" 6. Ifavariesjointly as band thesquarer

Unit 3 Variation

<

ootofc,anda=21 whenb=5 and c =36, findawhen

p=12andc=225.

7. What number shou ers 3.8,11 and 20 to make them in

1d be added to each of the numb

proportion? »
8. What number must be subtracted from each of 6,8,7 and 11 s0 that the remaining numbers
arein proportion? - ) .
numbersis8:3 and their difference is 20. Find the numbers.

9. The ratio between two o
10.Find three numbers.in con 14 and sum of their

squares is 84. ' , : ;
11. The mean proportional between two numbers is 6 and their sum1s 13.Fi

12.Find the angles of: atriangle whichare in theratio3:4:5.
3
a_a ac(a+c) (a+c)
If —=—, then prov that — = 3
13.0f 5= 7 then Prove B8 )~ (b +d)’

tinued proportion such that their sum is
nd the numbers.

in continued tion then prove that = aitab+b a-b'
b on rove that — = =—7
14.1f a, b, ¢ are in continu proporti p g Al T
F+c+e  ace

15.1f

SR
oln
|

Summary

° Arateis aspecial type of ratio.
o Arate isacomparison of two quantities of differentkinds.

° A ratio compares fwo quantities ofthe same type.
© Aproportionis astatement expressing the equivalence of two rates or two ratios.
Two quantities are in direct proportion when one quantity is doubled, the other quantity is
also doubled; when one quantity increases x times, the other quantity also increases X times.

Two quantities are in inverse proportion when one quantity is doubled, the other quantity is
halved; when one quantity increases y times, the other quantity becomes 17y of the original.

Q Ify varies directly tox, theny = kx, where k is a constantand k=01is direct variation.

9 Ify varies inversely tox, then xy = k, where k is a constant and k =()is inverse variation.
Ify varies c?n:ectly fo two or more quantities x and z, theny =kxz, where k is a constant
and k=0 is joint variation. '

° Let: a:b:c:d bea proportion Ihenl=|=ﬁ'[$ﬂj’)

Thus a = bk, ¢ = dk

These equation are i . .
i Kc!mcthod. used to evaluate certain expressions more easily. This method 18

T T
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In this unit the students will be able to
nt: leto

@ Define proper, i
Per, Improper and rati :
® Resolve an algebraic ﬁat:t;;::{:?:t}:,fmm?n'
partial

ans
B s

fractions when its denominator consists of £ &
o non-— - el —
g rcp-llfﬂ!ed linear famms, -..':—I';.El;.,u 4x=1 ﬁ}- -
repeated linear factors f.",g-.:ha:}, P "| E—T——- “:'-ﬂ' l"“
o Hon- 5 iy 2, (x+ = i Y
G Tepg;fl’;ated quadm“c fﬂt‘rtors, i ‘1:;“":‘4{: ":. )': X l) .-‘::t'}:.‘ '. I‘:‘
ed quadratic fa i 4 o 4 s
ctors. : Lo Lt 4 Vi
: r;'ﬁz.

complicated fraction. For

example, it is ve i
; ry useful in calculus, which is a branch of mathematics

\___,_—-\ r e M v _..‘._:
Partial fractions
We can do this directly: i+i - 3x-1
s = 1_
Like this: i+l x=2 x-x-2
2 3 2(x-2)+3(x+l) _2x-4+3x+3 _ S5x-1

S o
x+1 x=2  (x+D)(x-2) (x+D(x-2) x*-x-2

. but how do we go in the opposite direction?
2 3 5x-1

How to find the "parts" that make the single fraction (This is "partial fractions™).




Uni & Partiel froctions

l Partial fractions st gl

ctions Wi :
whose algebraic
L]

BN ormore i
|. A]JI'DCEI:].UIE thcth&SSthﬂgup a ff:?ctl()ﬂlﬂl(‘:r"zords ase[ offractmn,s
Ii in the denominator is called partial fraction. i
I: sum is a given fraction is called partial fraction-

m‘mﬁuna'l fraction

Plx
f(.t] = _Q_(E;))
ynomials where Q) # 0
B proper fraction,

1
Whrer P(x) and Q(x) are PO o) #0 i

n—->:

by mll'mper rational fraction A rational fractio i)
! if the degree of aumerator P(x) is less w- o

than the degree of denominator O(x)- §id T T R
For example, =& :D 55 y e
1yx-3 ok L T s
= —%—L r,i-izf“""l Fl s L 2A
POt A B 3
are proper rational fractions. s | ic 20 A

([E3)improper rational fractions

3 , O(x)=0 isasan improper fraction,
X,

A rational fraction if the degree of numerator
& 0(x) i

2 fraction that has 2 1argcr!

P(x) s greater than of equal to the degree of denominator O(x)- ==

For example, t
< +4 r P42 X —xt+x+l ﬂ;ﬂ;bi: on the top thafLon |
. i T e the bottom
(x+]](1+2] x4l ¥ +2x+3 ¥ +x-1 Ao

§ < Muymerator

fraction can be reduced into sum of 6 4~ Denominator
tional fraction by large division.

Any improper rational

pulynumialsandproperra
i Al . - =
For example, consider e an improper rational fraction. Divide numerator
e ;

by denominator as I2x+2
x=-1) 2 +1
X Flx
2{j+ 1
-Ix+¥ 2
Therefore we have 3

i 2x* +1

Unit & Partial ffﬂr:ﬁm

ns

Resolution of rationa fraction P(x)
-—_Q(x) swhere Q(x)#0 into partial fractions depends upon

the factors of d i ()
ENOmMinat
’ rQ(x].Thusmemmfourcascsim | i
) i [ olved in resolution of fraction.

& x ) consists of non-repeated linear factors.

‘When denomi
nator J(x ) consist
s of repeated i
(1))  When denominator O(x ) consists of 1. PEp
on-

(iv) When denominat - actic frsac |
24 or O(x ) consists of repeated quadratic fact
e £ 3T |
REEM “Vhen denominate 0
[ nominator consists of nan-repeated Ii

Let proper fraction 2

is given, factori i
ctorize the polynomial Q(x) in the denominator if it

is not already factorized. T
. To every non-repeated li
near factor ax+b in the denomi
ominator

corresponds a partial fraction of the form

e bwhmh is a constant. Thus if

O(x) =(ax+b)ax+b) then
PO _ A
O0F ax+b % a,x+b,
O(x)=(ax+b)ax+ bz:'(a;-r+b3) then
P L A & B G
O® ax+b ax+bh + ax+b

where A and B are constants. Similarly if

Where A, B and C are constants to be determined.

LDidYouKnow?




I- - - ; : Unit 4 Partial fractions

E le Ive ———= wnto partial fractions.
= iﬁ S {x+1)(x+2)
~salution. : . B '
: Let T o (i)
(x+1](.r+2) x+l x+2
1 A(x+2)+B(x+1)
= - =
(x+D)(x+2) (x+1)(x+2)
Multiplying both sides by (x+1)(x+ 2) we get
1= A(x+2)+ B(x+1) (it}

x=-1 inEq. (2), we get

Putting
3 1=A{-—1+2)+B(r1+1]
4 = 1=A(1)+B(0)
d 1=4

putting x =2 in
1=A{_;+2}+B(—2+1)

|
| = !.-‘—A(U)"’B{'n

= 1=0-8

or

i Eq. (ii), we get
{

Now putting these values of 4 and B in equation (i) we have
'I -
e T .
i +D)(x+2) x+2 x+2
i I i
1 :33._———————=_——-_____-
it (x+1)(x+2) x+l x+2
1] ;
| These are required partial fractions.

111,111,111 111,111,11i
= 12,345,678,987,654,321.

Unit 4 Partial fractigne : o4

I Exa - i
mple E Find partia] fractj
ons of

i
| Solution | X -x-2
Since 3
-‘"2=[x+]](;_2]
Therefore, _1{1_2_ 3x+2
2 =
X —x-2 m
Let Ix+2
__________.z_/.[__ B
(x+D(x-2) x+1" 32 @
= 3x+2  A(x-2)+B(x+1)

. (e(x-2)
Multiply both sides by (x+1)(x-2) we I:::H)l:x-z)
. ve.
. 3x42=A(x-2
Putting x =-1 in Eq. (ii) we get. A -
3(—1)+2=.4(-1—2}+B{-l+1} ;

= —3+2=A(_3)+B(0)
= -1=-34
SR

3

Putting x=2 in Eq. (ii), we get
3(2)+2=A(2-2)+ B(2+1)

= 6+2=4(0)+B(3)

= £=-3B
= ;4=§
. 3
Putting these values of 4 and B in Eq. (i), we have
: L &
LGBk, 3 g D
(x+1)(x-2) x+1 x-2
1 8
=+
3(x+1) 3(x-=2)
3x+2 1 8 '
¥t —=  These are required partial fractions. -

or —_— =
2—x-2 Hx+l) 3(x-2)




. ; Unit 4 Partial fractions

nsists of repeated linear factors

m When denominaior €0

st, in the proper fraction g({ﬂ the denominator Q) con
P(x) 4 -—i— , where A

x+ b)?, corresponds to two partial fractions of the form _Q_(;) = m+ @by

tains a repeated linear factor

id B are constant {o be determined.

the denominator Q(x) contains the repeat

P(x)__4 - ¢ — where 4,8 and C are constants t

rtial fraction are E(;i =m+m (@+5)

ed factor (ax+b)’, then the corresponding three

o be

stermined.

TP, B Lo @
(x+1) x+l (x+1)
x _A(x+1)+B
R
Multiplying both sides by (x+1 ), we get

=

x=A(x+1)+8B (ii)

= x=dAx +4A +B (iii)

Putting x=— 1 in Eq. (ii), we get
—1=A(-1-1)+EB

= -1=A(0)+B

= -1=8

= ¥
To find, the value of 4 compare the co-efficient of x in Eq. (iif), we get

=4 .
puttingthcsevaluesofd and B in Eqg. (i), we get
£ X 1 -1
._——?=-——+ 3
(x+1)" x+l (x+1)

1 1

x+l (x+1)

These are required partial fractions.

g ks

Multiplying both sid
| 250y (r~2) (x:+ 3, we

Unit & Partial jru:tiﬁns

[ Example [F} g;
B} Fing Partial fractiong of

__Solution ca B

(x=2)' (x+3)

Let ——-;fi_*l_L
. i 2 — B
A
- X+

= 2x 41

(x=2)(x+3
: (x=2)" (x+3)

i get
2—-2){1+3)+B{x+3)+c‘(x—2)2
A(x +x_6)+3(x+3)+ch=-4x+4)

(4+C)x?
Putting x=2 in Eq. (i), we gelx +(A+B~§C]x+(—6A+3B+4C}
2(2)2 +1=A(2_2]
(2+3}+3(2 3 3
B A

= =
9=04+5B4+0 = 9=58 = |g=2
5

2 ¢1=
2¢% +]=

2xt 1=

Putting x=-3 in Eq. (ii) we get

20-3)' +1= 4(-3-2)(-3+3
=3+3)+B(-3+3 _3_97%
= 2x9+1=4(=5)(0)+ B(0)+C(-5) e

sy s
19=0+0+C(25) = c=£
To find value of .
value of 4, com i
‘ S é)are co-efficient of x* from Eq. (iii), we get
Putting value of C, we get
. 19
Ididee, S -2t o du
= 25 25
utting values of 4, B and C in Eq. (i), we get
; 1] 9 19
2x"+1 25 5 25
S+l 28 TS T
(-2) (x+2) *-2 (x-2) 43
843 41 31 9 2

——I___'=————r——+-——:—2'+————
(x-2)' (x+2) 25(¢ 2) 5(x-2) 25(x+3)

These are required partial fractions.

= A =-2)(x+3)4 B(x+3)+ C(x-2)

(ii)

(iii)




Unit 4 Portial fractions

£

’_E'ffff.i_sfi‘-l-r*;

-"."_"‘r:-m.

——

— e e

Resolve the following fractions into partial fractions. 1
3x_2 x-1 G 7
n. 2k S
Nk g Pl
¥ 4x+ (6).
x A —1(x+1)
ek 2 +dx-5 o (x+22x-1) e
2
X
2 2x-1 —
?] X +2 8} — tgj x2+2x+1
(x+2)(x* +5x+6) x(x-3)
xi
10). ——7— 0
(10) o1y (+1)
tic factors

m When denominator consists of non-repeated quadra

Let the er fraction £ is g]:\'en then to every non-repeated quadratic factor ax’ +bx+c
i i :21 fraction of the form

in Q(x) which is not factorizable corresponds the partial frac

ﬂﬂ = __A_xif__ where 4 and B are constants to be

0(x) ax* +bx+c 1

|! Examp]e Find pamal ﬂ'ﬂctiOIlS of -(——1—]—(;2—:5
(x+1)(x*+2) "3l 242
] A(x +2)+{Bx+(:'}(x+1]

determined.

| Solution . Let

(x+1}(x‘+2) (x+1)(x° +2)
Multiplying both sides by (x+ 1)(x* +2), we get :
' 1= A(x* +2)+(Bx+C)(x+1) L (i)
1= A(x* +2)+ B’ + Bx+Cx+C by
" 1=(4+B)x* +(B+C)x+24+C (iii)

_.Putlmg x=-1 in Eq. (ii), we get ,
1= A1 +2]+[B(- 1)+c]( 1+1)
= . 1=A(1+2)+(-B+C)(0)
= 1=4(3)+0

Unit 4 Partiol froctions = e

1=3A-___>

To find values of g
and C COmparing co-gffici o
i cient of x* and x in Eq. (iii)

0=A+p
and  0=p,;¢ (iv)

using value of 4 in Eq. (iv), we o (v)

1
0:-,._
3+.B'

= B'_—:.l.
3 putting Raclk
3

mEq (v), ——+C' O:C:l

3

Putting these valucs of 4, Band C in Eq. (i),
we get

—

(e +1)(x* +2)

1 =gk s
(x+1)(x* +2) 3(x+|) 3(1 +2)

1
=3
I

1 1 l-x
(x+1)(x*+2) 3(x+i) 3(x*+2)

These are required partial fractions,

l Example rm 4x? —28 4x1_28
3

X' —xT=§ (F+3)57-2)

_dx+ B L Cx+ .D

*+3 0 oyl

L Solution.if 4x* ~ 28 = (x+ B)(x* ~2)+ (Cx+ D)(x* +3)
T TR S (W -1 W S, AL R T 3

=(A+C)x* +(B+D)x +(3C-2A)x-28+3D

Equating coefficients of like powers of x,
A+C=0,8+D=43C-24=0,-2B+3D=-28

Solving simultaneously, 4=0,8=8C=0,0=-4.

df-gg A= & 4

Y26 x+r-6 3

Hence, 5 S
Y+3 X -4

Mo PO
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" Unit 4 Partial fractions

When denominator consists of repeated quadratic factors
[ Example M Resolve ._.—-—l-——'; into partial fractions.
(x-D("+1)
1
(Pt — BreC, Drtl 0
(I—‘l){.\'"*f” =1 x +l (X +1)

W e
(x=-D(¥* +1

Multiplying both sides by (x-
1= A2 +1) +(Bx+C)

— e

1)(x* +1)" we get

1= A(x* +2x" + 1)+(Bx+ C) =2+
Y4By —Bx+ Cx' - cx’

1= A(x* +2¢° +1)+ Bx* —Bx

AGE +1) # (Bx+C)

(x—-1)(x* +1)+(Dx+ EXx=1)
(=1 +1)

G+ )+ (Dx+ BYE=D - @) '

x—1)+Dx* —Dx+ Ex—E

+Cx—-C+ Dx? - Dx+Ex—E

1=(A+B]x‘+(—3+C]x’+(2,1+ﬁ—

Putting x=1 in Eq. (ii), we get

C+D)x +(=B+ C-D+E)x

+(A-C- E)

1= a0 + ]+ [BO+C]0 _p[ay +1]+[POx E]0-1)
1= A[l+1T +(B+ON0)(1+D+(D+ E)0) -

1= A2 +0+0
1=4(4)

- [-]
4

Comparing co-efficients of ¥ 2 x% x an

0=A+B (iii)
0=-B+C (v
0=2A+B-C+D (v)
0=-B+C-D+E (vi)
1=4A-C-E (vii)
Using value of 4 in (iif) we get
0=l+B
4
= |B=—-

d constant respectively.

Init & Partial fractions
Using value of 5
Bin(4)
We get
0= -[_ I
) i
1

0=l
e

:,
4

l=—d——
4+.q. E
I=L—E
2
Ez-l——l =_i
2 2
Bt _
P . 2 . .
utting values of 4, B, G, D, E in Eq. (i), we get
: =
__1__z=_4_+4‘ 4.5 3
(=il *-1 THL ey
1 -x-1 -x=1

e 3
4(x=1) 4"+ 2 +1¥

1 | x+1 x+l

T oD 4 +) 26+

+an s e T



B

e

- — _‘_
0 S ———— e —

Unit & Partial jmaions 2

Exercise 4.2
Resalve the following fractions into partial fract ions. : -
K a3a! 3)
0F = @ Lo +3) © @D
GE x(x*+1) (x-1)(x"+3) ]
-3 5) ._J:F_’_?"_.__ (6). ______5.‘_~—_, ;
@) F(+5) it (x+4)(3x" +1) (x+D( -2)
s¢t—4x+8 dr=3 - ) ' 8t 8
@) Gieay e +D(-x)

e
':T]- {J:l_ +1]2 (I'?-]

(10) ___3_"_.’15_-
(x*+ 1) (x-1)

1. At the end of cach question, four circles are given. Fill in the correct circle only.

1
XA 1 1
o i e B
Ot 2 2D 25D
1 1 __2__'_ 1
O x=1 2(x+1)

O 2G-1) 20x+D

g P(x) 0i

(ii). If P(x)and Q(x) are two polynomials then aﬁ, O(x)#01s
O Irratipnal fraction

O Rational fraction .
O Improper fraction

O Proper fraction

¥ +2

x+2x42

O Proper fraction.

O Irrational fraction

{iv).What is-the quotient when

¥ — 8¢ + 16x— 5 is divided by x- 57
O #-3x+2

O Z-x+5
' 240

(ii). is
O Improper fraction

() None of these

Unit 4 Partial fractions : :

2. Resolve the following fractions

Into partial fractions,

B il e
(x+1)(x-1) (ii). X3 +9x48 351
iy (i) Tt
" x+1 2 X =2x+x
(iv). GoIp V). 4 A
x' -4 (vi). 4—x|+
=4 l'3+3_1:=+1 N
(vil), ——————— PO o |
2 nd (viii). 47 +3
(x=+1) ) e Jrge {ix). _x’-—xs_ﬂﬂ

Challenge !

3. Resolve the following-fraction into partial fractions ¥ 43 s x4l

®

[ Math Fun-

1411 x 1111111 =

(x+1)(x +1)

f P i '
If P(x) and ((x) are two polynomials and J(x) is.non zero polynomial than the

fraction is called a rational fraction.

X,
A rational fracti ;
fraction, Q(x) # 0 is a proper rational fraction, if the degree of numerator

P(x) is less than the degree of denominator Q(x).
: . P() '
W :
rational fraction T ; Q(x):tﬂ is @ improper rational fraction. if the degree of

numerator P(x) is equal to or greater than the degree of denominator O(x).
Splitting up a single ration al fraction into two or more rational fraction with single
factor in denominator, such a procedure is called partial fractions. )

1x1=1
1Mx11=121

111 x 111 = 12321
1111 x 1111 = 1234321

11111 x 11111 = 123454321
111111 x 111111 = 12345654321
1111111 x 1111111 = 1234567654321

11111111 x 11191111 = 123456767654321 -
¥ 2345678967654321




