an inverse variation between x and y, and whenx = 4,¥
. (). y when x =12~ (i). x when y = 24.

g 3 partners in the ratio of 5 8: 12.

i, 49 find:

6, find:

1 -= = 1 2. Fin’d:
;% —p—s_andP Jruhen;e

(ii). p when r =

1
i i 4

8. If y o x, then complete the following table.
x 4 - 6

15

) Soiulion ,-

Uplt 3 Variation

224 Third, Four, Me

Three quantities are g5 tobein copy
term are equal to the ratio of the sec;:::lntlled #
erm

continued py

mean) ofa ande, fonth

¢ is called the third Proportiona
For example, the numbers 4, § and 9 arein contj
ntinu
4:6:6:9
4x9=g

: 36=136
The numbers 2, 4 and 6 are

not in continued proportion because
2x624?

, 12 #16.
Example [:5] Find the mean proportional of 5 and 15.

Let x is the mean proportional
15 _x
e
or x’=75
or x= iwfﬁ
or  x=53
Example [:3 Find the thi:dpmpnﬁion of a*¥ and abc.
Solution

2 sguan: rogt

Let x be the third proportion.

a’b _ abe

. ‘ | — : ‘
Therefore, e i

‘Example [T} Find fourth proportional of a'~b, a + band a’ + ab + b’
’ Solution " Let x be the fourth proportional,

then (a’-h’]:(a+b);;{a’+ab+b’)::r
ie,  x(a-b)=(a+b) @ +b+d)

+abtb) (@FD)@ab*D)
x}i‘bla%‘i— “(a-b)(@+ab+b)
sl

an and Continyed Proportion

ed proportion because

Toportion if the ratio of the first term and
andthird term, If g b -- b:ec then = ]

en b is called the mean Pproportional (

» O DOth sides ™




- Unit 3 Voriotion i Unit 3 Voriation -

I Exam
g o [E P
rove that if - (3a- 4"’) f3t. 4a']

m‘Theurems on Proportion
u Allerncﬂdo Property

Ifa:b= . dthena:c =D : : Then 2_¢ (3a+4,:,:, vty

that is, if the sccond and third term interchange their places, then also the four terms are —_ e )

in proportion. ' (“Solutlong 29~ _3c-4d

gxample 1£3:5=6:19 then3:6=1:275" . 3a+dh 3c14g

Then’ (3a-
) gt 4)

| 21 [nvertendo Property
(3c=4d)-(3c + 4d)

i
.I’; fa:buc: -dthenb:2a: :d:c
" . thatis, iftwo ratios are equal, then their inverse ratios arc lso equal.
: Example 6:10= =9:15 : ‘ {Com
| | f ponend
i} therefore, 10 6=5:3=15:9 or :.':_bz_l’f_ o~ Dividendo)
| n Curnpnm.ndu property —8d
} Ifa:b=¢: dth-:n(a*b) bo(ctd):d or q_e
'-| Example 4:3% =%:10 b d

therefore, (4% 5]‘.5=9:5=l’3:10 o O (
' ~(8+10):10 wmpie ([§] |fﬂﬂ:_c_4:’_ 13

fx+3f -'fx- I?. then find the value of x.

._1 _
I |41 Dividendo Property
' Ifa:buc: dlhcn{a-b)'.b (c-d):d . ( 4
Example 5: 4=10:8 Solution _ | M_B
(5-4):4=1: 4=(10-8):8 =43 =(z=4] 12
B Cum;mnendn-l)nujl.nc!u Property By componendo — dividend pro
fa:b:c:dthen(a+b): (@D} (c+d): (=) (r43) ; propen
Example 7:3=14:6 ] sl s =(e=a)l  BeD
| 17 (]-D=10:4=52 (2 +['r'4]z_[(x+3)3~[r 1T
: Again, (14+6): (14-6) =20: ' S -4y | 1B-12
| Thcrcforc[ 7+3):(1-3)= (I4+6) (14-6) : or e x+3) 32_
. £ | (x-4) 1
H Example m If E=E then prove that 2a+3b: b=2’c+3d:d | Taking square root of both il -'t—ﬂ:a—s
§ erariton o a_¢ 85 2 i 2 x-4
— e hotly sides by = x+3
on 7 muluplym;:hr,lhmdu,m 3 When e uson g A=s=d
k2 2a_3¢ ' G 2
T 3B 3d ' T
4
' ng+3h 2w+3d , Whe o ¥
——ay using componendo property " x~4_r5 ™ 343 =-S5 100
or ,r:.ll




E—* - Unit 3 Variation
. e 3_2_ 5

i inued ropcrtion?
f th f' llowing quantities are 10 continued P
Which of the (s} -
l' 1 (ﬁ]q 3, l?-, 39 P

72,24,8

i 6

Q. % 12,3 ‘ 94

7. Find the mean propozuonal of 12, L

3, If5:15:xar° in continued propo o

4' If 3:; _1,4,35ar€ continued prc-pomorll, -
B o 3 2 and

5. Find the mean pmpor'tional u.l' gt - b and — 7

: ac+ad _ a+ I:‘1

6.1f -"’-’b-=-z,— seapee it 2= F

7. Solve the following equatim'ls..

| el 4
(0)- M_ﬂ 1

F] 1

] r
x! -i-:‘.'l!2 +Nx -4

- +(x+2) _ 17
G —3 raof
(x-1) —(x+2)

(iii).

Math Fun

CBpx7=42
66 67 = 4422
666 667 = 444222
6666 % 6667 =44442222
: 66666 x 66667 = 4444422222
666666 X 666667 = 444444222222
6666666 x 6666667 = 44444442222222
66666666 x 66666667 = 4444444422222222.

__.._-—-——'-"""___-_L_"_-_r”——j

666666666 x 666666667 = 444444444222222222

Unit 3 Variation

BN Joint Variatiop .

For example,
Areaofa triangle = _1_ bh
5 bh.

Here the constant k is —]-

Area of a triangle varies joi i

Jointly wit ) i
P e i ¥ with base ‘b’ and height 1. \ 5
Here the constant k is 1, X Lt;éﬁ :
Area of ‘a rectangle varies jointly with length 'L' and width "W | |
Newton’s law of motion; Force = mass acceleration ‘

The fi j ies joi
e force exerted on an object varies jointly as the mass of the object and the accelerati
ion

produced.

I Examiple [fZ Fes joi :
Pixample Py Ify varies jointly asx and -
; z,and y =12 whenx= =
s x=9and z=3, find z when
Solution Write the equation.  y = ki D
Substituting y=12,x=9,z=3 in (i). ) Try This |
' If z varies jointly as x and y

12=k(9)(3)

i and z= 24, when x = 2 and
12=27k :_>§=k

y=4, find zwhen x=2 and

So (i) becomes, _Y=5-
e (ii)
. o ¥ g i
Substituting y = 6 , x = 15 in ().
4
-_—— ls -
6 9( )@




© Unit 3 Vﬂl‘iqum.'

e e inversely as x.

varl :
g 5, y also decreases.

i - As x increast :
ot V;eaﬁems dm:tislg ﬁ;sasﬁ- As x decreases, y-also increases.
_Asxin :-" Iso decreases * Equation: 1 = kory==
: =
Ty ¥ varies inverse]}: asx.
X = As increases,y also _denreases,
! m‘”"“’” ' " As x decreases, y also inc;easku_
yalm_‘ !_ﬁ._. ﬁ- 565, -IEqual.iDI!.: xy = k ory =}.‘

; b

' Eiercise 33
‘.____._.—-—-—"_'

1 Ifyvaﬁesjnintl}aéxandz,and}mﬂ whenx=9andz= 12, findy whenx=16andz=22.
5, If fvaries jointly as g and the cube of h, and f=200 when g=S5andh=4,findfwheng=3

andh=6.

3, Suppose a is jointly proportional to band ¢. If
whenb=2andc=187 ]

4. Ifpvariesjointly as g and rsquared, andp=225 whenq= 4andr=3, findp whenq=0an
r=8.

5, Ifa varies jointly as b cubed and ¢, and a = 36 when b=4and
c=14.

6. Ifzvariesjointlyasx and yandz=12, whenx =2 and

7. Iy varies jointly asx’and zand y =6 whenx=4,z=9. Write y as a function o
determine the value of y, whenx=-8andz=12.

8, If p varies jointly as g and * and inversely as s and ', p = 40, when ¢ = 8,
Find p in terms of , 7, s and 1. Also find the value of p when g =—2, r =4

[(Activity B
Use online calculator. |
Give examples of jc’lim variation / direct and inverse variation from daily life. Write dow?
these examples on flip chart/ chart paper and present your work in class in groups.

a=4 when b= 8 and c =9, then what is a
c=6, find a whenb=2and
y=4,find the constant of variation.

r=5,.‘.~'=31f:2*
)S=3‘aﬂdf:r‘1'

fxandzand

- —

L

Unit 3 Variation

a: b R
d bea Proportion then 2_ €
b g Ksay)

If = = b £ Vi at eac
"Ilc" ,d, fa.rc non -z
E r f (s numhm, ﬂlen pm 1+ th tea h

of the ratios is equal to the following ratios
fa+me+ pe
To— £h +md +
|_Solution o
Lot Sud. i
b 4 f

ﬂ:b.li',l c=dk,e=ﬁ

fa+m *cne _ Lbk +mdk +nfk  k(£b+ md+ nf)
£b+md +nf th+md+nf (£b+md + nf) =k

b Example ({3
Provethat 2=C_ ¢ _ atc+e
b d f bid+f
_Solution | s
Le-,§=§=3;=k Beautiful numbers relationship
f - .

a=bk,c=dk, e=fk
or atc+e= bk+dk+ fk

12527 =53 s

[

or  a+c+e=k(b+d+f)
atbke: , 8.2.°

Tedef b o4 f

MR




B
r

e e —

I,
a ¢
a L.l lm
b E“mplem Prove that 3 =74 7
s ﬂ__f.=f.=.'f
Solution=3 374" f y
a=bk, c=dk, €= 2y
o e i g ™
r = 3 2. d%+
3 2(:. &= b+ e fE=rE?
a+c
tpctee k¥
pad+f

on
b_¢C wherea b cand x, y, 2 aren

y Example [ 1 £=7=7

provcﬂ‘lﬂl
(__Solution sy 7 3o
FpC abe
a=xk, b=yk c=zk
X I- y_l E:l
or E=}" Er-k_' e k "
£ 1 }’3_. ! .z_!=l
o« TR TP

For equations in (ii) slim. of L.H.S=Sumof RH.Sie

2 y LA o
c’ k’ TP R

For equations gwen in (i), Product of L.H.S = Product of R.H.S.

xyzl]ll

el

g abe K

From (iii) and (iv)

Unit 3 Variation

—zero numbers then

(i)

(i)

(iif)

(iv)

Unit 3 Variation

T Exercise 3.4
i i : "_‘——':5_-——_—,
I.If a: 5—c,dthmprovelhat : -
() 29+3% _2c+3q4
2a-.3b 20__30;‘ {":] Pa+ gb:ma—nb:pc+qd:mc_.nd

7. Prove that §=E=£= Pa +qct 4ot
S _Tde te
d f pb1+qd=+f1
x- Y=z z—x
3 If T = = — heanOV tha
z ¥ Cthat: x=p=z where X, ¥, £ are non-zero

numbers and x+ y 4 72

PR B L e
a b 2"‘:—‘——, then prove that
X

_— L
25+2¢—-a_m=z’:—;3:
5. Prove that each of the fraction in:
Xty 4z z4x |
Sk ‘-b_;:‘=c—_'-_; 15 equal to
6. If :5z+cy:_' cx+az _ay+bx
Bed - n . ok thm(a+b+cj{1+y+2]=az+by+gg_
i1 TR S S S
(b+c-a) (c+a-b) (a+b-g

X+y+z
P e
a+b+¢

the::; {b—c).'c+(c-a]y+[a~b)z=ﬂ.

8. If2:.r+3_y:3y+4z:4z+5x_=4a-5(;;35_3;25_33,&&“7I_+6y+3z=nl

Chal]enge ? !

9. 1 =) {a- ' : b(/-d) + (cd-af)
@=2) (e = » then each of them is equal to - (d)

Did You Kigw? "

- Do you notice anything interesting in the following multlphcahun-:-
138 x 42 = 5796
L Answer: AJl dlglIS are used




- Real life proble

[} Example [m A stone is drop :
proportional tothe squareofthe time of [f,a],,;r
The stone falls 19.6 m after 2 seconds, 10
after 3 seconds? :
L_Sglﬂ | We canuse: 4= kt

: Where: d is the distance fallen and

When d=19.6 thent=2
19.6=k*2
19.6 = dk = k= 49

Sp now we know: 5
d = 4-9t

And whent =3
d=49x 3 =441

So it has fallen 44.1 m after 3 seconds.

|| Example [l Height of an image y on :
¢ firo reen. Height of the image 18
20cm when distance of the projector from the screen

' i jector be
.« 100cm. At what distance should the projec
ey o that the height of an IMAage on

ped from

far does il fﬂ"

i;r.:;jr.'._-::lor from the SC

kept from the screen
the screen be 1 5en.
Solution-4J y<Xx of =}=k W
when ¥y = 20'3"], II = lﬂﬂ cm
Putting tl}ese_values ir_l (i)
Eﬂ‘- =k or ==k
100.
.1
P -'-... " ; i . ) .
_ Pputting y = 15cm andk = L"in equation (i)
xr 5
or * x = T5cm

Hence the Qistanéc t_if projector from the screen = '?.-S.c'm.l i

a screen varies directly

Unit 3 Variation

The distance it falls is
o Start_ Aoz

After 1 second
T 8.8 mls

After 2 saconds

19.6 m/s

After 3 seconds
| 29.4mlis

as distance x of the

e -

Unit 3 Variation

= =
Example Bl The rati
| o of the magg :

: of i i

4.8:2.1f6 kg of sandare used, hovy gk Sa::tt_o cement in a particular type of concrete is
m ementis needed?

Let .

the amount required of cement be x kg. Th

sand : cement -
48:2

Solution

en the ratio is,

This is direct proportion.

Cross -multiply: 4.8 x x =2 x 6_or more simply, 4.8 ry
- s 20X = ]2
Solve this equation for x: x= 2 ich gi :
Irx:x= g’ which gives x =25,
So0 2.5 kg of cement are needed,
| |21 "4 people can paint a fence in 3 hours.
(i) How long will it take 6 people to paint it?

(i) How many.people are needed PR
works at the same rate) to complete the job - halfan hour? (Assume everyone
- e

Solution It is an Inverse Proportion:

: g S 'ilp, th pamllng time |
A |]'| .l f I I ! T -

gy : k il

(1) We can use: 1 = = Where: t=number of hours"—
k = constant of proportionality
n = number of people

"4 people can paint a fence in 3 hours" means that =3 when n=4.

Therefore, 3 =% = k=12

1
So 1= i And when n=6, = ]-E = 2 hours
n
So 6 people will take 2 hours to paint the fence.
(i) 112 =2
2 n

the job in half an hour.

So it needs 24 people to complete
h other's way!)

(Assuming they don't all get in €ac
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Unit 3 Variation

s Exercise 3.5

of wooden planks. The thickness (T) of the hedge varies
ake 12cm thick edge. Find

mber of planks is 6.
f the hedge is 9em.

{i1) Number of planks W
qure 'P' of water at any internal point varies

5] In a fountain, the press 3
the surface. Pressure is 51 ‘Newton/cm’when depth is 3cm. Find press
tainer varies directly as temP_eratureT. When pressure is 50 N/m’,

3, Pressure Pof gasinacon
temperature is 75C°. Find pressure when temperature is 150°.
4. If § persons complete a work in 10 days then how many days WO
complete the same work?
5. Volume of gas 'V varies - ersely as pressure 'P. P = 300 N/m’ when
pressurewhenV = 3m’
"F' between two magnets
is 18 Newton when dis 2em.

directly as the

_ A hedge is made
number of planks(N). 4planksm

(i) Thickness of the hedge when nu
hen thickness 0

p—

directly as depth'd’ from
ure whendepth is Tem.

uld 10 persons take to

v = 4m’. Find

5. Attraction force vary inversely as square of the distance 'd’
between them. F Find the distance when attraction force is 2

Newton.
~ The volume of a right ¢

radius. The volume ofard
centimetres, i 352 cm3. Fin
height 14 centimetres.

ircular cylinder varies jointly as the height and the square of the
ght circular cylinder, with radius 4 centimetres, and height 7
dthe volumcofanothercylindcrwj

1. At the end of each question, four circles are given. Fill in the correct circle only.

(i, Direct variation between a and b is expressed as.
1

O a=b O a=E QO axh O aocl

i) If moc-l— then
n

O m=kn O n=km O =k O mn=k
(m). Idﬂ;t(i)fy the item that does not have the sam: ratio as the other three.

O =

5 O 4106 0 23 O 3to2

Mathematics X

thradius § centimetres and

Unit 3 Variation |

(iv). IfE=£lhenb
k- ¥ altemendo property
o 229 _e=d
=g Ja A
O Ly a+b c+d
¥ o 2.4
a ¢

(v If7:9:x:27
O x=
(vi). The 4 = 0 x=7
i). ¢ third proportional of x and y is O x=81

O xy & = 4
) : y Q -; O none of these -
(vii). If xec— and _}'ocl then
z
1
O yGC; O xez Q
yocz QO xzaxy
(viti). If 2a+1:21::4:7, then
O a=£ Q=i
i : 3 C a=10 Q azg
Fe = i e
(ix). If —=—==— then each fraction is equal to
fa+ mb+ ne fa+ me+
fd +me+ nf fb+ mdil- :e
M [a-;-mb+ncf
md +nd +ef {b+mc+nf

(x).  Whichof the follwing is a situation in which x varies directly as y?

4
O x=- QO xy=6 O x=x (@] ;(:"?—'p )
167

2. Find the constant of variation, when s at andt=10whens=35.

1
3.y = If y =4 when x=3, find the value of x when y=9.
ssel varies directly to temperature. If pressure is 150 units
What will be the pressure i temperature risesto 140 units.

es inversely as the resistance. When current is 44 amp

h current will flow il resistance becomes 22 ohm.

m. How muc
SER -l

4. Pressure of gas in a closed ve
then the temperature is 70 units.

5. In an electric circuit, current vari
The resistance is 30 oh



" 6. Ifavariesjointly as band thesquarer

Unit 3 Variation

-
<

ootofc,anda=21 whenb=5 and c =236, finda when

p=12andc=225.

7. What number shou ers 3.8,11 and 20 to make them in

1d be added to each of the numb

proportion? »
8. What number must be subtracted from each of 6,8,7 and 11 s0 that the remaining numbers
arein proportion? ) .
numbersis8:3 and their difference is 20. Find the numbers.

9. The ratio between two ;
10.Find three numbers.in con 14 and sum of their

squares is 84. ' , : ;
11. The mean proportional between two numbers is 6 and their sum1s 13.Fi

12.Find the angles of: atriangle whichare in theratio3:4:5.
3
a_a ac(a+c) (a+c)
If —=—, then prov that — = 3
13.0f 5= 7 then Prove B8 )~ (b +d)’

tinued proportion such that their sum is
nd the numbers.

in continued tion then prove that = aitab+b a-b'
i roportion rov —= =
14.1If a, b, ¢ are in continued pi porti p > b’+5m+cl T
F+c+e  ace

15.1f

SR
oln
|

Summary

° Arateis aspecial type of ratio.
o Arate isacomparison of two quantities of differentkinds.

° A ratio compares fwo quantities ofthe same type.
© Aproportionis astatement expressing the equivalence of two rates or two ratios.
Two quantities are in direct proportion when one quantity is doubled, the other quantity is
also doubled; when one quantity increases x times, the other quantity also increases X times.

Two quantities are in inverse proportion when one quantity is doubled, the other quantity is
halved: when one quantity increases y times, the other quantity becomes 17y of the original.

Q Ify varies directly tox, theny = kx, where k is a constantand k=0is direct variation.

9 Ify varies inversely tox, then xy = k, where k is a constant and k =()is inverse variation.
Ify varies c?n:ectly fo two or more quantities x and z, theny =kxz, where k is a constant
and k=0 is joint variation. '

° Let: a:b:c:d bea proportion Ihenl=|=ﬁ'[$ﬂj’)

Thus a = bk, ¢ = dk

These equation are t ; : .
bireis Kc!mcthod. used to evaluate certain expressions more easily. This method 18

T T

] P!
I'I'E: artl iIaEhOIIS 5 51m| Iﬁ wll h C. [ to Ve re

In this unit the students will be able to
nt: leto

@ Define proper, i
Per, Improper and rati :
® Resolve an algebraic ﬁat:t;;::{:?:t}:,fmmmn'
partial

ans
B s

fractions when its denominator cons; - . Fi
©  non - repeated I; Eoar Lal. =
& cated linear factors, e L 4x—] "%} "
repeated linear factors f.",g--:ha:}, u"| E————- “:'-ﬂ- .:-u‘
o Hon- 5 iy 2, (x+ = i Y
o repe;ifl::;ated quadratic factors, "'"~:;"";:.7i: 2t el faoion £
ed quadratic fa i 4 Y P
ctors. : Lo Lt 4 Vi
: r;'ﬁz.

complicated fraction. For

example, it is ve i
; ry useful in calculus, which is a branch of mathematics

\___,_—-\ r e M v _..‘._:
Partial fractions
We can do this directly: i+i - Sx-1
s = 1_
Like this: i+l x=2 x-x-2
2 3 2(x-2)+3(x+l) _2x-4+3x+3 _ S5x-1

S o
x+1 x=2  (x+D)(x-2) (x+D(x-2) x*-x-2

. but how do we go in the opposite direction?
2 3 5x-1

How to find the "parts" that make the single fraction (This is "partial fractions™).




W Unit & Partiol fractions

l Partial fractions thonly 0T (Epaur

cﬁcns\Vi :
whose algebraic
i

o - ol |110I€ .
| Aprocedure which does splitting up 2 fraction mtﬁ:::aords aset of fraction®
'i in the denominator is called partial fractior: Inat
li sum is a given fraction s called partial fraction-

M'Raﬁuna'l fraction

Plx
f(.t] = _Q_(E;))
ynomials where Q) # 0
B proper fraction,

1
Whrer P(x)and Q(x) are po 0(x) 20 is

n—":

k. mll'mper rational fraction .A.raﬁcmal fractio 00 o
. if the degree of pumerator P(x) s 1es$ ﬂ‘ .

than the degree of denominator O(x)- s T B oF e
For example, s 37 ‘\:-Q- .
?px-3 & &/ Iy =
= —%—L r,i-izf"’ Fl s L 2A
IH_ x +2_ O +x-x+l 4 I Z s A
are proper rational fractions. s | ic 20 A

([E3)improper rational fractions

3 , O(x)=0 isasan improper fraction,
X,

A rational fraction if the degree of numerator
& 0(x) i

2 fraction that has 2 1argcr!

P(x) s greater than of equal to the degree of denominator O(x)- ==

For example, : h
2 +4 . P4z Poxiixtl r:;n;be;?:mﬁww 2Lom |
— e ! 2 ebotto

(x+1)(x+2) 2x+1" X’ +2x43 Y ax-1 g 4— Numerator

fraction can be reducedru}tp sum of E o Deanmilnsior
tional fraction by large division.

Any improper rational

pulynumialsandproperra
i Al . - =
For example, consider e an improper rational fraction. Divide numerator
e ;

by denominator as 2x+2
x=-1) 2 +1
X Flx
2{j+ 1
-Ix+¥ 2
Therefore we have 3

i 2x" +1

Unit 4 Partial fractions

Resolution of rationa fraction P@)
o)’ where O(x)#0 into partial fractions depends upon

the factors of de :
nominat
_ or O(x). Thus there are four TR -
(i) When denominator o Eived RN ol foacn;

& x ) consists of non-repeated linear factors.

When denomi
nator ((x ) consists
of repeated linear
i) W ; inear fact
(1ii) hen denominator O(x }consists of o
on-

(iv) 'When denominator () S
X )consi
ey nsists of repeated quadratic factors.
Ei"-:-\-:'E\—-I—": 1 '—’“ ’_'E::Q:»w:n.-.,l,_ nnsi
ninator consists of nan-reneated linasr F

Let proper fraction P

is given, factori i
ctorize the polynomial Q(x) in the denominator if it

15 not a'.l'ead? iaCtotlzed. [Q e\'ﬂI:" nun"re'peated hnﬁaI factorm b n [he dcno["]natn:

corresponds a partial fraction of the form

e bwhmh is a constant. Thus if

O(x) =(ax+b)ax+b) then
PO _ A
O0F ax+b % a,x+b,
O(x)=(ax+b)ax+ bz:'(a;-r+b3) then
P L A & B G
O® ax+b ax+bh + ax+b

where A and B are constants. Similarly if

Where A, B and C are constants to be determined.

LDidYouKnow?




I- - - ; : Unit 4 Partial fractions

E le Ive ———= wnto partial fractions.
= iﬁ S {x+1)(x+2)
~salution. : . B '
: Let T o (i)
(x+1](.r+2) x+l x+2
1 A(x+2)+B(x+1)
= - =
(x+D)(x+2) (x+1)(x+2)
Multiplying both sides by (x+1)(x+ 2) we get
1= A(x+2)+ B(x+1) (it}

x=-1 inEq. (2), we get

Putting
a 1=,{{-1+2)+B(r1+1]
i o~ 1=40+BO)
' 1=4

putting x =2 in
1=,-1{--2_+‘.?.]+B(—2+”I

|
| = !.-‘—A(U)"’B{'n

= 1=0-8

or

i Eq. (ii), we get
{

Now putting these values of 4 and B in equation (i) we have
' : -
e T .
i +D)(x+2) x+2 x+2
i I i
0 :.————-—__=_——-—___——
! (x+1)(x+2) x+l x+2
1] s
| These are required partial fractions.

111,111,111 111,111,11i
= 12,345,678,987,654,321.

Unit 4 Partial fractions gl Nl

I Exa - i
mple E Find partia] fractj
ons of

it
| Solution | x—x-2
Since 3
¥=2=(x+1)(x-2)
Therefore, _1{1_2_ 3x+2
F) =
X —x=2 m
Let Ix+2
__________.z_/.[__ B
(x+D(x-2) x+1" 32 @
= Ix+2 _A(x=2)+B(x+1)

. (e(x-2)
Multiply both sides by (x+1)(x-2) we I:::H)l:x-z)
. ve.
. 3x42=A(x-2
Putting x =-1 in Eq. (ii) we get. A -
3(—1)+2=.4(-1—2}+B{-l+1} ;

= 3+2=4(-3)+B(0)
=  -1=-34
= |a=d

3

Putting x=2 in Eq. (ii), we get
3(2)+2=A(2-2)+ B(2+1)

= 6+2=4(0)+B(3)

= 8=-3B
= ;4=§
. 3
Putting these values of 4 and B in Eq. (i), we have
: L &
LGBk, 3 g D
(x+1)(x-2) x+1 x-2
1 8
=+
3(x+1) 3(x-=2)
3x+2 1 8 '
¥t _ % These are required partial fractions. -

or 5——=3an"
2—x-2 Hx+l) 3(x-2)




. ; Unit 4 Partial fractions

nsists of repeated linear factors

m When denominaior €0

st, in the proper fraction ;ﬂ the denominator Q) con
P(x) 4 -—i— , where A

x+ b)?, corresponds to two partial fractions of the form _Q_(;) = m+ @by

tains a repeated linear factor

id B are constant {o be determined.

the denominator Q(x) contains the repeat

P(x)__4 - ¢ — where 4,8 and C are constants t

rtial fraction are E(;i =m+m (@+5)

ed factor (ax+b)’, then the corresponding three

o be

stermined.

TP, B Lo @
(x+1) x+l (x+1)
x _A(x+1)+B
R
Multiplying both sides by (x+1 ), we get

=

x=A(x+1)+8B (ii)

= x=dAx +4A +B (iii)

Putting x=— 1 in Eq. (ii), we get
—1=A(-1-1)+EB

= -1=A(0)+B

= -1=8

= ¥
To find, the value of 4 compare the co-efficient of x in Eq. (iif), we get

=4 .
puttingthcsevaluesofd and B in Eqg. (i), we get
£ X 1 -1
._——?=-——+ 3
(x+1)" x+l (x+1)

1 1

x+l (x+1)

These are required partial fractions.

g ks

Multiplying both sid
| 250y (r~2) (x:+ 3, we

Unit & Partial jru:tiﬁns

[ Example [F} g;
B} Fing Partial fractiong of

__Solution ca B

(x=2)' (x+3)

Let ___?_-}'iL
. i 2 o B
A
- X+

= 2x 41

(x=2)(x+3
: (x=2)" (x+3)

i get
2—-2){1+3)+B{x+3)+c‘(x—2)2
A(x +x_6)+3(x+3)+ch=-4x+4)

(4+C)x?
Putting x=2 in Eq. (i), we gelx +(A+B~§C]x+(—6A+3B+4C}
2(2)2 +1=A(2_2]
(2+3}+3(2 3 3
B A

= =
9=04+5B4+0 = 9=58 = |g=2
5

2 ¢1=
2¢% +]=

2xt 1=

Putting x=-3 in Eq. (ii) we get

20-3)' +1= 4(-3-2)(-3+3
=3+3)+B(-3+3 _3_97%
= 2x9+1=4(=5)(0)+ B(0)+C(-5) e

sy s
19=0+0+C(25) = c=£
To find value of .
value of 4, com i
‘ S é)are co-efficient of x* from Eq. (iii), we get
Putting value of C, we get
. 19
Ididee, S -2t o du
= 25 25
utting values of 4, B and C in Eq. (i), we get
; 1] 9 19
2x"+1 25 5 25
S+l 28 TS T
(-2) (x+2) *-2 (x-2) 43
843 41 31 9 2

——I___'=————r——+-——:—2'+————
(x-2)' (x+2) 25(¢ 2) 5(x-2) 25(x+3)

These are required partial fractions.

= A =-2)(x+3)4 B(x+3)+ C(x-2)

(ii)

(iii)




Unit 4 Portial fractions

£

’_E'ffff_isf-ﬂm*;

-"."_"‘r:-m.

——

— e e

Resolve the following fractions into partial fractions. 1
3x_2 x-1 G 7
n. 2k S
Nk g Pl
¥ 4x+ (6).
x A —1(x+1)
ek 2 +dx-5 o (x+22x-1) e
2
X
2 2x-1 —
?] X +2 8} — tgj x2+2x+1
(x+2)(x* +5x+6) x(x-3)
xi
10). ——7— 0
(10) o1y (+1)
tic factors

m When denominator consists of non-repeated quadra

Let the er fraction £ is g]:\'en then to every non-repeated quadratic factor ax’ +bx+c
i i :21 fraction of the form

in Q(x) which is not factorizable corresponds the partial frac

ﬂﬂ = __A_xif__ where 4 and B are constants to be

0(x) ax* +bx+c 1

|! Examp]e Find pamal ﬂ'ﬂctiOIlS of -(——1—]—(;2—:5
(x+1)(x*+2) "3l 242
] A(x +2)+{Bx+(:'}(x+1]

determined.

| Solution . Let

(x+1}(x‘+2) (x+1)(x° +2)
Multiplying both sides by (x+1)(x* +2), we get .
' 1= A(x* +2)+(Bx+C)(x+1) <
1= A(x* +2)+ B’ + Bx+Cx+C by
" 1=(4+B)x* +(B+C)x+24+C (iif)

_.Putlmg x=-1 in Eq. (ii), we get ,
1= A1 +2]+[B(- 1)+c]( 1+1)
= . 1=A(1+2)+(-B+C)(0)
= 1=4(3)+0

Unit 4 Partiol froctions = e

1=3A-___>

To find values of g
and C COmparing co-gffici o
i cient of x* and x in Eq. (iii)

0=A+p
and  0=p,;¢ (iv)

using value of 4 in Eq. (iv), we o (v)

1
0:-,._
3+.B'

= B'_—:.l.
3 putting Raclk
3

mEq (v), ——+C' O:C:l

3

Putting these valucs of 4, Band C in Eq. (i),
we get

—

(e +1)(x* +2)

1 =gk s
(x+1)(x* +2) 3(x+|) 3(1 +2)

1
=3
I

1 1 l-x
(x+1)(x*+2) 3(x+i) 3(x*+2)

These are required partial fractions,

l Example rm 4x? —28 4x1_28
3

X' —xT=§ (F+3)57-2)

_dx+ B L Cx+ .D

*+3 0 oyl

L Solution.if 4x* ~ 28 = (x+ B)(x* ~2)+ (Cx+ D)(x* +3)
T TR S (W -1 W S, AL R T 3

=(A+C)x* +(B+D)x +(3C-2A)x-2B+3D

Equating coefficients of like powers of x,
A+C=0,8+D=43C-24=0,-2B+3D=-28

Solving simultaneously, 4=0,8=8C=0,0=-4.

df-gg A= & 4

Y26 x+r-6 3

Hence, 5 S
Y+3 X -4

Mo PO
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" Unit 4 Partial fractions

When denominator consists of repeated quadratic factors
[ Example M Resolve ._.—-—l-——'; into partial fractions.
(x-D("+1)
1
(Pt — BreC, Drtl 0
(I—‘l){.\'"*f” =1 x +l (X +1)

W e
(x=-D(¥* +1

Multiplying both sides by (x-
1= A2 +1) +(Bx+C)

— e

1)(x* +1)" we get

1= A(x* +2x" + 1)+(Bx+ C) =2+
Y4By —Bx+ Cx' - cx’

1= A(x* +2¢° +1)+ Bx* —Bx

AGE +1) # (Bx+C)

(x—-1)(x* +1)+(Dx+ EXx=1)
(=1 +1)

G+ )+ (Dx+ BYE=D - @) '

x—1)+Dx* —Dx+ Ex—E

+Cx—-C+ Dx? - Dx+Ex—E

1=(A+B]x‘+(—3+C]x’+(2,1+ﬁ—

Putting x=1 in Eq. (ii), we get

C+D)x +(=B+ C-D+E)x

+(A-C- E)

1= a0 + ]+ [BO+C]0 _p[ay +1]+[POx E]0-1)
1= A[l+1T +(B+ON0)(1+D+(D+ E)0) -

1= A2 +0+0
1=4(4)

- [-]
4

Comparing co-efficients of ¥ 2 x% x an

0=A+B (iii)
0=-B+C © (i)
0=2A+B-C+D (v)
0=-B+C-D+E (vi)
1=4A-C-E (vii)
Using value of 4 in (iif) we get
0=l+B
4
= |B=—-

d constant respectively.

Init & Partial fractions
Using value of 5
Bin(4)
We get
0= -[ﬂ I
) i
1

0=l
e

:,
4

l=—d——
4+.q. E
I=L—E
2
Ez-l——l =_i
2 2
Bt _
P . 2 . .
utting values of 4, B, G, D, E in Eq. (i), we get
: =
__1__z=_4_+4‘ 4.5 3
(=il *-1 THL ey
1 -x-1 -x=1

e 3
4(x=1) 4"+ 2 +1¥

1 | x+1 x+l

T oD 4 +) 26+

+an s e T
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Unit & Partial jmaions 2

Exercise 4.2
Resalve the following fractions into pertial fiac K | 2x+1
.\'2 '|'3.-'I'+l {3] e
__._1.—- (). = =i ; [-;2-1-])(::-1)
(1. ) (x-1)(x"+3) :
_3 3x— 2 (6‘1 _____,E.\—-—-——:- -
= B semman O Gt
(4). 2 (11+5) (.\-1—4}(31 +1) Cx+10x
z 8x*
Ao 4x—2 - ——
ot ek ® Givay ©  @ena-x)

e
':T] {xz. +1]3 (I'E]

(10) ___3_"_.’15_-
(x*+ l]'f,I—\j}

1. At the end of cach question, four circles are given. Fill in the correct circle only.

0. 5—=
x =1 1 1
5 i s ol
0 e e 2D 25D
1 1 __2__'_ 1
O S 2G+D)

O 2G-1) 20x+D

g P(x) 0i

(ii). If P(x)and Q(x) are two polynomials then aﬁ, O(x)#01s
O Irratipnal fraction

O Rational fraction .
O Improper fraction

O Proper fraction

¥ +2

x+2x42

O Proper fraction.

O Irrational fraction

{iv).What is-the quotient when

¥ — 8¢ + 16x— 5 is divided by x- 57
O #-3x+2

O Z-x+5
' 240

(iii). is
O Improper fraction

() None of these

Unit 4 Partial fractions : :

2. Resolve the following fractions

Into partial fractions,

(]j _2_‘:2___. 23 g2
(x+1)(x-1) (i) 2230 +9x48 A1
3512 (i) ———
(iv} x+1 2 : =2 +x
; 1V (V). 2 2
(x-1) ) 7 vi). 3x 4;3::I+2
xa Ig+3_l:=+1 i
), —— ., 2X =1
2 nd (viii). 47 +3
(" +1) e (ix). _f‘_%lf

Challenge !

3. Resolve the following-fraction into partial fractions ¥ 43 s x4l

®

[ Math Fun-

11911111 x 1111 =

(x+1)(x +1)

f P i '
If P(x) and ((x) are two polynomials and J(x) is.non zero polynomial than the

fraction is called a rational fraction.

X
A rational fracti i
fraction, O(x) # 0 is a proper rational fraction, if the degree of numerator

P(x) is less than the degree of denominator Q(x).
: . P() '
W :
rational fraction T ; Q(x):tﬂ is @ improper rational fraction. if the degree of

numerator P(x) is equal to or greater than the degree of denominator Q(x).
Splitting up a single ration al fraction into two or more rational fraction with single
factor in denominator, such a procedure is called partial fractions.

1x1=1
Mx11=121

111 x 111 = 12321
1111 x 1111 = 1234321

11111 x 11111 = 123454321
111111 x 111111 = 12345654321
1111111 x 1111111 = 1234567654321

11191111 x 11111111 = 123456767654321 -
¥ 2345678967654321
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o onto functi p
- Oncﬂn:‘;:';“ (surjective function),
O Functin (hitecic.
in {bijectiv ,
¢ function)

[ 1] Examinc“'hcthﬂragi“m |
- : relation i ;

: Plcflfc:;cnuz;_g: between one cn::ﬂn isa function or not

nelude suffici ne-one corr :
cientexercise to claﬁf;?j‘??;ﬁ:nﬁc a“‘: one-one function
terentiate between the :

above concepts

Why'it’s important

Perhaps the sin

gle most i
heart of the function concc:n
Correspondences be
exampletoeach ite

F'f:'rtant concept |

: . pt in mathematics i

ptis the id atics is that of a functi

tween two sets ;? gi;ﬂz?:r Espund;nce between two se(t:glgfr'l l;i%teglse

minsu occur freque : G :
permarket there corresponds a p:filce ;‘Hgﬂ:'f;;lze fay life. For

N,Z,W,E,D.PandQ-
)

)

| @ Recallthe sets denoted by

Il ® Recognize operationonsets (s b -

i @ Perform operation onsets

i - 5 mkd. -

I o intersection,

i o difference,

1 o complement.
@ Give formal proofs 0

three sets. f
Commutative property of union,
ection,

Commutative property of inters
Associative property of union,
Associative property of intersection,
Distributive property of union over intersection,
Distributive property of intersection over uniof,

De Morgan's laws.
] Vcrifythefundamcntal propert
- @ UseVenndiagram to represent
o union and intersection of sets,
_ o complement of a set.
@® Use Venndiagramto verify
o commutative law for union and intersection of sets,
! o DeMorgan's Law,
H : o associative laws,
o distributive laws. ;
irs and Cartesian product. 2 .
j - e

and intersection of two or

f the following fundamental propertics of union

o000 000

ies for given sels.

Y s

N = Set of natural numbers = e W
W = Set of whole numbers = {0,1,2,3, ...}

\ Z = Set of integers ‘={0,£1,22, ...}
E=Setof even integers = {0, £2, t4,..}

NPT~ = TR

SEDGUINR] [BUGHEL]

3 @ Recognize ordered pa

1;' @® Definebinary relation and identify its domain and range. ‘!'_3; 7% L :

i @ Define function and identi its domain, co-domai a—— e = : :

{ ® Demonsﬁméﬂ'-e fQHDW"I.n;); 2 domain and range. ! 0 Set of odd 1ntegérs ¢ = {i | [~ g8, % 3 ]'
2Lt H " 2 1 =
; i, inlo function, ] P = Set of prime numbers = {2, 3,5 7.11,...}

b :
i o _dne-nﬁf:;.funﬂ'iéh, -
! Q = Set of rational numbers = {.l'l.l' =—;:. g=0Ap.qe 3}

3 ?_P?Q-?‘“a@ﬂ'ei‘m function (injeciive function)

= : e =

-




e

S e

Operation on sets

(a) Union of two sets

I£A and B two sets then union of set Aand s¢

both Aand B,and it is denoted by AUB. In set builder form,
AUB={x|xedor X€ B}

A={1,2,3} andB= (3,456}

AUB = {I; 20 3} W {3, 4! 516}
= {l. 2, 3, 41 5: ﬁ}

Example ﬁ 1f
then

(b) Intersection of two scts
If Aand B are two sets then i
are common to both A and B and itis den

AnB={x|xednr xeB}

(c) Disjoint sets
If A and B are disjoint sets then

AnB=¢
Example Let A={2345,B={4% 5,6,7)
2 c={511,12}, D={& 9, 10}

Then

{ B consists of all elements insetA

ntersection of setAandsetB consists of
oted by ANB symbolically.

Unit 5/Sets and functions

orinsetBorin

all those elements which

AnB={1,2,3,4,5} n{3,4,5,67}= (3,4,5}
and BnC:{3,—4,5.6,?}n{5,11_,12}={5}

AnD=11,2.3,4,5 n{8.910}={ jor®

Clearly here A and D are disjoint sets.

(d) Difference of two sels
If A and B are two sets then their difference consists of all those
elements of A which are not in B and it is denoted by A\B or A~
B. In set builder form
o, A\B={x|xeAnxeB}
Example
R If A={5,6,7,8}, B={7, 8,9, 10}
Then AB={56,78}\{7, 8,9, 10}

= {5, 6}
and
B\WA= {7,8,9,10}1{5,6,7, 8}
= {9, 10}
(¢) Complement of a set

If U is a universal set and A is subset of U then U\ A is called
complement of the set Aand is denotedby A'orA‘ie. A'=U\A

oy your Inﬂn-miiﬂ_phi;:
George Boole (1815-1864)
introduce a symbolic
approach to the-study of
logic.

This allowed him to clarify
difficult logical problems
in symbolic forms based
on sets.

The algebra of sets having
union and intersection
as its basic operations
is known as Boolean
Algebra.
Today Boolean Algebra is
used widely as a tool to aid

sound reasoning.

\

Hence

. Unit 5 Sets and functions

Example &0 If
ﬁ u v 2, 3,4! 5, '5}

1

3,4,5) 4

e 2=13,4,5) and p -
FSolntion ] @ 4 ;i) B=4 then ind

1. IfA= =
{1,2,3}, B=1{0,1} and C = {1, 3, 4} then find

(i). AUB i
! (ii),. AnNB i
,(""]‘ s (). AvuC
2. Find A \ B and B e e
(f}: A={1,3,5,7},B={3,4,5,6,7,8}
. A= {0,+1,£2,+3} B= {—l,-'z i,
Ifl:ll'_] A={l,2,3,4,...},B={1 3'5 ..i: }
1. [1,3,‘[: {1,2,3,...20},A={2,4,6 ; 2,0), Lo
B - {1,:, 5,...19}and C= ¢ then find
it ¢ ii
O VR v .
b feee (&;] Q'Sg_ (vii). AUC
4. If 4 U = set of natural numbers upto 15
::d g = set of even numbers up to 15
= get of
i 0. odd numbers up to 15
R.}}' gruﬁr (i), A'NB @ii). U
. Bn (vi). BUB (vii). ANA

S ; i
m Properties of union and intersection

(a) Commutative property of union

If A and B are any two sets then
_ AUB=BUA
Proof Let xe AuUB

= xeAor xeB

= xeBorxeA

= xeBUA

AUBCcBUA ()

(iv). A'UPB
(viii). AnC’
(iv). o

(viii). AUB



e

——r

- (b) Commutative properly of intersection

Conversely
Let xe BUA
= xeBor xehA
= reBorxeh
= xerr-:cEB
= xe AUB
Hence BuUAc AUB
From(i) and (ii), we have
AuB= BUA

(c) Associative property
If A, B and C are any three sets then
Au(BUC)=(AUBVC

Proof

-xeAu{BuC)
= xeAoOrXxe BuwC
= xEAoerBorxeC
— xe AuBor xeC ’
— xe(aAuBWC

Hence AU(BUC};U‘.UB)UC

Conversely,

Let XE {AUB}\JC

ye AuBor xeC

xeAor xeBor xeC

yehor X€ BuwC

xe Au(BUC)

Hence (AUBWVCE Au(BUC)

From (i) and (ii), it follows that
Au(BUC)=(A uB)uC

(d) Associative property of intersection
If A, B and C are any three sets then
ANn(B AC)=(ANB)NC

Let x€ An(BNC)
— yeAand x€ BNC
— xeAand xeBand xeC
= xe AnBand xeC

— xe(ANnB)NC

Hence An(BAC)c(ANB)NC

g ULy

Proof

Mathematies X

E o

Unit 5 Sets and function®

(i)

®

(i)

r

(¢) Distributive property of union oy
cr

Proof

Unit 5 Sets and functiong

Conversely,

Lt xe(Anpnc

¥€AnBand xeC

¥eAand xep
a
xeAand xeB,-?ExEC

xe An(BnC
Hence (AnB)nCc Aﬁ)(Bm C)

From (i) and (ii),it follows (ii)

Yoy

If A, B and C are any three sets then intersection

AU(BNC)=(Au B)n(AuQ)

Let xeAu(Bn(Q

xeAor xe BnC

xeAor xeBand xeC
xeAor xeBand xeAor xeC
xe AuBand xe AUC

xe(AUB)N(AUCQ)

Proof

Lusuy

Hence AU(BNC)c(AuB)n(AuCQ) (i)

Conversely,

Let xe (AUBIN(AU Q)
xe AuBand xe AuC
xeAorxeBand xeAor xeC

xEApr xeBand xeC
xeAor xeBnC

xe AU(BnC)
Hence (AUB)N(AUC)cAUBNO (i)
From (i) and (ii), it follows
b Au(BNC)=(AuB)Nn(AvVC)
A E!:l';::lgwc property of intersection over union
d are any three sets then
An(BUC)=(AnBJU(AN 0]

buouuy

Let xeAn(BuO

— xeAand xe BUC
= xyeAand xeBor xeC



-
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= xeAand xeBor xeAand.!x-eC
= xe AnBorxe AnC
= xe(AnBUANC "
Hence Ah(BuC]g{AnB)u{A ~C) (
Conversely,
Let xel(AN Bu(AnQ
xe AnBorxe AnC
yeAand xeBor yeAand xeC
yeAand xeBor xeC
xeAand xe BUC
. re An(BuC) e
Hence (AnB)u(A AC)c An(BUC) (i,

From (i) and (ii),

suuul

An(BuC}ﬂAmB]u(A ~C)

De Morgan's Laws
(g) IfU js-universal set and A and B are any

i) (AUB =ANE (i) (AABY =A'UE

Proof
(i) Let xelAw B)
xe AuUB
yeAand xeB
ye A and xé B
xe A'nB
Hence (AUB) c ANB
Conversely,

Let xe AnB
ye A' and xe B
xeAand x¢B
xe AUB

= xe(AUB)
Hence A'NB'c(Av B) (ii)
From (i) and (ii), it follows .

(AUB) =ANB'

two subsets of U then;

Ly v

(i)

IR

Unit 5 Sets ; g
ni and functions . = .\.- 2

Proof (ii) ¢ e “‘-r‘\B}' . } i | .
= XEAnB
= xéAand »
X#B
= xeAorye B
= xe Aup
Hence (ANB) cA
Conversely )
Let xe Aup’
YeAoryxep
XeAand xgR
xe AnB
xe(AnB)
Hence A'UB'c(AnBY

From (i) and (ii}, it follows

R

i sk (i)

H Verification o
| ; [ fundamental properties of union and intersecti
{a) Commutative property of union it

For any two sets A and B
; PRz E » AUB=BuaA

[_Solution | If A ={1,.23}
B={4,5,6}, then
AUB={1,23 Ju{ 456} ={1,2.3.4,
and  BuA={456 }ju{123}={1,2,3.4,

Hence AUB=BuUA

(b) Commutative i i
nmutative property of intersection
Foranv twneate A apd P A =R B~ A

b Exaniple 6 |
\Solution ] If A= {ab,c)

B= {b c.d e}, then ,
AnB = {a, b, c}r-.{i:. ¢, d, e}
={b,c} :

and BnA={cd einfa. b, c}

={b,c}

AnB=BNA

h La
.

Hence



&i‘-‘--h—' o

¢) Associative property of union -
For any three sets A, B and C,
i Example [l
¥ A={345}

e _(AuBWC
and C= ES 9,10}, then prove that Au(BYC) =(A

[oa=itha AuBUC) =34 syu[ {5, 6. T}V {8,9,10}]
={3,4,s}u{s,6.7,3,9,_m}
: ={3,4,5,6,7,s,9,10} 0-
wi (AUBUC=[{ 45056 7}]o s 910}
={3,4,5.6, 7} {89 10}
-{3,4,5.6.7.8% 10}

(Buc)=(AUB3UC

Hence, ﬁu(BUC):(AUB}UC _

jati .ty of intersection
Associative property © i ol
lPt‘ixjr ansy three sets A, B and i, An(BNC) (ANB) B

iy Example [}
' If A={123}
B={234}

= £
C={3,4,5}, then prove that AABAC)=(ANB)N

and
B AnBnO={,23n[{3 40, 4, s}]
={,2,3})n{3.4}
= {3
amd  AnBINC=[{,2.3}n 3, 4}]n {3, 4,5}
={2,3}n{3,4,5}

e . = {3}
U LAABAC)=(AnB)NC.

Unit 5 Sets and functions

— - R —— .

Unit 5 Sets and Functions

(&) Distribuive Property of union -

-

Over intersection

I Example (B} Let A={1234) UB)N(AUC)

-B = {5'6,?} 2
R

then prove that AU(BAC) = (AUB)N(AUC).

For any three sets A, Band¢

|_Solution

AU(BNC)={,2,3, 4.6, 7)1 7.8,9)]
={,2,3,4}u {1}

={1,2,3,4, 7}

:[{l, 2,3,4}uf5, 6, ?}1n[{1, 2,3,4}017,8, 9}]

={.2,3,4,5,6,7}n{1,2,3,4,7,8,9}

={1,2,3,4,7}

ar;d (AUB)ﬁ(A UC)

Hence,

AUBNO=(AUB)N(AUC).
(f) Distributive property of intersection over union
For any three sets A, B and C,An(BUC)=(A nB)U(AnC)
i Example %] Let A= {a b,c} '

B={cd e}
and C={efg)
then prove that An(BUC)=(ANB)U(An Q).
_Solution |
ANBUC) ={a, b, c}n[{c, d, epule. 1. &}]
={a,b,c}nfc.d,e . 8}

={c}
and (AN B)u(ANC) -—'[{a‘ b, cjnies d; ‘-’}]"-"[{"s b,c}nie /. 3}]
=fepo{ }
)

Hence,
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[ ——

i Example ([T}

fion—- 5,6
( Solution=s If U ={1,z,}3_ 4,5,6}

@

(g) De. Morgan’s laws
~ For any two sets A and

—

e = i Urlit.SSers and functions

U
B which are subse? ofU

G) (AuBy =ANB and

A={23
=045
AuB={2 3}u{3,4- 5
-2,3,4,5}
j =ur\AavUB

2 3.4,5NB>* 5}

(AuB5={l*
(AUB:E 5{" 6]
A':U"‘Azlll’z’g’

:{]-.-Ass!ﬁ} 4 5}
5, 60 8.4

T ..B:{Lzr}'d” .

i p=U :

={1,2.6}
A nB'= [1= 4,5, 6}ﬁ {1’ 2, 6}
A B ={1,6}
y and (ii) it follows; _
ran e (AU B) =A'N B
cH Now
L AnB= {2.3}“{3; 4;5}
=3}
(AnB) =U-(ANB)
(AnB) ={,2.3,4,5 6)\{}
={1,2,4,5,6} :
o A'UB'={1,4,5600{1,2,6) (i)
={,2,4,5,6} - (ii)
From (i) and (it), it follows;  (Au B)=A'nB

4' 53 6} \{2, 3}
also

(i)

 Mathematics X |
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v Exercise52 .
T ———

I, Verify COI’IAm_I-.Itaﬁve property of union and intersection for the following sets.
(1). —{1, 2 3,.....12},3:{2’4, 5’ 8, 10, 12}

i % 2
(ii) N »B={x|x €N A x is an even integer}
(iif). A =Set of first ten prime numbers,

B = Set of first ten composite numbers,

2. Verify associative properties of union and i i ]
: nt
T T i ersection for the following sets.

B={a,e,i,o,u}
C={a,d,i,l,m,n,o}
Gi).  A={1,2,....100}
B=1{2,4,6,.... 100}
E=P.3.5. 000 99}

3. Verify distributive properties of union over intersection and intersection over u
(). A= {0, 1,2}
B={0}
C=g¢g
(ii). A= {0,+1,42, +3, +4, 5}
B={-1,-2, -3, -4, -5}
C={-1,-2, +3,+4}

4. Verify De. Morgan’s laws for the following sets.
(). U= {x|xe NAl<x<20}

A={2,3,57,11,12,13,17}
B={1,4,6,8,10, 14,17, 18}
(). If U={1,2,3,....10}
A=1{2,4,6,8,10}
B={1,3,51, 9}

m Venn diaorams

A Venn diagram is a visual way to show the relationships among or between sets ti
something in common. Usually, the Venn diagram consists of two or more ove
circles, with each circle representing a set of elements, or members and univers
Iepresented by a rectangle. If two circles overlap, the members in the overlap belon;

sets; ifthree circles overlap, themembers in the overlap belong toall three sets.
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| Unit 5 Sets and functions : = . .‘
. d B/A when; P
- GEAPBE (i) AcB R Ve m
Venn diagram’ for A 14 Bare disjoint sets- ©B. - When A and B are overlappin
~ |y Example {m Draw g 615 (i) Ad Ping sets. When A and B are disjoinfs sets.
: overlapp! R I 5 -
U diagrams of unio™ iy WhenA and B are disjoint sets. ¥
I 1
| Solution..} e & |apping SEts-
g nd B are OVeT app U i { B
(i) WhenAd \
H
- |
[
AuB i

Shaded &
BB When A < B.

(iii) When ASB

i _—T
\ &

Y~ Venn didpra

s

When A and B are overlapping sets. When A and B are disjoints sets.

1 T T /\

!; [ & L el ]
L \_/

B\A B\A

T e,
e S

B : When A c B.
- i
(iii) When ACB . f
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IT A aned B are anv twao eate 1
Y WO sels then

(i) (AUB) =ANPB

2 scls

overlappin (i) (An B]' =A'UB

N\
)

(AUB) (Fig. 1)

When A and B 276
Venn diagrams of (A B)

Where U is universal set and A and B are overlapping sets of U. Here AUB
is white partand (A U B) is shaded part.

e Venn diagrams of A’ B’

cts then draw Venn diagrams of

i three 8
1 A, B apd C are a0 (BUC)
E AC) and AN : g
- (AnBINC, Av(B !

|_ Solution

%583
||||||||||||||||||

In Fig. 2,
A’ =U\A s represent by vertical lines.

B' = U\Bis represent by horizontal lines.

Therefore, A'~B'is represented by - lines i.e. horizontal and vertical lines

cross each other as shown in figure. (AUB) = ANB’
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Verification of lundame . . '

ey - amental propertics with the help of Venn dingrams
Example B |¢ A=(1,2,3,4)
0 B=1{3,45¢
Flg ¥ Ty ly }
= Henccffm““g'”nﬁ C={3,4,7,8)

oo o o :;hen :‘ﬁf; til;itjlizwing with the help of Venn diagrams.
; (i) AV(BUC)=(AUB)uUC
N (v) _&Q{BHCF(AHBJH(AUC)
" Solution
\ (i) AuB={1,2,3,4}u{3,4,5,6}
={1,2,3,4,5, 6}
and  BUA={3,4,56}U{1,2,3,4}

={1,2,3,4,5,6}
Venn diagrams are

Venn

() AnB=BnNA :
(ivi An(BNC)=(AnB)nC
i} An(BuUC)=(AnB)A(ANC)

U A B
=
= : ‘.ﬁ =
==
A UB (Fig 2) "~ B UA(Fig. b)
' It is clear from Fig. (a) and Fig. (b), that both regions_representing AUB and BuUA are
are identical therefore
AuB=BuA
(ii) AnB=11,2,3,4}u{3,4,5,6} ={3,4}
and BnA={3,4,56n{,2,3,4 ={3,4}
InFig-4, g b
f : A' is represented by yertical lines
I — ik
! B is mpwgented 'IJ]‘ hOﬁZOﬂ'iﬂl lines d:‘gl
o ither lines.
F AUB is feprSB‘i'ltEd bb’*’ﬂ -
ih Hence From fig 3 and fig 4, we se It is clear from Fig. (a) and Fig. (b) that both regions representing AN B and :

R © | areidentical. Therefore,
(Ar\B)-IﬁUB : AnB=BNA
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4,5 6008 47,8} -
: (v) AU(B C)_ :
MO=023,4)0[fs,4,5,6
g : Hihy ={, il ]""f3,4,?,3}]
B]uc:[{l{f';;"f}u 8,45 IR 8} L g z ;, :§U{3, 4)
= -, 234561 (AUB)A(AuC)=[f,23 4o, 4.5, 6)]f
1,245 6,7,8} 0,234, svﬁ}f‘-{’l:z, ; j ,?2.8 ;; o a78]
= {l, 23 4} s 1y

and

{3, 4: T! 3}

i

~o@uC) Figd) (AUB)

C represented by horizontal lines.

:oal lines and BY
It Fig. {f]} A s cr:;.:rels.e:;;eiiﬁr\;f‘:zzln‘r“::;h ways represented Au(BUC). InFig. () _ (AUB)A(AUC) (Fig.b
Lok g = 13.;1:: vertical lines and C is represented by horizontal lines. The region - It is clear from Fig. (2) and Fig. (b) that both regi %l
AL‘"B 'ls]i?;sictz: in ?;ne or both ways represents AU(BUC). It is clear from Fig. (2) and (AUB)N(AUC) are identical, th regions representing A U(BAC) an
:Fm!;t:;bum t‘ze regions representing Au(BUC)and (AuB)UCare identical. Therefore, i ;
ig. D ANBUO={1,2,3,4)0[{,4,5,6)U{.4,7,8)]

AuUBUC)=(AY B)wC
{3, 4,5, 6}“ {31: 4,7, 8}] = {l' 2,3, 4}ﬁ{3‘ 4,5,6,7, 3}

n' (iv) -AH(B""'C)={1:2-3*4}“[ { \ .4
={1,2,3,4}n{3,4}=3,4 (ANB)U(ANC =34
s = NB)U(ANC)=|{1,2,3,4}n ulf 2
Similarly, (AnB)NC= {34} =Ej’4}j{£4}{3- 4,5,6]]U[{1, 2.3.4)n {5, 4,7,8)]
={3,4}

4 ATAE
S

An(BuC) (Fig.a)

: An(BNC) (Fig.a) and
It is clearffmm fig.(a) and fig.(b) that both regi '
(ANB)NC are identical.

Therefore, An{BNC)=(AnB)NC.

ons representing A"
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(vi) A'nB ={1,2,3, 4, T} {4,5,6,7}= {47}

1
ArﬁB' ’.

(viii) A'UB'={1,3,4, )0 {4,5,6,7}={1,3,4,5,6,7}

‘ From (v) and (vi), it is proved that
' : [ (AUB) =A'NB'
' . and from (vi) and (viii), it is proved that
\ 9 (AnB) =A'UB’

\

<O

«) (AUB) =UMuUB =123
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5‘3 :
3 _E_E_EE}E-—_—D”

p={2367h

5} and

= 1,2,3,4r ng.
l'ie:mi‘wwdiagmns for the followW g i) A n:g 2

r = {5,0,7 "

- ’Wz 4,5,6} ={3,4,567 ) and C=

= 1'2, T R oy g‘fﬂms = c
Lgﬁ.:w:rifywuhthehelpﬂ Vmi (i) Aﬁ[ﬁﬁc) (ANB)N

; BuC}ﬂ[ﬁUB]U o uC)=(ANB)U(ANC)

IS aupnavo ey

(ii). AV(BNC)= yandB= (3,45

< = l, 2, 3!4 & t
3fU={1,23% 56, T’}J: B'{ AUB, ANB' and also :-fenfl‘f ‘1}1;
w Venn diagrams for Byt (i) (ANBY = AV .
ra ' i 3, 4) then draw Venn diagrams for

Gl UBI=KOE,
LfU={abo L2354 ' :

A, B, A\B and B\A. i
5. 1fU=(abodeh ghA= {a,b,c}an
with the help of Vent diagrams.

[05.1.5] Ordered pairs and Cartesian product

Ordered Pairs ,
An ordered pair (3, b) conswtts of oy
;nhi‘gme;aﬁl?{icg::ﬁ ;:c, d) are equal if, and only if,a=¢ andb=d.
Note that (a, b)and (b, a) are not equal unlessa=b.
i i =(6,2)
smple [ Find xand y given (2x,x+Y) (6, .
et {m lifand only if the correspondin,

E.“S'o‘l“ution_] Two ordered pairs aré equa
equal. Hence, we obtain the equations:

e (i)

{c,d, €} then verify De Morgan’s laws

H " 3 t
sq and “b" | ch “a” is the first elemen
two elements <" and “b” In whi

g components are

and);+y=2 ST (1)) ey ; sl
Solving equation (i) we get x =3 and when substituted in (ii) we get¥
Cartesian Product Of Two Sets =
3y 3 “ [)fdsr
The Cartesian product of Aand B, denoted A % B (read “A cross B”)is the setofa
pairs (2, b), whereais inAandbisinB.
Symbolically: AxB={(a,b)ac Aandbe B} '
H =
iy (i) Axd=*A

(i) A xB#B x A for non-empty and unequal sets A and B

Unit 5 Sets and functions

Binary Relation;

Let A and B be sets, A (b; )
subsetofAxB, - (binary) refation RftomAtoBisa

When (a, b) &R, we say a s relageq tobb
Otherwise if (a, b) £ R, we write aKb
I Example IfA= {a, b} andp = {1, 2} then

AxB= {(a,1),(a,2), (b, 1),(5, 2))
Number of elements in A x B=2x2=4
Number of a]] Possible subsets of
Since every subset of i

subset of A x B is a bina lati

B. Therefore, here we have | binarynr'cr{:aﬂggflf:l?;:hi:g

Relationships betwccn'
elements of sets oceur in

many contexts. Every day
we deal with relationships
sucl_'l as those between a
business and its telephone
number, an employee and
his or her salary, a person
and arelative, and so on. In
mathematics we study
relationships such as those
between a positive integer
and one that it divides,

areal number and one that

¥ R, written aRb.

Solution

ga::n below. is iabxf:r than it, a real

b R,={(a, 1)} number x and the value
P P g Jiﬂ S‘:‘;Tf is a function,
R =1{(b, 2)} R, ={(a,1 FENote

=ial),(a, 2

R, ={(a,1),(5, 1)} 6~ iiges 2

: R ={(a, 1)(b, 2)} If set A has m elements and
R, ={(a, 2)(b, 1)} Ry={(a,2),(5,2)) set B has n elements then A

Bhasm nelements,

R, ={(b, 1),(b, 2)}

R‘I! ={{ﬂ, ]},{G‘, 2),(6, I)}
By =Ua, 1,5, 0,(6,2} R, ={(a,1),(a,2),(5,2))
: ‘:Tl'lil:-' {(a) 2)9(b! l)r(b! 2)} R|5 - {(a: l)r(a’ 2]'(6! ]]1(5’ 2]}
Similarly, _tf:-tal number of binary Telation in B x A=2'=1¢
VExample [ LetA=(1,2), B={1,2,3)
Then A x B ={(1, 1), (1,2), (1,3), (2, 1), (2, 2), 2, 3)}
. Write any five relations from A to B.
. Selution
Let
Ri={(1,1), (1, 3), (2, 2)}
R={(1,2), (2, 1),(2,2),(2,3)}
Ry={(1, 1)}
R=A xB
. RS:G
All being subsets of A x B are relations from A to B.




Do
The domain
whichbelongt®

symholicaﬂy:

Rrange Of A Relation
mAtoB ig the s€

The rang

s-_,m'c-o'lica‘lly:

(| Example B Let

Then
(i

|__Solution .

Arrow D
Let

The arrow diagram of R is:

main Of A Relation
‘fomAtoBS the

of a relation
RdenotedDQmERl
Al (ab) €R}

¢ of a relation
whichbelongtoR

R)= {a€

Range(R) = ¥

Define a binary relation
|a<b}

R={(ab) AXP
rdered pairs inR.

set of all first el

Unit 5 Sets ond functions

ements of the ordered pairs

ments of the ordered pairs

A= {12} B=1{L2 i}
R from AtoBas follows:

y Find the o
in and Range of R.

(ii) Find the Domat
(ii) Is

1R3, 2R2?

| Given A= {12} B={12
AxB={1LD,

2.
(1,2), (1,3), (2,1)

(2,2), @3}

= (a,b)eAxBHa‘ib}

@ R=f
R = {(12), (1), @)

(i) Dom(R)= (1,2} and Rang

gince (1,3)€ R sp 1IR3

(iii)
But(2,2) ¢Rso2 is not

jagram Of A Relation

A={1,2,3} B={x,y} and
R = {Ly), (2% (29); (3.}
be a relation from A to B.

e(R) = (2,3}

related with 3.

Unit 5 Sets and functions

Al
R e Exercise 5.4
(i). Write ff B= {4, 5} then Sl
iree binary relations f;
romAito B,

(11). Write fi
our bin
{iii). Wri mary relatj
rite four binary r'Bla:iI::S from B to A
SonA. '

{1v). Write two bi
0 bina ;
2.IfA= Iy telat
ih {1,2,3,4},B=(1,3 .
g Dcn write it in tabular fon:n 3 and R
. Domain of a bi e
T Uf: :nar}' relation R ={(x, y)|
inary relation R = {{,; )'T =H) Isthe oot {0
P y+l=222) £
is set

—
521 Functions

LC'EA and i a:”' 1d D
are n ﬂmpty sets, lhEl'IElI]II Ie]ﬂhll 171584 Ill b EII Cl o
] f‘
€ a function f m

{{x ._P:' Xii r}'
to B

4 8}, find Range of R.
N. Find its range.

» here S]]Ou]d hc nore 10, EIIC |Stﬁ]c nto a" OldﬂEd Paus l:Dl'][alned mn
f

Symbolically, we write it as

; _ A —
nd say fis function frr')fmA toB :
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- - ol Unit 5 Sets and functions \ D e =S : D %a Lo
. - : m omain, Co-domain and Range of 4 funcﬁn- il
B ' ) Let f: A—B be a function, then the sey 4 ; i
- a . o A H ety
[ - - Jowing are functions? 't:_l; m?;ii:'j::;*;i‘"i; ln;’).h 15 called domain of I (or set of first elements of
g 1lowi e se of fand the
B Ex‘!‘?‘_l?'_l'r’ @ {a bc d} then which of the fol called range of the function, Range?:t;l)\ir;:: :uﬂsﬂ?e?ts ek ot O
ol nd B=1a 9 & etof co-domain, l.e.
A= ) Example: ie. Range/C B.
fi=a (2' 5,6, .6, ) Let  A={1,2,3) and B={1,2,3 43 6)
= @)y = Ll ke . ! 3Ty oy
f=1{0,0) ol S :A— B as shown in the following diagram,
o= (00 DO '
= (2, a)s [3’ d |
fu={Q,a) |
i . aorams. -
|_SolutioR=5 <hown in the followioé M fho, B ' .
The given relations 2 B d

A i

domain co-domain

| In this diagram, the set A is domain, the set B is co-do
| subset of B is range of the function f,

Kinds of a function

main and that set {2, 4, 6} whichisa

' Into function

| Let f be a function from A to B, then f is into function if Rangef =B
It can be written as

¢ B f: A-=B
: t condition | Xample:
i.e. it does not satisfy the firs ction is 0Ot LetA= {1, 2,3} and B = {g, b, c} then a function from A to B is defined by
s nota funtion besause Domfi = {1 TV 200 B copiion of being & EE e ion ~{0,0,2,a,6,b)
e nction. ;s lsonota function DecaUSE S oL o oo repeated. /515 il e e a), 5, b} .
'oemﬁed- first element 2 € A of ordered pairs €0 o Sollwing figis Diostoas Mtk i
isfied i.e. |
;‘::‘:usel I A ; r B
ii) There is o repetition in the first el::.ment o s
i ordered pairs contained inf3. Itcan be written as ' b
fi:A—B S
£, is a function because o - .
i = =A ee that fis into function because
)] Domf‘ 1,2, 3} Rangef= i o :

i ition i t of all
\ There is no repetition in the first a:le_rnen
A ordered pairs contained infa. It canbe writtenas
' fitA—B



One-one functio® g4 e;fumcticm,i'fth’m"5“*"“"p‘:’t"“"“'“”'““'3‘5“nd
senfis 0N oné? means that element of the domain set A ig

: 1 P,tU B| o
fbe funcnonfrom ; omained inf srraE
clement of al orde 3“1-;3 E}m.;.ffms,m;la.‘.lt::an'm: i
assucia'icdwuh one AN
e

et

£ aamp
s i B
c :
- (0,0 h)r;{?’ }::ates ihe functionf

g={a b, ¢} then

Unit 5 Sets and functions

The following gure illus P
ri 1{___>r’/"’) a \\II
\ 3 ("-’L_&"y Cc '_’I
W s
From figure it is clear thatf is one = one fpf'lciion._
m‘;into aﬁﬂ;ﬁé_-ﬁné function (Injective function)
Let fﬁelxlamncﬁon fromAtoB, thenfis into one-one or injectix'c function, if
O Toue s nd element of all ordered pairs contained inf. '

(i)  Thereisno repetition in the seco

11 can be written 8 injective
£ h——""7 B

Example:
defined b

1fA={1,2,3) and B= {4, b,d}andf is@ function from A1 B

1= {(,a), 2.3 o)}
The following figure illustrates f.

A /
gk
z———"r‘f'—-} |

3

na’ﬁw

(=

Here we see that f is injective function because
(1) Range:f= {a,b,c} #B
(ii) There is no repetition in the second element of all ordered P

|
|

\
|

|
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m

(ﬂ] Onto functi
(@) ct jectiv
100 (Surjective functiun)

Let/ be i
o ]‘i a function from A 1o B, th i
o5 /B » then £ is onto funeti
Range/=p - _ unction if
f: }’L onto B

{9} One-
_ ne-one and onto function (bijective f
¢ function)

Let f be a function fi
Tom
one-one and onto, AtoB, then

S is one-on
i i
and onto (bijective) function if it is both
ie. f: —____%hij“"
Example: s .m ;
LetA={3
{3,4,5) andB={d, e, h} thena function

Jr= {(3 d) I:4 c) (
R BUE AT S 5, h fﬁomﬂ i
The following figure illustrme]si,{ to B is define by

Here we see that f is onto function
% Range f= {d,e,h} =B
1s one — one function bec
::: ie s i.s e ol da:s; for each xe 4 there is unique y 8.
e € A there is unique e€ B
e = zi Tht.‘.‘l'(’: is unique he B
ce " is bijective function.

I}l‘fﬁ:rezc,} betw ;
ik tywoen one — one correspondence and one —one function
are two i
non-empty sets then a rule for which each element of A is paired with one

aIldOIﬂ 0

. Yone elem

IS¢y d ent of B and each element i i Vi

]Ie e ; i enl of B |spg|1-ed“1&10ncandunlyoueclcmentofﬁ|.

Ifth xists a0 °- ox - F | _

Ctwo set ere ¢ - |

CE: i i i |

$aIme pyyy are finite and ifthere cxistsa one-one OMes R i |
berofelements. 4
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y - les
1 osxaIﬂP
- lea the fn]lowmﬂ
is ¢!
= - a one—one
g} thent
= 3 andB= (a,5: & } i
i . ing figure-
Ic:::ttsp:ndenc is give by}.ass 28 g
{1, 9) (2,%) (3, (4,9 :

ith one and only one element

- - i .atcd ‘-

none one ction every element of the get Al: a550C1 N
altoset

; thatRauge fma notbe edyd

fsel&'[h y

N re.
: }3 n in the following figu
: 2 : - : c, }' !an one function, as show
! 2,b 3 S
] l ¥ l]l ( H] } it
f @ ) f
1 a
2 b
3 [+
ndence hcmm 5el.SC

From figure, it is clear that theré does not exist o
rom

andDbecausedeDisunpaired

i ion is not
(a) Note that fa+N#f@F £ (3). Function notation 18 1!
distributive law. |
(b) Note that f () #f - x. The use of parentheses 1
multiplication.

S A
n function notation di

|
t.

1
|

e ——
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* Exercise 5.5
“_______‘;__'.
1- A: {];2-_-39 4} aﬂdB: {6,?}

and . :
whether these are functions or pog the following are the relaions from A to B, then state

o nd of functions are these?
RZ =~ {I:I: 6}: (25 6]9 (3! ?:'s (4! ?:'}
Rs={(1,6),(2,6),3,6), (4, 6)}

2. Which of the following relations on set

functions as well {a, b, ¢, d} are functions? State the kind of

(). {(a,b), (c, d), (b, d),(d, b)}

Gii). {(d, <), (e, b), (2,b), (¢, @) (). {(2,b), (b, ¢), (c, b), (d, a)}

3. IfA=1{0,1,2,3} andB= {x,y,2, p} then stat : i
exist one —one correspondence b:ﬂiee state whether following relations show that there

l nthe elements of set Aand B, If not, give reasons.
(1} {(D: .l':l, (2, Z), (31 }']r {I: P)} ﬁ.i'-!- {{nt-ﬂs [11 Z), (2,}’): [3.2]}
4. IfA={a,b,c} and B = 12,3,4,5) the
oty y F5 Ty ﬂsmte,wh&th 1 1
there exists one—one correspondence between the ele::l;:nmt: .ur?]]:’;\:]g relayans et t!:m
ofthe relations they are? e Nt

(). (@ 2), (b, 3), (c, 4)} (i) {(a,3), (b, 4),(c, 3)}
5 IfX=1{1,2,3,4} and Y= {5, 6,7, 8} then write
{i). afunctionfromXtoY.

{i). {(b,a), (¢, b), (3, b), (d, d))}

(ii). aone-onefunctionfromXtoY.

(iti). arelation which shows that there exist one —one correspondence between X and Y.
(iv). afunction whichis onto from YtoX.

(v). bijective function fromYtoX.

(vi). afunction from X to Y which is neither one- one nor onto.

® LetA= {12345}, Check whether the followingsets are functions on . Incae these are
Nctions, indicate their ranges. Which function s onto.

(t} {(l! S], {2’ 3). (3‘ 3)’ {4' 2]) (5, ”} [;ii’l-. {(Ll), (2, 4}, (3, 2)! ':4. l:') (5, 3)}

(). {(1,2), 2, 1), 3, 1), (4, 4). 5. 5)
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5. 1f U={|,2'3,5,6,7} .
A={2,5,6}
= . B=1{1,2,3}
. g ; ircle only. , ify De- ' .
G iven. Fill 10 the correct CITvie 4 Then vcr'f? e-Morgan's laws wig, the help of Venr 4
tan f.;,urcir°1¢5 are & 00 5), (3, 4)} then Ris | It U={L 3= 10} : enn diagrams,
At the end of each quesllB Al and R= {d ;\ ﬁ;ncli{m from Ato A i g_: {-‘{]3’ is 35: ‘;}
0 A= {'11.2; 3} ﬁmhlﬂ g An onto ﬁ-"ﬂcliﬂﬂ from AtoB i {3’41 ?!gi
o l. t. . i » g * -1 :
% Not function e slements; then number of binary relations in Then verify distributiye laws with the help of Venn di
tsand B has 2 T.Let A={-2-10,12} B = N diagrams,
(i), 1fAhas WO i ; o & 02 ' function. In case of L func‘;?a;n,cggn}t‘io?,ﬂemi“ﬁ Wwhich sets of ordereg pair :
; : 0 . re
Ax;l:;-—-"“‘a s ‘ g ﬂfdisjoinlscm? 468) | m:%_gtllo&.ﬂg Selod ne-one function, onto function an?%ij::::::
0 - OME ufth'?- fo'ﬂowingﬁ ane {0‘2’4,6} ﬂnd {2, 516 i 13} t 2! i [] s )y (Y, b]: {]: C): (2-; d}} 1} {(_1' a), (1 C) [__2
i P md G2 o pagiyed 5 (il) £ DL CL Dl oy rabpps s o B
o 0,514 d 9,16,25,36 : 30}, R={1,5,7},and | 8.LetA={l,2,3,4,5} check whether tp, i ~5 =1 b), (0, ), (1, d), (-2, e)
O {0369} a0 {U i 1sap03'lﬁ‘":°dd mtegi";;iﬂmn } ' functions, indicate their ranges, Which?‘uglclt?;:zf:;:::” functions on A. In case these m,}
4 = . £ | F :
(i, MtheuniVeSELS L any elements are S 0 2 ' 0-L3.@3),6,3, 42,613 ) 1
S;{L},?,“,HLO o 7 " ‘ (iii). {(1, 2), (2, 1), (3, 1), (4 4, (5 9 i AL 1), (2, 4),.(3,2), 4, 1), (s, 3)}
015 B enfisonofunction’f I X={-6,-54,3) ' (.2.2.3.0.4.6.5)
65 a function from =A Y={1,2,3,4} thenwri
) 1ffisa s .6 Rangff* A . ) I:::;le‘g in fis not rcpcatcd. l (i). Aone—one }fun;?;:rfl‘rt;m XtoY (if). Omto functi -
O Rang ement of all ordered pairs con (iii). A function which is one — o an(i i ﬁ ion from X to Y,
e 14.12)},thenDomR=__—— (iv). A function from X to Y which is neither gue - o -
o IfR= {[0 0)9(3;1)){1053}’( L 4 O {8 10 4} O {0‘10} ('] 1s neither Oné — one nor onio.
(vi). : 0.2,3,12} H 15 e (2,5), (-1 : :
O {0,8,10,14} O { 00 \ X \ th|s fu;])m(“m; 2}} {D: I ): and (2, 5} |5.a ﬁ.l_l]l:t]ﬁj]_ ]fth.:_r._t'ra]ues &ndy-\falues of
¥ U= {Nanu-a‘mumhersup tol t}o 00) | ROIEGN rirhla o gl.e S\;{llch;d, thr_:ﬁ'e]anon that results is not a function. Provide an
1. o u nction that i AL 3
B- %Wfizﬁzg?ﬂﬂ::‘&fupﬂo 100} are switched, atwillstill be a function if the x-values and Jy-values
! B={posi
iL Thenfind. ). Al B

CAAB @ ANE e

[ { 23 . :._5.:%3
o 3 (‘l""l) :: [‘l"'lﬂ {XISj'

' . A'UB' (i _
| h}- .
: 3. 1fA=11,2,3,5,7},B= (2,4,6),C=12 5,9} then verify
. g (i) Associative property off gn:o:;wion

.. Associative property ol Inie ' s
£ {‘:ﬁ\ Distributive property of union over mt;e;actm

(iv). Distributive property of union over unici.

- &k I U={xhxeﬁr\ls.‘:£4ﬁ}

A= {1,6,11,16,21,26,31}
B= Ez, 5.8, 11, 14, 17,20, 23, 26,29, 32}

then verify De. Morgan’s laws.

! T ~AxB
| (y“,) f ty13] ;

) e

0

\ \[\z.lj

Eﬁ#mﬁcsx_ J-\_.'- u— E.__"‘Ug __A_ R “y i A\ AL E




distinet 0bJ°

efined

ects, sets are represented by capital
€ representedby small English

Unit 5 Sets and functions 'ﬁy_- e

. . oy

.__ﬁ ]anl'.I.d B aret
S Two non-gmpt
Pty sets, lh:EII a bii’lalj’ rclatinn fl$ i
r said to b a i
'] ﬁin on

to B, if
B Domjf=A
= There should be ng re
J-Symbolically f: o p

® Asetis? “-:;o'llecﬁgﬂ Ef Weuddz and elements of sets ar i s BL
o . + alohabets, A By . : - = > Bbea funct
E{;lgl":;ﬂia;?ﬂ, ,Cyon e sonof set Aand s€ consists Fallclemiesis AR R .‘])_;fa“d the set of second ;::r:l;:::(;:g?‘l ? 'S called domain of £ ser
® 1fAand Bare two sets thent mﬂde[lﬂie by AUB. symhohca“}ﬂ _ erange is subset of co-domain : ;l ordered pairs W“win:.:ti B ;; called co-domain
= getBorinbo h andB,s00 } ‘@ Let fbea function from A to B th o s called range of 1
& : - : »then fisj :
AuB={x|x€ AorX ? conofse AandsetB consists of_ alllfihose elements @ Let fbe a function from A to B, , fis l.ntn function, ifRange /=B
are two sets, (B 42 denoted by AnB, Symbolically unique yehB, ie. there i » then fis one-one function g
©® [fAand B (hA ndB.ﬂnd tisde e ere is no repetition ; unction, if for each
= Jhichareco ontobo . contained in /. on in the second elem xed there exist
AnB={x1x€ AarIEB} (© Let/beafunctionfromAtoB,th i ent of all ordered pairs
; o B ~B=0 : ; - Menfis injective (;
(® Twosels AandB Mdl;]:m;::}scwfu then UNA is called complement of set Aandis 513] %:mgc f£B Jective (into and non- one) function if
— . . tand A1S ' 11). There is et
@ U munwcl‘fﬂl;‘f ; : : hose elements of Awhichare | ‘© : norepetitionin the second elements of al]
ity 2 .sets thentheirdiﬁerence consists GEETRO: ; o Letfbea function from A to B, then fis onto functi i
4 w0 ngi::fi:wiriieno;cdbﬂ\ﬁ" orA-Bymbolicall @ Let/be function from A to B, then fis R i
i .I;l\ p={x|xedorx ¢ B} } (€ ;’::-0110 and onto, 2 one-one and onto (bijective) function ifitis both
(@® Foranytwo sets Aand B, T rule z;-nd B are two non-empty sets then one-on
LA m AnB= BnA or which each element of set A e correspondence between A
s 4JuB=BuA4 Z A(‘\(BﬁC)=(AnB)ﬁC | each clement of B is paired with is paired with one and only one elem andBisa
n AU[BUC}z(AU ByuC A B)u(4 ) members of any set rem with one and only one element of A, ent of B and
N (AUB}F\(AUC) 8 An(BVY o)=(4n one correspondence bolt?ms unpaired. It is also known as one-to-one rand none of the
. Au{B?C}Q S (A= Y B it explained = sets Aand B have same number ofelements unction. In one-
m (ALY = AN T : difference 015€ §,C .
Concept of sets i"'“mm’m‘e’fswmn’complem:' = lms asetisusually represented®” Wh 9 ~
- = casilywiththehelp of Venn diagrams. Inthese m%fﬂ ' at IS
acircleand universal setis represented by arectang’e: ¢aset or of different sets, WheTE Ca ‘tesi .
® (.b)iscalled ordered pair of WO EmETE andbats Irtesian Product?
= isthefirstelementandb is {he second element. 2 4 - .
ich1ss
| [aa b] # (bv ﬂ:l e ian mduﬂ-, Wh!'c d - ‘B
i @ IfAandB aretwonon-empty sets then A x B is called C:r::ll ai?belﬂﬂgs toset A" .
I = ofall ordered pairs such that the first element of each orde i 'ﬁ -‘ I
i: ! second elementof each ordered pair belongs to set B symbolically: ik X ’ Y ;
| s AxB={(x))|xedmdyeBl ® If A#B, e Axnon-emp‘%"’aw' fR ! | Ga [
] (® AnysubsetofAx Biscalled binary relation, where Aand Bar¢ “’"‘L} s Jomain f1:'?.13‘ 5 k')
H [fR is binary relation from set Atoset B, 1.¢. R={(xy)|x€ Any *%m:; R, Rang® 0
is set of first elements of all ordered pairs in R andis dennteg(‘iﬂgy «pange R e

rsinR,and is denot

set of second elements of all ordered pai
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T .
i |
Statistics is the science m
conclusions or answer qu'i'ef;tt;gg:c B"g’ arranging, analyzing, and interpreting d Ia!dr w
Large amounts of data can be orgainey [ *C" of information, whicI:pare tgtcna i al
number of pieces of da Organized in a frequency table. A otten numenical.
tathat fall within givenintervals y table. A frequency table shows the
2B :

June 2017

o

re Uiy the stude ill be able_t.o__
1 In this unit the stadens ill be able g
x Lok S S
- frequency table.
srf::mcqualandunequalcl

2B
April 2017

@ Construct? :gruupcd
L] Construct histogram ;
@ Constructa frequency p?lyg:nr;w 30 -
ive freque : |
ns'lruciacumulalwe T ; I
2 (If:aw a|:1.1-mulla.li\l-e-.t‘re:c:.m:ru:zpd:)‘li:llg?gz,ﬁ1 - -~ |
3 jati edr .

\ e ““f-“::z:::: dfﬁnition and using deviation from assum

arithmetic

ass intervals;

Facebook

Youtube Instragram Twitter Whatsapp Snapchat Facebook  Weehat
harmonic mean-

# Messenger
me;dian.n'@d“-gmmc,mcm?m;wn. Activity 2%,
® Recogn-lzeﬂleP[Qpcﬂicsﬂfﬂnﬂ“n_e“cawmg!les . - 1
. @ Calculateweightedmean and?;ilgf graphically | Scooters Riding is a fun to get exercise. The table TrcEs Bl
| @ Estimatemedian. quartiles 2 dard deviation. - shows prices for 35 types of nonmotorized scooters REUOLEr(S)
g.' - pos Mmurgmngen’ﬂﬁa““““dsta“ | fflundatapcnlincstom_ 60 25 29 25 40
i ' {|].‘\-‘t;1hat is the cost of the least expensive scooter? gg ;(D} 80 30 70
! the most expensive scooter? 80 55 70
oreca i urin : 7 These ; : ;
Weal::r‘:'amh the weather forecast sﬂrn:lln:-; i tagik about weather mOd?‘Zn::\?ii ] (m}.tgow could_ you reorganize the prices so that 99 100 49 35 90
[i::i}'oination‘? Have you ever hearc:a :'l;?icsm-t; & compare P rior weather conditi ey are easier to find and read? 92 20 49 30 50
built using stati
computer models are o ot ' The scale allows : .
cuuemweathertopwdmtf“‘““"‘“‘e”h . | to record all of the [ Price(S) [ TallyMarks Frequency |
nis RO ' data. Tt includes the [ 1—25 | [11 | 4
: 1 ) 1h=ast value, 11, and | 26— 50 L1 LHT ] 1
I € greatest value, Po51—T75 (I 7 |
100, T i ' |
00 Thescaleis Lo 76100 [MTLMIII | 1B L
L, { L
ll e b 0
: The interval separates Tally sarks-Arc COUNISTS
the scale into equal used to record items ina
parts. The interval is 235.
From the frequoncy table, you can sec that just over halfthe scooters cost between $31
and $100,
e
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= e -‘ —SS—
r - & Related concepts . )
| |
| §

ﬂ,-
|
3

Class Limits

cv Distribution . il t of data
. Frequency L7 istical metd od to organize and simplify alargeseto a | Every class has two limits, the
The grouped frequency table1sas d ! class limit. Foreach, class the ooy < 255 limitand the s,
. " g.! . douthow often each value occurre : : € two limits may be lower 1
into smaller " group - erouped frequency tableistofind© the mid-point of each class falls op an i ybefixedsuchthat |Choose the first class i
T._ler_nampurpos‘-‘fzgmig'ni'm data. fraction. an integer rather thap 5 [Such that the Sml:ﬁr:::
s eadll:ir::::'uﬁﬁun of Grouped Frequency Table The mid-point of each class is calculated by e f sl
ormy
There are two types of Efﬂﬂpvdgaut'_n ous data b when an English : Lo s
i inu an sl i
() Discretedaa (D O e quency table: e ohin Graunt (1620- Mid-point = —OWer limit + Upper limit
Thus accordingly there ar¢ M?-t.ﬁ.’p,es :ﬁ i 1674) collected and studied 2
Qo I B et camesss s ey gt e
Sml_f.‘; ﬁf ;0.!::‘:;: mini;lmm and maxi vt;lue i!{ﬂ;?ed:ﬁ::i fascinated by the patten;s classisan integcfe‘?t?: ;E;&i;} sll?;;u dlS —17,18— ﬁamﬁifg* better way is
- : :able in the vana nhe found in the whole i g g y denoted g id-point of each
mm;:}.:ft:gﬁivmﬁ. IbarsD) p?)pu'l:tion even l.huugh* i C:lm.sa Width by (x) arecalled the class marks.
! : ertical bars | )- le died randomly. _ The class width is the diffi
e luesb using tally marks'(‘i peop . e e liference between co ; i
({1?1] Fé?rgﬁg t;:ﬁ-equznf-’)' columnhyusmg‘ﬂ“?mﬂks- ;——m ! dividing the range by the number o £groipe 1'}:;:3‘\'3 lower-class limits. It is found by
i i Wings ; Class Boundaries '
boughtshus’s\'-'ﬂhfﬁ a nss Boundaries
Tyample inashozslofemmmmem 6,68 ' : ;
Examy ﬁ e e 9,1,10,6.10,10}9'7&6’10'10’7’“’3‘8’7’ » i {-‘orcolrpp_utmg Ciassbﬂ“!‘da“esrtfleupperIimitufu]epmwm E
6, 6,7, 6, g, 1.7, 8,6,10,0,5,% ’t;b'lc ~fthe iy 1 .ower _:mlt_ofthe fOl]Dng class and the difference io then divi g class L'g subtracted from the
9.7,8,7.9. Construct 2 fmqm?ncy is obtained is then subtracted from the lower limit and added kil 2 ‘:n"’.eq"““ﬁUthh
(=Solution.} Letx= shoe size. '| edto the upper limit of each class.
= For example, consider the following table.
1 I Classes-Limits Class-Boundaries :
[s | l =T 4 0-5 ‘_'4.5
L .
| . 5—8 45—85
|
- s 9—12 8.5—12
Construction of Continuons Frequency Table | e
Steps of construction: . , 13—16 12.5—16.5
(l‘:] Find Range: Deduct lowest value fromthshlgheswal“c‘ o 15 groups- t
4 ®) is your decision to choose the number of groups fﬁr your data.
: lanced thatisnottool g or not too smatl. ) - siding Form ] .
iii) gﬁxﬁ th?:id;l{trumbct :}g values per group) of group nterval by diV¥ . ula for calculating class-boundaries (CB)
iii).
] [ i R_ange byk. i - ﬂ“cy (1] 5__4; - _1 = 05
\ ), Cresttroccolumnstited"Groups.”“Tally Marks RLIBRISS: S00.5 2 2
Insert the datainthe table . -3 is subtract :mit and added to the upper limit of each class.
(). forall the groupsby tallying the data ed from the lower limi

(vi). Determinr-theﬁﬁquencics

T

:|'|L-11_| _i i
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m are as follows.

s of 10" class in €

i
| -
p sdent

\ Example [E The heights of 3
Construct group frequency table.

T

149, 1

175-140 _ < The width of class boundary is 5.

9, 162,

162, 162, 15
160, 158,158

i ——

0 students from the
d class-marks also.
2, 46,38, 48,28,

the weights (kg) of 3
ndaries an
34,45,4

table of
Find the class-bou
5, 38! 405 231

\ Example JEJ Construct a frequen®
Sjasa class-interval.

6,30,45,50, 22,25,36,46,3

following data by using
25,30,40,21,24, 25,3
29,31,33,30,26.

Solution

Unit & Basic statistics

il lli‘ill]gr;! fii

A histo i

space bft::g] '8 8 vertical bar gr

oo ]en the bars. The areq aph with g

s 1al to the fmunI'lcy i ofeach bar i

mc!hoggmm 'has advantages ;eprcscms_

i :‘i that it can be used to ver the other

s enoc-.]r equal and unequal cla.:; udan
¢

rcpresenlinfg :‘;21 E?ES”"” a :Tit:::ij&

o gures whi ram

“?; "}d:ligﬂ; from the original n':ggshave béta

continuous bo make the class illllrtemems’

vl by using class boundari er\fals
1aving gaps in between [hclgs. This is

ars.,

] Exﬂmple 4
4! Construct a hj
i
Class-limits 205t°§fam from the following freque :
Frequency _l- 29 | 30—39 [40—49 5;“’}' distribution.
. Solution 2 3 '2—59 Gﬂ—g‘
1

To draw a hi
a histogra
m class-b i
alisiarociniarked sk Y—axiosu;sdal?es are marked along x-axi
shown in the fi A i
gure. quencies of each

Class-Limits
— Frequency Class-Boundaries
g 1 195 —295
g 2 95— 39:5
S i 395—495
o= 2 495 —39.5
1 59.5—69.9

Histogram from Fquai Intervals

L]

I regquency
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ure that the areas

Unit & Basic statistics

Frequency polygop

A frequency polygon is dra

- - wrl b
midpoints atlboih ends are join /
polygon. This will make the
horizontal axis.
We can draw the frequency

Polygon of a distribur: g
plot each class frequency e g 1stribution without first drawing the hj
. - m

straight lines to form the frequcncy :;E:;;'alue e cett o oba " pc-ini Whﬁ:; wejai:f:;

'0' H - *

= tg t:::ﬂg rar_ﬂ the midpoints at the top of each réctangle. The

e i nearerz::p:ﬁl axis to accommodate the endpoints of the
1th the end points falling off to zero on the

e . Wi,th U-l'lequal CI_a . m, wemus['e-ns. istogram is ; 1
_ Solution e HSEH b 0 onstructing the h"g-'“;g;as the frequency in a ISt '- Frequency polygon are specially usefy to compare two :
The class intervals are n“t:?u:ai to the class frequencie® ] (Vﬂiﬂablc;, pulses, gold etc) over £lven period of Sﬂ;ofdata €.&. prices of commodities
roportio cricket to show the progress ofa by ime. Now a days it is commo
f the rectangle are P ctangle. abatting team o : nly used in
:epresenwd by the areaof eachre ! I Example f@ Construct a frequency pol;czn’“?aﬂsr:on of scores of chasing a team
i Class- FO0Tr the following frequency distribution,
Class-Limits Limits —69 ’ 70
| Frequency = I P
(_Solution | L 2. 173
| . Classes Class-Boundaries I;:.-';11:155 Marks %
5 Mid-Point requency
: 20—29 195 —295 245 s
‘a 30 —39 29.5—39.5 34.5 :
| 40—49 39.5— 495 445 3
\ 50 — 59 49.5—59.5 54.5 5
| 60— 69 59.5—69.5 64.5 3
I 70— 79 69.5—79.5 74.5 2
80— 89 ?9.5_—- 89.5 84.5 1
6

Lo

E=

L]

£
h

—» Adjacent frequency
b

-

39.5 43.5 545 69.5 795 139.5 99.5
i e BANEST Class-Boundaries

For your information
In a histogram, the frequcn-:y.

Frequency

295 3935

uofAjod Louanbas,

495 595

69.5 79.5

89.5

Frequency polygon
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345 445 545 643 745 843 94.5

24.5

., Exercise61__ -
ring & quiz with 100
andc’lass—marks.

marks of 30 students du
6,74,83.76,69,51,

thecl ass-boundaﬁes

ution of the
,90,67, 66,58,4

interval. Indicate

frequency distrib
82,83, 68

1, Construct 2

points by taking 10 asthe class-

40, 60,65,70,35; 50,56,74,72, 49,85,76,
63,66,47, 82,90.

2, Following are the mistakes made by a grou
writing. Using an appropriate gize of class
also indicate the number of class intervals.
4,1,12,9,21,16, 119,17,24,14, 15,8,13,11,1

3. Draw a Histogram for the following data.

p of students of class 10" ina test of essay
uency distribution and

interval, make a freq

8,22,6.

6,15,6,5,8 11,20,1

e 10th class.

g) of the students in th
37,34,42,40, 43,36,26, 22,

15,39,31,

ata give the weights in (k

4. The following d
40,36,37,28,27, 41,42,

25,30,32, 29,24,
class interval.

39,35,41,39,29-
(i). Preparca frequency distribution using a suitable
(ii). Draw histogram and frequency polygon-
5, A teacher asked the students about {heir time spent on homework completion time. Th®
following set of data was obtained (Time in hours).
4 4 6 3 1 2 2 3 1
1. 2 5 3 4 5 2 2 3 1
3 1 4 2 6 2
aw a histogram showing the results.

| 2 2
Construct a frequency table and dr

NOT BOR SALE

hathen

o

£l
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L Activity #_

“Getti
ng Ready for School i th
Gather your Data: i

Ask your sch
: ool-m
(minute ates the questi
schmns%',:?e 5:]':'-' take inqg:;ti?; how much time °
Haidar 20 mineu:iala in a “mehmrzaf-y for your -
approximately 20 es. Collect res ke this Al -
e Tkt e e & ponses from
Makea gmupedl?;_emmi“s 12 min 1;;“ of minutes
quency table !” in. and so on
oryour data -

(378 Cumulati
ative Frequency Distributi
on

A cumulative fr
other v equency table provides i
alue. For example, ho;]::.:;ldes information abo
y workers of a facmr;'nh?: SI.II|Il of a variable agains
e salary less than t the
Rs.7000, th
, the

number of stud ;
inches etc ents scoring belo
: w 50% marks, number of
7 of maiz cob m :
casuring more th
an 6

When the sam P
Ogive. e data is presented on a
graph paper the freehand curv

e formed is ¢
alled an

c
BB Construct :
ol 01: {:I a cumulative frequency t
- Y
y of ¢ e last class is the total frcciu 5
ency of a set of da
ta.

In h.ﬂ cum I il
g da

X
3 | 4
: 4 5 6 7 0 11 12
4
3 8

S M =
i I Method ﬂr]ﬁndfng(c_ﬂ -
5 g 1+2=3 1 _’
6 4 3+3=6 3
7 5 6+4:lﬂ 5
8 : 10+5=15 10
9 : C15+6=21 e
o 20+7=28 ;'
1 4 28+4=32 X

3 32
12 32+3=35

8 35+8= 4

=43 43
:‘.d.'"_ - f,_ﬂ _-u—
-




et -

——= —_ — : ; ﬁ, |

= 2 = ® Unit b Basic statistics Unit 6 Basic statistics : . - .—
[ . - | Exnlmple ﬂ In the folluwing data marks of . ;
. i 344, % | exam in the subject of maths, $ of students are given during first pre-boa
B ' 11 2'2‘2'2,2\‘ = b 25, 30,27, 28, 35, 36, 40,41, 42 45,50, 44
Swﬂ-’: v ; ik i 46,44,34,51,54 2%, 0, 44, 29, 26, 36,31,43, 46, 52, 53,51,42,37,27,3.
Cumy L By taking a suitable class-interya|
. E Y F 4 | frequency and drs . & prepare a frequency distributio , find :
S 2 rrq_qs.mff- l"!-‘\u"’ = | r__fl ¥ e raw a cumulative frequcncypolygon(l:lgivc}. P s e iy
: 2 2 i “Solution ! ,
To construct the cumulatj T
1 5 k 7 . = Mulative frequency distribution, we take the class-interval as 5.
' N H L o -
yA 4 > 1N ss-limits rrﬂquenn Class-boundaries | Cumulative Frequency
' | )
3 2 13 : - 25— 6 245295 | 6
5 35—39 4
345 —39,
lative Frequency for Score 3 40— 44 7 39.5 5 5
; Cumula A 2+5‘_4 =11 e I —44.5 21
| = 3 445—495 24
| 30 —54. 6 49.5—54.5
| 1 ) .lweycd H“d lhe g k 30
| 'l b Example ﬁ | of 1000cc cars of a parlicu\ar b(r;.ntdl ;::0:
= tro 2 Tl =
1! e coﬂsl-l;n rt:.(:':s?:l;;?ned.Constmaacumulatl\"-‘- frequency 13 Cumulative Frequency Polygon
. following data . 04
: \ Distarce in Km/ Litre mm ' BT
’ Milage) BT
l| “ - -1 is consturcted below | ij:
. —— The cumulative frequency disturbution 13 = %Z:
i‘ {__Solution__ Upper Class I B
11 Milage PP 3 = is4
| itre) Boundaries = 2T
'. (Km/L : s 54
'. Z u+
' = BT
i EhT
| s w0t
] = g4
_i Gl
i i
i i i v Polygon : cu“‘-‘-‘d 2 E
{ .ymulative Frequncy Po : curve is 21
%A Cium ich cumulative frequencies are used for quttiﬂ%l_:‘i“mnﬂmmm i 0 fp——p—t—— 1"
A polygon in wl-uc{::'r polygon. The curve is also called a Ogive. M5 WS us o8 M5
i uen i
Bu;:::jz:sg;ged in the following example.

I o7 FORSALE

l - =NE L:_ -i'_ 4'.0-.&--“’ s _,'_ .

= o e
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Exercise 6.? 2

it f workers.
1. The following data give the wages (in Rs)lgo 6 ks 90,
60, 75, 80, 85, 90, 84, 70,.'}'3, 76, 84, S,M s
By taking 10 as the c-lass—lntcrvs-l, p.repz.i n
(i). Cumulative frequency distributio .
cy table for the followl

98, 120, 77, 90-

ve frequency polygon

(ii). Cumulat

2. Make cumulative frequen

3. In a city during the first week of
cumulative frequency graph.

4. Draw less than and more th

following.

4 more than 50 marks.
less than 70 marks.
etween S0 and 70.

5. Determine from the data of Q4, the

btaine
i mber of students who obtal
h'}" ]]Sl:imbe: of students who obtained e
U‘!'?;; Number of students who secured marks
ftlllxl] Class interval of all classes. :
(v). Lower-class poundary of 5~ class.

6. Construct an ogive for the following table

Unit & Basic statistics S e— " le _,__ﬁ,ﬂ i

Measures of Centra] 'I-‘i-:ndenc'_v,-r

Central Tendency of a data s the
; value that re
t number presents the whole data ]
larges of item tends 1o concentrate and so it is called ceﬁ]t-rtahlets&:s::;;]g:]l:g?

Tendency or Averages are also - :
the centre ofa distribution. res of location, because they locate
85 g

Types of Central Tendency Averapes
{i).  Arithmetic Mean (AM)
(ii). Median
(iii}. Mode
(iv). Geometric Mean (G.M)
(v). Harmonic Mean (H.M)
(vi). Quartiles

I T T ]

: Median = 158
Caleulate for ungrouped and grouped data

(i) Arithmetic Mean

(a) Arithmetic Mean (for ungrouped data)

Arithmetic Mean or simply Mean is calculated by adding all values of the data divided by

the number of items (values). If x,, x, x,,...,x, are n values; then the Arithmeti
denoted by (¥) is given as PR ; Arithmetic Mean

. N X
= X]'l'xz"" X+ Iq'i-15+_'l‘ﬁ‘.TT'P.'I's-r—_rgT‘__q.‘rn_g i

n
¥ = Arithmetic Mean, Z: sigma (Notation used for the su:xmalion)
X=Xy X X X(i=1,2,3 .m)
n = Total number of items in the data.
By shortcut method
{ M

Formula for short-cut method is, ean = oum of data
Number of data

2 Z‘Dx
X=g+=—

n
Where

x = Arithmetic Mean

a = Provisional Mean (P.M)

b, = (x-a) (Deviation from Provisional Mean)
DD, =Sumof Deviations from P.M

1 = Total number of values in the data.

T v 3
o -

£

" — S
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Example m
Find the AM of the values 2,3, 4,5, 6, 7,8,9,10.

(i) By direct method
(ii) By short cut method

sing formula

(i) By direct method . AP o
Let % be the A.M of the given items. Then by 5

+ X+ Xt X
E=W
243+445+6+748+9+10 S _g
— 9 g

s x=06
(i) By short cut method

" Unit 6:Basic statistics. | e mf
R e g s y—l r

(b) Arithmetic Mean (for grol.lpetl data}

If X X Xpsocis XATE R  values
3Py T gae w“h
theArllhmellc Mean ¥ is given as Lo - Jus 18 frequencies of the respective values, hence

Pdithas o aps T
A+ 4k, ... +f _Ef
Example {7}

In a coaching class of 13 students, a test wa
obtained by the students.

10,12, 12, 14,9, 18,9, 13, 16,9, 17, 16, 14
Make frequency table and find Arithmetic mean.

s conducted, and the following marks were

Seore 9 10 12 13 14 16 17| 18
Frequency (f) 3 1 2 1 2 2 1 1
(x)- n Jx
Score Frequency
9 3 7
10 I 10
12 2 24
13 1 13
14 2 28
17 1 17
18 1 18
Yr=13 | YA=16

Arithmetic Mean = o7 J,




’ W Unit 6 Basic statistics

— Unit b Basic statistics f—- 52 -
(ii) Short—cut method

Let the assumed mean a= |07,

Example {{P) : ies. Find the mean : Class (x)
ple [B ) Low along with ther frequencies. Fi kel ) 7 S -
The prices of 2KW generators are given belo 54 gpmnl Frequency !
i — 2 ] :
ce. 92 -108=-
pri 95 —99 97 + QLISL :; . ~160
(i) By direct method 100 — 104 5 2 - I =__5 _?150
(i) By short-cut method : 105 — :0: 107 24 07=107=0 5
120-124 110 —11 112 19 Nn2-107=5 95
Price 115 —119 117 9 17-107=10 =
O LS 3 122-107=15 P
X [=85 > M, ==15
e za-[-nz—j)i
“—Solution - : =
i) By direct method
® By e
85
=9095-15
85
= 9080
85
=106.83
(ii) Median =10683/-
Itis a value which is in the center of observations when all the observations are arranged in
ascending or descending order i.e. Median divide the data in two equal parts. Median is
calculated for the following data:
(@) ungrouped data {(b) discrete data (¢) continuous data
- (2) Median for ungrouped data
1 rators= X z p : . ) ]
The mean price of the gene Ifin a data there are n values, then after arranging the values in ascending or descending
N . order Median is calculated by the following rules:
i Ef - r - -
L i Median = Size of (iﬂ}h item (if n is 0dd)
i 8968 3. .
1 =85
' ; 1. n ; “_"_'E]th ilem] (if n is even)
-f E[ =105.5 hundred rupees : Median = 5 [S]ze of 2 th + Size of [ 7
¥ = 10550/
i




: _Sﬁlllﬁﬂl'_l 1

Example Find the median for the following values.

2! 40 51 61 3
[~Solution | Writing the given data in increasing order
2,3,4,5,6

AYRYY ¥ fvalue)
1
2
3
4
5
By using formula
Median = size of [1'—:—1}:11 item

5+1
= size of [—-1—-] th item
= size of 3 jtem
=4

g0 Median=4

Example m The following is the daily pocket money
family 10,20,15, 30. Calculate the median for the data.

Since number of items is even, so

Median o Size of " th + Size of iﬂl—'+glt‘r1 item
2 2 2 J

1)a: 4 ; 6
= - 5]_2 f — h + = H
2[ eo 5 Size of [Jth]ucm

[Size of 2nd + Size of 3rd] item = Ls+20) =
2

Unit b Basic statistics

~ What's the error? =
| 0579103 58 |

Median = 9.5
| ey

(8]
The median for an odd
number of data is the
middle value when the
data are arranged in
ascending /descending
order. The median for an
even number of data is
arranged is the mean of
two middle values when
the data are arranged in
sccnding.fdcsccnding

in rupees for the children of a

35
2

=175

B

N

T

[ o
Pty
|

(ZIH th item

Unit & Basic statistics

(b) Median for discrete data

In a frequency distribution if Z :
J is odd then th
e value of x opposite to

in the cumulative fr .
i requency column is its median. But if > f is even, th : £
- ven, then the value of x

opposite to =— th item i ;
PP > in the cumulative frequency column is its median. This b
. This can be

illustrated with the help of the following example
5.

i Example [ 5 :
ple [[E] The following are the marks obtained by 35 students in a test

x
10 12 5 5 = =
& 1
10 5 ‘ 13 ‘ 2 2

Find median of the data.

| Solution

% f of
10 1 1
12 10 1"
15 35 16
25 2 31
30 4 35
Since n=Y =35
So Median = Size of (f—;—]]th item
= Size of [}E;ﬂ}lh item
= Gize of 18th item
=20 -
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b Example [ Find the median marks from the following distribution:

(Marks) x

Number of students

l s -El;lulloﬁ o ].

Marks x

L

10

______——-_____————_____————

N -

Median = Size of [’—;]ﬂl item

= Size of E‘l] th item
= Size of 6th item
=72
So, Median= 22
() Median from continuous data .
For computing median in continuous data, it is important to make class boundaries and then
medianis calculated by the following formula:

Median =1+ 'hf[% - c] where,

1 = lower limit of the median class
h = width (class-interval of the median class)
f = frequency of the median class

n 24
2 2
¢ = cumulative frequency of the class preceding the median class.

e

Unit & Basic stotistics

li Example |m Find the median of the following distribution.

Daily wages (in Rs) | 6069 | 7079 | 80—89 | 90—99 | 100109
Labour I L} 6 8

T :
_Solution | i.
Daily wages F {CF) (CF) ;
Class-Boundaries | Cumulative Frequency
60 — 69 4 59.5 — 69.5 4
70—79 6 69.5—79.5 10 H
80 — 89 8 Tos—895 | 1B i
90 — 99 10 89.5—995 28 2
100 — 109 5 99.5 — 109.5 33 {

L S =33 |

Median = % th item = %ih item

= 16.5th item
Median lies in the group 79.5 — 89.5

Median = I + ﬁ[ﬂ—cl
72

=795+ %{ 16.5 - 10)

=79.5+ l—gq (6.5)

=79.5+8.125
=87.625

(iii) Mode
The value that appears more times in a data, is called mode for the given data or the most
frequent value in a data is called mode.

b Example m From the following sizes of kids trousers, find the model size.
25,30, 31,25, 35, 25
L§°'“_ﬁ°“_,_j In the above data, 25 is the most frequent value, so the model size is 25.




' - g =
RS - '-_.
b3 - :

“ |y Example [[B} The following data shows

e .

the weights of the studen

weight.

The mode lies in the group 12— 16.
So by using the formula

prE=tis~% 4
| = lower limit of the modail group
— Frequency of the modal group.
* = il;:zguencc:‘r of the group preceding the modal group

}q = Frequency of the group following the modal group

i‘: = ¢lass-interval
I . W
So, Modg =12 26)-4-2

2
= ——— x4
12+ [1246]

8
=12+ —
; 6

=12+133=13.33

Where

Unit & Basic statistics

is. Find the model

Modal group

Unit & Basic stotistics

(iv) Geometric Mean (G.M)

Geometric Mean is the nth positive root of the product of n values.

() Geometric Mean from ungrouped data

If X356 + X 5500 X, ATCR values in a dlata, then the Geometric Mean is given as

GM = (X, xx, xxx... %xx,)"

1
or  G.M=Anti-log (E ngx]
n

i Example 'l Find the Geometric Mean (G.M) of the marks obtained by the 9th class

students.
e 60, 65, 70, 80, 85, 90, 75.
| Solution |
% Log x
60 log 60 = 1.7781
65 log 65=1.8129
70 log 70 = 1.8450
75 log 75 = 1.8750
80 log 80 = 1.9030
85 log 85 = 1.9294
90 log 90 = 1.9542
> logx =13.0976

log
G.M = Anti-log 2 logx
n

3.0976

= Anti-log
= Anti-log 1.8710
=7431 .

(b) Geometric Mean of Grouped data

Letx, X3, Xy, oy X, be the mid-points in a frequency distribution and £, f f, .. f; are their
respective frequencies. Then the G.M is calculated by the following formula:

GM= Ami-log[____zg;-“"]
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it Example E
Calculate the Geometric Mean (G.M) of the following data. —
: ? —
Marks 0—20 20 —40 40;60 -
Number of students 3 4
[ Solution |
: flogx
Marks x i log x
0—20 10 3 1.0000 3.0000
20 —40 30 4 1.4771 5.9084
40 — 60 50 10 1.6989 16.989
60 — 80 70 11 1.8450 20.295
> =28 Zflogx=46.1924
oo ool
. " By formula,
Z Sflogx
G.M = Anti-log __i__f__
z 46.1924

= Anti-log -—33—-—

= Anti-log 1.6497

=44.64

_____ e mmm

"~ When you multiply 1089 by 9, the
. answeryou getis 9801, which is the
" exact reverse of the number 1089

Unh:- & Baosic statistics
(v) Harmonic Mean (H.M)

It is the reciprocal of the Arithmetic Mean of the reciprocal values

Let there be 'n' values ie., x, x,, .
calculated by the following formula:

A e e e =

} (a) };iiﬁrmb]ﬁfmean-':fqﬁ;-_';i_ﬁg@ﬁ#ﬁ@_-,_ :

-y X, in a data, then the Harmonic Mean (H.h;I) is

[i Example

Find the Harmonic Mean of the following values. 5, 6, 8, 9 and 10.

kK
N
"
| St %
x log L !
X
5 1 .
- =02 i
5 it
6 1 i
~=0.16
6 I
B 1 :
—=0.125 I
8 |
9 1 |
Z=0.11 .
o, i
10 ' '
LIy
10
Zl =0.695
X
By using formula:
b ™ 2 oand
695




(D) iivinonic Miean of grouped data | ’
ped data is computed by the following formula:

The Harmonic Mean of grou

HM=—S=—

b Example

Find the Harmonic Mean from th

Classes 0—6 .
Frequency 1 4
——
Classes | Frequency (/)
0—6
6—12
12—18
18—24

e following data.

Unit b Basic sratistics

(Mid-point)

I

3

21

Unit & Basic statistics

Properties of Arithmetic Mean '
* & The sum of deviations of values measured from their A.M is always equal to zero.

. ie Y (n-x)=0
V=l
& The sum of squared deviations of values measured from their A.M is least
(minimum).

\ " __Zla(""" = I) = Z’(L = H)z , where Tf =AM and ¢ = any constant

Ify, = ax, + b where @ and b are some non-zero constants, than y=ax + b,
) # If K-subgroups of a data having their respective means X1, X2, . with respective
[ frequencies n,, n,, n,, ... m, then the mean of the combined data is givenas:

Z:r,.;,
i=l
Zn,
Weighted mean b=t

& The numerical values which show the relative importance of different items are
called weights and the average of different items having different weights is called

weighted mean, Letx,, x, x, ...x, are different values of items having weights w, w,,
w,y ... w,then weighted mean:

= MX XA,
FooX =2 =

o+ 40+ +n,

W X WAX Wb AXW, DKW
"r“. =3 —
W, W, W, W

Example {Z The marks obtained by a student in Maths, English, Urdu and Statistics

were 70, 60, 80, 65 respectively. Find the average if weights of 2, 1, 3, 1 are assigned to the
marks,

[ Solution

1 )
WY

,.
=

140

I
ot
= |
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el % : :

I ving Averages . from the suc

3 m Moving 5 {Aﬁthﬂlﬂlc means) derived cessive
| » It is succession of averages recomputed as new data becomes

! is continuously :
segments of a series te.'rsf ;;]dur?ﬁ ;:r"‘; the earliest value and adding the latest value,
available, It progress

Example

were récorded as given in the table. Calculate

During first week of May, daily temperatures
3-daymovingaveragetcmpmture.
Days Temperature
Saturday 40
Sunday 37
' Monday 16
| Tuesday 38
Wednesday 37
Thursday 41
Friday 39

3 day moving average
Days Temperature )
Saturday 40
Sunday 37 40+37+36 _ 41
: 5
Memdey 36 37+36+38 _
3
Tuesday 38 36+38+37 _ -
: 3 ]
wc_ dicodey 37 38+37+4L _ 10 oo
Thursday 41 37+41+39 _ i
3
39

Unit & Basic staistics

6.3.4 | Estimation of Median, Mode and Quartiles araphically ey
Median |
For median the class-boundaries are plotted on the horizontal axis and their cumulative

frequencies on the vertical axis. Then points are located above the boundary points against

their respective cumulative frequencies. All the gomtsareien Soiited by straichuid
curvecalled 'Ogive!. J by straight line to get a

Horizonta'l and vertical Iine's are drawn from the point where median is located, so the value
on the horizontal axis at which the vertical lines intersect the Ogive, determines the median,

Example (571 Find median graphically from the following frequency distribution:

Classes | 10—14 | 15—19 | 20—24 | 25—29 [ 30—34 [ 35— 39
; 1 i i 2 6 +
" Solution
'lasses of ('umﬂl‘.lli*.:- }-‘rr,-r-rnt-nﬂ}' Class-Boundaries
10— 14 | 1 95— 145
15—19 5 6 145 —195
20— 24 7 13 19.5—245
25—29 2 15 245 —29.5
30 —34 6 21 - 29.5—345
35—39 4 25 345—39.5

2 ' 2 ;
Median = Em item = —;:&ﬂem = 12.5¢th item

b ]

o
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ERROR ANALYSIS Describe and [ v , _;_:—'r'ﬁe&'ia":_{ | : {iii)ﬁ‘l‘:";‘““
correct the error made in finding the X | To find the values of Qr and Qs from h i iy
median of the data set. : L 10, “’..24.'. ‘.‘5' 41, |5_‘ 45= 24' 50, i drawn. 3 Graph the; crmryl ative frequency polygon (ogive) is
. (@)Mode Example B Find Q and Qs from the following distribution,
| ' We need histogram to estimate mode graphically which is cxplained with the help of the Marks T 10— .
| following example. = 5 L = = = |
. ‘requency .
Example Find mode graphically from the following frequency distribution. i 2 ? 3 2 |
FSolution. - -

Classes 20—24 | 25—29 | 30—34 | 35—39 | 40— d4 | 45— 49 50—54i

Location of Q, = %th item

Frequency | 1 4 8 I 15 9 2] Marks P oF
K sﬁlﬁﬁﬂ_l!_J : ’ 0—10 3 3 - %:2 th item
Classes i Class-Boundaries | 10 — 20 5 g = 5.5th item
20—24 1 19.5—24.5 20— 30 9 17 Location of Q; = ~2 th item
25—29 4 245—295 30 — 40 3 20 422
30—34 g8 205—345 40 — 50 2 ) = 3(-4—]&1 item
35—39 1 34.5—39.5 == = 16.5th item
40 — 44 15 39.5 —4d4.5 . W Cumulative Frequency Polygon
45 —49 9 445—495 , T F
s0-54 [ -2 495545 % T
2 =
15~ Mode=415 I
144
134 E
‘r 124 5| A% ‘_':
- i i
| w4 ofE
9 — -
1 o 4
2L o
El 6 .
54 5 T
4 4 .
2 # T
i 04— 1 | —t
0 0 IsM N s, 0

195 245 295 345 952 45 495 5485
Class Boundaries ; 4
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+  Exercise 6.3 .-
1. The follows . A P . ﬁ iy Measures of Dispersion

s 42 owing are the weights (in kg) of students of the 10* grae, g . ." Dispersion is the scatterdness of values from

+30.25, 36,42, 27, 31, 43, 49 ang 50. @0 L B Types of measure of dispersion are:

Q - dﬁlicume mean of the weights, ’i# A (i) Range

 ind the mean of the weights Biven in Question ] b e - (ii) Standard deviati (S.D

B Y using short- {ii) an_ a viahon (5.1)
f 3. Using assumed mean find the mean of the following munifersﬂ . (111} Variance
1242, 1248 1257, 1244, 1249 ? (i) Range
4. Find the mean of the fo

S students of 10® ¢Jags Inma
S @A) 1513 537

5. Find the median of the following data,
(1). Heights of boys in inches,
64, 63, 65, 66, 66, 67
(1i). Salaries of 9 workers of 3 factory
7000, 6600, 8000, 4500, 7500, 11000, 9000, 7500 :
6. Find the Arithmetjc mean, Geometrje mean :
S
70 71 LI 73
7. A set of, data contajng the

values as |4
and 160. Show that Mode > Meqos » h?eai; IS (o 5N S
8. From the following distribution . Y

Median ang Made of the f; lowi .
5 - 5 = Ollowing datq

(iti). Calculate Median, Mod
9. Find Median, Q.Q,

Unit & Basic sn-.:tisu'csl

its central value (Average),

The RANGE is the difference between the smallest observationand the largest observation.
Range = Largest value — Smallest value

Example E
2703113112
~Solution !

The largest value = 311

The smallest value =

209 m

EZ) What is the range of the data 209, 260,

Range = largest value-smallest value
Range =311 -209 = 102,

So the range is 102,

Example Bl Following are the names and hei ghts of moun

range of heights.

K-2 8611m
Ghasherbrum 1 8068m
Broad 8047m
Ghasherbrum 11 8035m
Ghasherbrum ITI 7952m
Ghasherbrum IV 7925m
Rakaposhi 7788m
~Solution

The maximum height = 8611 m

. The minimum height = 7788 m

Range = maximum - minimum
= 8611 - 7788 = 823

So the range is 823 m.

The range tells you how
different the observations
are. A large range means
that the observations are
very different. A smaller
range means that they are
more similar.

tains in Karakoram. Find the

Range iswvcry rarely used as it does not tell us about the observations in-between the

largest and smallest values.

e
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ven data the low

In the gi
i So.
upis 29.3. 50 )
gnge _295-45=123
y re listed
Eﬂmiersof grams in various candy bars &

The num o
sl mode, and range. Roun

dian, elect the
Find (he mﬂ?;rilﬁ if necessary- Then S

¢ to
of central tendency or rang

our answer.

the nea_resl e

:lis?;if::.re?;?.lusﬁhr ¥
9,89, 3_,_'2‘,'_].3, 24 _
g IR

[-SEE'“M g+8+9 +9+90+ 13+24 _q16¢

mean: r_'_,_r.::—;—r""

l:nlﬁ:'n; sg!:éfx;rz ’I:E!:ts t‘"rcquemly.

| & ~-g= ‘I& g dESCI‘ib': .lhe dat
e of central tendency of rangbzlz ey
The appropriate meagur:ﬁwod by the highest value, 24 g
is

a is the median o .

the mode. The mean

.091'4944 : '.:
w3 = 99 37510 582 A
540793 2384626433 83279 50288 dignlions 132823 ...

34211 70679 82148 0865

Unit & Basic statistics

(ii) Standard Deviation (.p)
It is the positive square root g
(arithmetic mean). 9 of the average of Squared deviations measured from AM

. _ e
Le. SD= -—-;——-. for ungrouped data
_ [Zre=5
and S.D= ——z?__ for frequency distribution

(i) Variance
Variance is the square of standard

deviation. Variance i
‘§'. Mathematically it is expressed as: P Sy denotod by the symbol

g -3 i _&j_[ix
n

hH

2 .
: ] for ungrouped data
s S £ (¥ gY
and §°= T or —Zi—f—ﬂ —}:}- for discrete and continuous data
[rExample m -

Find the variance and standard deviation for the following data:

6, 8, 10, 12, 14
| Solution |

;=6+8+IU+12+I4 50

- = =
5 5 X
X 2 X—x
3 6 6-10=-4
8 8-10=-2
10 S 10-10=0
12 12-10=2
14 14-10=4

S.D= M: ﬂ:,fs_
U n 1|5

Variance (8%) = (/8 =8
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h'_EEK#m}]I_t} The following is the distribution for the number of rotten eggs found in 60
crates. Find the standard deviation and variance of the rotten eggs. .

No.ofrotten | o 4 | 4_g | 8—12 | 12—16|16—20 | 20—24
egus
No.ofcrates | 5 10 15 20 | 6 | 4
___Solution
r CB 7 B L | #
0—4 5 2 10 4 20
4—g A0 6 60 36 360
g—q2. | 1 10 150 100 1500
115 |- 20 14 280 196 3920
16—20 6 18 108 324 1944
20—24 4 22 88 484 1936
[ 696 9680 |
2 2
e (Lﬁ_}
' 2r s

F

60 60
=161.33 - 134.56 = 26.77

g D= (Variance = [26.77 =5.18 {Approximately)

_ 9680 _[@g]’

L Activity” :
Substances with pH values less than 7 are
acids, those with pH values greater than 7| Less than 7
are bases, and substances with pH values
equal to 7 are neutral. Test several solutions
and list the pH values. Make the frequency
table of pH values by completing the table

pH number Tally Frequency
I—

Equal to 7

attheright. Greater than 7 _J____—-—'

Unit & Basic statistics . - S — ‘.:% ﬂ

" Exercise 6.4
——_-"—V +

. Find the range for the following i
013,152,105 T
2. Abank branch manager was inte

5 rested i P |
of customers. For this he carried mﬁd afns:f::;agng times
- A random

sample of 12 customers
following data. was selected and yielded the

5.90 9.66 5.79 8.02 .
547 9.91 73 801 1049 835 668 564

Calculate the following

(i). Average (ii). Medi rdD n
1 _ ) an (iii). Standa iati
3, Calculate tt .
e the Range, Variance and Standard Deviation tbri\l;]: tfl:njll ing d
owing discrete data:

‘ X ’ 3 10 11 13 15
| L E 3 | 4 1 5

I‘l) W marks Dbtall.'ledby (+ 0 O sections o A58

Section A 7 9 69|47 5
: Section B 6 10 6 | 4 2 8 10 : ;
Find their . -
(a) Arithmetic Mean (b) Variance
5. Followi
ollowing are the marks (out of 75) of the eight students in two subjects

Student .
udual A B |C |D |E |F | |lu
Marks in Mathematics 54 |63 |59 |45 |52 |35 |61 |e&8
Physics
: 52 |55 |57 |51 [56 (58 |50 |so

Compare th
& standard deviati \ :
more consistent. vistion of ke seacks and tall at fn wiiich mibgect siedents any

6. The followine i ;
: ng is the distribution fi ; : .
Fin . ion for the number of defective bulbs
d Variance and Standard Deviation of defective bulbs. e Taio ek,

No. of defective bulbs | 0—2 | 2—4 | 4—6 | 6—8 [8—10
No. of packs (f) 1 3 15 | 1o 2
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At the end of each question, four circles are given. Fill in the correct circle only.
(i). The difference between upper limit of two consecutive classes in a frequency
table is called. y
O Class limit O Classinterval O Classmark O Range
(ii). A cumulative frequency histogram is also called

O Histogram O Pie chart
O Ogive O frequency polygon
(iii). The number of times a value appears on a set of data is called
O frequency O average O mode O median

(iv). The data below represents the number of televisions that 11 students have in their
homes. Find the mode of the data.

321,503, 1, 2. 12

Ol O2 O3 . O4
(v). Inwhich data set are the mean, median, mode, and range all the same
number?

01,2,3,321,2 0 1,2,31,2,3,1
0 1,33,3,2,3,1 022123273
(vi). The n™ root of product of ‘n’ number of values is called.
QO arithmetic O geometric mean
O harmonic O standard deviation
(vii). In a set of data.
63, 65, 66, 67, 69, median is
O 63 O 66 O 67 O 69
(viii). In a set of data
41, 43, 47, 51, 57, 52, 59 median is

Q 5] O 47 O 47 O none of these
(ix). In the given set of data 5, 7, 7,5, 3,7,2,8, 2 mode is

09 Qs 02 07
(}c]. In the given setof data 5, 5, 5, 5, 5, 5, 5 the standard deviation is

O35 (ONI] o7 O none of these
(xi). “The average pocket money of 30 student is Rs. 20/-. The total amount in the

class is

O Rs. 20/- " O Rs. 30/ O Rs. 300/- O Rs. 600/-

Unit & Basic statistics

(xiv). The formula -Z—idete i
n Thines
O Arithmetic Mean
O Mode

SetA: {2,-1,7,-4, 11,3)
SetB: {12,5,-3,4,7, _7)

O =05 oo O 05 01
—_— 2 *
(v, ngf” is called
O Range O Median O sbD Variance
= : O -
(xvii). The most frequent valye in the data is called jts
O Mean O Median O Mode O GM

2. The ages (in years) of 27 students £10%cl iven. Prepare frequency distri
of suitable class interval, % S . T

L e 16 W % i

» £ ] ] » ¥ 3 I?'P 18’
A T T - 15 0§ Fur
%, W 1 45 9 ks

3. Prepare a histogram of the following table;

A B C D E 7
m 100 120 110 72 169 J

4,
Prepare 5 frequency polygon of the following frequency distribution.

Score in test Frequency
0-10 2
11-21 : 7
2-32 25
33-43 1
44-50 3
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_ T e tavie SUmmgyag the weightg in 1.: |
- . tsin kij|

| ofa cumy lative sy o ﬁ s tograms of 250 boys, Represent these data by means

(¢) Find the c
(0 Draw (he ogive,
(&) Find the range of the dayy,

umulatjyve frequencies.

—
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®

O XOROR)

®

®

Pooeee o

& p‘@

A set of raw data can be o
frequency table,

A frequency table can be reprcscntedgmphically byaHistogram,
Ahistogram is a vertical bar graph with no space in between the bars,
Thearea of each bar s proportional (o the frequency it represents,

"ganized and then armanged in an orderly way in the form of a

If the midpoints of the tops of the consecutive bars in a histogram are joined by line

segments and mid points at both ends are joined to the horizontal axis, a frequency
polygonis obtained. ; :

The cumulative frequency table provide another way ‘ofmpreaenting aset of data. A
cumulative frequency table can be represented by a cumulative frequency curve known
asan Ogive,

The median is the middle value when a set of data is arranged in order of increasing
magnitude. the median dividesa set of data into two equal halves.

The middle value of the lower half is the lower quartile and the middle valye of the

upper half is the upper quartile, The lower quartile, the median and the upper quartile
which divides the data into four equal parts are called quartiles,

The inter quartile range ofa set of numbers is the difference between the upper quartile
and the lower quartile.

Asetof data can be described by numerical quantities called 11 erages.

The three common averagesare the mean, the median and the mode.

The mode isthe number that occurs most frequently.

The mean js the sum of values divided by the numberl of values in a set of data.

The mean of a set of grouped data is¥ = %?,Whmfh'h‘midﬂe value of the class

interval and f is the frequency of the class interval. ”
The median for an odd number of data is the middle value when the data are arrang

n ascending.fdcsccnding order. :
. the two middle values when the
The-meg ian for an even number of data is the mean of ?

dataare arrgp ged in ascending/descending order.
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INTRODUCTION TO
TRIGNOMETR

——

it the students will be able to

® Measure an angle in sexagesimal system (degree, minute and second).

® Convertanangle given in D°M'S" form into a decimal formand vice versa.

@ Define a radian (measure of an angle in circular system) and prove the relationship between
radians and degrees. 5 ;

@ Establish the rule £ = rf), where r is the radius of the circle, £ the length of circular arc and 8 the
central angle measured in radians. -

® Prove that the area of a sector of a circle is %r’ﬁ' ;
@ Define and identify:
-« ¢ peneral angle (coterminal angles)
o angle in standard position.
® Recognize quadrants and quadrantal angles. _
® Define trigonometric ratios and their reciprocals with the help of a unit circle.
@ Recall the values of trigonometric ratios for 45°,30°,60°. -
® Recognize signs of trigonometric ratios in different quadrants.
® Find the values of remaining trigonometric ratios if one trigonometric ratio is given.
® Calculate the values of trigonometric ratios for 07, 90°, 180°, 270°,360°.
B Prove the trigonometric identities and apply them to show different trigonometric relations.
¥ Find angle of elevation and depression. :
B Solvereal life problems involving angle of elevation and depression.

‘Tangent

Sine - Cosine

_Opp
Sine of angle :‘L-— Hyp

l- - -—"__'_— = - )
T i :g%;a
el b5 Unit 7 Introduction to trigonometry

Why it’simportant

Mount Everest is Earih's highest
mountain, peaking at an incredible
29,035_ feet. The heights of
mountains can be found using
trigonometry.

T;isonqmetr}' is used ip
navigation, building, and
engineering. For centurjes
Muslims used trigonc-mcﬁy an(i
the stars to navigate across the
Arabian desert to Mecca, the &
birthplace of the prophet o
Muhammad #, the founder of
[giam~ The ancient Greeks used
:;gunomleny to record the locati

oon relative to Earth, Ty i i
master molecule that dete?f:ijr{;e?ﬁgnwo:n:w S
developed adult and much more, o

Activity 45
L 1Ivity 5,.:;

stars and worked out the motion of the

to study the structure of DN.
: th
m a single cell to g mmplex:kﬁ:]];

How ratios in
In parasailing,

right triangles used in the real world?
atowrapeisused to attach the parachute to the boat

(a). What
form?

type of triangle do the towrope, water, and height of the person above the water

':2)— What is the h
hat type of angle do the towrope and the water form?

ypotenuse of the triangle.

([SJJI ;')"’hich side is opposite this angle?
- Other than the hypotenuse, what is the side adjacent to this angle.
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IEAWE Scxagesimal system (Degree, minute and second)

i i ith si i igi ith the ancient
Sexagesimal (base 60) is a numeral system with sixty as its base. It originated wit ciel
Sumerians intize 3" m];ll{mnium BC, was passed down to the ancient Babylonians, and is still
used—in a modified form—for measuring time, angles and geographic coordinates.

Unit 7 Introduction to trigonometrg

It is a system of measurement of angles, in which angles are
measured in degrees, minutes and seconds. Ifthe initial ray OA
completes one rotation in anticlock wise direction, then the angle
formed is said to be 360 degree or 360°.

One complete rotation = 360°.
% of complete rotation = 180° is called straight angle.

1 £ i bt
3 of complete rotation = 90° is called right angle. At SR

180°
< m >
terminal side
180
360°

\ terminalside ” %

T C o A
9] initial side A S (0] initic] side 5 r

initial side

Thus one degree is defined as the measure ?lﬂ th of a complete rotation and it is denoted

by [ lu'. e :

A degree is further divided into 60 equal parts called
minutes and each minute is further subdivided into 60 equal
parts called seconds. We denote minute by (') and second

by ().

(& Try This

! (i). Convert 5°42'30" to
decimal degree notation.
Convert 72.18° D°M'S"

(i). to decimal degree

1° = 60 minutes =60" {  notation.

' = 60 seconds =60"

1° = 3600" seconds=3600"

49 degree 25 minutes and 15 seconds are written in symbolic form as 49°25°15"

=38°23'24"
AN Circulsr system-(Radians)

So far we have been using
rotation. However, this value is arb
measurement cannot be convenient]
introduced to describe the- magnity
. }(n{:-wn as circular
mvolve the differe
Aradian is the measure
length o jis radius r of the circle.

* Unit 7 Intioduction to trigonometry E .

EEAEN Conversion of D°M'S™ form ingg decimal form ang vice versa

I Example 8 Convert 15°3025" 1, decimal form, Activity

i 3 1 U :
olution . since | =[——Jﬂ a w_[ 1 5¢ cooleonversion.com
S‘ 60 nd l = —-____3600 to covert ]42a34r!2u to

decimal degrees. And
oy lsum,?_s.,:[]s T ey _1_T° [ also 142.57° 1o poprsr
=[15+05 +0.00694]°

——

LS

SO Ta ey

=15.50694°
i Example E Convert 38.39° to pepy g

form.

Solution  Since I°= 60’ and 1’ = g0~
therefore, 3839° =38°+(0.39)

38.39°= 38°+(0.39x60)
=38°+(23.4)
=38°+23'+(0.4)
=38°23'+(0.4x60)"

the measurement of 360 to denote the angle for one complete

itrary and in some branches of mathematics, angular
y done in degrees. Thus a new unit called the radian, is
de of an angle. This system of angular measurement,
measure, is applied specially to those branches of mathematics which
ntiation and integration of trigonometric ratios. 54

of the angle subtended at the centre of a circle by an arc £ equal in

In general radians is the ratio of the length of an arc to

z Terminal side
the radius of the circle.
le. gu
r r
In the fOIlowing figure, the radius of circle is r and ‘
length of an arc AB isalso r then angle subtended at + :
the centre is one radiani.e. Initial side

mZAOB=L=1" radian.
r

il ci“‘-‘ fadian is an angle subtended at the centre by an arc of length equal to radius of
Cirele, :
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;> Relation between radians and degrees
If r is radius of circle then number of radians in one complete rotation is given by
circumference of circle
radius of circle
Since circumference of circle = 2nr
Therefore number of radians in one complete rotation = -4 =2n radians but 2%

r
radian=360° because the circumference of a circle subtends an angle of measure 360°,
Hence we establish a relation between angles measure in radians and the angles measure

in degrees as follows.
2m radians=360°
7t radians = 180°.....................(1)

% radians = 90°
: % radians =60°
% radians =30° and so on, TargEt r
180° 180°

" Hence, 1 radian = ~57.296°

% 3.14159 To find equivalents for
radian and degree measure.
umla:ly from (i) we have
180°= nr radians
iy R (R
180 180
17 = 0.0175radians
1°=0.0175
WHAT IS A 'GOOGOL' ? '

Googol is one of the largest numbers that has ever been named. It has been defined as |
' 1 followed by one hundred zeros;

' 10000000000000000000000000000000000000000000000000000000000000000000 |
| 000000000000000000000000000000000

' However, a googol can be expressed using exponents, as 10

—— - e

e =

x—N.T @AILE s NOT FOR S__ﬂ WER o

Unit 7 Introduction to trigonometry : . . e

|_, [:xam@@ Convert %—:E radians to degrees,

Solution  Since m radians = [80°

4
Therefore . A -(180°}— 102.85714°

=102°5126" &%
b Example [} Convert 31°45' to radians. | ot
p A ! j ¥ 4
Solution  Since 180°=x radians i
= m}' Iadla.l]S

As 31°45' =31.75°
31°45' =31.75%x—— radi

™ radians

_31.75x3.14159

180
=0.5541 radians

radians

v Exercise 7.1
———

1. Convert the following angles from D°M'S” forms to decimal forms.

(i.  8°15735" (ii).  39°48'55"

(iii). 84°19710" (vl 18°621" 3
L Convert the following angles from decimal forms to D°M'S”.

(). 42950 (ii). 57.325°

(iii).  12.9956° (iv). 32.625°
3. Convert the following radian measures of angles into the measures of degrees.

(- 2 radians (ii). %r_r radians '

(i), T rag (iv). & radians

< radians 2

4. Convert the following angles in terms of radians.
(i) 450 (i), 120°
(iii). —210° (iv).  60°35'48"

- J
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Unit 7 Introduction tg trigunumétrg Unit 7 Introduction ta trigonometry
_ ' cample 8  Anarcoflen th2.5 i
- Y I Examp Bt 2.5 em of a circle subtends an angle 0 at the centre O of
- S“tﬂr of a circle diameter 6 cm. Find the value ofg.
IEBEW Lcngth of an arc of circle

Solution  Here
Consider a circle with centre '’ and radius r, which subtends an angle 0 radian at the centre

ek mAB = 6cm
O.Let ABis the minorarc of the circle whose length is equal to £ as shown in figure. OB =0C =r= 3em
By the definition of radian, we have B nBC = 2.5cm
i length of an arc AB i}
Radian =
radius of cirlce : Weknowthat  ¢=r@
9=4 . = =< -
r A . . : £
or £=r@

0=2> - 00833 radiom.
Which gives length of an arc in terms of angle (in radian) 3

subtended at the center of a circle.

i Example §# Iflength of anarc ofacircleis 5 cm which subtends an angle of measure
60°, find the radius of the circle.

By 5 Solution £=5cm M——_
of T radians at the centre, 60 x7

- .

I Example E Find the length of an arc of a circle of radius 5 cm which subtends an angle

5 0 =60°=—"" radians In general ,
- Solution r=5cm | 180 The length of an arc
: = 1.047radians =x/360 * circumference
B=§E radians . r="7 The length of an arc
4 We have formula  ¢=rp =x/360 = 2nr
f=7 P 5 The area of a sector 4
we have = [ e =M3QXHe?ofmecmh
f=r6 6 1.047 = x/360 x xr’
I 15¢ r= 4.78cm

P=5xT=—4—=l 1.78 cm Hence radius of circle is 4.78cm.

Hence length of an arc = 11.78 cm. JActivity &

e e ——_ 2~

. " | How do w i i ﬁand B,on
I Example . Bkt & measure the distance between two points,
Find the distance travelled by a cyclist moving on a | We measure along g circle with a center C, at the center of Earth. The

circle of radius 15m, if he makes 3.5 resolutions,
Solution

ek radius of the circle is equal to the distance from C to the surface. Use
| the fact that Earth is sphere of radius equal to approximately 4000
: miles to solve the following questions.

{ revolution = 2 radlans 1 [ﬁ) Iftwo points Aand B, are 8000 milesapart. ﬂp[ﬁﬂ&ﬂﬂgham radians and m:degn:ﬁ

: (). Iftwo points Aand B, are 10,000 miles apart, express angle @in adians and in degrees.
(€). 1§0=30°, find the distance between Aand B to the nearest mile.
‘ -._(fll'_]E':_lE. find the distance between A and B to the nearest mile.

3.5 revolution=2nx3.5m
Distance travelled = /=10
I=15x2nx3.5= 105t m
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S Area of sector .
Consider a circle of radius r with centre D,@Q is an arc which subtends an angle 0 radians at
the centre as shown in figure,
By proportion, it is clear that
Area of sector POQ _ Central angle of sector

Area of circle n
Area of sector POQ =_9_
nrt 2n

= Area of sector POQ =2£><ﬂ1‘=
b

=  Area of sector POQ =%f29

Hence, Area of sector of a circle with radius r, whose central angle is 0 radian is given

o
=lrzﬂ
2
I Example [} :

Find the area of sector with central angle of 60° in a circular region whose radius is 5 cm.

Solution
r=>5cm

0 = 60° = 60 x —— radian =1.047 radian
180 :
1
~ Areaofsector = EI’B

= g(ﬂz (1.047)

=13.08cm’

' What are digits? . _ ;
' Digits are actually the alphabets of numbers. Just as we use the twenty-six letters of

the alphabet to build words, we use the ten digits 0, 1,2, 3,4, 5, 6, 7, 8, and 9 to
build numerals. d

o

'

. T SerE—
—— 3 E— - — T
e - W -
Unit 7 Intraduction to trigonometry = ., . ey .

¥ Exercise 7.2

1. Find £ when

: T
(i). BZE radian, r=2¢m (). 8=30°, r=6cm

a 4

(iit). ﬂz?n radian, r=6cm
2. Find 6 when

(iy. £=5cm, r=2cm

{iii). €=6cm, r=2.87cm
3. Fined r when

(i). £=30cm, r=6cm

(. G:Eradians, £=2cm iy w3l cadions =ty
2 el

(iii). O= % radians, £ =15cm

4. Find the area of sector of a circle whose radius is 4 m. wi i
[ ithcentral angle 12 3
LE Thg arc ofacircle subtends an angle of 30° at mccen,trc. The radius ngf‘circl;?? Sagm. find;
{i}.  Length of the arc (ii).  Area of sector formed.

6. Anarc of a circle subtends an an i rmed
gle of 2 radian at the centre, i
64 cm’, find the radius of the circle. ; iR ety

7- In a circle of radius 10m, find the distance travelled by a point moving on this circle
' (3.5 revolutions =7r). '

8. What is the circular measure of the angle between the hands of the watch at 3 o’clock.

9. What is the length of the arc APB?

ifthe point makes 3.5 revolutions,
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Trigonometric Ratios

Trigonometry is a powerful tool for making indire
plays an important role in the field of surveying,
branches of physical science.

(a) The general angle {Coterminal angles) ' .
Angles having the same initial and terminal sides are called coterminal angles, and they differ
by amultiple of 2r radians or 360°. They arealso called general angles.

If let @ = 30° is a terminal angle, then it coterminal angles are © + 360° and 6 — 360° i.e. 390°
and—330° as shown in the following figures.

B

ot measurements of distance or height, 1y
pavigation, engineering and many other

B

9‘\ 30°
0

Fig.(a)

Combining figures a, b, ¢ we have

To find a positive and negative general angles (coterminal) with a given angle, #

subtract 360°, if the given angle is measured in degrees, or 2r if the given angleis e

inradians. For example

‘B

LS
coterminal angles of — are

3
by A T
(i) §+2n 3
o 5 et L LSl
and (i) 5'2“‘ 3

as shown in figure.

—— ) S =

d and

Unit 7 Intreduction to trigonometry

[ Example @ Find coterminal angle of 60°

Solution  Since  60°+360°= 4200
et ang 60°-360° = —39ge
theretore 420° and —300° e cotermi
term o
Nowi, ‘<slios 3 inal angles of 6(°.

and © -60°-1360° =437
therefore 300° and —42¢° =

(b) Angle in standard position
In XY-plane, an angle is in standard position if
® its vertex is at Ehe origin of a rectangular coordinate s stem and
® its initial side lies along the positive x-axis, ; .
An angle is said to be positive if it is mea
axis and is negative, if it is measured ¢l

terminal side is in anti-clock wise direct
clock wise direction makes an angle of me

and -6(°

are coterminal angles of — gg°.

sured in anticlock wise direction fro iti

_ m positive x-
pckms!: from +ve x-axis. In the t‘oﬂo“?ing ﬁgu?e
10n which makes an angle of measure 45° and in
asure—45°,

g | 30°
—

Of initialside B x

m (a) Quadrants

The Cartesian is divided i
plane is divided into four quadrants and the angle 6 is sai i vadran
; ; issaidt
Where OP lies. In the diagram, 8 is in the first quadrant. x Rheiptieg ;
As shown in figure (b).
Y"" va
Pix.y) Quadrent 1l | Quadrant |
r, Y x<0,¥y>0| x>0,y>0
- i) e
3 8 X X' 0 X
Quadrant 111 | Quadrant [V
x<0,y<0| x>0,y<0
I
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\_' : . . Unit 7 Introduction to trigonometry

7.3.3.1 Trigonometric ratios with the help a unit cirel
: : - it circ
Consider a circle with centre 0 and radjys | ;

b
{(b) Quadrantal angles 1 (unit cirel ). P(
] i kes an angle 0 wi - ¢). P (x, ¥) is any point on the circl
tal those angles whose terminal sides Radius OP ma gle O with the positive x-ax y point on the circle.
Quadrantal angles are gl Th /305 in radians. Draw a perpendicular FATI:m l,rivex axis. B can be measured either in degrees or

coincide with co-ordinate axes i.e. x-axis or y-axis. The : i _ neasured cit .
Quadrantal measures of angles are 0°,90°, 180°, 270° and :% n 2 A=90°as shown in the figure, ax1s, 50 that OAP is g right triangle in which
360°0r0, %, x, % and 2 radians as shown in figure. 0 : * In AOAP opposite side of 0 is AP = y, ajacent
2 2 . . side of 0 is OA = x and hypotenuse is OP = | v
y Exercise7.3 - 5 Therefore by definition '
M i 360° y . i)
1. Find coterminal angles of the following angles. ” sinh= opposite side _ AF ¥ P(x,))
; E (s R ] ' hypotenuse  OP 1 °
L A U ot e _ oL
: in whi followi ﬁan les lie? cosﬁ:w_ OA «x _ .
2. State the quadrant in which the fo .<.J.w1ng gu Sk | ) _ o oL x ¥ St
o 3% .G e Gk 8180 (M —= 7 )10 R S
5 g and [anezw,_:ﬁ:z
EEE] Trigonometric ratios i 8 _ adjacent side  OP ~ x
A trigonometric ratio is a ratio of lengths of two sides in a right triangle. Trigonometric ratios Hence trigonometric ratios of a unit circle are -
are used to find the measure of a side or an acute angle ina right triangle. The trigonometric sinB =y (the y co-ordinate of P) Y
ratios forany acute angle 8 of aright triangle ABC are ; SoEb= % e x contidiini kB
sin 8 =M fi By y co-ordinate of P
: hypotenuse & x x co—ordinate of P
cos 0 __ adjacent side of § o 2 Reciprocal trigonometric ratios
hypotenuse ¥ g S i
i opposite side of 6 ] cosec 0= —
" adjacent side of 0 ~\8 r' i y sin
i 1 _ _ hypotenuse d sec0=_.._op o
oS sin®  opposite site of 0 Adjacent .(.)i x cosB
sec §=—l—= hypotemse : and cotp= DA _X _cosb
cos®  adjacent " Py sind
coth = j adja.ccnt r. (important poants to be noted)
i tan opposite 1. If © lies in 1* Quadrant, then we can write as Oﬁﬁﬂ:g- or0<0 <90°.
: . 2. 160 lies ip o™ X FE A .
A trick to remember Trigonometric formulas lies in 2™ Quadrant, then we can write as > <@<m or 90°<0 <180°
some people halvc 3. 170 lies in 3™ Quadl-'ant. then we can writeas T < 0 <%E or 180°<0 < 270°.
curly brown hair . 2
H - . ] a
through proper brushing ____i_E ] lies in 4" Quadrant, then we can write as = <@ <2 or 270° <0 <360°.
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Unit 7 Intraduction to trigonometry Unit 7 Introduction to trigonometry

!
m Values of trigenometric ratios for 452, 30° and &0° ' .
: = 2 I Example m Find the signs of the f, i
T X 2 a0 : e o oll i :
_The va'[ue_s t_af tn_gont?r_nemu_: r:auos fo?-f_IS“‘,qu_ m.m 60°are given in the following table. quadrantthey lie? OWing trigonometric ratios and tell in which
[ hoe RS Lt RS = dse o = o ] 5 i 3
i l { (i}  sin 105° (i) tan =% :
L i, 1 j — It _J__ ._‘ ; 6 (i) sec 1030° {iv) cot710°
. * 5in® 1 sk V3 I Solution
| | 2 . V2 . 2 | (i) 8=105°liesin 2" quadrant, th §
TSt NN T (B W ! i) u= duadrant, therefore sin 105° algg [ia i 9
cos [ V3 ! e 1 ! Quadrantand hence sign of sin l{]-'5"iS]Ju:)sitime.a s =105
i, o 2 -
S BN O R Seae il pe 4
tan0 I] ;B _ 1 3 . (i) Since e lies in the 3 quadrant, therefore 3
i J - ir | 2 tan(_—“ L TR
cosecH l 2 I ﬁ : 3—; : 6 5 also lies in 3
| S _r e 1 - : ; quadrant and it has positive sign. As
! - shown in figure, :
secO - 2
| B e
s .! — - l
cotd [ NE) 1 E (iii) Since 0= 1030°="720°+ 3107, therefore it lies jn 4*

. | f PR i j . quadrant and sec 1030° jn 4" quadrant has positive
sign.

Recognizing signs of trigonomelsic ratios in differeat Quadranis
Signs of trigonometric ratios are different in different quadrants depending upon the terminal

side of the angle 0. : ]
(i). I 8 lies in first quadrant, then x > 0, y > 0 I (1) i‘;‘;ﬁoﬂ = Ii_'m‘j = 360° + 350°, :
therefore sin6, cos@, tanf, cosec, sech, tanf : {.‘c it o s in 47 quadrant and 5 / \ -
areall positive. Quadrant I1 Quadrant I €ot710°in 4" quadrant is negative, - 2N LSl L
aa Trasg od sine and All
(ii). If B lies in 2% quadrant, then x < 0,y>0 it o Ké\ ﬁ
therefore sinB and cosech are positive and the positive positive o
remaining four trigonometric ratios are - ' =X d
negative, Quadrant Il | Quadrant IV : r
(iii). If © lies in 3" quadrant, then x < 0, y < 0 tangentand |  cosine and I E!ﬁamll £ 5
therefore tan and cotd are positive and the | cofangent geamt ~2110le ([B) Iftan 6 <0 and cos 6> 0, name the quadrant in which angle 0 lies,
remaining four trigonometric ratios are  Ppositive positive _Solutipp ? : :
negative. J ; _ Try This
(iv). If@lies in4" quadrant, then x>0,y <0 thérefore cosd and sec are positiveand the “;]i]: g B{p, Olies in quadrant IT or IV. When cos >0, @"-“ e l)_:nd 6
remaining trigonometric ratios are negative, (tan:] molillladr\ant I'or IV. When both conditions are met o :m"L the quamn:i‘:;
: i < oy
These four results are summarized in the figure at the right. alnd €05 8>0), 0 mustlie in quadrant IV. which angle 8 lies,




m Finding the values of remaining trigonometric ratios if one trigonomeqyi,
ratiois given

Unit 7 Introduction to trigonumetrg

L Example Iftan0=1, find the other trigonometric ratios, when 0 lies in first quadrang,

___Solution ; tanf=]1=2 v
X
= y=land x=1
Hence by Pythagoras theorem;
rr=x'+y* ]
P =) +() =1+1 8
=2

r=+2

P(x, 3)

*
(=]
5.;
B

B

Therefore sinf=2 =

I Example E} Given that tanﬁ:—% and B is in the second quadrant, find the other
function values.

' y
. Solution . tan § = 1=-3=i, t
x 3 3
fy=eand pasd EEN N
Hence by Pythagoras theorem; r‘\?

rr=xt+y B , S
=3 X

ri=(-3)'+(2)' =9+4=13

r’=13

—
Unit 7 Introduction to trigonometry
x =3 3
cosP="=—S - _
r W3 Ji3
colﬂ=£=:§=_':’1
¥»o2 2
cosecﬂ:izﬁ
g 2
seu.‘.[-]=£=—""i—§=_""‘E
X = 3

£ _ 4 -
i Example FE If cos 8 = 5 Where 8 lies in 4* quadrant, find the values of other

trigonometric ratios.

Solution Given '
—::'D$9=l-4-=£
5 r
= x=4 and r=5
Hence by Pythagoras theorem;
’_2 = Iz -Ih‘}-'2
YErt =yt =5 + () =25 = 1§ =0
=9 = y=+3
»==3( Blies in 4"quadrant.)
Therefore,
T
rs 5
tan[):f-:-__:;:_i
x 4 4
cot9=£=i=_i
y =3 3
Sﬁce:::i
x 4
cosecH = i.—=;ls--=—£
y =3 3

Yy
X
o ¢ a |¥
e
5
B
g
“Try This

Ifsin9=21m 0 liesin
2™ Quadrant, find the other
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Y : S diaas i L i Unit 7. Introduction to trigonometry M ssea
Calculating the values of trigonometric ratios of 0, 807, 180%, 2707 anq 369 || i

Trigonometric ratio -:lf'[i"'"
~ - In this case, the terminal side op of angle 1800

coincides with a_f

3 OP of the angle 8° coincides with OX.
In XY-plane, the terminal SIdel g Therefore 0P =y =1
Therefore radius O.:~!‘; or x==1 and y=¢ %
or x=1andy= g g e e
50 sinﬂ°=z=T=D A : : K o =
; : coslSO"—x::I_l:._] 1T
cos0P===-=1 b=0° 4 : 0= 180°
P=(1,0
4 L E 4 tan180°=2 -0 _, o f\
:ann°=J’-=T=o | % =l 3 ' >
x 1 1
o cosecl8P=L="_ undefined
cmﬂ“z-—=ﬁ= undefined y 0
y g G | :
o sec] 80 L-—.___.—_[
cosec®=— =E = undefined x 1
y o_x _'l
S d cotl80 —;—z_ﬂ_= undefined
secP=—=-=1 ———
x 1 [hl_{.‘lllllllTTt 'l:h v?; oot

In this case, the terminal side OP of angle 270° coincides with OY"

The terminal side OP of angle 90° coincides with OY . Therefore OP =y =1

JR— or = e Yy
Therefore OP=r=1 *=0 and y=-] y
or x=0 and y=1 y sin270° = -IJ__’E_:I!:_I 1
l_ .
H 0°=2Z="=] = = 6=27
ence sin9 e x=0 y=1 c0s270° = .‘E.._D._ﬂ /ﬁﬁ—-\
c0s90° == 2 0 3 e i \ : e
e [+ —[ &= 1
1 19 P=(1,0) tan270 f — undefined
y 1
tan90 © = = = — = undefined P=(1-0
x 0 [}w\aﬂu“ cosec270°=" -1 _ 92
x o
msecga"-i-lzl : * : e e '
.3 G : sec270°=" - —l-—undeﬁnc::l =) ]
0
bl el 4
sec90 50 undefined ST _} 0 s
x 0 =t
cot90°===-=0
y 1
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Trigonometric ratio p¥360° E :
2 - - 4 Exercise 7.4
- - - b= - & - b -__-_ﬁ
In this case, the terminal side OP of angle 360° coincides with OX i o
: —_— Find the signs of the foll
Theelns: -OP =i 1. Fi g s owing trigonometric ratios and tell in which quadrant they lie?
= d y= ¥y (i). sin (ii).  sin 160° o
or x=1 and y=0 sec 120° (iii).  tamn 200
0 fs (iv). sec (v).  cosec [98° (vi). sin460° ?
sin360°=L =~=0 2. Find the trigonometric ratios of the following angles
r= ). —180° i ' :
] (i). ().  =270° (iii).  720° -
(;05360“:-{:_:[ AN (1,00 (iv). 1470°
r ID —— ’jj—‘—b 3. IfsecO= 2 where B lies in 4" quadrant, find the other values of trigonometric ratjos,
b4 b= 3600 e
tan360° = -x' T =0 360 4. Ifsin 0= E Ell'ld = < 0 < 7 then find other I_‘ﬂganume[nc ratios.
B9 5 Find the values of
cosec360° = — = — =undefined o s o
y 0 (i).  2sin 45° cos 45° (ii). M (iii). g ICOSTS .
1 I +1an60° tan30° sind5° + tand5°
sec360°=—=-=1 T on
= (iv). tan30° tan60° + tand3° (v). cos 3 -:usa' —sin Eginf
cot360° = = 1 =undefined 6. In which quadrant @ lies? P
P (i). sin@>0, tanB>0 (ii). sin@<0, cot®>0 (iii). sinB>0, cosB <0

Summarizing all the results,wehaveatable - fi\) cosﬂ>0 cosecaﬂﬂ : v). tanB<Q, sece:»ﬂ (vil.

cosB<0, tanB <0

6 6° =TT (O e (ii). (iii).
L b BT 21
: 0 — | = | = 1 E] 3
sin @ l 2 : J2 : 2 | 21
e ———— i e - ‘
cos® S BN I (s T | 0 73 .
_ T I =
CRNN | 1= :' |  not |
tan 8 g - S B defined | 8. The §
i | B | el - ¢ Iregular blue shape in the diagram
1 | | rEEresents a lake. The distance across the
V3 1 E | 0 | . ake, a, is unknown. To find this distance,
| SPENC S | : .' f‘ns:“"'?or took the measurements shown
2 I i not | € higure. What is the distance across
V2 ! 2 | ' the lake?
defined |
, |
2 !
|
J:_! ’ E .!

NOHEEORESATER x|

ﬁ‘*‘ :
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Trigonometric identities

Unit 7 Introduiction to trigonometry

For any realnumber® , we have following fundamental trigonometric identities.

. Fofte s oy
iy cos’@+sin’@=1 i) l+tan*O=sec’ 0

Proof Consider a right triangle ABC in which
mZ ACB=90°, m ZBAC=6

mAB=¢,mAC=b and mCB=a

b i
Then we have  sin0= q ,cosB= = (i)
e
tanB:%,secG;% (i)
cotd=2, cosecd=5 (i)
a a
By Pythagoras theorem
& =b'+a (iv)
Dividing both sides by ¢”, we have
& o
S 2 7

2 r |
- {4
c e
' b a ; »
Putting the values of = and = from (i), we g

1=(c—::rs'i3)1 +(sin0)’
= |=cos’0+sin’ 0
or icnsz @+sin’0=1 )

" Now dividing equation (iv) by b?, we have
& B a
i

2 r
c a
= =14 —
(b] : (b]
Putting values from (ii), we get

(secB)’ = 1+(tan®)’

—  sec’@=1+tan’0

or @ (vi)
T P NOTEORSALE.

=
- =

w1 14 cot® B =cosec’d

B

e

. Unit 7 Intreduction to trigonometry

Again dividing Eq. (iv) bya®, we have

GROII
= == +1

a a

™ Putting values from (3), we get

(’COSBCB)Q = (cutg}z i I.
=  cosec’0=cot’0+]

or ll +cot’ @ =cusoc26| (vii)

Solution LH.S = (sin0+cos 9}2

=sin’ 0+ cos’ 0+2 sinfcos O
=1+2sin0cosh in®
“* sin’ O+cos? O =
=RHS J: I]
Hencze (sinB+ccsG)z=1+lsinﬂcosB
b Example ({8 Prove that sin =i—cos?g
Solution  As we know that
cos’ 0+ sin* 0 =1
= sin*0=1-cos’ 0
= sin@=+/1-cos? @
Which is the required result, ey
V1-sin’p
sin@

b Example {3
_‘K.dl_'l_ll[.]h, L“ﬂ =coth

Prove that

| SOlutE[}n LIHS:,“_Sin2B i & 15-.

As we know that sinf | e \
cos’ B+ sin* 0 =1 ® 4
= cﬂszg‘:l-—sinze ; X
Hence Lpg=2Y cos’®  cos ' y

snd amg_Clo=RHS

=
®
—.l
-
-
b

- - T
T — . T =
L -



' 5 291t sin” 0
v Example fE] Prove that sec’ 6+ ta:a T
Solution . LHS =sec’0+tan" 0
R ek 1 +siri‘lE)
“cos’@ cos’
W oL (i
cos’ ©
As we know that,
cos’B+sin"B=1
—  cos’@=1—sin'0
Putting value of cos 8 in (i), we get
1+ sin’ 0
= - R_H'S
LHS =%
Hence, ;
1+sin° 0
2 3. AR ERL
i sec’O+tan” 0 =0

v Exercise 7.5
—————

siroduction to trigonometry

/5l Angle of Elevation and Depression

Many applications of right triangle trigonometry
involve the angle made with an imaginary horizontal
line. As shown in the figure , an angle formed by a
horizontal line and the line of sight to an object that is
above the horizontal line is called the angle of
elevation. The angle formed by a horizontal line and
the line of sight to an object that is below the -
horizontal line is called the angle of depression. ;

Unit 7 Intraduction to trtguncmetrg

I Example Eﬁﬂ An aerial
. = : photographer who photographs a fa
dgzlen‘jd‘]l]ncd rro:?sesxop;r;_ence that the best photo is taken f: a hei gﬁﬁ?}fpﬁlﬁiﬁfﬂ%gaﬁs
and a distance o rom the f: i i
sl m the farmhouse. What is the angle of depression from the planeto

~ Solution
_W hcp parallel lines are cut by a transversal, alternate ---
interior angles are equal. Thus the angle of depression
from the plane to the house,0, is equal to the angle of
elevation from the house to the plane, so we can use
the right triangle shown in the figure. Since we know
the side opposite £B and the hypotenuse, we can find

Prove the following trigonometric identities. {4 sin® ZB by using the sine function,

I (sec’0-1) cos= sin 0 L tan@seche osB sinB=sinB = ;;(5)_? =(0.5588

: 2 i
3, (nm.;i)—sh'lﬂ-)2 =1-2sinfcos® 4, cos’B- sin@=2cos" 01 )
. ]-sin@  cos® Thus the angl i o
ik 6 Te0s0 1+sin® . 1us the angle of depression is approximately 34°,
= 5 I Ex: . ET¥ £
7. sin@y1+tan’ 0 =tan 8. cosf=+1-sin"0 ' Example 7% To measure cloud height at night,

9. (14 c0s0)(1- cosB)=———
CoO

2
e o it vt o he s o
+C0S X S ———— -35% Fin
| :l:o:x i e 2cosec x l+cosx  sinx ¢height ofthe cloud.
y Solution Fromt -
! b L o 2+ 2cot’ a 14. cos'b — sin’b = 1 - 2sin’b IOithe ﬁg;urc. we have tan 67.35
l+cosa l-cosa tan67.35° = 1
; ! - 135 - :
siny+cosy  cosy-—siny _ Trigonometry helps to find the height of
IS. T TR e ) h= 135 tan 67.35° ~ 324 /i buildings and mountains. Clinometer is
. B4 The height of the cloud is about 324 ft. mwﬂ::_g:;_:::tmgle ORI
16. (sec x—tanx) - 1+—- p il
sin x

17.sin x tan x + cos x = sec x.

o (e
10, cOSX—cosXx sin” x =C0s X

a vertical beam of light is directed on a spot on the

cloud. From a point 135 ft away from the light




- Unit 7 Intreduction to trigonometry -

b Example

A light house is 300 meter above
boats from the top of light house are 30° and 45° respectively.
through the foot of the light house, find the distance between th

same side of the light house.

the sea level. Angles of depression of two
If line joining the boats passes
¢ boats when they are on the

__Solution__| _
Let boats are at point C and D respectively.
Height of light house mAB =300m

Distance between two boats mCD =1
Angles of depression are m £ EBD=30°
m £ EBD=m< BDA and mZEBC = mZBCA

and m £ EBC=45°

But
Therefore  mZBDA= 30° and m 2 BCA=45°
Consider AABC
Ty ' B e e e AR i ST AR RA s bR B i eSS S
tand5° = Eﬂ_i
mAC
o 300m
mAC
or  mAC=300m 0)
Now
Consider A ABD
tan 30° = m—A_i
D
L - mAD = mAC+ mCD

A mAC + mCD

Putting value of mAC from (i).
1 300

B 300+CD
= 300+mCD=300{3
= mCD=30043-300
: mCD =300 (\E—l)m=219‘6m
Hence distance between two boats is 219.6 m.

tn

. A building that is 21 metres tall casts 3 shadow 25 me
tres
. A light house is 150 m above the sea level. Angle of
- 0

- Atree is 50 m high. Find the angle of elevation ofitstoptoa

. A police helicopter is flying at 800 feet. A stolen car j
: is

- A light house is 300 m above the sea level. The angle of

QActivity 9.‘&

e
+ troduction to trigonometry

v Exercise 7.6

———

long. Find the angle of elevation of the sun to the ne
arest N

degree.

depression of a boat from its top j ;
between the boat and the ligh lh;'ll;:: 60°. Find the distance

point, on the ground 100 m away from the footoftree

- From the top of hill 240 m high, measure of the angles of
o

depression of the top and botio, i
respectively. Find theheightofr;;:l{:;:.] S

sighted at an angle of depressio ° Fi

nof72°, i
Lh-: stolen car, to the nearest foot %‘roﬂn: the distance of
elow the helicopter. i Pty

d ;
aﬁgr:s;urr; :; g:; izli;at? irrtclllm }!1e top of light house are 30°
3 ¢ line of joinin
E:::::e ;h;sngl; at:::c E{nnt of light houée, ﬁn%l ?I:-eﬂ:t?s;l:ii
- w i
il en they are on the opposite side of the

B Iheﬁll Iﬂ() eley O o (W) C n‘ .Hh I_kl 2]0]]‘.Iﬂlle

. 1 0 i -

Angle of
. elevation
\l
i

from the point towards

Find ihe erpyr,
7i ;
13 and Rabia are finding the height of the hill,

Zia

sin 15° = X_ in 15°= =%
Stadse 0 | . S 15°
sinl5%) =y 560 (sin15°) = x

150 =y

145 =x
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1. At the end of each question, four circles are given. Fill in the correct circle only,
(i). If an object is above the level of observer then the angle formed between {he
horizontal line and observer's line of sight is call

O angle of depression O angle of elevation
O obtuse angle O none of the above

“Review Exerci

(ii). cot = ;

sin® 1 C?S 0 o _1
cos@ - cosO sin® sin 0

(iii). 1+ tan’ 0=

O sin?6 O cos’ 6 O cosec’® O sec’0

when 0 lies in 3" quadrant.
1 -1 2 TS
2 s ¥y V2 V2

(v). Sin (-350°) lies in

(.. If tan@ =1 then sinf=

O 4" quadrant

O 1" quadrant O 2" quadrant O 3™ quadrant

i).45% radian.

n
. O % & & 2 2l |
i) Ifthe measure of the hypotenuse of aright triangle s 5 feet and mZB= 58", whatis
the measure of the leg adjacent to ZB? ;
O 4.2402 O 8.0017 O 0.10060 O 2.6496
(viii). Find the value of tan P to the nearest tenth.
O 26 0 05 i -
O 04 0 0.1 N 21em .
(in). RT is equal to TS. What is £5?
0 2J6 023 O#3 O
(x). RT is equal to TS. What is £8?
O 25° O 30° O 45° O 60° 2 3

Unit 7 Introduction to mgﬂﬂﬂmgw :

% e = o~ |

i

Unit 7 Intreduction to "Fggnomﬂrg . S |

2. Convert 45°35'30" into decimal form
3. Convert 216.67° into D°M'S" form,
4. Through how many radians does a mi
u : am
(i) in 45 minutes 1:1:;.: oi;: docl]: turn throngh
5. Find coterminal angle of 190° and —250°, e
6. Find trigonometric ratios of :
(). 390° (ii). -
7. Prove that W
1-sin@ _
]+si“6—secﬂ~1ane fii}. 2cos 0 secO-tan O coth =1

8. If sec 0 = 2 and 0 does not lie in fi
et Y st aua -
remaining trigonometric ratios, quadrant. Find

3
{1}

9, Refer to the diagram shown.
What is the height of the building?

10. From a point on level ground 125 feet from the base of a tower,

the angle of elevation is 57.2°. Approxi :
towerto thenearest foot, Pproximate the height of the

The Amazing number 1,&389

1089 + 1 = 1089 1089 - 9 = 9801
1089 -2 =2178 1089 « 8 = 8712
1089 « 3 = 3267 1089 -7 =7623
1089 - 4 = 4356 1089 « 6 = 6534

A unique property among two digit numbers. -
332=1,089 = 65%- 56 o




Unit 7 Introduction to trigonometr

— A

agle is a union of two rays which have a common point (vertex). One of the ray js
called ‘initial side' and other ray is called "terminal side’.

Ana

o Sexagesimal system (degrees, minuics. seconds) is the system of measurement of ap
o in which one complete rotation is divided into 360 parts called degrees, written as
360°, One degree is divided into 60 parts cal led minutes, written as 60" and one minute ig
again divided into 60 parts called seconds, writtenas 60", :
© inCircularsystem cadians) unit of measure of angle is radian. One radian is an angle
subtended at the centre of a circle an arc whose length is equal to radius of the circle,

Coterminal angles are angles haviﬁg the same initial and terminal sides and differ by
multiple of 2 radians or 360°. Theyarealso called general angles. 2

Angles are in standurd positiosn if the vertex of an angle lies at the origin, and initial
side lies on positive x-axis.
© Quadrantsareobtained when XY-plane is divided into four equal parts .

9 Quadrant angles are 0°,90°, 180°,270, 360°.

Q Relationship between radian and degree measu
1= radian = 0.0175 radian and 1 radian = [‘%ﬂ'; 57.295 degrees.
Relation between central angle and arc length of a circle: I=r@
: 1
Area of a circular sector, A= E-"'E'
two or more than two angles with the same initial and terminal sides are called
- coterminal angles.

9 There are six trigonometric ratios: sin 6, cos 0, tan 0, sec 0, cot , cosec 6.

Trigonometric identities are
(a) cos'@+sin"0=1
(b) 1+tan’0=sec’ O
(¢) 1+cot’@=cosec’d
Q Angle of elevation is the angle between the horizontal line and observer's line of sight
- when looking at the top of a wall.

© ngicofdepression is the angle between the horizontal line and obscrver's line of SigHt
when looking at the bottom of a wall.

In this unit the students will be able to

Prove the following thearems along with corollari
riesand apply them to solve i
appropriate problems,

@& [Inanobtuse-angled triangle, the s :
g L » quare on the side i ’
ofthe squares on the sides containing the ob‘luseangll:;:m“c to the obtuse angle is equal to the sum

™ ::yone of the sides, and the projection on it of the other, ogether with twice the rectangle contained
' Inany triangle, the square on the side opposi :
n > 5L pposite to an a i

on the sides containing that acute angle diminished E;l:wa:’ilf]:: equal to the sum of the
. :Ims:: sides and the projection on it of the other. TUNAE:Cyulained Wy one of

» Inany triangle, the sum of the squares on an wosides i

Ji E ¥ two sides is equal to twice the i
square on halfthe third

side together with twice the s i ich bi
i quare on the median which bisects the third side (Apollonius'

In geometry, Apollonius's theorem is a theorem relating the
length of a median of a triangle - to the lengths of its side. It
states that "the sum of the squares of any two sides of an

triangle equals twice the square on half the third sid:

together with twice the ian bisecti
s square on the median bisecting the

Specifically, in any triangle ABC, if AD is a median, then
MBI+ |ACT =2 (l4Df* + |BDf)

tri:l_;:pc-c ial case of Stewart's theorem. For an isosceles

BCard t‘::::ih‘wf =|AC], the median AD is perpendicular to

triangle Ao;gmm reduces to the Pythagorean Theorem for

i (or triangle ADC). From the fact that the

il ol a parallelogram bisect each other, the theorem
Quivalent to the parallelogram law.

The :
theorem 1snamedafter Apollonius of Perga.

It




Unit 8 Projection of a side

Math formula X (Apo]lomus theorem) )
"iﬁ AD is the median, then:
e AB+AC'= Z(AD’-I-BD’)

mmw

In an obtuse-angled triangie, the square on the side
opposite to the obtuse angle is equal to the sum of the
squares on the sides containing the obtuse angle
togeihcr with twice the rectangle contained by one of
thesides, and the projection on it of the other.

B

In AABC, £Cis the obtuse angle. Let mﬁ_: a, mAC =b and mAB =¢. AD is the
perpendicular from A to BC (produced) so that CD is the projection of AC on BC. Let

mCD = p and mAD =h.

- To prove ,
(mAB) =(mBC)+mCA) +2(mBC)-(mCD)
or ¢ =a*+b* +2ap

a G 0o

Fig. 1

of a triangle

‘w et
Statements Reasons
In a right a.ngled triangle A 4DB T 5?
2
(m 4B)" =(mBD) +(m D) Pythagoras theorem

o  AwiaB) =lmBC +mCD) +(mAD)

or (mﬁ)z ={MHBE]2+[mEJ=
+2(mE)-(mEﬁ]+(mE)z — (i)

| Again in the right angled triangle AADC
(mAc) =(mCD) +(m4D)

or (m-:iE:|1 -(maﬁz = (m‘-‘f_D]z m—¥(ii)

so that (i) becomes .

(m4B) =(mBC) +(mCD)

mBD = mBC + mCD

(x+y) =x+y*+2%

Pythagoras theorem.
Equal can be subtracted

from the equal without

changing the value.

| Putting the value of
(mAD)" from (i) in (i)

— e

Unit 8 Projection of a side of a triangle

+2{mﬁ) . (maﬂ + (mEE)z ~{m2‘3): Commutative property

(;JE)’ ~(mBC) + (mac) 23:1?:;0!1 of real
‘BC N — - The diff i
2(mBC)-(WCD)+(nCBY (D) | equal numbes b e

P —_—2 o ot a
w(mAB) =(mBC) +(mAC) +2(mBC)(m D)
=a’+b* +2ap

Covollary - Iz

In a AABC with obtuse angle at C.If BD is 2

perpendicular on’ AC prodqced and mBC=mAC
then prove that

(RBy=2 (AC) (AD) b

or

¢*=2(b) (b +p) 5
A AABC having on obmse: angl-s m<£ACB, gk
mBC =mAC and BDis pcrpcndlcular on AC produced.
To prove
(mAB) = 2(mAC) (mAD)
or
2
¢"=2b(b+
Proof )
: e Statement Reasons
(mABY'= (mBCy*+ (mAC)+2(mAC) (mCD) By Theorem 8.1

= (mAC)* (mAC)2(mAC) (mCD)
= 2(mAC)*+ 2(mAC) (CD)
=2(mAC) (mAC + mCD)
=2(mAC) (mAD)
(MABY=2(mAC) mAD) or - - .
c®=2b (b +p)

Point C is inbetween AD
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o RI-E - Unit 8 Projection of a side oo e A e o~
;. I
‘g;‘_‘ . ﬁ 5 Unit 8 Prajection of a side of a triangle . .

. L Proof !

2 te angle is equal to the Stat t
: . osite to an acu - Sum of ements Reasons
¢ square 0D the s:deu‘iggnglc diminished twice the rectangle comainmy AADB is a right-triangle - AD L BC {Erodccd wh
es containing ihitna:n itofthe other. - it uced where
s - —_—n2 —2 —1
] - (m4B) =(mBD) +(m AD) Pythagoras theorem

' Also mBD +mCD = mBC .........

T8 v b Segment addition postulate (fig. @)
-(m4B) =(mBC-mcD)

+(mAD) — @ | 7™P=mBC-mCD
Again m.EiD +mBC =mCD 2 Segment addition postulate (fig. b)
.(mAB) =(m CD-mBC) Since mBD = mCD - mBC

+(mE)z—} (1

But the R.H.S of (i) and (ii) are the same so we | -+ (m.—BE—mﬁ}: =(m-C_D—mE}=
can select any one of the above equations.
Thus from (i), we have

(m AB}: = [m.EE'}z# (mﬁ]z

~2(mBE)-(m CD)+(m ADY :
o Y i3 ___.» | Commutative property of addition of
or (m AB) = (m BC) +{m CD] +(m AD} real numbers.
—l(mii'f)-'(mﬁj——} (111
].:’."l.ll(:ﬂ':';?f,':i]2 +(mTL_J.)= = (m:ff]: —(1V) By Pythagoras theorem.
w(w 4B) =(mBC) +(mAC)’ -

~2(m BC)-(m CD) Using IV in IIL.

or . ?_ 3.
e inﬁﬁuﬂh} £ Sa 0 ow

: (b). In
The given triangle is either acute as in figure

: re
tuse as in figu
(a) or ob ced if necessary as

—_
e —n u zh :
e Lieim s perpendiculﬂl' e (pmd 'E_C-_ o mr.'dfﬁb it L Some odd multiplications
et e Ty te mpL ==t :
to st CD istheprojection of CA on CB. Let us dencle _ 37037037037 x 9 = 333333333333
mCD=p, the projection and mAD =h. 13717421 x 9 = 123456789
. To prove

(mﬁ)l =(mﬁ)l -1-(1»”1_{3]2 —Z{mﬁ}-"\mﬁ}




Fg- B = j Unit 8 Projection of a side of o triangl
¢ Exercise 8.1

\. In AABC: m AB = 6cm, m BC =10cm, m£B = 120°. The projection of BC on 4B i
- » = 2

2. ::z::ﬂ ,:E; .; 3¢m, m BC =5¢em, m AC =Tcm. Find E‘, proje_ctian of BCon a5

3.Tn A4BC, a=1, b=11, c=8. Calculate the projection of AC on 4B.

4. In a parallelogram ABCD, m AB = 4cm, m AC =Tcm, m AD = 5cm. Find which of the
angles of the parallelogram are obtuse.

@i 5559
(Apollonius Theorem)

i um of the squares on any two sides is equal to twice the square on halfthe
mb's?d:“%;;ﬁ‘: it mriz': the square on the median which bisects the third side

(Apollonius' theorem) s A

B E C D
Fig. (2) Fig. (b)
Given ‘
In the AABC, AE is the median drawn from the vertex A to BC.
To prove

(mAB) + (mAC)’ =2(mEB) +2(mEA)
Construction '

From A, draw
'AD 1 BC (produced if necessary)

- NOT FOR SALE
- |

H

e S

. Unit 8 Projection of a side of a triangle -

Proof

Statements

Since A4BD and AADC are right triangles,
. — —_— e !
+(mAB) =(m4D) +(mBD)’ —(1)
— | —_—2 —
(mAC) =(mAD) +(mDC) —(2)
Therefore, (mﬁ )2 +(J'ME)2 = Z[mﬁ)z
+(mBD) +(mDC)
But m BD =m BE +m ED
So that the last result becomes
S| —_—s2 —_—2
m(A4B) + (mAC) = 2mAD)
+(mBE +mED) : o+ (mﬁ(_?}z —(3)
Since mDC = mEC -mED
and  mDC=mED-mEC
(mDC)’ = (mEC -mED)’
= (mED - mﬁf —(4)
§0 any one of these values can be put in place of
—2
(mDC)* and thus (3) becomes

(m4B) +(mAC)’ = 2(maAD)
+(mBE + mED)’ + (mEC -mED)’
or (m4B) + (mAC) =2(mAD)
+(mBE)' + (wED) + 2 mBE).(mED)
+(mEC)’ + (mED)’ - 2(mEC). (wED)
ot (m4B) +(mAC) =2(maD)
+(mED) +(mED)’ +(mBE) +(mEC)

Construction
Pythagoras theorem

Pythagoras theorem

Adding (1) and (2)

- Segments addition postulate

From construction in figure (a)
From construction in figure (b)

From algebra (a—5)" = (b-a)’

Using (4) in (3)

- from algebra
(a+b)' =a* +b* +2ab and
(a-0) =a® +B*—2ab

Using commutative property
of addition for real numbers.




Unit & Projection of a sige e
n|'|9|?

| & Sespare
+2(mBE)-(mED)-2(mEC)- (mED) 3
4B) +(mAC D) o+ mBE = mBC g = .
or (m..:[B)2 +(mAC)2 =2(m4D) il mEC as 7F ; &
a——y 3 L
+2(mED) +(mBE) +(mBE)
' +2(mBE)-(mED) -2 (mBE)- (mED) |
YX=x=0 VIE R

e (mﬁ}u{m}:z[{mm’ﬂmﬁ)ﬂ
+2(mﬁ)]——>(5)

AADE isa right-triangle,

—id — =
But (wAD) +(mED) =(mAE) —(6) Using (6) in (5).

-(nAB)' +(mAC) =2(mAE) +2(mBE)’
ot(mAB) + (mAC) =2(mEB) +2( mﬁ}f

" mEB = mBE and -
mAE =mEA J

v Exercise 8.2

et

1. Using Apollonius theorem find the length of the me_dians of a triangle having sides 10
c¢m, 12 em and 16 cm respectively. . i

2. InAMBC, D is the mid-point of BC. Find the length of the median if mAB = 4ar
mBC =5cm and mAC = 6cm.

3. AABC is given with mBC =4em ,mAC =12cm and m£C =120°.
Find mCD, mAD, mAB and then verify Apollonius theorem.

B 4cm C;__P
B . 4 e A S dm BCsSﬁ"
4. ABC is aright triangle with m.£B =90° and BD L AC . If mAB = 6cm an
find mAD and mCD . Verify your answer with Pythagorean theorem.

\ [a®+ b?< ¢® obutse triangle
= ¢? righttriangle
> ¢? acute triangle

Where ¢ is the largest side

How to prove a, b, ¢ form

an acute, right or obtuse
triangle?

= “.ﬂ;‘]
Review Exercise NS

_.-‘J

Unit & Prajection of a side of a t ridngle

1. At the end of each question, four circle

(i). Phythagoras was a /an e lil:ethll:;lt]n;?a:'nhe s o
QO  Indian O Greek O Pakistani O  Chinese
{11} Apollonius was born in i
O Perga O Iswnbul O Istamabad O Kabul
f11:). Apollonius is the name of a :
O City O Town O Country O Mathematician

2. Find the projection of the side of measure 10 units upon the side of measure 17 ynits
inatriangle whose sides respectively have measures 10,17 and 21 units.

3. A4BC is a right -triangle with m.2 4= 90°

ng 4=90°. From the vertex 4 perpendicular 4D is
drawnon BC.1f mAB=5cm, mAC =§

cm . Find mB_C, mAD and mBD .

4.In the above question, BE is a median, Find mBE using
Pythagoras theorem

Apollonius theorem
5. Find A, x and y in the figure,

@' Amedian of a triangle is a seg
Opposite side.

Inan obtuse-angled triangle, the square on the side opposite to the obtuse angle is equal
to the sum of the squares on the sides containing the obtuse angle together with twice the
@ rectangle contained by one of the sides, and the projection on it of the other.

Inany triangle, the squarc on the side opposite to an acute angle is equal to the sum of the
Squares on the sides containing that acute angle diminished by twice the rectangle
contained by one of those sides and the projection on it ofthe other.

¥ Inany triangle, the sum of the squares on any two sides is equal to twice the square on

h_alr‘th-: third side together with twice the square on the median which bisects the third
side (Apollonius' Theorem).

ment from one vertex of the triangle to the midpoint of the




Unit @ Chords of a circle

Ome and only one circle can pas S .
I a @ only one circle can pass through three non-collineay points.
Given :
A, B and C are three non-collinear poins,
To prove
o ; X One and only one circle can pass through the points ABandC.
I: To prove the following theorems along with corollaries and apply them to solve aPpropriate (;onstruction e
i problems. Join B to A and C. Draw perpendicular bisectors XD and
i % 5 — jasts G
| ® Oneandonlyonecircle can pass through three non- collinear points. YE of AB and BC respectively, which intersect at O, Join
| @ Astraight line, drawn from the centre of a circle to bisect a chord OtoA BandC.
F (whichis not a diameter) is perpendicular to the ch-::-r:il, } Proof
: @ Perpendicular from the centre ofacircle on achord bisectsit. -
| @ Iftwo chords of a circle are congruent then they will be equidistant atements Reasons
_'!l ﬁ-omthecmtﬂ:' =) . In -&O}'{D — QGBD -
'} @ Two chords of a circle which are equidistant from the centre are . £L0DA = £0DB Both are right angles,
'=| congruent. AD=BD . D is the mid-point of AB.
J ; —_ Common.
i One of the most useful applications of the circles is the wheel. From ancient times un:ul today, S AOAD = AOBD . Corresponding sides of congruent
i the wheel has made an enormous contribution to progress in travel, transportation, industry, T 0 triangles.
and other elements of civilization. . 4o 8 Gt E Both are right angles.
A circle is the set of all points in a plane that are equidistant from a given point in the plane gain it AOBE < AOCE E is the midpoint of BC
known as the center of the circle, A radius (plural, radii) is a line segment from the centre of LOEB= LOEC e
the circle toa point on the circle. ; BE=~FEC . mmon.
grel et ] % = ‘fE 5.A.S postulate.
OE =0F . Cprrespouding sides of congruent
0 dDBEE{&OCE . m&ngles.
~O0B=0C —s(ii)
. | : - From ) and(_ii_), mﬁ OB E_QE Transitive property of congruence.
S S e = n0A = mOB = mOC
A chord is a line segment whose endpoints lie on the ? means that the point O is equidistant
circumference of a circle. It divides a circle into two vom the three points A, B, C. Therefore a circle
segments, The larger parti called major segment and the With centre O and radius mOA or mOB or mOC
smaller part, the minor It Will pass through the points A, B and C. Since O
: segment. If the chord happens to 1S the onl i ich is couidi
be a diameter, each se i ici i : ¥ point which is equidistant from the
= ’ gment 15 a semicircle, A diameter Points A,B and C
is a chord that contains the ce tre of a ci p ; »8 and C. Therefore one and only one
be named ; nire of a circle. A circle can circle can pass through these three non-collinear
named by using the symbol ® and the center of the oints,

circle. The circle in the illustration is ® P, orcircle P.




T

!

' diamctur}isporpcnﬂicul

drawn from the centre of a cirele to bisect 4 chorg

{Which
ch
artothe chord. L

A straight ling,

Given

Acircle v;riih centre at O, 4B isa n.jhf)rd of the circle.
N is the mid point of AB which s joined to O.
"o prove
ON L 4B
_ Construction o B
Join O to A and B. 4
Proof A
Statements Reasons
In AOAN «—>AOBN
04=OB
AN= @ Radii of a given circle
ON =ON Given
-.AOAN = AOBN ‘53‘0;“;1:} o
e Corresponding angles of the congruent
triangles
But mZl+m/2=180° —)(IL Supplementary angles postulate
Lmll=mL2=90° . :
Hence ON L AB wmll=msL2
I Example [} in®P, if PM L AT, PT = 10, and PM =8, find MT.
¢ - Solution LPMT is a right angle. Def. of perpendicilr 4
APMT is aright triangle. [/, of .J-r'..‘:_,_-..- Hriunok bf‘
[MT}Z + (PM)z = (PTF Pythagorenn T,'h'.'ll.-"‘fff . T
(MTY +8 =102 - : R:‘r{f!-.:';' PM iwitir 8 and PT with 10.
(MT) + 64 =100 9 = 64.10° = 100
{M‘r}z +64-64=100- 64 Subiract 6¢ from eoch ;
(MT)? = 36 Sinplify. |

ViMT? = V3

u oo
Take the square rooi of encl Sitic-

Simplify.

'hnurdsoh == I

Mot ,

Unit @ Chords of a circle . _ 2

}'-.'J"[J:LH:“"”L.!' [””r:””"-"l'llfr':-r .
Wacirele nn g
' nachord b 5
sects it

Given
Acircle with centre at O, 4B is a chord, O |

To prove 4B,

nstruction ;
Jtﬁ: Oto AandB. ot ’ﬁ : g,
Proof i
[ Statements Reasons
In AAON «— ABON =)
: .i(?NA i ZONB Right angles
ON = 0N UL
=55 Radii of the same circle
. AAON = ABON HS =HS
Hence AN = BN &mndhg sides of congruent

I Example 1

o©p l‘ms aradius of 5 em. and PX is 3 em
PR is perpendicular to AB at point X, Find AB.

Solution
By the Pythagorean theorem: : E
(AX)? +32 = 2
(Ax}z - 52 ol 32 ‘
(AX)* =16 , :
fi AX =4
¥ the radiug gng chord theorem, PR bisects AB, so I .
Bx : AX i 4. * "

Th
emem‘ABEAX+BX=4+4=3cm_




e " .
7 . Xy =30, RX =17, a0 ' %
2 |,‘ _lqj,}_lnﬂl?_l.e. IFl;nGdI:i'le distance from R to XY.

Unit 9 Chards of a circle

( Goncl iy ¥
Ljﬂl‘!‘i‘!-—ﬂl " gilia distance frOII'I.E_EU XY If two chords of a circle are con
© ThemeasWer ' "9y RZ bisects XY, by Given .
is RZ. Since X7 = 1(30) or 15. Acircle with centre O, 4B and €D are 1w,
Theorem 9.3.Thus, chords of the circle, © congruent
For right triangle RZX, the following equation Y To prove
can be written. ¥ _:fF and CD are equidistant from the centre O
(RZ)? + (X2P = (RX)? Pythagorean Theorem Construction 3
@z + 188 = 17 Replace XZ with 15 aind RX ith 37 Join O to A and C. Also draw perpendiculars ‘OF and OF
(RZP+ 225 = 269 75: 172 = 289 ' on the given chords 4B and _CTD_I'Espacliugiy_
(RZ* + 225 — 275 = 289 — 225 btract 225 from cach side, Proof ;
(RZ)? = 64 Statements e B
_ ; : — — e : ons
4 }(RZ]Z = \/BE (are rool |_=_|": each side, Since OE— AB__HHCI OF 1L CD 4 Construction —
RZ=8 b gl o igB and CF = DF | By the use of Theorem 9.3
' - = == ; Or m AE =m EB and m CF =m DF ;
i from R to XY, or RZ, is 8 units. Bt o m
AREEEheY : But  mAB = mCD Given
! #___hExergise ?;L.wr » "'f_-g_"‘ "’E—_3_= mCF +mDF | Segment addition postulate
1. Ifthe radius of acircle is 30 cm, find the length of a chord whichis 10cm ﬁﬂmm@m& m AHE_*‘ m AE_=_m CF +mCF A m{:‘ﬂ' = mAE and mDF =mCF
5. If a chord of a circle is 48 cm long and its distance from the centre is 18 cm. Find 2!::1_13 = 2_;;2:,:7 Ddd;:li equal quantities
i i : . mAE =mCF ividing both sides by 2.
diameter of the circle. _ dwhichsi® s S
3. The diameter of a circle is 5 units long. How far from the centre is a chord W or AE = CF —(j)
inlength. ob Now in AAOE
. ; - ind the leagh AAOE «— ACOF
‘4 r‘"*a;.hord of a circle is § cm in length is drawn 5 cm from the centre. Findfh 04=0C Radii of the same circle
e o i i T v From (i) proved above
5. Find the length of a chord that is at a distance of Sem from the centre ofa circle wilt AE = CF — (i) Right angles
&t ik O T T 5 o S5 LAEO = £CFO HS = HS"
: andYT=i2.FindX‘rj. , QW =35,0T= e -'-_ﬂ_A_GEE@F Cpnﬁigudmgs:desoﬂhemnmt
" OF = OF or mOE =mOF e
“+ AB and CD are equidistant from the
centre of the circle .

Fﬂmllary
t congruent circles, congruent chords are equidistant from the centres.



‘whords of a circle whicl idi
“rds ot acircle which are equidistant {ror
ven

rcle with centre at O, 4B and CD are two chords of the

e OF L AB, OF 1. CD and OF = OF.
prove

AB = -5.5
mstruction
O with A and C.

oof

nihe o

Statements

Reasons

OFE 1 AB and OF L CD

mAE =m EB and
mﬁ=mﬁ_’(‘-)

Now in AAEOQ«—> ACFO

,{AEQE ZCFO

0A=0C

OE =OF
AAEO = ACFO
-. AE=CF

ZmFE= 2m CF"_’)'(ﬁ)

1 Both are right angles

Given

Theorem 9.3

Radii of the same circle

Given -

HS =z HS

Corresponding sides of congruent
triangles : 4 g
Double of equal lengths

" |t Example —_L The length of two parallel chords o

it late
5 = mAE + mEB Segment addition postu
= mEB it adifion

Also mAB = mAE + mES ey

ﬁ*mﬁ+m?§=2m;ﬁ£ ——(iii) | +mEB = mAE
m % - # .
Similarly m CD =2mCF —»(iv) | From (i)
Since 2m§rE:_= 2m %% g oo lies
Therefore m.d}r;_j m

AR = CD- Lo e i

ol' congruent.

ence the tWo chords aré
ollary ¢ circles chords equidistant from

; -

Unit 9 Chords of a circle ; : .'

|| Example G Circle O has a radius of 5 centime
ters,

3 centimeters from 0. Compare the ]cngﬂ“’“fﬁand'ﬁ Chords ST and RP are each
Solution '
Draw ﬁﬂ.ﬂda’- OT and OP ype radii of e;
=0P= piap oL oneirle ),
OT=0P=5 “adii of the same “"C!‘-'h"‘-;lhc
(ow1’+{\m’={om= (OQ} + ;
QTy =
(L) ~aeg 0Ty =259
) =is T =16
WP =4 QT4
PR =2(WP) =B « Theorem 9.3 ST=2(QT) =8
Chord ST and RP are congruent,

: facircle of radi ;
8cm respectively. Calculate the distance ettt radius 12cm are 14cm and

| Solution

InAAON, (ON)? = 122 42
=144-16

ON =128

ON =11.31cm
In AYOM, (OM)? = 122 — 72

=144 - 49
OM = /95
OM =9.747 . !
In first case NM = ON + oM
=11.31 +9.747

=2l.1em
_In second case, NM = ON - OM
=11.31-9.747
= |.56cm

g:erefure the distance between the chords can either
about 21,1em or 1.56 cm. :




rCle of rag;
Caleyly, : 1US Sem, there 5
¢ the distan "¢ WO para g
eb chord
Two Para] Clween the chords, SOflength 8em

| oY= AR
andMN = ﬂ Zl;?rgsaiaa,:d PINare emapart o e
Circle ¢ has ate the radiug ofthe cirgle.

a radius of 10. Ch i
C and chord PR 1S 8 units frnmog Wi
2. Compare the lengths of PR g QT.

b. Compare the distances of PR and QT from C,

units from

At the end

of each question, four circles are given. Fill in the correct
L)

In a circle,

circle only,
two chords are equally distant from the centre of the circle, The chordsare

O congruent O not congruent O parallel O non parallel

{11) AB and CD are two chords of the séme circle @ and AB < CD. Th_e:
O AB is closerto O O AB must be parallel to CD
i O Can't decide .
O CDisclosertoO S ek
A chord is 5 cm from the centre of acircle o _
(111).

; O 12 centimeters
O 6 centimeters O 30 centimeters

chord
: : istance of the cho
O 24 centimeters - ed in a circle of radius 25. Thedis
hord 40 units long 15 cmﬂ:alﬂﬂ ; O 50.1 units
(iv). Acho ofthecircleis O 47.1units length of the
from the centre O 31.2 units he centre of @ circle. The
its : its from the ]
O 15 um +< long is 4 units 5 JE units
., A chord Sﬁ pn;tsis o g4J2 units O B
i radius of the circie 8 units d
O 144 units centre O 2

3 gure with

2 dat A |
d intercepte
(vi). In the adjac he length of mif;l::c;:-clcis: :
radius Sem, meceﬂtmc‘f“ O 6cem
4cmaway
b

gy T

@d
@P

Unit 9 Chords of a circle

(vii).In the diagram , circle has a radius of 5, and

E:_E =2. Diameter AC js perpendicular to chord
BD atE. Whatis the length of By?

O 12 O3
Q10 Q4

2. Incircle O, ABis a chord, OAdis 5 radius and 4B 10C.
(Leave radicals in your answers in simplest form).
(1). IfAO=13m and OC = 5m, find AC and 4B,
(ii). IFAB is 16 cm long and is
and diameter of the cirele,
(1ii). If the diameter of circle O is
centre is a chord 30 cm long?

{iv). The radius of circle O is 25 unj
o?
(

6 cm from O, Find the radius

34 em, how far from the

A
ts long. How long is AB if it is 7 units from point
V). Chord AB is 10 m long and is 5 m from O. Find 04.

3. The perpendicular bisector of a chord Xy

cuts XY at N and the circle at P IFXY = 16cm
and NP=2cm, calculate the radius of the ci

rcle,

®© Acircle is the set of all points in a plane that are

- Plane known as the center of the circle,

® A radius (plural, radi)
circle,

@ Achord is a line se

acircle into two se

equidistant from a given point in the
is a line ségmcnt from the centre of the circle to a point on the

gment whose endpoints lie on the circumference of a circle., Itdivides

1 gments. The larger part is called major segment and the smaller part,
the minor segment. If the chord happens to be adiameter, cach segmentisasemicircle. -

Adiameter is a chord that contains the centre of acircle.
Oneand only one circle can pass through three non-collinear points.

A_ Straight line, drawn from the centre of a circle to bisect a chord (which is not a

lameter) is perpendicular to the chord.

€rpendicular from the centre of a circle on achordbiseets it. ‘
Iftwo chords ofa circle are congruent then they will be equidistant from the centre.
Two chords ofa circle which are equidistant from the centre are congruent.




P

Unit 10 Tangent to circle

ine is driwvn perpendicular to 2 radial seome o o . s s
i, ' adial segment of a cirele at its outer end point, it is

Given
A A circle having centre O with a line AB which is
e : perpendicular to the radial segment OC at its outer end
s unit t iﬁ-ﬁﬂ“;ﬁ! ableto TN N SO, ie. AB LOC. CK
= i : \heorems along Wilh corollaries and apply them to so ppropri - ik
To prove the following ! P AB is a tangent to the circle.
problems. ; 1 : tits outer end point, it is tangentto |
® Ifalineis drawn perpendicular to a radial segment of a circle at1 | et
P . - ] —
mﬁﬁﬂ;::nﬁﬁzo:i;le and the radial segment joining the point of contact and the centreare | Take any point D on 4B other than C. Join O to D, -
- ‘) - 3
3 pcrpendsculartbmhmh“' g int outside it, are equal in length. : i Proof
' ® m““@ﬁ?ﬁﬂmﬁrr E;pn?;ﬁy, the distance between their centres is respectively |
i = Iﬁt'-lut‘:ﬂoﬂlesumordiffemceoflhenrmdm | Statements Reasons
| a e Moon’s orbit _\ OC L 4B Given
. - : ! : . g
! The moment of an object tf,:vu'wi.ng arm.ltud Eﬂlm:htoi?hi i o s | Sothe AOCD isa right triangle “mZ0CD =90°
gieillar of 1o iPthe‘gmct\:rc‘:ﬁ ojnzhl::te:nsuch lines | Entt \) : _.? 2 ' ~£1 and £2 are acute ie. L1+.£2=90°
orbit of the object. Tou 5 Y Thus m£0CD >m 22 " £ZOCD is aright angle and #£2 +s an

frequently. R R acute angle.
noGNtSH ~-mOD>mOC i)
e here arcthree pOSSlbﬂlllES ;

In a triangle, greater angle has greater
side opposite to it.

5 But OC is the radial segment with C as ifs | Given
= : s outer end, '
Tangent A “+ Dlies i i i
: . 1es 1n the exterior of the circle.

ine \
1 e

ircle may or may not intersect thecircle. T

% . .
| I | . - : k
1 IJ _ | Hence AB mects the circle at one and only | Definition of tangent to a circle.
{4 / | one point which is C,
EF e ) 1 . A4. = |
1 maints of imersection t i st : Y & -
é f setion | point of intersection {1 points of i | sk g
i® 2 points of miersectio? ; yg st
¥ i i le at two distinct poinis. i
i ircle i {hat intersects the circle att! s
¥ o i tlo i:'mlfnjlsytizéﬁim of contact then that line 18 called a tangent and the po
circle have _
ﬂi;ecﬁo is known as point of tangency/contact.




- - Unit 10 Tangent to circle

ment joining the poi

ndthe radial seg nt of contact and the centre

The tangent tod circlea
are perptndiculsr to cach other-

Acircle with centre 0. AB is tangent 10 the circle at

I point C. 0OC isthe radial segment which is obtained
0O with the point of contact C of the tangent

by joining
—
AB .
To prove
e .'_--.
OoC L AB
Construction
Take any point D

Proof

on ::i? except C. Join O and D.

Reasons

Statements

— 2
.+ AB istangent10 the circle

Given
Definition of tan

at the point C-
gp Cis the only point common to the
—
circle and the line AB .
_ s
D is a point on ‘4B other than L3

gent 1o @ circle.

Construction

Except C every P

- Disan exterior point of the circle.
the circle.

It means, m(rJB > mbT:

Hence mf)_é is the shortest distfilﬂﬁ
petween the point O and the line AB .

& Corollaries
i 1. Atanypointonthe circumference of acircleone and only on

drawn.
L Perpendicularto

etangcnt o

atangentatthe pointof contact passes through the ¢

gt £ .
oint of AB s outside.

"gcl'l'ls dl 1Wn ﬂd |]a| an
av (v] i eq L o
entre,

P
==
- o B AT
T

| Example €8 ¢5

CB is tangent i

in the i
. Solution. | Si ; gure to the circle, Fi

This means t:me CB s tangent to the circle, th iy Find the length of segment CD

; at ABCis arighttriangle and en A5 L CB. '

the length of line segment AC gleand we cana

Aﬁ:dﬁ:“‘ﬁl’:’
ACQ=25+54__'39
D c

CD=AC AC=\89=9.43 cm.
-AD =943 cm-5cm=4.43 ¢
43 cm.

e two -
ang Slr: acirel
1 I vents dravwn toa cir e

Given

* Unit 10 Tangent to circle

pply the Pylhagoreép theorem to find

from a poi
pointoutsideit, arc equal in |
ength.

A circle with cen

‘ tre O. A is any poi
outside the circle. AB and }_‘E}' F:r:am
drawn two tangents from point A

To prove :

mAB = mAC
Construction -
JoinOtoA,BandC
Proof
2Statements
In AAOB « AOC Reasons
AO0=40
OB =0C Cun.lmon
R&dral Sﬂgments.

ZABO = /4
= LACO =90° .
90 Right angles because tangent to a circle i
is

perpendicular to the radial segment at th
e

AAOB = AOC point of contact.
T HS =H.S
= AC
Or e e Corresponding sides of tw
C MAB =mAC triangles. e
uﬂ}]]ar). p



Unit 10 Tangent to circle v “Unit 10 Tangent to circle

| Example [5

h Emmp__l_l_e‘_@

In the adjacent figure, AB and BC
are two tangents. Evaluate v,

» 4

o | ed in po £
Global positioning satellites are W2 - | Solution Wi
pavigation. 1f the range of the satellite. AXis fr:r:::‘z 1:131 wlngent segments
: A xternal point
_16,000 mtles.%at 1§ the range of BX? So, AB=BC point are equal. B
__Solution ¥ +5=2]
I and BX and are tangents 102 circle flmm ‘ #=21-5 . =
the same external point, 50 they are equal. . : Fade
. e

AX=BX= 16,000 miles
ircle R. TR = 5. And RO = 13.

ents to C
- |y Example @ QT and QS are tengertt SEEI . v Exercise 10.1

o —— e = e

, Find the length of a tangent drawn to a circle of radius 6 cm

from a point at a distance of

Find QTand 05 et
: -+ 10cm m the centre ofthe circle.
Sl | | 2. Find the radm_s of a circle if the length of the tangent drawn i H {
Since QRT is a right triangle. . = c;,-,;- eof the circle to the point outside the circle is 9 cm i sica il |
. ;i 3. Achord AC of acircle i g
' b [TR)! ircle is produced to P. From ircle i
o (%?}1, = E(',QQTF 8% . , that m2 ' PBC=m < BAP. e O o ;i
Q | 4. In the following figures AB intersectsthe circle, find a. -

169 = (@1 + 25
(QTY =169 - 25=144
oT =12
oT=05=12

T s ——

S

a 13
A

24 B

jven that

1o the circle, with centre 0. G

y Example [ IniveigueRB ISR EtT L and 2A0B

ﬁi; gecm, BC= 5cmand0h=:-:m,ﬁnd the value of x,an : ekt = i ‘1
. 7 e radius of a circle is 8 cm. Tangents drawn from p

. Solution 2 A | : gﬂ .Find th_e_distanceben'.'eenme centre of the circle ;ﬂ;&m]:;mt Endasesaglet o

JAOB = 9 - Llven “'Iﬂt PA andﬁ are tangents to the-' . I - E _-

OB = (;2 +5)em each of the following figure. 8 circle, with centre O, find the values of xand y in }

Now ) =x* 8 ' I

2+10x+25=X +64

10x=64-25 !

10x=39 . 4

= 3.9 | L

I

In AAOB, tan ZAOB =g

Therefore £AOB = 64.01°



|

Unit 10 Ii:mg!nt to circle .
;E‘ .F ‘

. Inthe figure below,
Pis 3om, and VA=6 ¢

fus of
VA and VB aretangenttoP, theradius ©
a ntto
: Find the following.
(iii). BV
ine £ i ent.
£y that line £ is a tang -
In circle N. verify
: atB.

4

A 6B

9. Verify that 4B is tangent 10 <

= DE.
f (] mgﬁnﬁ toa circ‘[c as shown pl'ﬂ-\fc + =

D

E

ircles.
- lled tangent circlcs
3 in one point are ca ic circles
Mtk mmmcnpccntrc are called ,;onccnm .- vy

Two circles
Two circles that have a co

Unit 10 Tangent to circle

If two circles touch exg
their radii. .

OA and 78 are the radia)
To prove

maﬁ = m_C_J';! +m;_57
Construction

Draw a common tan
is the common poin
circles.

Proof

—y
gent BC at the POInt’A which
tof contact of the given two

Statements
' mLBAO =9g°

()

“ Atangent1o a circle js perpendicular
to the radial segment at the point of
contact.

Similarly

MZBAO' = 900 (ii) “* Atangent to a circle js perpendicular

to the radial segment at the point of
CIEIIIH.CL

=180° | Adding (i) and i),

YMLBAO +msBAO = 90° +90°

MEBAOQ and MLBAO" are sy

pplementary | * Their sum is 180°,
angles with the common

vertex A.

" h--_' el

40 and 40" are opposite rays,
This makes O,Aand 0,
Collingg, Ppoints,

Postulate of supplementary angles,
the three different Consequence of being 40 and A?,
the opposite rays

mOQ - MOA +mAQ" segments addition postulate,




" Example [ Threecirclestoved in

' Glven

- pairs externally. Prove
ftheir diameters.
L 'se;qunltomesumo
formed by joining gemTRe s

esA,BandC their radii are Ty T and

touch in pairs externally a:r 'i)s, Efa:';i sF¢
ioining the cen
is formed by joining
So that-AABC 15

i of these circles
= Sum of the diameters
Perimeter of AABC

A, Band C touch in pairs |

circles with centres
externally at the points, D,EandF.

mﬁ: MF + WFE 1 l:'l)
(i)
(iit)

nBC=mBD+mDC
and A = mCE+ mEA e
mAdEA-'mH_f.'-I-ma mAF + mEB:mBD_‘
. + mDC+mCE+mEA
= (mAF + mEA) + (mFB+mBD)

+ (mﬁvi- mCE)
. l;eﬁmtet of AABC=2r,+ 2, + 21,
=d, +d,+d,
= Sum of diameters of the circles.

Answer. 288+88+8+8+8 = 1000.

Unit 10 Tangent to circle

th'atﬂieperiméter of atriangle

Draw a common tang
which is the common

5 of the circles:

R~

i Y 0007
Using only addition, how do you add eight 8's and get the number 1

Unit 10 Tangent to circle

=,

%n" ; - g
l__-_-_‘—-_____' .

‘ S CED their centres iy {he difference of
_Given ‘

Two circles with centre Oand ¢

i : touch
and O4 are radial segments of the o

ther internal ; B
se circles, ﬂBi}' atthe point A such that g7
To prove

m o0 :_—m-_o_j__ WBTE
Construction

ent BC at the point A

two circles. point of contact of the
Proof
Statements R
: : easons |
:JI;K:; the circles tqriril_'u each other at A »* Atangent to a circle _I ,
i * irele . {
or? both 04 and O4  are | to the radius i Is Pﬂ'i-'ﬂldf:ular :
Perpendicular o BC. contact through the point of ;
MLBAO =mZBAO' = 9g° I
e s :
04 1 po atA. '
ud oy 4 E(.T—' atA, :

and A lie on the same straight | At a point on a line a unique

perpendicular can be drawn on it.
P

& MOA=m OO +m 04 Segment addition postulate,
MO0 = mOA-mo'4 From a law of equation. ) :




t . - - - - Unit 10 Tangent to circle
o and 4, respectively. Find e length of theirline

~ | Example m Two circles have radii of _ :
o-'icenuves (a)ifthe circles are tangent externally, (b)ifthe m;lcs are tangent internally, (c) if
the circlesare concentric, (d) if the circles ar 5 unitsapart. - /—_\
’ -’R_I‘L@
' o
(@) . () (‘-:) (d)
__ Solution. - _
Let R = radius of larget circle, r = radius of smaller circle.
() Since R=9 andr=4 0 =R+T =9+ 4=13
tb]SinceR=9.andr#4, =R—r=9— 455._
(c) Since the circles have the same centre, their line of centres has Zer0 length.
(d) Siuc3R=9andr=4. andd=3, 00’ =R+d+r=9+5+4=18.

, Exercise 10.2 :
el e

1. Iftwo circles with radii 8 cmand 3 em respectively touch each oth
is the distance between their centres? _ giusof
3. The distance between the centres of two circles touching internally is 3 ¢ Thera
{hebiggercireleis 17 cm. Whatis theradius ofthe smaller circle? i tenghof
3. Inacirclea 10 cmlong chord is at adistance of 12 cm from the centre. What1s the 1€
achord atadistance of 5 cmfmmthe-::emre? o of the
4. A chord is 18 cm long. The radius of the circle is 15 cm- What is the dist
midpoint of the chord from the centre ofthe eircle? - j0em
b 5. Whatis the lengthofa chord at distance of 6cm from the centre ofa circlcoftad‘“s chord®
6. The distance of 2 chord from the centre of 2 circle is 3 cm, and the Jength of th
& o, Whatis the diameter? ol
& 7. The radius of a-circle 1S 8 cm and onc of the chords is of 12 cm- What is the dis!
3 chord from the centre? ; . from
8. The length of @ chord of a circle of radius 7 5 cmis 9 cm. What is its distanc®
centreof the circle?

xternally. then W

hat

Unit 10 Tangent to cirele

—
———,

Rev'
lew Exercise 10

; , four ¢j :
{1). ACR T .
). Inthe figure, ACB jg called S
O anare B‘Mk =
O achord o
secant
O adiameter i B

a clltlﬁ “l“]l centre o, “ Gj 15 th'e ]adl
al
SEgﬂ]em a'“d i 1 Q is thc |3DEB|“ I-"lcl the"

O — —
icced oTLPG
o i O orzpo

Al O OT s right bisector of PG
gents drawn to a circle from a pujngth : o
outside it are of.

O half
2. In the diagram, B i S et it A - in length.
s 15a p[}jnt Oftﬂngenc F l‘lle O ﬁpie
y- Find the radius 50 fi

of @ C. ‘.
:

B

3‘- Il'l th': ﬁ‘gul!} BP 54atan (h] h
- i
: ent [+ I
Ilﬂ LS kl D 33 5 ﬁ"d 41 BA.. i

4. Inthe fi
gure, O is the centre of the circle passing throu
4

the points A T.
and B. TA |
ehehins, 15 a tangent to the circle at A and

Gi'-'fl'l‘l.ha AA'}I '-—64:' AB
t

i ol

5. Gi
al:en that PA and PB
ngeil;ts Fo each of t?'ur:
; ﬁndgt Iu:lrn:l:::s with centre
€ values of the

Unknowng



Unit 10 Tangent to circle

s

etivity Th— .
Lengths in circles in a coordinate plane

Use the diagram for lengths.
a. " Radius of @A
b. Diameter of @A
¢. Radiusof®B
d. Diameter of @B
e. Radiusof®@C
f. Diameter of@C
g
h

. Radiusof @D
. Diameter of @D g 47t

Summany,

A secant to a circle is a line that intersects the circle at two distinct points. If a straight
line and a circle have only one point of contact then that line is called a tangent and the

point of intersection is known as point of tangency/contact.

A line is tangent to a circle if and only if the line is perpendicular to a radlus of the
circle atits end point on the circle.

Ifaline is perpendicularto a radius at its end points the line js a tangent

Tangent segments from a common external point are congruent.

The tangents subtend equal angles at the centre. ,

The line joining the external point to the centre of the circle bisects the an g]e between
the tangents

If two circles touch externally, the distance between their centres is equal to the sum of
their radii. -

If two circles touch internally, the distance between their centres is the difference of
their radii.

Did You Know? _—

' 3025 = (30 + 25)’
and

2025 = (20 + 25)

" In this unit the students will be uble l:o

tWoarcs. The points are called the endpoints of the arcs.

 CHORDS AND ARCS

To prove the foll -
e i_flems‘ ollowing theorems along with corollaries and apply them to solve appropriate

@ Iftwo arcs of a cirel i i
by a circle (or of congruent circles) are congruent then the corresponding chords are

@ Iftwo chords of a circle (or of congruent circles) are | ir correspondi ‘minor
major or semi-circular) are congruent. st e RO At (il
@ Equal chords of a circle {or of congruent circles
corresponding centres). F v cqui] mmgles at lhy cumton (ot
@ If the angles subtended by two chords of a circle
or con, t
(correspondmgccntres)mequal the chords are equal. ! SR Rl ) s e

Sector

Alwmnge may consist ofnmc wedges, seen
$ e;ross section here. Thus, an average
2 '8¢ Would form a central angle of about

Ne-ninth of the full circle, or 40°. (When
You look at a typical orange wedge, does it
Seem to be about 40°7)

A" arcis an unbroken partofa circle. Any two distinct points on a circle divide the circle into




- . _ Unit 11 Chords and arcs
N ——
MON and MLN are

semicircles of @P. |

L — ; ;
MLO (blue) is a major
M— arc of @P. :

A semicircle is an arc whose endpoints are endpoints of the diameter of the circle. A
semicircle is informally called a half-circle. A semicircle is named by its endpoints and

another point that lies on the arc.
Aminor arc ofacircle is an arc that is shorter than a semicircle of that circle

Aminorare is named by its endpoints.
Amajorarcofacircleisanarcthatis longer thana semicircle of that circle.
Amajorarc is named by its endpoints and another point thatlies on the arc.

. R

Central angles of circles e T L
are used to find the _~ RS s the intercepted !
measures of arcs. § | arcof central angle ZRPS. |

A central angle of a circle is an angle i
circle. An arc whose endpoints lie on the sides of the angle and whose

interior of the angle is the intercepted arc of the central angle.

n the plane of a circle whose vertex is the centre of the
other points lie in the

1x9+4+2=11
12x9+3=111

123 x9 +4=1111

1234 x 9+ 5=11111

12345 x 9 +6=111111
123456 x 9 +7=1111111
1234567 x 9 +8 =11111111
12345678 x 9 +9 =111111111

123456789 x 9 + 10 =1111111111

B oo SAE

Unit 11 Chords and arcs

IF two ares of g ef
: A cirele (or of o i
: mgruent circles) are ¢
chords are equal, ¥ It circles) are congruent then the correspond

[Case [T For one circie
Given

A circle with centre O AEB and CFD are congruent arcs

ie. AEB= CFD. 4B and CD are the corres; ing
of the given congruent arcs. ds

To prove
AB=CD.
Construction
Join O to A, B, C and D respectively and name the central /| and 22
Proof ' | |
Statements Re
In AOAB & AOCD . =
_(E = E)E Radii of the same circle,
OB =0D Radii of the same circle.
=22 Central angles of two céngruent arcs.
AOAB = AOCD S.A.S Postulate
4B=Ch Corresponding sides of two congruent
triangles.
[Case [{3]For fwo congruent circls
e




. - - . Unit 11 Chords and arcs .‘ Unit 11 Chords and arcs : .

e y. AEB and CFD are two : _ %m '

Two congruent circles with centres O and O' respectivel

_"-l-l-____-_-_-.-'-—_
congruent arcs of these circles where AB and CD are the corresponding chords. _r IFtwo chords of & circle (or of congruent circles) are equal, then their ¢ i
To prove I arcs (minor, major or semi-circular) are congruent, Swihen their correspondi
AB=CD or mAB = mCD ! ~ [Case [€3]] For one circle
Construction : - ’ .‘ . Given
Join O to A and B and O to C and D respectively. : i Accircle with centre O having two chords 4B and 5
Proof _ ! such that AB = CD.

Statements Reasons . To prove

In AOAB > AO'CD : ; AEB = CFD (These are minor arcs of the chords-IE

04z=0C ' Radii of two congruent circles. : and CD respectively).
OB=0D Radii of two congruent circles. : and AFB = CEI? (These are major arcs of the chords A5
A=22 Central angles of two congruent arcs anctii :Z-:ll::t“'el:")- :
AOAB = AO'CD S.A.S Postulate _
AB=CD . Corresponding sides of two congruent  Join O with A, B, C and D respectively.
triangles Proof
Or mAB = mCD I_ Statements Riasins
: o3 _ & i In the &:{;OB > ACOD
rm i _G_"f = E’J:q Radii of the same circle.
The sum of any two odd numbers is gvigg | %fg ?dﬁoﬂm R
i = iven
the product of any two pdd nUMDErs 1S A4OB = ACOD $SS =888
B Ll=£2 Corresponding angles of two congruent
triangles.
a + but £1 and 22 are central angles -
2 AEB = CFD Definition of equal or congruent arcs. -
,q/ a 1\’/'J ;rtl;?:l t:: c:rres_ponding ; minor arcs of two .
7 or i
RE.&! Par-: - .57:5;_1: Puiib s AB and CD ofa circle are

o7 FOR S NOT FOR SALE =t




Unit 11 Chords and arcs

|2 .
"

:ase m Let's prove the same result for two congruent circles
G

o : C\./D

Two congruent circles with centres O and O" with two chords "AB and CD respectively
which are not the diameters such that mAB = mCD or AB = CD .

To prove
AEB = CFD (these are minor arcs corresponding to the chords "AB and CD ) and
AGB = CHD (these are the major arcs oorrespandmg to the chords AB and CD )

Construction
loin O with 4 and B and O’ with C and D. This gives central angles labeled 1 and 2.

Proof .

| Statements Reasons
In the AOAB & AO'CD
04z0C Radii of two congruent circles.
OB=0D Radii of two congruent circles.
AB=CD Given
AOAB = AO'CD $.5.8 = 585
Ll=ZL2 Corresponding angles of two congruent
" mLl=mZ2 triangles. '
M’ETB“; m&:".ﬁ 4 Condition of equality of two arcs.
AEB =CFD
s the corresponding minor ar arcs of two
al chords AB and CD of two
sruent circles are congruent.

Vathematics X

———

Unit 11 Chords and arcs 33 .

I E
xample ([} A point P on the circumfernece s equidi —
Prove that mAP = mBp stlam from the radii OA and O
Given

AB is the chord of a circle with centre
circumference of the circle is cquidlstear:'ltﬁ'oomfl;;ml i

radii OA= OB
To prove RIPSIR =g
mAP = mBP
Construction
Join O with P. unjte Z1 and £2 as shown in the figure
Proof ]

Statements R
In £rt AOPR and 21t AOPS ==
: M‘EP_ = m(_}F
U =moP Common
mPR = mPS '
Point P is equidistant from radii
" _ (Given )
. i}: = AOPS (InZtA* HS= HS)
mel=ms2 i
Ty Central angles of a circle,
Hence mAP = mpp
P = mBP cArcis correspondmg to equal chords in a
ircle,

==y




Unit 11 Chords and arcs

@i 159

Equal chords of a circle (or of congruent circles) subtend equal

the corresponding centres).
[Case [(J)] For one circle
Given

A circle with centre O. "AB_ and cD are two che chords of of the
circle (whmh are not diameters) such that "AB = CD or

angles at the centre (at

%

mAB = mCD .
Arc:s subtend £1 and Z2 at the centre. .
To prove
L=/2
. Construction
We join O to 4,.B, C and D respectively so that mOA = mOB = mOC = mOD = radii
of a circle.
Proof
Statements Reasons
In the AOAB <> AOCD
04=0C Radii of the same circle.
OB=0D Radii of the same circle.
AB=CD Given
AOAB = AOCD S.8.8 = 885
L= L2 - Corresponding angles of congrucnl
- ? triangles.
or fwo congruent circles

o

Unit 11 Chords and arcs
Given '

.“,'l '\,#-
.

Two congruent circles with centres O and
ety and O'having two equal chords 4B .and CD i.
To prove

These chords subtend equal angles at the centre i.e. £1x /2

Construction

Join O with A and B, and O with C' and D.

i‘roof
Statements Reaso
ns
In the AQAB «» AO'CD
?f =0C Radii of two congruent circles.
E}E = E} Radii of two congruent circles.
AB=CD Given
AOAB = AOCD 8.88 =888
Ll=2
Corresponding ang]es of congruent
triangles.

If the angl i
! es subtended by twi :
(cm'wqp:mii-::]-“:‘im by two chords of a circle (or congruent circles) at the
- s i c ‘nires - " | i i !
ig centres) are equal in measures, then the chords are equalin mea o
sures.

(Case O For oms crce

Given

Aicirels i oy s
.cm:le with centre 0. 4B and CD are two chords of the D

circleand Z1= /2.
To prove

AB = CD



_._-—"".-._.-._
‘;‘ :". : . Unit 11 Chords and arcs ; * Unit 11 Cherds and ares
oy ' b Example [ The internal bisector of a central angle in a circle bisects an arc on w
" Proof — 1 it stands.
“Reasons Given
Statements 4 ; . = :
Inacircle with centre O. OP is an internal bisector of central
In the AOAB < AOCD angle AOB.
L i of e circle.
0A=0C Radii of the sam To prove T T
—_ : Radii of the same circle. . | ’ il
OB=0D & : ! Construction
L1=22 - 1;:*;’ s j Draw AP and BP, then write £1 and £2 as shown in the figure.
AAOB = ACOD , WA g ) Proof
AB=CD Corresponding sides of congruent triangles, |
- i ) Statements Reasons
[Case [0 For two congruent circles In AOAP «> AOBP
“Given : mOA = mOB - | Radii of the same circle.
Two congruent circles with centres Oand O, mZl=ms2 Given OP as an angle bisector of ZAOB
"AB and CD are two chords of these circles and mOP =mOP Common
such that they subtend equal angles at the centre ! '
ie Zl=22. AOAP = AOBP (SAS=SAS
To prove Hence ,if: = BP
EE—CE - =% AP= BP ! Are?s Cﬂmsp{}nding to equa] chordsina
: ! circle.
_ . ' b Emmple | Tell whether th
Statements Reasons j . ether the red arcs are congruent. Explain why or why not.
In the AOAB < AO'CD _ <o AJ
OAz=0C | Radii of two congruent circles. ' &
OB=0C il Radii of two congruent circles. }
Lz /2 Given - _
. AOAB=AOCD S.A.S Postulate : Lﬁ—“”‘i‘-‘-‘-’-“
4B=CD . E;me?punding sides of two  congruent ) a. CD =EF because they are in the same circle and mCD = mEF.
angles. {
1 b. RS and TD have the same measure, but are not congruent because they
erollaries | are arcs of circles that are not congruent.

In the same circle equal central ang]cs have equal arcs. |

€. VX =YZ because they are in congruent circles and mVX =mYZ
In the same circle equal arcs have equal central angles,

e ‘_.—.-_'J_. -xl

e MR

' Mathematics X _
— (e o T



Unit 11 Chords and arcs : Unit 11 Chords and ares

v .
:T. - 2. In acircle if any pair of diameters are L cach other then the lines joining its ends in
Exercise 11 x order, form a square,
. 3
P —————

lue of x and y in the 3. In a circle with centre O, AOC is diameter. ZAOB = 130, find ZADB, ZBDC and mBC
find the value © |

| 1. Given that O is the centre of each of the following circles,
following cases.

LA=2/C (b} ZLl=.2
(¢}  AADE and ACBE are equiangular.

© Acentralangleofacircleisan angle whose vertex is the centre of the circle,
@© Themeasure ofaminorarcis the measure ofits central angle.
© The measure of the entire circle is 360.

© The measure of major arc is the difference between 360 and the measure of the relates
minorarc,

@ The measure of the semi circle is 180"

S

1. At the end of each question, four circles are given. Fill in the correct circle only.

(i) OP has a radius of 3 and AB has a measure of 90°.

What is the length of AB? Twoarcs of the same circle are adjacent if they have a common end points.
O 33 ThemeasureofanarcformcdbymroadjaeemarcsisthemoflhemwmueofmeMnm
i O 9 Two circles are congruent circles if they have same radius.
£ 36 AB=CD.

(ii) In the accompanying diagram of circles 0,
Which statement is true?

Two arcs are congruent arcs if they have the same measure and they are arcs of the sam
circle or of congruent circles.

In the same circle, or in congruent circles, two minor arcs are congruent if and only -
their corresponding chords are congruent.

In the same circle, or in congruent circles, two chords are congruent if and only if the
are equidistant from the center.

SALE B

o © e00e

=80 O ZABC = ZBCD



"in this unit the students will be able to
To prove the following theorems along with corollaries and apply them to solve appropriate
problems. .

@ The measure of a central angle of a minor arc of a circle, is double that of the angle subtended by
the corresponding major arc.

@ Anytwoanglesinthesame segment of acircleare equal.

@ Theangleinasemi-circle isarightangle,

@ Theangleinasegment greater than asemi-circleis lessthanarightangle,

@ Theangleinasegmentless than a semi-circle is greater thana rightangle.

@ Theopposite angles ofany quadrilateral inscribed in a circle aré supplementary.

Aperson's effective field of vision is about 30°. In the diagram of the amphitheater, a person
sitting at point A can see the entire stage. What is the measure of #B? Can the person sitting at

point B view the entire stage? :
Angles A and B intercept the same arc. By Theorem 2 of this unit, the angles must have the

same measure, so mZA =mZB =30°.
The personsitting at point B can view the entire stage.

Slage N

APPLICATIO

30°

A

' Mathematics X

_ Case 1: When P is an arbitrary point of the

Unit12 Angle in a segment of a circle

The measure of a central angle of 8 minor arc of g ¢
circ

subtended by the correspo;uiing majorare, le, is double that of the angle

- Given fig: (ii)
A-c'u-cIe u..ri1_:h centre O, AB is a minor arc whose.: central angle §
P is any point on the major arc ADB . /APB e gleis Z40B.
To prove gle subtended by the arc at P.
mZ£AOB =2mZAPB

w

major arc (General Ca.;se] figure (i).

Case 2: When PQ is an i
extremity of the semi-ci ini H T}
Construction e g oo s Aeas (B
Draw ;’Fto meet the ci
i 1 u‘f cirgmnfereuce at Q (for both cases).
Statements
Case (i)
~ Inthe AOA4P ' s
mb_g‘[_ = {OP .
i mOP Radii of the same circle.
=, AP is an isosceles triangle Definition of an isosceles triangle. -
m =
LOAP.=m ZOPA » If two sides of a triangle are equal,
the angles which are opposite to them
are also equal. * e i




I. - - : Unit 12 Angle in a segment of a circle

The measure of exterior angle of a

Unit 12 Angle in a segment of a circle

e

Also  mZAOQ =mLOAP +mZOPA t;-}angle is equal to the sum of the To prove Msjor #us ;
[measures of Dp]JDSitE interior angles. ml ACB= 45° -3,
Msior Segmant
. ) .+ mZOAP=mLOPA (Proved above) Construction o .
=2mZOPA . S or
mZA0Q=2m& : Join O with A and B.
Similarly mzB0Q=2mz0PB (i) | Adding] and II. iy _ .
mZA0Q+mLBOQ =2mZOPA+ 2mZOPB | postulate of addition of angles. . Statements
or mZAOB =2[mZOPA+mZOPB] , In AOAB
F) 3 e
or mLAOB =2mZAPB |' (OA) + (OB) = (wﬁ) + (»,E})i W 7 e U
Cause @) | =242
All the statements and reasons are ! —4=(2) = (ABY . s
same up to obtaining the equations [ and I1. ; ; s 2} =(A8) - mAB=2cm
y . | - ADAB is right angled triangle.
Subtracting I from II we get : G
msBOQ-mZAOQ = 2mZOPB ~2mOPA e l ith m ZAOB =90 Which being a central angle
miBOQ-.mLAGQ:Z[mZDPB-méOPA] , B : standing on an arc AB. -
J 2 By Theorem 12.1
mZAOB =2mZAPB : A
Corolliry Y . ' =7(907) =45 Circum-angle is half of the
The angle which an arc of a circle subtends at the centre is twice that which it subtends at any : central angle.
point on the remaining part of the circumference. ' =
b Example (£ ' o S
e P B i i B i (\.-;__ . Tiearem 112&3
The radius of a circle is /2 cm. A chord Zem in length divides the circle into two segm St v
ny two angles in the same sezment of a cirele are coual

Prove that the angle of larger segment is 45",

C
vl b { ;

————— e ——————

Solution _| s

viven : ey
\ circle with centre O and radius mOA =mOB =2 cm,
 length of chord AB = 2 om divides the circle into two segments with ACB as

°r one.

’mmmx



Solution_

A Cll‘cle W][h centre

0. z4cn
(Shaded) of the iy and ZADB are any two angles in e sa

To prove ;
MLZACB=m s ADB
~Construction
:loin Oto A and B respectively.
* Proof
= e

Statements

In all the three figures, we have
mLAOB =2m/ACB )

Similarly mZAOB = 2m2ADB n

5 2mZLACB =2mZADB

weasons

The angle which an arc of a gjrg),
subtends at the centre € is twice that which

it subtends at any point on the remaining
part of the circumference.

The angle which an arc of a circle

it subtends at any point on the remaining
part of the circumference.

The RHS of (I) and (II) are equal to the
same quantity.

SomZACB =msZ ADB

Unit 12 ﬁ\ngie in @ segment of a circle

subtends at the centre is twice that which *

Halves of equal quantities arc again equal.

[:Example E Find the value of a in the following circle centred at O.
=} . = 9 D .

a=80 (Angles in t

he same segment)-

Solution

2a=104 (Angle at centre theorem)

(Angles in the same segment)

The angle in a semi-cirele is a right angle.

Given . ;
A circle with centre O, AB is a diameter of the circle and
ZACRB is any angle in the semi-circle.
To prove
Z£ACE is aright angle i.e. m £ZACB =90°,
Construction

A

Join O to C. .
Proof
Statements Reasons
In AOAC,
mOA = mOC Radii of the same circle

Definition of an isosceles triangle. -

“+AOAC is an isosceles triangle If two sides of a triangle are equal, the

and  mZOAC=mZ0CA 1)) angles which are opposite to them are
Similarly in the AOCB also equal.
mOB = mOC Radii of a circle.

mZOBC = mZ0CB (n
S MLOAC+mZLOBC =mZOCA+mZOCB

Adding () and (I1).




'l OAC+mZOBC=mZACB (ur)

=l
But mZ0AC +mZOBC+ mZACB =180
Or m/ACB+mZACB =180°

— 2m/ACB=180°
mZACB=90°

Unit 12 Angle in a segment of g gi
e

v ml OCA+ mZOCB = mZACB

.+ The sum of three angles of a
triangle is equal to 180°,

.+ mLOAC+mZOBC =m ZLACB

Adding two equal numbers.

or  ZACB isaright-angle.
The angle inscribed in a sem

icircle is always a right angle (90°).

@ffisiron 1250

2ol in a segment greater than a se
Gl\'ﬂl

A circle with centre O, "AB is a chord and EF isthe
diameter parallel to "AB such that “AB lies below the

* diameter EF . Thus the segment AECDFB is greater
than the semi-circular region. ZADB is any angle in the E

-segment.
To prove

mi-circle is less than a right angle.

o 1
- /—‘ i o
c, \

ZADB is less than a right angle i.e. m ZADB <90°. A B

Construction

- Join D with E and F such that ZEDF is in the semi-circle.

Proof

Reasons

mZEDF =90°
- mZ£EDG + mZ GDH + m£HDF =90°

L.mZGDH =907

~[m£EDG +m £HDF)
= mZGDH <90°
or mZADB <90°

The measure of an angle in a semi-circle is
aright angle,
+*mZEDG +mZGDH +m £ HDF = m:fED_F

|+ ZGDH and ZADB are same.

e —

" Unit 12 Angle in a segment of a circle

circular region. £ADB is any angle in the segment.

“rhe anele inasegment less thanasemi-circleis greater than a right angle.
Given L gy

A circle with centre O, AB isachordand EF is the

diameter parallel to "AB such that AB lies above the

diameter EF .The segment ACDB is less than the semi-

To prove
ZADB is greater than a right angle i.e. mZADE >90°.

Construction
Join D to E and F. ZEDF is in the semi-circle.
Proof -

Statements

mZEDF =90°

Reasons

The measure of an angle in a semi -circle
is a right angle.

or mZGDH =90° "+ ZEDF and ZGDH are same.

m£ADG + m£GDH + mZHDB= | Adding equal quantities on both sides of
i mZADG +90°+mZHDB | an equation.
= mZADB =90° + m£ADG +m<HDB | Postulate of addition of angles.
=>mZADB > 90°

e on

‘Given

angles of any quadrilateral inscribed in a circle are supplementary.

f\ circle with centre at O and ABCD is a quadrilateral A
~ Inscribed in the given circle.

.To prove

mZBCD +m£BAD =180° and m.£ ABC+m£ ADC=180°
Construction

JoinOto B and D.
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e

_ ; ? ey g , J% . Unit 12 Angle in a segment of a clr!'.le i -
ts TR T e — o : :
/ﬂfﬂﬂ/ The angle which an arc of a circle
the centre is twi 1. O is the centre of the circle.

mZl=2 m£BCD subtends at hm.c o that Find the unknowns in the figure
which it subtends at any point on the o B
remaining part of the circumference.
The angle which an arc of a circle

subtends at the centre is twice that

O ? 2. A regular hexagon is inscribed in a circle. Each side of the hexagon is 5+/3 units fro:
whlc}‘l l»t 5 art of the c?;:u m; v th; | centre of the circle. Find the radius of the circle.
s L e 3. Find the value of each variable.

s : .
M
(2e-8) K
e
¥ J
) )

I

' ml2=2mLBAD

gt ding the above two results.
omsBAD (1) | Ad :
m£l+m£2= zszCD'}'

.- circumference of a circle subtends an |
angle equal t o four right angles at the

zofl beoae ' centre.
- 2[m£BCD+2m£BAD) = 360°
360° Dividing both sides of an equation by 2. (a
o m.:’ZBCD+m£B,{D=_ ) : .

or mZBCD+m£BAD =180°

finition of supplementary angles 4. Show that a parallelogram inscribed in a circle will be a rectangle.
- /BCD and /BAD are supplementary. Definiti _ |
Similarly we can prove that P t f c. I e
sl wnits bl arts of a Circle {™umiiss

:_ which means dise. !

O

0 is the centre of the circle. Find the
unknowns in the figure.

Sol'uﬂoga Since

x+85°=180°
- x=180° - 85°= 950
y+110° = 180°

L y=180°-110° = 70°




Unit 12 Angle in a seqmep, of q
Cirel

i
Attht‘; end of each question four circles
L figure, 0 15 the centre of the circle, ZTPR=80°
(i1, Inthe ; :
' = x°. Find x. : u
3 . :U?P O 160° O 100 O 120
0 . A
=6 - B—
In the diagram, £ADC is a central angle and mZADC = 60", -
(ii)- ‘ s . =
"C"')h‘i‘; = O 60’ 0O 120° O 30 . Q
(iii). In the figure, O s centre of the circle and ZPOR= 70°.
1.
Calcﬂ]atethevalue of x.

s ont OXT O 110°

(iv). In the ﬁgure,,iSPT=ll]0°, ZPQS=40° and ZPRO=x°

Calculate the value of x. y
0 30° O 40° O 50° O 60
(v). In the adjacent figure ifms3 =75, then find m~1 and 113312. 5
o L oo e
e 0 37 7 3?—2‘ O 37 3 75 / /é\l
O 750377 0 752 75° B -

_ y -

~(vi). Given that O is the centre of the circle. The angle marked x will be: -..\
ops 0% . O 015 -
(vii).Given that O is the centre of the circle, the angle marked y will be: |

o
Opy O  Os¢  O75

(viii). In the figure, O is the centre of the circle then the angle X is:

. 050 01  owr  O125 \\ A

T —

Unit 12 Angle in a segment of a circle

2. O is the centre of the circle. Find the unknowns in the figure.
; N

(ii).

3. ABCD is a quadrilateral circumscribed about a circle. Show that mAB + mCD = mBC + ml
4. Find the value of x in each of the following figures where O is the centre of the circle.

@ The inscribed angle is an an; " i i i
ed angl gle whose vertex is on a circle and whose sides cont
chords of the circle. o

© The arc that lies in the interior of an inscribed angle and has end points on the angl
called theintereepted ave of the angle.

- ® Themeasure of aninscribed an gle is one half the measure of its intercepted arc.

® Iftwoinscribed angles of a circle intercept the same arc, then the angles are congruent
© Apolygonisaniunscribed poly gon ifallits vertices lie onacircle.

: 9 The circle that contain the vertices is a circumscribed cirele.

®© A quadrilateral with its four vertices lying on the circumference of the circle is calle
eyelic quadrilateral. : -

© Aquadrilateral can be inscribed in a circle if and only if the opposite angles are supple

®© Inacircle:- » the angle in a semicircle is right

= the angle in a segment greater than a semicircle is acute

« the angle in a segment less than a semicircle is obtuse.
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T the students will be able to.
" ;.th' st_Eﬂ'g—‘..'.:-'-_----: ot

givencircle. . :

through three givennon- collinear points.

® Locatethecentre ofa
@ Dnaw acirclepass]ing .
te the circle: S

® C@gleby foding the ceaf®, 5 S \, TS

o without finding ﬂ:_e cenl;rci; i b (4

its circumferenc :

0“531]1;“11:1&2;; circle aboutagiven triangle.
® Inscribeacircleinagiven triangle.
® Escribeacircletoagiven triangle. . .
L) ﬁrcums-::ribcanequilateraluiangleahoutagwen-:trcle.
@ Inscribeanequilateral triangleina givencircle.
@ Circumscribea square abouta givencircle. _ :
@ Inscribeasquareina given circle. 4 y. ‘.
@ Circumscribearegularhexagonaboutagiven circle. : e “
® Inscribearegularhexagon ina given circle.. AL — s
@ Draw a tan&n;_m a given arc, without using the centre, throygha given point PwhenPis

—_——

O the middle point of the arc,
O at the end of the arc,
o outside the arc.
® Draw a tangent to a given circle from a point P when
© on the circumference, O outside the circle.

L)) mewl.'c tangents to a circle meeting each otherata given angle.
® Draw direct common tangent or external tangent,

: Erausversecommontangem orinternal tangent to two equal circles.
raw

O direct common tangent or external tangent,

O transvers ; it
% :Dik s men 1; Common tangent or internal tangent to two unequal cuﬁl_es.

O two unequal touching circles
® Draw a circle which touches '

© both the arms of a given angle,

C two converging line : .
O three converging e P> trOUgh & given point between thern,

O two unequal intersecting circles

* Unit 13 Practical geometr'y .-:irde —r

k'i}}[;;{;f_{i‘ij i potar (}@ — e
Greek geometers at the time of Euclid believed that circles §
have a special perfection. With the rediscovery of Euclid's '
Elements by English philosopher Adelard (twelfth century), g
this way of thinking made its way into the European world, ?C,
The designs in many early buildings and churches were based Y
on geometric principles learned from Euclid. Today the ;
practical geometry of circles is at its best in masajids.

mechanical n}ethods of constructing various geometrical figures. It is the branch wh:
highly essential in all drai_:tsr_nanshlp necessary in the work of engineers, architect, survi
and others. The huge buildings, bridges and dams around us are all indebted to pra
geometry. :

T Historical Bhong Masjid Rahim
IBHI Practical Geometry

Yar Khan Pakistan

2ol Locate the centre of a given circle
Given: A circle without any mention of its centre.
Required: To locate the centre of the circle.
Steps of Construction:
(). Choose any three points A, B and C on the
circumference of the given circle.
(ii). Join AwithBand C. |
({i7). Draw the perpendicular bisector of AB and AC .
{iv). These bisectors intersect at O.
\"). O'is the required center of the given circle.
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3 9 m'etr!t‘i : _— .
ree given non—collinear poings k- Unit 13 Practical geometry circle

thmﬂﬂh th

m

Draw a circle passlﬁ“

o
B
* Given: Any three points A, B and C ina plane® hich are (ii). JoinA toB,BtoCand A toC.
non—collinear. . : (iii). With C as a centre and radius 1 AB
; : . ino through these points. : [ equalto mA4B,
Required: To draw 3 circle passing - ——-5\-!, draw an arc. Again takmg B as centre and radius

radius equal tomAC , draw another ar ¢, wh:ch
cuts the first arc at point D,

(iv). Join B and C to D. With D as centre and radius

Steps of Construction: '
(i). JoinA to Band C respectively.

(ii). Draw the perpendicular bisectors £, andl' £,

1' . ;iliyo:'n:in:n{;ectmn of these perpendicular | ::arlazuf:ﬂc , ‘limw an arc and with C as ceﬂtm

: bisectors is O. A0 '_ : equal to mBD, draw another arc which

il ' '/ (i¥). Taking radius = =mOA — mOB=mOC , draw a circle. ':; o cu?s the first arc at pau:rt E. -

i 4 : T . _ (v)- Join Cand D to E. With E as centre and radius equal to mCD, draw an arc and wr
" This is the required circle. 't D as centre and radius equal to mCE, draw another arc which cuts the faspet

H - + & - p
‘ i ' finding the centre W hen a partofits circumfer
W m [n)Cempletcthc circle, by 5

is given

(vi). Continue the same process which gives a sequencn: of
points getting nearer a
nearer to the point A. All the points D, E, F, G -....-s0 obtained are the
the circumference of the required circle. S

Given: A part .{E of the circumference of a circle.

Required: To complete the circle by finding its centre. o (vii). By free ~hand drawing of arcs joining the above sequence of points.

Steps of Construction: Thas gives the requinei ciicle.

i). Choose thmthegwenarcABat '
-U reasonn:;ydfosmnce both from A and B @ CITCIES Aﬁached to Polygons
m Cir -_'.-'..-1'-:_ a cirele a thout a "1\ en trl;nl“‘ll.

2 udmCassuchmgetEand BC. t ¥t
{§i). Find the mid - points of AC and BC and MW Given: AABC
draw their perpendicular bisectors £, and £,. Requ ‘et To circumscribe a circle about the
v _ \ ; given AABC.
(iif). The point of intersection of £,and £, is the ' ,
centre of the required circle. Denote this Steps of Construction: : il
pointby 0. : (). Draw MBC ;

%

(iv). With O as centre draw a circle with radius equal to mOA or mOB or mOC- (- Draw perpendicular bisectors £, and

£, of two sides 4B and EE, which

]
This gives the required circle. 1;
ois .
(k) Complete the circle without finding the center when a pa rt of its circumfer enc " mtemot ?ach other at O, =I
siven _ ). Draw a circle with centre O and radius |
2% = —, F S ——— i — |
:-:IWD..Apan AC of the circumference of a circle, : equal to mOA or mOB or mOC .. i
equired: To complete the circle without finding the centre. (¥). This is the required circumscribed circle about the given triangle.

Steps of Construction:

(). Take any point B on the arc AC. _ - B .
Mathematis X | - NOT FOR EAI
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Unit 13 Pract; =
e el gegn,
jven triangle

Rk
= 1
E m inscribe 3 ‘ :

Given: MB-ngﬁbc \ circle in the given triangle i.e. 10 construct 5
jii}

) Cl
\hree sides of the given triangle. ; e whig,

circle in @ g

ired: To
i touches allthe
Steps of Construction:
(i). Draw bisectors ¢,and £
(i), ¢and £; intersect at O W

of any two angles say ZA4 and ZB of the giye,
hich is the centre of the required circle.
: e .

(iii). From O draw OD L 4B.

(iv). With O as centre and mOD as radius draw a circle , which touches all the three
sides of the given triangle. ,

This is the required inscribed circle in the given triangle.

1x8+1=9
12x8+2= 98
| 123%x84+%3= 937

1234 x 8 + 4= 9876
12345 x 8+ 5= 98765
123456 x 8 + 6 = 987654
1234567 x 8 + 7 = 9876543
12345678 8 + 8 = 98765437
123456789 x 8+9= 9876543721

" Steps of Construction:

Unit 13 Pructlcal'gzume:.rg circle

Escribe a circle to a given triangle
Given: AABC
Required: To draw an escribed circle
opposite to vertex A of
the A ABC.

{i). Produce 4B and AC to form two
exterior angles £CBD and £BCE.

(ii). Draw bisectors £,, £, and £, of ZBAC®
ZCBD and ZBCE respectively.

(iii). All these angle bisectors intersect at 0.

(iv). Draw OF L AB.

(v). With O as centre and mOF as the radius, draw a circle, which touches BC, BD

and CE.

This circle is the required escribed circle. Similarly escribed circles opposite to the
vertices B and C can be drawn. :

EEEZD Circumscribe an equilateral triangle about a given circle
Given: A circle with centre O.
Required: To circumscribe an equilateral triangle about the circle.
Steps of Construction:
(). Take any point A on the circumference of the circle
and join O to 4. OA is radial segment.
(i). Construct an angle £ AOT of measure 120°.
(iii). Construct another angle ~ TOU measuring 120°.
(iv). The three points A, T, U which are lying
on the circumference of the given circle

are such that they divide the boundary of ) A C\Q
the circle into three equal arcs which are /

AﬁT} ﬁaﬂd er_A? 5
(v). Draw perpendiculars to a, OT and OU at A, T and U respectively. These

w 5

perpendicular lines are :FTQ', RS and VW .
- (vi). These lines intersect each other at B, Cand D forming a triangle BCD.
The ABCD is the required equilateral triangle circumscribed about the given circle.




(ii). Join A to Band C.

L

51

?‘

9J

"% m Inscribe an ¢q
ai ; D
Given: A circle with centre 0:
Required: To inscribe an equila B

Steps of Construction:

Unit 13 Practicq
I geome
tr
!‘.l Cirde

gilateral triangle in 2 given circle

teral triangle in the circle.

ia 7D of the given circle. C
i). Draw any diameter ,{D ol ’
Eii] With centre D and radius 7 0D, draw two arcs
which cut the given circle at Band C.

A ABCis the required equilateral triangle.

+ Exercise 13.1

p—

Construct a triangle with sides 2 cm, 2.5 ¢m and 3 cm. Also draw its circumcircle.

Construct a triangle ABC such that mAB =3"mAC =4" and mZ£A4 = 60°. Draw
circumeircle to this triangle. '
Suppose we have a triangle whose sides are 3 cm,
inscribed circle. o
Construct a triangle ABC with sides mAB =5cm, mBC = 6cm and mCA=38cm. Draw
perpendicular bisectors of its sides and then circumscribe a circle.
Draw a triangle ABC with mZ4 = 60° and m/B = 45° . Draw three angle bi
then inscribe a circle in it. | ’ .
Anequilateral riangle s inscribed ina circle. Find the altitude of the triangle ifthe radivs
rofthe circle varies as under. :

4 cm and 6 cm respectively. Draw its

r=3units, r =4 units, r = Gunits, r =12 units . Can you deduce some result from this?
fdm E':lllila%!‘éll triangle is circumscribed about a circle. Find the altitude of the triangl
 if the radius r of the circle varies as = 2 units, » = 5 units =10 units.

C:.m you dﬁduce some result from this?

Cm:umﬂ"_“h'e an eqilateral triangle about a circle of radius 2", 3" and 1"-
E?:;a triangle w_i'ih sides 2.5 cm, 3.5 cm and 4.5 ¢cm long. Draw an eseribed s

angle touching the longest side of the triangle. l
st side

10. For th :
© problem in Q.9 draw an escribed circle to the triangle touching the o

1

sectorsand -

Unit 13 Practical geometry circle

m Circumscribe a square about a given circle 4T

Given: A circle centre at O. :-

.(: To circumscribe a square about the
given circle.

Sieps of comsiruction: e
(i) Draw any diameter AB of the circle.

(ii). Draw another diameter CD which is

perpendicular to AB .

(iii). Draw perpendicular PO, RS, TU and
V¥ at the extremities A, B, C, D of the
diameters AB and CD.

These lines cut each other at the points
E,F,Gand H.

(v). EFGH is the required circumscribed square about the given circle.

Require

(iv).

BE gl Inscribe o square in a given circle

Given: A circle with centre O.
Required: To inseribe a square in the given circle.
Steps of construction: ;

(). Draw any diameter, say AB, of the circle.

(ii). Draw another diameter CD of the circle which

is perpendicular to 4B .
(iii). Draw AC, CB, BD and DA.
ACBD is the required inscribed square.




Unit 13 Practicq) geometry circj, -

Ei Circumsceribe a regular hexagon about a given circle

M2 A circle with centre O, :

hired: i ibe a
red: To circumscribe a regular hexagon about the given circle,
s of construction:

' Take any point A on the
circumference of the given
circle,

). With Aas centre and mOA as’
radius, draw two arcs which cut BT
the circumference of the circle at

- BandF, : o

ii). Through O, draw AD, BE and FC.

¥)..Draw perpendiculars at the extremities
A, B, C, D, Eand F of the diameters 4D,
EBand FC of the circle. These lines cut
each other at points G, H, I, J, K and L.

AIJKL is the required circumscribed hexagon.

FIOR Inscribe a regular hexagon in given circle
m: A circle with centre O.

uired: To inscribe a regular hexagon in the given
circle.

s of construction:

. Take any point A on the circumference of the
given circle.

). With A as centre and mOA as radius, draw
an arc which cuts the circumference of the

rcle at B. Similarly draw successive arcs which cut the circumference of the circle at D,
and F. S e _

). Draw E,Eﬁﬁand EF. ;

'CDEF is the required hexagon which is inscribed in the given circle.

Unit 13 Practical geometry circle ' =y

g Eiér&ééﬁff %1

—

1, Circumscribe a square abouta circle of radjys 5cm.
5. Inscribe asquare inacircle of radius 6 cm,

2 Draw a square of side 6 cm. Circumscribe a circle
" circle inthe same square. Measure the fadii of these

4, Firstdraw a circle of suitable radius, so that
sides of length 8 units.

_ Inscribe asquare of side 10 cmin a circle, What will be
Inscribe aregular hexagon inacircle of radius 4 om,
Construct a circle of radius 4em and draw aregular hexagon about the circle

Draw a circle of radius 8 cm. Circumscribe a regular hexagon abou i -

/ I _ [ G t that ¢
inscribe a regular hexagon in the same circle. Find the areas of these geomeg-?lealagd e
" Comment on the values of these areas, G

9, Draw two regular hexagons of perimeters 6 cm
centres. From their centers draw perpendicular
therelation of these two perpendiculars?

10. Can you construct a square whose area equals the areas of a given cin:]e?Discuﬁ indetail

abou't that square and then inscribe a
twocircles,

the size of the radjus?

® N

and 30 cm respectively. Determine their
to any of their sides respectively. What is

Tangent to the circle

SN (i) Draw a tangent to a given arc, without using the centre,
point ” when P is the middle point of the arc -

lh‘ruugh a given

Given: An arc such that P is the mid point of the arc.
Required: To draw a tangent at P.

SFeps of construetion:
(). Draw 45

(). From P, draw CD 1 4B. !
(D). AtP, draw EF"L'CD which is the required tangentat P
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without using the centre, flis Melry o
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fto 3 gi"e" arc, Unit 13 Practical geometry circle

Riv,

(if) Draw 2 tangent the end of the arc : . gha K{E

% : (i) Draw a tangent to a given circle from a point P when P lies outside the
afe AP of a circle.

f point P

; ; ircle
( Given: Anarc 4 the end point P. cire
ent at the end p , ; . .
] Required: To dfa""' ks Given: Acircle with centre at O. Pis a point lying outside the circle.
Steps ﬂfcunﬂr_umnm Required: To draw a tangent to the circle from the

(i). Take any point Q on the arc AP and draw

(ii). Join A and Q.
(ii). Now construct ZQPT = ZPAQ.

given point P.
Steps of Construction:
(i). With P as centre and mOP as radius, draw
an arc OA.
(ii). With O as center and the diameter of the

(iv). PT is the required tangent at P. . : B given circle as radius, draw another arc
(iii) Draw ﬂaﬂ?em t{{ :‘1 given arc, without using the centre, through agivey which Eersects_ arc OA atE.
Pﬂi“‘PWhenP's outzide thearc g ' x (iii). Draw OE which intersects the circle at F.

| - Given: AT is an arc and P is a point outside the arc.
i Required: To draw a tangent from point P on the arc.
Steps of Construction:
(). Join A and P. Which cuts the arc at B.
(ii) Bisect AP atD.
(iii). With D as centre and radius equal
to mDP, draw a semi - circle on AP .

(iv). Through F draw PF which is the required tangent.

JREFRE Draw two tangents te a circle meeting each other at a given angle

Given: A circle with centre O and an angle
equal to angle 8. The vertex of the
given angle is k. :

Required: To draw two tangents to the given

Ty A circle such that the tangents are
(iv). Dr?w BC L AP, which 'Etersects the semi-circle at C. : . inclined to each other atthe angle 0.
_(¥). ~With P as centre and mPC as radius draw an arc to cut the given arc at E. ! Steps of Construction:
, vl]. Draw PE which is the required tangent. ; _ (). 'Draw any diameter AB .
[+ (i) Draw a tangent to a given circle from a point P when P lies on the (). At O, construct ZBOD = £8.

! circumference ' (ii}). AtD draw DE LOD .

/ Given: :0 ?;c][; ;il:niﬂu? OandPisa (iv). ‘At A draw AG L OA.
_ of the circ%c_ circumference (V). These two perpendiculars intersect each

Required: To draw a tangent from the other at H,

5 point P. _m}: DH and AH are the required tangents

Steps of construction:
(. Draw OP.

(ii). Draw QP 1 QP at p,
(ii). AE’Q— is the required tangent at p

-Ma!.!iemaﬁcsf i

inclined to each other at angle the angle 6. |

¥



angent to tyg “qual cjpepe
5

-
=

==}

Steps of Construction:
(). JoinOtoP.
(ii). Now draw two perpendiculars on OP at O 3
respectively, <« ”
(iii). Join A and B and produce it towards both ends.

(iv). AB is the required direct common tangent or external tangent to two given equal
circles.

(ii) Draw transverse common tangent or internal tangent to two equal circles

Given: Two equal circles with centres at O and Prespectively. R
Required: To draw transverse common tangent orinternal tan gent to the two given circles.

X <

- -

nd P which cut the circles atA and B

Unit 13 P‘rgqrm' Eﬁﬂmetrg o
) fcle

. (iv),

Unie 13 Fﬂ:ltlil:ﬂf geometry circle
- f construction: e
Sf[c;;S o Join O and P, the centers of the given claiig |
(if). Bisect oP atC.

(iii). Bisect CP atD. st

(iv) Draw a semi—circle on CP diameter e
(v} Join E and P.

(vi). Draw OF || EP.

(vii). Join E and F and extend the line to both directions,

(viil) GH is the required tangent to both the circles,

Eﬂ (i) Draw direct commaon tangent or external tangent to two un —equal circles
Given: Twounequal circles with centres at O and Prespectively.

Required: Todraw adirect common tangent or external tangent to the given circles,

uts the given circle at E.

Steps of construction:
(i).
(ii).

Join centres of the circles O and P. OP cuts the circles at R and S respectively.
Bisect OP at . With Qas centre and mQP as radius, draw a semi circle.

(). Take a point T on GF in the bigger circle such that mRT= mSP~length ofthe adius
of the smaller circle,

With center O and mOT as radius, describe an arc cutting the semicircle at L.

). Draw o
(vi), :

to meet the bigger circle at M. i :
Draw 5 py I OM. Join M and N and produce it to bqth sides to get the common
tangent or external tangent MN' to'the two given circles.
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Unit 13 Practical geometry circle AN .
- (i) Draw transverse common tangent or infernal tangent to two Uhe B ‘m (a) Draw a tangent to two unequal touching circles
: TR

circles ) Given: Two unequal circles with centers O and P touching each other at T,
Required: To draw a tangent to the circles.

Steps of Construction: N, ‘
(i). Join the centers O and P of the given circles. OP passes through T, the point
contact. o,
(ii). AtTdrawa line ATB L OP.

(iii). ATB is the required tangent to the given circles.
_®

Given: Two unequal circles with centres O and P having radii # and ry, where r, > p,
i 2
Required: To draw a transverse common tangent or internal tangent to the given circles,

“Steps of Construction: B

k 4
; e S (b) Draw a tangent to two unequal intersecting circles
draw a line segment 4B such that m‘f =htn. ; Given: Two unequal circles with centers O and P and intersecting each other.
(ii). With centre O and radius equal to mAE , draw a semicircle. Required: To draw a tangent to the given circles.

(i). Join the centres of the given circles and pi‘oducc the line to both directions. Also -

(iii). Bisect OP at C. Then choosing C as centre and mOC as radius, draw an arc which
cuts the semicircle at Q.
(iv). Draw (T-Q cutting the bigger circle at T. Now from P, draw E” 5@ in the opposite
sense cutting the smaller circle at S.
(v). - Join OQ cutting the given circle at T. Now draw a line parallel to @ but passing
- through P which is the centre of the smaller circle. This line cuts the smaller circle
atS. : 7 "
(v). Join T and S and produce it in both directions. The line TS so obtained is the required
transverse tangent or internal tangent to the given unequal circles.




" Steps of Construction: -
i) Join the Centers of the

(ii). Draw a line segment PO

' (iii). Join R and Q angd produce it to meet the |;
Segment OS at T and draw a semicircle o

(iv). Finally Ijoin S'and L and produce it to M. SMis the required tangent,
EEERZ () Draw a circle which touches both the

arms of a givep angle
Given: Anangle ZABC whose vertey isatB. 4B

and BC are its arms,

* Required: To draw a circle which touches both the

igger circle at L.

arms -AB and BC of the given angle,

LA

Steps of construction:
(i). Draw 55, the bisector of ZABC .

(ii). Take any point O on BD and draw a perpendicular OF on BC.

(iii). Taking O as centre and mOF as radius draw a circle,
(iv). This is the required circle. 2

P

e —

e e ———

Unit 13 Practical geometry circle

(ii) Draw a circle which touches two conver
given point between them
Given: Two converging lines Z4 and KC meet at B and ZABC
is an angle formed by these converging lines. Let D be a
point lying between these converging lines.
Required: To draw a circle which touches
the two converging lines L4
and KC and passes through
given point D.
Steps of construction:
(i). Draw the bisector BE of B
the angle ZABC.

{ii). Take a point F on BE and draw FG 1 BC. With F as centre and mFG as radiw:
draw a circle. This circle touches the given converging lines tangentially.

{iii). Join D and B DB cuts the circle at H. Join F to H and draw DO || FH .

(vi). With O as centre and mDO as radius, draw a circle C which as required.

ging lines and passes through

=

v Exercise 13.3
———————

I Draw an arc of length 7 cm. Without using the center draw a tangent through a given poir
P when Pis

(i). The middle point of the arc..

(it). End point of the arc.

(11). Outside the arc. e 2 o g e
Z. Draw a circle passing through a point D and touching a given line BC at pt?mt D
3. Describe a circle of radius 4cm, passing through a given point C and touching a'give

- g
straight line AB . -

4. Radius of acircle is 2.5 cm. A point Q is at a distance of 5cm from the centre. Draw tanger
to the circle from the point Q. 3 Dt Gy
5. Radii of two circles are 2 ¢cm and 3cm and their centres are 8 cm apart.
common tangents tothecircles. . Drar
6. Two congruent circles are of radius 4 cm each. Their centres are 10 cm apart.

transverse common tangents to these circles. F Setvodithi <5,
7. Radii of two circles are 2em and 2.5 cm WW‘TIY‘ !}m.ance :

cm. Draw transverse common tangents to the" GG s radies 25 i fnd Aouching
8. Draw £ABC of measure 60° . Construct a circle having radius 2.

arms of the angle.

-




— o

st{ -'—-'- .'l.:'-. --w. L0 -;—.-" e
( I"Review Exercise 13
1. At the end of each question, four circles are given. Fillin the correct cirgy, i
( (:l. The measure of the external angle of a regular hexagon is o
X = o= O non
. o8 S 6 © of these
= (ii). Tangents drawn at the end points of the diameter of circle are
EE O parallel v merpendicular
Gi - 'O intersecting O none of these
Re (iii). How many tangents can be drawn from a point outside the circ]e?
01 D2 O3 O 4
i (iv). If the distance between the centers of two eircles is equal to the sum of the:.. ..
3 then the circles will their ragi;
| O intersect O do not intersect

O touch each other externally O touch each other internally
2, Practically find the centre of an arc ABC.,

I,

|CA|=3cm. Find its radius also. '

4. Circumscribea circle about an equilateral triangle ABC with each side of length Scm.
5. Circumscribe a regular hexagon about a circle of radius 4cm.

is Tem, then draw their transverse tangents.

:' Draw two comon tangents to two intersecting circles of radii 2.5cm and 3.5¢m.
+ Draw two common tangents o two touching circle of radii 3 cm and 4c.

T g
""Etrg'

3. Escribea circle opposite to vertex A of a triangle ABC with sides |AB| = Scm, [BC|=dcm,

6. Constructa circle of radius 3 cm. Draw two tangents making an angle of 60° with each other
7. Draw ‘two equal circles each of radius 3.5cm. If the distance.between their cenires

)

N

Unit 13 Fraéﬂf.ﬂ'l geometry circle . .

‘i he perpendicular bisectors of two non-parallel chords of a circle intersect at a point
which is known as centre of the circle.

@ Acircle of any radius can be traced by rotating a compass about fixed point.
@® Acirclecan be drawn through given three non-collinear points,

@ If a triangle; the circumscribed circle, inscribed circle and escribed circle opposite to
each vertex can be constructed.

@ When a part of circumference of acircle is given, the circle can be completed.

If a circle is given, then the circumscribed and inscribed equilateral triangles can be '

constructed.
@ Foragivencircle, the circumscribed an inscribed squares can be drawn.
.’E} Fora given circle, the circumscribed and inscribed regular hexagon can be constructed.

@' Tangents can be drawn to a given circle, when apoint is an its circumference and froma
point outside the circle.

@ We can draw tangents to a given arc as its mid point, its any end point, and a pointnot on

the arc.

' @ Tangents to two unequal touching circles can be traced.

@ We can construct a circle touching the arms of a given angle.

© Direct or transverse common tangents of two equal circles or two unequal circles can be
drawn. :

© Acircle passing through a given point between two converging lines and touching each
ofthem, can be traced. :

"A summary of several pages
can sometimes be as brief
as one sentence.”

2 @
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r Answers

V
L

V) {1¢J§}
(viii) {1"“: "I]_S}
i {1, 5) e _2}(
5 {-l, 21 iii, 5,2 (xiv) {-52 5}
= vi. 3, -7
il {5+./14
{.:+ 5 el R P -2} -
Ve, 2 i
{9 9} : vi. {=2, 5} ® {3}
' ; m {2}
1 {1+v{5-, -5 } ' . {n, -;.3.'} (ix) {0, -2}
20 NG f2.4] L1 i EEE
3 3 2°3 -

ii. {12, -6}

2

mm ()

I'xercise 1.2

() {1, +2} (@) fr2,£3]

] P

g -2
(vi) {10, —5—} . (vii) {],3. %}
(ix) {iiz—J—g.liﬁ} x) {2,0)
(xii) {-1,2} (i) {-1£4/71,2,4) - ‘
(xv) {—-4iJ§] i
Exercise 1.3
G {s) @ {5 @ )
(vi) {0} (vii) {4] (viii) {6}
1
(x) {—'5, —1}
Review Exercise 1
i, 145 iii. cannot be simplified
2 . 232
Y. X =?

iva=2,b=-],c=-3 v. x=4 -1

viii. 2 or-9 ix. r=3orx=5

a=-2,b=0 x==2




s

“.

S e s% (b) k>

(iii) Sum of the roots =‘~3-.

Exercise 2.1

(i) =36 (i) 9 (i) -3

(i) Real (irrational) and unequal (ii) Real (rational) and unequal

(i) Complex and uncqual

() +6 (i) £12 (i) %

of255 w23 wii3)

(i) The roots are real (rational) and unequal: 3, %

(ii) The roots are real (irrational) and unequal :3++/5, 3—+/5
(iiii) The roots are real (irrational) and unequal :3 ,—3

(i)(a)ks-:- (b)ic::% )@ ES] ) E>1

25
4

Exercise 2.2

-1, -0, -0* (i) 2,20, 20" (i) -3,-30, -30°

(i) 0 ! (ii) —128w* 6(w-1)

Exercise 2.3

=3
(i) Sum of the rools = 1, Product of the roots =E

5

(ii) Sum of the roots ;E ; Product of the roots = 3

2 Product of the roots =_§

= .
g | 5, ET
W k=6 BEA =5 1,=23

Exercise 2.4

c(b* - 2ac] 2
() —[,—) iy S
a a

(i) 20" =3x+1=0 (i) ¥ =x-12=0

(iv) ¥ +ar-2a"=0

(i) ¥ —6x+7=0

PR (b -2ac)x =0
: a3 i )
R 07 @S ) -7
PR 1557 +26x+15=0 6. 2X-12x+17=0

Exercise 2.5

PR )  0(x)=3+*-7x+20, R=—61
(i)  Q(x)=2x"-x4+9, R=0
(i) Q(x)=2x'-4x*+5x-5 R=3

MR k-

e -1, -2

p=—4qg=1
B 213

| Exercise 2.6

(i) (4. 2).(4.-2) (ii)(212), (—4.0)

™ (1. 0). (-1, 0)




Vi (3.6), (-3 (3,—6}, (=3, =6) : : E|

6).
() b
: AT el A VAR i 151208
| i 08,9 b GhaLEy | ‘ x=63

J. Exercise 2.7

-l 89 3,4,5 or =3,4, -5,

Exercise 3.1

! First Partner = Rs. 8,000, Second Pariner = Rs, 12'360, T‘hird Partner = Rs. 19,200
14.5

— i), y=8l (. x=10,-10 d
4.7 BB 6and8 —6and-8 n L) ' ]
g Lig g2 ). x=1 !
— 9cm, 6cm [ 9cm, 12cm Wbkl 3cm, Scm, 4em . : 7

TH 15 goats. @ r=3 (@) p=18 f }.

| Review Exercise 2 i ; =i
| : . x 4 6 7 15 .
| & ..‘ . S ---' fth f
/N - 2 il. ¥-2c+15=0 iii. none of these . = 2 3 3.5 15 e
. 3 ' 3
I : ‘

t=2 ~128 . Exercise 3.2

12 | r
1 ""f..-_'.-' 1 C : i
(i) Sum of mclnts =0, Product of roots m— . wi.2ii, (i) Continued Proportion

(if) Not in continued proportion (iii) Continued Proportion

(ii) Sum of roots = —% , Product of roots =0

N I

The other root is 1, k =—6

e " (i) .“é's-s - i) Ea'
@ (-14).(4-1) ) .

(n)(J'J‘[J"J‘)(f—I](J'J‘) ; : | 5

6x=17x+12=0




| (i) 18cm

119N/em?
8 days
6Bcm.

ii.

viii.

¥=0] vi.

Exercise 3.3

Exei‘cise 3.5

(ii).. 3

~ 100N/em®
J00N /m*

V =2816 e’

Review Exercise 3

Jto2

X

mm =k iii.

Answerg

2

a=

—
n
1 | el

11 g fa+ mc+ ne

e ix.

2 fh+ md+ nf

T

t ; Answers
Exercise 4,1
g 2 !
ﬁw x 2x-1 2(x+5) 2(x+1) n

B | !
R 6 (x+5) | 6(x—1)

-

SR SRR
4(x=1) 4(x+2) 2(x+1)

ol o 1
2+ T -1

6 8
=3
LS gy s@2x—1)

11 10 6

—

43 x42 (y42f

- i 1 5 : 1
B - ————+ b=t
SIS Tor " 9(x-3) " 3(x-3) L TS BT

T A 1 sl
B 4(x+ 1) 4 '_;-(__\-__1}3 h 4fx—1)

z Exercise 4.2

rrinorea | X
Eﬁ R T
; LY, —Q— ¥

X+l

I 3+ 3

L e 2(x—1).
s 1 6x—3
' TleF4) " 7 35241
s __4x+8 Lo%=2 ;
| 5(x=2) 5(+1) " (x4
% o 2 ! l

(Paa)t o, FREES
-3x—3 I 3
2 241 26-1)

-1 —x 1
(J¢2+]]2

5 x-11
4(x-1) 4(x*+3)

B + 3
5x% 5 (:Z + 5}
-_5 5.1.'-5_ 5x-10

—_— T

"
x+l X =2 ,:_r! _Lg}

4x—35
(& +4)°




(vii) { }

Review Exercise 4
= 1
! H —_! ] - s
- (@ 2(:—[)-_2_—(.1 1) (11} Rational fraction (iii) Improper fraction
; (iv) ‘\-2_1\.-1— 1 3
i. 2"'_]""‘1— ii. 2x+3+ 2015
x=1 x+1 ' x=2 x-1
i
II:{ ii1. _l‘i'—l—“i- % v. _!'_+ 2 .
2 X x=1 (I—]:I x=1 (-l'—l]_
:f v .—l fr 1 vi i_ 1 i 3.‘"‘]
b
e Ls L AT O NN SRR, )
; Xl (et en) AR S T
3 er ix. x =1
Jj X +2x+4 x=2
i
.EI = X I'
e ety
{
“ Exercise 5.1
il
'l i 10,1,2,3} ({1} (iii) {1, 2,3, 4) (v [L3)
L (v) {0,1,3,4) i) {1,2,3)
*H () {11, 14,6,8) Gi){0,1,2,3}, { } (i) {2,4,6,... ). ()
m (i) {1,3,5,7,... 19) (i) {2, 4,6, ... 20}
;'[’a (iii) {1,2, 3, ... 20} (iv) (1,2, 3, ... 20}
] ™) i) (1,3,5, ... 19}
[ (vii) {1, 2,3, ... 20} (viii) {2, 4, 6, .... 20}
r (ix){ } ®{1,2,3, ... 20}
i IR ).2.3,..15) (i) ()
i ] (iii) { ) _ (iv){1,2,3,... 15}
; v (1,3, ...15) (vi){1,2,3, ... 15}

(viii) {2, 4,6, ... 14}

=@

N

B T e ]
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; Hnswgr-:
p Exercise 5.4 ' Answers e g | 4
Ry = {(L4), (2.4 @ 1(.51(2,6).(3.7).(4.8)) [ O Iti i - -
Rec (2,50 6. 4) | ; 'ﬂ () A0 9% ¢ 20 6L Bkt D ® R ha, e, kil
Ry=((1,4), 2,5),(3,9)) | (G D620, E9) @ Wiafncion.
s 4 X ] L ’ » ] Ll L] R =
g; = iEs_ 11:;} (5,2)} | ("? [(?' ';)' {g' :)' (7,2), (8, )} (iii) llai:gacﬁmﬂi'ozl: Silyndionis
Ri={(4, 1), (4,2),(4,3)} . ik AL, 30 5.6 03,20 (4 ) " Range={1,2,4,5}= A, not onte’
II{; = %ﬁ ﬂ ﬁ 3.; Gl : Review Exercise 5 '
1= » Al 3 ] g . e s : ; -
;:F {{H‘ﬂ g 3;1{3 af ) : ﬂ (i) Anonto function fomAtoB (i) 2x3  (iii) {0,4,8,12) and {6,10,14,18)
3= » L L 3 Wt i 1
Ro= (G132 ; _ \ (iv) 13 (V) Rangef=B (vi) {0,8,10,14}
Ri={(4,4)} i) (1,2,3,.... 100 i i
Bom iy m ER' ; {'1,'3,'5'.".'..99} @ } (iii) {2, 4, 6, ..‘1001
= ¥ 1 L L] .3 * e H ;
R={2 1.6 l; @ 1):@,3) (i) Function (ii) Bijective function
R ={0,8,1
Ra“g"’ l“ . ”‘3” (ifi) Bijective function (iv) Not a function
i ange={1,7, 17,
(i) Function, Range = {1, 2, 3, 5} , not onto
il- - ' 2 [ (ii) Function, Range = {1,2,3,4} , not onto I
'l Exercise 5.5 s (iiii) Function, Range = {1, 2, 3,5} , notonto i
: | : : = |
o — | ) ot Fanadien |®
j _ Ry is onto function. f
R; is into function. o () ((5,1),(-6,2),(4,3),(-3,4))  Note: Several answers are possible. %
(l) into function (“} {(_51 2}- ("_61 1}. {_4: 4): (_Sa 3)}
(i) ot a function, because both conditions of being a function are not ~ | (iii) {(-5,4),(-6,3),(4,2), (3, D]
Sﬂtisﬁcd, . i {iv) [{_Sv 2)r [_6v 2}1 (_4- l)! [_31 3)}
(iii)  not a function

)
3 : : |
(iv)  intofunction : 2 6.1 y
s | gk 1) o ]
(i)  There exists one-one correspondence between set A and set B. S Exercise 6. | |
otk Class-Limits Tally Marks Frequency i

(ii)  There is nol onc-one correspondence because PE€B ;
: gias : | -
remains unpaired | 35— 45 I 2
0] There does not exist one-one correspondence between set A and set B. 46 — 55 111 4
It is one-one function. 1 L 56 — 65 LTI 6
(i)  There does not exist one-one correspondence between setAandsetB. | 66 —75 il 9
It is into function. i 76— 85 Ll g
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79

10—12.

13—15

16—18

19—21

ool | o]t wfw| o] =]

2224
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195

45 95

Class-Limits

20 —24
25 —29
30 —34

35 —39
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- T . S ——

Exercise 6.2 . o
Class-Limits Tally Marks Frequency :
55— 64 i 2 1
65 —74 1l 3 |
75 —84 Pl 6 1
o 85 —94 1l 4 { !
t E 95— 104 i 3 .
L . 105—114 0 .
il 115— 124 q 1 ' .
4 125 — 134 0 ;
: b 135 — 144 0 : !
N ' 145— 154 | 1 |
° l - 3 I 1
| Im vﬂgc e Upper class Frequency i".l'.'
1- e 5 Boundary frequency
F] 203 245 1 1
25—6 295 2. 1+2=3 _ . i
| 30—9 34.5 16 3+16=19 i =
t : 12 395 10 19+10-29 |
| 40—15.- 345 2 29+22=51 . | Ty -
| 45—18 49.5 20 51420=71 :
& 50—21 54.5 5| 71+15=86
§ 55—24 59.5 14 86+14=100 10 == Eoe
|
g ..
2 :
i ] g i e _ : i
I 2 o S W YO

- Bl 0.0 e @i).5  (@v).10 (). 795
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: "..._,_.d-- 1 A%‘e;x Answers

2 5.D: Maths = 9.96, Physics = 3.15 in Physi - i | i
’ ¥ysics students are more cons;
| —— onisin

40 . Review Exercise 6
E 15 . (‘1) Class interval (i)  Ogive (iif) Frequency
g 20 (i) 1 ™ 1,233,212 (vi)  Geometric mean El
g. 25 (vii) 66 (viii) 51 (ix) 7 f
_ E | "
..é 20 x) 0 . (xi) Rs. 600/ (xii) None of these |
'ﬁ 15 (xiii) Range (xiv) Arithmetic Mean (xv) 05 |
i Ii . E 10 ‘1 (xvi) Variance (xvii) Mode
P =
: E 05 : '!
..‘ | 000.5 8000.5 9000.5 100005 110005 e i .5
f . 0 ——0005 60005 7 S ; =, 180 = 1
B Upper class boundaries . : Classes i P L ] :
J if Exercise 6.3 15-16 12 120 - :
l' &%k 17-18 12 AR
| 1 4 ﬁf‘: 3 2 s : 19— 20 3 60 - | | 1 !
bl ' 244) R Ser wg
Ll 1247(for assumed mean of 1 Total 27 &
i g . (i) 7500 0 ABCDE X
(] (i) 65.5 inches 1 P
[ Mean = 66, Median =67, S GM&;M.M o
=' ll Mean = 1543 Median = 156.5, Mode =1 M = 119.44 y : 21"
! Median = 121.12, P . X 2l f . 200 —
& Median= 12.5thitem Q=% 0 / 55—
I . i —_ ! E 150 —
| Qu=1275th item  Mode =26.166 16 Z sl :
J , : 14 = '
! o : . 2 100
| ; Exercise 6.4 H Y
. 8 Z
_ s 33
/A eeen : S
2

0 T o G 8ol (i) 171 s e N e
; Range =65, Variance = 10.38 and sD=322 ' B e - e

n @ |AM:  SectionA=7, SectionB = 7

(b) || Variance: Section A = 2.4, Section B = 6.4




Exercise 7.1
(i) 8:2597° (if) 39.8152° (iif) 84- 319:4 :
@azcls @ 57019'30" (iii) 12° 59"
@ae (@ 300° (iii) 30°

Y ST
o) T adians: (ii) 2 adians
4 4

) 1.0576 radians .

| o " . ‘Exercise 7.2

. ()1.047cm (i) 31415 (@) 12.57 om

(i) 2.5 radians (i) 5 radians
()382cm (i) 0.1632cm

(iv) 32°37'30"
(iv) -135°

(iii) .—_1—15 radians

(iii) 2.09 radians
(iii) 6.366 cm

96m’

M2 625 cm (i) 6.5625 cm’
g cm

T0mm

4Mcm

gaccnt Exercise 7.3

i . 13n  lr
I’ j (415,305 (i)315°, —405° (i) =~ 5
| .. m -Hu
f / (iv) 5 W |
| i | (i) 3” quadrant . (ii) 1* quadrant (iii) 3" quadrant
r' l (iv) 3" quadrant  (v) 2" quadrant
[ \ .
1 , Exercise 7.4
P (i) +ve, I1 quadrant (ii)+ve, T-quadrant
| (iii) +ve, IlI-quadrant (iv) —ve, Il-quadrant
(v)-ve, ll-quadrant - (vi) +ve, Tl-quadrant

r"'nt""r_\\[:ﬁ I"" D

O R SALE

(iv) 18.1058°

lm

i el e
2

(i) sin(~180°)=0, cos(~180°) =1, tan(y |
80°) =0, cosec(~180°
sec(-180%) =-1, cot(- -180%) =undefined A A~
(ii) ~sin(-270°)=1, cos(~270°) =0, tan (~270°) = undefined
cosec(~270°) =1, sec(~270°) = undefined, cot (270°)=0

$in720°=0, cos 720° =1, tan 720° = 0, cosec720° = undefined
sec720° =1, cot720° = undefined |

(iv) sin(1470°)= 05{]4?0°}=£ :an(m?o“)z;;., cosee(1470°) =2
- =

sec{i#‘m")= . cot(1470°)=+/3

, tanf=—3, a:rusvtznr:9='-i cot3=——1-—

V3’ 3

5 3 4
8=2, cosB=-—-, tanB = 3 3
cosec 3 cos 3 tan@ = 3 RQLB_? cotB=—

ol& Hle T

: e 1
@1 (i) —= i) —  (iv) 2
Ji ( )1+J$_ (iv2 W0
& it o | '
il () 1" quadrant (ii) 3" quadrant (iii) 2* quadrant
(iv) 4" quadrant (v) 4" quadrant (vi) 2™ quadrant
(i) 25.56 (i) 26.16 (iify 7.79
333.92yd
Exercise 7.6 _ H
40° Bl 50Gm
26_§5° 4| ?éum
260 feet [ 6 | 300(¥3+1)m
210
V3-1




Review Exercise 7
(i) engle of depression () g WSB (i) sec’® ) __;T
i) = (i) 26496 (viiD) 0.4
l w1 quad.-.-ant 4
} @) 22 ) 45:* ”
& 3« 3. 216°4012
% 4 ) radian - (i) 2 radian
! 5 0 ospe, 1700 @) 110° -610° 1
Ii 6. (i) sin390°=3 cm390°"-§- @n390° =5

o q_ﬁ
ousec39’0°=2.sf:€390 -'T cot 390

~ ——-3 —~240° :--41 , tan -240“) = -«E

(i) sin( 240°)= r:.os[ 240 ] [ :

= = /! —240°) =~ —240%)=—F

cosec( 240°) —\T—Ssec( 240 ) 2, cot (; ; ) NG
1

; 5 »
I ; 1 3 ma:—.ﬁ,cosecﬁ=ﬁ,cmﬁ— E

inf=——

cosf=—, s
8. 2

f 9, 4m (zppm:jmately)l 10. 194 feet (approxhnatc'ly).
:: Exercise 8.1
I- 1. ldcm 2 15cm 3. 6.1
p I' 4, ZB and /D are obtuse. _
’ . Exercise 8 2
| N
f s L 54 om, 1a2cm, 58cm
o ", B

2. —cm :
Fl

' : ] el
F . mCD =6 cm, mAD:ﬁﬁcm, mAB=4Jﬁ cm

.y — 3 T T et g v o ey
Tig 1 5 ‘,. 2% — A ]
St gy )

3

v
L e

Rewew Exem e 8

(ii) Perga (iii) Mathematician

ﬂ (i) Greek
ﬂj 1.53 units.

mBC = J—'.S mAD_.ﬂ
'\rsscm mBD_T

: mBE J4lem
R

x=—=4.53(approx)
2'?5
By L BT
y T T(apprﬂx.]
441794
h= T =8.92(approx)
Exercise 9.1
B0V em B o0em EH %=1,5 units
Bl Gim BB Fon EE %
Exercise 9.2
m 1cmor 7 cm 8.3%9cm
(8) QT>PR

(b) PR is farther from C than OT .

Review Exercise 9

“ (i) congruent (i) CDisclosertoO (ili) 24 centimeters (iv) 15units -

(V) 14.4units  (vi) 6¢em (vil) 8

BEEE o) ac-12m AB=24m
‘(i)8em (V) 48 Units
m 17 cm

(ii) Radius = 10 cm, Diameter = 20 cm

v) 5{2m
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Exercise 10.1

8cm “ J7em

() 2 (i) 1565 (i) 10

16 ¢cm .

() x=49,y=14 (ii) x=58,y =15
(ii)x=34,y=1438 (iv) x=35,y=55
o (i)6 em (ii) 3cm

(iii) 3J5 cm (iv) 3(«,@ - l}cm

Exercise 10.2

iem  [EE 12em
12 em B 16cm
27 em . 6em

Review Exercise 10

9 f

24°
M (i) 26° (i) 122°

I )= =674

(b) k=12.6,1=50.0

— : 1 .
: (i)x= 3"! = £Ne i) x=38%y= i
_ (i) anarc (i) OTLPQ (iii) equal 98°, y =60 (,,)I = s3 .

. A - ‘

EKE]:QISQ 11
(i) x=12, y=90° (i) x=1g
i ; ~ ¥y=90
(iii) x=12, y=674" (iv),r=11_0 y=619°
-(v) x=16, y=35371° (vi) x=¢ )"SULQ“
Review Exercise 17 = i
7 (i) AB=CD
m ZADB=65°,'ABDC_=25?, mﬁf:jﬂo = 3 f'
Exercise 12 ]
EEE -3y -u5 Ak
m 10 units :
o c=62, x=10 (ii) a=45,b=30 /!
7 i

Revigy Exercise 12

B | |

) : o
R o - i) 60° ah e . )4 O 77N 4
! (vi) 50° (vii) 25° (viii) 125% 3

-]

Dx=80° (i) x=125° (i) x=50"
(V) x=45° (v) y=12° (vi) x=70°

i waon 12
Review Exercise I

) none of these

(i) 4
(1) none of these (1

(iv) touch each other internally



- Quadratic equation

UNIT 1

An equation that can be written in the form
: ax* +bx+c=0

where a; b, and ¢ are real numbers with @ %0, is a quadratic equation.
Standard form :

A quadratic equation written in the form ax” +bx+¢ =0 is in standard form.
7ero-factor property of real numbers
If o and b are real numbers, with ab =0, then either a=0.0r b=0
Square root property

The solution set of x* =k is

(.- ]

Quadratic formula

The solutions of the quadratic equation ax’+bx+c=0,
where a=0, are )
-bx+b*- dac

2a

=

g

- Radical.equation

An equation in which the variable appears ir one or more radicands.

The discriminant = : _
~ The expression b*--4ac that appears under the radical sign in
formula is called the discriminant.
Cube roots of unity A
i3

the quadratic

1,0, o are the cube roots of unity, where ©= ; and ©° = >

- Pruperties of the cube roots of unity

1. The sum of the cube roots of unity is zero, ie. 1+ @+’ =0
2. The product of the cube roots of unity is 1, ie. Ixoxd =@’ =1.

. " 2 i 1
3. Each complex cube root of unity is reciprocal of the other, 1.e. ®="7

SR

e

G‘pssurg o, 1‘

TN T 3

Glossory « : :
_Relation between the roots and the coefficients of
a
If o,B a:ze the roots of the quadratic equatio
ax’+bx+c=0,then 3

quadratic ;aaquntion

Sum of the roots = b

a
and product of the roots = £

Formation of quadratic Bqualiona
The quadratic equation whose roots are RN
; y

% = (sum of the roots) x + ;
- rodu 2
Simultanecus equations product of the roots = 0,

More than one equation which are saf
variables involved, are called simultaneous e

lisfied by the same values uft
quations or a system of equations,

Ratio
Arelation between two quantitiés of the same kind is call -
g m .
Proportion ; e kind is called ratio.
=

Aproportion is a statement, which is expressedase;:]nivalence of tworatios

: i
Iftworatiosa: bandc: dare equal, then we can write a: b=:::d-

Direct variation

If two quantities are related in such a way that when one chm;lge

inany ratio so does the otheri i iati
; is called
ln_versc variation AP

. Iftwo quantities are related in such-a way that when one quantity increases, the otht

decreasesisc i Tt
e alled inverse variat
Joint Variation i
Joint variation i s Gy
_ vaﬂﬂ::;l;lgtzon is th‘e same as direct variation with two or more quantities, i.&Joir
OIS a variation where a quantity varies directly as the product of two ot mor

other s Fakhe:
quantities. If x is jointly proportional to y and z, we can write xkyz=for som
G [ et

constant k. We can also write this relationship as . |
| Xk ! |

z 5

L e

If P(x) and Q(x) are two_polynomials and Q(x) is non zero P"Wﬂ.

P(- 3 =

x) £
o()

.."

than the fraction

is called rational fraction.




Proper rational fraction _ . : *
e A rational fraction , Q(x)#0-is a proper rational fraction, if the degree of

numerator P(x) is éss than the degree of denominator Q(x).

Improper rational fraction

Plx : ; .
A rational f@cﬂon Q[(x%' Q(x)#0 is an improper ranunallfraction‘ if the
degree of numerator P(x) is equal
_ Partial fractions
Splitting vp a single rati
single factor in denominator, suc

onal fraction into two or more rational fraction with
h a procedure is called partial fractions

3 A set is a “collection of well-defined distinct objects. Sets are represented by
capital English alphabets, A, B, C ... 7 and elements of sets are represented by small
English alphabets, a, b, ¢, ... Z-

Union of two sets. .
- If A and B are two sets, then the union of set A and set B consists of all elements

in set A or in set B or in both A and B, and it is denoted by AU B . Symbolically.
AuB={x|xe A or xe B} d :

Intersection of two sels _ :
If A and B are two sets, then the intersection of set
those elements which are common 1o both A and B, and it is denoted

* -Symbolically,

s

by AnB,

AnB={x|xe A A.xe B}
Disjoint sets ,
Two sets A and B are disjoint if AnB=9¢.
Complement of a set ' -
If U is universal set and A is a subset'of U, then U\
set A, and is denoted by A’or A°.
" *  Difference of two sets
If A and B are two sets, then their difference consists of all thos
A which are not in B, and it is denoted by A\Bor A—B symbolically
1 A\B={x|xe A Axe B]
_ Commutative property of union
For any two sets A and B
- AUB=BUA
Commutative property of intersection
For any two sets A and B
AnB=BnNA

A is called complement of

e elements of

e

= (it sy \ —
2O __ OIR SALE
e e i —

TR N T - s

to or greater than thé degree of denominator 0(x)

A and set B consists of all -

M .

Glossary
Associative property of union
For any three sets A, B and C

; ﬂ:u{BuC):(,tu)uC
Associative property of intersection
For any three sets

AN(BNC)=(AnB)nC !
Distributive property of union over intefsection =~ - ¥ ’I

For any three sets A, B and C
AU(BNC)=(AUB)n(AuC)
Distributive property of intersection over union

For any three sets A, B and C
AN(BUC)=(AnB)U(ANC)
De. Morgan’s laws
For any two sets A and B
@ -(AUB)=A'NB (i) (AnB) =A"UB’ I
Venn diagrams - ‘ 3 1
Concept of sets i.e. union, intersectio i l
_ . _ ; - n, complem
explained :ﬁ:ﬂy with the help of Venn diagrams. Il::l m:s::'d‘ii:xf:ammus“:::i?u?:;ﬂb;
represented by a circle and universal set i :
- o set is represented by a rectangle.
5 (a, b) is called an ordered pai
‘ pair of two elements a and b of a set or of diff
sets, where a is the first element and b is the second element. e
(@, b)#(b, a)
. Cartesian product
| 3 If A and B are two non- empty sets then A x B is called Cartesian product,
: -bclic is set of all ordered pairs such that the first element of each ordered pair
: ongs to set A and second element of each ordered pair belongs to set B 2
symbolically. A
: AxB= {(x, y) Ixe A and Ve B}
- If A#B,then AxB#BxA k.
.Binary relation -
Any subset of A x B is called a binary relation, where A and B are two non- e
empty sets. o

BN A

Dicass
Omain and range of binary relation .
IfRis a binary relation from set A to s¢t B.ie. .
R = {[‘ y)lxe Aaye B}, then domain of R is
of all ordered Pairs‘in R and is denoted by “DomR" -

&

set of first elements




S

- H

E The range of R is sel of s

§
by “Range R™.

econd elements of all ordered pairs in R, and is denoteq ’

Function
BA and B are two _non-emp
fanction from A to B,if
(i Dom f=A

i There should be 1o €
contained in f.
Symbolically
f: A—B

ty sets, then @ binary relation f is said to be a

petition in the first elements of all ordered pairs

Domain, co-domain and range of a function
Ei & : )

B be a function, then set A is called domain of f, set B is

called co-domain of £ and the set of second sjements of all ordered pairs contained in
£ is called range of f. The range is subset of co-domain .

ie. RangefcB

Into it e i
f is into function, if

ittion ;
letfbea function from Ato B, then
Range f #B

One — e or 1-1 function :
wfbeafunctionfmm Ato B, then f

" there €xist unique y € B,ie. there is no repetition in the sec
pairs contained i f.
|Z . ‘nto and one-one function (injective function)
1. LeL_fheaflmctionfromﬁtoB,menfisinje
: @)  Rangef#B !
; (i) There is no repetition in
%  conainedinf.

is one-one function, if for each xe A

ond element of all ordered

ctive (into and one- one) function if

the second elements of all ordered pairs

‘Onto fusiction (surjective function)
Let f be a function from A to B, then f is onto function if

Range f=B :

& -
l g8 One-one and onto function {hij.ectii:ie function)
Fet f be function from A to B, thenl f is one-one and onto (b

ii Aifitis bajh one-one and onto.

1 One-ouly orrespondence R -
l ‘ ?A and B are two non-empty sets then one-one correspondence petween A
and B i nd only oné

rule for which each element of set A is paired with oné 2
elemenif B and each element of B is paired with one and only one element Of A
and non of the

: fuuclipqu one-one correspondence both sets A and B have s&

ijgmivc} function

me nam

Glﬂﬁ\:unj

members of any set remains unpaired. It is also known as One o-0n¢ %
: per of eleme™

Glossary ' , T .

Histogram

A graphical representation of data in the form of

Frequency of rectangles is called Histogram

Anumber showing the repetition of a i ort

Frequency Polygons givensetofdata,

Acirveon the graph showing the frequency of values - : ; I
: : !

i

. Median

Avalue lying in the middle of arran ; :
geddataisc :
Mode | alled median.

5 ﬁ\"iﬂll.e repeated maximum times in a given
given setof datais called mod
: e. It shows the trend of

a data and hence is usually used to find public opinion

Range

The difference between maximum
: um value and minimu nei
ey m value in given set
- en st of data.

An angle is a union of two i | mmon
; ity rays which ha i
: 11‘15 ray is called “initial side” and other ray is ca]le‘t;l%:e:::ina] sidl:?'m g
Eacxas_r,-:,;-:u-mi system (degrees, minutes seconds) .
_ tis the system of measurement of i
= an angle in which ion i
d;\;ded Hﬂo 36{0 parts called degrees, written asg360°. One aﬁéﬂﬁﬁg o 60
parts called minutes, written as 60"and one minute is again divided i i,
ca.].led seconds, written as 607 . 2 = i
Circular system (radians) ' -
mcasur;talfs another system of measurement of an‘angle. Tn this system unit of
e .angh: is r_achan. One radian is an angle subtended at the centre of a circle
: : ose !englth is equal to radius of the circle. . . I
L Length of an arc is measured by the formula f=rf where [ is length of an :
. . 0 is central angle of a circle measured in radians and r is radius of circle.
rea sector of circle ; l
Area of sector of a circle is given by A=

LT

%r’e.Whererisradiusofcimle. 0

is
= tcntra! angle of sector measured in radians.
oterminal angles : ' -
(o d_t_;’mgies having the same initial and erminal sides are call
| differ by a multiple of 2% radians or 360° they are 4150

ed co-terminal angles
general angles- Fe

Angle in standard position 4%
initis In XY-plane (co-ordinate plane), if the vertex of an angle s at ongin and ;
%d.l side lies on positive X-axis then such an angle is said to be 10 standard
position. ; ;
i




Glossqrg :

%

.

‘=ants and quadrantal angles . _
XY-plane divided into four equal parts each part is called quadrant. Being in
the 1%, 2", 3 and 4" quadrants means measure of angle from 0° to 90%, 90° to 180°,
180° to 270° and 270° to 360° respectively quadrant angles are 0%, 90°, 180°,90,360°,

* Trigonometric ratios of unit circle 5 ; ¥

Theseare sin@=y, cosf=x, tanf==
: o

7T Ty AT

and cos =l, 3m9=l, cﬁtB: z
X ¥y
Trigonometric identities are
(i) cos’ B+sin*B=1
(i) _1+tan*@=sec’®
(iii) . 1+cot’9=cos’0
Angle of elevation .
: If an object is. above the level of observer’s sight then the angle between
the horizontal line and observer's line of sight is called angle of elevation.

Angle of depression .
If an object is below the level of observer’s sight then the angle between
" the horizontal line and observer’s line of sight is called angle of depression.

Acute angle ;
An angle is acute if and only if it has a measure greater than 0° and less than 90°

Acnte triangle :
g - A triangle is acute if and only if it has three acute angles.

Adjacent angles
Two coplanar angles are adj
no points in the interior of one angle are in the interio
Altitude of a triangle
An altitude of a triangle is the perpendicular segment
i triangle to the line that contains the opposite side.

acent if and only if they have a common arm but
r of the other.

joining a vertex of the

ﬁll.glt :
An angle is the union of two non-
Arc of a drcle
Any porti
Bisector of an angle
A ray that divides an angle into two equal

collinear rays with the same end point.

on of the circumference of a circle is called an arc of the circle.
adjacent angles is the bisector of the angle:
Central angle

A A centra
".-_' “." th-c Ciﬂ:le.

s i T i i, T R r g

| angie of a given circle is an angle whose vertex is at the centre of

-

S

e

lﬂ,-.- Glossary

e ———— s

~ Collinear points

" then the correspondence ABC« DEF is called a congruence between the two e

Chord
A chord is a segment whose end Points are on the cirg]
' € circle,

Circle
A circle is the set of all coplanar points :
Circular region '
A circular region is the uni i
. on of aci its inters
Circumference of a circle sla S
The perimeter of a circle is called its circumference

s a line that contains all of them i

equidistant from a given point

Points are collinear if and [:.n]Sl if there i
Complementary angles

Two angles are compleme
Concentric circles q

Two or more circles (in the sa

I me plane) are ie i

kit plane) are concentric if they share the same
Concurrent lines

Two or more lines are concurrent i 4

nt if and onl is a si int that Ti

on all of them. 3 1f.ﬂ1-m I-s O
Congruent angles

Angles of the same degree measure.
Congruent arcs - ;

Two arcs of a circle are said to be i i same

congruent if and o

degree measures. . i SRR

ntary if and only if the sum of their measures is 90°

Congruent cireles I ;.
leclcs with congruent radii are called congruent circles. :
Cung_rlwnt figures & : |
i Geometric: figures are congruent if and only if they have the same size and _ .
Congruent segments i : S
_ Two or more line segments are congruent if and only if they have the samé : ‘
Congruent triangles 24 L : :
Given a correspondence ABC «  DEF between the vertices of two wanges. ]

if the corresponding sides are congruent, and the comesponding angles are congruent -

triangles,

Coplaner points.
h points are coplaner if and only if there is @ plane
Corollary .

A statement that can easily be proved by apP

NMOT &

P i

e

that contains all of therm.

lying a theorem.

1 =
E\E@LQAL—.E 3

o




Half — plane

=
- - : T e : i, 3 Glnssqry

Diameter o : .
A chord passing through the centre of a circle or in the same circle, two
collinear radii form a diameter.
Externally tangent

Two or more-circles are externally tangent if they intersect in exactly one
point and if their interiors do not intersect.

N

Given a line and the plane containing it, the two sets separated by the line are

.. called half - planes. -

Internally tangent 3
Two or more circles are internally tangent if they intersect in exactly one point

' and if the interior of one contains the interior of the other.

Linear pair. : g
Two angles form a linear pair if and only if they are adjacent angles and the
noncommon sides are opposite rays.

Major and Minor arcs .

The larger of the two arcs is called the major arc and the smaller one is called
the minor arc. - : ]
Measure of an arc = i

The degree measure of a minor arc is the measure of the corresponding centre
angle. :

The-degree measure of a major arc is 360° minus the degree measure of the
corresponding minor arc. : :

The dégree measure of a semi-circle is 130°. The degree measure of a circle is
taken to be 360°. o
Median of a triangle ; : ‘

A segment is a median of a triangle if and only if its end points are a vertex of
the triangle and the midpoint of the opposite side. ;

Midpoint _ s
* A point B is called the midpoint of AC if and only if (i) B is between A and C
and (i) mAB =mBC. ' . J

‘Obtuse angle : ' :
An angles is obtuse if and only if it has a measure greater than 90° but less

than 18_0‘.

Obtuse triangle o
. A triangle is obtuse if and only if it has one obtuse angle.

Mathematics X

“Glossary

{-].p'pt}&‘-'lil.‘ rays r
AB and AC are called opposite rays if and only if A is between i c.

‘parallel lines :
Two lines are parallel if they do not intersect.

perpendicular bisector

In a given plane, the perpendicular bisector of a segment is fhie s a0
perpendicular to the segment at its midpoint.

Radius of a el .
A radius of a circle is :

(i) Any segment with one endpoint at the centre and the other end :

point on the circle and
(ii) The distance from the centre to the circle.

Ray :
Ray As[ﬁ} is the figure that contains A and every point on the same side

of A as B.

Right angie e
An angle of measure 90°.

Secant ) 2=
A secant is-a line that intersects a circle In exactly twd points.

Sector : . : :
If AB is an arc of a circle with centre O and radius T, then the union of all
segments OP , where P is any point of AB, is 2 sector. -

Segment of a circle ) :
A segment of a circle is the region bounded by 2

chnrﬁandanalcuflhﬁ_'

sl
I S :

circle. .
Supplementary angles : Eal oS ir measures is :

" Two angles are supplementary if and only if the sum of ek
180°. : ,
Tangent ;g]led'alansﬂl_‘mmdme :

. ’ o int is
A Tine that intersects a circle at exactly one popoinl of contact).

point of intersection is called the point of tangency fox
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Product of the roots 32
Projection 194,196
Proper fraction 72
Praperties of cube roots of unity 29
proportions 52
Pythagorean theorem 184,205

T e
Quadrantal angle 174
Quadrants 173,176
Quadratic equation 2
Quadratic formula 6
Quadrilateral 245
Quartic equation - 42

“ Quartiles 151

Quotient

41

Radian

166

Radical equation 16
Radius 202
Range 108,111 1
Ratio 57
Rational fraction 72
Real life problems 46,68
Reciprocal equations 11
Reducible to quadratic form 9
Remainder 40,41
Roots 2
Secant 212
Sector of a circle 168
Semi-circle 226
Sets 85
Sexagesimal 164
simultaneous equations 43
Solution 2

Solution set

3| Weighted mean

= |I'lde>|;
Standard deviation 155
Standard form s
Standard position 173
Sum of the roots 3
Supplementary 245
Surjective function 113
Symmetric functions 35
Synthetic division 39
System of equations 45
Tally marks . 121
Tangent 212
Third proportional " 57
Touching circles 265
Transverse 264
1| Trigonometric identities 184
Trigonometric ratios 172
[__ 5 2 :i
Unequal circles 265
Ungrouped data 133
Union of sets 86
Variable 52
Variance 155
Variations 52
Venn diagrams 95
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